L

i

1949

On convexity with respect to Chebyshev
systems and Cauchy-Schwarz type

inequalities for solutions of
Levi-Civita-type functional equations

Thesis for the degree
of Doctor of Philosophy (PhD)

written by MAHMOOD KAMIL SHIHAB
and supervised by PROF. DR. ZSOLT PALES

UNIVERSITY OF DEBRECEN

Doctoral Council
of Natural Sciences and Information Technology

Doctoral School
of Mathematical and Computational Sciences

Debrecen, 2024






Hereby I declare that I prepared this thesis within the Doctoral Council
of Natural Sciences and Information Technology, Doctoral School
of Mathematical and Computational Sciences of the University of
Debrecen in order to obtain a PhD Degree in Natural Sciences from the
University of Debrecen.

I declare that the results published in this thesis are not reported in any
other PhD theses.

Debrecen, April 15, 2024.

Mahmood Kamil Shihab
signature of the candidate

Hereby I confirm that Mahmood Kamil Shihab candidate conducted his
studies with my supervision within the Mathematical Analysis Program
of the Doctoral School of Mathematical and Computational Sciences of
the University of Debrecen between 2020 and 2024. The independent
studies and research work of the candidate significantly contributed to
the results published in this thesis.

I also declare that the results published in the thesis are not reported in
any other PhD theses.

I support the acceptance of the dissertation.

Debrecen, April 15, 2024.

Péles Zsolt
signature of the supervisor







On convexity with respect to Chebyshev
systems and Cauchy-Schwarz type
inequalities for solutions of

Levi—Clivita-type functional equations

Dissertation submitted in partial fulfillment of the requirements
for the doctoral (PhD) degree in Mathematics and Computing.

Written by: Mahmood Kamil Shihab

The dissertation was written in the framework of the Mathematical Analysis,
Functional Equations and Inequalities Program of the Doctoral School of
Mathematical and Computational Sciences of the University of Debrecen.

Dissertation advisor: Dr. Zsolt Pales

The official opponents of the dissertation:

The evaluation committee:

Chairperson: DI ......c.cooiiiiiiiiiiiiiiiis e
MemDbErS: DI oot e
D P UUUUURR
) PP
DL. e e

The date of the dissertation defense: .................. 2024.






Contents

Acknowledgement 1

Notation and Symbols 2

Introduction 3

1. A summary of basic convexity properties 3

1.1.  Godunova-Levin functions 4

1.2.  Breckner’s s-convexity 4

1.3.  Varo$anec’s h-convexity 4

1.4. Toader’s m-convexity 5

1.5. Matkowski-Ritz’s (M, N)-convexity 5

1.6. Matkowski’s a-convexity 5

1.7. Beckenbach convexity 6

2. The main goals of this thesis 6

Chapter 1. Decomposition of higher-order Wright convex functions revisited 9

1. Preliminaries 9

2. Higher-order convex and Wright convex functions 10

Chapter 2.  On convexity properties with respect to a Chebyshev system 19

1. Preliminaries 19

2. Results on w-Jensen functions 22

3. Wright convexity with respect to Chebyshev systems 37
Chapter 3. Cauchy—Schwarz-type inequalities for solutions of Levi—Civita-type

functional equations 45

1. Preliminaries 45

2. The inequality A(x * y)? < A(x * 2)A(y * y) 46

3. The inequality A(z * 2)A(y * y) < A(z * y)? 47

4. Consequences of systems of Levi—Civita-type equations 52

Summary 59

Decomposition of higher-order Wright convex functions revisited 59

On convexity properties with respect to a Chebyshev system 61

Cauchy—Schwarz-type inequalities and Levi—Civita-type functional equations 66

Bibliography 73






Acknowledgement

At the beginning, I thank Allah and blessed Him for all things that He gave
me, He created me from nothing and guide me, He feed and watered me, If |
am sick He will heal me, He will died me and then He will live me after the
death and I covet He will forgive me in the doomsday.

I extend my deepest sincere thanks and gratitude to my supervisor Prof.
Zsolt Pales for his encouragements and good advices, he guided me in the all
period of PhD study (four years), he taught me and he gave me the knowledge
of how can I do the scientific research in deep way. In fact, he led me to the
right research direction. Actually, if I thank my supervisor for all the rest of
my life I will not fulfill his rights. I still debited to him for all my life. He
is clever, creative, kind and generous. Many thanks Prof. Pales I will repeat
that for along time. I definitely consider work with him as an honor for me. I
am really glad that he provided me a lot of knowledge with an infinite amount
of patient and encouraged me to think deeply. I am very lucky to have a
supervisor like Prof. Péles Zsolt. I hope I will continue work with him in the
future for new research problems.

I also thank my family for their patient and bearing for missing me for
along time, I leave them about four years to pursue doctoral study (my fa-
ther, my wife, my daughters Aaish and Fatima and my sons Hudhaifa and
Mohammed).

I also thank Institute of Mathematics at University of Debrecen to give
me this chance of PhD study in the mathematical analysis, functional equa-
tions and inequalities program for doctoral school. Also I thank the staff of
Institute of Mathematics at University of Debrecen, I specifically mention the
head of mathematical analysis Prof. Boros Zoltdn, Bessenyei Mihdly, Novak-
Gselmann Eszter, Lovas Rezs6 Laszl6 and Géat Gyorgy.

I also thank my government (Iraqi government) for payment the all tuition
fee for doctoral study and give me a salary during time of study. Also I will
not forget to thank the Hungary government for its agreement to enter Hungry
during the time of covid 19 (my study started in September-2020).

I also thank my colleges (PhD students in Debrecen), I specialized mention
the PhD student at the Institute of Mathematics for two departments analysis
and geometry, I thank them for their support and constant encouragement dur-
ing time of study at University of Debrecen.



+

AR QOoZR B
<

Notation and Symbols

the set of real numbers

the set of nonnegative real numbers

the set of natural numbers

the set of rational numbers

the set of complex numbers

a real part of a complex number

an imaginary part of a complex number
a nonempty open interval

a subfield of R



Introduction

1. A summary of basic convexity properties

Let I be a subinterval of R, a function f : I — R is said to be a convex if
it satisfies the inequality

ftoy + (1 —t)xe) < tf(xy) + (1 —t)f(x2) (x1,79 € I,t € ]0,1]),

f is called Wright convex if it satisfies the inequality

fltzy + (1 =)o) + f((1 = t)zy + tze) < f(21) + f(22)
(x1,29 € I, t €10,1))

and f is Jensen convex if it satisfies

(1‘1,1’2 € I)

f(ilfl;lé) < f(fl’l);f(l'z)

One can see that convexity yields Wright convexity and Wright convexity
yields Jensen convexity and non of these implications can be reversed. For
an overview about the generalizations, stability and regularity properties of
Wright convex functions, we refer to the list of references, which may give the
impression that this subfield of functional equations and inequalities is still in
the focus of research.

The geometric meaning of convexity is that the line segment connecting
any two point (x1, f(z1)) and (x9, f(x2)) of I X R is above the graph of the
function f over the interval [x1, 5]
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tf(z1) + (L= t)f (z2)

[tz + (1 - t)z2) >

1 tey + (1 —t)ae o

In what follows, we describe various settings and generalizations of con-
vexity.

1.1. Godunova-Levin functions. We say that a function f : I — Risa
Godunova-Levin function if, for all z1, x5 € I and « €]0, 1], we have that the
inequality

flazy + (1 —a)xy) < f(zl) " f(x2)

-«
holds. This class of functions was firstly introduced by Godunova and Levin
[13]. For more characteristics of Godunova—Levin function. see [27,28].

1.2. Breckner’s s-convexity. Let us fix a real number s €]0, 1]. We say
that a function f : I — R is s-convex if the inequality

flazy + (1 —a)zs) < a’f(xy) + (1 — )’ f(x2) (x1,29 € I, €]0,1])

holds. This class of functions was firstly introduced by Breckner [10]. Clearly
s-convexity is equivalent to standard convexity with s = 1, for more properties
of s-convexity see [15].

1.3. VaroSanec’s h-convexity. Let i : [0, 1] — R be a positive function.
A function f : I — R is said to be h-convex if the inequality

fltr+ (1 =t)y) <h(O)f(z) +h(1=0)f(y)  (z,yel,te(0,1])

holds. It easy to see that if h(¢) = t, then the notion of h-convexity is equiva-
lent to standard convexity. If h(t) = } and h(t) = t*, then this concept reduces
to the previous notions. VaroSanec introduced this concept of convexity, we
refer to the paper [45] for more details about this class of functions.
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1.4. Toader’s m-convexity. Assume that inf(/) = 0 and let m €]0, 1] be
fixed. A function f : [ — R is said to be m-convex if the inequality

fltz +m(l =t)y) <tf(z) +m(1=8)f(y)  (r,yel,tc]0,1])

holds. This notion of m-convexity was introduced by Toader [44].

Lara, Matkowski, Merentes, Quintero and Wrébel [23] generalized the
concept of m-convexity as follows: let i : [0,1] — [0, 1] be a function such
that () < 1—tforallt € [0, 1]. A function f : I — Ris said to be p-convex
if the inequality

fltz+pu)y) <tf(zx) +u@)fly)  (v,yel,tel0,1])
holds.

1.5. Matkowski-Ritz’s (M, N)-convexity. Let I be a subinterval of R.
A function M : I? — I is called mean if the following two inequalities

max(x,y) < M(z,y) < min(z,y) (x,y €l)

hold. Let J be another subinterval and N : J? — J be another mean. A
function f : I — Jis called (M, N)-convex if

f(M(z,y)) < N(f(2), fy)  (zyel)

holds. If M(xz,y) := N(z,y) := =¥, then (M, N)-convexity coincides with
Jensen convexity in the standard sense. This concept of convexity was intro-
duced and investigated by Matkowski and Rtz [26].

1.6. Matkowski’s a-convexity. Let o : I — R be an arbitrary strictly
monotone function. A function f : I — R is said to be convex with respect to
« if the inequality

a(te + (1 —t)y) — aly)
a(z) — a(y)

alz) —a((1 —t)x + ty)
a(r) — a(y)

holds. If this inequality ir required only for ¢ = %, then f is said to be Jensen

convex with respect to . Matkowski [25] introduced the convexity with re-
spect to a. For more properties of this class of functions, we refer to [25].

[tz + (1 =1t)y) < f(z)

- fly)  (z,yel, te€]o,1])
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1.7. Beckenbach convexity. Beckenbach [1] extended the concept of
convexity of functions to a more general notion. A family J of continuous
real functions defined on the open interval [ is called a two dimensional Beck-
enbach family if it satisfies the following condition:

(C) For all x1,z5 € I with 7 < 29 and y1,y» € R, there is a unique
member F of F such that F'(x1) = y; and F'(z3) = ys.
We will denote the unique member of JF that interpolates the points (xy,y;)
and (ZL‘Q, yg) by F(m,yl),(xz,yz)'

Given a two dimensional Beckenbach family F, a function f : [ — R is
called F-convex, if

f(@) < Flay fn), @, f(22) (T)
holds for all z,xy, 29 € I withx; <z < zo. UF ={f: 1 - R | Ja,b €
R: f(x) = ax + b, (x € I)} then the concept of F-convexity is equivalent to
standard convexity.

Beckenback and Bing [2] also generalized the concept of Jensen convexity
to this setting. Their definition is as follows: a function f : I — R is said to
be JF-Jensen-convex if it satisfies the inequality

1+ X T1 1 22
F(F572) < Flavsenaten ()

for all X1, To € I with 1 < x9.

2. The main goals of this thesis

This dissertation is divided into three chapters. In what follows, we give a
brief description for each of them.

Chapter one is devoted to give an elementary proof for the decomposition
theorem of Maksa and Pales [24] which is an extension of the Ng theorem [30],
(Ng characterized a Wright convex function as a function which is the sum of
a convex and an additive function). Maksa and Péles [24] proved that a real
function is Wright convex of order n if and only if it is a sum of two functions:
a convex function of order n and a generalized polynomial of degree at most
n. In our proof we adopt the method of Pales [33].

The main purpose of Chapter two is to introduce various convexity notions
with respect to a given positive Chebyshev system w and give relations among
them. In one of our main result, in Theorem 2.6, we generalize the celebrated
theorem of Bernstein—Doetsch [6] to the setting of w-Jensen convexity. From
this , we derive that a locally bounded function is w-Jensen affine if and only
if it is the linear combination of the members of the Chebyshev system. In
section 3 of this Chapter we extend the notion of Wright convexity to the
setting of Chebyshev systems and point out that it is an intermediate convexity
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property between w-convexity and w-Jensen convexity. We also generalize the
decomposition theorem of higher-order Wright convex function (obtained by
Maksa and Péles [24] in 2009) to certain Chebyshev systems.

The main goal of Chapter three is to show that if a real valued function
defined on a groupoid satisfies a certain Levi—Civita-type functional equation,
then it also fulfills a Cauchy—Schwarz-type functional inequality. In particular,
if the groupoid is the multiplicative structure of commutative ring, then we can
establish the existence of nontrivial additive functions satisfying inequalities
connected to the multiplicative structure.






CHAPTER 1

Decomposition of higher-order Wright convex functions
revisited

1. Preliminaries

Throughout this Chapter, let I denote a proper open subinterval of the real
line. For a function f : [ — R, one can define the following notions of
convexity:

— f is called Jensen convex on I, if

f(x+y> < f@)+ fy)

I).

— f is called Wright convex on I, if
fltr+ (1 =t)y) + (1= t)r+ty) < fla) + fly) (z,y €1, te[0,1]).
— f is called convex on I, if

Fltr+(1—1y) < tf@)+(1-Df)  (@yel te01).

A celebrated result of C. T. Ng [30] established a deeper connection be-
tween convexity and Wright convexity. It characterizes Wright convex func-
tions as those functions that are of the form f = g + a, where g is convex and
a is additive. The original proof of the paper [30] applied de Bruijn’s theorem
[11] which is related to functions which have continuous differences. Several
subsequent proofs of the result of Ng (c.f., Nikodem [31] and Kominek [19])
used another approach, which was based on Rode’s theorem [40]. Basically,
all the previously known proofs used transfinite induction for the construction
of the additive part a of the decomposition. In a recent paper [33], Péles ob-
tained a new proof in which the convex summand g was first constructed in an
elementary way. Therefore, there was no transfinite induction involved.

In the paper [24], Maksa and Pales extended the decomposition theorem of
Ng to the context of higher-order convexity notions. They proved that a real
function is Wright convex of order n if and only if it can be decomposed as
the sum of a convex function of order n and a polynomial function of order at
most n. Their proof was again using transfinite tools in the background. The

9
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main purpose of this Chapter is to adopt the methods of the paper [33] and
establish a new and elementary proof for the theorem of Maksa and Pales.

2. Higher-order convex and Wright convex functions

In what follows, we are going to define several higher-order convexity con-
cepts in terms of difference operators and divided differences.

We recall that, for a fixed real number h, the operator A, acting on a real
function f : I — R, is defined by

Apf(x) = f(zx+h) — f(x) (xeIn(l—h)).

Obviously, if |h| is small enough, then / N (I — h) is a non-void open interval
again. The product of these operators can also be defined in the usual way (see
e.g. Kuczma [21]).

Given afixedn € N,amap f : I — R is said to be Jensen convex of order
n (briefly n-Jensen convex) if

(1.1) Apfz) >0  (h>0,z€IN(l—(n+1)h)).

A map f : I — Ris said to be Wright convex of order n (briefly n-Wright
convex) if it satisfies the functional inequality

Ahl o 'Ahn+1f(x) >0

1.2
(1.2) (hl,...,hn+1>0,$€Im(l—(h1+"'+hn+1))).

In the investigation of functional inequalities (1.1) and (1.2), those maps
that fulfill these inequalities with equality play a fundamental role in the theory
of linear functional equations. Therefore, for n € N, we consider the equation

AT () =0  (h>0,z€In(I—(n+1)h)),

which is termed the Fréchet functional equation in this theory. It is well-
known (see [21], [43]) that f : ] — R satisfies this equation if and only if it is
a polynomial function of degree at most n, i.e., it has the representation

f@) =ao+ai(z) +---+an(x)  (zel),

where ag € R and ay, is the diagonalization of some k-additive and symmet-
ric function A;, : RF — R, that is, ax(z) = Ag(z,...,2), (v € R, k =
1,...,n). Standard polynomials are exactly the continuous polynomial func-
tions. On the other hand, using Hamel bases, it is not difficult to construct
non-continuous polynomial functions (see [21]).
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The divided difference of the function f : I — R with respect to the
pairwise distinct points o, ..., z, € [ is defined by

[0, .-, s f] = Zo H?_f((xx;)_ z;)

Obviously, divided differences are symmetric functions of their variables, fur-

thermore, it is easy to show that they enjoy the following recursive property

[T1, . xn; f] = [T0s - s Tt f]

Tp — Lo

[wa'wxn;f]:

for all n € N and pairwise distinct elements x, ..., z, € I.
Based on the works of T. Popoviciu [38,39], givenn € Nyamap f : [ — R
is said to be convex of order n on I (shortly n-convex on /) if the inequality

(13) [x(]axlv"'uxnuxn—i-l;f] ZO

holds for all pairwise distinct elements xy, z1, ..., %, T,r1 € 1. Due to the
symmetry of divided differences, without loss of generality, we may assume
ro < x1 < <x, <x,i here.

