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TAYLOR-TYPE EXPANSIONS IN TERMS
OF EXPONENTIAL POLYNOMIALS

ALI HASAN ALI AND ZSOLT PALES*

(Communicated by C. P. Niculescu)

Abstract. The aim of this paper is to derive an extension of the Taylor theorem related to lin-
ear differential operators with constant coefficients. For this aim, using divided differences with
repeated arguments, the so-called characteristic element from the kernel of the differential oper-
ator is described. The extension of the Taylor theorem related to exponential polynomials and its
consequences are established with integral remainder terms as well as in the form of mean value
type theorems.

1. Introduction

There are two basic variants of the classical Taylor Theorem, which have a huge
number of applications and extensions in various settings.

Given a function f : I — R, which is n times differentiable at a € I (where [ is a
non-degenerate real interval), the polynomial 7,.,(f) defined by

Tl ) () = fmwwﬁgﬁ, n

~.
I Mm
o

is called the nth-order Taylor polynomial of the function f at the base point a.
The form with integral remainder term can be formulated as follows.

THEOREM 1.1. Let I be a real interval and let f:1— R be (n+ 1) times con-
tinuously differentiable. Then, for all a,x €1,

(x—1)"

dt.
n!

10 =T )W+ [ £ 00)-

The variant as an intermediate value theorem is the following assertion.
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THEOREM 1.2. Let I be a real interval and let f:1 — R be (n+ 1) times differ-
entiable. Then, for all a,x € I, there exists a point & between a and x such that

(X _ a)nJrl

(n+1)!

These two theorems are contained in most of the textbooks on basic analysis (see,
e.g., [2], [3], [10], [11]). There have been several papers where extensions, generaliza-
tions and applications of the above fundamental results can be found, cf. [1], [5], [7],
(6], [8], [91, [12].

The main content of these results is that they give a high order approximation of
the function f near the point a € I in terms of the polynomial 7,.,(f) defined by (1),
which is of at most degree n and therefore it is in the kernel of the differential operator
D given by D(f) = f"+1,

It seems to be a natural problem to obtain similar approximations in terms of lin-
ear combinations of a given finite set of functions, in particular, in terms of exponential
polynomials, which span the kernel of a linear differential operator with constant coef-
ficients. Of course, the remainder term of such an approximation is of interest both in
integral form and in terms of a mean value theorem.

The aim of this paper is to accomplish the above goal and derive a general form
of the Taylor theorem related to a linear differential operator with constant coefficients.
For this aim, in Section 2, we describe the so-called characteristic element from the
kernel of the differential operator using divided differences with repeated arguments.
The main results, an extension of the Taylor theorem and its consequences with an
integral remainder term, are stated in Section 3, while mean value type extensions are
established in Section 4.

FO) = Tua(£) )+ 7D (&) - 2

2. Aucxiliary results on linear differential equations

Let K denote either the field of real or complex numbers. The imaginary unit in
C will be denoted by i.

Given an interval I C R, let % (I) stand for the space of continuous K-valued
functions defined on 7. If additionally n € N, then let €% (/) denote the space of n-
times continuously differentiable K-valued functions defined on I. For ¢ = (cy,...,c,)
in K"*! with ¢, = 1, let nth-order linear differential operator D : €1 (I) — ¢k (I) be
defined by the formula

De(f):=cuf ™+ tef +oof  (fEGT). 3)
Let o, € ¢{*(R) denote the unique solution of the initial value problem
Do(w)=0, & (0)=8,,_1 (L€{0,....n—1}). 4)

The function @, will be called the characteristic solution of the differential equation
D.(®) =0. One can see that if ¢ € R"H | then @, is real-valued and hence it belongs
to 6% (R). Let P. denote the characteristic polynomial of D., which is given by

P(A) =cyA"+---+cidA+co (A €Q). (%)
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In order to provide a more or less explicit formula for P., we recall the notion of
divided differences and their limiting properties.
If DCK and n € N, then let 0,(D) denote the set

0,(D) :={(A1,...,Ay) € D" | Aj # Ajforall i, j € {1,...,n} with i # j}.

For f:D— C, and (A4,...,4,) € 0,(D), the (n— 1) st order divided difference of f
at (A1,...,4,) is defined by

N J(A)
2, gees 72% = ,
o : Z{ Mjeqr.apiiy (i — 4)

see [4] for more details and alternative definitions. To define divided differences with
repeated arguments, for A € C and m € N, let (1) denote the m-tuple (4,...,4) €
C™ and, for n,k,my,...,m € N with m; +---+my =n and (Ay,...,4) € ox(D),
denote

)™M (M) = lim T
(AU P i (R A

provided that the limit exists. In the following lemma, we compute divided differences
of f with repeated arguments under natural regularity assumptions.

