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I ntroduction

Let I be a real interval, that is, a nonempty, connected and bounded subset
of R. An n-dimensional Tchebychev system on I consists of a set of real valued
continuous functions w1, ...,w, and is determined by the property that each n
points of I x R with distinct first coordinates can uniquely be interpolated by a
linear combination of the functions. More precisely, we have the following

DEFINITION. Let I C R be a real interval and wy,...,w, : I — R be
continuous functions. Denote the column vector whose components are w1, . .. ,wy,
inturn by w, that is, w := (w1,...,w,). We say that w is a Tchebychev system
over [ if, for all elements z; < - - - < z,, of I, the following inequality holds:

| w(z1) - w(z,) | >0.

In fact, it suffices to assume that the determinant above is nonvanishing when-
ever the arguments x4, .. ., z,, are pairwise distinct points of the domain. Indeed,
Bolzano’s theorem guarantees that its sign is constant if the arguments are sup-
posed to be in an increasing order, hence the components wy, . ..,w, can always
be rearranged such that w fulfills the requirement of the definition. However, con-
sidering Tchebychev systems as vectors of functions instead of sets of functions is
widely accepted in the technical literature and also turns out to be very convenient
in our investigations.

Without claiming completeness, let us list some important and classical exam-
ples of Tchebychev systems. In each example w is defined on an arbitrary 7 C R
except for the last one where I ] — Z, Z|.

272
e polynomial system: w(z) := (1,x,...,z")
e exponential system: w(x) := (1,expx,...,expnx)
e hyperbolic system: w(z) := (1,coshz,sinhz, ..., coshnz,sinh nz)
e trigonometric system: w(x) := (1,cosz,sinz,...,cosnz,sinnx).

We make no attempt here to present an exhaustive account of the theory
of Tchebychev systems, just mention that, motivated by some results of A. A.
Markov, the first systematic investigations of the geometric theory of Tchebychev
systems were done by M. G. Krein. However, let us note that Tchebychev systems
play an important role, sometimes indirectly, in numerous fields of mathematics,
for example, in the theory of approximation, numerical analysis and the theory of
inequalities. The books [K S66] and [K ar 68] contain a rich literature and bibliog-
raphy of the topics for the interested reader.
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2 INTRODUCTION

The notion of convexity can also be extended applying Tchebychev systems:

DEFINITION. Let w = (wi,...,wy) be a Tchebychev system over the real
interval I. A function f : I — R is said to be generalized convex with respect to
w if, for all elements x¢ < --- < x,, of I, it satisfies the inequality

(_1)77, f(xO) U f(l'n) > 0.

w(wo) - w(wn) [~

There are other alternatives to express that f is generalized convex with re-
spect to w, for example, f is generalized w-convex or simply w-convex. If the
underlying n-dimensional Tchebychev system can uniquely be identified from the
context, we briefly say that f is generalized n-convex.

If w is the polynomial Tchebychev system, the definition leads to the notion of
higher-order monotonicity which was introduced and studied by T. Popoviciu in a
sequence of papers [Pop36, Pop38b, Pop38a, Pop39b, Pop39a, Pop40c, Pop40e,
Pop40a, Pop40f, Pop40d, Pop40b, Pop4l, Pop42b, Pop42a, Pop42c, Pop43].
A summary of these results can be found in [Pop44] and also in [Kuc85]. For
the sake of unique terminology, throughout the dissertation Popoviciu’s setting
is called polynomial convexity. That is, a function f : I — R is said to be
polynomially n-convex if, for all elements zy < --- < =, of I, it satisfies the
inequality

f(xo) . flan)
1 1
(71)” i) “ o Tn 2 0.
xg. ! :L'Z._l

Observe that polynomially 2-convex functions are exactly the “standard” convex
ones. The case, when the “generalized” convexity notion is induced by the spe-
cial two dimensional Tchebychev system w;(x) := 1 and wy(z) := =z, is termed
standard setting and standard convexity, respectively.

The integral average of any standard convex function f : [a,b] — R can be
estimated from the midpoint and the endpoints of the domain as follows:

() < /f o < L@ 10)

This is the well known Hadamard’s inequality ([Had93]) or, as it is quoted for
historical reasons (see [ML85] for interesting remarks), the Hermite—Hadamard-
inequality.

The aim of the dissertation is to verify analogous inequalities for generalized
convex functions, that is, to give lower and upper estimations for the integral av-
erage of the function using certain base points of the domain. Of course, the base
points are supposed to depend only on the underlying Tchebychev system of the
induced convexity.




For this purpose, we shall follow an inductive approach since it seems to have
more advantages than the deductive one. First of all, it makes the original motiva-
tions clear; on the other hand, it allows us to use the most suitable mathematical
tools. Hence sophisticated proofs that sometimes occur when using deductive ap-
proach can also be avoided.

CHAPTER 1 investigates the case of polynomial convexity. The base points of
the Hermite—Hadamard-type inequalities turn out to be the roots of certain orthog-
onal polynomials. The main tools of the chapter are based on some methods of
numerical analysis, like Gauss quadrature formula and Hermite-interpolation. A
smoothing technique and two theorems of Popoviciu are also crucial.

In CHAPTER 2 we present Hermite—Hadamard-type inequalities for general-
ized 2-convex functions. The most important auxiliary result of the proof is a
characterization theorem which, in the standard setting, reduces to the well known
characterization properties of convex functions. Another theorem of the chap-
ter establishes a tight relationship between standard and generalized 2-convexity.
This result has important regularity consequences and is also essential in verifying
Hermite—Hadamard-type inequalities.

The general case is studied in CHAPTER 3. The main results guarantee only
the existence and also the uniqueness of the base points of the Hermite—Hadamard-
type inequalities but offer no explicit formulae for determining them. The main
tool of the chapter is the Krein—Markov theory of moment spaces induced by
Tchebychev systems. In some special cases (when the dimension of the under-
lying Tchebychev systems are “small”), an elementary alternative approach is also
presented.

CHAPTER 4 is devoted to showing that, at least in the two dimensional case
and requiring weak regularity conditions, Hermite—Hadamard-type inequalities are
not merely the consequences of generalized convexity, but they also characterize
it.

Specializing the members of Tchebychev systems, several applications and
examples are presented for concrete Hermite—Hadamard-type inequalities in both
the cases of polynomial convexity and generalized 2-convexity. As a simple con-
sequence, the classical Hermite—Hadamard inequality is among the corollaries in
each cases, too.

The results of the dissertation can be found in [BP02, BP03, BP04, BP05, BP]
and [BesD4]. In the sequel, we present them without any further references to the
mentioned papers.






CHAPTER 1

Polynomial convexity

The main results of this chapter state Hermite—Hadamard-type inequalities for
polynomially convex functions. Let us recall that a function f : I — R is said to
be polynomially n-convex if, for all elements z¢ < --- < z, of I, it satisfies the
inequality

f(wo) .. f(zn)
1 1
(=1)" o . Tn > 0.
l,nfl an_l
0 "

In order to determine the base points and the coefficients of the inequalities,
Gauss-type quadrature formulae are applied. Then, using the remainder term of
the Hermite-interpolation, the main results follow immediately for “sufficiently
smooth” functions due to the next two theorems of Popoviciu:

THEOREM A. ([Kuc85, Theorem 1. p. 387]) Assume that f : I — R is
continuous and n times differentiable on the interior of 1. Then, f is polynomially
n-convex if and only if £(™) > 0 on the interior of I.

THEOREM B. ([Kuc85, Theorem 1. p. 391]) Assume that f : I — R is poly-
nomially n-convex and n. > 2. Then, f is (n — 2) times differentiable and f("—2)
is continuous on the interior of 7.

To drop the regularity assumptions, a smoothing technique is developed that
guarantees the approximation of polynomially convex functions with smooth poly-
nomially convex ones.

1.1. Orthogonal polynomials and basic quadrature formulae

In what follows, p denotes a positive, locally integrable function (shortly:
weight function) on an interval 7. The polynomials P and () are said to be orthog-
onal on [a, b] C I with respect to the weight function p or simply p-orthogonal on
[a, b] if

b
(P.Q), = [ Pap=o.

5



6 CHAPTER 1. POLYNOMIAL CONVEXITY

A system of polynomials is called a p-orthogonal polynomial system on [a,b] C I
if each member of the system is p-orthogonal to the others on [a, b]. Define the
moments of p by the formulae

b
pg = / 2*p(x)dx (k=0,1,2,...).