The following result was obtained in the book [21] and in a more general
form in the paper [12].

LEMMA 1.1. Let n € N. Then every n-convex function is n-Wright convex,
and every n-Wright convex function is n-Jensen convex.

One of the main results of the paper [24] established the following gener-
alization of Ng’s decomposition theorem [30].

THEOREM 1.2. Letn € Nand f : I — R be an n-Wright convex function.
Then, there exist an n-convex function g : I — R and a polynomial function
P : R — R of degree at most n such that

f(x) =g(x) + P(zx)  (zel).
Our aim is to obtain a new proof for this result.

LEMMA 1.3. Letn € Nand f : I — R be an n-Jensen convex function.
Then there exists a continuous n-convex function g : I — R such that g|;ng =

fling-
PROOF. Using [12, Lemma 5.1], we have the following identity
AR f (@)
(n+ 1)!Antt
(h>0,zelInN(I—(n+1)h)).

[z,2+h,...;2+nh,x+ (n+ 1)h; f] =
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Therefore, the n-Jensen convexity of f implies that
[,z +h,x+2h...;x+ (n+1)h; f] >0
(h>0,zelIn(I—(n+1)h)).

In the terminology of the paper [12], this property says that f is (to,. .., t,)-
convex with ¢y = --- = ¢, = 1. According to [12, Theorem 3.2], it follows
that f is (ro,...,r,)-convex for all positive rational numbers (7o, ..., 7,)-
convex, that is

[x,$+r0h,x+(T0+r1)h,...,l‘+(7“0+"'+7“n)h3f] ZO

(1.4) (h>0,zelInN(I—(ro+---+ryh)).

We now deduce that f satisfies the n-convexity property with rational argu-
ments, that is,

['IOaxlu « o3 Ty 415 f] Z 0

1.5
( ) (x()a"'aanrlEIQQSUChthatxi%LCjif’i#j)_

Indeed, let xg, 1, ..., 2, Tpe1 € I N Q be arbitrary. Without loss of gener-
ality, we may assume that v < z; < --- < 2, < Tp4+1. Applying now the
inequality (1.4) with z := 29, h = L and r; := x;41 — x; fori € {0,...,n},
we can see that (1.5) holds.

Claim: For any compact subinterval [a,b] C I, there exists L > 0 such
that

[f(@) = f)l < Lz =yl (z,y €a,b] N Q).

To show this claim, let [a,b] C I. Without loss of generality, we can
assume that a,b € Q. Let z,y € [a,b] N Q with < y be arbitrary. Then, for

all pairwise distinct elements u1, ..., u, € (I \ [a,b]) N Q, we get
(16) [yaxaulw"aun;f] 207
that is,

1 flyy — f(=@)
?J_x(H?ﬂ(y_uj) H;:l(‘r_uj))

-----

The mapping

[ 0] 5 (z,y) = — ZZI (wi — )(u; — y) Hje{l n}\{i} (ui — uy)

-----
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is continuous on [a, b]? and therefore it is bounded from below by a constant
C(uy, . .., u,), therefore, for all z,y € [a, b] N Q, the inequality (1.6) implies

f() f(x)

0 ) 2 e

Let first uy < -+ < u, < a be fixed elements of / N Q and define U(t) :=
[I;_,(t —u;) for t € [a,b]. Then U is an increasing and positive polynomial
on [a,b]. Therefore U < U(b) and there exists a positive number M > 0
such that |U’| < M on [a,b]. Hence, by the Lagrange mean value theorem,
U is Lipschitzian over [a, b] with a Lipschitz modulus M. From (1.7), for all

z,y € [a,b] NQ, it follows that

L (fly)  flx)
(1.8) y_m<U(y) - U(x)) > Cluy, ..., ).

By putting x = a, this inequality yields

Ul(y)

f(y)Zm (a) + U(y)C(uy, ..., un)(y — a)
Uly)
> — U(a)lf( a)l = UW)|C(uy, ... ,un)|(y — a)
U<b> — u u —Qa

which shows that f is bounded from below on [a, b] N Q. On the other hand,
putting y = b in (1.8), we can obtain that

f(a) < Z(@) F(b) + U@)Clun, .., un)(x —b)
U(x)
< G O]+ U@, ) 6= )

< [fO)]+UD)C(us, ..., un)|(b = a),

which shows that f is also bounded from above on [a,b] N Q. Thus, there
exists a nonnegative number K such that |f(x)| < K for x € [a,b] N Q. The
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inequality (1.8) now yields

) — fla) > % F(@) + U)Clur, ... ua)(y — )
> =S )] - VICn )y =)
M(y — z)
> K~ VIO )l 2)
MK
= (P U ) - )

Let, additionally b < u/,. Then V(t) := (t — u})) H;:ll (t —uy) fort €
[a,b]. Then V is negative polynomial on [a, b]. Therefore there exist positive
numbers My, M; and M, such that My < |V| < M, and |V’| < M; on [a, b].
Hence again by the Lagrange mean value theorem V" is Lipschitzian over [a, b]
with a Lipschitz modulus M,. From (1.7) for all z,y € [a,b] N Q we have

1 (fly)  [fl=) } o
y—x(V(y) V(x)) > Clug, - un1, uy),

which is equivalent to

) = 1) < PO @) £ VOIC ) )
’V(y) —V(z)
- V(z)
< %{)“ﬂfu My|Claans .y tnry )|y — )
(MK
_ ( 2

f(:v)‘ V@ )|y — )

+ My|C(uy. ... ,un_l,u'n)|) (y —x)

Define

L = max { (% U, ,un)|>,

MK
( A}g + My|C(ug, . .. ,un_l,u;)|) }

Therefore f is Lipschitz with modulus L on the dense set [a, b] N Q. By apply-
ing [33, Lemma 1] with D = [a, b] N Q, we get that there exists a continuous
function ¢ : I — R such that g|;nq = f|ino-
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To complete the proof, we have to show that g is n-convex. Let

Yo, - - -, Yns1 be arbitrary pairwise distinct elements of /. Then, for all j €
{0,...,n + 1}, there exist rational sequences (xj j)ren converging to y; as
k — oo with the property that the elements xj o, Ty 1, . . ., Tk, Tk nt+1 are pair-

wise distinct for all £ € N. Then, by applying the n-convexity property of f
with rational arguments (i.e., inequality (1.5)), for all £ € N, we get

[Th0s Th1s - - s Thoms Thont15 9) = [Th0s Thts - -+ s Thoms Thmt1s f] >0

By the continuity of g the (n+1)st-order divided difference of ¢ is a continuous
function of its arguments. Thus, upon taking the limit as £ — oo, the above
inequality yields that

[y[)?yla s ayn’yn-‘rl;g] Z 0.

Therefore, g is n-convex, indeed. O
Now we give a new proof for Theorem 1.2.

PROOF OF THEOREM 1.2. Since f : I — R is n-Wright convex, there-
fore by Lemma 1.1, f is n-Jensen convex, i.e, f satisfies (1.1). In particular,
flino is n-Jensen convex on I N Q. Thus, in view of Lemma 1.3, there exists
a continuous n-convex function g : I — R such that f|;n¢ = ¢|ino-

To complete the proof, we show that f — g is a polynomial function of
degree at most n. For this we prove that A} (f — g)(z) = 0 for h > 0 and
x € IN(I—(n+ 1)h). This equation is equivalent to

(1.9) AP f(z) = Aftlg(z)  (h> 0,z € IN(I— (n+1)h)).
More generally, we will show that
(1.10) Apy - By, f(x) = Dpg -+ A, 9(x)

holds for all hg,...,h, >0andx € IN (L — (ho+ -+ hy)).
By the n-Wright convexity of f, for all hy,...,h, > 0andx € I N (I —
(ho + - -+ + hy)), we have the inequality

(1.11) Apy - Ap, f(x) > 0.

This implies that Ay, --- Ay, f : I N (I — (hy + -+ + hy)) — R is nonde-
creasing for all hy,...,h, > 0. On the other hand, Ay, --- A, g : I N (I —
(hi + -+ + hy,)) — Ris continuous and the equality f|;ng = g|ing gives us
Ahl”'Ahnf(.T) = Ahl Ahng(l‘) forx € IN ([— (hl + - +hn>) ﬂ@
whenever hy, ..., h, € Q4. Applying [33, Lemma 3], it follows that these
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two functions are equal to each other also at irrational points of I N (/ — (hy +
-+ + hy,)), that is,

Apyw o Ay, f(@) =D, - Ap,g(2)

(hi,...,hp, € QuzeIN( —(hi+ -+ hy))).
Applying this equality at x+hg and at =, and then subtracting the two equalities
side by side, we can see that (1.10) is valid if hy > 0, hy, ..., h, € Q and
zelnN{ —(ho+--+hy)).

Let k € {0,...,n} and consider the statement Sy which says that (1.10)
holds if hg, ..., hx > 0, hgy1,...,h, € Qrandz € IN(I — (ho+- -+ hy)).
According to the previous argument, we have that Sj is true. Now assume
that, for some k& € {0,...,n — 1}, the statement S; holds. We show that
Sky1 1s also valid. To prove this let hq, ..., hpi1 > 0, hpyo, ..., h, € Q, and
v €INn( —(ho+ -+ hy)) and let hj,, < hj4q be an arbitrary rational
number. Then, by the n-Wright convexity of f, we have

< H Ahi) Apyir—,, f(@+ Riyy) > 0.
i€{0,...,n P\ {k+1}

Therefore, using the statement Sy, in the last step, we get

Apg: - A, f ()

:( I1 Ahi)Ahmf(w)

i€{0,...n\{k+1}

— H Ahi) (f(x+hk+1) —f(x))

i€{0,...n}\{k+1}
(f(@ + hy) = f(@+hjy) + fat i) — f()

Ah;+1f(f’5)

( )
- ( | I1 Ahz) (Anypsny, f (@ + hir) + Dy f ()
( )

:( 11 A)Ah;ﬁlg(:ﬂ).

i€{0,.n P\ {k+1}

Using that g is continuous, after taking the limit h}_ , — hy11, we get that

Aho U Ahnf('x) > < H Ahi)Ahk+1g(x) = Aho U Ahng(x)

i€{0,...,n}\{k+1}
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To prove the other direction let A}, , > hj, be an arbitrary rational number,
again by the n-Wright convexity of f and statement S, we get

Apg -+ A, f(2)

:(H

i€{0,...n\{k+1}

I A

Am) : Ah,m f(z)
(f(x + hig1) — f(x))

Ap, ) (f(@ + hiyr) — fz + Riy)

+ f@+hi) = f(2)

( )
( )
_ ( I1 A, )( A —hn F (@4 higr) + Dy f ()
( )
(

—
>
S
g
i N
.
&

o)

i€{0,...n}\{k+1}

Upon taking the limit h}_ ; — hy1, and using that g is continuous, we get that

Apy - D, f(@) < ( H Ahi)Athg(ZE) = Apy - A g(2).

i€{0,...n\{k+1}
Combining the above two inequalities, we can see that Sy is valid and hence,

we have proved that Sy, is true for all & € {0, ...,n}, in particular, for k = n.
This means that (1.10) is satisfied for any hg,--- , h, > 0. Consequently, it
holds with Ay = - -- = h,, = h > 0, proving that (1.9) is satisfied. This implies

that f — g is a polynomial function of degree at most n. 0






CHAPTER 2

On convexity properties with respect to a Chebyshev system

1. Preliminaries

The simplex of strictly ordered n-tuples of a set H C R, denoted by
on(H), is defined by

on(H) ={(z1,...,20) €EH | x1<-- <z}

Obviously, the o,,(H ) is a nonempty set if and only if the cardinality |H | of H
is bigger than or equal to n. We adopt that |[H| > n. Let w = (w1, ...,wy) :
H — R" be a vector-valued function, and define the functional operator ¢, :=
wn) - 0n(H) = Rby

-----

w1 (.fl?l) Ce wl(xn)
O, (x1,...,2,) = oo ((x1,...,2n) € op(H)).
wp(z1) .. wp(zn)
A continuous function w is said to be an n-dimensional positive (respectively
negative) Chebyshev system over H if @, is strictly positive (respectively,
strictly negative) over o,,(H ). The system w is called an n-dimensional Cheby-
shev system over H if it is either a positive or a negative Chebyshev system
over H. If w : R — R" equals the n-dimensional standard or polynomial
system 7, : I — R", which is defined by

To(t) == (1,t, ..., ") (t e R),

then, by computing Vandermonde determinants, one can easily show that it
is a positive Chebyshev system. More generally, if p; < --- < p, are given
exponents, then one can show that the system given by

Ry St (19, 1P")
is also a positive Chebyshev system on R,. Important Chebyshev system

arise also related to hyperbolic and trigonometric functions. For instance, for
all n € N, the systems given by

I >t (cos(t),sin(t),...,cos(nt),sin(nt)),
I >t~ (1,cos(t),sin(t),...,cos(nt),sin(nt))
19
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are positive 2n- and (2n + 1)-dimensional Chebyshev systems over any
nonempty open interval / with length less than or equal to 7 and 27, re-
spectively. (For the proof of this statements, see the introduction of the pa-
per [34].) There are analogous Chebyshev systems in terms of hyperbolic
functions as well. We give the standard examples of convex functions with
respect of Chebyshev system.

(i) Polynomial system: w(x) := (1,z,...,2");
(ii) exponential system: w(z) := (1, exp(z),...,exp(nx));
(iii) hyperbolic system:w(z):= (1, cosh(z), sinh(z),.. ., cosh(nz), sinh(nx))
and
(iv) trigonometric system: w(z) := (1, cos(z), sin(x),. . ., cos(nx), sin(nz)),
where w : I — R™ for all items (i), (ii) and (iii), and w :] — 7, F[— R" for

(iv). For further standard applications of Chebyshev systems, we refer to the
monographs [7], [17] and [18].

In what follows, we recall some definitions from the paper [34] (see also
the paper [12] for these definitions in the polynomial setting). Let / C R
be a nonvoid interval, n € N and let w = (wy,...,w,) : I — R" be an n-
dimensional positive Chebyshev system over /. For a function f : I — R, the
functional operator ®(,, 5y : 0,41(/) — Ris defined by @, f) := Py, wn.f)-

For a given vector t = (ty,...,t,) € R}, a function f : / — R is said to
be (t,w)-convex if

(2.1) Pu.p(@, o +tih,...,x+ 4+ +1t,)h) >0

holds forall h > 0,z € I withx + (t; +--- +t,)h € . T C R, and f is
(t,w)-convex for every t € T, then f is called (7', w)-convex.

Ift = (t1,...,t,) € RY and (2.1) is satisfied with equality, then f is called
a (t,w)-affine function. If T C R, and f is (¢, w)-affine for every t € T™, then
f is called (T, w)-affine. In particular, we say that f is w-Jensen convex if it is
({1}, w)-convex, i.e., if

(2.2) Q(W,f)(x,x—l—h,...,x—l—nh) >0

holds for all o > 0, x € I with x +nh € [I. If (2.2) is valid with equality
instead of inequality, then f is said to be w-Jensen affine.

A function f is termed w-convex if it is (R, w)-convex. It is easy to see
that f is w-convex on [ if and only if

(23) q)(w,f)(x(]axh"'axn) ZO ((x07m17"'7xn) 60n+1<1))~

A function f is called w-affine if (2.3) is satisfied with equality.
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We have to mention that in the case when w = m,, then the concepts of
w-convexity and w-Jensen convexity, was introduced by Hopf [14] and Popovi-
ciu [39] (see also the book [21] by Kuczma) and these properties were called
convexity and Jensen convexity of order (n — 1), respectively. If a function
f I — Ris n times differentiable, then it is convex of order (n — 1), i.e.,
convex with respect to the polynomial system 7, if and only if the nth deriva-
tive of f is nonnegative over /. In the particular case when n = 2, this is the
standard characterization of convexity of twice differentiable functions.

It is a nontrivial question whether or not w-convex functions form a proper
subclass of w-Jensen convex functions. Depending on the Chebyshev system,
the answer could be positive and negative as well. On the other hand, it is
well-known that, for all n > 2, m,-convex functions form a proper subset
of m,-Jensen convex functions. By [32, Theorem 2], it follows that, for any
additive function A : R — R and n € N, the function f := A"~! is Jensen
affine (and hence it is Jensen convex) of order n — 1. On the other hand, f
is convex of order n — 1 if and only if A is continuous. Therefore, if A is
discontinuous, then f cannot be convex of order n — 1. For a construction of
a Jensen convex function of order n — 1 which is not Wright convex of order
n — 1, we refer to the paper [29].