LEMMA 2.1. Let D CK be open, let n,k,my, ..., my € N with m; +---+m =n,
let (A1,...,A) € ox(D) and define the polynomials Py,...,B.,P:C — C by

k
PA) = JI (A=A)" Ge{l,...k}) and P(A):=][(—A)™.
JefLenk)\ (i) j=1 ©

If f:D— Cis (m; — 1) times continuously differentiable at A; for all i € {1,...,k},
then

"B MO0 O ()

f<<x1>'"u...,<xk>'"k>=§ D P B TR @
Furthermore,

m m kot A= B (it Xim—i—g) \ O (A
FA)™, o (M) k>:§ieo< P (-1’2 (mil—(l—f)!xl{gl J)>f é(! )’
where

x,-,a::ﬁ’a),ﬂmﬁa)(m (i€ {1, .k}, o€ {0,..mi}).

Proof. In what follows, the symbol g, will stand for differentiation with respect
to the variable Ay, where ¢ € {1,...,k}.
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Using the well-known formula for divided differences with repeated arguments
and also the higher-order Leibniz Rule at the very last equality, we get

k am[ 1
SUAD)™ . (™) = (H —L ) Ay )

=1 m/—l
B k am[ 1 k f(xl)
a </Hl (mg—1)! );H,e{l Jngiy (i —4;)

I
M-
/7~

Il
-

1 o ) F(%)
w1 (me =DV Tlieq, iy (Ai — 45)

jﬂL( 8l W“) £ (%)
= D'\ e Ty (me= DY Teqrn i (i — 4))

I
[ yole
E)

k a_mifl 8{n(—1(l'_ 2,[)_1
= —t A,' ;>
Zi(ml—l)!f( )<£€{17._vk}\{i} (mg—1)!
k 3.11’1,'71
= lif(ll)< (Al._)umé)
; (m; —1)! ce{1,. KN\ {i} ‘
@ HmEh )
_ZI (m;—1)
S M GO B A )
:ZI = (mi—1-0)! T

This proves the first equality of the lemma.
By applying the Faa di Bruno formula (see [3]) for the computation of the (m; —
1 — £)th-order derivative of P! = Qo P; (with Q(u) :=u~"), we have

mi—1—/4 .

N (10 i (—=1)j!

P 1)(m, 1 6)(/1i): Z '

’ = P

For i € {1,...,k} and A € C, we have that P(1) = (A — ;)" P;(A). Thus, using the
higher-order Leibniz Rule again, for £ > 0 and i € {1,...,k}, we obtain

Buy-1-0(PL(A),....B" I (4y)).

1

m;+0
mire) 5y mi+0\ m;! it _ (m;+0)! ()7
P (L) j§=[,; ( i >(] i (A= 4y ~P (%) P (2i).

Applying these equalities, for i € {1,...,k}, we conclude that
(Pi—l)(m,-—l—f)(li)
S .j!Bm,-flfk',j(( 1! P(m"H)()L,-) (mi—t—j)! p(2mi7f*./’)()Li))

AT )]
=X (-1 =
Zz) (’2|,P( .)(Ai))j+1

Substituting this expression into the first equality of the lemma, we get the second
asserted formula. [J
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REMARK 2.2. The ith term of the first (equivalently, of the second) formula of
the lemma becomes very simple in the particular cases when 1 < m; < 3. Indeed,

S
= (mi—1=0)! !

—1 .
P/(xl)f(z’l) ifm; = 1’
2 . 2P"(A;) o
= P//(Al_>f ( l) 3P//( )2f( ) lfm, = 27
3, 3PN 3PW(A)E 3POI(A) o
P”’(?Ll-)f (Ai) — 2P’”(7L,-)2f (A) ( SP’”(&-)3 o 10P///(&,)2>f@i) if m; = 3.

LEMMA 2.3. Let n€N, ¢ = (co,...,cn) € K" with ¢, =1, and let Ay,..., 4 €
C be pairwise distinct roots of the characteristic polynomial P, with multiplicities
my,...,m; € N, respectively. Then

L (B 0@ exp(Ad)
(mi—1—10)! o0

where P; is defined by (6).

Proof. From the theory of higher-order linear ordinary differential equations, it
follows that the functions ¢‘exp(A;t) (where i € {1,...,k} and ¢ € {0,...,m; — 1})
form a fundamental system of solutions to the linear differential equation D.(w) = 0.
Therefore, any linear combination of them is a solution, which proves that D.(®,) =0
holds. To complete the proof, we need to show that @, also satisfies the initial value
condition (uc(.’)(O) = 0,1 forall j€{0,....n—1}.

