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Introduction

This dissertation consists of two main parts. The first part has intended to
clarify what is the relationships among the non-positive curvatures, espe-
cially, that in the case of Hilbert metric of a convex domain. The second
part and the most important, in terms of the effort, the time spent and the
results obtained, is devoted to solve questions of sub-Finslerian geometry.
This dissertation is divided into three Chapters, organized as follows:

The first Chapter of the dissertation presents the basic concepts of Dif-
ferentiable structure (manifolds, tangent spaces, cotangent spaces, vector
fields and 1-forms, distributions). We present the distributions of the tan-
gent and cotangent bundles with some examples. Furthermore, we give a
brief overview of Finsler geometry, which is a fundamental and natural gen-
eralization of Riemannian geometry. Then we summarize the basic facts on
Berwald spaces. We give some well known examples of the above concepts.

In the second Chapter, first of all, we explain what the non-positive
curvature means by showing their definitions, more precisely, we give the
basic definitions of four types of non-positive curvature in geodesic metric
spaces, some of their properties and their general relationships, furthermore,
list some results important for the next steps. After defining the Hilbert
metric of a convex domain, we show that in the case of Hilbert metric, the
first two concepts of non-positivity are equivalent if and only if the domain is
an ellipsoid. Stepping to the analytical considerations, we restrict ourselves
to the to the special case of Berwald space in Finsler geometry. Then we
present those relationships and known facts about these concepts which are
used to prove our result. Finally, we show that if the Finsler metric induced
by the Hilbert metric of a convex domain is Berwald, then the domain
should be an ellipsoid.

In third Chapter, we define the sub-Finsler metrics and introduce some
of its notions. We provide some examples that satisfy the sub-Finsler prop-



erty, further, we introduce basic properties of sub-Finsler manifolds. Also,
we take a look at the horizontal path-connectedness of the manifold, espe-
cially for the Chow’s theorem [18]. In the next, we give some basics of gen-
eralized connections in sub-Riemannian geometry, with which the normal
and abnormal extremal can be characterized in the sub-Riemannian case
(see the local version in [39], and the coordinate free version in [29]. After-
wards, we give a brief description of the Legendre transformation, we show
the relationship between the sub-Finsler geometry with Lagrange spaces as
well as the Hamiltonian spaces.

We introduce the symmetric bracket associated to a sub-Finsler met-
ric, and the symmetric product of an L-connection it is shown, they are
coincident if and only if the L-connection is normal. With the help of
the generalization of the Bott connection for involutive distribution we can
characterize D-adapted and normal connections, resp. Last we turn to the
problem of Hopf-Rinow theorem. It is well known that in the Riemannian
and Finslerian geometry, there are two concepts of completeness. The first
is the completeness in the sense of metric spaces, using the Riemannian met-
ric. Furthermore, a Riemannian or Finsler manifold M is called geodesically
complete if any geodesic y(t) starting from = € M is defined for all values
of t € R. On the other hand, the completeness in the Finsler geometry is
divided according to forward and backward distance metric, and forward
and backward geodesically completeness.

Hopf-Rinow theorem is a basic theorem of complete Riemannian man-
ifolds, which connects the completeness properties with compactness, and
the exponential map. Its consequence says that any two points of the com-
plete manifold can be connected by a length minimizing geodesic. To prove
the statements of Hopf-Rinow theorem in sub-Finsler manifolds: we define
the sub-Finsler metric on the cotangent space D* with help of the Legendre
transformation, where we look more closely at a sub-Hamiltonian H defined
on the cotangent bundle, induced by the sub-Finslerian metric on D*.

Afterwards, we construct a sub-Finsler bundle, which plays a major
role in the formalization of the sub-Hamiltonian in sub-Finsler geometry.
Moreover, the sub-Finsler bundle allows an orthonormal frame for the sub-
Finsler structure. Also, we introduce the notion of an exponential map in
sub-Finsler geometry. At the end our main theorem, namely Hopf-Rinow
theorem is stated and proved.



Non-positive curvature in Finsler geometry

Alexandrov Non-positive Curvature

A locally geodesic space (M,d) is said to be an Alexandrov non-positive
curvature space if for every p € M there exists d, > 0 such that for every
z,y,z € B(p,d,) and any shortest geodesic v : [0,1] — M with (0) =
x,7(1) = z, we have for 0 <t <1

d*(y,7(t) < (1 —t) d*(y,2) +t d*(y,2) — t(1 = ) d*(a, 2).

