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A B S T R A C T   

This study seeks to investigate the heat transfer analysis of hybrid nanofluids containing fractionalized water and 
kerosene oil, which flow through a vertical channel via convection. To represent the problem in terms of frac
tional partial differential equations, we utilized the Prabhakar time-fractional derivative, a recent advancement 
in the concept of fractional derivatives. The governing equations were then solved using physical initial and 
boundary conditions that include momentum, concentration, and energy equations. Stehfest and Tzou’s Laplace 
inversion techniques are used to provide semi-analytical solutions for governed equations, such as temperature, 
concentration, and momentum profiles, and we applied the fractional Laplace transformation to find solutions in 
the transform domain. Furthermore, the resultant solutions in tabular form are also derived using Tzou and 
Stehfest’s numerical methods for Laplace inversion to ensure the accuracy of our findings. According to our 
research, an increase in volumetric fraction causes a reduction in fluid velocity. Due to the physical properties of 
the investigated nanoparticles, the water-based hybrid nanofluid has a bigger effect on the temperature and 
momentum profile than the kerosene oil-based hybrid nanofluid.   

1. Introduction 

There are numerous industrial uses for channel flow, with heat 
transfers in nuclear power plants also biochemical reactors in 
enhancement sector. However, different applied curiosity phenomena 
could be viewed through two-sided flows through Newtonian actions in 
twain operations. The continuous fluid phase shows non-Newtonian 
flow structures in numerous related contributions. Several instances 
exist in the biological, biomedical, and food-preserving areas [1]. Zheng 
et al. [2] studied the influence of the vortex-producer system in different 
fluids also the thermal conversion of HNFs in a channel. D’D’D’Ippolito 
et al. [3] considered the confrontation in the flow in an open channel 
due to vegetation in their study. Firstly, Choi [4] used the term Nano
fluids are supposed to be identical in substantial investigations due to 
their heat transmission expansion application. According to a few recent 
studies, NFs have better thermal transmission capabilities than 

traditional fluids. Therefore, using NFs to convert common fluids is 
feasible. Many investigators are drawn to the examination of NFs 
because of their highly developed heat skill. They participate actively in 
industries like nuclear reactors, biomedicine, electronics, food, and 
transportation. Nanoparticles (NPs) are small in size, and by being 
added to base fluids, they improve the conductivity of such fluids. The 
structure of NPs contains nitride, carbon tubes, metal oxide, carbide, and 
metals [5]. The characterizations of a micropolar heat flux model based 
on magnesium oxide are discussed in [6]. The influence of NPs com
bined ratio, and the thermal and diffusion profile on the heat conduc
tivity of HNFs, was recognized by Wole-Osho et al. [7]. The laminar NPs 
with thermal transfer, invoking convection strength in the existence of 
noncircular channels, were explored by Haque et al. [8]. Khashi’ie et al. 
[9] considered HNFs in view of melting thermal transmission. They 
considered a rotating surface. Goldanlou et al. [10] presented a thermal 
transfer pipe arranged by turbulators to transfer HNFs through a vertical 
wall. The improvement of the novel relations and the thermal transfer of 
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the stormy NPs was discussed in [11]. Raza et al. [12] utilized the 
Prabhakar fractional approach to investigate the thermal intensivity of 
CMC base hybrid nanofluid with different type of nanoparticles. Ahmad 
et al. [13] have also used the fractional approach for the solution of the 
bioconvective thermal transport type nofluid with viscous dissipation. In 
[14] authors utilized the prabhakar fractional approach with slip con
ditions a hybrid type nanofluid flowing through a pored channel. The 
horizontal cylinder with different forms NPs, resulting in convection 

thermal transmission exhibition of HNFs, was discussed in [15]. The 
plate in the energy transfer hydrothermal demonstration of HNFs was 
discussed in [16]. Izadi et al. [17] deliberated the 3-D hole and the 
characteristics of porous solids on the usual transitory convection of the 
thermal transmission of NFs. 

