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Introduction 

 

 In ion-atom collisions, inelastic electron processes have a crucial 

significance across multiple fields. Notably, these processes have 

profound implications in particle beam therapy, a field primarily utilizing 

beams of carbon ion and proton [1,2]. Additionally, they contribute 

significantly to the modelling and diagnostics of fusion plasmas within 

tokamak reactors. 

Of paramount importance among these phenomena is ionization, a 

phenomenon of great significance in radiation physics and the exploration 

of atomic and molecular structures [3]. Its relevance extends further into 

the study of fusion plasma. Within magnetically confined fusion plasmas, 

such as those in tokamaks, the distributions and concentrations of excited 

impurity ions critically shape the profiles of the plasma edge. To 

accurately assess plasma parameters – encompassing temperature, 

impurity concentrations, density, and plasma turbulence [4] – a diagnostic 

approach involving the injection of a high-speed neutral atomic beam into 

the plasma edge is employed, enabling high spatiotemporal resolution. 

The collision of the injected neutral atomic beam with plasma 

constituents results in the generation of emission lines, offering enhanced 

insights into the profiles of the plasma edge. This is particularly relevant 

in the context of tokamaks, recognized as the most promising design for 

achieving magnetic confinement-based fusion energy. However, the 

stability of these systems can be compromised, leading to plasma 

disruptions [5,6] characterized by rapid losses of magnetic and thermal 

energy, termed thermal quench. Moreover, such disruptions impose 

substantial forces on reactor components and walls upon loss of plasma 
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confinement. In light of this, effective plasma disruption mitigation [7,8] 

is imperative for ensuring the safe and dependable operation of fusion 

reactors. 

Disruption mitigation strategies encompass various approaches, such as 

the injection of significant gas quantities into the plasma to expedite 

cooling and quenching, thereby minimizing energy release during 

disruptions. This process, while effective, introduces a notable quantity of 

impurities from the injected gas into the plasma [9]. A range of noble 

gases and methods [7,8,10–12] have been proposed and scrutinized for 

their efficacy in plasma disruption mitigation. Due to differences in mass, 

ionization, and reflection coefficients, noble gas particles are anticipated 

to exhibit distinct behaviours at the plasma boundary relative to the 

majority of plasma constituents [13]. 

Another vital application of gas injection in tokamaks is plasma 

diagnostics, where injected gases, including neutral alkali beams such as 

lithium and sodium with an energy around 60 keV, have proven invaluable 

for measuring plasma turbulence and electron density profiles, especially 

within the scrape-off layer and plasma edge [14–19]. 

In the realm of fusion research, various neutral high-energy beams have 

emerged as valuable tools. Hydrogen isotopes and helium are prime 

examples, as they find application both in heating the fusion plasma and in 

its diagnostic processes within the tokamak reactor's vacuum vessel [4,20–

25]. A different strategy involves the utilization of nitrogen seeding, aimed 

at cooling the edge plasma within tokamak reactors [26]. 

In the quest for improved magnetic fusion plasma performance and 

enhanced protection for plasma-facing components, a range of fusion 

experiments have endorsed the use of liquid lithium [27–29]. Notably 
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reactive, lithium readily ionizes, giving rise to lithium ions that can collide 

with neutral atoms (such as helium and nitrogen) at the plasmas edge. 

A noteworthy study conducted by Wolfrum et al. [30] explored the 

potential of sodium as an alternative diagnostic beam to lithium. This 

choice was underpinned by sodium's distinct advantages, including lower 

emitter temperature and a larger charge exchange cross section, 

particularly in collisions involving helium and carbon impurities. 

The precise modelling and management of the edge plasma, which 

interacts with the tokamak reactor's blanket and divertor and to facilitate 

accurate diagnostics, a deep understanding of the cross-sectional 

properties of the collision systems within the edge plasma is imperative. 

The acquisition of precise cross-sectional data plays a pivotal role in 

effectively simulating and regulating the plasma in proximity to the 

tokamak reactor's wall and related components.  

In this dissertation, we present a classical treatment of an inelastic single 

electron processes in collision systems related to fusion plasma. However, 

the expanded range of impact energy within the total cross section 

encompasses many applications such as astrophysics, and controlled 

thermo-nuclear fusion research [31–34]. We focused our studies on 

collision systems of singly charged ion projectiles with atomic targets; the 

projectiles studied in this dissertation are proton, lithium, and sodium ions, 

while the targets are nitrogen and noble gases, namely, helium, neon 

argon, krypton, and xenon. The collision system is reduced to a three-body 

problem and solved using the classical trajectories Monte Carlo method 

[35–37]. 

Chapter 1 provides a brief description of the main collisional processes 

induced during atom-atom and ion-atom collisions, velocity regimes, and 
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brief descriptions for some theoretical approaches. In Chapter 2, the 

theoretical approach of the CTMC calculation method using Garvey-type 

distance-dependent model potential is described. In Chapter 3, discussions 

of our findings are presented. Finally, a summary and concluding remarks 

are given in Chapter 4. References are provided at the end of this 

dissertation. 

  



5 

 

Chapter 1 Collision system 

This dissertation is dedicated to exploring single-electron processes, 

with particular emphasis on ionisation processes concerning the targets 

and electron capture onto the projectile. This dissertation is committed to 

delivering detailed single (SDCS), double-differential (DDCS), and total 

cross-sectional (TCS) information of collision systems between singly 

charged ions with neutral targets. In this section, we present a general 

theoretical description of ion-atom collision system. 

1.1 Collision processes 

In ion-atom collision, fundamental processes are possible depending on 

the conditions of the collision and the characteristics of the target and the 

projectile. The exits channel depends on many factors, such as, energy of 

the projectile, the binding energy of the electron, and the impact 

parameter. A brief description of ionisation, electron capture, and 

excitation channels is introduced the following sub-sections. 

1.1.1 Ionisation 

Ionisation (figure 1.1) is the process of ejection of one or more electrons 

from an atom or molecule. Ionisation can be direct or indirect. In direct 

ionisation, a charged projectile such as electrons, protons, and ions collide 

with the target. In indirect ionisation, the target interacts with neutral 

particles and photons.  
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Figure 1.1 A schematic diagram of ionisation in ion-atom collision. 

 

Focusing on direct ionisation by singly charged ions, when an ion 

collides with an atom, the ion transfers energy to an electron of the atom; 

if the transferred energy is larger than or equal to the binding energy of the 

electron then the electron is ejected from the atom. There is another 

possibility where an electron is ejected from the ionic projectile in the 

same procedure. The following reaction shows ionisation process in a 

collision between singly charged ion (𝐴+) and an atom (B): 

 

𝐴+ + 𝐵 ⟶ {𝐴
+ + 𝐵+ + 𝑒−

𝐴2+ + 𝐵 + 𝑒− (1.1) 

 

The cross section of the ionisation channel increases with decreasing the 

binding energy of a specific shell, hence the ionisation of an electron from 

outer shells is easier than the ionisation from inner shells, because outer 

shells have lower binding energies compared to inner shells, see table 2.2.  

Ionisation

 

Ionic pro ectile

Atomic target
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1.1.2 Electron capture 

When an ion collides with an atom, an electron from the atom might be 

captured by the ion, this process is called electron capture. There are two 

main conditions for electron capture to take place, the capturer should 

have a higher charge than the colliding partner, or the capturer should 

have a high kinetic energy. The cross section of the electron capture 

(figure 1.2) channel increases by increasing the charge of the ion and/or its 

kinetic energy. 

 

Figure 1.2 A schematic diagram of electron capture in ion-atom collision. 

 

The electron capture process happens in two steps, firstly, when the ion 

approaches the atom, the nucleus of the ion attracts an electron from the 

atom, secondly, the electron is captured by the ion leaving a singly 

charged ion, see the following reaction which shows the electron capture 

process in a collision between singly charged ion (𝐴+) and an atom (B): 

𝐴+ + 𝐵 ⟶ 𝐴 + 𝐵+ (1.2) 

Electron capture

 

Ionic pro ectile

Atomic target
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1.1.3 Excitation 

In ion-atom collision, the ion might transfer kinetic energy to the atom 

without ionising it, the energy is not sufficient to eject an electron, 

however, it is enough to elevate the electron to a higher energy shell, this 

process is called excitation (figure 1.3).  

 

Figure 1.3 A schematic diagram of excitation in ion-atom collision. 

 

The following reaction shows the excitation process in a collision 

between singly charged ion (𝐴+) and an atom (B), we see no changes on 

the charge of the interacting particles: 

𝐴+ + 𝐵 ⟶ {𝐴
+∗ + 𝐵

𝐴+ + 𝐵∗ (1.3) 

 

 

 

 

Excitation

 

Ionic pro ectile

Atomic target
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1.2 Velocity regimes of collision processes 

The velocity regime of ionisation, excitation, and electron capture 

processes depend on the relative velocity between the projectile and the 

target’s electron. There are three main regimes, which are, low-velocity, 

intermediate-velocity, and high-velocity regimes. The boundary between 

the different velocity regimes is not sharp, and the relative importance of 

the different processes can vary depending on the specific collision 

system. 

In the low-velocity regime, the projectile has a very low velocity 

compared to the electron, the dominant process is electron capture [38]. 

This process is favoured low-velocity regime because the kinetic energy is 

not sufficient to overcome the electrostatic attraction between the 

projectile ion and the target electron. The cross section of electron capture 

increases with decreasing velocity because at lower velocities, the ions 

spend more time near the target atom, increasing the chances of electron 

capture. In the intermediate-velocity regime where the projectile and 

electron have relatively close velocities, all three processes have relatively 

equal cross sections [39]. In the high-velocity regime, the projectile is 

much faster than the electron, where the kinetic energy of the colliding 

particles is very high, the dominant processes are ionisation and excitation 

[40]. At high velocities, the kinetic energy is more than enough to 

overcome the binding energy of the electrons to induce ionisation or 

excitation depending on several factors. In this regime, the cross sections 

of ionisation and excitation are significantly high because the impact 

energy is much greater. 
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1.3 Theoretical models 

This section is devoted to present some theoretical models used to 

calculate cross sections in atom-atom and ion-atom collisions. 

1.3.1 First Born Approximation  

The first Born approximation (FBA) is a theoretical method used in 

quantum mechanics to calculate scattering amplitudes and cross-sections 

for the interaction between a projectile and a target, typically in the 

context of atomic or molecular physics. It was first introduced by Max 

Born in 1926 [41] as a way to describe electron-atom scattering processes, 

marking one of the earliest attempts to apply quantum mechanics to 

calculate scattering cross-sections. Born does not seem to have applied the 

approximation that now carries his name; instead, it was initially 

employed by Bethe in 1930 [42]. Bell et al. [41] used the first born 

approximation to calculate the excitation and ionisation cross sections by 

electron, proton, and atomic impact. 

The first Born approximation primary purpose lies in the computation of 

scattering amplitudes and cross sections for particle interactions with a 

target in quantum systems, frequently finding application in atomic and 

molecular physics to gain insights into how electrons or other particles 

interact with atoms or molecules when subjected to an external potential. 

This theoretical framework provides a relatively simple and 

computationally tractable method for calculating scattering cross-sections, 

making it an accessible starting point for more advanced quantum 

mechanical scattering theories, such as higher-order Born approximations 

[43–45]. However, the first Born approximation comes with its 

limitations. Being a first-order approximation, it may not accurately 
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describe scattering processes at very high energies or when strong 

interactions are involved. It relies on the assumption that the interaction 

potential between the projectile and target is weak, which may not hold 

true in all situations. 

The underlying assumptions of this approximation include the 

presumption of a weak interaction potential, allowing for a perturbative 

treatment, and the description of initial and final states of the system using 

simple wave functions, typically represented as plane waves for the 

incoming and outgoing states. Moreover, the interaction between the 

projectile and the target occurs over a relatively short period of time, 

hence, this allows to neglect any time-dependence in the interaction 

potential. Furthermore, projectile and target do not undergo significant 

rearrangement of their internal structure during the scattering process. 

Beyond the first Born approximation, higher order Born approximations 

like the Second Born Approximation and the Third Born Approximation 

can be derived to enhance accuracy. 

1.3.2 Continuum Distorted Wave (CDW) method and 

Continuum Distorted Wave-Eikonal Initial State (CDW-EIS) 

method  

The Continuum Distorted Wave (CDW) method [46–48] serves a 

primary purpose, focusing on characterizing the interaction between 

charged particles, predominantly electrons or ions, and atoms or molecules 

in the continuum region. Its applications encompass the calculation of 

cross-sections and scattering amplitudes for various collision processes, 

such as electron impact ionization or electron scattering from molecules. 

The CDW method offers several advantages. It provides a semi-

classical description that harmoniously combines elements of quantum 
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mechanics and classical physics. Its computational efficiency and ability 

to handle intricate target structures make it a preferred choice. Moreover, 

it often plays a pivotal role in interpreting experimental data, providing 

insights into collision dynamics. 

Nevertheless, CDW also comes with its set of disadvantages. Being a 

semi-classical method, it tends to overlook certain quantum mechanical 

effects, particularly at low energies, limiting its accuracy for specific 

processes. It relies on various approximations, introducing potential errors 

in results. Furthermore, when applied to highly excited states or 

interactions involving heavy ions, its accuracy may falter. 

The CDW method is grounded in several key assumptions. These 

include the assumption that the incident particle follows a classical 

trajectory in the field of the target atom or molecule. Additionally, it 

assumes that the target electrons remain in their bound states during the 

collision and that the incident particle interacts with the target electrons 

via a screened Coulomb potential. 

The potential utilized in CDW calculations predominantly takes the 

form of a screened Coulomb potential, thoughtfully accounting for the 

screening effects of the target electrons, thus contributing to the method's 

effectiveness in describing collision processes involving charged particles 

and atoms or molecules in the continuum region. 

The Continuum Distorted Wave-Eikonal Initial State (CDW-EIS) 

Method [49,50] is a simplification of the CDW method, in contrast to the 

CDW method, which employs the complete electronic Coulomb 

wavefunction, CDW-EIS leverages the asymptotic behaviour of this 

wavefunction, specifically, the logarithmic Coulomb phase. It provides 

reasonably accurate results for a wide range of collision processes and 
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various collision systems, including heavy ions. Like the CDW method, 

CDW-EIS is still semi-classical in nature and may not fully account for all 

quantum mechanical effects. Moreover, Computational requirements can 

be significant, especially for complex collision systems. 

1.3.3 Atomic Orbital Close Coupling method  

The Atomic Orbital Close Coupling (AOCC) method is a semi-classical 

approach [51,52] used in the field of atomic, molecular, and nuclear 

physics to study collision processes involving atoms and molecules. In 

AOCC, the wave function of the system is expanded in terms of a set of 

basis functions [53], which are typically atomic or molecular orbitals. The 

AOCC considers the following assumptions, the electrons and the nuclei 

are treated quantum mechanically and classically, respectively, moreover, 

the collision is treated as a one-dimensional process. Furthermore, the 

scattering equations are the core of AOCC, in which they are a set of 

coupled integro-differential equations. The scattering equations describe 

the behaviour of the colliding particles as they interact with each other and 

the target system, providing information about scattering amplitudes, 

cross-sections, and other properties of the collision process. 

AOCC exhibits remarkable accuracy when describing collision 

processes, especially when employing a large number of basis functions. 

However, the high accuracy comes at the cost of complex computations, 

because solving the scattering equations can be computationally 

demanding, particularly when dealing with complex systems. Over the 

years, AOCC has undergone significant development, with researchers 

continually refining the methodology and expanding its applicability 

[52,54]. A development of AOCC is the molecular close-coupling 
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(MOCC) method [55,56], which handles molecular targets more 

effectively. While AOCC provides accurate results, it is computationally 

intensive and may not always be feasible for large-scale systems. To 

mitigate this, approximations and simplifications are often employed to 

reduce the computational burden while maintaining a reasonable level of 

accuracy. 

1.3.4 Oppenheimer-Brinkman-Kramers (OBK) approximation  

The Oppenheimer-Brinkman-Kramers (OBK) approximation [57–59], 

named after its contributors J. Robert Oppenheimer [60], and George 

Brinkman and Hendrik Anthony Kramers [61]. It was developed 

independently by these physicists and serves the primary purpose of 

describing the motion of nuclei in molecules during chemical reactions, 

simplifying the quantum mechanical treatment of molecular dynamics by 

separating the motion of electrons and nuclei. 

The OBK approximation offers several advantages, including the 

simplification of the quantum mechanical description of molecular 

dynamics by separating nuclear and electronic motions, treating electrons 

as moving on a fixed nuclear framework and nuclei as classical particles, 

thereby reducing computational complexity, and providing a reasonable 

approximation for many molecular processes, particularly in cases where 

the nuclei's motion is significantly slower than that of electrons. Hence, in 

its nature, the OBK approximation is a semi-classical method that 

combines classical treatment of nuclei with quantum mechanical treatment 

of electrons. 