Busemann Non-positive Curvature

A locally geodesic space (M,d) is said to be a Busemann non-positive
curvature space if for every p € M there exists d, > 0 such that for all
z,y, 2 € B(p,d,) we have

d(m(z,y),m(z,2)) < 5d(y, 2).

| =

Pedersen Non-positive Curvature
Now, define the distance of a curve v and a point ¢ € M as
dist(y, ¢) = inf{d(y(¢),q) : 0 <t <1}

A locally geodesic space is said to be a Pedersen non-positive curvature
space if for every p € M there exists d, > 0 such that for any two shortest
geodesics 1,72 : [0,1] — B(p, d,) the function f : [0,1] — R, defined by

f(t) = dist(71,72(¢))
is quasiconvex, i.e., for every t € [0,1], f(¢) < max{f(0), f(1)}.

Convex Capsules

Let v : [a,b] — M be a shortest geodesic and « > 0. Attached to v and «,
we define the capsule as

Cy(a) ={q € M : dist(v,q) < a}.

Let My be a non-empty subset of M. The pair (v, «) is said to be M-
admissible if C, (a) C M.



We say that a locally geodesic space (M, d) has convex capsules

if for every p € M there exists ¢, > 0 such that for every B(p,dp)-
admissible pair (7, ), the capsule C,(«) is convex.

Remark : In general, an Alexandrov non-positive curvature space is
a Busemann non-positive curvature space (see [25], Chapter 2). Moreover,
Busemann non-positive curvature property meets the of Pedersen non-positive
curvature space and accordingly has a convex capsule. Nevertheless, on
Riemannian structures, all the above non-positive curvature notions coin-
cide, and they characterize the non-positivity of the sectional curvature.
For a deeper discussion of the non-positive curvature spaces, we indicate
the reader to the classical work of Bridson and Haefliger [1TI] and Buse-
mann [12].

Average angle

Given € > 0, let vy; : [0,€) — X and 72 : [0;¢) —= X be two geodesics in
a length space X emanating from the same point p = 71(0) = 72(0). We
define the angle Z(v1,p,v2) between v, and 7, as

Z(v1,p,72) = lim Z(71(5), 2, 12(1)),
s,t—0

if the limit exists, where

~ 24t2—d t))?
Z(71(8), p,2(t)) := arccos Gl (71(5),72(t)) )
2st
Let v : [0,a] — M and 7, : [0,b] — M be two shortest geodesics with
p =71(0) = 72(0). The average angle between v, and 7, at p is defined by

a b
277 27)7
if the limit of the sequence exists, where the comparison angle is given by

a? 4+ b% — d(71(a), y2(b))?
2ab ’

Let ¢ be an inner point of a shortest geodesic pr, and ¢s be a shortest
geodesic. It is clear that for an Alexandrov non-positive curvature space the
sum of adjacent average angles is at least 7, i.e., L(p,q,s) + £(s,q,1) > 7.

Remark : In a locally geodesic space the Alexandrov and Busemann
non-positive curvature properties are equivalent if and only if the sum of
adjacent average angles > 7 [19).

K(’}/17107 72) = nh—>Holo A"/l,’YQ(

A, . (a,b) := arccos



The Hilbert metric of a convex domain and its
curvature

Let K be a bounded convex open set in R” (n > 2). The Hilbert metric dg
on K is defined as follows. For any = € K, let dx(x,x) = 0. For distinct
points x,y € K, assume that the straight line passing through z, y intersects
the boundary 0K at two points a, b such that the order of these four points
on the line is a, z,y, b.

Denote the cross-ratio of the points by

16— 2| lla = yll
[a’7 x,Y, b] = )
1=yl lla—z]
where ||.|| is the Euclidean norm of R™. Then the Hilbert metric is

1
dK(Ivy) = 5 hl[a?x’ya b]a

and the metric space (K, dg) is called a Hilbert geometry of the domain K.

Concerning the curvature properties of the Hilbert metric, Busemann
([12], page 108) showed that for any strictly convex domain K, the Hilbert
metric dg satisfies the Pedersen non-positivity curvature property, and,
consequently, has a convex capsules. Kelly and Straus published two papers
on the curvature of Hilbert geometry in 1958 and 1968. They used the
concept of Busemann non-positive curvature, which is a pleasant geometric
approach and weaker than Alexandrov’s one. Nevertheless in the case of
Hilbert metric of a convex domain it has a strong consequence, namely it
implies the reduction of the domain to an ellipsoid. In details, it was proved
in [26]:

Proposition : If Hilbert metric (K,dx) has Busemann non-positive
curvature, then the domain K is an ellipsoid and the Hilbert metric dx
is hyperbolic, i.e., Riemannian.

Proposition : Let (K, dk) be the Hilbert metric of a convex domain K.
Then the Busemann non-positive curvature is equivalent to the Alexandrov
non-positive curvature.

Corollary : In Hilbert geometry, the sum of adjacent average angles is
> .