Then, the n*" degree member of the p-orthogonal polynomial system on [a, b] has
the following representation via the moments of p:

L po -+ fpin—1
U Hn
T pp o pop—1

Clearly, it suffices to show that P, is p-orthogonal to the special polynomials
1,z,...,2" 1. Indeed, for k = 1,...,n, the first and the (k + 1) columns of
the determinant (P, (z), z*~1), are linearly dependent according to the definition
of the moments.

In fact, the moments and the orthogonal polynomials depend heavily on the
interval [a, b]. Therefore, we use the notions i, 5 and P[4 5 instead of p;, and
P,, above when we want to or have to emphasize the dependence on the underlying
interval.

Throughout this chapter, the following property of the roots of orthogonal
polynomials plays a key role (see [Szeg39]). Let P, denote the n' degree member
of the p-orthogonal polynomial system on [a, b]. Then, P,, has n pairwise distinct
roots &, < --- < &, inla, bl.

Let us consider the following

(w.1) i = kfj_lckf@)

1.2) abfﬂ = Cof(a)Jran:lef(fk)

13) 1 = §Ckf<sk>+cn+1f<b>

(1.4 e Cof(a)Jréckf(fk)Jrcnﬂf(b)

Gauss-type quadrature formulae where the coefficients and the base points are to
be determined so that (1.1), (1.2), (1.3) and (1.4) be exact when f is a polynomial
of degree at most 2n — 1, 2n, 2n and 2n + 1, respectively. The subsequent four
theorems investigate these cases.
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THEOREM 1.1. Let P, be the nt” degree member of the orthogonal polyno-
mial system on [a, b] with respect to the weight function p. Then (1.1) is exact for

polynomials f of degree at most 2n — 1 if and only if &4, ..., &, are the zeros of
P,, and

GO
15 CL = / n z)dx.
(19) Sl A PR A T L
Furthermore, &1, . . ., &, are pairwise distinct elements of |a, b], and ¢;, > 0 for all
k=1,...,n.

This theorem follows easily from well known results in numerical analysis (see
[HH94], [Joh66], [Szeg39]). For the sake of completeness, we provide a proof.

PROOF. First assume that &1, ..., &, are the zeros of the polynomial P, and,
forall k = 1,...,n, denote the primitive Lagrange-interpolation polynomials by
Ly : [a,b] — R. That s,

P,(z) .
if x
La) =13 @—g)Pig) 7
1 if v =&

If @ is a polynomial of degree at most 2n — 1, then, using Euclidian algorithm,
@ can be written in the form Q = PP, + R where deg P,deg R < n — 1. The
inequality deg P < n — 1 implies the p-orthogonality of P and P,,:

b
/ PP,p=0.

On the other hand, deg R < n — 1 vyields that R is equal to its Lagrange-
interpolation polynomial:

R=Y R(&)L.
k=1

Therefore, considering the definition of the coefficients ¢y, . . ., ¢, in formula (1.5),
we obtain that

/j@p - /abPPnp+/:Rp=iR<5k>/:Lkp

k=1
n

= ) aR(&) =Y eu(P(&) Pal) + R(E)) = D cxQ(&k)-
k=1 k=1 k=1
That is, the quadrature formula (1.1) is exact for polynomials of degree at most
2n — 1.

Conversely, assume that (1.1) is exact for polynomials of degree at most 2n—1.
Define the polynomial @ by the formula Q(z) := (z — &) -+ (x — &,) and let P
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be a polynomial of degree at most n — 1. Then, deg PQ < 2n — 1 thus

b
/ PQp =1 P(£)QE) + - + eaP(E)Q(Er) = 0.

Therefore @ is p-orthogonal to P. The uniqueness of P, implies that P, = a,Q,
and &4,...,&, are the zeros of P,. Furthermore, (1.1) is exact if we substitute
f := Ly and f := L?, respectively. The first substitution gives (1.5), while the
second one shows the nonnegativity of ¢;. For further details, consult the book
[Szeg39, p. 44]. a

THEOREM 1.2. Let P, be the n'" degree member of the orthogonal polyno-
mial system on [a, b] with respect to the weight function p,(z) := (z — a)p(x).
Then (1.2) is exact for polynomials f of degree at most 2n if and only if &1, ...,&,
are the zeros of P,,, and

1 b,
(L6) “ = B | Prajptaraa.
1 b (z—a)P,(x)
1.7 L = / z)dz.
an S AR AT A L
Furthermore, &1, .. ., &, are pairwise distinct elements of ]a, b[, and ¢, > 0 for all
k=0,...,n.

PROOF. Assume that the quadrature formula (1.2) is exact for polynomials of
degree at most 2n. If P is a polynomial of degree at most 2n — 1, then

b b
/ Ppa = / (13 - a)P(x)p(x)dx = 01(51 - a)P(fl) +eee Cn(fn - a)P<§n)
Applying Theorem 1.1 to the weight function p, and the coefficients

Cak = k(& — a),

we getthat &4, ..., &, are the zeros of P, and, forall k = 1, ..., n, the coefficients
Cq:k Can be computed using formula (1.5). Therefore,

R P P
Ck(ék CL) _/a ($—fk)P/L(fk)pa( )d _/a (fL’—fk)Pﬁ(ﬁk)p( )d .
Substituting f := P2 into (1.1), we obtain that

1 b,
co = P> p.
Pﬁ(a)/a "

Thus (1.6) and (1.7) are valid,and ¢, > Ofork =0,1,...,n.
Conversely, assume that &1, . . ., &, are the zeros of the orthogonal polynomial
P,, and the coefficients ¢1,...,c, are given by the formula (1.7). Define the
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coefficient ¢o by ¢y = fabp —(c1 4+ -+ + ¢y). If Pis a polynomial of degree
at most 2n, then there exists a polynomial ) with deg Q@ < 2n — 1 such that
P(z) = (z — a)Q(x) + P(a).

Indeed, the polynomial P(z) — P(a) vanishes at the point x = a hence it is
divisible by (z — a). Applying Theorem 1.1 again to the weight function p,,

b
/ Qpa = Ca;lQ(fl) +- 4+ Ca;nQ(fn)

holds. Thus, using the definition of ¢y, the representation of the polynomial P and
the quadrature formula above, we have that

b b
| Pap@is = [ (@~ + Pa)p)is

- ch(ﬁk—a)Q(&H P(a)cy
k=1

k=0

= cP(a)+ Y c((& — a)Q(&) + P(a))
k=1

= P(a)+ ) aP(&),
k=1

which yields that the quadrature formula (1.2) is exact for polynomials of degree
at most 2n. Therefore, substituting f := P? into (1.2), we get formula (1.6). O

THEOREM 1.3. Let P, be the n'” degree member of the orthogonal polyno-
mial system on [a, b] with respect to the weight function p®(z) = (b — z)p(x).
Then (1.3) is exact for polynomials f of degree at most 2n if and only if &1, ...,&,
are the zeros of P,,, and

1 b (b —z)P,(x)
1.8 L = / x)dx,
(8) S A A Y AT L
1 b,
(1.9 Cn+1l = Pﬁ(b)/a Pi(x)p(x)dx.
Furthermore, &1, . .., &, are pairwise distinct elements of |a, b], and ¢;, > 0 for all
k=1,...,n+1.

HINT. Applying a similar argument to the previous one to the weight function
,o”, we obtain the statement of the theorem. O
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THEOREM 1.4. Let P, be the n" degree member of the orthogonal polyno-
mial system on [a, b] with respect to the weight function p®. Then (1.4) is exact for
polynomials f of degree at most 2n + 1 if and only if &, ..., are the zeros of
P,, and

1 b
110 @ = Geom / (b— ) P2(2)p(x)d,

1 b (b—2)(z —a)P,(z)
111 = d
I el Ay L
1 b
(112) e = (b_a)PQ(b)/ (x — a) P} (x)p(x)da.
Furthermore, &1, .. ., &, are pairwise distinct elements of ]a, b[, and ¢, > 0 for all

k=0,....n+1.