Regarding the HNF, a mixture of two different nano-sized atoms in 
base fluids that affect convective thermal transfer, one can follow prior 
studies by many researchers. Waini et al. [18] investigated the specific 
form of fully developed flowing in an absorbent medium using HNFs. 
Pandya et al. [19] inspected the computational flow model established 
to utilize the thermal presentation of an axial lined thermal duct used on 
MWCNT+CeO2/H2O HNFs. Using only a permeable normal, Babazadeh 
et al. [20] examined the HNF of normal convection transportation in the 
case of a superficially applied magnetic influence. They represented it 
with control loudness using a static element technique. The research of 
HNF n on system presentation was considered in Asadi et al. [21]. Ikram 
et al. [22] used a new fractional systematic model that extracts NFs to 
investigate clay NPs in various fluids. The study by Huminic et al. [23] 
looked at possible thermal constructions that may be envisaged at 
various boundary conditions and physical scenarios. However, it was 
limited to an examination of the NF and HNF entropy generation. In 
their investigation, Nadeem et al. [24] examined the base fluid culmi
nation with a stretching surface. The examination estimates the effect of 
the conditions of the HNFs. Further the recent work on different frac
tional schemes can be seen in [25–28]. 

Fractional calculus (FC), recently gaining popularity in various ac
ademic domains, can define the memory impact of various physical 
procedures. Numerous scientific disciplines, including viscoelasticity, 
electrochemistry, mechanics, biophysics, engineering, electrical 
rheology, mechatronics, and biology, now make excellent use of FC 
[29]. Numerous mathematical operations, such as various fractional 
derivatives, are examples. These include Hadamard, Marchand, Liou
ville, Riemann-Liouville, Grünwald-Letnikov, Caputo Fabrizio, Riesz, 

Nomenclature 

Symbol quantity, Unit 
Td ambient temperature, (K)
θ angle of magnetic inclination, ( − )

μnf dynamic viscosity, (Kg/ms)
W fluid velocity, (m/s)
g gravity acceleration, 

(
m/s2)

Gr heat Grashof number, ( − )

M magnetic field, ( − )

Bo magnetic field strength, 
(
Kg/s2)

Gm mass Grashof number, ( − )

ρnf nanofluid density, 
(
Kg/m3)

Preff Prandtl number, ( − )

α,β, γ Prabhakar Fractional parameters, ( − )

Sc Schmidt number, ( − )

Cp specific heat at constant pressure, (J/kgK)
knf thermal conductivity of the nanofluid, (W/mk)
βT thermal expansion coefficient, (1/k)
t times, (s)
Tw wall temperature, (K)

Fig. 1. Flow geometry.  
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Leibnitz, Atangana-Baleanu, Caputo, Prabhakar operator, etc. Essential 
derivatives are generalizations of ordinary derivatives. According to 
Caputo, the Fourier Law has only recently been used to analyze issues 
with energy transfer. The Caputo fractional operator is applied to orig
inate the fractional model for the heat equation [30–32]. Hristov [33] 
used the integral-balance approach to derive closed-form computational 
form solutions to the diffusion model issue via the Kirchhoff trans
formation. The essential features of the Prabhakar functions [34] also 
the Mittag-Leffler with three-parameter functions supplied through 
Gara-Garrappa [35]. The relevancy of Prabhakar’s functions in 
analyzing the parting dielectric properties for chaotic materials and 
mixed schemes that demonstrate non-locality and non-linearity at the 
equivalent time is clearly identified. Giusti also Colombaro [36] pro
posed a linearly viscoelastic version of the model due to the Prabhakar 
fractional derivatives. 

In this research, water and kerosene oil-based hybrid nanofluids are 
used to study free convection flows of Prabhakar’s type fractionalized 
heat transfer in a vertical channel. The generalized thermal transfer non- 
integer governed equations serve as the foundation for this mathemat
ical model. In order to fully understand the memory impact, we created 
a time-fractional Prabhakar operator-based fractional model. The 
dimensionless thermal, concentration, and temperature problems are 
resolved by the Laplace method. Tabular analysis is used to assess the 
reliability of the solutions that are produced. Tzou and Stehfest’s nu
merical techniques are used in the Laplace inversion. On a visual plot, 
the impacts of various restrictions on various nanoparticles are 
evaluated. 

2. Problem description 

Consider a compact, unsteady, free convective hybrid nanofluid that 
passes through the trail of two parallel plates possessing mass diffusion 
and temperature incline traits. The considered hybrid nanofluid is mixed 
with copper (Cu)and aluminum oxide (Al2O3) nanoparticles with 
water (H2O) and kerosene oil as base fluid. The two plates are fixed 
in xy-plane with a distance d parallel to the x-axis also vertical to the y- 
axis, as shown in Fig. 1. Initially, the whole system with fluid and its 
corresponding constraints is in equilibrium. For time t > 0+, one plate 
starts to move under the applied time-dependent shear stress. The 
nanofluid begins to move between the poured plates as a result of os
cillations and the surrounding temperature. A constant magnetic field 
through an inclination angleϑis functional to the flowing fluid. The 
following assumptions are made for this flow model.  