The following result shows that, for any nonempty set 7' C R, (T, w)-
convexity implies w-Jensen convexity.

THEOREM 2.1. Let T' C R, be a nonempty set. If a function f : I — R is
(T, w)-convex (resp. (T',w)-affine), then it is (Q,,w)-convex (resp. (Qy,w)-
affine), in particular, it is w-Jensen convex (resp. w-Jensen affine).

PROOF. The result immediately follows from [34, Theorem 5]. O

In section 2 we show that to any w-Jensen convex (resp. w-Jensen affine)
function there exists a continuous w-convex (resp. w-affine) function so that
these two functions coincide on dense subset of their domains. As a corol-
lary, we obtain that w-convex functions are automatically continuous. The
Bernstein-Doetsch theorem is generalized to the setting of w-convexity with
respect to a positive Chebyshev system, that is, we show that an w-Jensen con-
vex function which is bounded over some nonempty open subinterval, is also
w-convex. We also establish characterizations of w-Jensen affine functions in
several settings. A sufficient condition on w that ensures the existence of dis-
continuous w-Jensen affine (resp. w-Jensen convex) function is given as well.
Some of the results of this section extend that of the paper [25] by Matkowski.

In Section 3, we generalize the concept of Wright convexity to w-Wright
convexity with respect to a positive Chebyshev system, and establish its rela-
tionship with w-convexity and w-Jensen convexity by showing that w-Wright



22 CHAPTER 2. ON CONVEXITY WITH RESPECT TO A CHEBYSHEV SYSTEM

convexity is an intermediate property. The question whether the inclusions are
proper or not remains open for the general setting. We also extend Ng’s de-
composition theorem to the setting of w-Wright convexity with respect certain
positive Chebyshev systems. Finally, in the two dimensional case, we show
that w-Wright convexity could be equivalent to Wright convexity for certain
positive Chebyshev systems.

2. Results on w-Jensen functions

In what follows, if D is a subset of [ and f : D — R, then f is said to
be compactly uniformly continuous if, for all compact subintervals [a, b] of T
and for all € > 0, there exists § > 0 such that, for all z,y € [a,b] N D with
|z —y| < 0, we have that | f(x) — f(y)| < e.

LEMMA 2.2. Let D be a subset of I and let f : D — R be a compactly
uniformly continuous function. Then f admits a continuous extension to I.
Provided that D is dense, the extension is unique.

The verification of this lemma is standard and straightforward, however,
for the convenience of the reader, we provide its proof.

PROOF. Let z € I be fixed and let (x,,) be an arbitrary sequence in D such
that x,, — = as n — oco. We point out first that (f(z,,)) is a Cauchy sequence.
The set {z,, : n € N} U {z} is compact, therefore there exists a compact
subinterval [a, b] C I which contains all the members of the sequence (z,,).

Lete > 0 be arbitrary. By the compact uniform continuity of f, there exists
d > 0 such that |f(u) — f(v)| < e for all w,v € [a,b] N D with |u — v| < 0.
The sequence () is a Cauchy sequence, there exists N € N such that, for all
n,m > N, we have |z,, — z,,| < J. Consequently,

|f(zn) = flom)| <e

for all n,m > N. Therefore (f(z,)) is a Cauchy sequence which implies its
convergence. Denote its limit by g(x).

We show that ¢ is well defined at z. If (z,) and (y,) are two se-
quences in D converging to x, then the sequence (x1,¥y1, %2, Y2, T3,Y3...)
is also converges to z. What we have proved above implies that
(F(@1)s F(n), f(w2), (o), F(@s), F(ys), ) is a convergent sequence and
hence the subsequences (f(z,) and (f(y,)) must have the same limit. There-
fore the value of g at x does not depend on the choice of the sequence con-
verging to .

Clearly, if z € D, then the sequence x,, = x converges to z, hence g(x) =
f(z). Therefore, g is an extension of f.
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In order to prove that g is continuous on /, we show that it is compactly
uniformly continuous on /. To see this, let [a,b] C I. Let ¢ > 0 be arbitrary
and, using the compact uniform continuity of f, choose § > 0 such that, for
all u,v € [a,b] N D with |u — v| < §, we have |f(u) — f(v)] <e.

Let x,y € [a, b] be arbitrary with |x —y| < § and we are going to show that
lg(z) — g(y)| < e. Indeed, consider two sequences (x,,) and (y,,) in [a,b] N D
such that z,, — z and y,, — y as n — oo. Then |z, — y,| — |z — y| < 0,
hence, there exists N € N such that, for all n > N, we have |z,, — y,| < 9.
Therefore, according to the choice of ¢ (with v := z,, and v := y,,), we get
that | f(z,) — f(yn)| < € holds for all n > N. Upon taking the limit n — oo,
it follows that |g(z) — g(y)| < e. O

THEOREM 2.3. Let n > 2 and let w = (wy,...,wy,) : I — R™ be an n-
dimensional positive Chebyshev system and let K be a subfield of R. If a
function f : I — R is (K ,w)-convex (resp. (K., w)-affine), then there exists
a continuous w-convex (resp. w-affine) function g : I — R such that g|;rx =
[k

(Here, and in the sequel, K, denotes the intersection K N R,..)

PROOF. If f is (K, ,w)-convex, then by definition we have the inequality
(2.4) Q5 (w0, 21,.. ., ) >0 ((xoy ..., Tpn) € opp1(I NK)).

Indeed, apply the inequality (2.1) with z := xg, h := 1, and t; := x; — ;1 €
K. If f is assumed to be (K, ,w)-affine, then (2.4) is satisfied with equality.

Using the continuity of the function w, we are going to show that the re-
stricted function f|;k is compactly uniformly continuous. To prove this let
[a, b] C I be arbitrary. Without loss of generality, we can assume that a, b € K.
(In fact, if one of a or b is not in K, then, using the density of K, we can find
a',b € KNI such that @ < a and b < b and then we can work on the
closed interval [a,1'].) We fix some elements uy < u; < -+ < Up_2 < @
and b < v of the set I N K. Then, for z,y € [a,b] N K with < y, we have
that (ug, . .., Un—2,2,Y), (Uo, - - -, Un—3, T, Y, V) € 0py1(I NK), therefore (2.4)
implies

q)w Ugy - - -y Un—2, T, Y ZO and
(2.5) (w.n (U0 2 )
Q)(wvf)(u()? s 7un—3ax7y7v) Z 0.
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The first of these inequalities implies that
wi(ug) .. wi(un—2) wi(z) wi(y)

> 0.

wn(.uo) wn(un_g) wn(zr) wn(y)

fluwo) oo fluna) f(z) [f(y)

Developing this determinant by the last row, this inequality is equivalent to
(2.6) fW)P(x) — f(x)P(y) = R(z,y)  ((z,y) € o2(I NK)),
where P : [a,b] — R and R : [a,b]*> — R are defined by

P(z) == ®,(ug, ..., Up_2,2)

and
n—2
R(SE, y) = Z(_1>n7171f(ui)q)w(u07 sy Ui, Uiy - - oy Un—2, T, y)
=0
For z € [a,b], we have that (ug,...,u,_9,2) € 0,(I). Therefore, by the
positivity and continuity of the Chebyshev system, it follows that P is positive
and continuous over [a, b]. We can also see that R is continuous on [a, b]* and
R(z,z) = 0forall z € [a,b]. Substituting x = a into (2.6), we get that
R(a,y) + f(a)P(y)
>
fly) = Pa)
The right hand side of this inequality is a continuous function of y over the
compact interval [a, b], therefore it is bounded from below. Hence f |44k is
also bounded from below. Putting y = b into (2.6), it follows that
f(b)P(z) — R(z,b)
P(b)
Arguing similarly as above, this inequality yields that f| [a,p)K 18 bounded from
above hence there exists a positive number K such that, for x € [a, b] N K, we

have | f(z)| < K.
Now we consider the second inequality in (2.5). It can be rewritten as

(y € [a,b] NK).

> f(x) (x € [a,b] NK).

wi(ug) .. wi(up—3) wi(z) wi(y) wi(v)

> 0.

wn(.uo) wn(u.n_g) wn(x) wn'(y) wn.(v)

fluo) oo flun—s)  flz)  [fly) [f(v)

Developing this determinant by its last row, this inequality is equivalent to

(2.7) f(@)Qy) — f(y)Q(x) > S(z,y)  ((z,y) € o2(I NK)),
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where Q) : [a,b] — Rand S : [a,b]* — R are defined by
Q(z2) == D, (ug, . .-, Up_3,2,0)

S(z,y) == (—1)"_1_if(ui)©w(u0, e Uiy Uiy ey Up 3, T, Y, V)

- f(v)q)w(um ceey Up—3, T, y)

The inclusion (ug, . .., u,—3,2,v) € o,(I N K), the positivity and continuity
of the Chebyshev system yield that () is a positive and continuous function
over [a, b]. We also have that S is continuous over [a,b]? and S(z, z) = 0 for
all z € [a, b].

For z,y € [a, b] N K the inequalities (2.6) and (2.7) imply that

) - sy 2 DO i 4 B
2.8) - _K|P(y§3zx§3< 2 Jg( ? = A(z,y),
fly) = fl@) < Wﬂxw <~”E ))
- wlﬂr Q((a;)) =: B(z,y).

The functions A and B defined on the right hand side of these inequalities are
continuous over [a, b]? and hence they are uniformly continuous over [a, b]%.
Therefore, for all € > 0, there exists 6 > 0 such that, for all (z,y), (u,v) €
[a, b)* with ||(z,y) — (u,v)|| < d, we have

max(|A(:v, y) - A(U, U)lv |B(1’, y) - B(“? U)D <Eé&.
In particular, if |x — y| < 4, then substituting (u,v) = (x,z) and using that
A and B vanish at diagonal points of the square [a, b]?, the above inequality

implies that
max(|A(z,y)l, |B(z,y)|) <e

Therefore, in view of the inequalities in (2.8), x, y € [a, b|NK with |z —y| < 4,

we obtain that
f(y) — f(@)] <e.

This proves that f|f, 5k is uniformly continuous and hence f|;x is com-
pactly uniformly continuous. If f is (K, w)-affine, then it is also (K, ,w)-
convex, therefore we have the same conclusion.
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In view of Lemma 2.2 with the dense set D = I NK, there exists a contin-
uous function g : I — R such that g(z)|;nx = f(2)|nk.

Finally, we show that g is w-convex (resp. w-affine). Let (yo,...,y,) be
an arbitrary element of o,,1(/). Then, by the density of K in /, for each
j € {0,...,n}, there exists a sequence (x;)ken in 0,11( N K) converging
to y; as k — oo. Then, applying the (K., w)-convexity (resp. the (K, ,w)-
affinity) of f, we have that (2.4) is valid, we obtain

D@ 0,0) (Th0s Th1s - - Thom) = Pl ) (Th05 Thy1s - -5 Tion) > 0
(resp. (I)(w,g)(l’ho, Tiay--- 7xk,n) = (I)(w’f)(xk’o, Tp1y--- ,xk,n) = O)

By the continuity of g, the function ®,, ;) is continuous. Upon taking the limit
k — o0, the above inequality (resp. equality) implies that

Cg) (Yo, yn) 20 (resp. P g) (Yo, -+ yn) = 0).
Therefore, g is w-convex (resp. w-affine). 0

COROLLARY 2.4. Letn > 2 and w = (wy,...,wy) : I — R™ be an n-
dimensional positive Chebyshev system. If f : I — R is w-convex (resp.
w-affine), then it is continuous on 1.

PROOF. The corollary follows by applying Theorem 2.3 with K := R. [

COROLLARY 2.5. Letn > 2 and w = (wy,...,wy,) : I — R™ be an n-
dimensional positive Chebyshev system. If f : I — R is w-Jensen convex
(resp. w-Jensen affine), then there exists a continuous w-convex (resp. w-affine)
function g : I — R such that g|;no = f|ino-

PROOF. In view of Theorem 2.1, the w-Jensen convexity (resp. w-Jensen
affinity) of f implies that it is (Q, w)-convex (resp. (Q. ,w)-affine). Now the
statement of the corollary follows by applying Theorem 2.3 with K := Q. [

The following statement is the extension of the celebrated Bernstein—
Doetsch theorem [6] to the setting of w-Jensen convexity.

THEOREM 2.6. If f : I — R is w-Jensen convex and bounded on a nonempty
open subset of I, then it is continuous on 1.

PROOF. Let U be a nonvoid open subinterval of  such that f is bounded
on U by K > 0. In the first part of the proof, we are going to show that f
is locally bounded on I, i.e., for every v € [, there is an open set V' C [
containing v such that f is bounded on V.

Let v € I be arbitrary. If v € U, then the statement holds with V' = U.
Therefore, we may assume that v ¢ U. Choose a closed interval [a,b] C U.
Then either v < a or b < v. We consider now the case when v < a.
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We choose some rational numbers a — v < ry < --- <71, < b—v. Then
we have that v < a < v+1r; < --- < v+ 1, < b. One can construct a
bounded neighborhood W of v such that W C I and, for all z € W, we have
r<a<xz+r <---<x+r, <b Now the w-Jensen convexity of f and
Theorem 2.1 yield that f is (Q.,w)-convex, hence we can get that

O, f(x,x+11,...,04+1,) >0
for all x € W. This inequality implies that
wi(z) wilz+r) ... wilz+r,)

: : . >0
wp(x) wplz+m) o0 wplx4r,)|

flz) fle+r) ... flr+r)

Developing the determinant by last row, we obtain

agy (VIR r ) £ Yy

-CIDW(x7:1:+r1,...,x+7“i_1,:z:+7",-+1,...,x+7“n) > 0.

By the boundedness of f on U, the inclusion = + r; € [a,b] C U we obtain
that (—1)"™ f(x + r;) < K. The continuity of w and positivity of Chebyshev
system yield that the function

(r,x 47y, x4+ 71,8+ Ty, ., T+ Ty)
H
’ Z S (r+11,...,x+T,)

is bounded from above by a positive number L over the compact set 1V There-
fore, the inequality (2.9) implies that, for all x € W,

(=1)" f(=)

S, (x,x4+7r),. ., e+ T, T+ T, T Ty)
< n+z ) ) I ’ ) )
Z fla +mi) S, (x+ry,...,x+71y)

SKL,

which implies that (—1)"~! f is bounded from above over W.
To prove that (—1)"! f is bounded from below over a neighborhood V' C
W of v, we additionally fix vy € [ such that vy < v. Now choose rational
numbers
a — Vg b— Vo

LT < ryg < <1, <

1< :
UV — Vg vV —
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Then we have
a<vg+1o(v—19) <vygFr3(v—1vy) < <vg+T(v—19) <D

Now one can construct a neighborhood V' of v such that V' C W and, for all
x €V, we have

vo + 1oz — vo) < vy +7ri(T — V) < a < v+ 1o — V)
<<y Frp(x— ) < b,

where o = O and r; = 1.
Again applying Theorem 2.1, we conclude that

D,y (vo +1o(7 — o), v0 + 1 (2 — o), Vo + T2(T—0), . . .,
vo + ra(z — 1)) >0,
that is,
Q. (vo, 2,09 + T2(x — vg), ..., V0 + Tp(z — vg)) >0,
for all x € V. This inequality, for z € V/, is equivalent to

wi(vg) wi(x) wi(vg+ra(xr —19)) ... wi(vg+ rp(x—1vp))

: : : - : > 0.
Wi (Vo) wn(z) wn(ve+r2(z —1v)) ... wnl(vo+ ra(z —vo))| —
flvo)  f(x) fluo+r2(x =) ... [flvo+rn(z— 1))

For brevity, we write s;(z) := vg +r;(x —vg), 7 € {2,...,n}. Developing the
determinant by its last row, we obtain

(=1)"f(v0)Pu (@, 52(2), - .., $0()) + (1) f (2) P (v0, 52(2), .-, 80 (@)
+ Z(—l)”_if(si)@w(vo, z,89(x) .y Sic1(x)y .y s (), .oy sa(x)) >0,

which yields
(2.10)
_ _ D, (x,89(x),...,s.(x))
—1)" 1 ) > (—1)" 1 v ’ ’ )
( ) f( )—( ) f( O)CDw(Uo,SQ(I),...,Sn(ZE))
u , P, oS (), s e S
_'_Z(_l)n—z—lf(Si) (UO7$752(x) ) S 1(1‘) S+1(x) s (I))
— D, (vo, $2(x), ..., s,(x))
By the boundedness of f on U and the inclusion s;(x) € [a,b] C U, we get
(—=1)"""1 f(s;(x)) > —K. The continuity and the positivity of Chebyshev
system w yield that the functions
O, (x, so(x),. .., sp(T))
D, (vg, s2(), ..., s,(7))

T +—r




2. RESULTS ON w-JENSEN FUNCTIONS 29

and

. w(Vo, @y s2(x) o0y sim1(x), ..o, Siv1 (), ..., sp())
~ Z (v, 52(2), -, 5n())

are bounded from above by positive numbers M and N, respectively, over the
compact set V C W. Therefore, the inequality (2.10) implies, for all z € V,
that
(—=1)" "' f(x) = —[f(vo)|[M — KN,

which proves that (—1)"~! f is bounded from below over V. From the two-
sided boundedness, it follows that (— 1)’“1 f is bounded over V', consequently,
f is also bounded over V.

