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1 Introduction

Most of my research activity in the past years was focused on certain financial
problems which are related with discrete time financial markets. In my PhD
thesis I showed the main results I obtained on these fields. The present work is
an outline of the thesis at issue. The basic research problems were the following:
construction of arbitrage free Heath-Jarrow-Morton type random field interest rate
models in discrete time case, that is, models where the forward rate curves are
driven by a random field; estimation of the parameters of random field forward
rate models and the properties of the estimators; limit behaviour of some discrete
time markets, in particular, the case of multinomial tree models and the case of
random field forward rate models; comparison of the proportions of financial assets
in optimal portfolios, the case of dependent assets, and the relationship between
the demand of the assets and stochastic dominance of the assets. For further
results of the author on other topics see the list of publications (page 25).

The results summarised in the thesis are based on [7], [8], [9], [10], [11], [12].
Except for [7], these papers of mine are joint works with my co-authors, Prof. G.
Pap (University of Debrecen, Hungary) and Prof M. van Zuijlen (Radboud Uni-
versity, The Netherlands).

It is of course not possible to present all results of the thesis, especially not in
a detailed way, in such an short outline. Hence, I summarise the results of the
research topics in a short way and I only give a few main results in a more precise
mathematical form as an example in case of each main topic. In this work, R,
Z, N and Z+ will denote the sets of real numbers, integers, positive integers and
nonnegative integers, respectively.

2 Discrete time forward rate models

First we deal with problems related with forward interest rate models (and their
construction), which was a main field of our research interest in the past years. We
proposed (see [11]), discrete time Heath-Jarrow-Morton type forward rate curve
models where the forward rates corresponding to different time to maturity values
are driven by a random field.

The main notions and assets of such a model can be summarised as follows.
Let fk,` denote the forward interest rate at time k with time to maturity date
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` (k, ` ∈ Z+). Thus, this forward interest rate is supposed to hold for the time
period [k+`, k+`+1). Based on this we can define the bond price structure of the
market in the following way (using continuous compounding convention). At time
k the price of a zero coupon bond having maturity date ` is defined recursively by

Pk,` = exp



−

`−k−1∑

j=0

fk,j



 , 0 ≤ k ≤ `,

where Pk,k := 1. The proposed models we study in the thesis are equipped with
forward rate dynamics of the form

fk+1,j = fk,j + αk,j + βk,j (Sk+1,j − Sk,j) ,

where {Sk,j}k,j∈Z+
is a random field and {Sk,j , αk,j , βk,j}k∈Z+

is adapted to a
certain filtration, say, {Fk}k∈Z+

for all j ∈ Z+. The key feature in our proposed
model is that the forward rates corresponding to different time to maturity values
can be driven by different discrete time processes, that is, the forward rates are
driven by a random field. Hence, different market ‘shocks’ may impact at the
different forward rate processes.

In the literature one can find several approaches to the formulation of interest
rate structures and based on them one can derive prices of bonds and other interest
rate dependent financial assets. An overview on this subject is given e.g. in [23].

Our approach is based on the idea of Heath, Jarrow and Morton [18]. They
constructed a continuous time model for the forward interest rate structures and
derived the bond prices from this structure. Later on many authors studied similar
models. We note that there are different parametrisations of these models. We
follow the so-called Musiela parametrisation (see [22] and [3] for more). It is natural
to generalise the HJM model by introducing a random driving field instead of a
single driving process so that the forward rates with different time to maturity
values can be driven by different processes. Such generalisation of the continuous
time HJM model has been proposed by Kennedy [21]. Later, Goldstein [15] and
Santa-Clara and Sornette [27] studied such models. Such a general model (driven
by a random field) will be called ‘random field’ model in contrast to the earlier,
in the above sense more simple (not random field) models of the literature, which
we will call classical.

A major task in defining such a model is to find appropriate driving processes
or driving fields for the forward rates. Although in the classical models, Brownian
motion is the most commonly used driving process (see e.g. [18]), more general
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models are also known in the literature. Schmidt [26] proposed for instance a
natural alternative of the Brownian motion, namely, the Ornstein-Uhlenbeck pro-
cess, which can be considered as the natural analogue of an AR(1) process of
discrete time. Sometimes, some further considerations can be taken into account
—especially in the random field case—, which help us to find appropriate and more
realistic candidates. Typically, the covariance structure of the driving field can be
restricted by further assumptions, as described e.g. in [15] and [27]. Knowing
the classical models, it is not surprising to notice that Brownian sheets and also
integrated Brownian sheets and Ornstein-Uhlenbeck sheets are quite often used
in the random field case. See Kennedy [21], Goldstein [15] or Santa-Clara and
Sornette [27]. Note that in [27] some further examples are also studied.

The HJM model in [18] as well as the models studied in [21], [15] and [27] are
continuous time models. One can find several works on the discrete versions of the
classical HJM models. Here we mention [17], [19] and [24]. Like in the classical
case, it is reasonable and sensible to model and investigate possible discrete time
counterparts of the continuous time random field models.

Having in mind the above historical remarks our motivation was based on the
following ideas. This way one can build up more general and hence more flexible
interest rate models than in the case of classical models (which are driven by a
single process). On the other hand, one has the chance of finding an appropriate
structure to describe interest rate behaviour such that the models are fitted well
in a statistical sense and not necessarily overparametrised or overfitted as in many
cases of financial applications. This leads to many statistical problems, some of
them (e.g. asymptotic properties of maximum likelihood estimators) are studied
in Chapter 3. That was the motivation for dealing with some statistical issues.
Last but not least, the idea of random field models occurred in the literature of
continuous time interest rate models, however, certain difficulties with financial
calculus suggest that one could benefit from a discrete time approach, which may
help later the development of continuous time models as well.

First (in Chapter 2) we turned to the introduction of discrete time random
field forward rate models at issue. After the definition of necessary fundamental
notions the main aim was to derive sufficient conditions under what arbitrage
opportunities are excluded in the market. Such conditions are often called drift
conditions (or no-arbitrage conditions) in the literature of forward rate models,
since one can interpret them as an extra condition for the form of the drift term,
more precisely, under such a condition the drift term can be determined by the
rest of the model features. In this chapter drift conditions are derived for a general
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forward rate structure and drift conditions are also given in the interesting case
of Gaussian driving fields. For this the existence of a general stochastic (market)
discount factor, say {Mk}k∈Z+

, which contains market price of risk parameters, is
assumed, namely: put M0 := 1 and

Mk+1 = Mk

exp
{
−rk +

∑∞
j=0 φk,j∆1Sk,j

}

E

(
exp

{∑∞
j=0 φk,j∆1Sk,j

} ∣∣Fk

) , k ∈ Z+,

where the market price of risk factor φk,j is an Fk-measurable random variable
for k, j ≥ 0, ∆1Sk,j = Sk+1,j − Sk,j and

∑∞
j=0 φk,j∆1Sk,j is assumed to converge

in probability. The role of this factor is to describe how the market sets up the
prices, more precisely, it describes how the market adjusts the prices by taking
into account certain risk preferences.