Denote E;(A) :=exp(Az). Then, for all £> 0, we have that E,(k) (A) =t"exp(Ar).
Therefore, using the definition of @, and the previous lemma, we can conclude that

k mi—1 P )(m,—l €)()Ll) E(f)(li)

:ZZ (mi—1—10)! ST

i—1 (=0

((A)™5 (A)™) = lim Er(f1,- - Hn)-

I
[SH

a)c(-j)(t)z “@ t(”lw"v”n))

. d’
= hm (.uh 7.un)
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O (D)3 (1 vst) = (A1) s () %) dﬂ, 1 Heeq,np iy (i — M)

uf exp(uit)
{ Tleeqr, oy iy (B — o)

I
T M=

lim
On (D)3 (M1 seesbtn) = (A1)™ ooy (AR)™K)

Finally, substituting r = 0, we arrive at

. " u/
lim ! .
(D)3 (1o btn)— ()™ oo, () ;H(e{l L\ iy (Wi — o)

Observe that the sum in the above expression is equal to the (n — 1)st-order divided
difference of the jth monomial function at (Uy,...,U,). Therefore, this sum and hence
its limit are equal to §; ,—1 if j€{0,...,n—1}. O

For the formulation of some consequences of our main results, for n € N, k € Ny
with k < n and y € C, we define the function {,,:R — R by

zn k)+n

) 2 P ®)

By applying the ratio test, it follows that the series is convergent for all # € R. For
further properties, we have the following statement.

LEMMA 2.4. Let n €N, k € Ng with k <n and y € C. Then, the function , s ,
is the (unique) solution of the initial value problem

ol — et o r0) = 5, (i €{0,...,n}). 9)
In addition, if j € {0,...,k}, then
CyE’Jk)y = Cnfj,kfj,)h (10)
If y#0, then, forall t € R,

Gt () =7 "Cuser (7). an

Furthermore, for all t € R,
1" ol 21 21
Ckolt) = —, Cnol(t)z—l—i- Zexp cos( )t -cos sm( )t .
"y n! thatt) j
(12)

Proof. The unique solvability of (9) is a consequence of standard results of the
theory of linear differential equations. It is easy to see that { = {,, satisfies the
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initial value conditions. To see that it fulfills the differential equation in (9), we have
the following computation:

CESIPNI AN L ><"+1> = iR

ik (t)_<§0((n k) +n)! ; i(n— k—l)

y i) -1 2 i1
izl(i(n—k)—l)!_yizo((l—i—l)(n k)—l).

3 ,yitin—k Vn—k—1 B o ,yiti(nfk)Jrn (k+1) (ki)
RO 2Ny ww— )_y<2(i(n—k)+n)!> =15 O

i=0 i=0

Ms §

=7

For the proof of (10) when j € {0,...,k}, observe that

G oo (2 riln—R)+n (j)_ > yipiln=k)tn—j
C"’k#(t)_(.i‘('(n—k)—f—n)!) _2((71 k) +n—j)!

i=0 i=0
pilln=j)=(k=j))+n—j
ST E I )
We now show that (11) holds for y # 0. Indeed,
t(n k)+n oo —kyizi(n—k)+n
Y () =7 Z _y ) =G k().

iln—k)+n)! & (i(n—k)+n)!

The formula stated for ka’o in (12) is obvious. To compute {, .1, we use the fact
that this function is the unique solution { : R — R of the initial value problem

g ¢ 00y =8, (Cef0,...,n}).

The characteristic polynomial of this linear differential equation is P(1) = A" — 4 =
(A" —1)A. The roots of this polynomial are the nth roots of unity, A; = exp(i=; iy —
cos(zﬂj) -Hsm(z’”) =: oj +ifj, where j€{0,....,n—1} and A, =0.

Using that P(A) = A"*! — 1 and that 4, =0 and A} =1forall j<n,Lemma2.3
implies that

o~ exp(di) ol exp(At) o 1”_1 ‘
C(I)_Jgai(n—kl)k" = 1+2 (it DA — = 1+nj§6exp(7tjt).

Taking into consideration that { is real valued, it follows that

() =—1+ %:lz;iﬁ(exp(ljl)) =1 +%};Z;exp (COS (2%,) o8 (Si“ <2nﬂ>t>

which proves the second formulain (12). [



1130 A.H. ALI AND Z. PALES

3. A generalization of the Taylor theorem
Our first main result can be stated as follows.

THEOREM 3.1. Let n€N, ¢ =(cg,...,c,) € K™ with ¢, = 1, and assume that
fi1—Kis (n—1) times differentiable at a € I. Define T, .f : R — K by

n—1 n—1—j .
(Tuef)(x) =, (f”)(a) chz-ﬂﬂwél’(x—a))

Jj=0 i=0

where @ is defined by (4). Then, T, .f belongs to the kernel of D. and

) = (T ) a)  (£€{0,...,n—1}). (13)

The function T, . f is termed the generalized Taylor polynomial at the point a with
respect to the differential operator D, .