However, the OBK approximation has its limitations. It is not accurate 

for describing processes where nuclear motion significantly impacts 
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electronic structure or when nuclei move at high speeds. Moreover, it is 

unsuitable for describing phenomena involving nuclear quantum effects, 

such as hydrogen tunnelling. 
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Chapter 2 Theory 

In the realm of theoretical physics and computational chemistry, the 

Classical Trajectory Monte Carlo (CTMC) simulation has emerged as a 

powerful tool with diverse applications, spanning a wide spectrum of 

collision processes [35,36,62–67]. Notably, this methodology has found 

considerable success in investigating hydrogen-hydrogen atom collisions 

across a range of velocities. The origins of CTMC simulations trace back 

to the pioneering work of Wall et al. [68], who conducted the first 

trajectory calculations for collinear molecular 𝐻 + 𝐻2 reactions on early 

computing machines. However, their initial efforts were limited by the 

computational resources of the time, yielding a relatively low number of 

trajectories and inadequate statistical precision for reaction rate 

determination. Subsequent advancements in the field were spearheaded by 

Blais and Bunker [69], who conducted the first true Monte Carlo 

calculation for this reaction. It is worth noting that the CTMC method's 

extensive utilization in atom-molecule collisions, as elucidated by Bunker 

in his seminal works [69,70], underwent distinct methodological 

adaptations when employed in collision studies involving charged 

particles and atoms. The long-range Coulomb interaction and attractive 

singularities inherent to such collisions necessitated specialized treatment 

[66,71]. The assessment of the Monte Carlo method's efficacy was further 

explored by Burgess, Percival, and their contemporaries [66]. 

Additionally, Abrines and Percival delved into the realm of ion-atom 

collisions [64], while Olson and Salop expanded the frontiers of CTMC 

calculations [72]. Their work extended the method's scope to the study of 

ion impacts on hydrogen atoms, including an exploration of projectile 

charge state-dependent charge transfer and ionization cross-sections. 
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I delved into the fundamental principles and methodologies underlying 

my PhD research, which centres around the development and application 

of a 3-body Monte Carlo (CTMC) approach. The CTMC method is a non-

perturbative computational technique that employs numerical solutions to 

classical equations of motion [63,65]. This choice is well-founded since, at 

ordinary temperatures, the wavelengths associated with the motion of 

atoms and molecules are significantly shorter than the effective range of 

interaction between them [63,72]. 

Within the CTMC framework, the primary focus is on computing 

trajectories for three essential particles: the ionic projectile, the target's 

core, and the active electron of the target. These trajectories are governed 

by a Garvey-type distance-dependent model potential [73,74]. A pivotal 

element of this approach lies in the sampling of initial coordinates of the 

active electrons in both coordinate and momentum space. To achieve this, 

an initial ensemble, often referred to as the 'micro-canonical distribution,' 

is meticulously constructed to mimic the spatial and momentum properties 

of the initial state. Random selection techniques, particularly employing 

the Monte Carlo method, are instrumental in determining these initial 

conditions. Subsequently, my study proceeds by numerically solving 

Hamilton's equations for a substantial number of trajectories, each 

characterized by a randomly chosen set of relevant impact parameters. 

One of the distinctive advantages of the CTMC approach is its ability to 

simulate various reaction channels within the same framework. This 

includes the exploration. 
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2.1 Classical model of the collision system 

The collision system consisting of ionic projectile and atomic target is 

reduced to a three-body system. The atomic target is described using the 

Single Active Electron (SAE) approximation, employing a distance-

dependent model potential by Garvey. In this model, solely the outermost 

electron in its ground state participates in the collision dynamics, serving 

as the active electron, while the remaining bound electrons are deemed 

inactive [73,74]. The ionic projectile is described using the same 

approximation but with no electrons, see figure 2.1. For convenience, in 

further discussion we will refer to the previous bodies as projectile (P), 

target (T) and electron (𝑒).  

 

Figure 2.1 Schematic illustration of the relative position vectors of the particles 

involved in 3-body collisions. 𝑨 = 𝒓𝑒 − 𝒓𝑇, 𝑩 = 𝒓𝑃 − 𝒓𝑒, 𝑪 = 𝒓𝑇 − 𝒓𝑃, and 𝑹 

is the position vector of the projectile with respect to centre-of-mass of the target 

system, and 𝑏 is the impact parameter. 

 

For the computer simulation of the collision process, a multi-step 

process crucial for understanding the dynamics of ionic projectiles 

colliding with atomic targets. This intricate experiment comprises three 

pivotal steps, each meticulously designed to ensure the reliability and 
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accuracy of the results [64]. In Step 1, the system is meticulously 

prepared, with initial conditions selected from a statistical distribution that 

closely mimics the real distributions of ionic projectiles and atomic 

targets. Additionally, careful measures are taken to ensure that these 

particles start sufficiently far apart to avoid any mutual influence, and the 

impact parameter is judiciously adjusted to maintain precision. Step 2 

involves the numerical solution of the equations of motion for the 3-body 

system, where the equations are solved while maintaining a significant 

separation between the projectile and the target, minimizing perturbations 

to their orbits during the collision. Finally, in Step 3, the output analysis is 

conducted, with recorded data ready for subsequent examination and 

interpretation. It is imperative to highlight that achieving accuracy in 

cross-section calculations necessitates the execution of a substantial 

number of trajectories, underscoring the importance of each step in this 

intricate experimental process. 

2.2 Equations of motion 

2.2.1 Garvey type distance-dependent model potential 

The nuclear independent-particle model (IPM) [75] model relies on the 

utilization of phenomenological analytic shell and optical-model potentials 

as its core components. IPM has played a pivotal role in the calculation of 

various nuclear properties, including but not limited to nuclear elastic and 

inelastic scattering cross sections and transition probabilities. Green et al.'s 

study in 1969 [76] aimed to provide an analytical characterization of the 

universal Thomas-Fermi potential [77,78] as a starting point by 

developing IPM model. They sought to apply this analytic atomic IPM to 

the realm of applied atomic physics. In their groundbreaking work, Green 
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et al. [76] analysed the Thomas-Fermi screening functions, employing the 

two-parameter Verhulst function [79] to facilitate their investigations. 

Notably, Green et al. [76] refined their models through empirical 

adjustments of the two parameters associated with the screening function, 

enhancing predictive accuracy for each atom. Green et al. work in 1975 

[80] further refined the model. In this context, empirical adjustments for 

neutral atoms allowed for the fixation of one parameter, based on a 

Thomas-Fermi-like dependence on atomic number Z, across all elements. 

This optimization left only one parameter requiring empirical adjustment 

for each element. 

The scope of the IPM potential determination in Green et al.'s 1969 

study [76] encompassed atoms and positive ions with atomic numbers 

ranging from 36 to 54, while extending to a select few ions with 54 < Z ≤ 

57. It is important to note that Garvey et al.'s 1975 work [73] represented 

an extension and enhancement of the modified form of Hartree-Fock 

theory (MHF) initially developed by Bass et al. [81] for neutral atoms, 

Szydlik et al. [82] for atoms and ions with Z ≤ 18, and Green et al. [80] for 

atoms and ions within the range of 18 < Z ≤ 36.  

The model potential based on Green et al.’s [76] calculations and 

developed by Garvey et al. [73] has the form: 

 𝑉(𝒓) = 𝑞
𝑄(𝒓)

𝒓
 (2.1) 

Where 𝑞 is a test charge, 𝒓 is the interaction separation, and 𝑄(𝒓) is the 

distance-dependent effective charge. The effective charge is given by the 

formula: 
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 𝑄(𝒓) = 𝑍 − (𝑁 − 1)(1 − 𝛺−1(𝒓)) (2.2) 

Where 𝑍 and 𝑁 are the nuclear charge and the total number of electrons, 

respectively. A special case that the model potential reduces to a pure 

Coulombic potential for the case of hydrogen. The function 𝛺(𝒓) has the 

form: 

 𝛺(𝒓) =
𝜂

𝜉
(𝑒𝒓𝜉 − 1) + 1 (2.3) 

The potential parameters 𝜉 and 𝜂 can be acquired in a manner that 

minimizes the energy associated with a specific atom or ion. The effective 

charge form gives the model potential the correct asymptotic for small and 

large interaction separations, given in the next formulae: 

 𝑙𝑖𝑚
𝑟→0

𝑄(𝒓) = 𝑍 (2.4) 

 

 𝑙𝑖𝑚
𝑟→∞

𝑄(𝒓) = 𝑍 − (𝑁 − 1) (2.5) 

Figure 2.2 shows the effective charge of two examples, ionic sodium 

and nitrogen core, by nitrogen core we mean atomic nitrogen with 

excluding the outermost active electron.  
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Figure 2.2 Effective charge of, red dashed line: singly ionised sodium, and blue 

dashed-dotted line: nitrogen core. 

The potential parameters 𝜉 and 𝜂 have the following forms for the 

projectile (P): 

 𝜂𝑃 = 𝜂𝑃
𝑜 + 𝜂𝑃

1(𝑍𝑃 − 𝑁𝑃 − 1) (2.6) 

 𝜉𝑃 = 𝜉𝑃
𝑜 + 𝜉𝑃

1(𝑍𝑃 − 𝑁𝑃 − 1) (2.7) 

 

And for the target (T): 

 𝜂𝑇 = 𝜂𝑇
𝑜 + 𝜂𝑇

1(𝑍𝑇 − 𝑁𝑇) (2.8) 

 𝜉𝑇 = 𝜉𝑇
𝑜 + 𝜉𝑇

1(𝑍𝑇 − 𝑁𝑇) (2.9) 

The parameters 𝜂𝑖
𝑜, 𝜂𝑖

1, 𝜉𝑖
𝑜, and 𝜉𝑖

1 are listed by Garvey et al [73]. The 

parameters 𝜂𝑖
𝑜, 𝜂𝑖

1, 𝜉𝑖
𝑜, and 𝜉𝑖

1 of the atoms and ions studied in this thesis 

are listed in table 2.1. 
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Table 2.1 The parameters values of the particles included in the study. 

  Z 𝜉 
𝑜 𝜉 

1 𝜂 
𝑜 𝜂 

1 

He 2 2.625 1.2996 1.770 1.1402 

Li 3 2.164 0.9764 1.750 0.6821 

N 7 1.179 0.4677 2.270 0.4143 

Ne 10 1.792 0.4515 2.710 0.3671 

Na 11 1.712 0.3923 2.850 0.3469 

Ar 18 0.957 0.2165 3.500 0.2560 

Kr 36 1.351 0.1872 4.418 0.1611 

Xe 54 1.044 0.1107 5.101 0.1316 

 

The Screening functions for the both the projectile (𝛺𝑃) and the target 

(𝛺𝑇) will be given by the following formulae: 

 𝛺𝑃(𝒓) =
𝜂𝑃

𝜉𝑃
(𝑒𝒓𝜉𝑃 − 1) + 1 (2.10) 

And  

 𝛺𝑇(𝒓) =
𝜂𝑇

𝜉𝑇
(𝑒𝒓𝜉𝑇 − 1) + 1 (2.11) 

2.2.2 Hamiltonian of the collision system 

The atomic units will be used in the following equations unless stated 

otherwise. The Hamiltonian of the collision system is written as: 

 𝐻 = 𝑇 + 𝑉𝑃𝑒 + 𝑉𝑒𝑇 + 𝑉𝑇𝑃 (2.12) 
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Where T is the total kinetic energy of the system in terms of momentum 

vector (𝑃⃗ ) and the mass of the corresponding interacting particles. 𝑉𝑃𝑒, 𝑉𝑒𝑇 

and 𝑉𝑇𝑃 are projectile-electron interaction, target-electron interaction, and 

projectile-target interaction, respectively. The kinetic energy is given by:  

 𝑇 =
𝑷𝑃

2

2𝑚𝑝
+

𝑷𝑇
2

2𝑚𝑇
+

𝑷𝑒
2

2𝑚𝑒
 (2.13) 

And V is the total potential of the system in terms of the interaction 

separations and the effective charge, the total potential is written as: 

 

𝑉 =
𝑄𝑒𝑄𝑃(|𝒓𝑃 − 𝒓𝑒|)

|𝒓𝑃 − 𝒓𝑒|
+

𝑄𝑒𝑄𝑇(|𝒓𝑒 − 𝒓𝑇|)

|𝒓𝑒 − 𝒓𝑇|

+
𝑄𝑃(|𝒓𝑇 − 𝒓𝑃|)𝑄𝑇(|𝒓𝑇 − 𝒓𝑃|)

|𝒓𝑇 − 𝒓𝑃|
 

(2.14) 

Where 𝑄𝑒, 𝑄𝑃, and 𝑄𝑇 are the charge of the electron, the effective 

charge of the projectile, and the effective charge of the target, respectively.  

The total Hamiltonian of the collision system is: 

 

𝐻 =
𝑷𝑃

2

2𝑚𝑝
+

𝑷𝑇
2

2𝑚𝑇
+

𝑷𝑒
2

2𝑚𝑒
+

𝑄𝑒𝑄𝑃(|𝒓𝑃 − 𝒓𝑒|)

|𝒓𝑃 − 𝒓𝑒|

+
𝑄𝑒𝑄𝑇(|𝒓𝑒 − 𝒓𝑇|)

|𝒓𝑒 − 𝒓𝑇|

+
𝑄𝑃(|𝒓𝑇 − 𝒓𝑃|)𝑄𝑇(|𝒓𝑇 − 𝒓𝑃|)

|𝒓𝑇 − 𝒓𝑃|
 

(2.15) 

The Hamilton’s equations in the phase coordinates: 

 𝒓̇𝑖 =
𝜕𝐻

𝜕𝑷𝑖
 (2.16) 

 𝑷̇𝑖 =
𝜕𝐻

𝜕𝒓𝑖
 (2.17) 
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The equations of motion in the Hamiltonian mechanics are given by: 

𝑷̇𝑃

=
𝑄𝑒𝜂𝑃

(𝑁𝑃 − 1)𝑒𝜉𝑃
(𝒓𝑃−𝒓𝑒)

|𝒓𝑃 − 𝒓𝑒|(𝛺𝑃(𝒓𝑃 − 𝒓𝑒))
2

+
𝑄𝑒

{𝑍𝑃 − (1 − 𝛺𝑃
−1(𝒓𝑃 − 𝒓𝑒)) (𝑁𝑃 − 1)} (𝒓𝑃 − 𝒓𝑒)

|𝒓𝑃 − 𝒓𝑒|3

−
𝜂
𝑃
(𝑁𝑃 − 1) {𝑍𝑇 − (1 − 𝛺𝑇

−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑇 − 1)} 𝑒𝜉𝑃
(𝒓𝑇−𝒓𝑃)

|𝒓𝑇 − 𝒓𝑃|(𝛺𝑃(𝒓𝑇 − 𝒓𝑃))
2

−
𝜂
𝑇
(𝑁𝑇 − 1) {𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑃 − 1)} 𝑒𝜉𝑇
(𝒓𝑇−𝒓𝑃)

|𝒓𝑇 − 𝒓𝑃|(𝛺𝑇(𝒓𝑇 − 𝒓𝑃))
2

−
1

|𝒓𝑇 − 𝒓𝑃|3
{𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑃 − 1)} {𝑍𝑇

− (1 − 𝛺𝑇
−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑇 − 1)} (𝒓𝑇 − 𝒓𝑃)                                     (2. 18) 

 

 𝒓̇𝑃 =
𝑷𝑃

𝑚𝑃
 (2.19) 

𝑷̇𝑇 = −
𝑄𝑒𝜂𝑇(𝑁𝑇 − 1)𝑒𝜉𝑇(𝒓𝑒−𝒓𝑇)

|𝒓𝑒 − 𝒓𝑇|(𝛺𝑇(𝒓𝑒 − 𝒓𝑇))
2

−
𝑄𝑒{𝑍𝑇 − (1 − 𝛺𝑇

−1(𝒓𝑒 − 𝒓𝑇))(𝑁𝑇 − 1)}(𝒓𝑒 − 𝒓𝑇)

|𝒓𝑒 − 𝒓𝑇|
3

+
𝜂𝑃(𝑁𝑃 − 1){𝑍𝑇 − (1 − 𝛺𝑇

−1(𝒓𝑇 − 𝒓𝑃))(𝑁𝑇 − 1)}𝑒𝜉𝑃(𝒓𝑇−𝒓𝑃)

|𝒓𝑇 − 𝒓𝑃|(𝛺𝑃(𝒓𝑇 − 𝒓𝑃))2

+
𝜂𝑇(𝑁𝑇 − 1){𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑇 − 𝒓𝑃))(𝑁𝑃 − 1)}𝑒𝜉𝑇(𝒓𝑇−𝒓𝑃)

|𝒓𝑇 − 𝒓𝑃|(𝛺𝑇(𝒓𝑇 − 𝒓𝑃))2

+
1

|𝒓𝑇 − 𝒓𝑃|3
{𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑇 − 𝒓𝑃))(𝑁𝑃 − 1)}{𝑍𝑇