PROOF. Assume that the quadrature formula (1.4) is exact for polynomials of
degree at most 2n + 1. If P is a polynomial of degree at most 2n. — 1, then
b
/ (b—2)(z —a)P(x)p(x)dzx
a

b
/ Pg,
= ab—&)(& —a)P(&) + -+ cn(b— &) (& — a)P(&n)-
Applying Theorem 1.1 to the weight function p® and the coefficients
Capik = k(b — &) (& — a),

we getthat &1, . .., &, are the zeros of PP, and, forall K = 1,. .. n, the coefficients
Ca,b:1: CaN be computed using formula (1.5). Therefore,

b
b= -a) = [ Pl®) b ey

T — &) P&

B b (b—z)(x —a)P,(x)
a /a (z — &) P (&) L)

Substituting f := (b — 2)P2(z) and f := (x — a)P2(z) into (1.1), we obtain that

1

b
o = G=apE ). @ - OPR@es

1 b
= — [ (b—2)P? d
“ = Goap [ b PP,
)
Thus (1.10), (1.11) and (1.12) are valid, furthermore, ¢, > 0fork =0,...,n+1.
Conversely, assume that &1, ..., &, are the zeros of P,, and the coefficients
1, ... ,Cn are given by the formula (1.11). Define the coefficients ¢y and ¢,,+1 by
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the equations

n

b
/(b—x)p(a:)d:n = alb—a)+ S elb—&)

k=1
b n
/ (x —a)p(x)dr = Z ck(&x —a) + cng1(b—a).
@ k=1
If P is a polynomial of degree at most 2n + 1, then there exists a polynomial @
with deg ) < 2n — 1 such that
(b—a)P(x)=(b—z)(x —a)Q(z) + (x —a)P(b) + (b — ) P(a).

Indeed, the polynomial (b — a) P(x) — (x — a)P(b) — (b — x)P(a) is divisible by
(b — x)(x — a) since z = a and = = b are its roots. Applying Theorem 1.1 again,

b
/ ng = Ca,b;lQ(&l) R Ca,b;nQ(gn)

holds. Thus, using the definition of ¢q and ¢,, 1, the representation of the polyno-
mial P and the quadrature formula above, we have that

b
v—a) [ P@yp(a)dz -

b
((b —z)(r —a)Q(z) + (x —a)P(b) + (b — x)P(a))p(:L‘)d:U

s S

— Z ck(b— &) (& — a)Q (&)

k=1

b b
+P(b) / (z — a)p(x)dz + Pla) / (b — 2)p(x)dz

k(b — &) (& — a)Q(&r)

I
M3

k=1

+Co +ch b fk

+3 6 — )P) + ensa (b — a)P()

n

= Z i ((b— &) (& — a)Q(&k) + (& — a)P(b) + (b — &) P(a))
—1
teo(b — a)P(a) + cnea (b — a) P(b)

= ¢ +ch P(&k) + cny1(b—a)P(b),
k=1
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which yields that the quadrature formula (1.4) is exact for polynomials of degree
at most 2n + 1. Therefore, substituting f := (b—z)P2(x) and f := (z —a) P2(z)
into (1.4), formulae (1.10) and (1.12) follow. O

Let f : [a,b] — R be a differentiable function, x1,...,z, be pairwise dis-
tinct elements of [a,b], and 1 < r < n be a fixed integer. Denote the Hermite
interpolation polynomial by H that satisfies the following conditions:

H(zy) = flxg) (k=1,...,n)
H'(zg) = fl(a) (k=1,...,7).

We recall that deg H = n + r — 1. From a well known result, (see [HH94, Sec.
5.3, pp. 230-231)), for all = € [a, b] there exists 6 such that

) — x _wn(x)wT<x) (n+r)
(L.13) fla) = H) = =500,
where

wr(z) = (x —x1) -+ (x — ).

1.2. An approximation theorem

It is well known that there exists a function ¢ which possesses the following
properties:
(i) ¢ : R — Ry is C>,i. e, itisinfinitely many times differentiable;
(ii) suppp C [—1,1];
(iii) =1
Using ¢, one can define the function ¢, for all € > 0 by the formula

pel)=20(2)  @em).

Then, as it can easily be checked, (. satisfies the following conditions:
(i) ps: R — Ry is C*;
(ii") supp pe C [—¢,¢];
(iii") [z e =1
Let 7 C R be a nonempty open interval, f : I — R be a continuous function,
and choose € > 0. Denote the convolution of f and ¢ by f., that is

fe(x) = /Rf(y)%(w —y)dy  (z€R)

where f(y) = f(y) if y € I, otherwise f(y) = 0. Let us recall, that f. — f
uniformly as e — 0 on each compact subinterval of 7, and f; is infinitely many
times differentiable on R. These important results can be found for example in
[Z€i86, p. 549].
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THEOREM 1.5. Let I C R be an open interval, f : I — R be a polynomi-
ally n-convex continuous function. Then, for all compact subintervals [a,b] C I,
there exists a sequence of polynomially n-convex and > functions (fx) which
converges uniformly to f on [a, b].

PROOF. Choose a,b € I and ey > 0 such that the inclusion [a—eq, b+eg] C T
hold. We show that the function 7. f : [a, b] — R defined by the formula

T f(x) = f(z —¢)

is polynomially n-convex on [a,b] for 0 < e < gg. Leta < zp < -+ <z, < b
and k£ < n — 1 be fixed. By induction, we are going to verify the identity

Tef(x[)) T f(Zn) Taf(xo) Taf(%"L)
1 1 1 1
o Tn Trog — € Ip — €
1.14 a : N N
( ) xlg 1 xﬁ_l (1'0 o E)k 1 ($n g)k 1
2 o 2k o
ngl zn—t mg_l xnt

If & = 1, then this equation obviously holds. Assume, for a fixed positive integer
k < n — 2, that (1.14) remains true. The binomial theorem implies the identity

b = <Ig>e’“ + (T)ek_l(x —e) -+ (:) (x — )"

That is, (z—¢) is the linear combination of the elements 1, z—¢, ..., (x—¢)* and
x*. Therefore, adding the adequate linear combination of the 274, ... (k + 1)
rows to the (k + 2)"? row, we arrive at the equation
Tsf($0) Tz—:f(xn) Tsf(lb) Tsf(xn)
1 1 1 1
g — € Tp — € Trog — € Ip — €
(JUO _ g)k—l (xn _ E)k_l (fEO _ g)k—l (l,n _ g)k—l
ok ok (2o — £)* (20 — o)*
okt gkt okt gh+1
xg_l xﬁfl xg_l an—t

Hence formula (1.14) holds for all fixed positive & whenever 1 < k£ < n — 1.
The particular case k = n — 1 gives the polynomial n-convexity of . f. Applying
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integral transformation and the previous result, we get that

fe(zo) -+ fe(xn)
1 . 1
(_1)" Zo s Iy =
xn:fl :L,n:—l
0 n
f(t)‘Pe(xO —t) - ]?(t)Sos(xn —t)
1 1
_ /(_1)n ) Tn dt
: 5
xo—l xz—l
flxo—s) - flzn—s)
1 1
_ / (—r| o Tno | pe(s)ds
x s
mo—l xzfl
Tsf(zo) -+ Tsf(wn)
1 . 1
= [ m e ez
R : . :
J:n.fl L. xn—l
0 n

which shows the polynomial n-convexity of f. on [a, ] for 0 < & < &o.

To complete the proof, choose a positive integer ng such that the relation n—lo <
go hold. If we define e, and fi by ¢ = ﬁ and f := f, for k € N, then
0 < ex < g thus (fx)72, satisfies the requirements of the theorem. O

1.3. Hermite-Hadamar d-type inequalities

In the sequel, we shall need two additional auxiliary results. The firs one
investigates the convergence properties of the roots of orthogonal polynomials.

LEMMA 1.6. Let p be a weight function on [a, b] furthermore (a;) be strictly
monotone decreasing, (b;) be strictly monotone increasing sequences such that
a; — a, b; — band a; < b;. Denote the roots of P,,,.; by &1, ..., &n;; Where
Pp.j is the mt" degree member of the Plia; b,-0rthogonal polynomial system on
laj,b;], and denote the roots of P, by &1,. .., &, where P, is the mt* degree
member of the p-orthogonal polynomial system on [a, b]. Then,
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PROOF. Observe first that the mapping (a, b) +— fix;[q, IS COntinuous, there-
fore pup:(a; ;) = Hisfab) hENCE Prpij — Py pointwise according to the representa-
tion of orthogonal polynomials. Take € > 0 such that

[6k — &, &k + €[Cla, b

]gk _5a£k‘ +5[m]£l - 57& +5[: 0 (k 7& l> kvl € {177m})
The polynomial P, changes its sign on |¢; — €, &, + [ since it is of degree m and
it has m pairwise distinct roots; therefore, due to the pointwise convergence, P,,.;
also changes its sign on the same interval up to an index. That is, for sufficiently
Iargej!gk;j E]fk _€7£k+5[' O

The other auxiliary result investigates the one-sided limits of polynomially n-
convex functions at the endpoints of the domain. Let us note that its first assertion
involves, in fact, two cases according to the parity of the convexity.