Proof. The characteristic function @, satisfies the differential equation (3), i.e.,
we have

cn@" 4 ey + oo, = 0. (14)

Differentiating this equality i times (where i € N), we can see that a)c(.l) also solves the
differential equation (3). It is also obvious that the function a)c(.l) with the translated
argument (x — a) is still a solution to (3). Therefore, T, .f is a linear combination of
solutions of the differential equation (3), which implies that T, . f belongs to the kernel
of D..

From the definition of the function 7, f, for £ € {0,...,n— 1}, we have that

n—1 n—1—j .
(Tu,cf)(é) (a) = 2 <f(j) (a) Z jci+j+1w0(l+é)(0)> .

j=0 i=0
In order to prove that (13) holds, it is sufficient to verify that

n—1—j

2 Ci+j+lwc(‘i+e)(0) = 6j7€ (.]7£ € {07'”7’1_ 1}) (15)
i=0

Using the initial value conditions in (4), we get

e (i+0) e (i+0) ” (a+t—j—1)
2 c,-+j+1a)cl ' (0) = Z c,-ﬂ»Ha)Cl i (0) = Z Co ¢ / (0) (16)
i=0 i=n—1—1 o=n+j—¢

If j > ¢, then n+ j— ¢ > n, thus the summation is over the empty set, and therefore
(15) is trivially valid.
If j=2¢, then

n—1—j

Y cral 0) = ¥ caal®(0) =0 (0) =1,
i=0 o=n
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which proves that (15) holds in this case.
Finally, assume that j < ¢. Differentiating the equation (14) (¢ — j— 1) times and
then evaluating it at 0, we get

n ) n .
0— Z Cawc(aJréfJfl)(O) _ z Cawc(wrka/fl)(o),
o=0 oa=n+j—{

which, combined with (16), shows that (15) is also valid in this case. [

THEOREM 3.2. Let n €N, ¢ = (co,...,cn) € K™ with ¢, = 1. Then, for all
fe€g(I) and x,a € I, we have

f(x) = (Taef)(x +/ D( —1t)dt. 17)

Proof. Let k € {1,...,n} be fixed. First we show that, for all j € {0,...,k},

| 190 o= = il(f“”*“(x)-wﬁ")<o>—f<k*1*"><a>-coé")<x—a>)
¢ (18)

+ / fi= ( —1)dt.
We show this equality by induction on j. Clearly, this equality holds if j =0 (because

the domain of summation is then empty, and therefore the sum equals 0). Assume that
we have proved (18) for some j € {0,...,k— 1}. Then, integrating by parts, we have

/ AN @) @ (=) = 41 () 00 (0) = 41D (@) 0 (x— a)
+/ FE1=0 (1) @ (x — 1)ar.

Combining this equality with (18), we get

/ FO) - wo(x—1)de = i(f<k—1—i><x> o’ (0) = 41 (a)- @ (v~ a))

+/ FED ) @8 (x = 1)ar,

which is exactly the statement (18) for j+ 1 and completes the induction.
Applying (18) for j =k, we get that

| s —1)dr = kf (4000~ 11 @) 0l (v~ a)
=0 19)

+/Xf(t)-a)c(k)(x—t)dt
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is valid for k € {1,...,n} and, trivially, also for Xk = 0. Multiplying (19) by ¢, and
adding up the equalities so obtained side by side, and applying (4), we get

dt

~—

| D0 o

"X

1) wo(x —t)dt

[
M=

o
=~

=~
Il
=]

Il
M=
o
iy
N
T
oumnN
-
T
_
L
—~
=
=

o (0) = F5 10 () o (x — a)))

T
f=}

k=0
n k—1 . )

=Y o X (00l 0) - 4 a0) - of ><x—a>>)

k=1 i=0

+/xf 1) - De(@c) (x—1)di

3T @@ 0)- 3 3 a1 @) o (v a)

k=1i=0 k=1i=0

n—1 . n—1—j .

=af-3% <f<f><a> > c,-+,-+1m£l><x—a>> = () = (Tucf) (¥).

This completes the proof of (17). [

The following result is a consequence of Theorem 3.2 in which the main part
contains the Taylor expansion of order k and the rest is in terms of the function {, ;.