− (1 − 𝛺𝑇
−1(𝒓𝑇 − 𝒓𝑃))(𝑁𝑇 − 1)}(𝒓𝑇 − 𝒓𝑃)2. 20) 
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 𝒓̇𝑇 =
𝑷𝑇

𝑚𝑇
 (2.21) 

𝑷̇𝑒 = −
𝑄𝑒𝜂𝑃(𝑁𝑃 − 1)𝑒𝜉𝑃(𝒓𝑃−𝒓𝑒)

|𝒓𝑃 − 𝒓𝑒|(𝛺𝑃(𝒓𝑃 − 𝒓𝑒))
2 +

𝑄𝑒𝜂𝑇(𝑁𝑇 − 1)𝑒𝜉𝑇(𝒓𝑒−𝒓𝑇)

|𝒓𝑒 − 𝒓𝑇|(𝛺𝑇(𝒓𝑒 − 𝒓𝑇))
2

−
𝑄𝑒 {𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑃 − 𝒓𝑒)) (𝑁𝑃 − 1)} (𝒓𝑃 − 𝒓𝑒)

|𝒓𝑃 − 𝒓𝑒|
3

+
𝑄𝑒 {𝑍𝑇 − (1 − 𝛺𝑇

−1(𝒓𝑒 − 𝒓𝑇)) (𝑁𝑇 − 1)} (𝒓𝑒 − 𝒓𝑇)

|𝒓𝑒 − 𝒓𝑇|
3

(2. 22) 

 

 𝒓̇𝑒 =
𝑷𝑒

𝑚𝑒
 (2.23) 

We can clearly see that: 

 𝒓̈𝑃 =
𝑷̇𝑃

𝑚𝑃
 (2.24) 

 𝒓̈𝑇 =
𝑷̇𝑇

𝑚𝑇
 (2.25) 

 𝒓̈𝑒 =
𝑷̇𝑒

𝑚𝑒
 (2.26) 

 Hence the equations of motion will be written as: 
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𝑚𝑃𝒓̈𝑃 =
𝑄𝑒𝜂𝑃(𝑁𝑃 − 1)𝑒𝜉𝑃(𝒓𝑃−𝒓𝑒)

|𝒓𝑃 − 𝒓𝑒|(𝛺𝑃(𝒓𝑃 − 𝒓𝑒))
2

+
𝑄𝑒 {𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑃 − 𝒓𝑒)) (𝑁𝑃 − 1)} (𝒓𝑃 − 𝒓𝑒)

|𝒓𝑃 − 𝒓𝑒|
3

−
𝜂𝑃(𝑁𝑃 − 1) {𝑍𝑇 − (1 − 𝛺𝑇

−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑇 − 1)} 𝑒𝜉𝑃(𝒓𝑇−𝒓𝑃)

|𝒓𝑇 − 𝒓𝑃|(𝛺𝑃(𝒓𝑇 − 𝒓𝑃))
2

−
𝜂𝑇(𝑁𝑇 − 1) {𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑃 − 1)} 𝑒𝜉𝑇(𝒓𝑇−𝒓𝑃)

|𝒓𝑇 − 𝒓𝑃|(𝛺𝑇(𝒓𝑇 − 𝒓𝑃))
2

−
1

|𝒓𝑇 − 𝒓𝑃|3
{𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑃 − 1)} {𝑍𝑇

− (1 − 𝛺𝑇
−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑇 − 1)} (𝒓𝑇 − 𝒓𝑃)                      (2. 27) 

𝑚𝑇𝒓̈𝑇 = −
𝑄𝑒𝜂𝑇(𝑁𝑇 − 1)𝑒𝜉𝑇(𝒓𝑒−𝒓𝑇)

|𝒓𝑒 − 𝒓𝑇|(𝛺𝑇(𝒓𝑒 − 𝒓𝑇))
2

−
𝑄𝑒 {𝑍𝑇 − (1 − 𝛺𝑇

−1(𝒓𝑒 − 𝒓𝑇)) (𝑁𝑇 − 1)} (𝒓𝑒 − 𝒓𝑇)

|𝒓𝑒 − 𝒓𝑇|
3

+
𝜂𝑃(𝑁𝑃 − 1) {𝑍𝑇 − (1 − 𝛺𝑇

−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑇 − 1)} 𝑒𝜉𝑃(𝒓𝑇−𝒓𝑃)

|𝒓𝑇 − 𝒓𝑃|(𝛺𝑃(𝒓𝑇 − 𝒓𝑃))
2

+
𝜂𝑇(𝑁𝑇 − 1) {𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑃 − 1)} 𝑒𝜉𝑇(𝒓𝑇−𝒓𝑃)

|𝒓𝑇 − 𝒓𝑃|(𝛺𝑇(𝒓𝑇 − 𝒓𝑃))
2

+
1

|𝒓𝑇 − 𝒓𝑃|3
{𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑃 − 1)} {𝑍𝑇

− (1 − 𝛺𝑇
−1(𝒓𝑇 − 𝒓𝑃)) (𝑁𝑇 − 1)} (𝒓𝑇 − 𝒓𝑃)                    (2. 28) 
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𝑚𝑒𝒓̈𝑒 = −
𝑄𝑒𝜂𝑃(𝑁𝑃 − 1)𝑒𝜉𝑃(𝒓𝑃−𝒓𝑒)

|𝒓𝑃 − 𝒓𝑒|(𝛺𝑃(𝒓𝑃 − 𝒓𝑒))
2 +

𝑄𝑒𝜂𝑇(𝑁𝑇 − 1)𝑒𝜉𝑇(𝒓𝑒−𝒓𝑇)

|𝒓𝑒 − 𝒓𝑇|(𝛺𝑇(𝒓𝑒 − 𝒓𝑇))
2

−
𝑄𝑒 {𝑍𝑃 − (1 − 𝛺𝑃

−1(𝒓𝑃 − 𝒓𝑒)) (𝑁𝑃 − 1)} (𝒓𝑃 − 𝒓𝑒)

|𝒓𝑃 − 𝒓𝑒|
3

+
𝑄𝑒 {𝑍𝑇 − (1 − 𝛺𝑇

−1(𝒓𝑒 − 𝒓𝑇)) (𝑁𝑇 − 1)} (𝒓𝑒 − 𝒓𝑇)

|𝒓𝑒 − 𝒓𝑇|
3

(2. 29) 

 

Recalling that 𝑨 = 𝒓𝑒 − 𝒓𝑇, 𝑩 = 𝒓𝑃 − 𝒓𝑒, 𝑪 = 𝒓𝑇 − 𝒓𝑃 and 𝑨 + 𝑩 +

𝑪 = 0, equations (2.27-2.29) can be written as: 

𝑨̈

=
𝑄𝑒

𝐴2 (
1

𝑚𝑒

+
1

𝑚𝑇

) [
𝜂
𝑇
(𝑁𝑇 − 1)𝑒𝜉𝑇

(𝐴)

(𝛺𝑇(𝐴))2
+

{𝑍𝑇 − (1 − 𝛺𝑇
−1(𝐴))(𝑁𝑇 − 1)}

𝐴
]𝑨

−
𝑄𝑒

𝑚𝑒𝐵
2 [

𝜂
𝑃
(𝑁𝑃 − 1)𝑒𝜉𝑃

(𝐵)

(𝛺𝑃(𝐵))
2 +

{𝑍𝑃 − (1 − 𝛺𝑃
−1(𝐵)) (𝑁𝑃 − 1)}

𝐵
]𝑩

−
1

𝑚𝑇𝐶
2 [

𝜂
𝑃
(𝑁𝑃 − 1) {𝑍𝑇 − (1 − 𝛺𝑇

−1(𝐶)) (𝑁𝑇 − 1)} 𝑒𝜉𝑃
(𝐶)

(𝛺𝑃(𝐶))
2

+
𝜂
𝑇
(𝑁𝑇 − 1) {𝑍𝑃 − (1 − 𝛺𝑃

−1(𝐶)) (𝑁𝑃 − 1)} 𝑒𝜉𝑇
(𝐶)

(𝛺𝑇(𝐶))
2

+
{𝑍𝑃 − (1 − 𝛺𝑃

−1(𝐶)) (𝑁𝑃 − 1)} {𝑍𝑇 − (1 − 𝛺𝑇
−1(𝐶)) (𝑁𝑇 − 1)}

𝐶
]𝑪2. 30) 
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𝑩̈

= −
𝑄𝑒

𝑚𝑒𝐴
2 [

𝜂𝑇(𝑁𝑇 − 1)𝑒𝜉𝑇(𝐴)

(𝛺𝑇(𝐴))
2 +

{𝑍𝑇 − (1 − 𝛺𝑇
−1(𝐴)) (𝑁𝑇 − 1)}

𝐴
]𝑨

+
𝑄𝑒

𝐵2
(

1

𝑚𝑃
+

1

𝑚𝑒
) [

𝜂𝑃(𝑁𝑃 − 1)𝑒𝜉𝑃(𝐵)

(𝛺𝑃(𝐵))
2 +

{𝑍𝑃 − (1 − 𝛺𝑃
−1(𝐵)) (𝑁𝑃 − 1)}

𝐵
]𝑩

−
1

𝑚𝑃𝐶2 [
𝜂𝑃(𝑁𝑃 − 1) {𝑍𝑇 − (1 − 𝛺𝑇

−1(𝐶)) (𝑁𝑇 − 1)} 𝑒𝜉𝑃(𝐶)

(𝛺𝑃(𝐶))
2

+
𝜂𝑇(𝑁𝑇 − 1) {𝑍𝑃 − (1 − 𝛺𝑃

−1(𝐶)) (𝑁𝑃 − 1)} 𝑒𝜉𝑇(𝐶)

(𝛺𝑇(𝐶))
2

+
{𝑍𝑃 − (1 − 𝛺𝑃

−1(𝐶)) (𝑁𝑃 − 1)} {𝑍𝑇 − (1 − 𝛺𝑇
−1(𝐶)) (𝑁𝑇 − 1)}

𝐶
]𝑪   (2. 31) 

𝑪̈

= −
𝑄𝑒

𝑚𝑇𝐴
2 [

𝜂𝑇(𝑁𝑇 − 1)𝑒𝜉𝑇(𝐴)

(𝛺𝑇(𝐴))
2 +

{𝑍𝑇 − (1 − 𝛺𝑇
−1(𝐴)) (𝑁𝑇 − 1)}

𝐴
]𝑨

−
𝑄𝑒

𝑚𝑃𝐵2 [
𝜂𝑃(𝑁𝑃 − 1)𝑒𝜉𝑃(𝐵)

(𝛺𝑃(𝐵))
2 +

{𝑍𝑃 − (1 − 𝛺𝑃
−1(𝐵)) (𝑁𝑃 − 1)}

𝐵
]𝑩

+
1

𝐶2
(

1

𝑚𝑇
+

1

𝑚𝑃
) [

𝜂𝑃(𝑁𝑃 − 1) {𝑍𝑇 − (1 − 𝛺𝑇
−1(𝐶)) (𝑁𝑇 − 1)} 𝑒𝜉𝑃(𝐶)

(𝛺𝑃(𝐶))
2

+
𝜂𝑇(𝑁𝑇 − 1) {𝑍𝑃 − (1 − 𝛺𝑃

−1(𝐶)) (𝑁𝑃 − 1)} 𝑒𝜉𝑇(𝐶)

(𝛺𝑇(𝐶))
2

+
{𝑍𝑃 − (1 − 𝛺𝑃

−1(𝐶)) (𝑁𝑃 − 1)} {𝑍𝑇 − (1 − 𝛺𝑇
−1(𝐶)) (𝑁𝑇 − 1)}

𝐶
]𝑪  (2. 32) 

To write equations (2.30-2.32) in more compact form, the following 

functions are used: 
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 𝑓𝑖(𝑟) = 𝑍𝑖 − (1 − 𝛺𝑖
−1(𝑟)) (𝑁𝑖 − 1) (2.33) 

 𝑔𝑖(𝑟) = 𝜂𝑖(𝑁𝑖 − 1)𝑒𝜉𝑖(𝑟) (2.34) 

 

Equations (2.30-2.32) in the compact form will be: 

𝑨̈ =
𝑄𝑒

𝐴2
(

1

𝑚𝑒
+

1

𝑚𝑇
) [

𝑔𝑇(𝐴)

(𝛺𝑇(𝐴))
2 +

𝑓𝑇(𝐴)

𝐴
]𝑨

−
𝑄𝑒

𝑚𝑒𝐵2
[

𝑔𝑃(𝐵)

(𝛺𝑃(𝐵))
2 +

𝑓𝑃(𝐵)

𝐵
]𝑩

−
1

𝑚𝑇𝐶2
[
𝑔𝑃(𝐶)𝑓𝑇(𝐶)

(𝛺𝑃(𝐶))
2 +

𝑔𝑇(𝐶)𝑓𝑃(𝐶)

(𝛺𝑇(𝐶))
2

+
𝑓𝑝(𝐶)𝑓𝑇(𝐶)

𝐶
]𝑪                                                            (2. 35) 

  

𝑩̈ = −
𝑄𝑒

𝑚𝑒𝐴2
[

𝑔𝑇(𝐴)

(𝛺𝑇(𝐴))
2 +

𝑓𝑇(𝐴)

𝐴
]𝑨

+
𝑄𝑒

𝐵2
(

1

𝑚𝑃
+

1

𝑚𝑒
) [

𝑔𝑃(𝐵)

(𝛺𝑃(𝐵))
2 +

𝑓𝑃(𝐵)

𝐵
]𝑩

−
1

𝑚𝑃𝐶2
[
𝑔𝑃(𝐶)𝑓𝑇(𝐶)

(𝛺𝑃(𝐶))
2 +

𝑔𝑇(𝐶)𝑓𝑃(𝐶)

(𝛺𝑇(𝐶))
2

+
𝑓𝑝(𝐶)𝑓𝑇(𝐶)

𝐶
]𝑪                                                            (2. 36) 
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𝑪̈ = −
𝑄𝑒

𝑚𝑇𝐴
2 [

𝑔𝑇(𝐴)

(𝛺𝑇(𝐴))
2 +

𝑓𝑇(𝐴)

𝐴
]𝑨 −

𝑄𝑒

𝑚𝑃𝐵2 [
𝑔𝑃(𝐵)

(𝛺𝑃(𝐵))
2 +

𝑓𝑃(𝐵)

𝐵
]𝑩

+
1

𝐶2
(

1

𝑚𝑇
+

1

𝑚𝑃
) [

𝑔𝑃(𝐶)𝑓𝑇(𝐶)

(𝛺𝑃(𝐶))
2 +

𝑔𝑇(𝐶)𝑓𝑃(𝐶)

(𝛺𝑇(𝐶))
2

+
𝑓𝑝(𝐶)𝑓𝑇(𝐶)

𝐶
]𝑪                                                      (2. 37) 

 

Using 𝑨 + 𝑩 + 𝑪 = 0 to write equations (2.35 and 2.36) are reduced to: 

𝑨̈ = {
𝑄𝑒

𝐴2
(

1

𝑚𝑒
+

1

𝑚𝑇
) [

𝑔𝑇(𝐴)

(𝛺𝑇(𝐴))
2 +

𝑓𝑇(𝐴)

𝐴
]

+
1

𝑚𝑇𝐶
2 [

𝑔𝑃(𝐶)𝑓𝑇(𝐶)

(𝛺𝑃(𝐶))
2 +

𝑔𝑇(𝐶)𝑓𝑃(𝐶)

(𝛺𝑇(𝐶))
2 +

𝑓𝑝(𝐶)𝑓𝑇(𝐶)

𝐶
]}𝑨

+ {
1

𝑚𝑇𝐶
2 [

𝑔𝑃(𝐶)𝑓𝑇(𝐶)

(𝛺𝑃(𝐶))
2 +

𝑔𝑇(𝐶)𝑓𝑃(𝐶)

(𝛺𝑇(𝐶))
2 +

𝑓𝑝(𝐶)𝑓𝑇(𝐶)

𝐶
]

−
𝑄𝑒

𝑚𝑒𝐵
2 [

𝑔𝑃(𝐵)

(𝛺𝑃(𝐵))
2 +

𝑓𝑃(𝐵)

𝐵
]}𝑩                           (2. 38) 

𝑩̈ = {
1

𝑚𝑃𝐶
2 [

𝑔𝑃(𝐶)𝑓𝑇(𝐶)

(𝛺𝑃(𝐶))
2 +

𝑔𝑇(𝐶)𝑓𝑃(𝐶)

(𝛺𝑇(𝐶))
2 +

𝑓𝑝(𝐶)𝑓𝑇(𝐶)

𝐶
]

−
𝑄𝑒

𝑚𝑒𝐴
2 [

𝑔𝑇(𝐴)

(𝛺𝑇(𝐴))
2 +

𝑓𝑇(𝐴)

𝐴
]}𝑨

+ {
𝑄𝑒

𝐵2
(

1

𝑚𝑃
+

1

𝑚𝑒
) [

𝑔𝑃(𝐵)

(𝛺𝑃(𝐵))
2 +

𝑓𝑃(𝐵)

𝐵
]

+
1

𝑚𝑃𝐶2 [
𝑔𝑃(𝐶)𝑓𝑇(𝐶)

(𝛺𝑃(𝐶))
2 +

𝑔𝑇(𝐶)𝑓𝑃(𝐶)

(𝛺𝑇(𝐶))
2

+
𝑓𝑝(𝐶)𝑓𝑇(𝐶)

𝐶
]}𝑩                                                  (2. 38) 

The standard Runge-Kutta method was employed to numerically solve 

the differential equations (2.38-2.39) with time as the independent 
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variable. The Solution of the differential equations was performed using a 

specified set of initial conditions, these initial conditions are discussed in 

the next sub-section. 