Finsler structure of the Hilbert metric

Finsler geometry

Let M be an n-dimensional C* manifold and TM = J ., T» M the tan-

gent bundle. If the continuous function F' : TM — [0,00) satisfies the
following conditions:

(i) (Regularity) F is continuous (C°) on TM and C> on TM \ {0}.
(ii) (Positive homogeneity) F(tu) = tF(u) for all t > 0 and u € TM,
i.e., F' is positively homogeneous of degree one.
922

ayiay

(iii) (Strong convexity) The matrix

we TM\ {0}.

is positive definite for all

Then we say that F' is a Finsler fundamental function and (M,F) is a
Finsler manifold.

Berwald spaces

A Finsler manifold is of Berwald type if the Chern connection coefficients
I‘;k in natural coordinates depend only on the base point (see [10, p. 258]).

Kristaly et al. proved in [28] that all mentioned non-positivity properties
are equivalent to the analytical condition £ < 0 in the case of Berwald space:

Proposition :[28] Let (M, 13’) be a Berwald space where F' is positively
(but perhaps not absolutely) homogeneous of degree one.The following as-
sertions are equivalent:

a) The flag curvature s of (M, F") is non-positive.

)
b) (M,dy) is a Busemann non-positive curvature space.
c) (M,d) is a forward Pedersen non-positive curvature space.
d) (M,dy) is a backward Pedersen non-positive curvature space.
e) (M,dp) has convex forward capsules.

f) (M,dj) has convex backward capsules.



The Hilbert metric di of the convex open domain K naturally determ-
ines its Hilbert Finsler fundamental function Fi as follows ([41]: First the
asymmetric Finsler metric, called Funk metric Fx is defined by

1
p+ = u € 0K for any u € T, K,and p € K,
Fi(u)

and then Fi is obtained by symmetrization:

~

Ficlu) = 5 (Fic(u) + Frc(—u).

Naturally, F is a reversible Finsler metric, therefore the forward and back-
ward concepts coincide. It is easy to check that the induced distance of Fy
is just the Hilbert distance di defined above in Definition .

The flag curvature of the Hilbert metrics was computed in 1929 by Funk
in dimension 2 and by Berwald in all dimensions. Later T. Okada proposed
a more direct computation:

Proposition : [35] The Hilbert geometry (K, df) is projectively flat
Finsler space of negative constant curvature —1.

Theorem : If the Hilbert metric dg of a convex domain K is a Berwald
metric, then it reduces to a Riemannian metric, and the domain is an el-
lipsoid.

Corollary : (see [41, Theorem 11.6])The Hilbert metric dx of a bounded
convex domain K C R™ with smooth strongly convex boundary is Rieman-
nian if and only if K is an ellipsoid.

Remark : Conversely, if the domain is not an ellipsoid, then dg is a
non-Berwaldian projectively flat metric.



Sub-Finslerian geometry

A setting of sub-Finslerian geometry

Let M be an n—dimensional connected manifold. A sub-Finslerian structure
on M is a triple (D, o, F') where:

(1) (D,mp) is a vector bundle on M.

(2) 0 : D—TM is a morphism of vector bundles. In particular, the
following diagram is commutative

D-—2-TM

Nl

M

such that 7p : D—=M and 7 : T M —M are the canonical projection.

(3) A function F : D — R, where D = D\ {0}, called a sub-Finsler metric,
which satisfies the following properties:
o Fy(v)>0forallveD,ze M.
e FisC™ onD. _
o F,(\)=AF,(v) for all v € D, and A € Ry.
o The Hessian of F? with respect to the vector variables is positive
definite.

A sub-Finsler manifold (M, D, F) is a smooth manifold M endowed with a
sub-Finslerian structure i.e. the triple (D, o, F).

Let D, be the fiber over x € M. The last condition means that the
matrix %(m,v) is positive definite for all v = (v!,...,v*) € D,. Equi-
valently, the corresponding indicatrix

I, ={v|jveD,, F,(v)=1}

is strictly convex.

The following technique describes the association between the sub-Finsler
manifold (D, o, F) and a Finsler metric ' on Im(o) ¢ TM:

For each u € Im(o), C T, M and z € M, we have

Ey(u) = igf{Fx(v)| v € Dy, o(v) =u}.



From now on we suppose that D C TM, o :D—=TM is the inclusion
i1 : D—=TM and F is a sub-Finsler metric on D.

As in the sub-Riemannian case, we call D the horizontal distribution. A
curve 7 : [0, T] — M is called horizontal, or admissible if 4(t) € Dy for all
t € [0,T], that is v(¢) is tangent to D. The length of a smooth horizontal
curve -y is defined as usual by

T
ewr:A F(3(1))dt.