Following this one can find two examples for the random field structure which
the statistical studies of the following chapter are based on. Here we mention a
spatial autoregression random field, where Sk,` :=

∑k
i=0

∑`
j=0 ρ`−jηi,j for k, ` ∈

Z+, where the ηi,j ’s are i.i.d. r.v.’s. with mean 0 and variance 1. That is we have
∆1Sk,`+1 = ρ∆1Sk,` + ηk+1,`+1.

In Chapter 2 one can also get a comparison of the random field and the classical
structures, since first a simple structure (called classical model) is considered,
where the forward rates corresponding to different time to maturity values are
driven by the same stochastic process.

Finally we note that the approach we have chosen is not the only possible way
in order to obtain flexible general forward rate structures in discrete time. (Here
we refer to two recent works by Filipović and Zabczyk [6] and by Akahori, Aoki
and Nagata [1].)

3 Maximum likelihood estimation in random field
forward rate models

In Chapter 3 some specific cases of the models introduced in Chapter 2 are con-
sidered: the forward rates are driven by a spatial autoregressive type of Gaussian
random field described above, where the word Gaussian refers to the fact that it
is generated here by i.i.d. standard normal r.v.’s, furthermore, it is supposed that
the volatilities of the model are deterministic and they do not depend on time and
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time to maturity, i.e. βk,` = β ∈ R, k, ` ∈ Z+. Assuming the no-arbitrage condi-
tions (derived in the previous chapter) the maximum likelihood estimation of the
parameters is studied in such models. Throughout this part the estimations will
always be based on a sample of forward rates fk,`, 1 ≤ k ≤ Kn and 0 ≤ ` ≤ Ln,
that is on a sample of size Kn ×Ln. It is also supposed that Kn = nK + o(n) and
Ln = nL + o(n) as n → ∞ with some K > 0 and L > 0.

3.1 Estimation of volatility

First only the estimator of the volatility is considered in various cases (see Sec-
tion 3.1). For this, the likelihood function is derived and an explicit form of the
estimator is given, where the remaining parameters are known.

Afterwards, a sequence of discrete time forward interest rate curve models at

issue, say, {f (n)
k,` : k, ` ∈ Z+}, n ∈ N is considered with initial values {f (n)

0,` : ` ∈
Z+}, with volatilities βn ∈ R, βn 6= 0, and with a Gaussian spatial autoregressive

driving process {S(n)
k,` : k, ` ∈ Z+} (described in page 4) equipped with parameter

%n. Depending on the asymptotic behaviour of the autoregression parameter of
the driving field the asymptotic normality of the estimator of the square of the
volatility is shown both in the so-called stable case, where the autoregression
parameter lies in (−1, 1), and in a nearly unit root case, where the sequence of
the autoregression parameters (of a sequence of forward rate models) tends to 1.
Though asymptotic normality is proven, the two cases are fairly different: among
others one needs to emphasise that the norming factors in the asymptotic results
have different rates in the two cases.

Such results are first given in the so-called martingale models, where market
price of risk factors do not occur. Here we only summarise these two martingale
cases for the sake of simplicity.

Theorem. Assume that %n = 1 + γ/n + o(n−1) as n → ∞, where γ ∈ R, and
lim infn∈N |βn| > 0. Then

n2β−1
n

(
β̂Kn,Ln

− β2
n

)
D−→ N

(
0, 4σ2

)
,
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where1

1

σ2
:= K

∫ L

0

(∫ 2t

0

e
γv

dv

)2

dt +

∫ K

0

1

s

(∫ s

0

∫ 2L+2u

0

e
γv

dv du

)2

ds.

Theorem. Assume that %n → %, where % ∈ (−1, 1) and βn → β ∈ R as n → ∞.
Then

n
(
β̂Kn,Ln

− β2
n

)
D−→ N

(
0,

2β4

2β2λ + KL

)
,

where

λ :=
K(2L + K)

8 (1 − %)
2 .

Afterwards, some more general cases involving market price of risk factors are
the object of study as well, which provides a more natural setup. It is shown that
using the tools applied in the previous results one can obtain similar results again.
In certain cases depending on the behaviour of the autoregression parameter and
the market price of risk parameters the asymptotic normality of the volatility
estimator is proven again.

3.2 A joint estimation of the parameters

For practical applications it is more important to study the joint estimation of
all parameters of forward rate models. In Section 3.2 such a problem is studied.
For this, a vector of market price of risk parameters is involved in the stochastic
discount factor: φk,` = b0,` ∈ R for k ∈ Z+ and 0 ≤ ` ≤ J and φk,` = 0 for
` > J , where J is a known positive integer. Furthermore, the model contains
the volatility and the autoregression parameter. In such a situation an explicit
form of the estimators cannot be given due to the complexity of the likelihood
function (here we note that the likelihood function is a high degree polynomial of
the autoregression parameter). We also mention that the estimations are based
on samples consisting of not independent and not identically distributed random
variables, which causes further difficulties. However, first strong consistency of
the parameter estimators has been proven and using this result the asymptotic

1Here
D
−→ denotes convergence in distribution, whereas N (µ, σ2) denotes the normal law with

mean µ and variance σ2.
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normality of the joint estimator has also been shown. Hence, numerical proce-
dures are suggested to find the maximum likelihood estimators which show good
asymptotic properties according to our results. Numerical (empirical) studies are
out of the scope of this work, but we mention that we have started to deal with
such problems (see [13] and [14].

The main results can be summarised as follows.

Theorem. Let H ⊂ R
J+3 be a compact set such that for all (β, %,b) ∈ H we

have β > 0, % ∈ (−1, 1). Let (β0, %0, b0) denote the true parameters, where
we write b0 = (b0,0, b0,1,..., b0,J) and we assume that (β0, %0, b0) lies in the

interior of H. For each n ∈ N let (β̂n, %̂n, b̂n) denote a maximum likelihood
estimator of (β0, %0,b0) (maximising the likelihood function over H), where we

write b̂n = (̂bn,0, b̂n,1, . . . , b̂n,J).

Then the maximum likelihood estimators (β̂n, %̂n, b̂n) of (β0, %0,b0) are strongly
consistent, i.e.,

(β̂n, %̂n, b̂n) → (β0, %0,b0) a.s. as n → ∞.

Furthermore,




n(β̂n − β0)
n(%̂n − %0)√
n(b̂n − b0)


 D−→ N (0, Λ), as n → ∞,

such that Λ is of the form

Λ =

[
Λ1 0
0 Λ2

]
,

where

Λ1 =

[
σ1,1 σ1,2

σ2,1 σ2,2

]−1

=
(
σ1,1σ2,2 − σ2

1,2

)−1
[

σ2,2 −σ1,2

−σ1,2 σ1,1

]

with

σ1,1 =
2KL

β2
0

+
K(K + 2L)

2 (1 − %0)
2 , σ2,2 =

KL

1 − %2
0

+
K(K + 2L)β2

0

2 (1 − %0)
4 ,

σ1,2 = σ2,1 =
K(K + 2L)β0

2 (1 − %0)
3 ,
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furthermore, Λ2 of size (J + 1) × (J + 1) has the form

Λ2 =
1

K




1 + %2
0 −%0 0 0 0 . . . 0

−%0 1 + %2
0 −%0 0 0 . . . 0

0 −%0 1 + %2
0 −%0 0 . . . 0

...
...