2.2.3 Initial conditions of the projectile 

Our coordinate system is established in the laboratory frame, with the 

centre-of-mass of the target atom serving as the point of origin. At the 

initial time, 𝑡 = 0, we define the projectile's initial conditions in terms of 

its initial distance, 𝑅𝑜, from the center of mass of the target, its velocity 

(𝑣𝑃), and the impact parameter (𝑏). See Figure 2.3. 

 

 

Figure 2.3 Initial conditions for the collision system. 

The value of projectiles velocity (𝑣𝑃) is fixed, and we take the projectile 

to be moving initially in an approximately straight line along the z-axis. 

To ensure minimal interaction with the target, we set 𝑅𝑜 to a sufficiently 

large value where the projectile-electron interaction is significantly 

smaller than the target-electron interaction, and our results should remain 

independent of the specific choice of 𝑅𝑜. Additionally, we select the 

  

 

P    
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impact parameter within the range [0, 𝑏𝑚𝑎𝑥
2 ] to maintain a uniform flux of 

incident particles, where 𝑏𝑚𝑎𝑥 represents the threshold above which 

ionization and capture processes become insignificant. The initial relative 

motion is represented by the following conditions: 

 𝑹𝑜 = (

0
𝑏

−√𝑅0
2 − 𝑏2

) (2.39) 

 

 𝑣 = (
0
0
𝑣𝑃

) (2.41) 

2.2.4 Initial conditions of the active electron 

the determination of the initial electronic state of the target atom is 

achieved by extracting information from the microcanonical distribution. 

The process of selecting these initial states closely adheres to a 

methodology by Reinhold and Falcon's, originally designed for non-

Coulombic systems as outlined in reference [83]. Within this framework, 

the microcanonical ensemble serves as the defining parameter for 

establishing the initial state of the target atom, with specific emphasis on 

imposing constraints pertaining to the initial binding energy associated 

with the designated electron shell. 

𝜌𝐸0
(𝑨, 𝑨̇) = 𝑘𝛿 (𝐸0 −

1

2
𝜇𝑇𝑒𝑨̇

2 − 𝑉𝑒𝑇(𝐴)) (2.42) 

where 𝑘, 𝐸𝑜 and 
𝑇𝑒

 are a normalization constant, the ionization energy 

of the active electron, and the reduced mass of particles target core (T) and 
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the active electron (e), respectively. 𝑉(𝐴) is the model potential of the 

electron and target-core, where 𝐴 = |𝒓𝑒 − 𝒓𝑇|. based on equation (2.39), 

the electronic coordinate is confined to the intervals where the following 

relation is verified: 

1

2
𝜇𝑇𝑒𝑨̇

2 =
𝑷𝟐

2𝜇𝑇𝑒
= 𝐸0 − 𝑉(𝐴) > 0 (2.43) 

It is difficult to find the roots of the inequality in equation (2.40), to 

make calculations simpler, we can rewrite equation (2.40) to have only 

one root, which is 𝐴𝑜, equation (2.40) becomes: 

𝐸0 − 𝑉(𝐴) = 0 (2.44) 

Hence, the values of 𝐴 are limited between 0 and 𝐴𝑜. Potentials that 

meet this criterion depict the interaction between the active electron and 

the target core. 

To establish an initial state for the active electron, we need to transform 

the variables (𝑨, 𝑷) into a set of uniformly distributed variables that fully 

describe the system's initial condition as defined in equation (2.39). This 

transformation involves two consecutive changes of coordinates, which 

are detailed as follows. The first transformation: 

(𝑨, 𝑷) → (𝐸, 𝐴, 𝑣𝐴, 𝑣𝑃, 𝜑𝐴, 𝜑𝑃) (2.45) 

The parameters in equation (2.42) are defined by the following 

relations: 

𝑨 = (
𝑥
𝑦
𝑧
) = (

𝐴(1 − 𝑣𝐴
2)1/2 𝑐𝑜𝑠 𝜑𝐴

𝐴(1 − 𝑣𝐴
2)1/2 𝑠𝑖𝑛 𝜑𝐴

𝑧 = 𝐴𝑣𝐴

) (2.46) 
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𝑨̇ =
1

𝜇𝑇𝑒
(

𝑃𝑥

𝑃𝑦

𝑃𝑧

) =
1

𝜇𝑇𝑒
(

{2𝜇𝑇𝑒[𝐸 − 𝑉(𝐴)]}1/2(1 − 𝑣𝑃
2)1/2 𝑐𝑜𝑠 𝜑𝐴

{2𝜇𝑇𝑒[𝐸 − 𝑉(𝐴)]}1/2(1 − 𝑣𝑃
2)1/2 𝑠𝑖𝑛 𝜑𝐴

{2𝜇𝑇𝑒[𝐸 − 𝑉(𝐴)]}1/2

) (2.47) 

The previous parameters in equations (2.43) and (2.44) are restricted by 

the intervals: 

 

𝐸 ∈ (−∞, 0), 𝐴 ∈ [0, 𝐴𝑜],   

𝑣𝐴, 𝑣𝑃 ∈ [−1,1], 𝜑𝐴, 𝜑𝑃 ∈ [0,2𝜋] 
(2.40) 

 

The first transformation has the Jacobian: 

𝐽1 = 𝜇𝑇𝑒𝐴
2{2𝜇𝑇𝑒[𝐸 − 𝑉(𝐴)]}1/2 (2.49) 

For on the new parameters, we introduce the corresponding initial 

distribution: 

𝑘𝜇𝑇𝑒𝐴
2{2𝜇𝑇𝑒[𝐸0 − 𝑉(𝐴)]}1/2(𝐸 − 𝐸0) (2.50) 

For the second transformation, 𝐴 is transformed to 𝜔 by using the 

relation: 

𝜔(𝐴) = ∫ 𝑑𝐴′
𝐴

0

𝜇𝑇𝑒𝐴
′2{2𝜇𝑇𝑒[𝐸0 − 𝑉(𝐴′)]}1/2 (2.51) 

The interval of the variable 𝜔 depending on the intervals of 𝐴: 

0 < 𝜔 < 𝜔(𝐴𝑜) (2.52) 

The new Jacobian of the second transformation is given by: 

𝐽2 =
𝑑𝐴

𝑑𝜔
= 𝜇𝑇𝑒

−1𝐴−2{2𝜇𝑇𝑒[𝐸0 − 𝑉(𝐴)]}1/2 (2.53) 
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Finally, we get the desired distribution which is independent of the 

parameters (𝜔, 𝑣𝐴, 𝑣𝑃, 𝜑𝐴, 𝜑𝑃): 

𝑓(𝐸,𝜔, 𝑣𝐴, 𝑣𝑃, 𝜑𝐴, 𝜑𝑃) = 𝑘𝛿(𝐸 − 𝐸0) (2.54) 

Based on this distribution, we can produce the initial conditions of the 

active electrons, the new parameters are selected randomly in the 

intervals: 

𝜔 ∈ (0, 𝜔(𝐴𝑜)), 𝑣𝐴, 𝑣𝑃 ∈ [−1,1], 𝜑𝐴, 𝜑𝑃 ∈ [0,2𝜋] (2.55) 

Hence, equations (2.43), (2.44) and (2.48) are used to obtain the initial 

conditions of A and p. In the initial stages of the CTMC calculations, for 

practical reasons, we start by tabulating the values of A and their 

corresponding numerical computations of 𝜔, which are derived from 

equation (2.48). While conducting the Monte Carlo simulations, we use 

interpolation to select specific values of A from this table. Three-

dimensional CTMC calculations of three-body system are performed for a 

specified set of initial conditions. 

Table 2.2 Binding energies (eV) 

  He N Ne Ar Kr Xe 

1s 24. 58  409.9         

2s   37.3 48.5       

2p   14. 54 21.6 248.4     

3s       29.3     

3p       15.7     

3d         93.8 676.4 

4s         27.5 213.2 

4p         14.1 145.5 

4d           67.5 

5s           23.3 

5p           12.1 
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Table 2.2 shows the binding energies of different shells of the targets 

under investigation. 

2.3  Cross sections 

We employed the CTMC calculation method [84] to investigate the 

dynamics of a system characterized by model potential. To efficiently 

utilize computational resources, we integrate the equations of motion over 

a span of 105 atomic units (a.u.) to save computer time [85]. Our 

integration procedure is conducted in two steps: firstly, we integrate up to 

the point of observing ionisation, excitation, and charge transfer processes. 

Subsequently, we continue the integration solely for the ionisation 

channel. Within this context, we record the final energy and the scattering 

polar (𝜃) and azimuthal (𝜙) angles of both the projectile and the ionised 

electron associated with the ionisation channel. Furthermore, these 

parameters are computed at a substantial distance between the projectile 

and the target-core, ensuring comprehensive analysis of the system's 

behaviour. 

The total, single and double differential cross-sections are evaluated 

using the following formulae, 

𝜎 =
2𝜋𝑏𝑚𝑎𝑥

𝑁𝑡𝑜𝑡
∑𝑏𝑖

𝑁𝑡

𝑖=1

 (2.56) 

𝑑𝜎

𝑑𝐸
=

2𝜋𝑏𝑚𝑎𝑥

𝑁𝑡𝑜𝑡𝛥𝐸
∑𝑏𝑖

𝑁𝑡

𝑖=1

 (2.57) 

𝑑𝜎

𝑑Ω
=

2𝜋𝑏𝑚𝑎𝑥

𝑁𝑡𝑜𝑡𝛥Ω
∑𝑏𝑖

𝑁𝑡

𝑖=1

 (2.58) 
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𝑑2𝜎

𝑑Ω𝑑𝐸
=

2𝜋𝑏𝑚𝑎𝑥

𝑁𝑡𝑜𝑡𝛥Ω𝛥𝐸
∑𝑏𝑖

𝑁𝑡

𝑖=1

 (2.59) 

where 𝑁𝑡𝑜𝑡 represents the cumulative count of trajectories computed for 

impact parameters smaller than 𝑏max. 𝑁𝑡 the number of trajectories 

achieved the requested electron process. 𝑏𝑖 denotes the effective impact 

parameter associated with the electronic process for the respective 

trajectory. For ionisation process, ionised electrons can be grouped using 

an energy interval (𝛥𝐸) and an emission angle interval (𝛥Ω). 

 

For a certain electron process, the standard deviation of total cross 

section is given by: 

 

𝛥𝜎 = 𝜎 (
𝑁𝑡𝑜𝑡−𝑁𝑡

𝑁𝑡𝑜𝑡𝑁𝑡
) 1 2⁄ (2.60) 

2.4 Exit channels of the collision system  

In the vicinity of an atom, colliding particles engage in intricate 

interactions, resulting in a variety of collision products. These products 

can be broadly categorized into four distinct channels. The first channel 

encompasses ionization processes. Within this category, we have target 

ionization, where a target atom gains a positive charge through the loss of 

electrons, and projectile ionization, where a projectile particle undergoes a 

similar process of acquiring a positive charge through electron loss. 

Additionally, there exists a more complex scenario known as projectile 

and target ionization, wherein both the projectile and the target atoms 

acquire positive charges through electron loss, with all constituent 
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particles, including the projectile-core, target-core, projectile's electron, 

and target's electron, independently dissociating after the collision. 

Moving on to the second channel, it encompasses scattering process. 

This channel involves direct scattering, wherein the colliding particles 

interact in such a way that a single particle remains bound, accounting for 

elastic and excitation states post-collision. 

The third channel pertains to electron capture processes. This channel 

encompasses capture to projectile, where a projectile particle acquires a 

negative charge through the acquisition of electrons. In this process, the 

active electron of the target is captured by the projectile, and the target-

core moves independently following the collision. Similarly, there is 

capture to target, where a target atom's core gains a negative charge 

through electron capture. In this case, the active electron of the projectile 

is captured by the target, and the projectile-core moves independently after 

the collision. 

Lastly, the fourth channel combines simultaneous ionization and capture 

processes. Within this category, we find target ionization and capture to 

projectile, wherein a target atom gains a positive charge through electron 

loss while simultaneously capturing the projectile's electron. Conversely, 

there is projectile ionization and capture to target, where a projectile 

particle gains a positive charge through electron loss while simultaneously 

capturing the target's electron. These intricate interactions and diverse 

channels of collision products play a significant role in understanding the 

behaviour of particles as they approach atoms. 

In this thesis, as the main focus is a three-body collision system, i.e., 

projectile (P), target-core (T) and the active electron of the target, hence, 

the exit channels are considered for single electron processes only.   
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Chapter 3 Results and Discussion 

3.1 Pre-calculations tests 

In this section, some remarks regarding calculating the cross section 

using the model potential previously discussed using CTMC method are 

presented. 

3.1.1 The role of nuclear-nuclear interaction on the cross section 

 

 

 

Figure 3.1 Total ionisation cross section in the interaction of singly charge 

lithium with helium atom. Red solid line: nucleus-nucleus interaction is on, blue 

dashed line: nucleus-nucleus interaction is off. 

In the three body system, as discussed previously, the total potential 

includes the projectile-target interaction 𝑉𝑇𝑃, which is also referred to as 

the nuclear-nuclear interaction. According to Belkic et. al. [86], the total 

cross section of heavy particles (1/M(P,T) ≪ 1) should be independent of 
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the nuclear-nuclear interaction. In order to confirm this remark, the total 

ionisation cross section (𝜎) was calculated for the collision system of 

singly charged lithium (𝐿𝑖+) with helium (𝐻𝑒) in the energy range (80 −

2000 𝑘𝑒𝑉), the cross section was calculated with 𝜎𝑜𝑛 and without 𝜎𝑜𝑓𝑓 

including the nuclear-nuclear potential (𝑉𝑇𝑃). Figure 3.1 shows our 

calculations, it is clearly seen that in our model, there is insignificant 

difference between the two cross sections 𝜎𝑜𝑛 and 𝜎𝑜𝑓𝑓. 

3.1.2 Contribution of the inner shells into the total cross section 

In the collision system of protons with xenon (𝐻+ − 𝑋𝑒), the total cross 

sections (TCS) for 3d, 4s, 4p, 4d, 5s and 5p shells are calculated, then the 

overall TCS of Xe would be the sum of cross sections of all shells, see 

figure 3.2. The peak of the overall TCS (red curve in figure 3.2) is at 

impact energy around 50 keV, which the same peak of the TCS of the 5p 

shell. For impact energies below 50 keV, the overall TCS is roughly equal 

to the TCS of the 5p shell. However, for impact energies above 50 keV, 

the remaining inner shells start to slightly contribute to the overall cross 

section, especially 4d and 5s shells. Moreover, at high impact energies, the 

contribution of the inner shells to the overall TCS becomes significant. A 

noteworthy point to mention is that the TCS of 5s is significantly larger 

than that of the 4d shell at low impact energies, however, at large impact 

energies, the TCS of 4d shell becomes larger than the TCS of 5s shell. 

Another point to mention is that the peak positions of individual shells 

shift to the right for lower shells. 

Based on these results, the results of total cross section (TCS) for all 

collision systems in this thesis will include the TCS of inner shells. 

