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Abstract

A general random graph evolution mechanism is defined. The evolution is a combi-
nation of the preferential attachment model and the interaction of N vertices (N > 3).
A vertex in the graph is characterized by its degree and its weight. The weight of a
given vertex is the number of the interactions of the vertex. The asymptotic behaviour
of the graph is studied. Scale-free properties both for the degrees and the weights are
proved. It turns out that any exponent in (2,00) can be achieved. The proofs are
based on discrete time martingale theory.

1 Introduction

Network theory became a popular field during the last 15 years. Several real-world networks
were investigated such as the WWW]| the Internet, social and biological networks (see [1] for
an overview). It turned out that a main common characteristic of such networks is their scale-
free nature, in other words the asymptotic power law degree distribution, i.e. px ~ Ck™7,
as k — oo. Using large data sets, it was shown that for the WWW the in-degree and the
out-degree of web pages follow power law with v, = 2.1 and 7, = 2.7, for the Internet
~v = 2.3, for the movie actor network v = 2.3, for the collaboration graph of mathematicians
v = 2.4 (see [1] for details). To describe the phenomenon, in [2] the preferential attachment
model was suggested. In the preferential attachment model the growing mechanism of the
random graph is the following. At every time ¢t = 2,3,... a new vertex with m edges is
added so that the edges link the new vertex to m old vertices. The probability m; that the
new vertex will be connected to the old vertex ¢ depends on the degree d; of vertex i, so that
mi =d;/ Y _;d;. The power law degree distribution in the preferential attachment model was
proved by a couple of methods (see, e.g. [3]).

There are several modifications of the preferential attachment model (see [4], [5]). It is
also known that besides the degrees of the vertices other characteristics of the graph can be
important (see [5]). In [6] a model based on the interaction of three vertices was introduced.
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The power law degree distribution in that model was proved in [7]. In [13], instead of the
three-interactions model, interactions of four vertices were studied. It turned out that in the
seemingly complicated four-interactions model the asymptotic behaviour is as simple as in
the three-interactions model. Therefore it is hopeful that the overburdening formulae of the
N-interactions model lead to tractable asymptotic results.

In this paper, we extend the model and the results of [6], [7] and [13] to interactions
of N vertices. Our model is the following. A complete graph with m vertices we call an
m-clique, for short. We denote an m-clique by the symbol K,,. In our model at time n =0
we start with a K. The initial weight of this graph is one. This graph contains N vertices,
(sz) edges, ..., (AA;) M-cliques (M < N). Each of these objects has initial weight 1. After
the initial step we start to increase the size of the graph. At each step, the evolution of the
graph is based on the interaction of N vertices. More precisely, at each stepn =1,2,... we
consider N vertices and draw all non-existing edges between these vertices. So we obtain a
K. The weight of this graph Ky and the weights of all cliques in Ky are increased by 1.
(That is we increase the weights of N vertices, (1;[ ) edges, ..., N different (N — 1)-cliques
and the N-clique Ky itself.) The choice of the N interacting vertices is the following.

There are two possibilities at each step. With probability p we add a new vertex that
interacts with NV — 1 old vertices, on the other hand, with probability (1 — p), NV old vertices
interact. Here 0 < p <1 is fixed.

When we add a new vertex, then we choose N — 1 old vertices and they together will
form an N-clique. However, to choose the N — 1 old vertices we have two possibilities. With
probability r we choose an (N — 1)-clique from the existing (N — 1)-cliques according to the
weights of the (N — 1)-cliques. It means that an (N — 1)-clique of weight w, is chosen with
probability w;/ >, w,. On the other hand, with probability 1 — r, we choose among the
existing vertices uniformly, that is all N — 1 vertices have the same chance.

At a step when we do not add a new vertex, then N old vertices interact. As in the
previous case, we have two possibilities. With probability ¢, we choose one Ky of the
existing N-cliques according to their weights. It means that an N-clique of weight w; is
chosen with probability w,/ ", ws. On the other hand, with probability 1 — ¢, we choose
among the existing vertices uniformly, that is all subsets consisting of N vertices have the
same chance.

In this paper we show that the above mechanism results in a scale-free graph. To prove
our results we follow the lines of [6], [7]. Let X(n,d,w) denote the number of vertices of
weight w and degree d after the nth step. Let V,, denote the number of vertices after the nth
step. Let F,,_1 denote the o-algebra of observable events after the (n — 1)th step. First we
calculate the conditional expectation E{X (n,d, w)|F,,—1}, see Lemma 2.1. Then we prove
(Theorem 2.1) that the ratio X("V;j’w) converges to 4., almost surely (a.s.) as n — oo, where
the limits 24, are fixed non-negative numbers. The main tool of the proof is the Doob-Meyer
decomposition of submartingales. We remark that in the 3-interactions model the limits 4,
are always positive (see [7]). However, in the N-interactions model the limits x4, can be
zero unless N is equal to 3. It is an important phenomenon, because the appearance of zero
limits simplifies the seemingly intractable formulae.