• The parallel plates is infinite in length through distance d.  

• The decanted plates are perpendicular to the y-axis also concerned 
with in the x-direction.  

• At t ≤ 0, together temperature also concentration have continuous 
values as Toalsoϕo correspondingly.  

• A mixed hybrid nanofluid with dissimilar nanoparticles flow in the x 
direction.  

• The continuous magnetic field of power Bo is applied to flowing 
fluid.  

• With the help of the Boussinseq’s approximation [37] and Roseland 
approximations [38], the governed partial differential equations 
could be expressed by the way of [39] 

ρhbnf
∂W(y,t)

∂t
= μhbnf

(

1+ λ2
∂
∂t

)
∂2W(y,t)

∂y2 −
(

σnf B2
osin(θ)+

μhbnf

K

)
W(y,t)

+ g(ρβT)hbnf

(
T(y,t) − To

)
+ g(ρβC)hbnf

(
ϕ(y,t) − ϕo

) (1)  

(
ρCp
)

hbnf

∂T(y,t)

∂t
= −

∂q(y,t)

∂y
, q(y,t) = − knf

∂T(y,t)

∂y
(2)  

∂ϕ(y,t)

∂t
= −

∂J(y,t)
∂y

, J(y,t) = − D
∂ϕ(y,t)

∂y
(3)  

where a list of all the conditions and variables may be found in the 
nomenclature section. The following are the constant conditions for the 
governed equations. 

W(y,0) = 0, T(y,0) = To,ϕ(y,0) = ϕo; ∀y ≥ 0 (4)  

W(0,t) = 0, T(0,t) = To,ϕ(0,t) = ϕo; y = 0 (5)  

W(d,t) = UoH(t)f (t),
∂T(y,t)

∂y

⃒
⃒
⃒
⃒

y=d
= −

h
k
T(d,t),ϕ(d,t)→ϕw; t > 0 (6) 

Now the subsequent dimensionless factors have been incorporated, 
the linked conducted factors may not be dimensionalized in order to 
examine the impact of all inducing parameters 

W∗ =
W
Uo

, t∗ =
Uot
d
, y∗ =

y
d
,T∗ =

T(y,t) − To

Tw − To
, δ∗ = δo  

ϕ∗ =
ϕ(y,t) − ϕo

ϕw − ϕo
, Sc =

dUo

D
,Ra =

ρdUo

μ ,M =
σ∗dB2

o

ρUo
,Gr =

gβT d(Tw − To)

U2
o  

Keff =
ν

K∗U2
o
, λ =

λ2Uo

d
,Pe =

(
ρCp
)

f dUo

kf
Gm =

gβCd(ϕw − ϕo)d
U2

o 

Table 1 
Exemplary for thermophysical characteristics of regular and hybrid nanofluid quantities.  

Thermal constraints Regular Nanofluid Hybrid Nanofluid 

Density ρf =
ρnf

(1 − φ) + φ
ρs
ρs 

ρf =
ρhnf

(

(1 − φ2)

(

(1 − φ1) + φ1
ρs1
ρf

)

+ φ2ρs2

)

Dynamic Viscosity μf = μnf (1 − φ)2.5 μf = μhnf (1 − φ1)
2.5

(1 − φ2)
2.5 

Electrical conductivity σf =
σnf

⎛

⎜
⎜
⎜
⎝

1 +

3
(

σs

σf
− 1
)

φ
(

σs

σf
+ 2
)

−

(
σs

σf
− 1
)

φ

⎞

⎟
⎟
⎟
⎠

σbf =
σhnf

(

1 +
3φ
(
φ1σ1 + φ2σ2 − σbf (φ1 + φ2)

)

(
φ1σ1 + φ2σ2 + 2φσbf − φσbf

(
φ1σ1 + φ2σ2 − σbf (φ1 + φ2)

) )

)

Thermal conductivity knf

kf
=

(
ks + (n − 1)kf − (n − 1)

(
kf − ks

)
φ

ks + (n − 1)kf +
(
kf − ks

)
φ

)
khnf

kbf
=

(
ks2 + (n − 1)kbf − (n − 1)

(
kbf − ks2

)
φ2

ks2 + (n − 1)kbf +
(
kbf − ks2

)
φ2

)