However, since the focus of the thesis for the single (SDCS) and double 
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(DDCS) differential cross sections is in the range of 30 − 60 𝑘𝑒𝑉 (green 

shaded area in figure 3.2), it would be a good approximation to consider 

only the outermost shell for each target. 

 

 
Figure 3.2 Total cross section of ionisation channel of the collision 𝐻+ − 𝑋𝑒 for 

3d, 4s, 4p, 4d, 5s and 5p shells. Model potential CTMC results; cyan dashed-

dotted line: 4s, black dashed lined: 4p, magenta dotted line: 4d, green dashed-

dotted-dotted line: 5s, blue dashed-dashed-dotted line: 5p. Red solid line is the 

sum of the sub-shells of 𝑋𝑒. 
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3.1.3 Probabilities of electronic processes as function of impact 

parameters 

Analysing the probabilities of electronic processes (i.e., ionisation and 

electron capture) is important to appropriately determine the maximum 

impact parameters (𝑏). The probability multiplied by the impact parameter 

for electron capture (figure 3.3) and ionisation (figure 3.4) channels are 

plotted as a function of impact parameter. After fitting the results, the 

probabilities have shape of almost gaussian. The chosen impact energies 

are, 10, 50, 100, 400, 1000, 2000 keV.  

 

Figure 3.3 Probability [𝑏𝑃(𝑏))] of the electron capture from in the collision 

system Li+ − N(2p) versus the impact parameter for many impact energies. 

Green squares: 10 keV, magenta triangles: 50 keV, blue circles: 100 keV, yellow 

diamonds: 400 keV and red plus: 1000 keV. The solid lines represent the fit of 

the probability. 

For the electron capture case, figure 3.3, we can see that the maximum 

probability is for the lowest impact energy, and by increasing the impact 

energy, the probability decreases, and the peaks shift to the left. The peaks 
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shift indicates that the maximum impact parameter decreases for higher 

impact energies. 

For the ionisation case, figure 3.4, we can see that the probability starts 

low for impact energy of 10 keV, then the probability increases reaching 

maximum value at impact energy of 400 keV. For impact energies larger 

than 400 keV, the probability starts to decrease. The peaks for the higher 

probabilities are shifted to right, while the peaks for the lower probabilities 

are shifted to left. 

 

Figure 3.4 Same as figure 3.3 but for the ionisation from in the collision system 

Li+ − N(2p). Here black diamond: 2000 keV. 
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3.2 Total cross sections of single electron capture and 

ionisation from 𝐇𝐞(𝟏𝐬) by 𝐋𝐢+ 

The total cross sections (TCS) of electron capture (figure 3.5) and 

ionisation (figure 3.6) of the in the collision system  Li+ − He(1s) are 

measured in the energy ranges (10 keV − 10 MeV) and (20 keV −

100 MeV), respectively. 

 

Figure 3.5 Electron capture TCS of the collision system Li+ − He(1s) versus the 

impact energy. red dashed line: CTMC results [35]. Theoretical references; green 

dash-dotted line: Samanta et al [33]. Experimental references; solid triangle: 

Allison et al [87], open square: Van Eck et al [88], open hexagon: Nikolaev et al 

[89], solid square: Ogurtsov et al [90], open triangle: Pivovar et al [91], open 

diamond: Pivovar et al [92], open star: Dmitriev et al [93], open circle: 

Hvelplund [94]. 

For the case of electron capture cross section, we compared them with 

both experimental data and theoretical results by Samanta et al utilizing 

the BCCIS-4B approximation [33]. Encouragingly, within the investigated 
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range of impact energies, our CTMC results exhibited a favourable 

agreement with experimental data. However, an intriguing discrepancy 

emerged between the experimental data of Allison et al [87] and Pivovar 

et al [92] for impact energies spanning 200 keV to 500 keV. Notably, both 

our CTMC results and Samanta et al's[33] theoretical results demonstrated 

an impressive alignment with experimental data above 5 MeV. It is crucial 

to highlight that Samanta et al's BCCIS-4B model exhibited a substantial 

underestimation of electron capture cross sections for impact energies 

below 5 MeV, thereby shedding light on the limitations of this theoretical 

approach. 

 

 

Figure 3.6 Single-electron ionization TCS of the collision systemLi+ − He(1s)  
versus the impact energy. CTMC results [35]. Solid circle: experimental data by 

Woitke et al [34]. 

In the single ionisation cross section case of the Li+ − He(1s) collision 

system, a striking feature observed in the ionization cross section of 

helium by Li+ is the presence of a conspicuous bump at low impact 

energies. This distinctive feature has been attributed to the oscillation of 
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the target electron between the projectile ion and the target nucleus just 

prior to ionisation, see Schultz et al work [95]. It is noteworthy to mention 

that prior to our study, Woitke et al [34] were the sole source of ionisation 

results for the Li+ − He(1s) system within the energy range of 2000 to 

8000 keV. Our CTMC results revealed a subtle divergence from the 

experimental data provided by Woitke et al [34], with our findings 

indicating slightly larger ionisation cross sections. This discrepancy 

highlights the need for further investigation to elucidate this disparity 

between theoretical predictions and experimental observations in the 

ionisation process of the Li+ − He(1s) collision system. 

3.3 Total cross sections of single electron capture and 

ionisation from ground state nitrogen by 𝐋𝐢+ 

The total cross sections (TCS) of electron capture (figure 3.7) and 

ionisation (figure 3.8) of the in the collision system  Li+ − N are measured 

in the energy ranges (10 keV − 2 MeV) and (20 keV − 100 MeV), 

respectively. 

Table 3.1 shows TCSs of electron capture from N(1s), N(2s) and N(2p) 

shells by Li+ at selected impact energies. Notably, the cross sections 

arising from the N(1s) shell were found to be negligible when compared to 

contributions from N(2s) and N(2p), for this reason they were not plotted 

in figure 3.8. However, the cross sections from N(1s) are included in the 

overall TCS of nitrogen, which is the summation of electron capture TCSs 

from N(1s), N(2s) and N(2p) shells. The TCS in table 3.1 are for single 

electron, however, the plotted TCSs are multiplied by the number of 

electrons in that shell, i.e., TCS of (2s) shell is multiplied by 2 where TCS 
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of (2p) shell is multiplied by 3. From figure 3.7 and table 3.1, we see that 

the TCS from N(2s) shell surpasses the TCS of the N(2p) shell.   

Table 3.1 TCS of electron capture in the intraction of Li+ with N(1s), N(2s) and 

N(2p) shells. 

E (keV)  
𝜎(𝑁1𝑠) 

𝑐𝑚2 

𝜎(𝑁2𝑠) 

𝑐𝑚2 

𝜎(𝑁2𝑝) 

𝑐𝑚2 

600 4.4470 × 10−21 1.4093 × 10−17 2.5991 × 10−17 

1000 3.9026 × 10−20 6.7748 × 10−18 8.1135 × 10−18 

1400 2.4266 × 10−20 3.3120 × 10−18 2.7918 × 10−18 

1600 2.4318 × 10−20 2.6264 × 10−18 2.1513 × 10−18 

1800  2.9212 × 10−20 1.8373 × 10−18 1.4759 × 10−18 

2000 3.6426 × 10−20 1.5117 × 10−18 8.0249 × 10−19 

 

The calculations revealed that electron capture predominantly originates 

from the outermost electrons (N(2p)) for impact energies below 800 keV, 

with N(2s) gaining significance at higher energies. The CTMC results 

align closely with experimental data by Pivovar et al [92] for impact 

energies exceeding 200 keV. In contrast, Allison et al's [87] experimental 

data consistently underestimates electron capture cross sections for impact 

energies above 100 keV, while below 200 keV, CTMC calculations 

surpass experimental data as reported by Ogurtsov et al [90] and 

Lockwood [96]. Collectively, the available experimental data suggests that 

electron capture from the nitrogen ground state by Li+ tends to decrease at 

both high and low projectile impact energies, with the highest cross 

sections occurring at approximately 100 keV energies. 
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Figure 3.7 Electron capture TCS of the collision system Li+ − N versus the 

impact energy. CTMC results [35], blue dashed line: TCS from 𝑁(2𝑠), red 

dashed-dotted line: TCS from 𝑁(2𝑝), green solid line: sum of TCS from 𝑁(2𝑠) 

and 𝑁(2𝑝). Experimental references, open triangle: Allison et al [87], open 

square: Ogurtsov et al [90], solid star: Lockwood [96], solid triangle: Pivovar et 

al [92]. 

Figure 3.8 shows the ionisation TCS of Li+ − N collision as a function 

of projectile impact energy. Unlike the Li+ − He(1s) system, we can see 

there is no bump in total cross section the Li+ − N system. Figures 3.6 and 

3.8 clearly demonstrate that the Li+ − N system consistently exhibits 

higher cross-sections at corresponding impact energies. This behaviour 

can be attributed to the lower binding energy of the N(2p) active electron 

in the nitrogen target compared to the He(1s) target, resulting in more 

favourable conditions for ionization in Li+ − N collisions.  
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Figure 3.8 Single-electron ionization TCS of the collision system Li+ − N versus 

the impact energy. Red dashed line: CTMC results [35].  

3.4 Total and Differential Ionisation Cross Sections in 

collision between Nitrogen atom and Singly Charged 

Sodium Ion 

This section presents the total (TCS), single (SDCS) and double 

differential (DDCS) cross sections in the collision of singly charged 

sodium ion (𝑁𝑎+) with neutral nitrogen atom (N). The TCS of ionisation 

process is measured in the impact energy range (10 keV − 10 MeV). The 

differential cross sections were calculated for 𝑁𝑎+ impact energies’ 30, 

40, 50 and 60 keV. 

3.4.1 Total ionisation cross section  

Figure 3.9 illustrates the ionisation TCS in the collision system Na+ −

N. The broad impact energy range in the TCS case serves as a benchmark 

for future measurements or calculations. The maximum observed 

ionisation TCS occurs around an impact energy of 2 MeV. The green 
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shaded area specifically highlights the energy range needed for plasma 

diagnostics in fusion plasma research. 

The results of TCS of Na+ − N collision system in this thesis are 

compared with the experimental data of Graham et al [97]. It is crucial to 

note that while Graham et al [97] studied molecular nitrogen, this study 

focused on atomic target. To facilitate a meaningful comparison, we made 

adjustments by multiplying our results by two (to account for two 

equivalent nitrogen atoms) and by three (reflecting the three electrons in 

the 2p shell). Ultimately, our calculated total cross sections showed a good 

agreement with the experimental data of Graham et al [97]. 

 

 
Figure 3.9 TCS of ionisation in the collision system Na+ − N as a function of the 

impact energy. Solid red line: CTMC results, solid circles: experimental data by 

Graham et al [97]. 
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3.4.2 Ionisation single differential cross section (SDCS) 

Figures 3.10 and 3.11 show the energy and angular single differential 

cross section (SDCS) of ejected electrons from nitrogen atom in 𝑁𝑎+ −

 𝑁(2𝑝) collision system. In Figure 3.10, the energy SDCS is presented 

across various projectile impact energies ranging from 30 keV to 60 keV. 

Regardless of the impact energy, the dominance of low-energy electrons is 

evident. The energy SDCS values exhibit close proximity and follow a 

consistent trend, reflecting the similarity in impact energy values 

investigated. Notably, a rapid decrease in SDCS is observed around 10 eV. 

 

 

Figure 3.10 Energy single differential cross section of the ejected electrons from 

nitrogen in the interaction Na+  − N(2p) as a function of the ejected electron 

energies. Green dashed-dotted line: 30 keV, black solid line: 40 keV, blue dotted 

line: 50 keV, red dashed line: 60 keV. 

Moving to figure 3.11, there is a direct relationship between impact 

energy and angular differential cross sections (SDCS). Higher impact 

energies correspond to increased angular SDCS, with dominant electron 

yields concentrated at lower scattering angles. Interestingly, substantial 
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electron yield is also observable at backward angles. The cross section 

minimums are located within an emission angle range around 90 degrees. 

 

 

Figure 3.11 Angular single differential cross section of the ejected electrons 

from nitrogen in the interaction Na+  − N(2p) as a function of the ejection angle 

of the electron. Green dashed-dotted line: 30 keV, black solid line: 40 keV, blue 

dotted line: 50 keV, red dashed line: 60 keV. 

3.4.3 Ionisation Double differential cross section (DDCS) 

The DDCSs of Na+  − N(2p) collision system at Na+ projectile energy 

of 30 and 60 keV are presented as contour plots in figures 3.12 and 3.13, 

respectively. The DDCSs in the contour plots are function of energy and 

scattering angle of the ionised electron. The maximum DDCS is acquired 

at low scattering angles (𝜃 < 20𝑜) and low ejection energies (< 10 𝑒𝑉) of 

the ionised electron. The DDCSs of 30 keV and 60 keV projectile energies 

of electrons ejected with energy greater than 15 eV show equivalent 

results sweeping all scattering angles. However, over scattering angles 

between 60𝑜 and 120𝑜 and ejection energy less than 10 eV, the DDCSs 

for both impact energies show different trend. In this region, the DDCS 



54 

 

results of 30 keV projectile energy show curved up behaviour with a low 

minimum, however, the DDCS results of 60 keV projectile energy do not 

show similar curves. 

 

Figure 3.12 DDCS of ionisation of the outermost electron of nitrogen after 

colliding with 30 keV Na+. The DDCS is a function of the energy and angle of 

scattering of the electron. 

 

Figure 3.13 DDCS of ionisation of the outermost electron of nitrogen after 

colliding with 60 keV Na+. The DDCS is a function of the energy and angle of 

scattering of the electron. 
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Figure 3.14 DDCS of ionisation of the outermost electron of nitrogen after 

colliding with Na+ projectile with energy a) 30 keV and b) 60 keV. The DDCS is 

a function of electron energy. Solid lines are for 30 keV while the dashed lines 

are for 60 keV. The considered scattering angles: blue line: 30𝑜 ± 15𝑜; red line: 

90𝑜 ± 15𝑜; green line: 150𝑜 ± 15𝑜. 

Figure 3.14 displays the dependence of the DDCS on the energy of the 

ionised electron. For This analysis, DDCSs are calculated at impact 

energies 30 keV and 60 keV at selected ejection angles, namely, 30𝑜, 90𝑜 
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and 150𝑜 with ±15𝑜 range. For electrons ionised with energy 5 eV and 

less, the highest and lowest DDCS values are acquired at forward 

scattering (30𝑜) at 60 keV impact energy and right scattering (90𝑜) at 30 

keV impact energy, respectively.  

From figure 3.14, we can see that the overall pattern for all curves is 

almost similar, all DDCS curves starts high at lower ejection energies of 

electrons, then, the DDCS curves steadily decline until the electron energy  

approaches 20 eV [an exception here is the DDCS curve of impact energy 

of 60 keV in backward scattering (150𝑜), which sustains nearly consistent 

values in this energy range]. Beyond electron energies 20 eV, the DDCS 

curves plummet sharply. 

The presence of the Fermi shuttle-type ionisation process is discernible 

in energy spectra, (green lines in small box in figure 3.14 (b))[98–101]. 

This complex mechanism entails ejected electrons undergoing multiple 

scattering events on both the projectile and target core throughout the 

projectile's motion. Notably, each collision with the projectile core leads 

to an increase in electron energy. The cumulative effect of these back-and-

forth collisions manifests in electrons attaining relatively high energies. 

The heightened energy levels of these accelerated electrons are reflected in 

energy spectra, showcasing an increased electron yield at corresponding 

energies.  

The inception of the Fermi acceleration concept can be traced back to 

1949 when Fermi [102] proposed it as a potential origin of high-energy 

cosmic rays. Fermi's theoretical framework involves the interaction of 

giant electromagnetic fields moving in opposition, thereby accelerating 

charged particles through a series of reflections. Subsequent investigations 

unveiled a comparable "ping-pong" dynamic occurring within much 
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smaller microscopic fields of atoms, molecules, or clusters [98–101,103–

108]. Even a brief succession of scattering events within these 

microscopic fields can yield noteworthy observations. 

 

Figure 3.15 DDCS of ionisation of the outermost electron of nitrogen after 

colliding with Na+ projectile with energy, solid lines: 30 keV, dotted lines: 40 

keV, dashed-dotted lines: 50 keV and, dashed lines: 60 keV. The DDCS is a 

function of scattering angles. Electrons energies are categorized by colours as 

follows: red lines: 0 < 𝐸𝑒 ≤ 12 𝑒𝑉; blue, black, and magenta lines: 12 < 𝐸𝑒 ≤
50 𝑒𝑉; green lines: 50 < 𝐸𝑒 ≤ 100 𝑒𝑉. 