We show that x4, d= N—1,N,...,(N —1)w,w =1,2,...,is a proper two-dimensional
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discrete probability distribution (Lemma 3.1). Then we turn to the scale-free property for
the weights. Let X (n,w) denote the number of vertices of weight w after the nth step. Then
for all w=1,2,... we have

X (n,w)

v — Ty = TN-1,w -+ TN w + -t x(N—l)w,w
n

almost surely. Moreover, x,, ~ C’w_(Hé), as w — 0o (Theorem 3.1), that is the distribution
T, has a tail which decays as a power-law with exponent 1+ é To derive the above results
from Theorem 2.1, we need only some known facts about the I'-function, see the proofs of
Lemma 3.1 and Theorem 3.1. Finally, we obtain the scale-free property for the degrees. Let
us denote by U (n, d) the number of vertices of degree d after the nth step. For any d > N —1
we have

U (n,d) oy
v, a
a.s. as n — oo, where ug, d=N — 1, N, N 4+ 1,..., are positive numbers. Furthermore,
r(1+ 2 (ad) -(1+3)
Ug ~ ——— 2 [ 7
aol’ (1 + g) o7

as d — 0o, where a,  and «ay are appropriate constants (see Theorem 3.4). We see that in
both cases the exponent is 1+ +.

2 The evolution of the graph

Throughout the paper 0 <p <1,0<r <1,0 < ¢q <1 are fixed numbers. Let X(n,d,w)
denote the number of vertices of weight w and degree d after the nth step. Let V,, denote
the number of vertices after the nth step.

Remark 2.1. Each vertex has initial weight 1 and initial degree N — 1. When a vertex takes
part in an interaction, the weight of this vertex is increased by 1 and the degree of this
vertex may increase by 0,1,2,... or N — 1. Therefore X(n,d,w) can be positive only for
I<w<n+land N-1<d<(N-1)w.

Let F,—1 denote the o-algebra of observable events after the (n —1)th step. We compute
the conditional expectation of X (n,d, w) with respect to F,,_; for w > 1. The results of this
paper will be based on it. The particular cases N = 3 and N = 4 are included in [7] and
[13], respectively.

Let
N -1 N(1-p)(1-q)

pr, a=oa1+ay, B=(N-1)(1-r)+ :
N Vta B=(N-1)(1-) .

ar=(1-p)q, ay=

Lemma 2.1. One has

E{X(n,d,w)|Fn_1} = X(n —1,d,w) {1_ <9a+ P 5)}+

n anl
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w— )
+X(n—1,d,w—1) [(1—1)) (q—+(1 )(f/\i:)> +
(N—-1)(w—1) (v-2)
+X(n—-1,d—1,w—1) [p(r N +(1—r) (ﬁ_i)>+
+(1-p)(1-9 (N_2)((v‘fll_)l - d)] +o
d—m Vp—1—d+m—1
+X(n—1,d—m,w—1) [p (1—r) (le)(g,nl)ml ) +
d—m Vp—1—d+m—1
+(1-p)(1—q) (le)((vn_l) A ) -
(Vn,l—d+N—2)
+X(n—1,d— (N —1),w—1) [p(l—r) (gn—j)
Vno1—d+N—-2
+(1—=p)(1—-q) % + PdaN—10w,1 (2.1)

forw>1and N—1<d<(N-1)w,1<m<N —1. Here 0, denotes the Dirac-delta.

Proof. The total weight of N-cliques after (n — 1) steps is n. The total weight of (N — 1)-
cliques after (n— 1) steps is Nn. The total weight of (N — 1)-cliques having a fixed common
vertex of weight w is (N — 1) w. Moreover, after (n — 1) steps, we have the following. When
we choose (N — 1) vertices randomly, then the probability that a given vertex is chosen is

("vle) N1
(v1) Ve

N-1

When we choose N vertices randomly, then the probability that a given vertex is chosen is

("vi) N
(%) Ve

Therefore the probability that an old vertex of weight w takes part in the interaction at step
n is

» (r—(N];T?“’ ‘a —r>NVn‘f) F(1-p) (q% ‘a ‘%ivl) = Lot
where
a=-p+ S = L - Dp( - )+ NP1 - )
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A new vertex always takes part in the interaction. At each step with probability p a new

vertex with weight 1 and with degree (N — 1) is born.