Heat capacitance (
ρCp
)

f =

(
ρCp
)

nf

(1 − φ) + φ
(
ρCp
)

s(
ρCp
)

f 

(1 − φ2)

(

(1 − φ1)+φ1

(
ρCp
)

s1(
ρCp
)

f

)

+ φ2
(
ρCp
)

s2 =

(
ρCp
)

hnf
(
ρCp
)

s 

Thermal Expansion Coefficient 
(ρβ)f =

(ρβ)nf

(1 − φ) + φ
(ρβ)s
(ρβ)f  

(ρβ)f =
(ρβ)hnf

(1 − φ2)

(

(1 − φ1) + φ1
(ρβ)s1
(ρβ)f1

)

+ φ2(ρβ)s2   
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It can be obtained by modifying the aforementioned dimensionless 
variables in the regulated equations and conditions (1)–(6) while 
ignoring the "* " symbols. We get as follows 

∂W(y,t)

∂t
= a7

∂2W(y,t)

∂y2 + a7λ
∂3W(y,t)

∂t∂y2

−
(
a8Msin(θ)+ a5Keff

)
W(y,t) + a9 Gr T(y,t) + a10 Gm (7)  

bo
∂T(y,t)

∂t
= −

∂δ(y,t)
∂y

, δ(y,t) = −
∂T(y,t)

∂y
(8)  

b1
∂ϕ(y,t)

∂t
= −

∂J(y,t)
∂y

, J(y,t) = −
∂ϕ(y,t)

∂y
(9) 

Through undeviating dimensionless conditions 

W(y,0) = 0,T(y,0) = 0,ϕ(y,0) = 0;∀y ≥ 0 (10)  

W(0,t) = 0, T(0,t) = 0,ϕ(0,t) = 0; t > 0 (11)  

W(1,t) = H(t)f (t),
∂T(y,t)

∂y

⃒
⃒
⃒
⃒

y=d
= −

(
1+T(1,t)

)
,C(1,t) = 1; t > 0 (12)  

where M,Gr, Pr, Pe,K,Gm, Sc respectively, stand in for the magnetic 
parameter, heat Grashof number, Prandtl number, Peclet number, 
porosity parameter, mass Grashof number, and Schmidt number. Ta
bles 1 and 2 provide a list of the base material, the proposed nanofluid 
model, and the thermal properties of solid nanoparticles. 

a1 = (1 − φ)+
φρs

ρf
, a2 = 1+

3
(

σs
σf
− 1
)

φ
(

σs
σf
+ 2
)

−

(
σs
σf
− 1
)

φ
, a3 = (1 − φ)+

φ(ρβT)s

(ρβT)f  

a4 = (1 − φ)+
φ(ρβC)s

(ρβC)f
, a5 =

1
(1 − φ)2.5, a6 =

a5

a1Ra
, a7 =

a6

1 + λ1  

a8 =
a2

a1
, a9 =

a3

a1
, a10 =

a4

a1
, a11 = (1 − φ)+

φ
(
ρCp
)

s(
ρCp
)

f

,

λf =
knf

kf
, bo =

Pea11

λf
, b1 =

Sc
(1 − φ)

3. Basic preliminaries 

suppose a continuous function h(t), then the Prabhakar fractional 
derivative C

D
γ
α,β,α can be defined as 

C
D

γ
α,β,αh(t) = E− γ

α,m− β,αhm(t) =
∫ t

0
(t − τ)m− β− 1E− γ

α,m− β(α(t − τ)α
)hm(τ)d(τ)

Where 

Eγ
α,β,αh(t) =

∫ t

0
(t − τ)β− 1Eγ

α,β(α(t − τ)α
)h(τ)d(τ)

Is the Prabhakar integral [40] with its Laplace 

L

{
C

D
γ
α,β,αh(t)

}
= sβ− m(1 − αs− α)

γ
L {hm(t) } (13) 

As the Prabhakar fractional derivative is based on the comprehensive 
Fourier also Fick thermal conductivity equations 

δ(y,t) = −
C

D
γ
α,β,α

∂T(y,t)

∂y
(14)  

J(y,t) = −
C

D
γ
α,β,α

∂ϕ(y,t)

∂y
(15)  

where CD
γ
α,β,α is identified as Prabhakar fractional operator. 

4. Solution of governed equations 

This framework will be used to carry out the Prabhakar-fractional 
description-based fractional demonstrating of lead equations and the 
corresponding fractional model’s solution under their respective con
verted physical conditions. 