Figure 3.15 displays the dependence of the DDCS on the scattering 

angle of the ionised electron. For This analysis, DDCSs are calculated at 

impact energies 30 keV, 40 keV, 50 keV and 60 keV at selected electrons 

energies, namely, 0 < 𝐸𝑒 ≤ 12 𝑒𝑉, 12 < 𝐸𝑒 ≤ 50 𝑒𝑉 and 50 < 𝐸𝑒 ≤

100 𝑒𝑉. 

DDCSs exhibit the maximum values for ionised electrons with energies 

less than 12 eV when observed at small scattering angles. As the scattering 

angles increase, the DDCS values show a decreasing trend until they reach 

60 degrees. Beyond this point, the DDCSs remain relatively unchanged. 
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Notably, at a projectile energy of 60 keV, DDCS values surpass those 

obtained at 30 keV for all angles and electron energies. 

For ejected electrons with energies ranging from 50 to 100 eV, DDCS 

values are at their smallest, and both direct and back scattering DDCSs 

demonstrate comparable magnitudes. The minimum DDCSs are observed 

at right scattering (𝜃 = 90𝑜). In the case of ejected electrons with energies 

falling within the 12-50 eV range, a distinct pattern emerges. At low 

angles, DDCS values for all impact energies are nearly identical, but as the 

angles increase, the DDCS curves diverge. The greatest gap between the 

curves of the four energies is observed at angles near (𝜃 = 180𝑜). 

Comparing the DDCSs of direct and backscattered scattering for 30 and 

60 keV projectiles energies, the former is slightly greater than the latter for 

30 keV case. Conversely, for the 60 keV case, the direct scattering is 

slightly smaller than its counterpart. The overall findings indicate that an 

increase in projectile energy leads to a higher ionization of backscattered 

electrons compared to direct scattering within this energy range. 

3.5 Collision of Singly Charged Sodium Ions with Noble 

Gases  

This section presents the total (TCS), single (SDCS) and double 

differential (DDCS) cross sections in the collision of singly charged 

sodium ion (𝑁𝑎+) with neon (Ne), argon (Ar), krypton (Kr) and xenon 

(Xe). The TCS for electron capture and ionisation processes are measured 

in the projectile energy range (10keV − 50MeV). For the SDCS and 

DDCS, the energy of 𝑁𝑎+ is set to be 60 keV, this projectile energy is 

chosen for diagnostic purposes of the plasma. At this projectile energy, 

there is an increased probability of interactions occurring between 𝑁𝑎+ 
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and the plasma, making it optimal for these diagnostic purposes. Lower 

projectile energies would result in reduced penetration of the plasma by 

𝑁𝑎+ projectiles, limiting their effectiveness in diagnostic applications. 

Conversely, much higher impact energies would lower the probability of 

collisions between Na+ projectiles and the plasma. 

3.5.1 Total cross section (TCS) of electron capture and ionisation. 

The total cross sections (TCSs) for electron capture and ionization 

channels are presented in figures 3.16 and 3.17, respectively. The peaks of 

TCS for all targets are around projectile energy 100 keV for electron 

capture channel and around projectile energy 2000 keV for ionisation 

channel. 

 

Figure 3.16 TCS of electron capture in the interaction of singly charged Sodium 

ion with, red solid line: Neon (2s and 2p), blue dashed line: Argon (2p, 3s, and 

3p),  green dashed-dotted line: Krypton (3d, 4s and 4p), black dotted line  Xenon 

(3d, 4s, 4p, 4d, 5s and 5p). 
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In electron capture case (figure 3.16), all targets show high values of 

TCS at low projectile energies, and the TCS values for all targets remains 

almost horizontal at projectile energies between 10 keV and 300 keV, then 

these TCS values sharply decreases for projectile energies above 300 keV. 

It is clearly seen that Ne has the lowest electron capture TCS while Xe has 

the highest electron capture TCS. The electron capture TCSs of Ar and Kr 

show close values to each other, with the TCS of Kr slightly overestimate 

the TCS of Ar, this slight difference arises from close binding energies of 

the outermost electron of Ar in 3p shell and Kr in 4p shell, see table 2.2. 

However, the electron capture TCS of Ar exceeds the TCS of Kr for 

projectile energies larger than 10 MeV, this is due to significant 

contribution from the Ar(2p) shell to the total TCS of Ar. 

 

Figure 3.17 TCS of ionisation in the interaction of singly charged Sodium ion 

with, red solid line: Neon (2s and 2p), blue dashed line: Argon (2p, 3s, and 3p),  

green dashed-dotted line: Krypton (3d, 4s and 4p), black dotted line  Xenon (3d, 

4s, 4p, 4d, 5s and 5p). 

In ionisation case (figure 3.17), the TCS curves of the various targets 

follow a similar trend. The lowest TCS values occurs at low projectile 
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energies (i.e., less than 10 keV). All the TCS curves experience a rapid 

ascent with increasing the projectile energy until they reach their peak 

values at projectile energy around 1500 keV. After reaching their 

respective maxima, the TCS curves display a gradual decline, the decline 

is less steep compared to the preceding increase. Similar to the TCS 

pattern observed in electron capture, Neon (Ne) demonstrates the smallest 

ionisation TCS, while Xenon (Xe) exhibits the highest values. However, 

there is a notable exception for Krypton (Kr), which, at impact energies 

less than 20 keV, displays the smallest ionisation TCS among the elements 

studied.  

3.5.2 Single differential cross section (SDCS) of ionisation 

Figures 3.18 and 3.19 show the energy and angular single differential 

cross section (SDCS) of ejected electrons from nitrogen atoms and noble 

gases in the interaction with 𝑁𝑎+, respectively. The SDCS is presented at 

projectile energy of 60 keV. In Figure 3.18, the curves of Xe(4d) and 

Xe(5p) exhibit an identical pattern. Notably, the Xe(5p) curve shows a 

significantly higher level at lower energies, primarily owing to a notable 

difference in binding energy. However, as the electron energy increases, 

the disparity between the Xe(4d) and Xe(5p) curves diminishes. Beyond 

100 eV, the curves of Xe(4d) and Xe(5p) overlap. Comparing Kr(4p) to 

Xe(5p), it is observed that the former shares an identical curve with 

slightly lower but closely aligned energy SDCS values. This slight 

difference is attributed to Kr(4p)'s marginally higher binding energy than 

Xe(5p), as elucidated in table 2.2. Examining the TCS curves of Ar(3p), 

Kr(4p), Xe(4d), and Xe(5p), a common characteristic is their initial high 

values at lower energies. A gradual decrease is discernible in the electron 

energy range below approximately 10 eV. Above this threshold, the 
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energy SDCS curves exhibit a drastic drop. Notably, the energy SDCS 

curves of N(2p) and Ne(2p) display a less steep decrease at lower energies 

compared to the previously mentioned targets. The significant drop in 

N(2p)'s curve occurs around 10 eV, whereas the Ne(2p) curve maintains a 

higher value over a more extended energy range, experiencing a 

substantial decline between 40 and 50 eV. 

 

Figure 3.18 Energy single differential cross of the ejected electron from noble 

gases and nitrogen in the interaction with 60 keV 𝑁𝑎+. The SDCSs are function 

of the e ected electrons’ energy. Black dotted line: 𝑁(2𝑝), blue dashed--two-dots 

line: 𝑁𝑒(2𝑝), green dashed-dotted line: 𝐴𝑟(3𝑝), red two-dashes-dotted line: 

𝐾𝑟(4𝑝), magenta dashed line: 𝑋𝑒(4𝑑), cyan solid line: 𝑋𝑒(5𝑑). 

In Figures 3.19, the angular distribution of SDCS for the studied targets 

is depicted. Two distinct trends emerge, with Ar(3p), Kr(4p), Xe(4d), and 

Xe(5p) following one trend, while N(2p) and Ne(2p) adhere to another. In 

both trends, direct scattering predominates. The differentiation lies in 

backscattering: Ar(3p), Kr(4p), Xe(4d), and Xe(5p) show no significant 

distinction between backward and right scattering. Conversely, for N(2p) 

and Ne(2p), backscattering surpasses right scattering. Angular SDCSs of 
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the targets are arranged based on binding energies, revealing that the target 

with the lowest binding energy exhibits the highest angular SDCS values, 

and vice versa. An exception is observed in N(2p), where N(2p), Ar(3p), 

and Kr(4p) have closely aligned binding energies, resulting in similar 

angular SDCS curves. In forward scattering, the angular SDCS of N(2p) is 

lower than that of Ar(3p) and Kr(4p), whereas in backward scattering, the 

angular SDCS of N(2p) surpasses that of Ar(3p) and Kr(4p). 

 

Figure 3.19 Angular single differential cross of the ejected electron from noble 

gases and nitrogen in the interaction with 60 keV 𝑁𝑎+. The SDCSs are function 

of the e ected electrons’ scattering angle. Black dotted line: 𝑁(2𝑝), blue dashed-

two-dots line: 𝑁𝑒(2𝑝), green dashed-dotted line: 𝐴𝑟(3𝑝), red two-dashes-dotted 

line: 𝐾𝑟(4𝑝), magenta dashed line: 𝑋𝑒(4𝑑), cyan solid line: 𝑋𝑒(5𝑑). 

3.5.3 Double differential cross section (DDCS) of ionisation 

Figure 3.20 illustrates the contour of DDCS as a function of ionised 

electron’s energy and scattering angle in the collision of 60 keV 𝑁𝑎+
 with 

the outer shells of Ne, Ar, Kr and Xe. For the four targets, the maximum values 

of DDCS are acquired at low electrons’ energies and scattering angles, 
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(approximately, 𝐸𝑒 ≤ 10 𝑒𝑉, 𝜃 ≤ 40𝑜), while the lowest values of DDCS are 

acquired at electrons with energies exceeding 100 eV for all angles. The contour 

of Ne(2p) shows different trend when compared to the contours of the other three 

targets. Further discussion of DDCS is provided next for more in depth details, 

figures 3.21, 3.22 and 3.23.   

 

Figure 3.20 Contour plot of DDCS of ionisation process as a function of 

scattering angle and ejection energy of the ionised electron in the collision of 60 

keV 𝑁𝑎+ with noble gases. a) Ne(2p), b) Ar(3p), c) Kr(4p), d) Xe(5p). 

Figure 3.21 displays the dependence of the DDCS on the energy of the 

ionised electron categorised based on the target. The DDCSs are 

calculated at projectile energies 60 keV at selected ejection angles, 

namely, 𝜃 < 15𝑜, 30𝑜, 60𝑜,  90𝑜, 120𝑜 and 150𝑜, with ±15𝑜 range 

except for 𝜃 < 15𝑜. Notably, the maximum value of DDCS is observed at 

low scattering angles (i.e., 𝜃 < 15𝑜) across the various targets considered. 

Among the four targets, the DDCS curves of Ne(2p) at scattering angles 

a   

d c 
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(60𝑜,  90𝑜, 120𝑜 and 150𝑜) maintain a relatively constant level in the 

energy range below 60 eV [An exception here is the DDCS curve of 30𝑜 

in which we see a slight drop from outset to electron energy around 10 

eV]. For energies lager than 50 eV, the DDCS curves of Ne(2p) show a 

sudden drop. Conversely, for other targets, the DDCS curves commence 

decreasing from the outset, with the decline starting around 10 eV.  

 

Figure 3.21 DDCS of ionisation of the outermost electron of a) Ne(2p), b) 

Ar(3p), c) Kr(4p) and d) Xe(5p) by 60 keV Na+. The DDCS is a function of 

electron energy. Scattering angles; cyan two-dashes-dotted line: 𝜃 < 15𝑜, red 

solid line: 30𝑜, green dashed line: 60𝑜, black dotted line: 90𝑜, blue dashed-

dotted line: 120𝑜, and magenta dashed-two-dots line: 150𝑜. 

In the collision systems 𝑁𝑎+ − 𝑁𝑒(2𝑝) and 𝑁𝑎+ − 𝐴𝑟(3𝑝), starting 

with the DDCS curve of the scattering angle 𝜃 < 15𝑜, we see the 

previously discussed Fermi shuttle-type ionisation process [see section 

3.4.3], this process is observed for electron energy larger than 10 eV and is 

also slightly observed for scattering angle 𝜃 < 30𝑜. For the case of 𝑁𝑎+ −
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𝑁𝑒(2𝑝), the DDCS curve of scattering angle 90𝑜 starts to drop around 

electron energy of 10 eV, the DDCS curves of scattering angles 60𝑜 and 

120𝑜 start to drop around electron energy of 20 eV, while DDCS curve of 

the scattering angle 150𝑜 will maintain the horizontal line for electron 

energy around 60 eV before dropping. After the drop, for electron energies 

larger than 70 eV, the DDCS curves of scattering angles 60𝑜 and 150𝑜 

overlaps, while the DDCS curves of scattering angles 90𝑜 and 120𝑜 

overlaps. Meanwhile, the DDCS curves of 𝜃 < 15𝑜 and 30𝑜 will maintain 

the highest and second highest values for all electrons’ energies, 

respectively. Going to the case of 𝑁𝑎+ − 𝐴𝑟(3𝑝), compared to the case of 

𝑁𝑎+ − 𝑁𝑒(2𝑝), a main difference is that the DDCS curves of scattering 

angles 60𝑜,  90𝑜, 120𝑜 and 150𝑜 will start the gradual decrease from the 

lowest electron energies on the curve. A second difference is that the 

DDCS curve of scattering angle 60𝑜 is slightly higher than the DDCS 

curves of scattering angles 90𝑜, 120𝑜 and 150𝑜 for electron energies less 

than 10 eV. Going to the similarities, the DDCS curves of 𝜃 < 15𝑜 and 

30𝑜 will maintain the highest and second highest values for all electrons’ 

energies, respectively. Moreover, we will also see the overlapping of the 

DDCS curves of scattering angles 60𝑜 and 150𝑜, and the overlapping of 

the DDCS curves of scattering angles 90𝑜 and 120𝑜.  

The DDCS curves of Kr(4p) and Xe(5p) demonstrate analogous 

behaviour, with 𝜃 < 15𝑜 consistently exhibiting the highest DDCS across 

all energies, followed by 30𝑜. Below 10 eV, DDCS curves at 60𝑜,  90𝑜, 

120𝑜 and 150𝑜 scattering angles are overlapping. Beyond 10 eV, the 

DDCS at 60𝑜 diverges and surpasses the other angles, while 90𝑜, 120𝑜 

and 150𝑜 angles continue to exhibit the overlapping pattern. 
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Figure 3.22 DDCS of ionisation of the outermost electron at scattering angles of 

a) 𝜃 < 15𝑜,  b) 30𝑜, c) 60𝑜, d) 90𝑜, e) 120𝑜 and f) 150𝑜 by 60 keV Na+. The 

DDCS is a function of electron energy. The targets; red solid line: Ne(2p), green 

dashed line: Ar(3p), black dotted line: Kr(4p), and magenta dashed-two-dots line: 

Xe(5p). 

Figure 3.22 displays the dependence of the DDCS on the energy of the 

ionised electron categorised based on the scattering angles. An analogous 

pattern of the DDCS is seen for angles 𝜃 < 15𝑜 and 30𝑜. We can clearly 

see that the DDCS curves intersect in the electron energy range 30 −
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40 𝑒𝑉 for angles 𝜃 ≤ 90𝑜, and in the electron energy range 20 − 30 𝑒𝑉 

for the angles 120𝑜 and 150𝑜. Below the intersection energy, DDCS of 

Xe(5p) is the maximum, followed by the DDCS of Kr(4p) then Ar(3p) 

whereas the DDCS of Ne(2p) is the lowest. After the intersection energy, 

the DDCS of Ne(2p) becomes the largest followed by the DDCS of Ar(3p) 

with insignificant difference, moreover, the DDCSs of Xe(5p) and Kr(4p) 

overlap and becomes the lowest.  

 

Figure 3.23 DDCS of ionisation of the outermost electron at ejection energy of 

a) 0 < 𝐸𝑒 ≤ 12 𝑒𝑉, b) 12< 𝐸𝑒 ≤ 50 𝑒𝑉, c) 50 < 𝐸𝑒 ≤ 100 𝑒𝑉, and d) 100 <
𝐸𝑒 ≤ 1000 𝑒𝑉 by 60 keV Na+. The DDCS is a function of scattering angle of the 

electron. The targets; black dotted line: Ne(2p), red solid line: Ar(3p), green 

dashed line: Kr(4p), and blue dashed-dotted line: Xe(5p). 