Consider a fixed vertex with weight w and degree d. The probability that in the nth step

e neither its degree d nor its weight w change is

w p
1_ _ .
(na—l— anﬁ) ;

its degree does not change but its weight is increased by 1 is

both its degree and its weight are increased by 1 is

N-Dw-1 (fé:é)) v oy ) (Ve =)
p( N + )(Vn_l) +(1-p)(1-9q) oy

N-1 N

its degree is increased by m (1 < m < N — 1) and its weight is increased by 1 is

(Ni;zﬂil) (anl;ff;mfl) N—m—1 m

) ") /

its degree is increased by N — 1 and its weight is increased by 1 is

( d—m )(Vn,l—dﬂn—l)

p(l—r) +(1-p)(1-gq)

(ot

(V1)

Using the above formulae, we obtain equation (2.1).

(ot

b (1 - 7”) (anl)

+(1-p)(1-gq)

O

The following theorem is an extension of Theorem 3.1 of [7], see also Theorem 2.1 of
[13]. For N > 3 we shall see, that several terms are asymptotically negligible, therefore the

final expressions are as simple as in the case of N = 3.

Theorem 2.1. Let 0 <p<1,¢>0,7r>0and (1 —7)(1—¢q) > 0. For any fixzed w and d

with 1 <w and N —1<d<w(N —1) we have

X (n,d,w)

— Tq
Vi, v

(2.2)

almost surely as n — 00, where xq,, are fized non-negative numbers. Furthermore, the

numbers xq., satisfy the following recurrence:

1

— >0 =0 d#+#N —1
05"‘6‘}‘1 P Ld 1 7f0’r 7é ’

IN-11 =
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1
xd,w:—&w+ﬂ+1 [al(w—l)xdw 1+ oo (w—1)Ta—1,0-1 + BTa—(N-1),0— 1} (2.3)
Jorw>2, N—1<d<w(N-1), where
N—-1 N({1-p)(1-
o= (1-p)g, az= N pr, a=a;+ay [B=(N-1(1-r)+ ( ZZ( Q)_

If w > 1 is fized then there exists d with N —1 < d < w (N — 1) such that x4, is positive
and if w > 1 and N > 4 then there exists d with N —1 < d < w (N — 1) such that x4, is
equal to zero. Moreover, in the cases when x4, = 0 we have

X (n,d,w) a
T:o(n ),

where a s a positive number which may depend on w and d.
If N—-1<d<w(N —1) does not satisfied, then x4, = 0.

Proof. We follow the lines of [7]. Introduce notation

n —1
cnw) =[] <1—%—Vﬁi) , n>w—1lw> 1. (2.4)

i=w—1

¢(n,w) is an F,_j-measurable random variable. Applying the Marcinkiewicz strong law of
large numbers to the number of vertices, we have

Vo=pn+o (n1/2+a) (2.5)

almost surely, for any ¢ > 0.
Using (2.5) and the Taylor expansion for log(1 + ), we obtain

B ~ 1
log ¢ (n,w) = Zlog(l—T—m :(aw+5)i§12+0(1),
where the error term is convergent as n — co. Therefore
c(n,w) ~ a,n*? (2.6)

almost surely, as n — oo, where a,, is a positive random variable.
Let

Z (n,d,w) =c(n,w) X (n,d,w) for 1<w, N-1<d<w(N-1).

Using (2.1), we can see that {Z (n,d,w),F,,n=w—1,w,w+1,...} is a non-negative
submartingale for any fixed 1 < w, N —1 < d < (N —1)w. Define Z (n,d,w) = 0 for
n=1,2,...,w—2. Applying the Doob-Meyer decomposition to Z (n,d,w), we can write

Z (n,d,w) =M (n,d,w) + A (n,d,w),
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where M (n,d,w) is a martingale and A (n,d,w) is a predictable increasing process. The
general form of M (n,d,w) and A (n,d,w) are the following:

n

M (n,d,w) = Z (Z (i, d,w) — E(Z (i,d,w) | Fi_1)], (2.7)
A(n,d,w) =EZ(1,d,w) + ' IE((Z (i,d,w) | Fi) — Z (i — 1,d,w))], (2.8)

where Fy is the trivial o-algebra. Using (2.8) and (2.1), we have

A(n,d,w)=REZ(1,d,w)+
- d
+Z ClwX(Z—l,d,w—l)(l—p)(qw__1_|_(1_q)( 1)>+

te(i,w)X(i—1,d—1,w—1)x
d—1
X (p (r(N—l)(.w—l) +(1-7) (1‘\/7112)> +(1-p)(1—q) (N 2) S/ll d)>+
(2.9)

Ni (")
+- 4 c(t,w) X(@—1,d—m,w—1)x
(v Erm) (15 (W) () )
X 1—r 1—p)(1—
<p< ) (1\\/;:11) + ( p)( q) (VZJ\;l) +

4+ote(i,w)X(i—1,d— (N —1),w—1)x

X (p (1-r) % +(1-p)(1—q) (_J_V—_l_)> + C(i,w)péd,zvléw,ll .