4.1. Expressions of concentration profile 

Numerous methods have been used to solve fractional systems. But in 
this study, we choose to use the Laplace transformation (L.T.) integral 
transform strategy by applying L.T. to fractional Eqs. (09) and (15) for 
the concentration solution profile 

ao s ϕ(y,s) = −
∂J(y,s)

∂y
(16)  

J(y,s) = − sβ(1 − αs− α)
γ∂ϕ(y,s)

∂y
(17)  

ϕ(0,s) = 0,ϕ(1,s) =
1
s 

Inserting Eq. (13) into Eq. (12), we get 

Table 2 
The thermal properties of common fluids also nanoparticles.  

Material H2O Kerosene Oil Al2O3 Cu 

ρ
(
kg/m3) 997.1 783 3970 8933 

Cp(J/kg K) 4179 2090 765 385 
k(W/m K) 0.613 0.145 40 401 
βT × 10− 5 ( K− 1) 21 99 1.67 1.67 

βC × 10− 5 ( K− 1) 298.2 117 4.05 3.05 
Pr 6.2 23 - -  

Table 3 
Numerical analysis of governed profiles at different time.  

y T(y,t)

at t =

0.5 

T(y,t)

at t =

1.0 

C(y,t)

at t =

0.5 

C(y,t)

at t =

1.0 

V(y,t)

at t =

0.5 

V(y,t)

at t =

1.0 

0.1  0.0561  0.0625  0.0561  0.0625  0.2508  0.2720 
0.2  0.1146  0.1217  0.1146  0.1271  0.4977  0.5401 
0.3  0.1779  0.1959  0.1779  0.1959  0.7355  0.7993 
0.4  0.2485  0.2711  0.2485  0.2711  0.9566  1.0425 
0.5  0.3294  0.3551  0.3294  0.3551  1.1490  1.2583 
0.6  0.4237  0.4506  0.4237  0.4506  1.2935  1.4293 
0.7  0.5348  0.5603  0.5348  0.5603  1.3603  1.5281 
0.8  0.6664  0.6872  0.6664  0.6872  1.3023  1.5125 
0.9  0.8214  0.8372  0.8214  0.8335  1.0464  1.3174  

Table 4 
The Sherwood number, the Nusselt number, and the skin friction all underwent 
numerical investigation.  

α Nu att =

0.5 
Nu att =

1.0 
Sh att =

0.5 
Sh att =

1.0 
Cf att =

0.5 
Cf att =

1.0 

0.1  1.2393  1.4339  0.6905  0.7213  1.1905  1.3230 
0.2  1.2044  1.3962  0.6843  0.7151  1.1793  1.3100 
0.3  1.1703  1.3501  0.6778  0.7070  1.1680  1.2944 
0.4  1.1399  1.2982  0.6717  0.6976  1.1577  1.2768 
0.5  1.1152  1.2441  0.6664  0.6872  1.1490  1.2583 
0.6  1.0739  1.1919  0.6623  0.6769  1.1424  1.2404 
0.7  1.0860  1.1451  0.6594  0.6673  1.1380  1.2237 
0.8  1.0806  1.1057  0.6579  0.6591  1.1357  1.2098 
0.9  1.0802  1.0747  0.6573  0.6524  1.1351  1.1988  
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ϕ(y,s) =
1
s

Sinh

(

y
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a1 s1− β

(1− αs− α)γ

√
)

Sinh

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a1 s1− β

(1− αs− α)γ

√
) (18) 

Stehfest and Tzou’s techniques are used in Tables 3–4 to quantita
tively evaluate the Laplace inverse of the aforementioned solution. 

4.2. Expressions of temperature field 

The Laplace technique explains the thermal field for the second- 
order partial differential equations (08) also (14) and their corre
sponding values. 

aos T(y,s) = −
∂δ(y,s)

∂y
(19)  

δ(y,s) = − sβ(1 − αs− α)
γ∂T (y,s)

∂y
(20)  

with 

T (0,s) = 0,
∂T (y,s)

∂y

⃒
⃒
⃒
⃒

y=d
= −

(
1
s
+ T (1,s)

)

We get 

T (y,s) =
1

s

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ao s1− β

(1− αs− α)γ

√
+ 1

)

Sinh

(

y
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ao s1− β

(1− αs− α)γ

√
)

Sinh

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ao s1− β

(1− αs− α)γ

√
) (21) 

In Tables 3 and 4, the Laplace inverse of the equation stated above 
would be statistically investigated. 