...
0 0 . . . 0 −%0 1 + %2

0 −%0

0 0 . . . . . . 0 −%0 1




.

We emphasise that in this chapter only a few specific models have been in-
vestigated. One can, of course, choose different model features regarding to the
volatility structure, the structure of the driving field or to the market price of risk
structure. We hope that the methodology (applied in Subsection 3.2.2 and Sub-
section 3.2.4) and some general lemmas (derived in Subsection 3.2.5) we used can
help to obtain similar results for various models. For the specification of further
forward rate models we refer to Cont [5], where one can find many useful practical
and theoretical issues (e.g. suggested model features) for this purpose.

4 Limiting results for discrete time markets

In Chapter 4 the limit behaviour of sequences of certain type of discrete time
financial models is studied.

4.1 Limiting behaviour of some stock price trees

First, some tree models for stock prices are considered, that is, generalisations
of the well-known binary (e.g. binomial) tree models. The main question was to
describe the possible limit laws of the stock price at the terminal date. Note that
in the special case of binary trees such results are given in [25].

For this, let N > 1 be a fixed integer, S0 > 0 be a constant representing the
initial value of the stock price at time 0, T > 0 be a terminal date. The trading
times, when the new prices are announced, will be tn

k = kT/n for k = 0, . . . , n and
n ∈ N. The trading time tnk is meant to be the kth one in the nth market. The
value of the stock price process in the nth market at time tn

k is defined by

Sn
k = S0(1 + ρn,1)(1 + ρn,2) . . . (1 + ρn,k)
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for n ∈ N and k = 1, . . . , n, where ρn,k’s are row-wise independent triangular
system of random variables with P(ρn,k = an,k

i ) = pn,k
i , i = 1, . . . , N , such that∑N

i=1 pn,k
i = 1 and an,k

N > an,k
N−1 > · · · > an,k

1 > −1. The term ρn,k is the (random)
rate of return on the stock over the time interval [tn

k−1, t
n
k ]. Furthermore, we shall

use notations Xn,k := ln(1 + ρn,k), where the Xn,k’s are called logreturns and we

denote their possible values by bn,k
i := ln(1 + an,k

i ), i = 1, . . . , N .

Different cases depending on the asymptotic behaviour of the possible rates of
returns of the stock price were investigated where we derived limit theorems for
the stock price. First we have shown that the logreturns of the stock price can only
be asymptotically normal provided that the possible logreturns vanish uniformly,
furthermore, necessary and sufficient condition is given for the existence of the
limit. In other words, in this case the limit is a Black-Scholes type model (see [4]).
We omit to give the precise statement here and we turn to a more general (mixed)
case. We only show here the main result of this case, in which a convolution of
normal and Poisson distributions may occur for the logreturns and a necessary
and sufficient condition is given for the existence of a limit in this case as well.

Theorem. Consider price processes with the following features. Let us assume
that there exist constants λi, i = 1, . . . , N , such that

λi = lim
n→∞

max
1≤k≤n

bn,k
i = lim

n→∞
min

1≤k≤n
bn,k
i , ∀i = 1, . . . , N,

and λN ≥ λN−1 ≥ . . . ≥ λj2+1 > λj2 = λj2−1 = . . . = λj1 = 0 > λj1−1 ≥ . . . ≥ λ1,
where 1 ≤ j1 ≤ j2 ≤ N . Write I := {1, . . . , j1 − 1, j2 + 1, . . . , N} and assume,

furthermore, that limn→∞ max1≤k≤n

∑
i∈I pn,k

i = 0. Let zn,k :=
∑j2

i=j1
bn,k
i pn,k

i .

Then ln(Sn/S0) is weakly convergent if and only if the following limits exist:

di := lim
n→∞

n∑

k=1

pn,k
i , i ∈ I,

b := lim
n→∞

j2∑

i=j1

n∑

k=1

pn,k
i


bn,k

i +
bn,k
i − zn,k

1 +
(
bn,k
i − zn,k

)2


 ,

and

σ2 := lim
n→∞

n∑

k=1

j2∑

i=j1

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 pn,k
i .
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In case of convergence the limit distribution of ln(Sn/S0) has the form

λ1P(d1) ∗ . . . ∗ λj1−1P(dj1−1) ∗ N (b, σ2) ∗ λj2+1P(dj2+1) ∗ . . . ∗ λNP(dN ),

where ∗ denotes convolution2.

Some special cases and examples are also given and some consequences of the
limit results are also studied in the final remarks of the section in which sufficient
conditions are given for the convergence of payoff values and other functions of
the stock price.

4.2 Limiting results for some discrete time forward rate
models

In the second part of Chapter 4 (in Section 4.2) the general framework of forward
rates in discrete time settings (introduced previously) are recalled. Given a se-

quence {f (n)
k,` : k, ` ∈ Z+}, n ∈ N, of such models with deterministic volatilities

a functional limit theorem is derived to describe the asymptotic behaviour of the
sequence, i.e., sufficient conditions are given under what it is shown that for the

random step functions f̃n(s, t) := 1
n
f

(n)
bnsc,bntc, s, t ∈ [0, 1], n ∈ N, we have f̃n

D−→ f̃

in the appropriate Skorokhod space D([0, 1]2) (see [2] for more on the metric of

the space), where f̃ is a continuous time forward rate model driven by a random
field. As an example, a nearly unit root autoregression case is studied as well,
where it is supposed that the driving fields are of the same autoregression form as
in the previous chapter (see also page 2): in this case the limit model is driven by
an Ornstein-Uhlenbeck sheet. We omit to give the detailed statements here.

5 Proportions of financial assets in optimal port-

folios: a case of dependent distributions

Finally, (in Chapter 5) we dealt with a classical problem of portfolio management
(which can also be considered, in fact, as a microeconomic problem of optimal
choice under uncertainty). The main question is the following: what properties
of the individual utility function and of the distribution of the stock prices of

2If a random variable ξ has Poisson distribution with parameter d then we denote here the
law of λξ (λ ∈ R) by λP(d).
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the market can imply that an individual invests more in a financial asset then in
another one.

We considered a simple one–step financial market of n securities, where the
securities are represented by their rate of returns {r1, r2, . . . , rn} corresponding to
a future time point, say, T , where ri is a random variable with P(−1 ≤ ri) = 1,
i = 1, . . . , n, and denote the initial capital by X0. Then a portfolio is denoted by
π = (β1, β2, . . . , βn), βi ∈ R, where βi is the amount of money invested in asset i,
and the value of π at T is Xπ

T =
∑n

i=1 βi(1 + ri). Given a utility function U , we
consider portfolios which are optimised by maximising their expected utility, that

is, the portfolio π∗
U = (β∗

1,U , β∗
2,U , . . . , β∗

n,U ) is said to be optimal if E U(X
π∗

U

T ) =
supπ∈CX0

E U(Xπ
T ), where the set of possible portfolios is CX0

= { π | π =

(β1, β2, . . . , βn) ∈ R
n,
∑n

i=1 βi = X0}.
In order to answer the above question we introduced some new notions of

stochastic dominance, which we called strong first order stochastic dominance
(SFSD) and strong second order stochastic dominance (SSSD), as well as a condi-
tional form of them for the case of multi-securities market. Here we give only the
definition of SFSD.