LEMMA 1.7. Let f : [a,b] — R be a polynomially n-convex function. Then,

() (=1)"f(a) = limsup,_,o(=1)"f(t);
(i) f(b) = limsup, ;¢ f(£).

PROOF. It suffices to restrict the investigations to the even case of assertion
() only since the proofs of the other ones are completely the same. For the sake of
brevity, we shall use the notation f (a) := limsup;_,,, o f(t). Take the elements
g :=a < x =t < --- <z, 0f [a,b]. Then, the (even order) polynomial
convexity of f implies

fla) f(t) f(z2) f(@n)
1 1 1 1
t X9 Tn > 0.
an'fl tn;l ZL'S'_ 1 ngl

Therefore, taking the limsup as ¢t — a + 0, we obtain that

The adjoint determinants of the elements f(z2),...

fla)  fi(a) f(z2) f(zn)

1 1 1 1

a a T2 Tn > 0.
an.fl an— 1 J)g’l_ 1 ‘,L,Zfl

, f(xy) in the first row are

equal to zero since their first and second columns coincide; on the other hand,
f(a) and fi(a) have the same (positive) Vandermonde-type adjoint determinant.
Hence, applying the expansion theorem on the first row, we obtain the desired
inequality

fla) = fi(a) = 0.
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The main results concern the cases of odd and even order polynomial convex-
ity separately in the subsequent two theorems.

THEOREM 1.8. Let p : [a,b] — R be a positive integrable function. Denote

the roots of P,,, by &1, ..., &, Where P, is the m*" degree member of the orthog-
onal polynomial system on [a, b] with respect to the weight function (z — a)p(z),
and denote the roots of Q,, by n1, ..., nm Where Q,, is the m!" degree member
of the orthogonal polynomial system on [a, b] with respect to the weight function
(b—x)p(z). Define the coefficients v, . . ., ay, @nd Sy, . . ., Bm+1 by the formulae
- 1/bP% )o(z)d
ay = P /. (x)p(x)d,
1 b (x —a)Pp(x)
« z)dx
e e e x v
and
1P (b= 2)Qul(x)
= x)dzx,
P b—nk / (x — k)@, (Uk)p( )

Pmy1 = QQ /Q2

If a function f : [a,b] — R is polynomially (2m -+ 1)-convex, then it satisfies the
following Hermite—Hadamard-type inequality

m b m
cof(@)+ Yt ) < [ Fp <3 Aufm) + B f(0)
k=1 a k=1

PROOF. First assume that f is (2m + 1) times differentiable. Then, accord-
ing to Theorem A, f™+1 > 0 on Ja,b[. Let H be the Hermite interpolation
polynomial determined by the conditions

H(a) = f(a)
H(&) = [(&)
H'(&) = f'(&)-
By the remainder term (1.13) of the Hermite interpolation, if = is an arbitrary
element of ]a, b], then there exists 6 €]a, b] such that

r—a)(x—&)% - (z—&n)?

That is, fp > Hp on [a, b] due to the nonnegativity of f(>™+1) and the positivity
of p. On the other hand, H is of degree 2m, therefore Theorem 1.2 yields that

/fp>/HP—aoH +Z%H€k =aof(a +Zakf§k

k=1
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For the general case, let f be an arbitrary polynomially (2m + 1)-convex func-
tion. Without loss of generality we may assume that m > 1; in this case, f is
continuous (see Theorem B). Let (a;) and (b;) be sequences fulfilling the require-
ments of Lemma 1.6. According to Theorem 1.5, there exists a sequence of C°°,
polynomially (2m + 1)-convex functions (f;.;) such that f;.; — f uniformly on
[aj,bj] as i — oo. Denote the roots of Pp,.; by &1.5,. .., &m;j Where Pp,.; is the
m!" degree member of the orthogonal polynomial system on [a;, b;] with respect
to the weight function (x — a)p(z). Define the coefficients «y.;, . .. , am; analo-
gously to ay, . .., ay, With the help of P,,.;. Then, &.; — & due to Lemma 1.6,
and hence ay,.; — oy, as j — oo. Applying the previous step of the proof on the
smooth functions (f;.;), it follows that

m bj
a0, fij(a) + > g fig (Grg) < / figp-
k=1 aj
Taking the limits i« — oo and then j — oo, we get the inequality

m b
ao(limin £ (1)) +3 () < / fo.
This, together with Lemma 1.7, gives the left hand side inequality to be proved.
The proof of the right hand side inequality is analogous, therefore it is omitted. [

The second main result offers Hermite—-Hadamard-type inequalities for even-
order polynomially convex functions. In this case, the symmetrical structure dis-
appears: the lower estimation involves none of the endpoints, while the upper
estimation involves both of them.

THEOREM 1.9. Let p : [a,b] — R be a positive integrable function. Denote
the roots of Py, by &1,...,&, Where P, is the m*" degree member of the or-
thogonal polynomial system on [a, b] with respect to the weight function p(z), and
denote the roots of Q,,,—1 by 91, ..., 7m—1 Where Q,,,—1 is the (m — 1)t degree
member of the orthogonal polynomial system on [a, b] with respect to the weight
function (b— x)(x — a)p(x). Define the coefficients a1, ..., ., and By, . . ., Bmt1

by the formulae
L b P (z)
= [ e

and
1 b
’80 = (b—a) gn_l(a)/a (b—(L') %171(37)P(x)d377
_ ! P (b- D)~ )Quale)
B = (b—ﬁk)(fk—a)/a (=) @y (k) plw)dr,

1 b
bt = Garor ), @@l

m—1
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If a function f : [a,b] — R is polynomially (2m)-convex, then it satisfies the
following Hermite—Hadamard-type inequality

m b m—1
Soauf©) < [ fo < Bof@)+ 3 ufm) + B ().
k=1 a k=1

PROOF. First assume that f is n = 2m times differentiable. Then f*™ > 0
on ]a, b| according to Theorem B. Consider the Hermite interpolation polynomial
H that interpolates the function f in the roots of P, in the following manner:

H() = f(&)
H'(&) = f'(&).

By the remainder term (1.13) of the Hermite interpolation, if = is an arbitrary
element of |a, b], then there exists 6 €]a, b[ such that

_ @& () om
f@) - H@) = ——a (8.

Hence fp > Hp on [a, b] due to the nonnegativity of (™) and the positivity of p.
On the other hand, H is of degree 2m — 1, therefore Theorem 1.1 yields the left
hand side of the inequality to be proved:

b b m m
[ to= [ Ho= Y a6 =3 aus(é).
a a k=1 k=1

Now consider the Hermite interpolation polynomial H that interpolates the func-
tion f in the roots of @,,—; and in the endpoints of the domain in the following
way:

H(a) f(a)
H(nk) = f(m)
H' () = f'(m)
H(b) = f(b).

By the remainder term (1.13) of the Hermite interpolation, if = is an arbitrary
element of |a, b], then there exists 6 €]a, b[ such that

@@= b)) @ = mm)? om
fl@) — H(z) = ool L pem ).

The factors of the right hand side are nonnegative except for the factor (z — b)
which is negative hence fp < Hp. On the other hand, H is of degree 2m — 1,
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therefore Theorem 1.4 yields the right hand side inequality to be proved:
m—1

b b
[ to< [Ho = mH@+ Y st ) + 5uHO)

k=1

m—1
= Bof(a)+ Y Brf () + Bt (D).
k=1
From this point, an analogous argument to the corresponding part of the previous
proof gives the statement of the theorem without any differentiability assumptions
on the function f. O

Specializing the weight function p = 1, the roots of the inequalities can be
obtained as convex combinations of the endpoints of the domain. The coefficients
of the convex combinations are the roots of certain orthogonal polynomials on
[0, 1] in both cases. Observe that interchanging the role of the endpoints in any
side of the inequality concerning the odd order case, we obtain the other side of
the inequality.