4.3. Expressions of the velocity field 

In the present part, the solution of the flow equation would be 
derived using the LTE on the second-order PDE Eq. (8). A non- 
homogeneous differential equation and Eq. (07) are present. 

a7(1+ λ s)
∂2W(y,s)

∂y2 −

(
a8

a7
MSin(θ) +

a5

a7
Keff +

s
a7

)

W(y,s)

= − a8 GrT (y,s) − a9 Gm φ(y,s) (22)  

with conditions 

W(0,s) = 0;W(d,s) = F(s)

We arrive at the following solution to Eq. (24) by using the matching 
criteria 

W(y,s) =

Sinhy

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
1+λs

(

N1 + N2Keff +
s

a7

)√

Sinh

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

b1
1+λs

(

N1 + N2Keff +
s

a7

)√ F(s)

+
N3 Gr

s

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ao s1− β

(1− αs− α)γ

√
+ 1

)
1

ao s1− β

(1− αs− α)γ − 1
1+λs

(

N1 + N2Keff +
s

a7

)

⎛

⎜
⎜
⎜
⎜
⎜
⎝

Sinhy

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
1+λs

(

N1 + N2Keff +
s

a7

)√

Sinh

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

b1
1+λs

(

N1 + N2Keff +
s

a7

)√ −
Sinhy

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ao s1− β

(1− αs− α)γ

√

Sinh
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ao s1− β

(1− αs− α)γ

√

⎞

⎟
⎟
⎟
⎟
⎟
⎠

+
N4 Gm

s
1

a1 s1− β

(1− αs− α)γ − 1
1+λs

(

N1 + N2Keff +
s

a7

)

⎛

⎜
⎜
⎜
⎜
⎜
⎝

Sinhy

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
1+λs

(

N1 + N2Keff +
s

a7

)√

Sinh

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

b1
1+λs

(

N1 + N2Keff +
s

a7

)√ −
Sinhy

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a1 s1− β

(1− αs− α)γ

√

Sinh
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a1 s1− β

(1− αs− α)γ

√

⎞

⎟
⎟
⎟
⎟
⎟
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(23)  

N1 =
a8

a7
MSin(θ),N2 =

a5

a7
,N3 =

a9

a7
,N4 =

a10

a7 

It is challenging to analyze the Laplace inverse of obtained solutions. 
We likewise utilized numerical methods for the Laplace inverse, namely 
Stehfest also Tzou’s numerical structures, as different writers have used 
various numerical techniques. These algorithms’ mathematical forms 
[41–43] can be characterized as 

W(y, t) =
ln(2)

t
∑N

n=1
vnW

(

y, n
ln(2)

t

)

vn = ( − 1)n+N
2
∑

min

(

q,N2

)

m=

[
q+1

2

]

mN
2(2m)!

(
N
2 − m

)

!m!(m − 1)!(q − m)!(2m − q)!

and 

Fig. 2. C(y,t) with variation in fractional parameters and Sc.  
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W(y, t) =
e4.7

t

[
1
2
W
(

m,
4.7
t

)

+Re

{
∑N

j=1
( − 1)kW

(

m,
4.7 + kπi

t

)}]

5. Discussion of results 

An investigation is conducted into the numerical interpretation of 
heat transfer analyses resulting from convection in HNFs made of 
kerosene oil- and fractionalized water-based materials traveling via a 

vertical channel. To better comprehend the physical issue, it has been 
completed. Graphs 2 through 10 illustrate how certain physical pa
rameters, such as the Prabhakar fractional parameters (α, β, γ), Schmidt 
number Sc, Peclet number Pe, effective porosity parameter Keff , volume 
fraction φ, magnetic parameter M, thermal Grashof number Gr, and 
mass Grashof number Gm, effect on momentum, temperature, and 
concentration field. Tables 1 & 2 are utilized to summarise the usual 
thermos-physical properties of base fluids also nanoparticles. 

In order to compare different HNFs, including water-Copper- 

Fig. 3. T(y,t) with variation in fractional parameters and Pe.  

Fig. 4. W(y,t) with variation inα, β, γandφwithα, β, γ = 0.6,Pe = 2.5, Sc = 3.5,M = 1.75,Gr = 1.5,Gm = 2.3, h = 0.5,φ = 0.02,K = 1.3, t = 0.8.  