Definition. The random variable ξ is said to display strong first order stochastic
dominance (SFSD) over the random variable η, which is denoted by ξ <SFSD η,
if Fξ|η(x|y) ≤ Fη(x) for all x ∈ R and Pη-a.e. y ∈ R, where Fη is the distribution
function of η and Fξ|η is a regular conditional distribution function of ξ given η.

First, some basic properties of these notions are described in the thesis, we omit
the details here. These properties are natural analogues of the well-known basic
properties of the notions of first and second order stochastic dominance (discussed
e.g. in [20]).

Based on SFSD or SSSD or their conditional forms some generalisations of the
results of Hadar and Seo [16] are derived for the case of not necessarily independent
returns of stocks. Here we give only one result for a two-securities market.

Theorem. Let U : R 7→ R be differentiable, concave and nondecreasing. Then the
following statements are equivalent:

(1) β∗
1 ≥ β∗

2 in any two-securities market {r1, r2} with r1 <SFSD r2, and Eri <
∞ for i = 1, 2,

(2) the function x 7→ xU ′(x) is nondecreasing.

11



Examples are also given for markets where SFSD or SSSD are fulfilled. Fur-
thermore, another notion of stochastic dominance, called preferred stocks, is in-
troduced and similar results are discussed for this case as well in the thesis.
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1 Bevezetés

Az elmúlt években kutatási tevékenységem olyan pénzügyi problémákra koncent-
rálódott, melyek diszkrét idejű pénzpiacokkal kapcsolatosak. Az ezeken a terüle-
teken kapott eredményeket mutattam be a PhD disszertációmban. Ezen tézisek
a disszertáció legfőbb eredményeinek összefoglalója. Az alapvető kutatási prob-
lémák az alábbiak voltak: arbitrázsmentes Heath-Jarrow-Morton t́ıpusú véletlen
mezős kamatlábmodellek konstrukciója diszkrét idejű esetben, azaz olyan modellek
konstrukciója, ahol a forward ráták görbéit egy véletlen mező hajtja meg; vélet-
len mezős kamatlábmodellek paramétereinek becslése és a becslések aszimptotikus
tulajdonságainak vizsgálata; diszkrét idejű piacok konvergenciája, nevezetesen,
multinomiális famodellek és véletlen mezős kamatlábmodellek esetének vizsgálata;
pénzügyi eszközök részarányának összehasonĺıtása optimális portfóliókban, függő
eszközárak esetén, az eszközök keresletének és az eszközök sztochasztikus domi-
nanciájának kapcsolata. Az egyéb területeken ı́rt publikációimat a publikációs
lista tartalmazza (25. oldal).

Az ebben a doktori értekezésben található eredmények alapját a [7], [8], [9],
[10], [11], [12] munkáim jelentik. Ezek, a [7] munka kivételével, közös publiká-
ciók szerzőtársaimmal, Pap Gyula (Debreceni Egyetem) és Martien van Zuijlen
(Radboud Egyetem, Hollandia) professzorokkal.

Természetesen nem lehetséges a disszertáció minden eredményének az ismerte-
tése, különösen nem lehetséges a részletes ismertetés egy ilyen rövid összefoglaló-
ban. Ennélfogva összefoglalom az egyes kutatási területeken kapott eredményeket
röviden és a főbb területek esetén csak néhány eredményt ismertetek matematika-
ilag prećızebb formában (példaként). Ebben a munkában R, Z, N és Z+ rendre a
valós, az egész, a pozit́ıv egész illetve a nemnegat́ıv egész számok halmazát jelöli.

2 Diszkrét idejű forward kamatlábmodellek

Először forward kamatlábmodellekkel (és azok konstrukciójával) kapcsolatos kér-
déseket tárgyalunk, amelyek kutatásunk egyik fő területét jelentették az utóbbi
években. Olyan diszkrét idejű Heath-Jarror-Morton t́ıpusú forward kamatlábmo-
delleket javasoltunk (ld. [11]), amelyekben a különböző lejáratig hátralevő idő
különböző értékeihez tartozó forward kamatlábakat egy véletlen mező hajtja meg.

Az alábbiakban összefoglaljuk egy ilyen modellhez szükséges legfontosabb fo-
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galmakat és eszközöket. Jelölje a k időpontban az ` lejáratig hátralevő időhöz
(k, ` ∈ Z+) tartozó forward kamatlábat fk,`. Ez a forward kamatláb tehát a
[k + `, k + ` + 1) időintervallum alatt érvényes a feltevések szerint. Ennek seǵıt-
ségével definiálhatjuk a piac kötvényeinek árstruktúráját (a folytonos kamatozási
konvenciót használva). A k időpontban egy ` időpontban lejáró kuponszelvény
nélküli kötvény ára a

Pk,` = exp



−

`−k−1∑

j=0

fk,j



 , 0 ≤ k ≤ `,

rekurzióval adható meg, ahol Pk,k := 1. A javasolt modellek, amelyekkel a disszer-
tációban foglalkozunk, az

fk+1,j = fk,j + αk,j + βk,j (Sk+1,j − Sk,j)

dinamikát követik, ahol {Sk,j}k,j∈Z+
egy véletlen mező és {Sk,j , αk,j , βk,j}k∈Z+

adaptált egy adott {Fk}k∈Z+
filtrációhoz minden j ∈ Z+ esetén. A javasolt modell

legfőbb tulajdonsága az, hogy a különböző lejárati időhöz tartozó forward kamat-
lábak különböző diszkrét idejű folyamatokkal lehetnek meghajtva, azaz a forward
rátákat egy véletlen mező hajtja meg. Ennélfogva különböző piaci változások le-
hetnek hatással a különböző forward kamatlábak folyamatára.

Kamatlábstruktúrák kialaḱıtására számos megközeĺıtést találhatunk a szaki-
rodalomban és ezeket alapul véve kötvények és egyéb kamatlábfüggő derivat́ıvák
árait is lehet ı́gy származtatni. Többek között Pelsser [23] ad egy áttekintést
ezekről.