Equivalently and as in Finslerian case, we observe that it suffices to minimize
the energy

BO) =35 [ PG

instead of length £(7).
The length induces a sub-Finslerian distance d(xo, 1) between two points
xo and x7 as in Finsler geometry:

d(l‘o,xl) = inf@(v),

where we consider the infimum over all smooth horizontal curves joining
xo and z1. The distance is infinite if there is no such a horizontal curve
between xg and .

Definition : An absolutely continuous horizontal curve between xy and
x1 which realizes the distance d(xg,x1) is called a minimizing geodesic
between xy and .

Definition : [33] A distribution D is said to be bracket generating if any
local frame X; of D, together with all of its iterated Lie brackets spans the
whole tangent bundle T M.

Theorem :[33](Chow’s theorem). If D is a bracket generating distribu-
tion on a connected manifold M then any two points of D can be joined by
a horizontal path.

The problem of minimizing the length of joining two given points xq
and x7 is equivalent to a time optimal problem: where the control bundle
is (D, m, M) and we are searching for such a curve ~(¢) and a control curve
v(t) € D) minimizing the time 7" needed to connect ¢ and z;.
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Connection

Legendre transformation of a sub-Finslerian manifold

The sub-Lagrange function
L:D—R,

determined by F is given in the following way:

L=1r
2

The fiber derivative of L defines the map

Ly :D—D",

Lr()(w) = %Lz(v + tw), such that v, w € Dy,
which is known in the literature as the Legendre transformation (see [1],
[10]). We use the Legendre transformation to carry over the geometrical
objects of a sub-Lagrange space from D onto D*. Then the relation of
the distribution D of tangent bundle and the distribution D* of cotangent
bundle is given by Legendre transformation in local coordinates as follows

) . OL
L oAy [t
L(x U ) (.23 ’ 811‘1)
Then sub-Hamiltonian is given by
H:D"—R,

H=u1,2—LoLy', orlocally, H = v"p, — L.
L

Secondly, for fiber derivative of H, we define the Legendre transformation
of the sub-Hamiltonian H in the following way

Ly :D*—D,

for any «, 8 € D, it holds

B(Lala) = LHaa+15).
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This relates the distribution D* of cotangent bundle and the distribution D
of tangent bundle locally according to the next expression

oH
Opa”’

g

L:H(xiapa) = (l’ )

we say H is a Hamiltonian if and only if Ly is local diffeormorphism ([I]).
In other hand, for every p € D*, one can define the sub-Finsler metric
on the cotangent space D* with help of the indicatrix I as follows:

v

PO = v = o, g

Moreover, a function F* defined in the following way

F*.D* —=R.

F*(p) = F(v), where p = L, (v),

and )
H = —(F*)?
2( ))

see details in [10].

We recall here the basic relations of non-linear connections of Lagrange
and Hamiltonian spaces. For a Lagrange space, there exists a canonical
non-linear connection given by (see [21])

i 2

Ni = la—G,; Gl =g¥ (aka - aL) : (0.1)
2 Ovi Ovidxk ox?

In the homogeneous case, i.e. for Finsler manifolds this connection is also

called as the Barthel non-linear connection. For Hamiltonian spaces, the

non-linear connection is the image of the non-linear connection of the sub-

Finsler spaces (Lagrangian spaces) by Legendre transformation.

Definition : A linear transformation P : T'M —D is called a projection
operator in D, if P2 = P and D = Im(P). If P is a projection operator in
D then

TM = Ker(P) ®Im(P), and P = Oger(p) D Iim(p),
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such that D+ := Ker(P). Its complement projection is P¢ = id — P.
For the sake of notation, we shall use the symbols P* to denote the pro-
jection on T*M and (P*)° to denote its complement, respectively, namely

P*: T*M — (D*)°.

where P*(o)(u) = o(P(u)) for all o € T*M, P(u) € D and u is a vector in
TM.
Next the projection complement which is given by

(P*):T*M —=1D°,

satisfies the condition (P*)¢ = id — P*, such that for all (P*)¢(a) € D° we
have

(P*)(a)(u) = a(u — P(u)) =0, if u € D.
Furthermore,

P*(a) + (P)°(a) = a, P* + (P*)° = idg-nr.

Now T*M can be written as the direct sum of (D+)? and D°.

After all, one can imagine a picture from above which through it one
has a complete conception of generating a Finsler metric from sub-Finsler
one by using the upcoming technique. Starting with a sub-Finsler metric
F' in the subbundle D, we choose an arbitrary F' which is defined in the
complement D+ associated to P. Now if we take the sum of both metrics
we will obtain a Finsler metric F' in TM, specifically

EF?(u) = F2(P(u)) + F2(P(u)) for all u € TM.