Fig. 5. W(y,t) with variation in Keff and t withα, β, γ = 0.6,Pe = 2.5, Sc = 3.5,M = 1.75,Gr = 1.5,Gm = 2.3, hα, β,φ = 0.02,K = 1.3, t = 0.8.  
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Aluminum Oxide (H2O − Cu − Al2O3) and kerosene oil-Copper- 
Aluminum Oxide (K.O − Cu − Al2O3), we designed Fig. 2a and b for 
various values of fractional parameters (, and) and Schmidt number Sc 
on the concentration profile. It is apparent from these figures that the 
concentration profile is reduced by considering larger values of frac
tional parameters and Schmidt number, respectively. The fractional 
parameters may help control the concentration boundary layer. The 
effect of Sc is due to the decreasing in the boundary layer of concen
tration that occurred as we boost the Schmidt number. Besides, the 
development in concentration rate due to (H2O − Cu − Al2O3) is more 
progressive than (KO − Cu − Al2O3), because of the physical charac
teristics of specific nanoparticles. The impacts of fractional parameters 
and Peclet number Pe on the temperature profile, along with the com
parison of different HNFs that are (H2O − Cu − Al2O3) and (KO −

Cu − Al2O3) are displayed in Fig. 3a and b. It is clear from these figures 
that larger values of fractional parameters also Peclet number, respec
tively, decline the thermal profile. The fractional parameters may also 
help control the thermal boundary layer. Further, the development in 
the thermal profile is due to (H2O − Cu − Al2O3) is more progressive 
in this case than (KO − Cu − Al2O3), because of the physical charac
teristics of specific nanoparticles. We designed Fig. 4a and b for different 
values of fractional parameters (α, β, and γ) and volume fraction φ on the 
momentum profile, along with the evaluation of dissimilar HNFs that are 
(H2O − Cu − Al2O3) and (KO − Cu − Al2O3). It is evident from 
Fig. 4a that the momentum profile declined through larger values of 
fractional parameters. The fractional parameters may help control the 
momentum boundary layer. The result of φ is declining on the 

momentum profile with increasing values of φ. Physically, for great 
values, viscous forces dominate, and velocity declines. Besides, the 
development in velocity rate due to (H2O − Cu − Al2O3) is more 
progressive than (KO − Cu − Al2O3), because of the physical charac
teristics of specific nanoparticles. 

The impacts of effective porosity parameter Keff and time values t on 
the velocity profile, along with the comparison of different HNFs that are 
(H2O − Cu − Al2O3) and (KO − Cu − Al2O3) are displayed in Fig. 5a 
and b. It is clear from these figures that the velocity profile is declined by 
larger values of fractional parameters and time values, respectively. 
Further, the development in velocity profile is due to (H2O − Cu −

Al2O3) is more enlarged than (KO − Cu − Al2O3), due to the physical 
characteristics of specific nanoparticles. Furthermore, by growing the 
value of Keff , the holes are suggestively adequate, and thus the porosity 
resistance declined. Consequently, the velocity rises as the presence of 
the porous surface advance the resistance to the fluid. 

Fig. 6a shows that velocity increases as we raise the values of Gr.
Physically, when Gr is enlarged, the effect of buoyant forces becomes 
more vigorous, which marks more convection. So, the velocity rises. 
Fig. 6b shows that a parallel trend is perceived for Gm. As Gm is the ratio 
of viscous forces to buoyant forces due to concentration difference, 
increasing the value of Gm raises fluid velocity and thickness of the 
boundary layer in both situations. Fig. 6a and b show that the devel
opment in velocity profile is due to (H2O − Cu − Al2O3) is more 
progressive than (KO − Cu − Al2O3), due to the physical characteristics 
of specific nanoparticles. 

We intended Fig. 7a and b to compare two HNFs, namely (H2O −

Fig. 6. W(y,t) with variation in Gr and Gm withα, β, γ = 0.6,Pe = 2.5, Sc = 3.5,M = 1.75,Gr = 1.5,Gm = 2.3, hα, β,φ = 0.02,K = 1.3, t = 0.8.  