Az általunk alkalmazott megközeĺıtés Heath, Jarrow és Morton [18] ötletén
alapszik. Ők egy folytonos idejű modellt adtak a forward kamatlábak léırására
és ezekből származtatták a kötvények árait. Később számos szerző foglalkozott
hasonló modellekkel. Jegyezzük meg, hogy egy ilyen modell esetén különböző pa-
rametrizálások ismertek, mi az ún. Musiela-féle parametrizálást követjük (ld. [22]
és [3]). Természetesen adódik a HJM modell egy olyan általánośıtása, amelyben
a meghajtó folyamat szerepét egy véletlen mező veszi át, hogy ı́gy a különbö-
ző lejáratig hátralevő időhöz tartozó forward kamatlábakhoz különböző meghajtó
folyamat tartozzon. A folytonos idejű HJM modell egy ilyen általánośıtását java-
solta Kennedy [21]. Később Goldstein [15], továbbá Santa-Clara és Sornette [27] is
ilyen modelleket vizsgáltak. Egy ilyen (véletlen mező által hajtott) általánośıtott
modellt véletlen mezős modellnek fogunk nevezni szemben a szakirodalom koráb-
bi, a fenti értelemben egyszerűbb (nem véletlen mezős) modelljeivel, amelyeket
klasszikusnak fogunk nevezni.
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Egy ilyen modell feléṕıtése során fontos feladat a forward ráták egy megfelelő
meghajtó folyamatának vagy meghajtó mezőjének megadása. Bár a leggyakrab-
ban alkalmazott meghajtó folyamat a klasszikus modellek esetén a Brown-moz-
gás (ld. pl. [18]), ennél általánosabb modellek is ismertek az szakirodalomban.
Schmidt [26] például a Brown-mozgás egy természetes alternat́ıváját, nevezetesen
az Ornstein-Uhlenbeck folyamatot javasolta, amelyet úgy is tekinthetünk, mint a
diszkrét idejű AR(1) folyamat analógja. Néhol további szempontokat is figyelem-
be vesznek —különösen véletlen mezős esetben—, amelyek seǵıthetnek alkalmas
és realisztikusabb folyamatok/mezők megtalálásában. Tipikusan a véletlen mezők
kovariancia struktúrájára vonatkozóan szokás további feltevéseket tenni, ahogy
ezt megtalálhatjuk például Goldstein [15], Santa-Clara és Sornette[27] munkáiban.
A klasszikus modellekből kiindulva nem meglepő, hogy Brown lepedők, integrált
Brown lepedők és Ornstein-Uhlenbeck lepedők igen gyakran használatosak a vé-
letlen mezős esetben. Ehhez ld. Kennedy [21], Goldstein [15] vagy Santa-Clara és
Sornette [27] munkáit. Jegyezzük meg, hogy Santa-Clara és Sornette [27] további
példákat is tárgyal.

A [18]-ban tárgyalt HJM modell folytonos idejű modell, mint ahogy a [21], [15]
és [27] munkákban használt modellek is azok. Több munkát is találhatunk, ame-
lyek a klasszikus HJM modellek diszkrét idejű változatával foglalkoznak. Például
emĺıtsük meg a [17], [19] és [24] munkákat. A klasszikus eset mintájára vélet-
len mezős modellek esetén is észszerűnek és hasznosnak tűnik a folytonos idejű
modellek diszkrét idejű megfelelőinek a vizsgálata.

A fenti történeti megjegyzéseket figyelembe véve a következő megfontolások
jelentettek motivációt számunkra. Ezen az úton általánosabb és ı́gy rugalmasabb
kamatlábmodellek alkothatóak, mint a klasszikus modellek esetén (amelyeket e-
gyetlen folyamat hajt meg). Másrészt ı́gy lehetővé válhat, hogy a kamatlábak
léırására alkalmas modelleket találjunk úgy, hogy azok statisztikai értelemben jól
illeszkedjenek és ne legyenek túlparaméterezve vagy túlillesztve, ahogy az számos
pénzügyi alkalmazás esetében tapasztalható. Ez számos statisztikai kérdést vet
fel, ebből tárgyalunk néhányat (pl. maximum likelihood becslések aszimptotikus
tulajdonságait) a 3. fejezetben. Végül, de nem utolsó sorban megemĺıtjük, hogy
a véletlen mezős kamatlábmodellek ötlete a folytonos idejű kamatlábmodellek i-
rodalmában merült először fel, azonban az ezekhez tartozó pénzügyi kalkulussal
kapcsolatban jelentkező bizonyos problémák azt sugallják, hogy a diszkrét idejű
megközeĺıtés ezen problémákban is seǵıthet és ı́gy akár a folytonos idejű modellek
fejlődéséhez is hozzájárulhat.

Először a szóbanforgó diszkrét idejű véletlen mezős kamatlábmodellek beveze-

15



tését tettük meg (a 2. fejezetben). A szükséges alapvető fogalmak definiálása után
a fő cél olyan elégséges feltételek levezetése volt ezen modellekhez, amelyek mellett
a piacok kizárják az arbitrázs lehetőségeket. Ezeket a feltételeket gyakran drift
(vagy arbitrázsmentességi) feltételeknek is nevezik a kamatlábmodellek irodalmá-
ban, hiszen azokat úgy is értelmezhetjük, hogy egy további feltételt adnak a drift
tag alakjára vonatkozóan, pontosabban, ilyen feltételek mellett a drift tag meg-
határozható a modell egyéb tulajdonságai által. Ebben a fejezetben egy általános
forward kamatlábstruktúra esetében adunk drift feltételt, továbbá egy érdekes e-
setben, Gauss meghajtó mezők esetére is adtunk drift feltételt. Ezen modellekben
feltételezzük egy {Mk}k∈Z+

általános sztochasztikus piaci diszkont faktor folyamat
létezését, amely ún. piaci kockázati felár (market price of risk) paramétereket is
tartalmaz, nevezetesen: legyen M0 := 1 és

Mk+1 = Mk

exp
{
−rk +

∑∞
j=0 φk,j∆1Sk,j

}

E

(
exp

{∑∞
j=0 φk,j∆1Sk,j

} ∣∣Fk

) , k ∈ Z+,

ahol a φk,j piaci kockázati felár egy Fk-mérhető valósźınűségi változó minden
k, j ≥ 0 esetén, ∆1Sk,j = Sk+1,j − Sk,j és

∑∞
j=0 φk,j∆1Sk,j sztochasztikusan kon-

vergens. Ezen faktor szerepe az, hogy léırja, hogy a piac hogyan hozza létre az
árakat, pontosabban: hogyan korrigálódnak az árak adott kockázati preferenciák
figyelembevételével.

Ezt követően két példát adtunk véletlen meghajtó mezőkre, amelyeket a sta-
tisztikai vizsgálatok során is alkalmaztunk. Itt csak egy ún. térbeli autoregressziós
véletlen mezőt mutatjuk be, ahol Sk,` :=

∑k
i=0

∑`
j=0 ρ`−jηi,j minden k, ` ∈ Z+

esetén, ahol az ηi,j -k független azonos eloszlású valósźınűségi változók 0 várható
értékkel és 1 szórással. Azaz ∆1Sk,`+1 = ρ∆1Sk,` + ηk+1,`+1.

A 2. fejezetben egyben lehetőség nýılik a klasszikus és a véletlen mezős struk-
túrák egy összehasonĺıtására, hiszen először egy egyszerű struktúrát vizsgáltunk,
melyet klasszikus modellnek nevezünk és amelyben a lejáratig hátralevő idő kü-
lönböző értékeihez tartozó kamatlábgörbéket ugyanazon sztochasztikus folyamat
hajtja meg.