Vi
(%)
Let B (n,d,w) the sum of the conditional variances of Z (n,d,w). Now we give an upper

bound of B (n,d,w).

(n,d,w) ZD2 (i,d,w) | Fi_q ZE{ (i,d,w) — E(Z (i,d, w) | F;-1))* | Fia} =

=2 _c(iw) B{(X (i,d,w) = E (X (i,d,w) |Fi1))* | Fi} <
<, ¢ (i, w)? B{(X (i,d,w) — X (i —1,d,w))* | Fi_1} <

<N?D c(i,w)? =0 (nPewtAt), (2.10)

Above we used that ¢ (i,w) is F;_j;-measurable and at each step N vertices can interact.
Finally, we applied (2.6). Jensen’s inequality implies that M? (n,d,w) is a (non-negative)



8 Fazekas, Porvazsnyik

submartingale if M (n,d,w) is a martingale. Now we can apply the Doob-Meyer decom-
position to M?(n,d,w). It is known that B(n,d,w), that is the sum of the conditional
variances of terms Z(n,d,w) from formula (2.10), is the same (up to an additive constant)
as the increasing predictable process in the Doob-Meyer decomposition of the non-negative
submartingale M?(n,d,w). Therefore the Doob-Meyer decomposition is

M? (n,d,w) =Y (n,d,w) + B (n,d,w),

where Y (n,d,w) is a martingale and the predictable increasing process B (n,d, w) is given
by (2.10).

We use induction on w. Let w = 1. We can see that a vertex of weight 1 could take part
in an interaction when it was born. Therefore its degree must be equal to N — 1. By (2.9),

na—i—ﬁ-i—l

A 1) ~ _ 2.11
R TR0 SRIEN) S e O

a.8. as n — 0. )
By (2.10), B(n, N —1,1) = O (n*®™*1) and therefore (B (n, N — 1,1))2log B (n, N — 1,1) =
= O (A(n,N —1,1)). Therefore, by Proposition VII-2-4 of [8],

Z(n,N—1,1)~A(n,N—1,1) as. ontheevent {A(n,N—1,1)— o0} as n— 0.

(2.12)
As, by (2.11), A(n, N —1,1) — oo a.s., therefore using (2.11), (2.5) and (2.6), relation (2.12)
implies

noti+1
X(n,N-1,1) Z(nN-11) AmN-11) P T35 1 0
— ~ ~ = = IrN_
Va, c(n, 1)V, c(n, 1)V, a;n*+Ppn a+p+1 VoLt
(2.13)

almost surely. So (2.2) is valid for w = 1.

Now let w = 2. In this case the degree of the vertex must be N —1 < d < 2(N —1).
Ifw=2andd=N—1,N or 2(N — 1), then we shall show z4,, > 0. By (2.5), (2.6) and
(2.9), we can compute the asymptotic behaviour of A (n,d,2) as follows

2a++1

A N—-1,2)~ _
(n7 ) ) pa220{—|—5—|—1

(1- p) qrN-1,1 — 00,

n2a+,3+1 N -1
20+ p5+1 N
n2otit N(1—-p)(1-q)

—— |(N—=1)(1— _11 — 00.
20[4—5—{—1 ( )( T)+ D ITN-1,1 oo

A(n,N,2) ~ pay Pren_11 — 00,

A(n72(N_1>72) ~ paz

Moreover,

B(n,d,2) = O (n*°>*%1) thus (B (n,d, 2)) log B (n,d,2) = O (A (n,d,2))
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for d = N — 1, N and 2 (N — 1). Therefore in these cases Z (n,d,2) ~ A(n,d,2) a.s. on
{A(n,d,2) — oo} as n — oo. It implies that

n2otB+1
X(n,d,2) Z(nd?2 And2 P 15+1 Ty
Vi - c(n,2)V, ~ c(n,2)V, T et T a4 B+ 1 (2.14)
with appropriate Ty 2. Therefore we have
X, ]‘\/f,n_ 1,2) — (12_04]_)2 %xif_ll’l =aN-12 >0,
N -1
X (n, N, 2) N PrEN-11 w0,

%
|78 20+ +1
X(TL,Q(N—l),Q) N(l_p)(l_Q) IN-1,1
— [(N—=1)(1 - =
|78 ( JA—r)+ P 2+ [+ 1

as n — 00. So (2.2) is valid for w=2,d =N —1,N,2(N —1).