To complete the proof of the theorem, we have to verify the continuity of
f at any point of /. Let v € I be arbitrary. Then, according to what we have
proved in the first part, there exists a neighborhood V' C [ of v such that f is
bounded on V' by K. We are going to show that f is uniformly continuous on
every compact subinterval [a, b] of V. This, in particular, implies the continuity
of f atw.

Let [a,b] C V. We fix additional elements

o <b < - <ai1<b1<a<b<a,<b,

in V. Then define the functions
\Ifl : [al,bl] X e X [an,l,bn,ﬂ X [a,b]2 — R

and
W, - [(ll,bl] X X [an_g,bn_g] X [a, b]2 X [an,bn] — R
by
(bw(vla"'avn—hy)
v ey Up_1, X, y) = |1—
I(Uh Ut y) ‘ (Dw(vla"wvn—l)x)
n—1
@w(vl,...,vi_l,viﬂ...,vn_l,x,y)‘
+ o .
— w(V1, o U1, )
and
(I)w(vla"wvn—%xavn)
Uo (v, ey Uneoy T, Y, Uy) i= |1 —
2(v1 22,4, Un) D, (V1. Vpo, Y, Uy)
d

w(vla e Vim1, V541 - - >/Un72>x7y>vn)
(I)w(vla «o .y Un—2, y7vn>

n—2
D, (v, ... U2, X,
4 (1 2 y)+z

(I)w(vla -, Un—2,Y, /Un)

i=1
Then the functions W; and W, are continuous over a compact rec-
tangle, therefore, they are uniformly continuous. On the other hand,
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Uy (v1, .oy Upe1,x,2) = VUo(vq, ..., 02, 7,2,v,) = 0 for all x € [a, b] and
(Ula s 7Un—1yvn> € [ala bl] X X [an—b bn—l] X [aTw bn]

Thus, for every € > 0, there exists 0 > 0 such that, for all z, y € [a, b] with
|z—y| < dandforall (vy,...,v_1,0,) € a1, b1] X+ X[an_1,bp_1]X[an, bnl,

Uy (vg, .. Up1, 2, Y)

€
=V (v1, .y Une1,2,y) — VU (v1, .., Uy, 2, x) < 17
Uo(v1, .+ Un_2, T, Y, Up)
€
== \Ij2(vla R 7Un—27x>yavn) - \112(017 DR avn—an7$7vn) < —=.

K
Now choose z,y € [a,b] with x < y < x + 0. Then choose the rational
numbers Ay, ..., A, such that

a; — T b, — x ,
<\ < , ie{l,...,n}.
y—x y—z
Then, with the notation v; := (1 — X\;)z + \;y, we have that
ai<vi<bi, ZE{l,,n}
First define
v; — U , T —v — v
= LoGe{l,...,n—1}), r,= L Tn+1::y L
Yy—n y—u y—u
Clearly, due to the chain of inequalities v; < vy < v, < T < Yy, We
have that ry = 0 < rp < .-+ < 7, < 7,41 = 1. On the other hand, for

ief{l,... ,n—1},
vi—vr (I=XN)z+ Ny — (1= A)z+ A\y)

e Yy — v - y— ((I=X)z+ \y))
_(1—)\1)<y—l’)_1—)\1€(@’
and
Tn:fl?—“l_m—((l—Al)iCﬂL)\ly)_ Mlz—y) M cQ.

y—v y—((I=Mz+hy) (I-M)y—2) 1-X
Using Theorem 2.1, the w-Jensen convexity of f implies that

Py (1 +ri(y —v1), .. v+ T (Y — v1), v (Y — V1),
v1 + g1 (y —v1)) >0,

which, according to the definition of the numbers rq, 7y, ..., 7, 1,7,, yields
that

Pw,py(v1,. .V, ,y) > 0.
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Now from the above inequality, we get
wi(v1) . wi(vpo1) wi(x) wi(y)

> 0.

wn('vl) wn(vn_1) wn(x) Wn(y)

flor) oo flona)  fl2) f(Y)

Developing this determinant by the last row, we obtain
f(y)q)w(vla s 7/Un—lax) - f(.T)(I)w(Ul, <oy Un—1, y)

n—1
+ Z(_l)n_i_lf(vi)q)w(vla U1, Vi - Une1, 3, Y) 2> 0.
i=1

By the positivity of Chebyshev system and the boundedness of f over V/, the
above inequality yields

2.11)
1) = 0 < ) (1 - Bzt

n—1
i q)UJ(/Ul e Vi1, V41 -4 -, Un—1, 2 y)
§ _1 n—i—1 : ) ) ) ) 5 Ly
+l:1( ) f(’U> (Dw(vl’...’vn_l’l')

< KUq(vg,y ..y 00-1,2,Y) < E.

Secondly define
sii= 2 e {1, n—2}U{nd),
Un — U1
s :I—Ul "o Yy—u
el Up — 'UIJ not Up — U1 .

Due to the chain inequalities v; < v+ < v, o < x < y < v,, we have
that sy = 0 < 55 < --- < s/, | < s' | < s, = 1. On the other hand, for

ie{l,...,n—2}U{n},
v; — U1 (1 =)z + Ny — (1 = Az + A\y)

%= Uy, — U1 B (I=XN)x+ Ay — (1= A1)z + \y)
/ T — v z— ((I=X)z+ \y)
Snf]. = =
Sy — D)
_ 1(y — ) L <@

M= M)y —2) A=A
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and
§ = y—nu _ y—((1=X)x+ \y)
L = (L= Ay — (1= M)z 4+ \y)
_A=M)y—=z)  1-X cQ.
Now using Theorem 2.1, the w-Jensen convexity of f implies that

D,y (1 + 81(vn —v1), v+ 85 (U — 1), viEs, (U, — V1),
v1 + Sp(v, — 1)) >0,

which, according to the definition of the numbers sy, ss,...,s, 1,5 |, Sn,

yields that
q)(w»f)(vh vy Un—2,0,Y, Un) 2 0.

This inequality can be written as
wi(vr) oo wi(vp—2) wi(z) wiy) wi(vn)

> 0.

wn('vl) wn(v'n,Q) wn(x) wn.(y) wn('vn)

flor) oo flona)  flx)  f(y)  flvn)

Developing this determinant by the last row, we obtain
f(Un)q)w(Ul, <oy Un—2, T, y) - f(y)q)w(vlv <o Un—2, T, UTL)
+f< ) (Ula" Unf27y7run)

+Z )T (0) P (V1 - Vi1, Vi1 e Vo, T, Y, V) > 0,

by the positivity of Chebyshev system, the above inequality is equivalent to

(2.12)
Bo(vr, -, U2, 2, U
oo

) D, (v1, ...y Vpo,X,Y)
D, (v1, .. U2, Y, Uy)

+ f(vn

i1 D, (U1, Vi1, Vi1« ey Up2y T, Y, Upy)
+Z f(wi)
D, (v1, .. U2, Y, Uy)

< K\IJQ(Ula s 7Un—27xayavn) <€

Hence the inequalities (2.11) and (2.12) imply that, for all =,y € [a, b] with
[z —y| <9,
[f(x) = fly)l <e
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holds. This proves that f is uniformly continuous on [a, b]. The closed interval
[a,b] C V was arbitrary, therefore f is continuous on V. O

THEOREM 2.7. Let f : I — R be a function which is bounded on a nonempty
open subset of I. Then it is w-Jensen affine if and only if f = w1+ - -+ a,wy,
for some oy, ..., a, € R.

PROOF. Assume first that f is an w-Jensen affine function. Then, it is w-
Jensen convex, and using Theorem 2.6, it follows that f is continuous on [.
We show first that, for all zy, zy,...,x, € I,

(2.13) D, (2o, 21, ..., 2,) = 0.

Indeed, if two of points xy, x4, ..., x, coincide, then this equality is obvious.
We may assume that these points are pairwise distinct moreover that zy <
Ty <--- <z, Let0 <ryy <--- <1,y be rational sequences converging to
0<xy—20 < -+ <2, — T, respectively. Then, according to Theorem 2.1,
the w-Jensen affinity of f, for all £ € N, yields that

Py, 1 (o, To + T1 ks - -+ To + ) = 0.

Using the continuity of f and taking the limit £ — oo, it follows that (2.13)
holds.
Letus fix r; < --- < x, in [ arbitrarily. Then,

D, f(z,21,...,2,) =0.
holds forall x € I, i.e.,
wi(z) wi(zr) ... wi(xy,)

: : . : —0.
wn(x) wp(zr) ... walxy,)

f@) fle) o flan)

Developing this determinant by the first column, we obtain

n

Z(_1>i_1wi(m)CI)M,~--7wz'—17wz'+1,---7wmf('rlv s 7xn)

=1

+ (=1)"f(2) Py (1, ..., 2,) = 0.

Therefore,
- d (x Tn)
— RN AR A SO P R
f(z) = — 1) e L w;(x).
(@) =31 T ()
Now, with an obvious choice of oy, ..., a, € R, we can see that f = ayw; +

-+ 4+ apwy, holds.
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The reversed statement is obvious, if f is a linear combination of the co-
ordinate functions of w, then ®,, ; is identically zero by standard properties of
determinants. U

The following question seems to be important: What is a necessary and
sufficient condition on w that ensures the existence of discontinuous w-Jensen
affine or discontinuous w-Jensen convex functions? The following result pro-
vides a sufficient condition. To formulate and prove this condition, we need
the following lemma.

LEMMA 2.8. Let w : I — R" be a positive Chebyshev system. Assume that

there exist a positive continuous function wy : I — Ry and a matrix M =

(a@j)lgigm 0<j<n—1 € R™™™ such that

wi(x) = (@12 + -+ ax + aig) - wol(w)
(xel,ie{l,...,n}).

Then det(M) > 0 and, for all (x4, ... ,x,) € o,(1),

(2.15) D, (xy,...,2n) = wolxy) - - wolzy) - det(M) - @ (21, ..., 25).

Additionally, let f : [ — R. Then, forall (xq,...,x,) € 0,11(1),

(2.16)
Py, (2o, ..., xn) = wolTo) - - - Wo(y) - det(M) - o ruo (@0 - -+, Tn).

(2.14)

PROOF. The equality in (2.14) and the product rule for determinants imply,
forall (z1,...,z,) € 0,([), that

S, (1, ..., x)

(Z;:ol a1,i33@i)wo(931) S (Z?;ol al,z'x%)wo(%)
(Z?:_ol an,ixé)WO(l’O s (Z?:_ol an,ix;)w()(xn)

S a0 gt
:WO(-Tl)"‘C%(l'n) : . :

>0 ni >0 i,

aio A1n-1 ] 0
= wo(%) e w()(xn) :

Apo - COpp—1 ot gt

= wo(z1) - wolxy,) det(M) - Op (21, ..., 2p),
which proves (2.15).
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The value of the determinant @, (z1, ..., x,) equals [ [, ;o (z; — ;) >
0 (because it is of Vandermonde-type). Therefore, the positivity of the Cheby-
shev system w, the positivity of the function wy and the equality (2.15) yield
that det(M) > 0.

The equalities in (2.14) and the product rule for determinants again imply,
for all (z,...,z,) € 0yu41(1), that

Dy, (o, ..., 2p)
( Z?:_ol a1,xh )wo(To) - .. (Z?:_ol a1 ;2 ) wo(z,)

( 2?2—01 an,ixé)w0($0) S ( Z?:_Ol an,ix;)wdwn)

f (o) o f(zn)

S Ay e Yoy a1

= (JJO(IO) . wo(fEn) EZ’L:_OI an,zwé) o Z?_—Ol an,ix%
wio(xo) o wio(mn)
0 0

aio ... QA1p-1 0 o Tn

= wy(x ~wolxn : : B :
0< 0) 0( ) an,O e an,n—l 0 I’g ! szl
= wo(o) - - wWo () - det(M) - Pr, #/uo (@05 - -+ Tp),
which shows the validity of (2.16). ]

THEOREM 2.9. Assume that there exist a positive continuous function wy :
I — RJr and a matrix M = (ai7j)1§i§n70§j§n,1 € R™ "™ such that (214)
holds. Then f : I — R is an w-Jensen convex (resp. w-Jensen affine) function
if and only if wio is a m,-Jensen convex (resp. m,-Jensen affine) function.

PROOF. According to formula (2.16) of Lemma 2.8, for all ~ > 0 and
x € I N (I —nh), we have that
Oy, f(x,x+h,....,x+nh)

= Hwo(x +th) - det(M) - @, ¢/wo(x, 2+ h, ..., +nh).
i=0

Due to the positivity of det(M) and the positivity of the function wy, it fol-
lows that the inequality ®,, ;(z,z + h,...,2 + nh) > 0 holds if and only if
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Qs fjwo(®, + h,...,x +nh) > 0is valid. This shows that f is w-Jensen
convex if and only if wio is m,-Jensen convex.
Similarly,
O, f(x,x+h,...,x+nh)=0

if and only if
Qs (@4 hy o x4+ nh) =0,

which proves that f is w-Jensen affine if and only if wio is m,-Jensen affine. [J

We need to recall the following characterization of 7,-Jensen affine func-
tions.

THEOREM 2.10. A function f : I — R is w,-Jensen affine if and only if there
exist a constant Ay € R, an additive function A; : R — R, a symmetric
biadditive function Ay : R?* — R, ..., and a symmetric (n — 1)-additive
function A,_; : R"' — R such that

(2.17) f(l’) = Anfl(l’a SR ,LC) +oot Ag(l',l’) + Al(x) + Ao (iL’ € I)

COROLLARY 2.11. Assume that there exist a positive continuous function wy :
I — Ry and a matrix (a; j)1<i<n,0<j<n—1 € R™™ such that (2.14) holds.
Then f : I — R is an w-Jensen affine function if and only if there exist a
constant Ay € R, an additive function A; : R — R, a symmetric biadditive
function Ay : R? = R, ..., and a symmetric (n — 1)-additive function A, :
R"! — R such that

2.18) flz)=(Ani(z,...,2)+.. .+ As(z, 2)+ Ay (2)+Ag)wo(z) @eD).

PROOF. Assume first that f is w-Jensen affine. Then, by Theorem 2.9, %0
is m,-Jensen affine. Hence, according to Theorem 2.10, there exist a constant
Ao € R, and additive function A; : R — R, a symmetric biadditive function
Ay : R? - R, ..., a symmetric (n — 1)-additive function A, ; : R"! - R
such that

wio(x) =A,1(x,...;x)+ -+ Ax(z, ) + A (x) + Ao (x €1).
This proves that f is of the form (2.18).

To prove the reversed implication, assume that there exist a constant Ay €
R, and additive function A; : R — R, a symmetric biadditive function A, :
R? — R, ..., a symmetric (n — 1)-additive function A,,_; : R*! — R such
that (2.18) holds. Then, according to Theorem 2.10, wio is a m,-Jensen affine
function. In view of Theorem 2.9, this implies that f is w-Jensen affine. O
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3. Wright convexity with respect to Chebyshev systems

In 1954, Wright [46] introduced a concept of convexity which is stronger
than Jensen convexity and weaker than convexity. A function f : I — R is
called Wright convex if

fltr + (1 =t)y) + (L -tz +ty) < f(x) + fly) (z,yel te(0,1]).

One can easily see that convexity implies Wright convexity, and, by putting
t = % into the above inequality, we can see that Jensen convexity is a conse-
quence of Wright convexity.

A characterization and the ultimate understanding of Wright convexity was
established by Ng [30], who proved that f : [ — R is Wright convex if and
only if it is of the form f = ¢ + A|;, where ¢ : I — R is convex and
A : R — Ris additive. If A is discontinuous, then f will be discontinuous and
hence cannot be convex. On the other hand, if A is a discontinuous additive
function, then | A| is Jensen convex but not Wright convex.

The concept of Wright convexity is closely related to Schur convexity,
sometimes it is termed ultramodularity and has applications, for instance, in
the theory of copulas and ¢-norms (see [41] and the references there in).

A higher-order generalization of Wright convexity was introduced by
Gilanyi and Péles [12] as follows. In this paper, a function f : I — R was
called Wright convex of order (n — 1), if

Ah1 Ahnf(x) > 0

holds for all hy,...,h, >0andx € IN(L —(hy+---+hy,)). One can easily
see that Wright convexity of order 1 is equivalent to Wright convexity in the
standard sense.