Végül jegyezzük meg, hogy az általunk választott módszer nem az egyetlen,
amelynek seǵıtségével rugalmasabb, általános forward kamatlábmodelleket kapha-
tunk diszkrét idejű esetben. (Itt emĺıthetjük Filipović és Zabczyk [6], Akahori,
Aoki és Nagata [1] munkáit az elmúlt évekből.)
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3 Maximum likelihood becslések véletlen mezős
forward kamatlábmodellekben

A 3. fejezetben a 2. fejezetben bevezetett modell néhány speciális esetét vizsgál-
tuk: a forward kamatlábakat egy, a fentiekben léırt térbeli autoregressziós t́ıpusú
Gauss véletlen mező hajtja meg, ahol a Gauss jelző arra utal, hogy esetünkben
standard normális valósźınűségi változók generálják a mezőt, továbbá feltesszük,
hogy a volatilitás determinisztikus és sem az időtől, sem a lejáratig hátralevő i-
dőtől nem függ, azaz βk,` = β ∈ R, k, ` ∈ Z+. Ezekben a modellekben, az
(előző fejezetben levezetett) arbitrázsmentességi feltételek mellett a paraméterek
maximum likelihood becslését vizsgáltuk. Ebben a részben a becsléseinket egy fk,`,
1 ≤ k ≤ Kn és 0 ≤ ` ≤ Ln, forward rátákat tartalmazó mintából számı́tjuk, azaz
a minta mérete Kn × Ln. Azt is feltesszük, hogy n → ∞ esetén Kn = nK + o(n)
és Ln = nL + o(n), ahol K > 0 és L > 0.

3.1 A volatilitás becslése

Először a volatilitás becslését tanulmányoztuk különböző esetekben (ld. 3.1. alfeje-
zet): meghatároztuk a likelihood függvényt és a volatilitás becslésének egy explicit
alakját, ahol a többi paraméter értéke ismert.

Majd tekintünk a szóbanforgó diszkrét idejű forward kamatlábmodelleknek egy

{f (n)
k,` : k, ` ∈ Z+}, n ∈ N, sorozatát, amelyek kezdőértékei {f (n)

0,` : ` ∈ Z+}, volati-
litásai βn ∈ R, βn 6= 0, és amelyeket rendre egy (a 2. oldalon léırt) %n paraméterű

{S(n)
k,` : k, ` ∈ Z+} térbeli autoregressziós Gauss mező hajt meg. A meghajtó

mező autoregressziós paraméterének aszimptotikus viselkedésétől függően bebizo-
nýıtottuk a volatilitás-paraméter négyzetének aszimptotikus normalitását mind az
ún. stabilis esetben, ahol az autoregressziós paraméter a (−1, 1) intervallumban
van, mind egy közel egységgyök esetben, ahol az autoregressziós paraméterek so-
rozata (mely forward kamatlábmodellek egy alkalmas sorozatához tartozik) tart
1-hez. Bár az aszimptotikus normalitást mindkét esetben megmutattuk, a két eset
meglehetősen különböző: többek között kiemelendő, hogy a két esetben különböző
normáló tényezők mellett bizonýıthatóak az aszimptotikus eredmények.

Először ún. martingál modellekben vezetünk le ilyen eredményeket, ahol nem
jelennek meg a piaci felár paraméterei. Az egyszerűség kedvéért itt csak a két
martingál esetet ismertetjük.
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Tétel. Tegyük fel, hogy n → ∞ esetén %n = 1 + γ/n + o(n−1), ahol γ ∈ R és
lim infn∈N |βn| > 0. Ekkor

n2β−1
n

(
β̂Kn,Ln

− β2
n

)
D−→ N

(
0, 4σ2

)
,

ahol3

1

σ2
:= K

∫ L

0

(∫ 2t

0

e
γv

dv

)2

dt +

∫ K

0

1

s

(∫ s

0

∫ 2L+2u

0

e
γv

dv du

)2

ds.

Tétel. Tegyük fel, hogy %n → %, ahol % ∈ (−1, 1) és n → ∞ esetén βn → β ∈ R.
Ekkor

n
(
β̂Kn,Ln

− β2
n

)
D−→ N

(
0,

2β4

2β2λ + KL

)
,

ahol

λ :=
K(2L + K)

8 (1 − %)
2 .

Ezt követően néhány ennél általánosabb, piaci felár paramétereket is tartal-
mazó esetben is levezetünk hasonló eredményeket, ahol látható, hogy a korábbi
esetekben kifejlesztett eszközök itt is alkalmasak hasonló eredmények levezetésére.
Az autoregressziós paraméter és a piaci felár paraméterek viselkedése alapján több
esetet is tárgyaltunk ebben a részben.

3.2 Egy együttes paraméterbecslés

A gyakorlati alkalmazások szempontjából sokkal fontosabb a forward kamatlábmo-
dellek összes paraméterének együttes becslését vizsgálni. A 3.2. alfejezetben egy
ilyen kérdést vizsgáltunk. Ebben az esetben a piaci felárak paramétereinek adott
egy vektora, mely megjelenik a piaci sztochasztikus diszkonttényezőben: φk,` =
b0,` ∈ R minden k ∈ Z+ és 0 ≤ ` ≤ J esetén, továbbá φk,` = 0 ha ` > J , ahol
J egy ismert pozit́ıv egész. Továbbá a vizsgált modell a volatilitás és az autoreg-
ressziós paramétereket tartalmazza még. A likelihood függvény bonyolultságának

3Itt
D
−→ az eloszlásban való konvergenciát, mı́g N (µ, σ2) a normális eloszlást jelöli µ várható

értékkel és σ2 szórásnégyzettel.
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következtében ebben az esetben a becslésekre explicit alakot nem lehet meghatá-
rozni (ehhez megemĺıtjük, hogy a likelihood függvény az autoregressziós paraméter
egy magas fokú polinomja). Mindemellett jegyezzük meg, hogy a becsléseket olyan
mintákból kell nyerni, amelyek nem független és nem azonos eloszlású valósźınű-
ségi változókból állnak, ami további nehézségeket okoz. Ennek ellenére először
bizonýıtottuk a becslések erős konzisztenciáját majd ezen eredmény alapján az
együttes becslések aszimptotikus normalitását is. Ennélfogva numerikus eljáráso-
kat használva ajánlott a maximum likelihood becslések meghatározása, amelyek jó
aszimptotikus tulajdonságait garantálják a bizonýıtott eredmények. Ennek a mun-
kának nem tartozik a kérdéskörébe numerikus (empirikus) problémák tárgyalása,
ám megemĺıtjük, hogy elkezdtünk ilyen irányú vizsgálatokat (ld. [13] és [14]).

A fő eredményeket az alábbi módon foglalhatjuk össze.

Tétel. Legyen H ⊂ R
J+3 egy kompakt halmaz úgy, hogy minden (β, %,b) ∈ H

esetén β > 0, % ∈ (−1, 1). Jelölje (β0, %0, b0) a valódi paramétereket és le-
gyen b0 = (b0,0, b0,1,..., b0,J), továbbá feltesszük, hogy (β0, %0, b0) a H belső

pontja. Minden n ∈ N esetén jelölje (β̂n, %̂n, b̂n) a (β0, %0,b0) vektor maximum
likelihood becslését (amely a likelihood függvényt maximalizálja a H halmazon),

ahol b̂n = (̂bn,0, b̂n,1, . . . , b̂n,J).