Comparing the Legendre transformations of the sub-Finsler metric F' and
the extended Finsler metric F' one can easily see that the following relations
hold:

ACL:ACﬁ‘D» P*OﬁL:£ﬁoi,
»CH:»C]ﬂD*’ ,CHOZ':P*Oﬁﬁ.
Generalized non-linear connection for a sub-Finslerian
manifold

Suppose that (M, D, F) is a sub-Finsler geometry such that M is a smooth
manifold of dimension n equipped with distribution D C TM and F is a
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sub-Finsler metric on D. The natural inclusion ¢ : D —TM is then a
linear bundle mapping fibered over the identity of M. A distribution is
also completely characterized by its annihilator, i.e., giving D is equivalent
to specifying the subbundle DY of the cotangent bundle T*M whose fibre
over © € M consists of all covector at = which annihilates all vectors in
the subspace D, of T, M. With a sub-Finsler structure one can associate a
smooth mapping, defined by

E:T*M—TM, E(a,)=i(Ly(i*(a))) € TM, (0.2)

where ¢* : T*M —D* is the adjoint mapping of 4, i.e., for any a, € T; M,
i*(ag) is determined by

(X, 1" (ag)) = (i(Xy), ay) for all X, € D,,

such that (v, @) := a(v) for all v € D,« € D*. Clearly, F is a bundle map-
ping whose image set is precisely the subbundle D of T'M and whose kernel
is the annihilator D° of D. To simplify notations we shall often identify an
arbitrary vector in D with its image in 7'M under ¢ and smooth section of
D (i.e., element of T'(D)) will often be regarded as a vector field on M. To
E we can further associate a section E of TM @ T'M — M according to

E(x)(az, Bs) = (E(az), Ba) = (Lu(i"(ar)), i (Ba)),

for all x € M and ay, 8, € T*M. One can check the invariance of E under
the projection for all « € X*(M), more explicitly

(P* E)(a,a) = E(a,a), for all (P*)%(a) € T(H). (0.3)

Definition : The map V : Secv x Sect — Secw, (s,0) — Vo is
called a generalized non-linear connection over the anchor map o if

e R-linear in s and o;
e additive in s;
e for any f € F(M),Vy(fo) = fVso+o(s)(f)o.

This will applied to sub-Finslerian geometry with the following choices:
V=A=T*M,o=F :T*M —TM.



14

Definition : An L-connection V on a sub-Finsler manifold is a gener-
alized non-linear connection over the induced mapping E : T"M —TM
constructed by Legendre transformation Ly : D* —=D by (0.2).

Definition : The symmetric bracket associated to sub-Finsler geometry
is mapping
{, }: X" (M) x X (M) —X"(M),

{O‘7ﬂ} = EE(oz)ﬂ + EE(B)Q - d(E(O‘7ﬂ)) - d(E(/Ba Oé))7

where Lx is the Lie derivative with respect to X € X*(M).

In the following proposition we list some properties of the above bracket,
the first of which justifies the denomination "symmetric bracket". The proofs
are straightforward.

Proposition : [29] For any symmetric bracket the following properties

are satisfied for any «, 8 € X*(M):
1) {e, 8} ={B,a};

2) the bracket is R-linear;

)
)

3) {fa, B} = E(B)(fa+ f{a, B};
)

4) {a,v} = Lp(a)7, for any v € I'(D°) and {a,~} = 0 if both o and v
belong to T'(D).

(
(
(
(

The first three properties justify the next definition.

Definition : An L-connection V on sub-Finsler manifold (M, D, F) is
said to be a normal if the associated symmetric product equals to the sym-
metric bracket, i.e. if (o, 8)v = {«, 8} holds for all a, 8 € X*(M), where
the symmetric product of V is given by

(o, B)v = Vo + Vpa, for all a, f € X*(M).

One can associate a mapping 0 to any sub-Finsler manifold (M, D, F)
according to

§:T(D) x T(D°) —X*(M), (X,7)+— dxy=ixdy.
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It is clear that 0 generalizes the Bott connection of involutive distribution
to our general case of non-involutive distribution ([I3]).

Definition : An L-connection V on sub-Finsler space (M, D, F) is said
to be an adapted to the bundle D (shortly D-adapted) if Vv = 0,7 for all
a € X*(M) and v € T(DY).

We define the Barthel non-linear connection ﬁB of the cotangent bundle
as follows 5

Vxa(Y) = X(a(Y)) - a(VRY),
where the Barthel non-linear connection V? on the tangent bundle was loc-
ally given in . Recall that in some literature, the Barthel non-linear
connection plays the same role instead of the Levi-Civita connection in case
of positively homogeneous.