THEOREM 1.10. Let, for m > 0, the polynomial P, be defined by the formula
1

1
2 m+1
1 1
x 1 1
Pp(x) == ’ m
: 1 o
Then, P,,, has m pairwise distinct roots Ay, ..., A, in |0, 1[. Define the coefficients
g, ...,y by
1 vty
ay = / P2 (x)dx,
PE0) Jo ™

o o L /1 tPlr)
TN =P Ow)

If a function f : [a,b] — R is polynomially (2m + 1)-convex, then it satisfies the
following Hermite—Hadamard-type inequality

m 1 b
cof(@)+ Y- anf (1= Mja+ ) < 2 [ fla)da
k=1 a

< Z akf()\ka + (1 - )\k>b) + Oéof(b).
k=1
PROOF. Apply Theorem 1.8 in the particular setting when a := 0, b := 1 and
the weight function is p = 1. Then, as simple calculations show, P, is exactly the
mt" degree member of the orthogonal polynomial system on [0, 1] with respect to
the weight function p(z) = x (see the beginning of this chapter). Therefore, P,,
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has m pairwise distinct roots 0 < A\; < --- < A, < 1, indeed. Moreover, the
coefficients ay, . . ., oy, have the form above. Define the function F': [0,1] — R
by the formula

F(t) == f((1 —t)a+tb).
It is easy to check that F' is polynomially (2m + 1)-convex on the interval [0, 1].
Hence, applying Theorem 1.8 and the previous observations, it follows that

/1 F(t)dt Z aoF(O) + i Osz()\k)
0

k=1
= aof(a)+ > arf((1—Ap)a+ Apb).
k=1
On the other hand, to complete the proof of the left hand side inequality, observe

that
1 b 1
b—a/a f(x)dx :/0 F(t)dt.

For verifying the right hand side one, define the function ¢ : [a,b] — R by the
formula

p(z) == —fla+b— ).

Then, ¢ is polynomially (2m+1)-convex on [a, b]. The previous inequality applied
on ¢ gives the upper estimation of the Hermite—-Hadamard-type inequality for f.
O

THEOREM 1.11. Let, for m > 1, the polynomials P, and @Q,,_1 be defined
by the formulae

11 %
1
x‘ —_ PR —_
Py(x) = _ 2 _ mH )
: 1 1
A T Im
1 1 1
2i3 m(nIH)
x 31 ) (m+2
mel(x) — . (m )(m )
S
(m+1)(m+2) (2m—1)2m
Then, P,, has m pairwise distinct roots Ay, ..., A, in]0,1[and @,,—1 hasm — 1
pairwise distinct roots 1, . . ., um—1 in J0, 1], respectively. Define the coefficients

at,...,apand Gy, ..., 0y by

L ! P (x) "
o “/o @ )P0
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and
1
fo = g ) - D@
B 1 Y2(1—2)Qm-1(x) "
Pu 1= (1—/%)%/0 (x—#k)Q;n—l(“’“)d’
— # 1;(; 2 xT)ax
b = g ), TG

If a function f : [a,b] — R is polynomially (2m)-convex, then it satisfies the
following Hermite—Hadamard-type inequality

m b
Zakf((l — Ap)a + Agb) < b—la/ f(z)dx
k=1 @

m—1
< Bof(a)+ Y Bef (1 — p)a+ pxb) + B f (b).
k=1
PROOF. Substitute @ := 0, b := 1 and p = 1 into Theorem 1.9. Then, P,
is exactly the m‘* degree member of the orthogonal polynomial system on the
interval [0, 1] with respect to the weight function p(z) = 1; similarly, Q,,—1 is
the (m — 1)*¢ degree member of the orthogonal polynomial system on the interval
[0, 1] with respect to the weight function p(x) = (1 — x)x. Therefore, Q,,, has m
pairwise distinct roots 0 < Ay < -+ < A, < 1 and @Q,,,—1 has m — 1 pairwise
distinct roots 0 < py < --- < pum—1 < 1, indeed. Moreover, the coefficients
ai,...,am and By, ..., G, have the form above. To complete the proof, apply
Theorem 1.9 on the function F' : [0, 1] — R defined by the formula

F(t) == f((1 —t)a+tb).

1.4. Applications

In the particular setting when m = 1, Theorem 1.10 reduces to the classical
Hermite—Hadamard inequality:

COROLLARY 1.12. If f : [a,b] — R is a polynomially 2-convex (i.e. convex)
function, then the following inequalities hold

b
a+b 1 f(a) + f(b)
< < =t
f( 2 >—b—a/f(x)dx— 2

In the subsequent corollaries we present Hermite—Hadamard-type inequali-
ties in those cases when the roots of the polynomials in Theorem 1.10 and Theo-

rem 1.11 can explicitly be computed.
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COROLLARY 1.13. If f : [a,b] — R is a polynomially 3-convex function, then
the following inequalities hold

b
a+2b a+b
d@+ i (5 < 52, [ < 31 (2550) + jro

COROLLARY 1.14. If f : [a,b] — R is a polynomially 4-convex function, then
the following inequalities hold

<3+\f 3—\/§b>+1f<3—¢§a+3+\/§b>
27\ 76

f 6 6

sf@+ 31 (5) + gro

COROLLARY 1.15. If f : [a,b] — Ris a polynomially 5-convex function, then
the following inequalities hold

1 16 + V6 4+f
§f(a) + 36 f( b)

10
= ;6\/6f (4 10 6+\[b> (x)dx
()
* 16;6\/6f (6 10\[‘1 44;0\[ ) * gf(b)'

In some other cases analogous statements can be formulated applying Theo-
rem 1.11. For simplicity, instead of writing down these corollaries explicitly, we
shall present a list which contains the roots of P, (denoted by \;), and the coeffi-
cients oy, for the left hand side inequality furthermore the roots of (),, (denoted by
1), and the coefficients Gy, for the right hand side inequality, respectively.

Casen =6
The roots of Ps:

5-v15 1 5+V15
10 72 10 7
the corresponding coefficients:
5 4 5)
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The roots of Q,:

5-vV5  5+45
10 7 10 7
the corresponding coefficients:
1 5 5 1
127 127 127 12
Casen =8
The roots of Py:
1 v525+470v30 1 /525 —70v30
2 70 2 70 ’
1 525 —70v30 1 n 525 + 7030
2 70 2 70 ’
the corresponding coefficients:
IoV30 1 V30 1, V30 1 V30
4 727 4 727 4 27 4 2
The roots of Q3:
1 V21 1 1 n V21
2 147 27 2 147
the corresponding coefficients:
1 49 16 49 1
207 1807 457 1807 20°
Casen =10
The roots of Ps:
1 V2454 14V70 1 /245 — 1470
2 42 2 42 ’
11 245 -14v70 1 | v245+14V70
27 2 42 ’ 42 ’
the corresponding coefficients:
322 —13v70 3224 13v70 64 322+ 13v70 322 —13V70
1800 ’ 1800 T2257 1800 ’ 1800
The roots of Q4:
1 147 +42V7 1 /147 —42V7
2 42 2 42 ’
L, 147 — 42V/7 1+\/147+42\ﬁ.
2 42 T2 42 ’
the corresponding coefficients:
1 4—7 14+V7 14+V7T 14-V7T 1
30’ 60 60 60 60 30
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Casen = 12 (right hand side inequality)

The roots of Qs:
1 4954+ 66v15 1 495 — 66+/15
66 2 66 ’
1 1 n 495 — 66v15 1 N V495 + 6615
27 2 66 T2 66 ’

the corresponding coefficients:
1 124-7/15 124+ 715 128

42’ 700 700 ' 525’
124 +7v/15 124 — 715 1
700 700 7 427

During the investigations of the higher—order cases above, we can use the sym-
metry of the roots of the orthogonal polynomials with respect to 1,/2, and therefore
the calculations lead to solving linear or quadratic equations. The first case where
“casus irreducibilis” appears is n = 7; similarly, this is the reason for presenting
only the right hand side inequality for polynomially 12-convex functions.