In what follows, we extend the notion of higher-order Wright convexity to
the setting of positive Chebyshev systems. Let w = (wy,...,w,) : I — R"
be a positive n-dimensional Chebyshev system. We say thatw : [ — R™"*! js
an extension of w if there exists a continuous function w,,+1 : / — R such that
w = (w1, ...,Wn,wne1) and W is a positive (n + 1)-dimensional Chebyshev
system.

Let w be a positive n-dimensional Chebyshev system and w be an arbitrar-
ily fixed extension of w. We say that a function f : [ — R is w-Wright convex
if, forall hy,..., h, >0andz € I N (I — (hy + - - - + hy,)), the inequality

Z (I)(W,f)(xax+hl17ax+hz1++hln)>0

(2.19) (I)w<$,~r+hi1w"ax+hil+"'+hin) =

(%15 yn)
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holds, where the summation is taken over all permutation (i1, ...,i,) of the
elements {1,...,n}.

Our first result establishes the connections between w-convexity, w-Wright
convexity and w-Jensen convexity.

THEOREM 2.12. Let w be a positive n-dimensional Chebyshev system and w
be an extension of w. Then every w-convex function is w-Wright convex and
every w-Wright convex function is w-Jensen convex.

PROOF. Assume first that f : I — R is w-convex. Then, for all
hi,...,h, >0andx € IN(I — (hy + -+ hy,)) all permutation (i1, ..., i,)
of the elements {1, ...,n}, we have that

q)(wvf)(x7x+hi17"'vx+hi1+"'+hin) > 0.

On the other hand, by the positivity of the Chebyshev system w, we also have
that
O (x, x4+ hiy, ..., x+hy +---+h;,) > 0.

These inequalities yield that (2.19) is valid on the domain indicated and hence
f is w-Wright convex.

To verify the second assertion, assume that f : I — R is o-Wright convex.
Taking hy := --- = h,, := h > 0 in inequality (2.19), for all ~ > 0 and
x € I N (I —nh), we obtain that

q)(w’f)(x, r4+h,...,x+ nh)
O (x,x+h,...,x+nh)
Due to the positivity of the Chebyshev system @, it follows that & (z, z +

h,...,x + nh) is positive, therefore, we can conclude that D p) (x,x +
h,...,x 4+ nh) > 0, which shows that f is w-Jensen convex.

(2.20) > 0.

The next theorem describes the connection between w-Wright convex-
ity and Wright convexity of order (n — 1). In what follows, the symbol
[, 21, ..., Ty, g] denotes the standard nth-order divided difference of a func-
tion g : I — R at the pairwise distinct nodes x1, z1,...,x, € I.

THEOREM 2.13. Assume that there exist a positive continuous function wy :
I — Ry and a matrix M := (a;;)1<i<n,0<j<n—1 € R™" such that (2.14)
holds. Define wy 1 : I — R by w,i1(t) := t"wy(t). Then @ := (w,wpy1) is
an extension of the Chebyshev system w. In addition, we have the following
assertions:

(i) Forall (xg, 1, ...,2,) € oni1(l), the equality

Q. p)(To, 21, .., 2p)
(1)5(51307 Ziy... ,$n>

2.21)

= [$0,$1,---7$n;f/w0]
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holds. Furthermore, a function f : I — R is w-convex if and only if f [wy
is convex of order (n — 1).
(ii) Forall hy,... h, >0andx € IN(I — (hy + -+ hy)), the equality

(I)(Mf)(l',.ib—'—hil,...,l'—l-hil + - +h1n)
Z S5z, x4+ hiy, ..., e+ hy + -+ hy)
(2.22) (i1,---stn)
~Apy A (f /o) (2)
B hy---h,

holds. Furthermore, a function f : I — R is wo-Wright convex if and only
if f/wo is Wright convex of order (n — 1).

PROOF. We first verify that = (w,w,1) is a positive Chebyshev sys-
tem. Let (xg,21,...,2,) € 0,41(I). Then, applying the equality (2.16) of
Lemma 2.8 with f := w,1, we get

(I)E(x(h Ty, ... )xn>
(2.23) = wo(xo) - - wWo () - det(M) - i, oy fwo) (To, T1, oo, T0)
= wo(zo) - - - wo(zy) - det(M) - Pr (20, 21, ..., 25) > 0.

The last inequality is due to the fact that @, (zo,21,...,2,) is a Vander-
monde determinant and o < x; < --- < x,. This proves that w is a positive
Chebyshev system, indeed.

In the rest of the proof denote g := f/wy. To show that assertion (i) holds,
let (xo,1,...,2,) € 0ny1() be fixed. In view of the Lemma 2.8, we have
the equality (2.16). Combining this equality with (2.23), we can obtain

D, p) (w0, 215 .., Tp) B D (r0) (X0, T1, - 2p)

O (g, 1, .- -5 Tp) Qi (@0, 1, Ty)

From the theory of divided differences, we have the identity

q)(m“g)(xOu Liyens 71:71)

O (o, 1,00, 20)

= [$0,$1,---,$n;g],

which, together with the previous equality shows that (2.21) holds.

The function f is w-convex if and only if, for all (zg,x1,...,x,) €
on+1(I), the left hand side of (2.21) is nonnegative. According to this equality,
this happens if and only if the right hand side is nonnegative, i.e., if f/wy is
convex of order (n — 1).

To show assertion (ii), let hy, ..., h, > 0andz € IN(L — (hy+---+hy))
be fixed. Therefore, with the substitutions z; := = + hy + --- + h;, (where
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j €{0,...,n}), (2.21) implies that
q)(w,f)($,13+h1,...,x+h1+...+hn>
O (x,x+hy,...,x+hi 4+ +hy)
=z, +hy,...,x+hi+-+ hy gl

Applying this equality for (h;,,...,h;,) (instead of (hq,...,h,)), where
(41,...,1,) is an arbitrary permutation of (1,...,n), we can see that
Z @,z +hiy, ..o+ hy + -+ hyy)
Oi(z, x + hiyy .o csx+hy + -+ Ry

= Z [,z + hiyy ..o, x+hy + -+ hy g

On the other hand, from the paper [12], we have that
Ahl Ce Ahng($)
hy---h,

Z [, 4+ hiyy. oy +hy + -+ hi 9] =

holds, which, together with the previous equality implies (2.22).

The function f is w-Wright convex if and only if, for all Aq,...,h, > 0
andz € IN(I— (hy+---+ hy)), the left hand side of (2.22) is nonnegative.
According to this equality this happens to be valid if and only if the right hand
side is nonnegative, i.e., if f/wy is Wright convex of order (n — 1). O

In the following result, we establish a characterization theorem for w-
Wright convexity provided that the underlying Chebyshev system is strongly
related to the polynomial one. This result generalizes the decomposition the-
orem of Maksa and Péles [24] which is related to the polynomial system. An
alternative and more elementary proof of that theorem has been recently given
by the authors in [36].

THEOREM 2.14. Assume that there exist a positive continuous function wy :
I — R+ and a matrix M = (ai7j)1gi§n70§j§n,1 e R™™ such that (2.14)
holds. Define w, .1 : I — R by w,,1(t) := t"wo(t) and set W := (w,wpy1)-
Then a function f : I — R is w-Wright convex if and only if there exist an
w-convex function F : [ — R and, for each k € {1,...,n — 1}, a symmetric
k-additive mapping A;, : R¥ — R and a real constant Ay such that, for all
x €1,

(2.24) flx)=F(z)+ (Ao + Ai(z) + -+ Ap_i(z, ..., 2))wo ().

PROOF. To prove the necessity, assume that the function f is w-Wright
convex. Then the assertion (ii) of Theorem 2.13 implies that f/wq is Wright
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convex of order (n — 1). The decomposition theorem of higher order Wright
convex functions [24] implies that there exist a function G : I — R which is
convex of order (n — 1), a real constant Ay and, foreach k € {1,...,n — 1},
a symmetric k-additive mapping A;, : R¥ — R such that, for all z € I,
(2.25) wi(x) =G(z)+ Ao+ Ar(z) + -+ Apa(z, .., 2).
0
This implies that (2.24) holds with F' := Gw, and F'/wy is convex of order
(n — 1). By assertion (i) of Theorem 2.13, it follows that the function F' is
W-CoNnvex.
To prove the sufficiency, assume that (2.24) holds, multiplying (2.24) by

1/wo () implies that

f F

—(x)=—(@)+ Ao+ Ai(z)+ -+ Ai(z,...,2)).

Wo Wo
Since the function F'is w-convex, therefore the assertion (i) of Theorem 2.13
implies that F'/wy is convex of order (n—1). Again, by the decomposition the-
orem of higher order Wright convex functions [24], we can conclude that f /wy
is Wright convex of order (n — 1). Thus, the assertion (ii) of Theorem 2.13
yields that the function f is w-Wright convex. 0

In our subsequent result we will prove that if the extension of the two di-
mensional polynomial system is not a polynomial of at most second degree,
then the convexity with respect to the two dimensional polynomial system
(i.e., standard convexity) is equivalent to Wright convexity with respect to this
extension. For the proof of this result, we will need the following characteri-
zation of a polynomial of at most second degree.

LEMMA 2.15. Let p : I — R be a continuous function which satisfies the
functional equation

p(z) —ply)  plz+u)—ply —u)

(2.26) imy (tu) (-
u>0,y,z€ {+u)yN (I —u), z+u>y.

Y

Then p is a polynomial of at most second degree over I.

PROOF. If u > Oand y € (I +u)N (I —u), then the limit of the right hand
side exists as z — y by the continuity of p, which shows that p is differentiable
at y and we get

(2.27) p/(y) _ p(y + u)2_u:0(y — u)’

u>0,ye ([l +u)N—u).
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Since u > 0 was arbitrary, it follows that p is differentiable everywhere on
1. Now the right hand side of the above equality is differentiable with respect
to y, which implies that p is twice differentiable. Repeating this argument, it
follows that p is three times differentiable on /. We are going to show that p"”’
is identically zero on /.

Let y € [ be fixed arbitrarily. Rearranging the equation (2.27), we can
obtain that

2up'(y) = ply +u) —ply—w),  wely—In{—y).
Differentiating this equality three times with respect to u, we get that
0=7p"(y+u)+p"(y —u), u>0,ye ([ +u)N (I —u).

With the substitution v = 0, we conclude that p"”'(y) = 0. Therefore, p"” is
identically zero on I. This yields that p has to be a polynomial of at most
second degree. U

THEOREM 2.16. Assume that there exist a positive continuous function wy :
I — Ry and a matrix M := (a; j)1<i<2.0<j<1 € R**? such that (2.14) holds
for n = 2. Assume that w3 : I — R is a continuous function such that
W = (w1, we,ws) is an extension of w = (w1, we) and ws /wy is not a polynomial
of at most second degree. Then every w-Wright convex function is w-convex,
i.e., w-Wright convexity is equivalent to w-convexity.

PROOF. Under the conditions of the theorem, assume that f : I — R is an
w-Wright convex function. That is, the inequality
Q@+ hi,x+hy 4+ ha) P py(2, 2+ hoy v+ hy + hy)

>0
O (x,x + hy,x + hy + ho) O (x,x+ hoyx + hy + hy) —

(
holds for all hy,hy > 0and x € I N (I — (hy + hy)). Using Lemma 2.8, we
can see that this inequality is equivalent to

wo(m)wo(x—i—hl)wo(:r—i—hl—i—hg)-det(M)-<I>,r27f/wO(x,x+h1,x+h1+hg)
wo(z)wo(z+h1)wo(z+hi+he)-det(M) - @, 1 (2, 24Dy, £+h1+ho)
wo(x)wg(x+h2)wo(x+h1+h2)-det(M)~<I>,T27f/wO(x,w—l—hQ,x—i—hl—i—hg)
wo () wo (z+ho)wo(x+h1+he)-det(M)- @, oo (@, 24ho, 24+h1+ha) — 7

which simplifies to

@myf/wO(x,x—i—hl,x—i—hl—&—hg) ‘I)Wz,f/wO(l',l'—i-hQ,x—l—hl—i-hg) 0
(I)ﬂg,wg/wo (337 T+hi, x+h +h2) (1>7r2,w3/w0 (CC, x+ha, x+hl+h2) -

(2.28)
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This means that g := f/wy is To-Wright convex, where Ty (t) := (1,¢, p(t))
and p := w3 /w,. Observe that, for ¢ € {g, p} and ¢ € {1, 2}, we have
1 1 1
Pirypy (@, 0+ hiyx +hy +hy) = | 2 x+ hy T+ hy + hs
p(x) olr+h) @@+ hi+h)
= h3,l¢(x) — (hl + hg)ﬁp($ + hl) + hz(p(l’ + hl + hl)
Using this formula, the inequality (2.28) now states that
hag(x) — (h1 + ha)g(x + h1) + hig(z + hy + hy)
hap(x) — (R + h2)p(x + h1) + hap(z + by + ha)
hig(x) — (h1 + ha)g(z + h2) + hag(z + ha + ho)
hip(x) — (b1 + he)p(z + h2) + hop(z + h1 + ho)
holds for all Ay, hy > 0and x € I N (I — (hy + ha)).

By our assumptions, (s, p) is an extension of 7y and p is not a polynomial
of at most second degree. Using Lemma 2.15, it follows that p cannot satisfy
the functional equation (2.26), which means that there exist u > 0, y,z €
(I +u)N (I —wu)with z 4+ u > y such that

p(z) — p(y) y p(z+u) — ply —u)
=y 7 Gru-(—u
Letx :=y—u,h:=2—y+2u,t:=z—y+u.Thenz =ax+t,y=ax+h—t
and z +u = x + h, therefore the above relations state that
(2300 h(p(z+1t) — plz +h —1)) + (h = 2)(p(x + h) — p(x)) # 0

forsome h > 0,z € IN (I —h)andt € (0,h).

Let h > 0 and z € I N (I — h) be fixed such that, for some ¢ € (0, h),
(2.30) holds. Define T" C (0, h) to be the set of those values ¢ for which (2.30)
is valid. Then the set 7" is nonempty and, by the continuity of p, it is also open.
Let T, and T denote the (disjoint) subsets of those elements ¢t € T', for which
the left hand side of (2.30) is positive and negative, respectively. Then at least
one of these subsets is nonempty (and also open).

Since g is To-Wright convex, hence Theorem 2.12 implies that g is mo-
Jensen convex, i.e., it is Jensen convex in the standard sense. According to
Rodé’s Theorem [40], g is the pointwise maximum of Jensen affine functions,
i.e., for all p € I, there exists an additive function A, : R — R such that

(2.31) 9(y) = Ay —p)+9(p)  (p.yel)
Substitutingy :=x +tandy: =z +h —t,fort € T"and p € I, we get
g(x +1) = Ap(x + 1t —p) + g(p)

(2.29)

>0
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and
glx+h—t)>A,(x+h—t—p)+g(p).

Therefore, with hy := ¢ and hy := h — ¢, the inequality (2.29) yields that
(h—t)g(x) — h(Ap(x +t —p) + g(p)) +tg(x +h)
(h—1t)p(x) — hp(x +t) +tp(x + h)
tg() = h(Ap(w +h =t —p) +9(p) + (h=t)glw +h) _
tp(x) —hp(x +h —1t)+ (h —t)p(x + h) -

Using the additivity of A, and moving the terms containing A,(¢) to the right
hand side, this inequality is equivalent to

(2.32)
(h—t)g(z) — h(Ay(x — p) + g(p)) + tg(x + h)
( )p(:v) hp(w +1) +tp(z + h)
| to(@) — h(A ( +h—p)+9p) + (h—t)g(z + h)

tp(z) —hp(z +h—1t)+ (h —t)p(x + h)

- h(p(z+t)—p(z+h—t))+(h—2t)(p(x+h)—p(z)) hA, (1)
= (h—0)p(@)—hpla+0) +tpa+ ) (tp(x) —hp(x+h—1) + (h—t)p(ath) "
This inequality shows that A, is bounded from above on 7', and is bounded
from below on 7T_. Therefore, A, is bounded from above or from below on a
nonempty open subset of 7". In view well-known properties of additive func-
tions, this implies that A, is continuous, i.e., there exists a real constant a,,
such that A,(z) = a,x holds for all x € R. Thus, by (2.31), we can see that
g is the pointwise maximum of continuous affine functions, Therefore, g must
be a convex function (in the standard sense). From this it follows that [ = gwy
1S w-convex. ]

It seems to be an open problem whether an analogue of the previous theo-
rem is valid for the 3- or higher-dimensional setting.



CHAPTER 3

Cauchy-Schwarz-type inequalities for solutions of
Levi-Civita-type functional equations

1. Preliminaries

In the theory of real and additive functions (see the monograph [21] of
Kuczma) there are several results which establish the existence of a discon-
tinuous additive function which satisfies further algebraic conditions. One of
the first problems of this kind was posed by Szab6 [42] motivated by a ques-
tion of Benz [4] and solved by Kominek, Reich, and Schwaiger [20]. They
proved that if A : R — R is an additive function which satisfies the equality
A(x)A(y) = 0 for all (z,y) € C, where C is a the unit circle, or is a hyper-
bola, or is an algebraic curve given by polynomials, then A has to be equal
to zero identically. Boros and Fechner [8] and Boros, Fechner and Kutas [9]
extended these results to sets defined via generalized polynomials and to qua-
dratic functions instead of additive ones, respectively, and they also examined
the stability versions of such problems.