Theorem : Let V be an L-connection, then the following assertions are
equivalent:
(i) V is a normal £-connection;
(ii) For any o € X*(M), V satisfies:
=B * *\C
Vaa = V)P (@) + 0p@) (P7)(a).
The above theorem clarifies, in particular that
=B * *\C
vaﬂ = VE((X)P (B) + 5E(a) (P ) (5)7

is a non-linear £-connection and it is normal. Moreover, for all 3 € I'(DY)
one can verify Vo8 = dg(q)(f), i-e., the connection under consideration is
also D-adapted. Consequently, we have

Theorem : Given a sub-Finsler structure (M,D, F), one can always
construct a normal and a D-adapted L-connection.

Definition : A non-linear £-connection is called partial if for any o €
X*(M) and 8 € I'(D°) we have Vga = 0.

Proposition : Let V be a normal L£-connection. Then V is partial if
and only if V is D-adapted.

Proposition : An D-adapted L-connection is not metrical.
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Sub-Finsler bundle

We define in this section a sub-Finsler vector bundle which will play a major
role in the formalization of the sub-Hamiltonian in sub-Finsler geometry.
Let us consider first the covector subbundle (D*, 7, M) with the projection
7 : D* — M, which is a covector subbundle of rank k (= dim D*) in the
cotangent bundle of 7* M. The illustrious role in our consideration will play
by the pullback bundle 7*(7) of 7 by 7 as follows:

pry : D* xp D*—D*, (p,q) — p.

Throughout, we shall call the above pullback bundle as the sub-Finsler
bundle over D*. The following is summarized for the pullback construction
in our case:

D* xu D" ={(p,q) € D" xD*| 7(p) =7(q)}-
Now, if p is fixed, then
(pry) "' () = {(p,q) € D" x D*| q € D},}
= {p} x Drgp),

is a fiber of the sub-Finsler bundle over p € D*.
We can introduce a Riemannian metric ¢* in the sub-Finsler vector
bundle induced by the Hamiltonian H as follows:

_ O*H(p+tq+ sr)

9,(q,7) = 5155 |¢,s=0 for all ¢,r € D7,
which locally means
Opidp;

Now the sub-Finsler bundle 7*(7) = (D* x D*, pr, ), D* allows k covector
fields aq, s, ..., ar which form an orthonormal frame with respect to the
induced Riemannian metric g*.

Notice that «;(p) is a covector field that depends on the position x € M
and the direction p € D*. Moreover, one can choose in a way that «;(p) is
a homogeneous of degree zero in p i.e. a;(tp) = t°a;(p) = a;(p). According
to the above metric ¢** on M which is a homogeneous of degree zero, we
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could generate a sub-Hamiltonian formalism in the components p; (induces
naturally by the inner product) as (see [14])

1 n *Z
Hy(p) = 5 > 9" pi;, (0.4)

ij=1

such that this metric defined in the extended Finsler metric which was shown
in [5].

Since the sub-Hamiltonian H.(p) is homogeneous of degree 2 in the
variable p. Consequently, we shall write the sub-Hamiltonian formalism
(0.4) in a more useful way using the orthonormality of «; as follows

k
H,(p) = %Z(p, ai(p))?,  peD. (0.5)

One can check the homogeneity of the sub-Hamiltonian formalism H,(p)
easily. The importance of H,(p) lies on to define sub-Finslerian geodesics.

Definition : A normal geodesic between the points A and B is a solution
x(t) of the sub-Hamiltonian system
. OH
:tl = 7-\&D),
o; (z,p)

H
pi:_%(xap)v izl?“wn

with the boundary conditions z(0) = A and z(T) = B.

Remark : Let £(t) = (z(t),p(t)) be a solution of the sub-Hamiltonian
system and let x(t) be its projection to M. Then every sufficient short sub-
arc of the normal geodesic z(t) is a minimizer sub-Finslerian geodesic. This
subarc is the unique minimizer joining its end points. (see [22, Theorem 1]).

Remark : In the sub-Finslerian geometry, not all the sub-Finslerian
geodesics are normal (contrary to the Finsler geometry). This is due to the
fact that the sub-Finslerian geodesics which admits a minimizing geodesic
might not be solved the sub-Hamiltonian system. Those minimizer that are
not normal geodesics called singular or abnormal geodesics (see [22], [33]).

Moreover, we call the extremal pair (t) := (z(t), p(t)) a normal extremal
if it is a solution for the sub-Hamiltonian system, otherwise it is called an
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abnormal extremal. After all, by using (0.5)) one can generate the following
form of the system of differential equations in term of canonical coordinates

(z,p):

L O0H &

v Op; - Zl<p7 a;(p)) (6i(a;(p)) + (p, Dp,cj(p))), (0.6)
k

pi= _gg = = 2_ (a5 (P)){p, Discrj (). (0.7)

Exponential map in sub-Finsler geometry

Definition : (Lipschitz continuous) A sequence v, : [0, T]—=M is Lipschitz
continuous if there exists a real C' > 0 that for every t1,t2 € [0,T] we have

d(v(t1) — (t2)) < Clt1 —ta.