Figure 3.23 displays the dependence of the double differential cross 

section (DDCS) on the scattering angle of the ionised electron. For This 

analysis, DDCSs are calculated at impact energies 60 keV at selected 

electrons energies, namely, 0 < 𝐸𝑒 ≤ 12 𝑒𝑉, 12 < 𝐸𝑒 ≤ 50 𝑒𝑉, 50 <

𝐸𝑒 ≤ 100 𝑒𝑉 and 100 < 𝐸𝑒 ≤ 1000 𝑒𝑉. In Figure 3.23(a), the focus is on 
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the Angular DDCS for electron energies below 12 eV. The DDCS curves 

exhibit similarities for all targets, organized above each other without 

intersection based on their binding energies, with Ne(2p) registers the 

lowest DDCS, Xe(5p) records the highest DDCS, while Kr(4p) and Ar(3p) 

positioned as the second and third, respectively. All DDCS curves start at 

maximum value at scattering angles 𝜃 < 10𝑜, experience a drastic 

decrease until approximately 70°, after which they tend to maintain a 

relatively constant DDCS values. 

In Figure 3.23(b), the Angular DDCSs for electron energies in the range 

12 < 𝐸𝑒 ≤ 50 𝑒𝑉 are presented. The figure shows that the highest DDCS 

values are produced at low scattering angles, followed by a gradual 

decrease with minimum values o served at 90°. Nota ly,  elow 90°, the 

DDCS of Ne(2p) is the lowest, while the DDCS of Xe(5p) is the highest, 

with Ar3p and Kr4p exhi iting nearly equal values. Beyond 90°, Xe(5p) 

maintain the largest DDCS, while Kr(4p) records the lowest DDCS. 

Additionally, the backscattering of Ne(2p) and Ar(3p) surpasses right-

angle scattering in this energy range. 

In Figure 3.23(c), the Angular DDCSs for electron energies in the range 

50 < 𝐸𝑒 ≤ 100 𝑒𝑉 are presented. DDCSs at this energy range are lower 

than their counterparts at smaller electrons’ energy ranges. Notably, 

DDCS of Kr(4p) and Xe(5p) are almost indistinguishable, and they the 

smallest compared to Ne(2p) and Ar(3p). DDCSs for all targets start high, 

followed by a slow decrease until 90°. Beyond 90°, Ar(3p), Kr(4p) and 

Xe(5p) experience a minute increase, Ne(2p) experience more increase in 

DDCS in the backscattering diverging from Ar(3p).  

In Figure 3.23(d), the Angular DDCSs for electron energies in the range 

100 < 𝐸𝑒 ≤ 1000 𝑒𝑉 are presented. DDCS values are the lowest among 
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all energy ranges discussed. DDCSs of Ne(2p) and Ar(3p) are relatively 

identical, with DDCS of Ne(2p) is slightly higher over all angles. Their 

DDCSs are largest in forward scattering, followed by backward scattering, 

and their minimum are at right-angle scattering. The DDCS of Kr(4p) 

show a similar trend to Ne(2p) and Ar(3p), but it has lower values. The 

DDCS of Xe(5p) shows a sinusoidal behaviour with crests (at 500 and 

1250) and troughs (at 900 and 1750).  

3.6 Collision of Protons with noble Gas Atoms 

This section presents the total (TCS), single (SDCS) and double 

differential (DDCS) cross sections in the collision of protons H+ with 

neon (Ne), argon (Ar), krypton (Kr) and xenon (Xe). The TCS for electron 

capture and ionisation processes are measured in the projectile energy 

range (0.2 keV − 50MeV). For the SDCS and DDCS cases, the energy of 

H+ is set to be 35 keV, this projectile energy is chosen for diagnostic 

purposes of the plasma, see discussion in the introduction of section 3.5.  

The total cross section of electron capture and ionisation include some 

sub shells of the targets. For neon, sub shells 2s and 2p. For Argon, 2p, 3s, 

and 3p. For krypton, 3d, 4s and 4p. For xenon, 3d, 4s, 4p, 4d, 5s and 5p. 

3.6.1 Total cross section (TCS) of single electron capture 

Figure 3.24 presents the TCS for electron capture during proton 

interactions with noble gases, specifically Ne, Ar, Kr, and Xe. The impact 

energy range investigated spans from 0.2 to 1300 keV. The TCS curves 

have a parabolic shape with peak values at approximately 10 keV, 4 keV, 

1 keV, and 0.5 keV for Ne, Ar, Kr, and Xe, respectively.  
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Figure 3.24 TCS of electron capture channel of the collision a) 𝐻+ − 𝑁𝑒, b)  

𝐻+ − 𝐴𝑟, theoretical references, c)  𝐻+ − 𝐴𝑟, experimental references, d) 𝐻+ −
𝐾𝑟, and e) 𝐻+ − 𝑋𝑒. red solid line: Our theoretical CTMC results. Theoretical 

results; green dashed-dotted line: Nikolaev[109], cyan long-dash-two-dots line 

Vinogradov et al.[110], black intense dashed-dotted line Shevelko[111], blue 

dashed line: Belkic[86], black two-long dashes-dotted line :Lin et al.[112], red 

short-dash-two-dots line: Amaya-Tapia et al.[113], black short-dash-three-dots 

line: Kirchner et al.[114], magenta long-dashes line: Cabrera_Trujillo et al.[115], 

black dotted line: Houmar et al.[116]. Experimental results; open circle: 

Allison[117], solid triangle: Williams et al.[118], open triangle: Welsh et 

al.[119], open diamond: Toburen et al.[120], black cross: Ormrod et al.[121], 

open star: Morgan et al.[122], open square: Rudd et al.[123], black diamond: 

Varghese et al.[124], plus sign: Almeida et al.[125], open inverted triangle: 

Afrosimov et al.[126]. 
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When comparing the maximum TCS values of the targets, Xe exhibits 

the highest, Ne the lowest, and Ar and Kr have similar values, with Kr 

slightly higher. These differences are attributed to the binding energy of 

the outermost shell, where Ne has the highest, Xe the lowest, and Ar and 

Kr share close binding energies, as shown in Table 2.2. 

In the collision 𝐻+ − 𝑁𝑒 (figure 3.24(a)), experimental data from 

various sources show good agreement with each other. Theoretical 

references align well with experimental data beyond 300 keV, with 

variations noted at lower energies. Our data align well with experimental 

and theoretical data with slight overestimation. In the collision 𝐻+ − 𝐴𝑟 

(figure 3.24(b) and (c)), both theoretical and experimental data align 

remarkably well in the energy range of 10-200 keV. However, 

discrepancies emerge at lower and higher energies, where some theoretical 

models slightly overestimate the experimental results. 

In the collision 𝐻+ − 𝐾𝑟 (figure 3.24(d)), the only available theoretical 

data are by Nikolaev[109] and Houmar[116] et al., and they exhibit 

varying degrees of agreement when compared with experimental data. 

Data by Nikolaev[109] consistently aligns well, while Houmar et 

al.'s[116] results tend to overestimate the experimental data. Additionally, 

the collision system 𝐻+ − 𝑋𝑒 (figure 3.24(e)) lacks theoretical references, 

with experimental data limited to the range of 0.2-50 keV.  

Our results show a good agreement with the experimental and 

theoretical data in most of the energy range studied. However, our results 

slightly overestimate the experimental data at energies higher than 300 

keV. Additionally, our data show some discrepancies at low energies less 

than 10 keV. For the case of 𝐻+ − 𝑋𝑒, we believe our results are accurate 
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based on our results from collision systems 𝐻+ − 𝑁𝑒, 𝐻+ − 𝐴𝑟 and 𝐻+ −

𝐾𝑟. 

3.6.2 Total cross section (TCS) of single ionization  

In Figure 3.25, the total cross sections (TCS) of ionization resulting 

from proton interactions with noble gases are depicted, covering an impact 

energy range of 1 keV to 50 MeV. Notably, the TCS curves exhibit 

maximums at impact energies within the 60-70 keV range for all target 

gases. When comparing the ionization TCS maximums of the noble 

gases—Ne, Ar, Kr, and Xe—similar trends emerge as observed in electron 

capture TCS. Ne demonstrates the lowest TCS, Xe the highest, and Ar and 

Kr possess approximately equal TCS values, with Kr slightly higher. 

These variations are attributed to the binding energy of the outermost shell 

of the targets, as discussed in the previous sub-section. 

For the single ionisation case, the available reference data are by Rudd 

et al.[123], Clementi et al.[127] and Bunge et al.[128]. Rudd et al.[123] 

presented experimental data for targets Ne, Ar, and Kr. Clementi et 

al.[127] and Bunge et al.[128] employing the Roothaan-Hartree-Fock 

(RHF) method, they presented Theoretical data of many sub shells of 

targets Ne and Ar. Regarding Kr and Xe, only available theoretical are for 

inner sub-shells, which has insignificant contribution to the overall TCS, 

hence they were excluded. 

In Figure 3.25(a), the ionisation TCS of Ne are presented. In general, we 

see a good agreement between the CTMC data, experimental data and 

theoretical data, especially at high impact energies. At mid energy range, 

Bunge et al.[128] shows a good agreement with experimental data, the 

CTMC data align well with Clementi et al.[127], and both slightly 
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overestimate the experimental data. At low energies, the CTMC show very 

good agreement with experimental data, Clementi et al.[127] and Bunge et 

al.[128] show inseparable results overestimating the experimental data. 

 

Figure 3.25 TCS of ionization channel in the collision a) 𝐻+ − 𝑁𝑒, b) 𝐻+ − 𝐴𝑟, 

c) 𝐻+ − 𝐾𝑟, and d) 𝐻+ − 𝑋𝑒. Theoretical results; red solid line: Our CTMC 

results, green dashed line: Clementi et al.[127], blue dotted line: Bunge et 

al.[128]. Experimental results; open circle: Rudd et al.[123] , solid cross: Melo et 

al. [129], open star: De Heer et al. [130], small blue circle: Cavalcanti et al. 

[131]. 

For proton interactions with Ar (Figure 3.25(b)), Clementi et al.[127] 

and Bunge et al.[128] closely mirror each other, overestimating 

experimental data above 50 keV while showing good agreement below 

this energy. In contrast, the CTMC results exhibit very good agreement 

with experimental data above 50 keV but underestimate it below 50 keV. 

Regarding to the targets Kr and Xe (Figure 3.25 (c) and (d), 

respectively), the CTMC results of  𝐻+ − 𝐾𝑟 follow the trend of 

experimental data by Rudd et al. [123]. For impact energy above 30 keV, 
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and a good agreement is observed, but below this energy, the results tend 

to lose agreement by underestimating the experimental data. In the case of 

𝐻+ − 𝑋𝑒, no experimental data exist. However, the strong agreement of 

the CTMC results with reference data for targets Ne, Ar, and Kr indicates 

the acceptability of the results for the 𝐻+ − 𝑋𝑒 system. 

3.6.3 Single differential cross sections (SDCS) of ionisation 

Figures 3.26 and 3.27 show the energy and angular single differential 

cross section (SDCS) of ejected electrons from noble gases in the 

interaction with protons (𝐻+), The SDCS is presented at impact energy of 

35 keV, with only the outer shells are considered. 

 

Figure 3.26 Energy single differential cross of the ejected electron from noble 

gases in the interaction of 35 keV protons (𝐻+). The SDCSs are function of the 

e ected electrons’ energy. Magenta solid line: 𝑁𝑒(2𝑝), green dashed-dotted line: 

𝐴𝑟(3𝑝), black dotted line: 𝐾𝑟(4𝑝), blue dashed line: 𝑋𝑒(4𝑑), red dashed-two-

dots line: 𝑋𝑒(5𝑑). 

In figure 3.26, The single differential cross section is plotted as a 

function of electron energy. The patterns of single differential cross 
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sections (SDCS) for all targets are highly indistinguishable, but they have 

different values. This can be attributed to the projectile charge. Unlike the 

projectile previously discussed research of the interaction of Na+ with 

noble gases, here the projectile is a proton, hence, the charge of the 

projectile is fixed at all interaction separations. The cross sections are 

stacked based on the binding energies of the targets, Xe(4d) having the 

highest binding energy has the lowest cross section, while Xe(5p) has the 

highest cross section due having the lowest binding energy. The SDCS 

curves of Ar(3p) and Kr(4p) are almost tangles due to their close binding 

energies. Notably, below around 20 eV, all targets maintain horizontal 

lines indicating constant values. However, beyond 20 eV, all cross 

sections experience a sudden drop, and all lines converge at energy larger 

than 100 eV. 

 

Figure 3.27 Energy single differential cross of the ejected electron from noble 

gases in the interaction of 35 keV protons (𝐻+). The SDCSs are function of the 

e ected electrons’ scattering angle. Magenta solid line: 𝑁𝑒(2𝑝), green dashed-

dotted line: 𝐴𝑟(3𝑝), black dotted line: 𝐾𝑟(4𝑝), blue dashed line: 𝑋𝑒(4𝑑), red 

dashed-two-dots line: 𝑋𝑒(5𝑑). 
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In figure 3.27, The single differential cross section is plotted as a 

function of the scattering angles of the ionised electrons. As discussed 

earlier, the cross section curves are stacked based on their binding 

energies. The cross section of all targets starts high at small angles, 

followed by a drastic fall until the lines reach an angle of 90o. In the 

backscattering above 90o, Ar(3p), Kr(4p), and Xe(5p) experience small 

gradual decrease, while Ne(2p) and Xe(4d) seems to maintain fixed values 

on average. 

3.6.4 Double differential cross sections (DDCS) of ionisation 

 

Figure 3.28 Contour plot of DDCS of ionisation process as a function of 

scattering angle and ejection energy of the ionised electron in the collision 35 

keV protons (𝐻+) with, a) 𝑁𝑒(2𝑝), b) 𝐴𝑟(3𝑝), c) 𝐾𝑟(4𝑝), d) 𝑋𝑒(5𝑝). 

Figure 3.28 illustrates the contour of double differential cross section 

(DDCS) as a function of ionised electron’s energy and scattering angle in 

a   

d c 
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the collision of 35 keV protons (𝐻+
) with the outer shells of Ne, Ar, Kr 

and Xe. For the four targets, the maximum values of DDCS are acquired 

at low electrons’ energies and scattering angles,  approximately, 𝐸𝑒 ≤

20 𝑒𝑉, 𝜃 ≤ 80𝑜), i.e., forward scattering is dominant. The double 

differential cross sections (DDCS) diminish for electrons ejected with 

energies exceeding 100 eV for all angles. In figures 3.29 and 3.30 presents 

the energy distribution of the double differential cross section at specific 

angles. In figure 3.31, the energy distribution of the double differential 

cross section at specific energy ranges is presented. 

Figure 3.29 displays the dependence of the DDCS on the energy of the 

ionised electron categorised based on the target. The DDCSs are 

calculated at protons energies of 35 keV at selected ejection angles, 

namely, 30𝑜, 60𝑜,  90𝑜, 120𝑜 and 150𝑜, with ±15𝑜 range. The general 

trend for all targets, the highest cross sections (DDCS) occur in the 

forward scattering, especially the scattering angle 30o. Additionally, the 

cross section for scattering angles of 120o and 150o are nearly equal. For 

the targets Ar(3p), Kr(4p) and Xe(5p), the cross sections are the lowest at 

these angles spanning over all energy ranges. This is true for the case of 

Ne(2p) only below electron energy of 20 eV, above this energy, the cross 

sections at ejection angles of 60o and 90o become the lowest, moreover, 

these cross sections become equal as well. 

Figure 3.30 displays the dependence of the DDCS on the energy of the 

ionised electron categorised based on the scattering angles. Figure 3.30(a) 

shows the double differential cross section at scattering angle of 30o. The cross 

section (DDCS) of Ne(2p) is the lowest among all targets over the entire energy 

range. The cross sections of Ar(3p) and Kr(4p) are nearly identical with slight 

difference, the cross section of Xe(5p) is not far from with slight overestimation. 

Notably, all cross sections (DDCS) at this scattering angle show fixed values for 
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electron with energy under 10 eV, beyond the energy, the cross sections fall 

sharply.  Figure 3.30(b) shows the double differential cross section at scattering 

angle of 60o. The patterns of cross sections at this angle are relatively similar to 

the cross sections at scattering angle of 30o, however, a slight difference in which 

the cross sections start decreasing from the beginning, but steadily. 

 

Figure 3.29 DDCS of ionisation of the outermost electron of a) Ne(2p), b) 

Ar(3p), c) Kr(4p) and d) Xe(5p) by 35 keV protons (𝐻+). The DDCS is a 

function of electron energy. Scattering angles; red solid line: 30𝑜, green dashed 

line: 60𝑜, black dotted line: 90𝑜, blue dashed-dotted line: 120𝑜, and magenta 

dashed-two-dots line: 150𝑜. 

Figure 3.30(c) shows the double differential cross section at scattering angle 

of 90o. The patterns of cross sections of Ar(3p), Kr(4p) and Xe(5p) at this angle 

are nearly identical to their counterparts at scattering angle of 60o under 40 eV. 