Consider the cases when N +1 < d < 2N — 3 and w = 2. These cases are different from
the previous ones. By (2.9) and using Remark 1, we have

Ton-1),2 > 0,

A(n,d,2) =EZ(1,d,2) +

+3 e(,w) X(i—1,d—m,1)x
=2

(5 (%)

where d — m = N — 1. Using this and the limit of X (i — 1, N — 1,1)/V;_1, we obtain the
asymptotic behaviour of A (n,d,2) as follows

s | GEE) N =D (=) (VN1 = p) (1 - )
A(n,d,2) ~ ZZ2 asi BI’N—l,ﬂp (m =11 ngi)Nm - (pf)Nm LA

(2.15)

+(1-p)(1—q)

n
~ asz_1,1C' E 2‘204+ﬂ+1+m—N ~

=2
n2a+,3+2+m—N
2a+B+2+m—N

because N —m > 2. Here C' denotes an appropriate constant. Now we have

=0 (n**7), (2.16)

~ @2$N71,1C

X (n,d,2) Z(n,d,2) M(n,d2)+An,d?2)

vV, c (n,2) V, c(n,2)V,
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The behaviour of A(n,d,2) is given by (2.16). We denoted by B (n,d,w) the increas-
ing predictable process in the Doob-Meyer decomposition of M? (n,d,w). We know that

B(n,d,2) = O (n*%*1) and so (B (n,d, 2))% log B (n,d,2) = O <n20‘+5+%+5> with arbi-
trary small positive €.
Applying Proposition VII-2-4 of [8], we have

M (n,d,2) = o ((B (n,d,2))? log B (n, d, 2)) —o (n2a+ﬂ+%+f) ae. on {B(n,d,2) = oo},

Moreover, on the set {B(00,d,2) < oo}, the sequence M(n,d,2) is a.s. convergent. So
M(n,d,2) =o <n2a+5+%+5> a.s. . Therefore, using (2.5) and (2.6), we have

X (n,d,2) M (n,d,2)+A(n,d,?2) n2at+B+gte 1
- SC—g— =0+ 20 2.17
Vn C (n, 2) Vn - n2a+6n na — U, ( )

where n — oo and 411 <a< % So the proposition is valid for w =1 and w = 2.

Suppose that the statement is true for all weights less than w and for all possible degrees.
First we study the positive limits. Consider A(n,d,w) in (2.9) and assume that at least one
of the coefficients Zqw—1, Ta—1,w-1, Ta—(N-1),w—1 is positive. Then by (2.5), (2.6), (2.9) and
using the induction hypothesis, we have

A(n,d,w) NZc(i,w) [X(i—l,d,w—l) (1—p)qw7,_1+
(N—-1)(w—1)
N3 *

+X(@—-1,d—1,w—1)pr

: p(l-r)(N-1) (A-p(A-gN
~ Zz:; [c (i, w) Tgw-1pi (1 — p) qu‘_l + ¢ (i, W) g1 w1 pipT (N — 1])ng —1)
+c (4, w) Ta—(N-1)w-1Pi ((1 — T)EN -, d=p) ; —9) N)] ~

n

~ Z Ay 1P [Tgw_1p0n (W — 1) + Tg-1p—1p02 (W — 1) +
=2

+ Tg—(N-1),w-1P5 ) } ~

nanrﬁJrl

Npawaw—l—/B—I—l

(v (0 — 1) 21 + a2 (W — 1) Za—1,0-1 + BTa(N—1)w0-1] - (2.18)
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During the above computation we deleted all terms having asymptotically smaller degree
than the others.