CHAPTER 2

Generalized 2-convexity

In terms of geometry, the Tchebychev property of a two dimensional system
can equivalently be formulated: the linear combinations of the members of the
system (shortly: generalized lines) are continuous furthermore any two points of
the plain with distinct first coordinates can be connected by a unigue generalized
line. That is, generalized lines have the most important properties of affine func-
tions. These properties turn out to be so strong that most of the classical results of
standard convexity can be generalized for this setting.

First we investigate some basic properties of generalized lines of two di-
mensional Tchebychev systems. Then the most important tool of the chapter,
a characterization theorem is proved for generalized 2-convex functions. Two
consequences of this theorem, namely the existence of generalized support lines
and the property of generalized chords are crucial to verify Hermite—-Hadamard-
type inequalities. Another result states a tight connection between standard and
(w1, we)-convexity, and also guarantees the integrability of (w;, ws)-convex func-
tions. Some classical results of the theory of convex functions, like their represen-
tation and stability are also generalized for this setting.

2.1. Characterizationsvia generalized lines

Let us recall that (wq,w2) is said to be a Tchebychev system over an interval 1
if wi,ws : I — R are continuous functions and, for all elements x < y of I,

wi(z) wi(y) ‘ 50,
wa(z) wa(y)

Some concrete examples on Tchebychev systems are presented in the last section
of the chapter. Given a Tchebychev system (w1, ws), a function f : I — Ris called
generalized convex with respect to (w1, ws) or shortly: generalized 2-convex if, for
all elements x < y < z of I, it satisfies the inequality

fx)  fly)  f(2)
wi(z) wi(y) wi(z) | =0
wa(r) wa(y) wa(z)
Clearly, in the standard setting this definition reduces to the notion of (ordinary)

convexity. Let (w1,w2) be a Tchebychev system on an interval 7, and denote the
set of all linear combinations of the functions w; and wy by £ (w1, w2). We say that

25



26 CHAPTER 2. GENERALIZED 2-CONVEXITY

afunctionw : I — R isageneralized line if it belongs to the linear hull L (w1, ws).
The properties of generalized lines play the key role in our further investigations;
first we need the following simple but useful ones.

LEMMA 2.1. Let (w;,w2) be a Tchebychev system over an interval . Then,
two different generalized lines of £ (w1, w2) have at most one common point; more-
over, if two different generalized lines have the same value at some & € I°, then
the difference of the lines is positive on one side of £ while negative on the other
side of &. In particular, w; and wy have at most one zero; moreover, if wy (resp.,
ws) vanishes at some £ € I°, then w; is positive on one side of £ while negative on
the other.

PROOF. Due to the linear structure of £ (w1, ws2), without loss of generality
we may assume that one of the lines is the constant zero line. Then, the other
generalized line w has the representation aw; + Bws, with a? + 32 > 0.

The first assertion of the theorem is equivalent to the property that w has at
most one zero. To show this, assume indirectly that w(¢) and w(n) equal zero for

& # n; that is,
awi(§) + Pw2(§) = 0
awi(n) + Bwz(n) = 0.

By the Tchebychev property of (w;,ws), the base determinant of the system is
nonvanishing, therefore the system has only trivial solutions « = 0 and 5 = 0
which contradicts the property o + 5% > 0.

An equivalent formulation of the second assertion is the following: if w(§) = 0
for some interior point &, then w > 0 on one side of £ while w < 0 on the other.
If this is not true, then, according to the previous result and Bolzano’s theorem,
w is strictly positive (or negative) on both sides of £. For simplicity, assume that
w(t) > 0 for ¢t # £. Define the generalized line w* by w* := —fBw; + aws. Then,
(w,w*) is also a Tchebychev system: if x < y are elements of 7, then

’ wlz)  w(§) ’ _ ‘ a B | wiz) w1(y)‘
w(z) w(y) =B a | | w(r) way)

— wi(z) wi(y)

= (*+ %) wala) waly) > 0.

Therefore, taking the elements = < £ < y of I, we arrive at the inequalities

w(a)  wE) | _ "
o < |50 S [
W€ wly) | -t

which yields the contradiction that w* () is simultaneously positive and negative.
For the last assertion, notice that wi, ws and the constant zero functions are
special generalized lines and apply the previous part of the theorem. O
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The most important property of £ (w,w2) guarantees the existence of a gen-
eralized line “parallel” to the constant zero function, which itself is a generalized
line, too (see below). Moreover, as it can also be shown, L(w1,ws) fulfills the
axioms of hyperbolic geometry.

LEMMA 2.2. If (w;,ws) is a Tchebychev system on an interval I, then there
exists w € L (w1, ws) such that w is positive on I°.

PROOF. If wy has no zeroin I°, then w := wy or w := —wy (according to the
sign of wq) will do. Suppose that wy (£) = 0 for some £ € I°. Due to Lemma 2.1,
without loss of generality we may assume that

wi(z) < 0 (x <& xel)
wiy) > 0 (y>¢& yel).
Choose the elements x < £ < y of I. The Tchebychev property of (w;,w2) and
the negativity of wy (z)ws2(y) implies the inequality
wa(y) _ wa(x)
wi(y) wi(z)

Hence

1) a = sup {w(y)} < inf [”2(33)] :

y¢ Lwr(y)] — e<e [wi(z)
moreover, both sides are real numbers. We show that the generalized line defined
by w := aw; — ws is positive on the interior of 1.

First observe that w takes positive value at the point £. Indeed, by the definition
of w we have w(§) := aw1(§) —w2 (&) = —w2(&); on the other hand, for y > &, the
positivity of w1 (y) and the Tchebychev property of (wy,ws2) yields —ws(§) > 0.

If y > &, then the definition of « implies

w2(y)
wi(y)
multiplying both sides by the positive w;(y) and rearranging the terms we get,
w(y) == aw1(y) — wa(y) = 0.

If x < &, then inequality (2.1) gives that
wa () .
wi ()’
multiplying both sides by the negative w; (x) and rearranging the obtained terms,
we arrive at the inequality w(z) := aw;(z) — wa(x) > 0.

To complete the proof, it suffices to show that w always differs from zero on
the interior of the domain. Assume indirectly that w(n) := aw;(n) —wa(n) =0
for some n € I°. Clearly, n # £ since w(&) > 0. Therefore, wy(n) # 0 and « can
be expressed explicitly:

a >

a <
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If ¢ <, choose y € I such that n < y hold. By the positivity of w; (n)w; (y) and
the Tchebychev property of (wy,ws),

_ wa(n) _ wa(y)
wi(n)  wi(y)
which contradicts the definition of .. Similarly, if £ > n, choose = € I such that
x < n be valid. Then, the positivity of w; (x)w;(n) and the Tchebychev property
of (w1, ws) imply the inequality

which contradicts (2.1). O

As an important consequence of Lemma 2.2, a Tchebychev system can always
be replaced equivalently by a “regular” one. In other words, assuming positivity
on the first component of a Tchebychev system, as it is required in many further
results, is not an essential restriction. Moreover, the next lemma also gives a char-
acterization of pairs of functions to form a Tchebychev system.

LEMMA 2.3. Let (wi,w2) be a Tchebychev system on an interval I C R.
Then, there exists a Tchebychev system (w3, w3) on I that possesses the following
properties:

(i) wy is positive on I°;

(i) w3 /wi is strictly monotone increasing on I°;
(iii) (w1, w2)-convexity is equivalent to (w7, w3 )-convexity.
Conversely, if wy,ws : I — R are continuous functions such that wy is positive
and wa/w is strictly monotone increasing, then (wq,w2) is a Tchebychev system
over I.

PROOF. Lemma 2.2 guarantees the existence of real constants « and 3 such
that aw; + Bwa > 0 holds for all = € I°. Define the functions wi, w3 : I — R by
the formulae

wi = awy + Pws wy = —fwi + aws.

Choosing the elements = < y of I and applying the product rule of determinants,
we get

’ wi(z) wi(y) ‘ _ ‘ a f ‘ wi(z) wi(y) ‘
wy(x) wi(y) —B a| | war) way)
= (%48 wi(z) wiy) |
wa(z) wa(y)

Therefore, (w},ws3) is also a Tchebychev system over 1. Assuming that wj is
positive, as it can easily be checked, the Tchebychev property of (w},w3) yields
that the function w3 /w7 is strictly monotone increasing on the interior of I.
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At last, let f : I — R be an arbitrary function and x < y < z be arbitrary
elements of 1. Then, by the product rule of determinants again,

flx)  fly)  f(z) 1 0 0 flx)  fly)  f(z)
wi(z) wi(y) wi(z) | = |0 a p wi(z) wi(y) wi(z)
wi(z) wi(y) wi(z) 0 -3 «a wa(z) waly) wa(z)
flx)  fly)  f(2)
= (0424‘52)' wi(z) wi(y) wi(z) |,
wa(r) wa(y) wa(z)

which shows that the function f is generalized convex with respect to the Tcheby-
chev system (w;,ws) if and only if it is generalized convex with respect to the
Tchebychev system (w7, w3 ).