Moreover, C'is called a Lipschitz constant of vy if it is satisfying the above
definition.

Proposition : Let M be a sub-Finsler manifold and x € M. Assume
that B, (r) is compact, for some r > 0. Then for every y € B, (r) there is a
minimizing geodesic between x and y, i.e.,

d(z,y) = min{l(y) |y : [0,T] —= M horizontal, v(0) = z,v(T) = y}.

The exponential map is an essential object in sub-Finslerian geometry,
that is the map that parametrizes normal extremals through their initial
covectors. We are going to define the exponential map in both of the dis-
tribution D, D* of tangent and cotangent bundle, respectively.

Definition : Let Q, C D, be the domain of the exponential map over
x € M such that Q, given by

Q, = {v € Q| & is defined on the interval [0, 1]},

where v = Ly (p) by the Legendre transformation of sub-Hamiltonian H.
Then the sub-Finsler exponential map is defined as follows

exp, : Qy C Dy —= M, v mp(Lu(£(1))),
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here £(t) is the normal extremal for every ¢ € [0, 1].

We can do the same in the dual distribution D}, consider Q2 C D} be

the domain of the exponential map over x € M such that Q2 given by
OF ={p € Q] € is defined on the interval [0,1]}.
Consequently, the sub-Hamiltonian exponential map is given by
expy : Q0 C Dy — M, p— 1(£(1)),

where £(t) is the same normal extremal as above. The set Q containing
the origin and star-shaped with respect to 0. Moreover, with the help of
Legendre transformation it is fairly easy to see that

exp, (v) = exp,(p).

Remark : It is clear that in the case of sub-Finsler exponential map
the following expressions holds:

exp, B (r)] = Ba(r),

exp, Sy (r)] = Sa(r),

which are analogous to the Finslerian context, see Bao et al. [I0] for more
details. There is also shown that for general Finsler manifolds, the expo-
nential map is C* away from the origin of TM and only C' at the origin
such that for any x € M,

d(exp,)jo : TeM —=T, M

is the identity map at the origin 0 € T, M. Moreover, Akbar-Zadeh [3]
proved that the exponential map is C? map near the origin if and only if
the Finsler metric is Berwald type. Furthermore, exp, map is indeed C'*®
over T'M.



Hopf-Rinow Theorem in sub-Finslerian
geometry

Theorem : Let (M, D, F') be any connected sub-Finsler manifold, where D
is bracket generating distribution. The following conditions are equivalent:

(i) The metric space (M, d) is forward complete.
(ii) The sub-Finsler manifold (M, D, F') is forward geodesically complete.

(iii) QF = D, additionally, the exponential map is onto if there are no
strictly abnormal minimizer.

(iv) Every closed and forward bounded subset of (M, d) is compact.

Furthermore, for any z,y € M there exists a minimizing geodesic 7 joining
T to y, i.e. the length of this geodesic is equal to the distance between these
points.