First, we examine the case when the limits are positive. Suppose that there is at least one
positive term in (2.18). Therefore A(n,d, w) ~ pa,n®“*#+1z,,, — oo (because xq,, > 0).
In this case (B (n, al,w))é log B (n,d,w) = O (A (n,d,w)). So, using Proposition VII-2-4 of
[8], we have Z (n,d,w) ~ A (n,d,w). Therefore

X(ndw) Z(ndw) Amdw) pa,n e,

= T4, a.s. as n — 09,

V., N c(n,w)V, c(n,w)V, aun®tBpn
(2.19)
where, by (2.18),
Tgw = o [ (w = 1) g1 + o (W — 1) Ta1,-1 + BT (N-1)-1] -
’ aw+pF+1 ’ ’ ’

To handle the case when the limit is 0, we argue as follows. Consider the case when the
coefficients x4 —1, Ta—1,w—1, Ta—(N-1),w—1 are equal to zero.
By (2.9) and using the induction hypothesis, we have

n N-2
1
A ~ cw+f N+ Y X -Ld—muw-1
(n,d,w) [az <O<ia)+ (t—1,d—m,w—1) x

1=2 m=2

(pi)

n N-2

1
S 5 3) S
=2 m=2 (p)
naw—l—ﬁ-l—l—a naw—f—ﬁ

aw+ﬁ+1—a+oaw+5 -
-0 (naw—i-ﬁ-l—l—a) ’ (220)

where C' denotes an appropriate constant. So in this case the asymptotic behaviour of
A (n,d,w) is given by (2.20). On the other hand, B (n,d,w) = O (n?@w++1),
Using (2.5) and (2.6), Proposition VII-2-4 of [8] implies

X (n,dw) Z(n,d,w) M(n,dw)+Andw)

Vi B c(n,w) Va N c(n7w) V.
@) (naw+ﬁ+1fa) By
- naw+ﬁpn =0 (n ) — 0= Tdw, Q.S. (221)
So we have obtained the desired result for the case 0 limit as well. 0

Remark 2.2. We can see that for each d with d > N there exists w such that x4, > 0.
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3 The scale-free property for the weights and degrees

Lemma 3.1. Let p > 0 and define

Ty = TN-1w T TNw + -+ T(N-1)w,w

forw = 1,2,.... Then x,, w = 1,2,..., are positive numbers satisfying the following
recurrence: .
NS o AT
a(w—=1)+0 :
w= o Ty—1, > 1, 3.22
x cw Bl Typo1, f w (3.22)
where N1 N(—p)(1—q)
- — P —q
:(1—p)Q+TPT, B=N-1)(1-r)+ :
p

Ty, w=1,2,...,is a discrete probability distribution. Moreover, g, d = N—1,N,..., (N —1)w
w=1,2,..., s a two-dimensional discrete probability distribution.

Proof. If a = 0, then the statement is an obvious consequence of (2.3). Now assume « # 0.
As z4,, is defined as xz4,, = 0 for d ¢ {N —1,N,..., (N — 1)w}, therefore z, = >, Taw-
From the recurrence (2.3) for x4, we obtain

(N-1)w
D T =D Taw =
d=N-1 d
1
=— oy (w—1 Tgw—1 + o (w—1 Td—1w—1 + Td—(N—Dw—1| =
L CICRT) SERAUES) SERTRER) SR
Ca(w—-1)+p
T aw+ B+l 0H

Using this recursive formula for x,,, we obtain

ﬁ a(j—1)+58 1 a+p 200+ (w—1a+p3
o aj+p0+1 a+B+12a+B+13a+B+1""" wa+pB+1

1 Y7 24 1 D(w+8) r(+ 2

:aw+5+1j:1%+Lj_aw+ﬁ+1f(1+§)F(w+ﬁi)

ra+2h r 8
_ L+ aﬁ) (w;la) . (3.23)
al (1+2) I (w+ 2 +1)

Moreover, by [10], we have the following formula:

" I'(k+a) 1 I'n+a+1) I (a)
> |

(k+b) a—b+1| I'(n+tbd) I (b-1)

k=0
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Therefore, by some calculation, we obtain ),z — 1, as n — 00. So > o &, = 1. As

Y g Tdaw = Ty, SO Y Efi;}f %4, = 1 and therefore z4,, d =N —1,N,..., (N — 1) w,
w=1,2,...,1is a two-dimensional discrete probability distribution. O

Let X (n,w) denote the number of vertices of weight w after n steps. Next theorem is
the scale-free property for the weights. It is an extension of Theorem 3.1 in [6], see also
Theorem 3.1 of [13].

Theorem 3.1. Let0<p<1,¢>0,r>0and (1—r)(1—q) > 0. Then for allw=1,2,...
we have

%;w) S 2 (3.24)
almost surely, as n — oo, where x,,, w = 1,2,... , are positive numbers satisfying the
recurrence (3.22). Moreover,

Ty ~ Cw_<1+é), (3.25)

as w — o0, withC:F(le%)/(@F(l—i—ﬁ)).