The proof of the converse assertion is a simple calculation, therefore it is omit-
ted. O

The following result gives various characterizations of (wq, wy)-convexity via
the monotonicity of the generalized divided difference, the generalized support
property and the “local” and the “global” generalized chord properties.

THEOREM 2.4. Let (w;,ws) be a Tchebychev system over an interval I such
that wy is positive on I°. The following statements are equivalent:

(i) f:I— Ris (wy,ws)-coNVex;
(i) for all elements x < y < z of I we have that

fly)  f(2) ‘ flz)  f(y)
wi(y) wi(z) wi(z) wi(y) .
‘ wi(y) wi(z) ‘ T wi@) wily) ‘
wa(y) wa(z) wa(z)  wa(y)

(iii) for all zg € I° there exist «, 3 € R such that

aw1(zo) + Pwa(zo) = f(0),
awy (z) + Pwz(z) < f(z)  (zel);
(iv) foralln € N, zg, z1,...,2, € I and Aq,..., \, > 0 satisfying the condi-

tions

> Mwi(zk) = wi(zo)
k=1

Z)\kwg(azk) = wg(a?())
k=1

we have that
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(v) for all zg, 1,22 € I and A1, Ao > 0 satisfying the conditions
Awi (1) + Aawi (22) = wi(zo)
Mwz(x1) + Aewa(z2) = wa (o)
we have that
f(xo) < Af(z1) + Ao f (w2);
(vi) forall elements z < p < yof I
f(p) < awi(p) + Bwa(p)
where the constants «, § are the solutions of the system of linear equations
flx) = awi(x)+ Pw(x)
fly) = awi(y) + Pwa(y).

PROOF. (i) = (iz). Assume indirectly that (i7) is not true. Then, considering
the positivity of the denominators, there exist elements = < y < z of I such that
the inequality

fly)  [f(2) H wi(z) wi(y) ‘> f(x)  fy) H wi(y) wl(Z)‘
wi(y) wi(z) wa(w) wa(y) w
holds or equivalently,

wi(y) wi(z) wi(z) wi(y)

1 (| 50 56 || 26 50 )
wi(y) wi(z) wi(r) wi(y)

> wi(y) (f(x) w;(y) w;(z) ‘ +f(2) w;(z) w;(y) D

Subtracting

fy)wily) Z;Ei; Z;EEH

from both sides and applying the expansion theorem “backwards”, we get

wi(z) wi(y) wi(z) flx)  fly)  f(2)
wi(z) wi(y) wi(z) | >wi(y)| wi(z) wily) wi(z)

wp(z) wa(y) wal(2) wy(z) wa(y) wa(2)

The (w1, wq)-convexity of f implies that the right hand side of the inequality is
nonnegative, while the left hand side equals zero, which is a contradiction.
(13) = (i13). Fix g € I°. Then, for all elements £ < z¢ < x of I,

f()

(&) f(zo) fxo (z) ‘
| wi(§) wilxo) | wi(zo) (x

‘wl(f) wi (o) ’ o ‘M xy) w1

wa(§)  wa(wo)

(z)
wa(zg) wa(z)
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holds, therefore

f((l‘o)) f((l“)) ‘
— i B w1(To w1 \x
b I>C£0 ’ wi(xzo) wi(x)

wa(wo) wa(w)
is a real number. The positivity assumption on w; guarantees that the coefficient
« can be chosen such that cwn (o) + Bwa(x) = f(x0) be satisfied. Rewrite the
desired inequality aw (z) + Swa(z) < f(z) into the equivalent form

wi(zo) wi(x) f(xo)  f(x)
(2:2) B onlze) wale) | T | wnlzn) on()

The definition of 3 guarantees that it is valid if zog < x. Assume that z < zg
and choose ¢ € I such that x < x9 < & hold. Then, applying (i), we have the

<0.

inequality
f(zo)  f(§) ' f(x)  f(zo) ’
wi(zo) wi(§) < wi(z)  wi(zo)
wi(zo) wi(§) ' ‘ wi(z) wi(wo) ’
wa(wo) w2(§) wa(w)  wa(zo)
Observe that the denominator of the right hand side is positive, therefore, after

rearranging this inequality, we get

f( 900 ‘
w1 (o) w1 ‘wl wi(x) '+ f(zo) f(x) ’<0

w1 l‘o w1 ‘ w2 x) wl(xo) wl(x) -

w2 l‘o w?

which, and the choice of ﬁ immediately implies (2.2).

(7i1) = (4v). First assume that xgp = z; = --- = x,. We recall that w; (z¢)
and wa(zp) cannot be equal to zero simultaneously due to Lemma 2.1; therefore
one of the conditions gives the identity >, A, = 1, and the inequality to be
proved trivially holds. If zg, z1, ..., x, are distinct points of I, then it necessarily
follows xo € I°. Indeed, if inf(/) € I and indirectly 2o = inf(I), then we have
the inequalities

w1 (xo)WQ($k) - wl(xk)wQ(aco) Z 0
forall k = 1,...,n since (wy,w2) is a Tchebychev system on I; furthermore, at
least one of them is strict. Multiplying the k" inequality by the positive ); and
summing from 1 to n, we obtain

n n
wi(w0) > Aewa (k) > walwe) > Aews (w)-
k=1 k=1
But, due to the conditions, both sides have the common value w; (xo)w2(z¢), which
is a contradiction. An analogous argument gives that the case xy = sup(I) is also
impossible, therefore it follows that 2o € I°.
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Choose «, 8 € R so that the relations

awi(xg) + Pwa(zo) = f(zo)
awi(z) + Pwa(z) < f(z)  (zel)

be valid. Then, substituting z = =z into the last inequality and applying the
conditions, we get that

S eflze) = D wowi(@p) + Y AePBuwa(y)
k=1

= awi(zo) + Pwa(z0) = f(x0),
which gives the desired implication.
(1v) = (v). Taking the particular case n = 2 in (iv), we arrive at (v).
(v) = (vi). According to Cramer’s rule, for all elements © < p < y of I the
system of linear equations
AMwi(z) + Aawi(y) = wi(p)
Awa(z) + Aawa(y) = wa(p)
has unique nonnegative solutions Ay and \,. Therefore, using the definition of «
and (3,
flp) < AMif(z)+A2f(y)
= M(awi(2) + Bwz(@)) + A2 (awi(y) + Bwa(y))
= a(Mwi () + Xowi(y)) + B(Mwa(z) + Aawa(y))
= awi(p) + awa(p).

(vi) = (i). Expressing the unknowns « and 3 with w;(x),w;(y) and w;(p),
the inequality f(p) < awi(p) + Bw2(p) can be rewritten into the form

wi(z) wi(y) f@)  f(y) f@)  f(y)
wr(z) wrly) 'f@ﬁ wr(z) wr(y) “"1@” wilz) wily) '“’2@)
or equivalently
(@)  flp) fy)
0<|wi(z) wilp) wily) |,
wa(x) wa(p) wa(y)
which completes the proof. g

In the particular setting where w;(x) := 1 and wy(z) := z, this theorem re-
duces to the well known characterization properties of standard convex functions.
Now the last two assertions coincide: both of them state that the function’s graph
is under the chord joining between the endpoints of the graph. Let us note that in
most of the literature the notion of (standard) convexity is defined exactly by this
property (see the last assertion of the obtained corollary).
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COROLLARY 2.5. Let I C R be an interval. The following statements are
equivalent:

(i) f: 1 — Risconvex (in the standard sense);
(ii) for all elements x < y < z of I we have that

fly) = fl2) _ f(z) — f(y).
y—z = z-y
(iii) for all xg € I° there exist o, 5 € R such that
a+fro = f(wo), a+px<flz) (zel);
(iv) forall n € N, g, x1,...,2, € T and Aq,..., A, > 0 satisfying the condi-

tions
n n
> =1, D Ak = a0
k=1 k=1

we have that .
Flao) <> Nef(zn);
k=1

(v) forall zg,z1,z2 € T and A1, Ao > 0 satisfying the conditions
AL+ A =1, AMT1 + A2 =

we have that
f(zo) < Mif(z1) + Aaf(x2).