Moreover, the cross section of Ne(2p) is less steep compared to the cross section 

at 60o. Beyond 40 eV, the cross sections of all targets mix up and become 

relatively equal. 
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Figure 3.30 DDCS of ionisation of the outermost electron at scattering angles of 

a) 30𝑜, b) 60𝑜, c) 90𝑜, d) 120𝑜 and e) 150𝑜 by 35 keV protons (𝐻+). The 

DDCS is a function of electron energy. The targets; red solid line: 𝑁𝑒(2𝑝), green 

dashed line: 𝐴𝑟(3𝑝), black dotted line: 𝐾𝑟(4𝑝), and magenta dashed-two-dots 

line: 𝑋𝑒(5𝑝). 

Figures 3.30(d) and 3.30(e) show the double differential cross section at 

scattering angle of 120o and 150o, respectively. For both angles, the cross 

sections (DDCS) are highly similar for the same target. Under 20 eV, the cross 

section of Ne(2p) is nearly fixed. Moreover, under 40 eV, the cross sections of 

Ne(2p) and Ar(3p) are smaller than the cross sections of Kr(4p) and Xe(5p), 
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however, between 40 eV and 100 eV, the cross sections of Ne(2p) and Ar(3p) 

larger now. Over 100 eV, the cross sections for all targets mix up and become 

nearly equal. 

 

Figure 3.31 DDCS of ionisation of the outermost electron at ejection energy of 

a) 0 < 𝐸𝑒 ≤ 12 𝑒𝑉, b) 12< 𝐸𝑒 ≤ 50 𝑒𝑉, c) 50 < 𝐸𝑒 ≤ 100 𝑒𝑉, and d) 100 <
𝐸𝑒 ≤ 1000 𝑒𝑉 by 35 keV protons (𝐻+). The DDCS is a function of scattering 

angle of the electron. The targets; black dotted line: 𝑁𝑒(2𝑝), red solid line: 

𝐴𝑟(3𝑝), green dashed line: 𝐾𝑟(4𝑝), and blue dashed-dotted line: 𝑋𝑒(5𝑝). 

Figure 3.31 displays the dependence of the double differential cross 

section (DDCS) on the scattering angle of the ionised electron. For This 

analysis, DDCSs are calculated at impact energies 35 keV at selected 

electrons energies, namely, 0 < 𝐸𝑒 ≤ 12 𝑒𝑉, 12 < 𝐸𝑒 ≤ 50 𝑒𝑉, 50 <

𝐸𝑒 ≤ 100 𝑒𝑉 and 100 < 𝐸𝑒 ≤ 1000 𝑒𝑉. Figure 3.31(a) present the 

Angular DDCS for electron energies below 12 eV. The cross section 

(DDCS) lines for all targets show similar trend, they start high followed 

by a sharp fall until reaching right scattering angles. Beyond 90o, the cross 

section lines show insignificant decrease. The cross section of Xe(5p) is 
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the highest while Ne(2p) is the lowest. The cross sections of Ar(3p) and 

Kr(4p) are highly identical.  

In Figure 3.31(b), the Angular DDCSs for electron energies in the range 

12 < 𝐸𝑒 ≤ 50 𝑒𝑉 are presented. Like the case 0 < 𝐸𝑒 ≤ 12 𝑒𝑉 in 3.31(a), 

the cross section (DDCS) lines for all targets start high followed by a 

sharp fall until reaching right scattering angles, however, the fall is sharper 

compared to the lower energy. The cross sections of Ar(3p), Kr(4p) and 

Xe(5p) follow the same trend, after the sharp fall, they maintain 

approximately constant values. On the other hand, the cross section of 

Ne(2p) experiences a minimum at right angle scattering, above 90o, the 

cross section experiences a slight increase. 

In Figure 3.31(c), the Angular DDCSs for electron energies in the range 

50 < 𝐸𝑒 ≤ 100 𝑒𝑉 are presented. At this energy range, the cross sections 

(DDCS) are smaller compared to their counterparts at lower electrons 

energies ranges. In the forward scattering, the cross sections of Ar(3p), 

Kr(4p) and Xe(5p) are nearly equal, while the cross section of Ne(2p) is 

lower. The cross section lines of all these targets intersect at an angle 

around 100o, above this angle, the cross sections of Kr(4p) and Xe(5p) are 

approximately equal and experience fluctuations, however, the average 

cross sections seem constant. However, the cross sections of Ne(2p) and 

Ar(3p) becomes equal and experience a slight increase. 

In Figure 3.31(d), the Angular DDCSs for electron energies in the range 

100 < 𝐸𝑒 ≤ 1000 𝑒𝑉 are presented. At this energy range, the cross 

sections (DDCS) are the lowest compared to their counterparts at lower 

electrons energies ranges. The cross sections of all targets experience high 

fluctuations and are now tangled, especially in the back scattering region. 
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In the forward scattering region, the cross sections of Ne(2p) and Xe(5p) 

are the lowest and highest with small margins.   
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Summary 

The inelastic electron processes in ion-atom collisions have great 

significance in many fields of science, such as particle beam therapy and 

fusion plasma physics. Among electron processes, ionisation has a great 

influence in radiation physics, atomic and molecular structure exploration, 

and modelling and diagnosing the magnetically confined fusion plasmas in 

tokamak reactors. The dissertation focuses on the collision of singly 

charged ions with neutral atomic impurities in plasma. The collision 

systems studied in the dissertation are composed of projectiles of proton, 

lithium, and sodium ions and atomic targets of nitrogen and noble gases, 

i.e. He, Ne, Ar, Kr and Xe. Studying the cross sections of these collision 

systems is essential due to their potential applications in the diagnostic of 

magnetically confined fusion plasmas. 

During my PhD studies I used the 3-body Classical Trajectory Monte 

Carlo (CTMC) method, following its historical development from 

collinear molecular reactions to its adaptation for ion-atom collisions. The 

3-body CTMC approach, a non-perturbative computational technique, is 

developed for a comprehensive understanding of collision dynamics. 

Within our CTMC model, the collision system is reduced to a three-body 

problem by employing the single active electron (SAE) approximation. I 

presented a discussion of the Garvey-type distance-dependent model 

potential [73] based on Green et al.'s work [76], the Hamiltonian of the 

collision system, and equations of motion. The initial conditions of the 

projectile and the active electron of the target are determined according to 

the Reinhold and Falcon's methodology [83]. The cross-section 

calculations include total cross-sections of electron capture and ionisation 

channels, as well as the differential cross-sections for ionisation channel. 
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I provided an extensive discussion of nuclear-nuclear interactions, shell 

contributions, and the impact parameter probabilities of ionisation and 

charge exchange channels. For instance, the role of nuclear-nuclear 

interaction (VTP, see Figure 2.1) in 𝐿𝑖+ − 𝐻𝑒 collision is examined, 

providing that the cross section change is hardly visible with and without 

taken into account this interaction. The contribution of inner electron 

shells in 𝐻+ − 𝑋𝑒 collisions is analysed, showing distinct patterns for 

various electron shells. Moreover, it shows insignificance of the 

contribution of most of the shells. Probabilities of ionisation and electron 

capture are investigated, exhibiting Gaussian-like shapes with shifting 

peak positions concerning impact energy. 

I performed CTMC calculations of 𝐿𝑖+ − 𝐻𝑒 and 𝐿𝑖+ − 𝑁 collision 

systems. I calculated the ionization and electron capture total cross 

sections as a function of the impact energy in the range (20 keV-100 

MeV), I also determined the impact parameter dependent probabilities. I 

found excellent agreement with the previous data. 

I performed CTMC calculations of 𝑁𝑎+ − 𝑁 collision systems. I 

calculated the ionisation total cross sections as a function of the projectile 

energy in the range between 10 keV and10 MeV. The calculations showed 

the insignificance contribution of inner shell at low energies, and how they 

become more important as the impact energy increases. Moreover, I 

calculated the ionisation differential cross sections for impact energies of 

30, 40, 50 and 60 keV as a function of the scattering angle and the energy 

of the ionised electron, these energies are in the suitable range for 

diagnosis plasma in tokamak. Furthermore, contour plots of double 

differential cross sections (DDCS) reveal distinct patterns at different 

impact energies and scattering angles, with a noticeable Fermi shuttle-type 
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ionization process. This study focuses on the role of the impact energy on 

the differential cross section for the same system. I found that the majority 

of electrons are ejected at lower angles followed by backscattered 

electrons, moreover, the majority of these electrons acquire kinetic 

energies of 20 eV and below. 

I studied the collision of singly charged sodium (Na+) with atomic noble 

gases i.e., neon, argon, krypton, and xenon. I performed calculations of the 

ionisation and electron capture total cross sections as a function of the 

projectile energy in the energy range between 10 keV and 50 MeV. 

Moreover, I calculated the ionisation differential cross sections for impact 

energy of 60 keV as a function of the scattering angle and the energy of 

the ionised electron. An extensive discussion is provided for these 

collision systems. This study focuses on the role of the type of the target 

on the differential cross section at the same impact energy. I found that 

electrons with energies below 10 eV are dominant in the forward 

scattering. Moreover, for 12 eV electrons, the DDCSs of backscattering 

and scattering at 90° show relatively identical results. I found that the 

 ackscattering DDCS was greater than the scattering DDCS at 90° for 

both Ne(2p) and Ar(3p) at electron energies larger than 12 eV. 

Furthermore, I found that the backscattering DDCS for Kr(4p) and Xe(5p) 

was greater than at scattering of 90° with energies larger than 50 eV.  

I studied the collision of protons with noble gases i.e., neon, argon, 

krypton, and xenon. I performed calculations of the ionisation and electron 

capture total cross sections as a function of the projectile energy in the 

range (0.2 keV-50 MeV). Moreover, I calculated the ionisation differential 

cross sections for impact energy 35 of keV as a function of the scattering 

angle and the energy of the ionised electron. In comparing with 
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experimental and theoretical data, I found excellent agreement regarding 

the total cross section data.    
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Összefoglaló 

Az ion-atom ütközések rugalmatlan elektronfolyamatai nagy 

 elentőséggel  írnak számos területen, például a részecskesugár terápiá an 

és a fúziós plazmafiziká an. Az elektronfolyamatok közül az ionizáció 

nagy hatással van a sugárzásfizikára, az atom-és molekulaszerkezetek 

feltárására, valamint a mágnesesen zárt fúziós plazmák modellezésére és 

diagnosztizálására a tokamak reaktorok an. A disszertáció az egyszeres 

töltésű ionok és a fúziós plazmá an előforduló semleges 

atomszennyeződésekkel való ütközési folyamatok 

hatáskeresztmetszeteinek számításaira összpontosít. A disszertáció an 

vizsgált ütközési rendszerek proton, lítium- és nátriumionok lövedékei ől, 

valamint nitrogén-és nemesgázok atomi célpont ai ól állnak. Ezeknek az 

ütközési rendszereknek a keresztmetszeteinek tanulmányozása 

elengedhetetlen a mágnesesen zárt fúziós plazmák diagnosztiká á an való 

potenciális alkalmazásuk miatt. 

A PhD tanulmányaim során a 3-test klasszikus pályá ú Monte Carlo 

 classical tra ectory Monte Carlo  CTMC   módszert alkalmaztam, 

követve annak történeti fe lődését a kollineáris molekuláris reakcióktól az 

ion-atom ütközésekhez való alkalmazkodásig. A 3 testes CTMC 

megközelítést, egy nem pertur atív számítási technika, mely az 

ütközés en résztvevő részecskék átfogó ütközés dinamikai megértését 

segíti. A CTMC modellen  elül az ütközési rendszert háromtest 

közelítés en használtam, mely en a célatom egyetlen aktív elektron át 

vettük figyelem e  egy aktív elektron  SAE  közelítés . A tö  elektronos 

rendszet a Garvey-típusú távolságfüggő modell potenciál segítségével 

írtam le [73], le ami Green és munkatársainak munká a alp án lett 

kifelejlesztve [76], A PhD disszertáció an  emutatom a ütközési rendszer 
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Hamiltonian át az a  ől levezethető klasszikus mozgásegyenleteket. A 

lövedék és a céltárgy aktív elektron ának kezdeti állapotát Reinhold és 

Falcon által  avasolt el árással határoztam meg [83]. A 

hatáskeresztmetszeti számítások tartalmazzák az elektron- efogási és 

ionizációs csatornák tel es keresztmetszetét, valamint az ionizációs 

csatorna differenciális keresztmetszetét. 

Vizsgáltam a mag-mag kölcsönhatás és az alhé ek hozzá árulását az 

elektronikus folyamat hatáskeresztmetszeteihez. Meghatároztam az 

ionizaciós és elektron efogási csatornák ütközési paramétertől való 

függését. Például megvizsgáltam a mag-mag kölcsönhatás szerepét a 

𝐿𝑖+ − 𝐻𝑒 ütközés en.  Elemeztem a  első elektronhé ak hozzá árulását a 

tel es ütközési hatáskeresztmetszetekhez 𝐻+ − 𝑋𝑒 ütközések en. 

Vizsgáltam az ionizáció és az elektron efogási csatornák ütközési 

paramétertől való függését. Ezek  ó közelítés en Gauss-szerű alakot 

mutatnak, amelyek az ütközési energia függvényé en változó 

csúcspozíciókkal rendelkeznek. 

CTMC közelítés en meghatároztam a 𝐿𝑖+ − 𝐻𝑒 és 𝐿𝑖+ − 𝑁 ütközési 

rendszerek hatáskeresztmetszeteit. 20 keV és 100 MeV közötti ütközési 

energiákra kiszámoltam az ionizációs és elektron- efogási tel es 

hatáskeresztmetszeteket. Meghatároztam az ütközési paraméterfüggő 

valószínűségeket is. Kiváló egyetértést találtam a korá  i adatokkal. 

CTMC közelítés en meghatároztam a 𝑁𝑎+ − 𝑁 ütközési rendszerek 

hatáskeresztmetszeteit. 10 keV és 10 MeV lövedék energiatartomány an 

kiszámoltam az ionizációs csatorna tel es hatáskeresztmetszetét. A 

számítások azt is megmutatták, hogy a  első hé   elentéktelen mérték en 

 árul hozzá a tel es hatáskeresztmetszetekhez alacsonya   lövedék 

energiáknál. Nagyo   lövedék energiák eseté en azon en a  első hé ak 
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 áruléke egyre nagyo  . Kiszámoltam a 30, 40, 50 és 60 keV ütközési 

energiákhoz tartozó ionizációs differenciális keresztmetszeteket a szórási 

szög és az ionizált elektron energiá ának függvényé en. Azért valasztottuk 

ezeket az energiákat, mert ezek azok az energiák, amiket tokamak 

diagnosztikai vizsgálataira használnak. Megmutattuk, hogy a kétszeresen 

differenciális hatáskeresztmetszetek kontúrdiagram ai külön öző ütközési 

energiákon és szórási szögeken eltérő mintákat mutatnak. Észrevehető a 

Fermi típusú gyorsitási mechanizmus  ellegzetes csúcsai is.  

Megállapítottam, hogy a kilépő elektronok tö  sége alacsonya   szög en 

 elenik meg, és ezen elektronok tö  sége 20 eV vagy annál alacsonya   

kinetikus energiával rendelkeznek.  

Tanulmányoztam az egyszeres töltésű nátrium ion  Na+) atomi 

nemesgázokkal, azaz neonnal, argonnal, kriptonnal és xenonnal való 

ütközését. 10 keV és 50 MeV közötti lövedék energiákra elvégeztem az 

ionizációs és elektron- efogási tel es keresztmetszetek számítását. Ezen 

felül 60 keV-os ütközési energiára kiszámítottam az differenciális 

ionizációs hatáskeresztmetszeteket a szórási szög és az ionizált elektron 

energiá ának függvényé en. Megállapítottam, hogy a 10 eV alatti 

energiá ú elektronok dominálnak az előszórás an. Megmutattam, hogy a 

12 eV-es elektronok eseté en a visszaszórás valamint a 90° szórás 

kétszeresen differenciális hatáskeresztmetszetei azonosak.   

Tanulmányoztam a protonok ütközését nemesgázokkal, azaz neonnal, 

argonnal, kriptonnal és xenonnal. Elvégeztem az ionizációs és elektron-

 efogási tel es keresztmetszetek számítását a lövedék energiá ának 

függvényé en a tartomány an 0,2 keV és 50 MeV energiatartomány an. 

Ezen felül kiszámítottam a 35 keV ütközési energia ionizációs 

differenciális keresztmetszetét a szórási szög és az ionizált elektron 
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energiá ának függvényé en. A kísérleti és elméleti adatokkal összevetve 

kiváló egyezést találtam a tel es keresztmetszeti adatok tekinteté en. 
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