THEOREM 3.3. Let n€N, k € Ng with k <n, and y€ K. Then, forall f € G (I)
and x,a €1,

=1 w—a) =l o
)= 3 1@ LY 0@ (- a)
j=0 s (20)
X
S RGRIORE 7RI AR
a
Proof. Consider the particular case of Theorem 3.2 when ¢, = 1, ¢ = —7, and
ci=0 for i € {0,...,n — 1} \ {k}, iee., when D.(f) = f" —yf). We show that
o= ry The leading term of this power series is %, therefore, C,El,j)l,) (0) = 8n—1
forall i € {0,...,n—1}. On the other hand,
n+1 k+1
DelGrin)(0) = Gy 0 =755 )
oo yiti(nfk)fl oo yit(iJrl)(nfk)fl 0

A=k —10 TAGEDm—h—1)
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Thus, we have obtained that is a solution of the initial value problem (4).

nky
For j € {0,...,k— 1}, we get
1-
"5 (k=)
Z Cl+/+lwc ( ) —Cncn ( )+Ckcn7k7y (t)
i=0
i pin—k)+j i ,yit(i-‘rl)(n—k)-‘rj t
T~ IR - A (R R TR T
Similarly, for j € {k,...,n—1}, we get
n—1—j
Z Ct+]+1wc ( )_C"Cn ( )
i=0

Putting these formulas together, we can see that (17) simplifies to the equality (20),
which was to be proved. [

The subsequent results will be corollaries of Theorem 3.3. First we note that the
classical Taylor theorem with an integral remainder term follows from Theorem 3.3 by
taking k=0 and y=0.

COROLLARY 3.4. Forall f € 63(I) and a,x € I, we have
f(x) = f(a)cos(x—a) + f'(a)sin(x—a) + /x(f”(t) + f(t))sin(x—#)dt.  (21)

Proof. Let n=2, k=0 and y = —1 in Theorem 3.3. Then, {0 _i(f) =1—
cos(t). Therefore, the equality (20) reduces to (21). O

COROLLARY 3.5. Forall f € 63(I) and a,x € I, we have
f(x) = f(a)cosh(x —a) + f'(a) sinh(x — a) —|—/x(f"(t) — f(¢))sinh(x —1)dt. (22)

Proof. Let n=2, k=0 and y=1 in Theorem 3.3. Then, {, ¢ 1(t) = cosh(r) — 1.
Hence, the equality (20) simplifies to (22). [

COROLLARY 3.6. Forall f € 6;¢(I) and a,x € I, we have

sinh(x — a) + sin(x — a)
2
sinh(x — a) — sin(x — a)
2

cosh(x —a)+cos(x—a)
. @

f(x)=f(a)
+ (a) cosh(x — a)z— cos(x—a) +"(a)

+/x(f/m(t) _f(t))smh(x_l)z— Sin(x—t)d

(23)

t.
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Proof. Let n=4, k=0 and y=1 in Theorem 3.3. Then, it is easy to see that

A cosh(t) +cos(t)
= = — 1.
Ga01(t) Z(,) @it 4)! )

Thus, the equality (20) of Theorem 3.3 can be rewritten as (23). U

COROLLARY 3.7. Let o, 3 € R with af(a® — B?) # 0. Then, for all f € €g(I)
and a,x € I, we have

B%cos(o(x—a)) — a?cos(B(x — a))

f(x):f(a) ﬁz_az
, B3sin((x(x—a)) —o? sin(f(x—a))
+fa) B (B~ a?)
+"(a) COS(a(x—ﬂgz):;(;S(ﬁ(x—a))
w, Bsin(a(x—a)) —asin(B(x—a))
A aB (B>~ o)

Bsin(o(x—1)) — osin(B(x—1))

aB(B7— o) ar

(24)

+ [0+ (02 + B0+ 2B 0)

Proof. Let n =4 and apply Theorem 3.2 in the setting ¢4 =1, ¢c3 =c¢; =0,
c2 =0+ B2, co = o*B?, thatis, when D.(f) = f"" + (o> + B2) f" + o> B f. Then the
corresponding characteristic polynomial is P.(1) = A%+ (a® + B?)A? + o* 82 whose
roots are +oi and +fi. Therefore, sin(ox), cos(ax), sin(Bx), and cos(fBx) form
a fundamental system of solutions for the differential equation D.(f) = 0. Then, the
characteristic solution @, is given by

_ Bsin(at) — asin(Br)

O =B o)
We can easily obtain
2 2
B COS(OZQ - Zz cos(fr) it =0,
B3sin(at) — asin(Br) . .
n—1—j if j=1,
@y af(B?—a?)
Z(’) Citj+10c (1) = cos(ot) — cos(Pr) e
B o2 if j=2,
Bsin(or) — asin(Pr) —
appr-or) T

Therefore, the equalities (17) and (24) turn out to be equivalent. [

The limiting case of the above corollary (i.e., when o> = 3% # 0) is formulated
as follows.
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COROLLARY 3.8. Let oo € R with o« # 0. Then, for all f € %ﬁ(l) and a,x €1,
we have
2cos(a(x—a))+ o(x —a)sin(o(x —a))

1) = (@) -
+f,(a)3sin(oc(x—a))—052(:;—a)cos(oz(x—a))
v (x—a)sin(fa(x—a)) ,, sin(a(x—a))—alx—a)cos(a(x—a))
e A -
+Lx(f////(t)+2a2f//(t)+a4f(t))81n(a('x_t))_O;(;;t)cos(a(x_t))dt.