Ekkor a (β0, %0,b0) vektor (β̂n, %̂n, b̂n) maximum likelihood becslései erősen
konzisztensek, azaz

(β̂n, %̂n, b̂n) → (β0, %0,b0) m.b. ha n → ∞.

Továbbá,




n(β̂n − β0)
n(%̂n − %0)√
n(b̂n − b0)


 D−→ N (0, Λ), n → ∞ esetén,

úgy, hogy Λ az alábbi alakú:

Λ =

[
Λ1 0
0 Λ2

]
,

ahol

Λ1 =

[
σ1,1 σ1,2

σ2,1 σ2,2

]−1

=
(
σ1,1σ2,2 − σ2

1,2

)−1
[

σ2,2 −σ1,2

−σ1,2 σ1,1

]
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és

σ1,1 =
2KL

β2
0

+
K(K + 2L)

2 (1 − %0)
2 , σ2,2 =

KL

1 − %2
0

+
K(K + 2L)β2

0

2 (1 − %0)
4 ,

σ1,2 = σ2,1 =
K(K + 2L)β0

2 (1 − %0)
3 ,

továbbá a (J + 1) × (J + 1) méretű Λ2 feĺırható

Λ2 =
1

K




1 + %2
0 −%0 0 0 0 . . . 0

−%0 1 + %2
0 −%0 0 0 . . . 0

0 −%0 1 + %2
0 −%0 0 . . . 0

...
...

...
0 0 . . . 0 −%0 1 + %2

0 −%0

0 0 . . . . . . 0 −%0 1




alakban.

Hangsúlyozandó, hogy ebben a fejezetben csak néhány speciális modellt vizs-
gáltunk. Természetesen a volatilitás, a meghajtó mező és a piaci felár struktú-
ráit illetően más tulajdonságú modelleket is választhatnánk. Remélhető, hogy a
technikai módszertan (melyet a 3.2.2. és 3.2.4. részekben alkalmaztunk) és néhány
általános segédtétel (melyeket a 3.2.5. részben vezettünk le) alkalmas arra, hogy
számos hasonló modellben hasonló eredmények legyenek bizonýıthatóak. Továb-
bi forward kamatlábmodellek specifikálásához megemĺıtjük, hogy számos hasznos
gyakorlati és elméleti kérdést (pl. ilyen modellek javasolt tulajdonságait) tárgyal
Cont [5].

4 Diszkrét idejű piacok konvergenciája

A 4. fejezetben bizonyos t́ıpusú diszkrét idejű pénzügyi modellek konvergenciáját
vizsgáltuk.

4.1 Részvényfák konvergenciája

Először részvényárak famodelljeit tekintettük, azaz olyan modelleket, amelyek a
jól ismert bináris (például binomiális) famodellek általánośıtásai. Ehhez különbö-
ző eseteket vizsgáltunk az alapján, hogy a részvényár lehetséges hozamrátáinak
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milyen az aszimptotikus viselkedése. Itt megjegyezzük, hogy speciálisan bináris
részvényfák esetére [25] tartalmaz ilyen eredményeket.

Ehhez legyen N > 1 egy rögźıtett egész, S0 > 0 egy konstans, amely a rész-
vényár 0 időpontbeli kezdőértékét jelöli, T > 0 a vizsgált időszak vége. A keres-
kedési időket, amikor az új árak ismertté válnak, tn

k = kT/n fogja jelölni, ahol
k = 0, . . . , n és n ∈ N. Tehát tnk a k-adik kereskedési idő az n-edik piacon. A
részvényárfolyamat értéke a tn

k időpontban az n-edik piacon

Sn
k = S0(1 + ρn,1)(1 + ρn,2) . . . (1 + ρn,k)

minden n ∈ N esetén k = 1, . . . , n, ahol ρn,k valósźınűségi változók soronként füg-
getlen háromszögrendszert alkotnak úgy, hogy P(ρn,k = an,k

i ) = pn,k
i , i = 1, . . . , N ,∑N

i=1 pn,k
i = 1 és an,k

N > an,k
N−1 > · · · > an,k

1 > −1. A részvény [tnk−1, t
n
k ] időszakhoz

tartozó (véletlen) hozamrátája tehát ρn,k. Továbbá az alábbi jelöléseket használ-
juk: Xn,k := ln(1 + ρn,k), ahol Xn,k-t loghozamnak nevezzük, lehetséges értékeit

pedig bn,k
i := ln(1 + an,k

i ) jelöli, i = 1, . . . , N .

A hozamráták aszimptotikus viselkedése alapján különböző eseteket vizsgáltunk,
ahol határeloszlás tételeket vezettünk le a részvényárakra vonatkozóan. Először
megmutattuk, hogy ha a lehetséges loghozamok egyenletesen eltűnnek, akkor a
részvényár loghozama csak normális eloszlású lehet aszimptotikusan, továbbá szük-
séges és elégséges feltételt adtunk a határérték létezésére. Más szóval, ebben az
esetben a határmodell egy Black-Scholes t́ıpusú modell (ld. [4]). A pontos álĺıtás
ismertetésétől itt eltekintünk és egy általánosabb (kevert) esetet mutatunk most
be. Csak a fő eredményt mutatjuk meg ebben az esetben, amely szerint normális
és Poisson eloszlások konvolúciója jelenik meg a loghozam eloszlásában aszimpto-
tikusan, továbbá ebben az esetben is adtunk szükséges és elégséges feltételt a
határérték létezésére.

Tétel. Tekintsünk részvényárfolyamatokat az alábbi tulajdonságokkal. Tegyük fel,
hogy léteznek λi, i = 1, . . . , N , konstansok úgy, hogy

λi = lim
n→∞

max
1≤k≤n

bn,k
i = lim

n→∞
min

1≤k≤n
bn,k
i , ∀i = 1, . . . , N,

és λN ≥ λN−1 ≥ . . . ≥ λj2+1 > λj2 = λj2−1 = . . . = λj1 = 0 > λj1−1 ≥ . . . ≥ λ1,
ahol 1 ≤ j1 ≤ j2 ≤ N . Legyen I := {1, . . . , j1 − 1, j2 + 1, . . . , N} és tegyük fel,

hogy limn→∞ max1≤k≤n

∑
i∈I pn,k

i = 0. Legyen zn,k :=
∑j2

i=j1
bn,k
i pn,k

i .

Ekkor ln(Sn/S0) pontosan akkor konvergál gyengén, ha az alábbi határértékek
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léteznek:

di := lim
n→∞

n∑

k=1

pn,k
i , i ∈ I,

b := lim
n→∞

j2∑

i=j1

n∑

k=1

pn,k
i


bn,k

i +
bn,k
i − zn,k

1 +
(
bn,k
i − zn,k

)2


 ,

és

σ2 := lim
n→∞

n∑

k=1

j2∑

i=j1

(
bn,k
i − zn,k

)2

1 +
(
bn,k
i − zn,k

)2 pn,k
i .