«

Proof. We have
X (n,w)=Xn,N—-1Lw)+X(n N,w)+ - +X(n,(N—-1w,w).
By Theorem 2.1,
X (n,w)
Va

almost surely, as n — oo. Here each x,, is positive.
Using formula (3.23) and the Stirling-formula for the Gamma function, we have

— Ly = IN-—1 T T T(N-1)w,w

gy (w+3)
o (w4 _

(& 4 )0

G ( (w+2) )(w+a) 1 ()
( 1) (

ra+2h  rw+b)
al (1+2) I (w+ 22 +1)

Ly =

w—l-g-i—é-i- w_|_§+l_|_1)5+1 ’
(] + 8+L (1 + 8+
where Cy = ( - "‘6) L - andC’:(;“ﬁ). OJ
ol (14 5) (1)t al (1+2)

Now we construct a representation of the limiting joint distribution of degrees and
weights.

Let W be a random variable with distribution P(W =w) = =, ,w = 1,2,... . Let
& = N —1 and &,&3, ... be independent random variables being independent of W too.
For w > 2 let &, have the following distribution:

ap (w—1)
a(w—1)+ 8’

as (w—1)
a(w—1)+p’

p

]P(waO): m

P(waI): P(gw:N_l):
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Introduce notation S, =& + &+ -+ &,
The following representation of the joint distribution of degrees and weights is useful to
obtain scale-free property for degrees.

Theorem 3.2. P (Sy =d, W =w) = x4y forall w=1,2,..., d=N-1,N,...., (N —1)w.
Proof. If w=1and d =N — 1 we have
]P)(SW:N—LWzl):]P’(Sl:N—l,Wzl):P(Wzl):l’l:ZBN_Ll

fw=1landd# N —1,then P(Sy =d, W =1) =0 = x4;.
fw=2andd¢g{N —1,N,2(N — 1)} then we have

P(Sw=dW=2)=P(S=dW=2=P(G=N-1&=d—(N—1),W=2)=0=ux4.

Using the recursion (3.22) and the assumption that &1,&2,&3,... are independent random
variables which are independent of W, we have for w > 2

P(Sw=dW =w)=P (S, =d, W =w) =P(S, =d)P(W = w) =

=[P (St =d)P (& =0)+P(Sy 1 =d—1DP(E=1)+P(Sy1=d— (N —1))P (& = (N — 1))] x

XP (W =w—1) 2 =

Lay—1

=PSp1=PW=w—-1) a1 (w—=1)+P(Spy-1=d—1)P(W=w—-1)az(w—1)+

1
:—&w+5+1[&1(w—1)P(SWZd,W:w—1)+a2(w—1)(SW:d_17W:w_1)+

PP (Sw=d— (N —1),W =w—1)].

Now, we can see that the sequence P (Sy = d, W = w) satisfies the same recursion (2.3) as
Tdw - O

Theorem 3.3. Suppose that oy > 0 and ay > 0. Then

N

B o (d —ES,)? _
Tiw = xwm lexp <_W> +0 <w )] , as w — 00, (3.26)

where the error term O <w’%> does not depend on d .
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Proof. We can follow the ideas of the proof of Theorem 4.2 in [7]. Let w > 1. By the
definition of the expected value, we have
6] a; (N—=1a—ay)p

+(N_1)oz(w—1)—|—6:g+ ala(w—1)+75)"’

as (w—1)
aw—=1)+p

Eé, =
if w > 2, hence
ES, = E& + -+ Eéy, = w2 + 0 (logw) ,

a

as w — oo. Similarly, by simple computation, we have

1
D%, = 122 4 0 (—) . DS, = %% L 0 (logw) | (3.27)

o2 w o2

as w — 00.
Now, we can apply Theorem VII.2.5 in [9] for S,. The conditions of that theorem are
satisfied, therefore we have

DS,P (S, = d) \/12_7Texp (‘%) ‘ ~0 (%) | (3.28)

DS, — —\,041042111‘ P(S,=d) =0 (w‘%) Therefore, it
«

sup
deZ

Using (3.27) and (3.28), we obtain
follows from (3.28), that

Vo agw 1 (d —ES,)? 1
o Pw=d) - —m=ew | ——n N7& (3:29)
The independence of W and &; implies that

xd’w:P(SW:d,W:w) :]P’(Sw:d)xw

sup
dez

Using this in (3.29), we can obtain the desired result. O

Our last theorem is an extension of Theorem 4.3 in [7] (see also Theorem 3.4 of [13]) to
the case of N interactions. The theorem shows the scale-free property for the degrees.
Theorem 3.4. Let 0 <p<1,¢>0,7r>0and (1—7)(1—q) > 0. Let us denote by U (n,d)
the number of vertices of degree d after n steps, that is U (n,d) = X (n,d,w).
Then, for any d > N — 1 we have