The proofs of this and of the next two corollaries are completely similar to that of
Corollary 3.7, and hence they are omitted. The results in terms of hyperbolic functions
in the next corollaries are analogous to Corollary 3.7 and Corollary 3.8 which are in
terms of trigonometric functions.

COROLLARY 3.9. Let o, € R with (o> — B2) # 0. Then, for all f € 6 (I)
and a,x € I, we have

B2cosh(a(x —a)) — a*cosh(B(x —a))

f(x>:f(a) ﬁz_az
. B3sinh(at(x —a)) — o sinh(B(x — a))
e aB(F*~ o?)
s, ~cosh(B(x—a))—cosh(a(x—a))
o p?—o2 (25)
o asinh(B(x—a))— Bsinh(a(x—a))
@ aB (B>~ o)

+ [0 02+ B (1) + a1 0)

osinh(B(x—1)) — Bsinh(or(x — t))dt
af(B*—oa?) .

COROLLARY 3.10. Let o € R with o #0. Then, for all f € €*(I) and a,x €1,
we have

2cosh(a(x—a)) — o(x — a) sinh(o/(x — a))

£x) = f(a) .
4 (o2l —a) - o;(é— a) cosh(at(x — a))
Gt sinzho(za(x —a))

4 (g A= @eosh(alx ;;3)) — sinh(at(x —a))

(x—1)cosh(ot(x—1)) —sinh(o(x —1))

+ [ - 200+ o re) & — .
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4. A generalization of the Taylor mean value theorem

Before describing the mean value form of Theorem 3.2, we recall the extended
mean value theorem for integrals.

LEMMA 4.1. Let f: [a,b] — R be a continuous function and g : [a,b] — R a
nonnegative (or nonpositive) integrable function. Then there exists & € |a,b] such that

/abfg=f(§)/abg~

In the rest of this paper, for any continuous function 4 : R — R, let p*(h) €
[0,+e] (resp. p~(h) € [—0,0]) denote the infimum of the positive roots (resp. the
supremum of the negative roots) of 4.

LEMMA 4.2. Let n € N and ¢ = (cg,...,cq) € R* with ¢, = 1. Then, for k €
{1,...,n—1},

(@) p* ()] S [p~ (0l V). p (). (26)

Furthermore, [p’(wc("il)),er(wc("il))] is a neighborhood of 0.

Proof. To prove (26), let k € {1,...,n—1} and 1 € [p~ (@), p* (0)] \ {0}.

Assume first that # > 0. Then (uc(k) does not vanish in the open interval ]0,]. There-

fore, a)c(.k71> is strictly monotone on [0,7]. Hence, for all s €]0,¢], we have 0 =
o V(0) # o (s), which shows that 7 € [p‘(a)c(k_l))7p+(a)c(k_l))] . This com-
pletes the proof of the inclusion in (26) for positive elements. For negative elements,
the proof is completely analogous.

We show that 0 is an interior point to the interval [p_(a)c(.n_l)),pJ’(a)c(.n_l))] .In
view of wc(."fl)(O) =1, it follows that a)c(."fn is positive on [—r,7] for some r > 0.

Clearly, [-r,7] C [p_(wc(n_l))»P+(wc(n_l))] .

THEOREM 4.3. Let n € N, ¢ = (co,...,cn) € R with ¢, = 1. Then, for all
feeg) and a,x €1 with p~(w.) <x—a < pt (), there exists a point & between
a and x such that

10 = (Tuch®) + D) [ anloyar @7

Proof. In view of Theorem 3.2, we have that (17) holds. The statement is trivial if
x=a. Assume first that a < x. Then, by our assumption, x—a < p* (@,). If # €]a,x],
then 0 < x —7 < x—a and hence @.(x—¢) has the same sign for all # €]a,x[. Using
this, by Lemma 4.1, we conclude that there exists a point & € [a,x] such that

X—d

| 00 autx =@t =Du(n)(E)- [ oute—nat =)&) [ aoar
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Using this equality, formula (17) implies the assertion.
In the case when x < a, the proof is analogous. [

THEOREM 4.4. Let n€ N, k€ No with k <n and y€ R and define {,;,: R — R
by (8). Then, for all f € ¢(I) and x,a € I with p~ (&, ) <x—a<p*({,, ), there

n
exists a point & between a and x such that

k=1 Y—a) =l .
)= 3 9@ LY 0@ (- a)
j=0 J: J=k (28)
+ (&) = 1N () ukyx — ).
Proof. Let the vector ¢ € R"*! be givenby ¢, =1, ¢ := —y and ¢ i = 0 other-

wise. Then D.(f) = f () — vf () and, as we have seen it in the proof of Theorem 3.3,
the characteristic solution @, of the differential equation D.(®) = 0 is equal to C,Q Ky