In [9], the case when C' is the graph of the hyperbola xy = 1 was left
open. Kannappan [16, Chapter 1] proved that if, for some positive constant
a, an additive function A satisfies the condition A(z)A(1/x) = a for all
x # 0, then A has to be continuous. On the other hand, according to the
remarks [3] and [5], there exist discontinuous additive functions which fulfill
the inequality A(z)A(1/x) > 0 for all  # 0. On the other hand, using the
theory of valuations of fields, Kutas [22, Theorem 24] proved that there ex-
ists a nonzero (henceforth discontinuous) additive function which satisfies the
equality A(x)A(1/z) = 0 for all = # 0.

The above results motivated us to construct discontinuous additive real
functions that enjoy properties that are connected to the multiplicative struc-
ture. It turned out that such properties could be possessed if the additive func-
tion satisfies Levi—Civita-type functional equations with respect to the multi-
plicative structure.

More generally, let (G, *.) be a groupoid. (Recall that a pair (G, *.) is said
to be a groupoid if % is a binary operation on G, i.e., x : G x G — (G.) Let
A : G — Rbe afunction such that there exist functions f1, ..., f, 91, .-, Gn :

45
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G — R such that the functional equation

Alrxy) = filx)(y) + -+ ful@)guly) (2,9 € G)

is fulfilled. = Under certain assumptions on n and on the functions
fis-os fns01,- -+, gn, we are going to prove that for all z,y € G the func-
tion A will satisfy either the inequality A(x x y)* < A(x x x)A(y * y) or the
reversed one A(z * 2)A(y x y) < A(x * y)%. In the important particular case
when the groupoid is the multiplicative structure of a commutative ring and
A is additive, we will establish the existence of nontrivial additive functions
which satisfy one of the above mentioned inequalities.

2. The inequality A(z * y)? < A(x * 2)A(y * y)
In our first result we assume that the function A satisfies a Levi—Civita-type

functional equation over a groupoid.

PROPOSITION 3.1. Let (G, %) be a groupoid and let A : G — R be a function.
Assume that there exist n € N and functions f1,..., f, : G — R such that A
satisfies the Levi—Civita-type functional equation

(3.1) Az xy) = fi(@) fi(y) + - + fu(2) fu(y)
forall x,y € G. Then, A fulfills the functional inequality
(3.2) Az *y)* < Az * ) Ay * y)
forall x,y € G.

PROOF. Let z,y € (. In view of the functional equation (3.1), the in-
equality (3.2) can be rewritten as

(Fr(@) f1(y) + -+ ful@) faly))?
< (fil@)? + -+ fu@)?) (W) + -+ fa()?),

which follows from the Cauchy—Schwarz inequality when we apply it to the
n-dimensional vectors (f1(x), ..., fo(z)) and (f1(y), ..., fu(y))- O

If the groupoid is the multiplicative semigroup of a commutative ring
(R,+,-) and A is additive, then we can establish a characterization of the
corresponding inequality. Recall that in a ring, the product z - y of the ele-
ments x,y € R is simply denoted by zy, and 22 is defined to be the product
x-x.

THEOREM 3.2. Let (R, +,-) be a commutative ring and let A : R — R be an
additive function. Then A satisfies the inequality

(3.3) A(zy)? < A(2*)A(y?)
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forall x,y € R if and only if at least one of the following conditions hold
(i) A(x?) > 0forall x € R,
(ii) A(x?) <0 forallx € R.

PROOF. Assume first that A satisfies inequality (3.3) for all x,y € R, but
none of the conditions (i) and (ii) is valid. Then, there exist z,y € R such that

A(x?) <0 < A(y?).
These inequalities imply that
A(z?)A(y*) < 0 < A(zy)?,

which contradicts the inequality (3.3).
To prove the the reverse implication, assume that A satisfies condition (i)
and let x, y € R be fixed. Then, for all n € N and k € Z, we get that
0 < A((nx + ky)?) = A(n*2* + 2nkzy + k*y?)
= n?A(2?) + 2nkA(xy) + K2 A(y?).

Dividing this inequality by n?, we can conclude that

k k2
0< A(z?)+22A4 2 AR,
< A(z®) + - (rcy)Jrn2 (y°)

Because n € N and k € Z were arbitrary, we obtain that
0 < A(2?) + 2rA(zy) + r*A(y?)

is valid for all rational number r. By the density of rational numbers, it follows
that the above inequality is true for all real number . The polynomial on the
right hand side cannot have two distinct real roots, therefore, its discriminant
has to be non positive, i.e.,

(2A(zy))* — 4A(2*) A(y*) < 0.

This inequality reduces to (3.3).

In the case when condition (ii) holds, then the additive function (—A) sat-
isfies condition (i) and hence the inequality (3.3) holds with (—A) instead of
A, which again shows that (3.3) is valid. Il

3. The inequality A(x x 2)A(y *x y) < A(x * y)?

In the subsequent two propositions, we present two Levi—Civita-type func-
tional equations which imply the inequality in the title of this section.
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PROPOSITION 3.3. Let (G, *) be a groupoid and A : G — R be a function.
Assume that there exist two functions f, g : G — R such that the Levi—Civita-
type functional equation

(3.4) Az xy) = f(2)f(y) — 9(x)g(y)
holds for all x,y € G. Then A satisfies the functional inequality
(3.5) Az 1) Ay xy) < Az * y)?

forall x,y € G.

PROOF. Let x,y € G. According to the functional equation (3.4), the
inequality (3.5) can be rewritten as

(f(@)* = 9(2)*)(f(¥)* = 9(v)*) < (f(2)f(y) = g9(z)g(y))*.
Observe that this inequality is equivalent to

0 < (g(x)f(y) — f(x)g(y))?,

which is obviously valid. U

PROPOSITION 3.4. Let (G, %) be a groupoid. Let A : R — R be a function.
Assume that there exist f, g : R — R such that the Levi—Civita-type functional
equation

(3.6) Az *y) = f(z)g(y) + g(z) f(y)

holds for all x,y € G. Then, for all x,y € G, A satisfies the functional
inequality (3.5).

PROOF. Let x,y € G. According to the functional equation (3.6), the
inequality (3.5) can be rewritten as

Af(x)g(x) f()g(y) < (f(x)g(y) + g(x) f(y))>.

Observe that this inequality is equivalent to

0 < (g(x)f(y) — f(2)g(y))?,

which is obviously valid. U

COROLLARY 3.5. Assume that A : R — R satisfies the Leibniz Rule with
respect to multiplication, i.e.,

Alzy) = zA(y) + Alz)y (2,9 €R).
Then, for all x,y € R, the inequality
(3.7) A(z?)A(y?) < A(ay)?
holds.
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PROOEF. Observe that with groupoid (G, x) := (R, ) and with the nota-
tions g := A and f(x) := z, (x € G), the equality (3.6) of Proposition 3.4
holds. Therefore, A satisfies inequality (3.5) for all =,y € R, hence (3.7) is
also satisfied. 0J

In particular, if A : R — R is a derivation (i.e., A is additive and satis-
fies the Leibniz Rule with respect to multiplication), then the above corollary
implies that it fulfills the inequality (3.7).

If the groupoid is the multiplicative semigroup of a commutative ring
(R,+,-) and A is additive, then we can establish a characterization of the
inequality (3.5) over a particular subset of the ring.

THEOREM 3.6. Let (R, +,-) be a commutative ring with a multiplicative unit
element e and A : R — R be an additive function with A(e) # 0. Let the
subset R4 C R be defined by

Ry:={r € R|0< A(x*)A(e)}.

Then e € R and A satisfies functional inequality

(3.8) A@?)A(y*) < Alay)”
forall x,y € R, if and only if
(3.9) A(z*)Ale) < A(x)?

forall x € R 4.

PROOF. The inclusion e € R4 is obvious. Now, putting y := e, we can
see that the inequality (3.8) implies (3.9).

To prove the reversed implication, assume that (3.9) is valid forall x € R 4.
Then it is also valid for all x € R, since, for z € R\ Ry, the left hand side of
the inequality is negative, while the right hand side is nonnegative. Introduce
the function Ay := A/A(e). Then, A, is additive, Ay(e) = 1 and, dividing
(3.9) by A(e)? > 0 side by side, for all x € R, we get that
(3.10) Ag(a?) < Ag(x)”

Letx,y € R4 be fixedand n € N, k& € Z be arbitrary. Then, (3.10) yields
Ao((nz + ky)?) < Ag(nx + ky)®.
Using the additivity of Ay, we get
n?Ag(2?) + 2nkAg(xy) + k* Ao(y?)
< n?Ag(2)* + 2nkAg(z)Ao(y) + K2 Ao (y)?.
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Dividing this inequality by n?, we obtain
Ao(2?) + 2%A0(xy)+(§)2140(y2)
< Ap(2)? + 25 Ao() Aow) + (5) An(y)*
Therefore, for any rational number r € Q,
0 < (Ag(2)? = Ag(2?)) + 2r(Ag(2) Ao(y) — Ao(zy)) +7°(Ao(y)* — Ao(y?))-

Using the continuity of both sides as a function of r, it follows that the same
inequality is valid for all » € R. Thus, the discriminant of this quadratic
polynomial has to be nonpositive, i.e.,

(311 (Ao(x)Ao(y) — Ao(xy))® < (Ao(z)® — Ao(2?))(Ao(y)* — Ao(y?))

and hence

[Ao(2)Ao(y) = Ao(zy)| < V/(Ao(2)? = Ao(22))(Ao(y)? — Ao(y?))
=Q(x )Q( )

thus

||Ao(fﬁ)Ao(y)| - |Ao(wy)|| < [Ao(2)Ao(y) — Ao(zy)| < Q(2)Q(y),
where Q(u \/ Ap(u)? — Ap(u?) > 0 (u € R). Then, for all u € R,
(3.12) Ao(u) = Q(u)* + Ap(u?).

Therefore |Ag(zy)| satisfies the inequality
(3.13)
[Ao(x) Ao (y)] — Q()Q(y) < [Ao(zy)| < [Ao(x)Ao(y)] + Q(2)Q(y)-

We are going to show that

(3.14) Ao(2%) Ao(y?) < Ao(ry)”.
To see this inequality, we will prove that
(3.15) Q@)*Qy)” < Ao(r)*Ao(y)*.
and
2
G16)  Ag(at)Ao(y?) < (JAo(x) Ao(y)] — Q0)Q())

Since x and y belong to R 4, therefore, we have that Ay(z?) > 0 and Ag(y?) >
0, then, with v € {z, y}, the equality (3.12) implies that

Q(z)* < Ao(x)*  and  Qy)* < Ao(y)”.
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Multiplying these inequalities side by side, we get that (3.15) holds. Therefore,
we can conclude that

(3.17) Q(z)Q(y) < [Ao(z)Ao(y)]

which is equivalent to (3.15).
By the obvious inequality

(140(2)|Q(y) — [A0()|Q(x))” > 0,
we have that
(3.18) 2| Ao () Ao (1) |Q(2)Q(y) < Ao(x)*Q(y)? + Ao(y)*Q(z)?.

Therefore using the equality (3.12) with u € {z, y} and the inequality (3.18),
we obtain

Ao(2%) Ao(y?) = Ao(2)* Ao(y)* — Ao(2)*Q(y)* — Q()* Ao (y)”
+Q(2)*Q(y)”
< Ag(2)*Ao(y)? — 2| 40(2) Ao ()| Q(2)Q(y) + Q(2)*Q(y)”
= ([40(2) Ao(y)] = Q(x)Q(y))*.

This shows that the inequality (3.16) holds.
In view of (3.17), the first inequality in (3.13) implies that

([4o(2) Ao (y)| — Q(x)Q())* < Ao(zy)*.

This, combined with the inequality (3.16) yields that (3.14) is valid, indeed.
Therefore,

A(@*)A(y?) = Ao(z*) Ao(y*) Ale)” < Af(ay)Ale)* = Alay)?,
which completes the proof of the inequality (3.8) for x,y € R 4. O

In the following example we show that the additivity of the function A in
Theorem 3.6 is necessary.

EXAMPLE 3.7. Let g € (0,1) and let f : R — R be a function defined by
o={7 1%}
Clearly, f is not additive. Therefore, for z ¢ {1, —1}, we have that
f@®)f(1) = qa* < a® = f(a)?
for x = +1,
f W) =¢=f1)?%  f(=DHfQ)=¢ <1=f(-1)



52 CHAPTER 3. CAUCHY-SCHWARZ-TYPE INEQUALITIES . ..

which shows that (3.9) is satisfied for all x € R. On the other hand, for
z,y € R\ {1, -1} with zy = 1, we can conclude that

fE)f(?) = 2?y® = 1> ¢ = f(ay)?,
which shows that (3.8) is not satisfied.

The next example shows that if the function A in Theorem 3.6 is non-
additive, continuous and satisfies A(e) = 0, then the conclusion of Theo-
rem 3.6 may not be valid.

EXAMPLE 3.8. Let A : R — R be defined as A(z) = |x — 1|. Note that A
is continuous and not additive. Since A(1) = 0 this implies that

A(@*)A(1) =0 < (v —1)% = A(x)*.

Thus the inequality (3.9) holds for all z € R. On the other hand we have that
A@DAW) = 2" = 1lly* = 1] and  A(zy)’ = (zy — 1)
Hence for z = 2 and y =  we have that A(z?)A(y?) = § but A(zy)? = 0,

therefore the inequality (3.8) does not hold.
4. Consequences of systems of Levi—Civita-type equations

THEOREM 3.9. Let (G, %) be a groupoid and A, B : G — R be functions.
Assume that there exist f, g : G — R such that A and B satisfy the following
system of Levi—Civita-type functional equations

Alrxy) = f(z)f(y) —g(x)g9(y)  and

Bz xy) = f(x)g(y) + 9(x)f(y)
for all x,y € G. Then the inequalities

(3.19)

(3.20) —B(x*y)* < Alw x2) Ay y) < Az * y)?*
and
(3.21) —A(:zc>x<y)2 < B(zxxz)B(y*xy) < B(:zc>r<y)2

hold for all x,y € G.

PROOF. In view of two functional equations in (3.19), for x,y € G, we
have that

B(w*y)2+ Az * ) Ay * y)
F(@)?g(y)? + 2f(x)g(y)g(x) f(y) + 9(x)*f(y)°
+ (f(2)? = g(@)*)(f () = 9(y)?)
= (f(=)f(y) + g(x)g(y))* > 0,
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which proves the left hand side inequality in (3.20). The right hand side in-
equality in (3.20) is a direct consequence of Proposition 3.3.
Again, in view of two equations in (3.19), for x, y € G we have that

Az * y)2 + B(zxx)B(y * y)
= f(@)*f(y)* = 2f(x) f(y)g(x)g(y) + g(x)*g(y)*
+4f(2)g(x) f(y)9(y)
= (f(2)f(y) + g(x)g(y))* > 0.

This implies the left hand side inequality in (3.21). On the other hand, applying
Proposition 3.4 for the function B instead of A, we obtain that

B(z + 2)B(y xy) < B(x * y)*.
This shows that the second inequality of (3.21) holds for z,y € G. U

An interesting consequence of the functional equations in (3.19) is that A
and B satisfy the following identity:

Bz xy)? +Alx*2)A(y xy) = A(x xy)*+ Bz x2)Bly xy) (z,y € G).

Therefore, the inequalities (3.20) and (3.21) can be expressed as the following
chain of inequalities

0 < Az x2)A(y *y) + (B(x x y))°
=Bz *2)By*y) + A(zxy)’ < Az xy)’ + Bz xy)* (1,9 € G).

The following result is probably well-known, but we could not find an
exact reference for it.

COROLLARY 3.10. Forall x,y € R, we have
—sin(z + y)? < cos(2z) cos(2y) < cos(x + y)? and
—cos(x + y)? < sin(27)sin(2y) < sin(z + y)>.
PROOF. Observe that the trigonometric functions cos : R — R and sin :
R — R satisfy the functional equations
cos(z + y) = cos(x) cos(y) — sin(x) sin(y) and
sin(z 4 y) = sin(x) cos(y) + cos(z) sin(y)
for all z,y € R. Therefore, (3.19) holds with A := f := cosand B := g :=

sin over the groupoid (R, +). Consequently, (3.20) and (3.21) are satisfied for
all z,y € R, which imply the assertion. OJ
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COROLLARY 3.11. Let (G, %) be a groupoid and let ¢ : G — C be a ho-
momorphism into the multiplicative semigroup of complex numbers. Define
A = Ry and B := . Then, for all x,y € G, the inequalities (3.20) and
(3.21) hold.