._d
wiy—g Sw<n+1

U(n,d
(‘T/Z? ) — Ug = Tdw (330)
a.s. asn — oo, where ug, d =N — 1, N, ..., are positive numbers. Furthermore,
(14 821 a2\~ 0+3)
Ug ~ (—aﬂ) <O‘—> , (3.31)
el (1+2) \o

as d — 0.
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Proof. By Theorems 2.1 and 3.2, M
Taw = P(Sw =d, W =w). But the cardinalities of terms in Zw;ﬁgwgnﬂX(”:da w)
are not bounded when n — oco. However, using that z4,, d = N —1,N,..., (N —1)w,
w = 1,2,... is a proper two-dimensional discrete distribution, therefore the convergence
of the marginal distributions is a consequence of the convergence of the two-dimensional
distributions. So we obtain (3.30).

To obtain (3.31), we follow the lines of [7]. Let

converges almost surely to the distribution

f=<d, H=Hy={w: -5 <ws<f+ i},

&%)
H-:Hd-:{w;w<f—f%+€}, H+:H;={w:w>f+f%+€}

1
with some fixed 0 < € < 6
Using Hoeffding’s exponential inequality (Theorem 2 in [11]) for w € H~ we have

P(Sw=d) SP(Sy2d) <P (S, ~ESy 2 d— 2w - 0(logw)) <

< eXP{—ﬁ <d— %w—O(logw))Q} :exp{_(Nil)2 <%)2 (f—w—i)(lng)) }

Here w € H~ implies that

(f —w—=0(logw))* = (f —w)” = 2(f —w) O (logw) + (O (logw))* > f'** — O (flog f).

Therefore in the case when w € H~ we have

P(S,=d) < exp{_ﬁ <%>2 flr2e (J)c<f10gf)} _ exp{_ﬁ (%>2f25+0(10gf)}.

Using this, we can obtain that

P(Sw=dWeH )= > P(Sy=dW=w)< > P(S,=d<

< fexp {—ﬁ (%)2 £ 4+ 0 (log f)} —o (f—(”%)) . (3.32)

Similarly, if w € H*, again by Hoeffding’s inequality, we have

P(S, =d) SP(Sy <d) <P (S, —ES, <d— Zw) <
(6%

2 as \2 2 a2 (f —w)?
gexp{—m (d—gw> }:exp{—m (E) T}
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N

Using that w € H* and 1 +¢ < 1, we obtain 2 (w — f) > fatepuw—f > f%+5+(w — )z >

w2"* for d large enough. Therefore

ris =0zt (3 ) o (20

Hence

P(Sw=dWeHY)< Y exp {—ﬁ <%)2w2€} —o(s*0))  (3.33)

[0
{w: f<w}

for f large enough.
Now consider the case when w € H. First we need some general facts. Consider the set

B={(d,w):w>1,d>N—1,we Hy}.
It is easy to see that when (d,w) € B then d — oo if and only if w — oo. More precisely,

%—>1, if d—o0 and (d,w)€ B.

We have w = f + O ( f %’La). Then (with e; > 0 arbitrarily small)

(d-Es,)?  (1-wy —Ologw)) s (f —w =0 (logw))* _

- - = - 3.34
2D2S,, 204;262w + 0 (logw) a; 2w+ O (logw) ( )
o Umwrro(fee) wt o (s )y
Ty 2w + O (logw) Ty 2f 2f+()<f%+€) =
:_%(f_w)2+0<f2+5+61> - O<f§+5> :_%(f_w)Q_'_O(f_;_Fga)’
Qq 2f 2f +O (f%—i—e) ar 2f

as d — oo. Here the error term does not depend on w. We shall apply Theorem 3.3 that
is formula (3.26). The asymptotic behaviour of x,, is known from (3.25). Using these facts
and (3.34), we obtain

B T
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asd —ooand w € H, whereC:F(1+%)/(aF (1+§)) Therefore

N BTSN SR S ) ol O
weszdﬂU , 2 ) “f s /zng_;fep{ 22 f

f-frrecw<f+fate

_(141) & 1 ]{?2 .
vortig X —exp{‘zz—;f}_

o1
_f%+€<k<f%+f zﬂazf

1 1 +oo 2
i
Thus we have

r(+2Y rad —(1+%)
Pl =, W € H)~ A= e (a_2> | (3.35)

as d — oco. Finally, from (3.32), (3.33) and (3.35), we obtain

== 3wt D a3 maw o (£ )0y U ko (470

weH~ weH weH+

as d — oo. The proof is complete. O
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