Summary in Hungarian

A disszertacié két £6 részbdl all. Az els6 rész célja, hogy tisztazzuk, mi
a kapcsolat a nem-pozitiv gorbiileti fogalmak kozott, kiillonosen a Hilbert
metrika esetében. A mésodik rész — a raforditott kutatdsi idé, és az elért
eredmények szempontjabol talan jelentésebb rész, - a szub-Finsler geomet-
ria kérdéseinek vizsgalatara iranyul. A disszertdcié harom fejezete a ko-
vetkez6képpen tagolédik: Az elsé fejezet bemutatja a differencidlgeometria
alapfogalmait struktira (sokasdgok, érint6terek, kotangens terek, vektor-
mez6k és 1-formék, disztribiicidk), tovabba példdkat mutat be a tangens
és kotangens nyaldbokra. Ezt kovetoen rovid attekintést adunk a Fins-
ler geometriardl, amely alapvet6 és természetes altaldnositdsa a Riemann
geometrianak. A Finsler struktira mindkét koordinatatél fiigg, a ponttdl
és az érintévektortdl (sebességtdl) is, tehat a sokasdg érintSterén megadott
F:TM —[0, 00) fiiggvénnyel van meghatirozva. Ezt kévetSen Gsszefoglal-
juk a Berwald-terek alapvet6 tényeit. A fenti fogalmakra néhany jol ismert
példét is bemutatunk. A mdésodik fejezetben elGszor tisztdzzuk, hogy mit
jelent a nem-pozitiv a gorbiilet: bemutatjuk a definiciéikat, pontosabban,
a nem-pozitiv gorbiilet négy tipusdnak definicidjat a geodetikus metrikus
terekben, azok egyes tulajdonsagait és kapcsolatukat, tovabba a kovetkezd
lépések szempontjabdl fontos, ismert eredményeket. Egy konvex tartomany
Hilbert metrikdajanak definidlasa utan, azt mutatjuk meg, hogy a Hilbert
metrika esetében az elsd két nem-pozitivitasi fogalom pontosan akkor egyen-
értéki, ha a tartomany egy ellipszoid. Az analitikai megfontolasokra térve,
a Finsler geometridban a Berwald tér specidlis esetére szoritkozunk. Majd
azokat az Osszefliggéseket és ismert tényeket mutatjuk be, melyek sziiksé-
gesek a {6 eredmény igazolasdhoz. Végiil megmutatjuk, hogy amennyiben
a konvex tartomany Hilbert metrikdja a Berwald tipusi Finsler metrika,
akkor a tartomany sziikségképpen egy ellipszoid. A harmadik fejezetben
definialjuk a szub-Finsler metrikdkat és néhany alapfogalmat. Példakat mu-
tatunk be, amelyek teljesitik a szub-Finsler tulajdonsagot, tovibba a szub-
Finsler sokasagok alapvetd tulajdonségait targyaljuk. Attekintjiik a pontpé-
rok horizontalis gorbékkel valé osszekothet&ségének kérdését (Chow-tétele
[18]). A kovetkezSkben bemutatjuk az altaldnositott konnexidk szerepét a
szub-Riemann-geometriaban, amellyel a normal és az abnormalis extrémum-
gorbéket jellemezhetjiik a szub-Riemann esetben (14sd a lok4lis verzi6t [39]-
ben, és a koordindta-mentes véltozatat a [29]-ban.) Roéviden ismertetjiik a
Legendre transzformaciét a szub-Finsler geometriai esetben, mind a Lag-
range, mind a Hamilton metrikdbdl levezetve. Definidljuk a szub-Finsler



metrikdhoz tartozé szimmetrikus zardjelet és egy L-konnexié szimmetrikus
szorzatat, Megmutatjuk, hogy azok akkor és csak akkor esnek egybe, ha az
L-konnexié normaélis. Az involutiv disztribtciok Bott konnexiéjanak alta-
lanositédsaval jellemezhetjiikk a D-adaptélt és a normdl konnexidkat. Végiil
a Hopf-Rinow tételre tértink. Jél ismert, hogy a Riemann és a Finsler geo-
metridban két teljességi fogalom van. Az els6 a metrikus terek teljessége.
Maésrészt egy Riemann vagy Finsler sokasigot geodetikusan teljesnek ne-
vezzilk, ha barmely x € M-t8l kezd6dé ~y(t) geodetikus a ¢ € R minden
értékére van meghatarozva. A Finsler geometridban ezen tilmenden beszél-
hetiink az el6re, illetve visszafelé mért tavolsagrol, és elére, illetve visszafelé
tekintett geodetikus teljességrol. A Hopf-Rinow tétel a teljes Riemann-
sokasdgok alaptétele, amely a teljesség tulajdonsagot a kompaktsiggal és
az exponencialis leképezéssel kapcsolja Gssze. Ennek kovetkezménye szerint
egy teljes sokasag barmely két pontja 6sszekdtheté minimélis geodetikus
gorbével. 1931-ben H. Hopf és W. Rinow csak feliiletekre mutatta meg a
tételt, de a bizonyitds magasabb dimenzioban sem kiilonbozik jelentOsen.
A Hopf-Rinow-tételt részletesen tanulmanyoztdk mind a Riemann, mind a
Finsler geometridkban (1d. [10], [I6], [34]). A Finsler esetben elegendé csak
elére-teljességet feltételezni. A Hopf-Rinow-tétel allitdsainak bizonyitdsa ér-
dekében a szub-Finsler-sokasagok esetén eloszor egy szub-Finsler metrikat
definidlunk a D* kotangens térben a Legendre transzformacié segitségével,
mely egy szub-Hamilton fiiggvényt hatdroz meg. Ezutan egy szub-Finsler
nyalabot konstrualunk, amely jelentOs szerepet jatszik kap a szub-Hamilton
fliggvény eloallitasaban. Ugyanis, a szub-Finsler nyaldb lehet6vé teszi egy
ortonormélt bazismezd alkalmazasat. Ezutan attekintjiik a szub-Finsler
geometriai exponencialis leképezés fogalmat és alapvetd tulajdonsagait. Vé-
giil a {6 tételt, Hopf-Rinow tételét mondjuk ki és bizonyitjuk a szub-Finsler
geometria esetében.
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