Assume first that a < x. Then, by our assumption, x—a < p ™ ( ,27,(7),) Ifr€layx],
then 0 < x—¢ < x—a and hence Cr’l7k7y(x—t) has the same sign for all ¢ €]a,x[. Using
this, by Lemma 4.1, we conclude that there exists a point & € [a,x] such that

L0 =100 ptx =0t = (@) =1, OE) [ Grax—rya
= (F(E) ~ 17 (E) Gyl @)

By Theorem 3.3, we have formula (20), combining it with the above equality, we get
28. O

The classical Taylor Mean Value Theorem (stated as Theorem 1.2 in the introduc-
tion) is the particular case of Theorem 4.4 when k =0 and y = 0. In this setting, we
have that §, (1) = ;—", and hence p*( ,27070) = 4o and (28) simplifies to (2).

COROLLARY 4.5. Forall f € 63(I) and a,x € I with |a—x| < 7, there exists a
point & between a and x such that

f(x) = f(a)cos(x—a) + f'(a)sin(x—a) + (f"(§) + f(§))(1 —cos(x—a)).  (29)

Proof. Let n=2, k=0 and y=—1 in Theorem4.4. Then, {, () =1 —cos(r)
and hence pi(cz’&_l) = £m. Therefore, we can apply the statement of Theorem 4.4
and the equality (28) reduces to (29). [

To see that the condition |a — x| < 7 of the above corollary cannot be omitted, con-
sider the function f(x) := x. Then, for x =27 and a = 0, the equality (29) simplifies
to 2 = & -0, which cannot be valid for any £ € R.

COROLLARY 4.6. Forall f € 62(I) and a,x € 1, there exists a point & between
a and x such that

f(x) = f(a)cosh(x —a) + f'(a) sinh(x — a) + (f"(§) — f(§))(cosh(x —a) — 1). (30)
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Proof. Let n=2, k=0 and y=1 in Theorem 4.4. Then, &, ¢,1(t) = cosh(z) — 1
and hence Pi(&:z/,o,_ﬁ = 4oeo. Therefore, we can apply the statement of Theorem 4.4
and the equality (28) simplifies to (30). [J

COROLLARY 4.7. Forall f € 6(I) and a,x € 1, there exists a point & between
a and x such that

cosh(x —a) +cos(x — a) sinh(x — a) + sin(x — a)

£ = f@) . +£(a) .
+ (a) cosh(x — a)z— cos(x—a) +"(a) sinh(x — a)z— sin(x —a) 31
cosh(x —a)+cos(x —a) —2

() - 1) -

Proof. Let n =4, k=0 and y=1 in Theorem 4.4. Then, one can easily see that
cosh(r) +cos(t) —2
Ca0.(1) =

statement of Theorem 4.4, the equality (28) can be rewritten as (31). [

and hence pi(qm) = doo. Thus, by applying the

COROLLARY 4.8. Let o, 8 € R with af(o> —B?) #0 and let ty be the smallest
positive root of the equation

Bsin(or) = orsin(Pr). (32)

Then, for all f € 6z (1) and a,x € I with |x— a| < to, there exists a point & between a
and x such that

B cos(a(x—a)) — a*cos(B(x —a))

f) = f(a) o
+ o Bsin(als ;ﬁz;} ;fc;szi;l(ﬁ(x—a))
P cos(a(x—cggizgsw(x—a» .
+ pi(a Bointats ;ﬁzé ;fc:;;)(ﬁ(x ~a))

+ (&) + (o + BA (&) + B f(E))
" o?(cos(B(x—a)) —1) — B?(cos(at(x —a)) — 1)
o?B2(B* - a?)

Proof. Let n =4 and apply Theorem 4.3 in the setting ¢4 =1, ¢c3 =c¢; =0,
2= 02+ B2, co = o’ B2, that is, when D.(f) = f"" + (> + B?)f" + o*B>f. Then
sin(oux), cos(ox), sin(Bx), and cos(Bx) form a fundamental system of solutions for
the differential equation D.(f) =0 and

_ Bsin(az) — asin(fBr)

= o (o)
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is a solution to the initial value problem (4). Observe that p=(w,) = +19. As we have
seen it in the proof of Corollary 3.7, the equalities in (24) hold. On the other hand,

/x—“ 0c(t)dt = a®(cos(B(x—a)) — 1) — B?(cos(a(x —a)) — 1)

o T 2B (7 — o) |
Therefore, we can apply Theorem 4.3 and hence there exists a point & between a and
x such that the equality (27) holds, which reduces to (33). U

REMARK 4.9. For the applicability of the previous corollary, it is essential to find
the zeroes of the equation (32). In general, beyond the trivial solution # = 0, the other
solutions cannot be established algebraically. On the other hand, if % is rational, say

| ﬁ\ = -, where n,m are coprime natural numbers. Let s : ‘a| ”3 | # 0. Then

o = +ns and B = +ms and (32) is now equivalent to
msin(nst) = nsin(mst).