Amennyiben teljesül a konvergencia, akkor ln(Sn/S0) határeloszlása az

λ1P(d1) ∗ . . . ∗ λj1−1P(dj1−1) ∗ N (b, σ2) ∗ λj2+1P(dj2+1) ∗ . . . ∗ λNP(dN )

alakban ı́rható fel, ahol ∗ konvolúciót jelöl4

Néhány speciális esetet és példákat is bemutattunk ebben a részben, végül a
fejezet záró megjegyzéseiben néhány következményét tárgyaljuk a fenti határel-
oszlás-eredményeknek, amelyekben elégséges feltételeket adtunk a részvényár kifi-
zetési és egyéb függvényeinek konvergenciájára.

4.2 Diszkrét idejű forward kamatlábmodellek konvergenci-
ája

A 4. fejezet második részében (a 4.2. alfejezetben) ismét diszkrét idejű forward
kamatlábmodellek (korábbiakban tárgyalt) általános modelljét vizsgáltuk. Ilyen

modellek egy {f (n)
k,` : k, ` ∈ Z+}, n ∈ N, sorozata esetén –melyekre determiniszti-

kus volatilitást feltételezünk– egy funkcionális határeloszlás-tételt bizonýıtottunk,
amely léırja a modellsorozat aszimptotikus viselkedését, azaz elégséges feltétele-

ket adtunk, amelyek mellett beláttuk, hogy az f̃n(s, t) := 1
n
f

(n)
bnsc,bntc, s, t ∈ [0, 1],

n ∈ N, lépcsős véletlen függvényekre f̃n
D−→ f̃ teljesül az alkalmas D([0, 1]2)

Skorokhod térben (a megfelelő metrikáról ld. [2]), ahol f̃ egy véletlen mező által
hajtott folytonos idejű forward kamatlábmodell. Példaként egy közel egységgyök

4Ha egy ξ valósźınűségi változó Poisson eloszlású d paraméterrel, akkor itt λP(d) a λξ elosz-
lását (λ ∈ R) jelöli.
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t́ıpusú autoregressziós esetet is vizsgáltunk, ahol feltételek szerint a meghajtó mező
ugyanolyan autoregressziós formájú, mint az előző fejezetben (ld. még 2. o.): eb-
ben az esetben a határmodellt, amely egy folytonos idejű forward kamatlábmodell,
egy Ornstein-Uhlenbeck mező hajtja meg. Az álĺıtások részletes ismertetésétől itt
eltekintünk.

5 Pénzügyi eszközök részaránya optimális portfó-
liókban: egy függő eset

Végül (az 5. fejezetben) a portfólió-menedzsment egy klasszikus problémájával
foglalkoztunk (amelyre egyben tekinthetünk úgy is, mint egy bizonytalan körül-
mények közötti választási problémára a mikroökonómia tárgyköréből). Az alap-
kérdés a következő volt: az egyéni hasznosságfüggvénynek és a piaci részvényárak
eloszlásának melyek azok a tulajdonságai, amelyek következtében az egyén többet
fektet be egy pénzügyi eszközbe, mint egy másikba.

Egyszerű egylépéses, n értékpaṕırt tartalmazó pénzügyi piacokat tekintettünk,
ahol az értékpaṕırokat az {r1, r2, . . . , rn} hozamokkal adjuk meg, amelyek egy jö-
vőbeli T időponthoz tartoznak, ahol ri egy valósźınűségi változó, melyre P(−1 ≤
ri) = 1, i = 1, . . . , n, továbbá X0 jelölje a kezdeti tőkét. Ekkor egy portfóliót
π = (β1, β2, . . . , βn) fog jelölni, βi ∈ R, ahol βi azt mutatja, hogy mennyi pénzt
fektettünk az i-edik értékpaṕırba, továbbá a π portfólió értéke a T időpontban
Xπ

T =
∑n

i=1 βi(1+ri) lesz. Ha adott egy U hasznosságfüggvény, akkor olyan port-
fóliókat fogunk vizsgálni, melyek optimálisak abban az értelemben, hogy várható
hasznosságuk maximális, azaz a π∗

U = (β∗
1,U , β∗

2,U , . . . , β∗
n,U ) portfóliót optimális-

nak nevezzük, ha E U(X
π∗

U

T ) = supπ∈CX0
E U(Xπ

T ), ahol a lehetséges portfóliók

halmaza CX0
= { π | π = (β1, β2, . . . , βn) ∈ R

n,
∑n

i=1 βi = X0}.
Annak érdekében, hogy a fenti kérdésre válaszoljunk, sztochasztikus dominan-

cia új fogalmait vezettünk be, amelyeket erős elsőrendű sztochasztikus dominanciá-
nak (SFSD) és erős másodrendű sztochasztikus dominanciának (SSSD) neveztünk,
továbbá ezen fogalmak egy feltételes változatát is tárgyaltuk több értékpaṕırt tar-
talmazó piacok esetére. Itt most csak az SFSD defińıcióját ismertetjük.

Defińıció. Azt mondjuk, hogy egy ξ valósźınűségi változó erős elsőrendű sztochasz-
tikus dominancia értelmében dominál egy η valósźınűségi változót (jelölés:
ξ <SFSD η), ha Fξ|η(x|y) ≤ Fη(x) minden x ∈ R és Pη-m.m. y ∈ R esetén,
ahol Fη az η eloszlásfüggvénye és Fξ|η a ξ reguláris feltételes eloszlásfüggvénye
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η-ra vonatkozóan.

Először ezen fogalmak néhány alaptulajdonságát mutattuk meg a disszertáci-
óban, amelyeket itt most nem részletezünk. Ezek a tulajdonságok természetes
megfelelői az elsőrendű és a másodrendű sztochasztikus dominancia jól ismert a-
lapfogalmainak (ld. pl. [20]).

Az SFSD, SSSD ill. azok feltételes alakjai seǵıtségével Hadar és Seo [16] ered-
ményeinek általánośıtásait vezettük le nem szükségképpen független részvényhoza-
mok esetére. Itt csak egy eredményt mutatunk be egy két értékpaṕırt tartalmazó
piac esetére.

Tétel. Legyen U : R 7→ R differenciálható, konkáv és növekvő. Ekkor az alábbi
álĺıtások ekvivalensek:

(1) β∗
1 ≥ β∗

2 minden {r1, r2} két értékpaṕırt tartalmazó piac esetén, ahol
r1 <SFSD r2, és Eri < ∞ for i = 1, 2,

(2) az x 7→ xU ′(x) függvény növekvő.

Példákat is ismertettünk olyan piacokra, ahol az SFSD és SSSD tulajdonsá-
gok teljesülnek. Egy további sztochasztikus dominancia fogalmat is bevezettünk,
melynek teljesülése esetén a részvényeket preferáltnak neveztük. A disszertációban
ezen fogalom esetére is a fentiekhez hasonló eredményeket vezettünk le.
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