PROOF. Using the multiplicativity of ¢, for all z,y € G, we get that

Az xy) = R(p(z *y)) = Rp()e(y))

R((A(x) +iB(2))(Aly) +iB(y))) = A(z)A(y) — B(z)B(y),
Bz *y) = S(p(r xy)) = I(p(z)p(y))

S((A(z) +iB(x))(A(y) +iB(y))) = A(z)B(y) + B(2)A(y).

Therefore, the functional equations in (3.19) are satisfied with f := A and
g = B. Thus, according to Theorem 3.9, we obtain that the inequalities
(3.20) and (3.21) hold for all x, y € G, which was to be shown. ]

COROLLARY 3.12. Let ¢ : C — C be an automorphism of the field C. Define
A=Rpand B .= Sp. Then A : C — Rand B : C — R are additive
mappings, furthermore, for all x,y € C,

(3.22)

—B(ay)* < A(2*)A(y*) < A(zy)* and — A(zy)® < B(2®)B(y*) < B(zy)*.

PROOF. Using the additivity of ¢, for all x,y € C, we obtain that

Az +y) = R(p(z +y)) = Rp(z) + ¢ (y))
= R((A(z) +1B(x)) + (A(y) +iB(y))) = Az) + Aly),
Bz +y) = S(e(z +y) = S(e(z) + ¢y))
= S((A(x) +iB(x)) + (A(y) +iB(y))) = B(x) + B(y).
These equalities show that A : C — R and B : C — R are additive mappings.
By the multiplicativity of ¢, it maps the groupoid (G,x*) := (C,) into

itself. Thus, according to Corollary 3.11, we obtain that the inequalities (3.20)
and (3.21) hold for all z,y € C. This yields the assertion. Ul

The following result is a counterpart of Theorem 3.9.

THEOREM 3.13. Let (G, *) be a groupoid and A, B : G — R be functions.
Assume that there exist f, g : G — R such that A and B satisfy the following
Levi—Civita-type functional equations

A(x*y) = f(x)f(y) + g(x)g(y)  and

(3.23) B(zxy) = f(x)g(y) + g(z) f(y)
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forall x,y € G. Then the inequalities

(3.24) B *x)B(yxy) < Alw xy)* < Aw *2) Ay * y)
and

(3.25) B(z*2)B(y*y) < Bz *y)? < Az *2)A(y * ).
hold for all x,y € G.

PROOF. In view of two functional equations in (3.23), for x,y € G, we
have that
Az xy)* = Bz +2)B(y * y)
= f(2)*f(y)* +2f(2) f(y)a(x)g(y) + 9(x)*g(y)*
—4f(x)g(x)f(y)g(y)
= (f(2)f(y) — g(x)g(y))* > 0.

This implies the left hand side inequality in (3.24). On the other hand, applying
Proposition 3.1 for the function A and n = 2, f, := f, fo := g, we obtain that
the second inequality of (3.24) holds for x,y € G.

Again, in view of two equations in (3.23), for x,y € (G, we have that

Az xz)Alyxy) — B(x xy
= (f(2)* + g(x)?)

~
—~
<
|
—~
8
~—
[\
\
—~
<
N~—
(V]

= (f(x)f(y) — g9(x)g(y))

which proves the right hand side inequality in (3.25). The left hand side in-
equality in (3.25) is a direct consequence of Proposition 3.4 (applied to B
instead of A). O

An interesting consequence of the functional equations in (3.19) is that A
and B satisfy the following identity:

Bz *2)B(y *y)+ Az x 2)A(y * y) = Az *y)*+ Bz xy)*  (z,y € G).

The following result is probably also well-known, but we could not find a
reference for it.

COROLLARY 3.14. Forall z,y € R, we have
(3.26)
sinh(2x) sinh(2y) < sinh(z + y)? < cosh(x + y)? < cosh(2z) cosh(2y)
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PROOF. Observe that the hyperbolic functions cosh : R — R and sinh :
R — R satisfy the functional equations

cosh(x + y) = cosh(x) cosh(y) + sinh(x) sinh(y) and

sinh(z 4 y) = sinh(x) cosh(y) + cosh(x) sinh(y)
for all z,y € R. Therefore, (3.23) holds with A := f := cosh and B := g :=
sinh over the groupoid (R, +). Consequently, (3.24) and (3.25) are satisfied

for all z,y € R, which imply the first and last inequalities in (3.26). The
central inequality follows from the identity cosh? — sinh® = 1. O

To formulate the next result, let p be a square free positive integer and let
Q(\/p) denote the subfield of R generated by ,/p. Then, one can see that

Q(vp) = {a+byp : a,b € Q}. In what follows, we equip Q(,/p) with the
topology inherited from R.

THEOREM 3.15. Let p be a square free positive integer. Then there exist two

discontinuous additive functions A : Q(,/p) — Rand B : Q(y/p) — R such
that the functions A and B fulfill the inequalities

B(z*)B(y*) < A(zy)* < A(z*)A(y?),

B(2*)B(y*) < B(xy)* < A(z*)A(y*)

forall z,y € Q(\/p).
PROOF. Define the functions A : Q(,/p) — R and B : Q(,/p) — R by
Ala+by/p) :=a and B(a + b\/p) :=b\/p (a,b € Q).

We show that A and B are additive. Indeed, let z = a; + bi/p and
y = ay + bay/p be two arbitrary points of Q(,/p), where ay,az,b1,b; € Q.
According to the definition of A and B, we have that

Az +y) = A(ay + az + (b1 + b2)\/p) = a1 + az = A(z) + A(y)
and
B(z +y) = B(ay + ag + (b1 + b2)y/p) = (b1 + b2)\/p = B(z) + B(y).

This proves that A and B are additive, indeed.

Next we prove that A and B satisfy the functional equations in (3.23) with
f = A,and g := B, where the groupoid (G, ) is equal to (Q(,/p), -). Indeed,
letz = a;+byy/p and y = as +by,/p be two arbitrary points of Q(,/p), where
ai, ag, bl, bQ S Q Then

A(zy) = A((araz + bibap) + (a1by + azb1)/p)
= ajas + bibop = A(x)A(y) + B(x)B(y)

(3.27)
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and similarly,
B(Iy) = B((alag +pb1b2) + ((llbg + agbl)\/ﬁ)
= (a1bs + azb1)\/p = A(z)B(y) + B(z)A(y).

Therefore, according to Theorem 3.13, the inequalities (3.24) and (3.25) holds,
which prove that the inequalities in (3.27) are also valid.

Finally, we show that the functions A and B are discontinuous at the point
u := 1+ /p. By the density of the set Q in R, there exists a sequence (x,,) of
rational numbers converging to u/,/p. Then the sequence (x,,/p) converges
to u. We have that A(u) = 1 but, for all n € N, A(z,,/p) = 0, therefore
A is discontinuous at u. Furthermore, there exists a sequence (y,,) of rational
numbers, which converges to u. Since B(u) = /p and B(y,) = 0 for all

n € N, thus we can conclude that the function B is also discontinuous at
. O

We note that there does not exist a discontinuous additive function A :
R — R such that the inequality A(xy)? < A(z?)A(y?) be valid for all real
numbers x,y. Indeed, if A is a discontinuous additive function satisfying
this inequality, then A(u) is not zero for some u > 0. With the substitu-
tion y := /u, the inequality shows that A is either nonnegative (if A(u) > 0)
or nonpositive (if A(u) < 0) on the set of positive numbers. This, by classi-
cal results on additive functions (see [21]), implies that A(x) = ax for some
a € R, and hence A is continuous.

Motivated by the above remark, we could formulate the following open
problem: Find a description or characterization of those maximal subrings (or
subfields) of R such that system of inequalities in (3.27) holds for a discon-
tinuous pair (A, B) of additive functions which are defined on this subring (or
subfield).






Summary

In this section we summarize the most important results of this PhD disser-
tation. We mention some of the interesting lemmas, propositions, theorems,
and corollaries based on our research which can be found with full details in
the papers [36], [37] and [35].

Decomposition of higher-order Wright convex functions revisited

Chapter one is devoted to give an elementary proof for the decomposition
theorem of Maksa and Pales [24] which is an extension of the Ng theorem [30],
(Ng characterized a Wright convex function as the sum of a convex and an
additive function). Maksa and Péles [24] proved that a real function is Wright
convex of order n if and only if it sum of a convex function of order n and a
polynomial function of degree at most n. In our proof we adopted the method
of Pales [33].

In what follows, we are going to define several higher-order convexity con-
cepts in terms of difference operators and divided differences.

We recall that, for a fixed real number h, the operator A, acting on a real
function f : I — R, is defined by

Anfz) = fle+h) = flz)  (xeln(l—h).

Given afixedn € N,amap f : I — R is said to be Jensen convex of order
n (briefly n-Jensen convex) if

(1) Apfz) >0  (h>0,z€InN(l—(n+1)h)).

A map f : I — Ris said to be Wright convex of order n (briefly n-Wright
convex) if it satisfies the functional inequality

Ah1 te 'Ahn+1f(x) Z 0
(h17...,hn+1 > 0, xe[ﬂ([—(hl—i——l—hnﬂ)))

In the investigation of functional inequalities (1) and (2), those maps that
fulfill these inequalities with equality play a fundamental role in the theory of
linear functional equations. Therefore, for n € N, we consider the equation

AT f(2) =0  (h>0,zeln(— (n+1)h)),
59

2)
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which is termed the Fréchet functional equation in this theory. It is well-
known (see [21], [43]) that f : ] — R satisfies this equation if and only if it is
a polynomial function of degree at most n, i.e., it has the representation

f(x) = a0+ ar(z) +---+an(z)  (zel),

where ap € R and ay, is the diagonalization of some k-additive and symmet-
ric function A, : R*¥ — R, that is, ax(x) = Ag(z,...,2), (zr € R, k =
1,...,n). Standard polynomials are exactly the continuous polynomial func-
tions. On the other hand, using Hamel bases, it is not difficult to construct
non-continuous polynomial functions (see [21]).

The divided difference of the function f : I — R with respect to the
pairwise distinct points x, ..., z, € I is defined by

[T0, -, s f] = Zo H?:(;f((j:)_ z;)

Obviously, divided differences are symmetric functions of their variables, fur-

thermore, it is easy to show that they enjoy the following recursive property

[T1, . xn; f] = [To, -y Tt f]

Ty — X

[z, ... xn; f] =

for all n € N and pairwise distinct elements x, ..., z, € I.
Based on the works of T. Popoviciu [38,39], givenn € N,amap f : [ — R
is said to be convex of order n on I (shortly n-convex on /) if the inequality

(3) [x(]axl?"';xn;xrhkl;f} ZO

holds for all pairwise distinct elements xy, z1, ..., %, Tn,e1 € 1. Due to the
symmetry of divided differences, without loss of generality, we may assume
To < x1 < -+ <x, < T, here.

The following result was obtained in the book [21] and in a more general
form in the paper [12].

LEMMA. Let n € N. Then every n-convex function is n-Wright convex, and
every n-Wright convex function is n-Jensen convex.

One of the main results of the paper [24] established the following gener-
alization of Ng’s decomposition theorem [30].

THEOREM. Letn € Nand f : I — R be an nWright convex function.
Then, there exist an n-convex function g : I — R and a polynomial function
P : R — R of degree at most n such that

f(2) = g(e) + Pla)  (zel).
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Our aim was to obtain a new and transfinite induction-free proof for this
result. To accomplish this goal, we needed the following lemma, which was
our most important tool.

LEMMA. Letn € Nand f : I — R be an n-Jensen convex function. Then
there exists a continuous n-convex function g : I — R such that g|;ng =

fling-

On convexity properties with respect to a Chebyshev system

The main role of Chapter two is to define the Wright convexity with respect
to Chebyshev system and generalize the decomposition theorem of Ng [30] to
a certain Chebyshev system.

The simplex of strictly ordered n-tuples of a set / C R, denoted by
on(H), is defined by

on(H) ={(x1,...,2,) € H" | x1 <+ <z,}.

We assume that |H| > n. Letw = (wy,...,w,) : H — R" be a vector-valued
function, and define the functional operator ®,, := ®¢,, ..y : 0n(H) = R
by

W1($1) R wl(xn)
O (21,...,2,) = Dol ((x1,...,2,) € 0,(H)).
wn(x1) .. wp(Ty)
A continuous function w is said to be an n-dimensional positive (respectively
negative) Chebyshev system over H if @, is strictly positive (respectively,
strictly negative) over o,,(H ). The system w is called an n-dimensional Cheby-
shev system over H if it is either a positive or a negative Chebyshev system
over H. If w : R — R" equals the n-dimensional standard or polynomial
system m, : I — R", which is defined by

To(t) == (1,t, ..., t"1) (t € R),
and turns out to be a positive Chebyshev system. More generally, if p; <
.-+ < p, are given exponents, then the system given by
Ry St (19, ...,tP")
is also a positive Chebyshev system on R,. Important Chebyshev system

arise also related to hyperbolic and trigonometric functions. For instance, for
all n € N, the systems given by

I >t (cos(t),sin(t),...,cos(nt),sin(nt)),
I >t (1,cos(t),sin(t),...,cos(nt),sin(nt))
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are positive 2n- and (2n + 1)-dimensional Chebyshev systems over any
nonempty open interval / with length less than or equal to 7 and 27, re-
spectively. (For the proof of this statements, see the introduction of the pa-
per [34].) There are analogous Chebyshev systems in terms of hyperbolic
functions as well. We give the standard examples of convex functions with
respect of Chebyshev system.

(i) Polynomial system: w(x) := (1,z,...,2");
(ii) exponential system: w(z) := (1, exp(z),...,exp(nx));
(iii) hyperbolic system: w(z):= (1, cosh(z), sinh(z),. . ., cosh(nz), sinh(nx))

and
(iv) trigonometric system: w(z) := (1, cos(z),sin(x),. .., cos(nz), sin(nzx)),
where w : I — R™ for all items (i), (ii) and (iii), and w :] — 7, F[— R" for

(iv). For further standard applications of Chebyshev systems, we refer to the
monographs [7], [17] and [18].

In what follows, we recall some definitions from the paper [34] (see also
the paper [12] for these definitions in the polynomial setting). Let / C R
be a nonvoid interval, n € N and let w = (wy,...,w,) : I — R" be an n-
dimensional positive Chebyshev system over /. For a function f : I — R, the
functional operator ®(,, 5y : 0,41(/) — Ris defined by @, f) := Py, wn.f)-

For a given vector t = (ty,...,t,) € R}, a function f : / — R is said to
be (t,w)-convex if

4) Pu.p(@, o +tih,...,x+ 4+ +1t,)h) >0

holds forall h > 0,z € I withx + (t; +--- +t,)h € . T C R, and f is
(t,w)-convex for every t € T, then f is called (7', w)-convex.

Ift = (t1,...,t,) € RY and (4) is satisfied with equality, then f is called
a (t,w)-affine function. If T C R, and f is (¢, w)-affine for every t € T™, then
f is called (T, w)-affine. In particular, we say that f is w-Jensen convex if it is
({1}, w)-convex, i.e., if

(5) Q. p(r,x+h,...,x+nh) >0

holds for all b > 0, x € I withx +nh € 1. If (5) is valid with equality instead
of inequality, then f is said to be w-Jensen affine.

A function f is termed w-convex if it is (R, w)-convex. It is easy to see
that f is w-convex on [ if and only if

(6) q)(w,f)(x()vxla s 7‘7;71) >0 ((IOVII» cee 71’”) S O-n—i-l(]))‘

A function f is called w-affine if (6) is satisfied with equality.
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We have to mention that in the case when w = m,, then the concepts of
w-convexity and w-Jensen convexity, was introduced by Hopf [14] and Popovi-
ciu [39] (see also the book [21] by Kuczma) and these properties were called
convexity and Jensen convexity of order (n — 1), respectively. If a function
f I — Ris n times differentiable, then it is convex of order (n — 1), i.e.,
convex with respect to the polynomial system 7, if and only if the nth deriva-
tive of f is nonnegative over /. In the particular case when n = 2, this is the
standard characterization of convexity of twice differentiable functions.

It is a nontrivial statement whether or not w-convex functions form a proper
subclass of w-Jensen convex functions. Depending on the Chebyshev system,
the answer could be positive and negative as well. On the other hand, it is
well-known that, for all n > 2, m,-convex functions form a proper subset
of m,-Jensen convex functions. By [32, Theorem 2], it follows that, for any
additive function A : R — R and n € N, the function f := A"~! is Jensen
affine (and hence it is Jensen convex) of order n — 1. On the other hand, f
is convex of order n — 1 if and only if A is continuous. Therefore, if A is
discontinuous, then f cannot be convex of order n — 1. For a construction of
a Jensen convex function of order n — 1 which is not Wright convex of order
n — 1, we refer to the paper [29].

In what follows we give a short description of this Chapter.