Fig. 7. W(y,t) with variation in Sc and Pe withα, β, γ = 0.6,Pe = 2.5, Sc = 3.5,M = 1.75,Gr = 1.5,Gm = 2.3, hα, β,φ = 0.02,K = 1.3, t = 0.8.  
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Cu − Al2O3) and (K.O − Cu − Al2O3), as well as different values of 
Schmidt number Sc and Peclet number Pe on the velocity profile. These 
numbers make it clear that taking bigger values of Sc and Pe into ac
count reduces velocity. The effect of Sc is a result of the boundary layer 
of concentration becoming less concentrated as the Schmidt number 

increased. Additionally, due to the physical properties of some nano
particles, the development in velocity rate caused by (H2O − Cu −

Al2O3) is more progressive than (K.O − Cu − Al2O3). 
Multiple HNFs are compared in Fig. 8a, which demonstrates how the 

velocity falls off as M rises. Physically, it might retaliate against the drag 

Fig. 8. W(y,t) with variation in M and comparison of different considered fluids.  

Fig. 9. Comparison of numerical schemes of governed equations.  
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force, which modifies the fluid motion’s velocity. Velocity falls as a 
result. Fig. 8b shows that the effects of both HNFs are amplified more in 
a brief period of time (t = 0.5) than over a longer period of time (t 
= 1.0). Fig. 9a, b, and c compare the Stehfest and Tzou numerical sys
tems for all profiles. The validity of the present investigation is based on 
the relevance of many profile curves overlapping. In light of the con
centration, temperature, and momentum findings from Sheikh et al. 

[44], Fig. 10a, b, and c were made to evaluate the validity of our find
ings. By superimposing the two curves, these graphs enable us to 
conclude that the results we have gotten are consistent with those sug
gested by Sheikh et al. [44]. The Nusselt number, Sherwood number, 
and skin friction are used in Tables 3–5 to compare leading equations 
using different numerical techniques. 

6. Conclusions 

With water and kerosene oil as the base fluid, the free convective 
flow of unstable also compact flow mixed with (Cu,Al2O3) nanofluid 
is investigated by passing through two parallel poured plates. Using the 
Laplace transformation, a fractional model is created using the utmost 
current definition of a fractional derivative, the Prabhakar fractional 
derivative. Graphical analysis shows the effects of various limitations on 
the temperature, concentration, and momentum profile values obtained. 
The following are some definitive conclusions from this investigation in 
bullet form:  

• This technique might be widened to include more changed physical 
sciences classes with intricate geometries.  

• The upgrading value of Pr slow down both momentum also thermal 
profiles. 

Fig. 10. Comparison of velocity, concentration, and temperature field with Sheikh et al. [44].  

Table 5 
Numerical analysis of Numerical algorithms at different time.  

y T(y,t) by 
Stehfest 
at t =
0.5 

T(y,t) by 
Tzou’s 
at t =

1.0 

C(y,t) by 
Stehfest 
at t =

0.5 

C(y,t) by 
Tzou’s 
at t =

1.0 

V(y,t) by 
Stehfest 
at t =

0.5 

V(y,t) by 
Tzou’s 
at t =

1.0 

0.1  0.0608  0.0610  0.0608  0.0609  0.5626  0.2659 
0.2  0.1237  0.1241  0.1237  0.1239  0.5272  0.5280 
0.3  0.1910  0.1916  0.1910  0.1913  0.7798  0.7809 
0.4  0.2650  0.2658  0.2650  0.2654 

0.3468  
1.0160  1.0175 

0.5  0.3482  0.3491  0.3482  0.3486  1.2241  1.2261 
0.6  0.4434  0.4443  0.4434  0.4439  1.3861  1.3886 
0.7  0.5536  0.5544  0.5536  0.5540  1.4738  1.4769 
0.8  0.6818  0.6825  0.6818  0.6821  1.4430  1.4468 
0.9  0.8304  0.8308  0.8304  0.8306  1.2250  1.2309  
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• The concentration field grows by decreasing the value of fractional 
restraints.  

• The momentum profile is upgraded by the parameters Gr,Gm 
whereas declarations are because of M and Sc.  

• By adjusting the fractional parameter, one can manipulate the 
thickness of the momentum and thermal boundary layers.  

• The solutions found through the study can help with the precise 
interpretation of empirical data and enable the testing of various 
solution approximations as required. 

• The findings of this investigation are supported by both the numer
ical scheme’s results and the data presented in Sheikh et al.’s 
research [44]. The interchange of the curves further confirms the 
conclusions. 

The recommendations that follow are meant to suggest a future 
extension of the problem that this study looks at and are based on 
techniques, expansions, geometries, and analyses. To evaluate the cur
rent situation, a horizontal plate with a fixed length and linear velocity 
might be utilized. It is also possible to analyses the same problem using a 
Keller Box technique. 
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