In the case when ¢ = —7'c for some k € N, then both sides are equal to zero. If 7 is not
of this form, then sm(st) # 0, thus this equation can be rewritten as

sin(nst)  sin(mst)

mUy—1(cos(st)) = sin(st)  sin(st)

= nUmfl(COS(S[)%

where U denotes the kth degree Chebyshev polynomial of the second kind. Therefore,
the last equation is an algebraic equation for cos(s). Solving this equation for cos(st),
the smallest positive solution #, can easily be computed.

The limiting case of Corollary 4.8 (i.e., when a® = 2 # 0) is formulated as
follows.

COROLLARY 4.10. Let o € R with e # 0 and let ty be the smallest positive root
of the equation
sin(o) = ot cos(or). (34)
Then, for all f € €4(I) and a,x € I with |x— a| < ty, there exists a point & between a
and x such that

2cos(a(x—a)) + o(x—a)sin(a(x —a))

£x) = f(a) :
+f,(a)3sin(a(x—a>)—az(;—@cos(a(x—a))
P (x—a)sirzlfxa(x—a)) .
4 Snlel—a) - az(i; - a)cos(o(x — a))

+ (") + 201" (8) + o' £(8))
" 2 —2cos(o(x—a)) —a(x—a)sin(a(x—a))
204 '
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The proof of this result is completely analogous to that of Corollary 4.8, therefore
it is omitted.

COROLLARY 4.11. Let o, € R with af(a® — %) #£0. Then, forall f € G(I)
and a,x € 1, there exists a point & between a and x such that

B2 cosh(a(x —a)) — a®cosh(B(x —a))

f(x)=f(a) B o
+f,(a)ﬂ3sinh(a(x;gzgz—_a;s;)nh(ﬂ(x—a))
@ cosh(ﬁ(x—cgz:;(;sh(a(x—a)) .
) ocsinh(B (x ;g?;};_ﬁ:;)h(a(x— a))

+("(8) = (e? +B)f"(§) + &*Bf(§))
y o®(cosh(B(x—a)) — 1) — B*(cosh(a(x —a)) — 1)
o?B2(B?— o) |
Proof. Let n =4 and apply Theorem 4.3 in the setting ¢4 =1, ¢c3 =c¢; =0,
c2 = — (02 +B?), co = a*B?, that is, when D.(f) = f" — (o® + B>)f" + o* B>f.
Then sinh(ox), cosh(ax), sinh(Bx), and cosh(Bx) form a fundamental system of
solutions for the differential equation D.(f) =0 and

_acsinh(ft) — Bsinh(out)
- af(B?—a?)

is a solution to the initial value problem (4).
Now, we prove that p*(@,) = F-co. First observe that

n=0 =1

(1)

which shows that the mapping x — sinh(x) /x is strictly monotone on R . Assume that
|ot] < |B]|. Then, for all nonzero ¢,
sinh(az)  sinh(|oz|)  sinh(|Bt[)  sinh(fB?)

ar o] Bl B
Therefore, any nonzero number ¢ cannot be a root of @., which implies p= (@, ) = %oo.
As we have seen it in the proof of Corollary 3.9, the equalities in (25) hold. On
the other hand,

x—a o?(cosh(B(x—a)) — 1) — B*(cosh(a(x —a)) — 1
[ty = LleotBlea) 1) _Pleoniats—a) -1)
0 o (B* — o)
Therefore, we can apply Theorem 4.3 and hence there exists a point £ between a and
x such that the equality (27) holds, which reduces to (36). U
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COROLLARY 4.12. Let o € R with o #0. Then, forall f € %ﬁ(l) and a,x €1,

there exists a point & between a and x such that

2cosh(a(x—a)) — o(x — a) sinh(o/(x — a))

1 = f(a) ;
..« 3sinh(o(x—a))—o(x—a)cosh(o(x—a)) ,, . (x—a)sinh(o(x—a))
+£(a) = +(a) T
" xX—a h(a(x —a)) —sinh(a(x —a
ey (a)a( ) cosh(ox( 2a3)) sinh(o(x —a))

[1]

[2

—

[3]

[4]

[5

[t}

[6]

[7]

[8

[t}

[9]
[10]

[11]

[12]

+ (&) —202f" () + et f(E))
2 —2cosh(o(x —a)) + a(x —a)sinh(a(x — a))
X ol .

The proof of the above statement is omitted.
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