The following result shows that, for any nonempty set 7' C R, (T, w)-
convexity implies w-Jensen convexity.

THEOREM. Let T' C R, be a nonempty set. If a function f : I — Ris (T, w)-
convex (resp. (T,w)-affine), then it is (Q,w)-convex (resp. (Q.,w)-affine),
in particular, it is w-Jensen convex (resp. w-Jensen affine).

If Dis asubsetof I and f : D — R, then f is said to be compactly
uniformly continuous if, for all compact subintervals [a,b] of [ and for all
e > 0, there exists § > 0 such that, for all z,y € [a,b] N D with |z — y| < 4,
we have that |f(x) — f(y)] < e.

LEMMA. Let D be a subset of I and let f : D — R be a compactly uniformly
continuous function. Then f admits a continuous extension to I. Provided that
D is dense, the extension is unique.

THEOREM. Let n > 2 and let w = (wy,...,wy) : I — R" be an n-
dimensional positive Chebyshev system and let K be a subfield of R. If a
function f : I — R is (K, w)-convex (resp. (K, ,w)-affine), then there ex-
ists a continuous w-convex (resp. w-affine) function g : I — R such that
g‘IﬂK = f|mK~

(Here, and in the sequel, K, denotes the intersection K N R, .)
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COROLLARY. Let n > 2 and w = (wy,...,w,) : I — R" be an n-
dimensional positive Chebyshev system. If f : I — R is w-convex (resp.
w-affine), then it is continuous on I.

COROLLARY. Let n > 2 and w = (wy,...,w,) : I — R" be an n-
dimensional positive Chebyshev system. If f : I — R is w-Jensen convex
(resp. w-Jensen affine), then there exists a continuous w-convex (resp. w-affine)
function g : I — R such that g|;no = f|ing-

The following statement is the extension of the celebrated Bernstein—
Doetsch theorem [6] to the setting of w-Jensen convexity.

THEOREM. If f : I — R is w-Jensen convex and bounded on a nonempty
open subset of I, then it is continuous on 1.

THEOREM. Let f : I — R be a function which is bounded on a nonempty
open subset of I. Then it is w-Jensen affine if and only if f = ;w1 +- - -+ a,w,
for some oy, ..., q, € R.

LEMMA. Let w : I — R" be a positive Chebyshev system. Assume that
there exist a positive continuous function wy : I — Ry and a matrix M =
(aiyj>1§i§n7 0<j<n—1 € Rnrxn such that

wi(z) = (aip12™ '+ + T+ aip) - wo()
(xel, ie{l,....,n}).
Then det(M) > 0 and, for all (xq, ..., x,) € o,(I),
D, (21, .., Ty) = wolxy) - wolxy,) - det(M) - P (21, ..., 2,).
Additionally, let f : I — R. Then, for all (xq,...,x,) € opi1(1),

(7)

Py, (20, ..., x0) = wolZo) - - - Wo(wy) - det(M) - e ruo (@0 - - T0).

THEOREM. Assume that there exist a positive continuous function wgy : I —
Ry and a matrix M = (a; j)1<i<n,0<j<n—1 € R™*" such that (7) holds. Then
f I — Ris an w-Jensen convex (resp. w-Jensen affine) function if and only
if wio is a m,-Jensen convex (resp. m,-Jensen affine) function.

THEOREM. A function f : I — R is m,-Jensen affine if and only if there
exist a constant Ay € R, an additive function A; : R — R, a symmetric
biadditive function Ay : R* — R, ..., and a symmetric (n — 1)-additive
function A,_; : R"! — R such that

flz)=Apq(z,...,x)+ -+ Ag(x,2) + A1(2) + Ay (z € 1).
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COROLLARY. Assume that there exist a positive continuous function wy : I —
Ry and a matrix (a; j)1<i<n,0<j<n—1 € R™™ such that (7) holds. Then f :
I — R is an w-Jensen affine function if and only if there exist a constant
Ag € R, an additive function A, : R — R, a symmetric biadditive function

Ay :R? - R, ..., and a symmetric (n — 1)-additive function A, _; : R"! —
R such that
f(x) = (An_l(x, co )+ Ag(xy ) + Ay () + Ao)wo(x)
(xel).

We establishes the connections between w-convexity, w-Wright convexity
and w-Jensen convexity.

THEOREM. Let w be a positive n-dimensional Chebyshev system and w be an
extension of w. Then every w-convex function is w-Wright convex and every
w-Wright convex function is w-Jensen convex.

The next theorem describes the connection between w-Wright convex-
ity and Wright convexity of order (n — 1). In what follows, the symbol
[0, Z1, ..., Tn, g] denotes the standard nth-order divided difference of a func-
tion g : I — R at the pairwise distinct nodes =1, 21, ...,x, € .

THEOREM. Assume that there exist a positive continuous function wy : I —
Ry and a matrix M := (a; j)1<i<n,0<j<n—1 € R™"™ such that (7) holds. Define
Wpit I = Rbywyiq(t) :== t"wo(t). Then @ := (w,wpy1) is an extension of
the Chebyshev system w. In addition, we have the following assertions:

(i) Forall (xo,21,...,%,) € 0ny1(1), the equality

Q) (To, 21, ..., 20)

@w('ro’xl"”?ajn) = [x07l'1,...7$n;f/w0]

holds. Furthermore, a function f : I — R is w-convex if and only if f /wy
is convex of order (n — 1).
(ii) Forall hy,... h, >0andx € IN(I — (hy + -+ hy)), the equality
Z D@, +hi, . x4 hiyy +---+hy,)
Op(z, x4+ hiyy .. .yx+hy + -+ hy)

(i1,050n)
A A, (f fwo) ()
o hy---h,
holds. Furthermore, a function f : I — R is w-Wright convex if and only
if f/wo is Wright convex of order (n — 1).

In the following result, we establish a characterization theorem for -
Wright convexity provided that the underlying Chebyshev system is strongly
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related to the polynomial one. This result generalizes the decomposition the-
orem of Maksa and Péles [24] which is related to the polynomial system. An
alternative and more elementary proof of that theorem has been recently given
by the authors in [36].

THEOREM. Assume that there exist a positive continuous function wgy : I —
R and a matrix M := (a; j)1<i<n,0<j<n—1 € R"*™ such that (7) holds. Define
Wnit o L —= Rbywpyq(t) == t"wo(t) and set W := (w,wpy1). Then a function
f I — R is w-Wright convex if and only if there exist an w-convex function
F: 1 — Rand, foreach k € {1,...,n— 1}, a symmetric k-additive mapping
Ay : R¥ — R and a real constant Ay such that, for all x € I,

flx)=F(z)+ (Ao + A1(z) + -+ Ap_a(z, ..., 2))wo ().

In our subsequent result we will prove that if the extension of the two di-
mensional polynomial system is not a polynomial of at most second degree,
then the convexity with respect to the two dimensional polynomial system
(i.e., standard convexity) is equivalent to Wright convexity with respect to this
extension. For the proof of this result, we will need the following characteri-
zation of a polynomial of at most second degree.

LEMMA. Let p : I — R be a continuous function which satisfies the functional
equation

p(z) = ply)  p(z+u) = ply —u)

-y (2tu) = (y—u)
u>0,y,ze(l+u)N(I—u), z4+u>y.

)

Then p is a polynomial of at most second degree over 1.

THEOREM. Assume that there exist a positive continuous function wg : I —
R and a matrix M = (a; j)1<i<2,0<j<1 € R*** such that (7) holds for n = 2.
Assume that ws : I — R is a continuous function such that W = (w1, wa, w3)
is an extension of w = (w1, ws) and ws/wy is not a polynomial of at most sec-
ond degree. Then every w-Wright convex function is w-convex, i.e., w-Wright
convexity is equivalent to w-convexity.

Cauchy-Schwarz-type inequalities and Levi—Civita-type functional
equations

Let (G, *) be a groupoid. (Recall that a pair (G, *) is said to be a groupoid
if - is a binary operation on GG, ie.,- : G X G — G.) Let A: G — Rbe a
function such that there exist functions fi,..., fn,91,-..,9, : G — R such
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that the functional equation
Az xy) = filx)g(y) + -+ ful@)gnly) (1,9 €G)

is fulfilled.  Under certain assumptions on n and on the functions
fis-oos fns g1, .-+, gn, we are going to prove that for all z,y € G the func-
tion A will satisfy either the inequality A(x x y)* < A(x x x)A(y * y) or the
reversed one A(z * 2)A(y x y) < A(x * y)%. In the important particular case
when the groupoid is the multiplicative structure of a commutative ring and
A is additive, we will establish the existence of nontrivial additive functions
which satisfy one of the above mentioned inequalities.

In our first result we assume that the function A satisfies a Levi—Civita-type
functional equation over a groupoid.

PROPOSITION. Let (G, ) be a groupoid and let A : G — R be a function.
Assume that there exist n € N and functions f1, ..., f, : G — R such that A
satisfies the Levi—Civita-type functional equation

(8) Az xy) = filz) fi(y) + - + ful2) fu(y)
forall x,y € G. Then, A fulfills the functional inequality
©) Al y)* < Alw = 2) Ay * y)
forall x,y € G.

If the groupoid is the multiplicative semigroup of a commutative ring
(R,+,-) and A is additive, then we can establish a characterization of the
corresponding inequality. Recall that in a ring, the product z - y of the ele-

ments z,y € R is simply denoted by xy, and z* is defined to be the product
x-x.
THEOREM. Let (R,+,-) be a commutative ring and let A : R — R be an
additive function. Then A satisfies the inequality
(10) Alzy)® < A(2*)A(y?)
forall x,y € R if and only if at least one of the following conditions hold

(i) A(x?) > 0forall x € R,

(ii) A(z*) <0 forallx € R.

In the subsequent two propositions, we present two Levi—Civita-type func-

tional equations which imply the reversed inequality for A.

PROPOSITION. Let (G,*) be a groupoid and A : G — R be a function.
Assume that there exist two functions f, g : G — R such that the Levi—Civita-
type functional equation

Az xy) = f(2)f(y) — g(x)g(y)
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holds for all x,y € G. Then A satisfies the functional inequality

(1D Al =2)Aly +y) < Az +y)?

forall z,y € G.

PROPOSITION. Let (G, *) be a groupoid. Let A : R — R be a function.

Assume that there exist f, g : R — R such that the Levi—Civita-type functional
equation

Az xy) = f(x)g(y) + g(x)f(y)
holds for all x,y € G. Then, for all x,y € G, A satisfies the functional
inequality (11).

COROLLARY. Assume that A : R — R satisfies the Leibniz Rule with respect
to multiplication, i.e.,

Alry) = zA(y) + Alz)y  (z,y € R).
Then, for all z,y € R, the inequality
(12) A@@*)A(y*) < Alay)”
holds.

In particular, if A : R — R is a derivation (i.e., A is additive and satis-
fies the Leibniz Rule with respect to multiplication), then the above corollary
implies that it fulfills the inequality (12).

If the groupoid is the multiplicative semigroup of a commutative ring

(R,+,-) and A is additive, then we can establish a characterization of the
inequality (11) over a particular subset of the ring.

THEOREM. Let (R, +,-) be a commutative ring with a multiplicative unit el-
ement e and A : R — R be an additive function with A(e) # 0. Let the subset
R4 C R be defined by

Ra:={x € R|0< A(x*)A(e)}.
Then e € R4 and A satisfies the following functional inequality

(13) A(*)Aly*) < Aly)”
forall x,y € Ry if and only if
(14) A(2?)Ale) < A(x)”

forall x € R 4.

In the following example we show that the additivity of the function A in
this theorem is necessary.
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EXAMPLE. Let ¢ € (0,1) and let f : R — R be a function defined by
o= {727
Clearly, f is not additive. Therefore, for z ¢ {1, —1}, we have that
f@*)f(1) = ¢q2* < 2* = f(x)
for z = +1,
FAfM) =¢"=f1)2  f(=D)f(1) =¢" <1=f(-1)%

which shows that (14) is satisfied for all x € R. On the other hand, for z,y €
R\ {1, —1} with zy = 1, we can conclude that

F@ W) =2y = 1> ¢ = f(ay)*,
which shows that the above theorem is not satisfied.

The next example shows that if the function A in the above theorem is
non-additive, continuous and satisfies A(e) = 0, then the conclusion of this
theorem may not be valid.

EXAMPLE. Let A : R — R be defined as A(z) = |« — 1|. Note that A is
continuous and not additive. Since A(1) = 0 this implies that

A@*)A(1) =0< (x —1)* = A(x)*

Thus the inequality (14) holds for all x € R. On the other hand we have that
A@)AWY) = 2" = 1ly* =1 and  A(zy)’ = (zy — 1)
Hence for z = 2 and y = 1 we have that A(2?)A(y?) = 2 but A(zy)? = 0,

therefore the inequality (13) does not hold.

THEOREM. Let (G, %) be a groupoid and A, B : G — R be functions. Assume
that there exist f,g : G — R such that A and B satisfy the following system
of Levi—Civita-type functional equations

Alx*y) = f(z)f(y) —g(x)g9(y)  and

Bz xy) = f(x)g(y) + g(x) f(y)
forall x,y € G. Then the inequalities

(15)

(16) —B(xxy)* < Az x2)A(y xy) < Az *y)?
and
(17) —A(z xy)® < Bz *2)B(y *y) < B(x *y)?

hold for all x,y € G.
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An interesting consequence of the functional equations in (15) is that A
and B satisfy the following identity:

Bz xy)? +Alxx2)A(y xy) = A(x xy)* + Bz x2)B(y x 1), (v,y € G).

Therefore, the inequalities (16) and (17) can be expressed as the following
chain of inequalities

0 < Az x2)A(y *y) + (B(z x y))°
=Bz *x)B(y*y) + A(rxy)* < A(wxy)’ + Bz xy)* (2,9 € G).

The following result is probably well-known, but we could not find an exact
reference for it.

COROLLARY. Forall z,y € R, we have
—sin(x 4+ y)? < cos(2z) cos(2y) < cos(x + y)? and
—cos(r + y)? < sin(27) sin(2y) < sin(z + y)>.

COROLLARY. Let (G, *) be a groupoid and let ¢ : G — C be a homomor-

phism into the multiplicative semigroup of complex numbers. Define A := Ry
and B := . Then, for all x,y € G, the inequalities (16) and (17) hold.

COROLLARY. Let ¢ : C — C be an automorphism of the field C. Define
A=Rpand B .= Sp. Then A : C — Rand B : C — R are additive
mappings, furthermore, for all x,y € C,

— Bay)® < A(2®)A(y*) < A(zy)*  and
— A(zy)* < B(2*)B(y*) < B(ay)*.
THEOREM. Let (G, %) be a groupoid and A, B : G — R be functions. Assume

that there exist f,g : G — R such that A and B satisfy the following Levi—
Civita-type functional equations

Az xy) = f(2)f(y) +9(x)g(y)  and
Bz xy) = f(x)g(y) + g(x)f(y)
for all x,y € G. Then the inequalities
Bz xx)Bly*y) < Az xy)* < Az x2) Ay * y)
and
B(z+2)B(yxy) < Blx*y)> < Az * 2)A(y * ).
hold for all x,y € G.
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An interesting consequence of the functional equations in (15) is that A
and B satisfy the following identity:

Bz *x)B(yxy) + Alw x 2) Ay x y) = Az y)* + Bz xy)* (2,y € G).

The following result is probably also well-known, but we could not find a
reference for it.

COROLLARY. Forall z,y € R, we have
sinh(27) sinh(2y) < sinh(z + y)* < cosh(x + y)? < cosh(2z) cosh(2y)

To formulate the next result, let p be a square free positive integer and let
Q(y/p) denote the subfield of R generated by ,/p. Then, one can see that

Q(vp) = {a+byp : a,b € Q}. In what follows, we equip Q(/p) with the
topology inherited from R.

THEOREM. Let p be a square free positive integer. Then there exist two dis-
continuous additive functions A : Q(\/p) — Rand B : Q(\/p) — R such
that the functions A and B fulfill the inequalities

B(z*)B(y?) < A(zy)? < A(z?)A(y?),
B(z*)B(y?) < B(zy)® < A(z*)A(y?)
forall z,y € Q(\/p).

We note that there does not exist a discontinuous additive function A :
R — R such that the inequality A(zy)? < A(z*)A(y?) be valid for all real
numbers x,y. Indeed, if A is a discontinuous additive function satisfying
this inequality, then A(u) is not zero for some v > 0. With the substitu-
tion y := \/u, the inequality shows that A is either nonnegative (if A(u) > 0)
or nonpositive (if A(u) < 0) on the set of positive numbers. This, by classi-
cal results on additive functions (see [21]), implies that A(z) = ax for some
a € R, and hence A is continuous.

Motivated by the above remark, we could formulate the following open
problem: Find a description or characterization of those maximal subrings (or
subfields) of R such that system of inequalities in (18) holds for a discontin-
uous pair (A, B) of additive functions which are defined on this subring (or
subfield).

(18)
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