If the base functions wy and wy, are twice differentiable with a positive Wronski
determinant, then a twice differentiable function f : I — R is (w;,wsy)-convex
if and only if the Wronski determinant of the system (f,w;,ws2) is nonnegative
(Bonsall, [Bon5Q]). This result can also be deduced from Theorem 2.4.

As it is well known, (standard) convex functions are exactly those ones that
can be obtained as the pointwise supremum of families of affine functions. As a
direct consequence (and also another application) of Theorem 2.4, an analogous
statement holds for (wy, w)-convex functions.

COROLLARY 2.6. Let (w1, w2) be a Tchebychev system over an open interval
I. Then, a function f : I — R is generalized convex with respect to (w1, ws) if
and only if
f(z) = sup{w(z) [w € L(wi,w2), w < f}.

PROOF. Assertion (ii7) of Theorem 2.4 immediately implies the representa-
tion above. For the sufficiency, part assertion (v) of Theorem 2.4 is applied. Fix
the element x of the open interval 7. Take a generalized line w = w1 + Bws such
that w < f, furthermore, the elements 1, zo of I and the nonnegative coefficients
A1, A that fulfill the conditions

AMwi(z1) + Aawi(z2) = wi(wo)
)\1(4)2(.%'1>+)\2(UQ($2) = w2($0).
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Then,

Auf(an) + Aef(z2) =2 Aw(ar) + Agw(22)

= Ai(awi(z1) + Bwa(z1)) + Ao (awr (2) + Bwa(x2))
= a(Mwi(z1) + Aawi(22)) + B(Awa(z1) + Aowa(z2))
= awi(zo) + Pwa(zo) = w(zo).

That is, A1 f(x1) + Aof(z2) > w(wg) for all w < f, hence, according to the
representation, it follows that Ay f(z1) + A2 f(x2) > f(z0). Therefore f is convex
with respect to (w1, w2), indeed. O

2.2. Connection with standard convexity

The convexity notion induced by two dimensional Tchebychev systems turns
out to be always reducible to standard convexity with the help of a composite
function. This connection enables us to generalize many classical results for the
case of (wy,ws)-convexity directly.

THEOREM 2.7. Let (w1,w2) be a Tchebychev system on an open interval I
such that w is positive. The function f : I — R is (wy,ws)-convex if and only if
the function g : wy /w1 (1) — R defined by the formula

_f AN
-2 (3)

PROOF. In this case the function w9 /w; is continuous and strictly monotone
increasing, according to Lemma 2.3. Therefore, the image of the interval I by the
function wo /w is a nonempty open interval. Consider the identity

fx)  fly)  f(2)
wi(z) wi(y) wilz) | =
wa(z) waly) wal(z)

is convex in the standard sense.

= wi(@)wr(y)wi(z) 1 1 1
(wa/wi)(z) (wo/wi)(y) (w2/w1)(2)
g(u) g(v) g(w)

= wi(@)w(Ywi(z)| 1 1 1

(ffw)(@)  (f/e)(y)  (f/w1)(2)

where

u=(wp/wi)(z) v=(w2/wi)(y) w=(w2/wi)(2).
The positivity of w; forces that both sides are simultaneously positive, negative

or zero. That is, the function f is (w1, w9)-convex if and only if the function g is
convex in the standard sense. O
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Theorem 2.7 yields strong regularity properties for generalized convexity. For
example, (w;,wsy)-convex functions defined on compact intervals are integrable
which is essential in formulating the main result of the chapter.

THEOREM 2.8. Let (w1,w9) be a Tchebychev system on an interval I. If a
function f : I — R is (wy, wg)-convex, then it is continuous on I°. Moreover, f is
bounded on each compact subinterval of 1.

PrRoOF. Without loss of generality we may assume that wy is positive on I°.
If the function f is (w1, ws)-convex on I, then the composite function ¢ in the
previous theorem is convex in the standard sense on J := wq/wi(I). Therefore,
by the well known regularity properties of convex functions, g is continuous on
J°. On the other hand, we have that

W
f:w1-90<2>,
w1

and the right hand side is continuous on I° whence the continuity of the function
f follows.

To prove that f is bounded on the compact subinterval [a, b] of I, we shall
apply Theorem 2.4. Take a generalized line which supports f at an arbitrary point
xo € I°. Then, inequality (iiz) implies that f is bounded from below on the whole
interval 1. On the other hand, putting  := a and y := b into (vi), we get that
f is also bounded by a certain generalized line from above on [a,b]. Hence f is
bounded, indeed. O

DEFINITION. Let (wy,w2) be a Tchebychev system on an interval I further-
more w € L(w1,ws) be a generalized line which is positive on 7°. A function
f I — Ris called generalized w-convex with respect to (w1, ws) if, for all
elements z < y < z of I, the following inequality holds:

f(@)+w(z) fly) —wly) [(z)+w(z)
w1 (x) wi(y) w1(2) > 0.
wa(z) wa(y) wa(z)

Substituting wi(z) := 1, wa(z) := x and w := ¢/2, the definition gives
the notion of e-convexity. By well known results, e-convexity is stable: every e-
convex function is “close” to a (standard) convex function. As another application
of Theorem 2.7, we prove an analogous result for (w1, w2 )-convex functions.

COROLLARY 2.9. Let (w1,w2) be a Tchebychev system on an interval I fur-
thermore w € L(w1,w2) be a generalized line which is positive on I°. A function
f: I — Risgeneralized w-convex with respect to (wy, w2) if and only if there exist
functions f,g : I — Rsuchthat g is (w1, w2)-convex, ||h|| < ||w]|, and f = g+ h.

PROOF. Assume that w has the representation w = aw; 4+ Bwo and define the
generalized lines wi and w3 by w} = aw; + fws and w3 := —Bw; + aws, respec-
tively. Then, according to Lemma 2.3, the function w3 /w7 is strictly monotone
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increasing and the generalized w-convexity of f is equivalent to the inequality

f@) +wi(e) fly) —wily) f(z)+wi(z)

wi(z) wi(y) wi(2) > 0.

wy () ws(y) wy(2)
Dividing both sides by the positive w (z)w} (y)w](z) then substituting the argu-
ments v = (w3 /wi)(z), v = (Wi/wi)(y) and w = (w3/w])(z), we get the in-
equality

Flu)+1 F(v)—1 F(w)+1
1 1 1
(%

£\ —1
F .= i* o <wz> .
wy wy

That is, F satisfies the inequality of e-convexity with e = 1. Therefore, there exist
functions G, H : I — R such that G is convex (in the standard sense), || H|| < 1
and F' = G + H or equivalently,

f:wf-Go(wz)+w>{-Ho(wz) =:g+h.
w1 w1

Then, Theorem 2.7 and Lemma 2.3 guarantee the (wy,w2)-convexity of g, while
simple calculations imply ||| < ||w]]. O

>0

where

2.3. Hermite-Hadamard-typeinequalities

The main result provides Hermite—Hadamard-type inequalities for generalized
2-convex functions.

THEOREM 2.10. Let (w1,w2) be a Tchebychev system on an interval [a, b]
such that w; is positive on ]a, b], furthermore, let p : [a,b] — R be a positive
integrable function. Define the point £ and the coefficients ¢, ¢1, ¢o by the formulae

(w2 fywar _ Jaew
<= <W1> (ffww) ’ B w1 (&)

and
‘ Jywip w(d) ‘ (@) [y
B wap wa(b) wa(a) [, wap
b ’ wifa) wi(b) wi(a) wi(b) ‘ |
wa(a) wa(b) wa(a) wa(b)
If f: [a,b] — R is an (w;,ws)-convex function, then the following Hermite—

Hadamard-type inequality holds

b
6 < / fo < ef(a) + eaf(0).
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PROOF. By the definitions of the point £ and the constant ¢, we have the for-
mulae

Juw2p _ ws(€)
f; w1p wl(f)

and

b
| e =ante)
which yields the identity

b
/ wop = cwz(§).

That is, the left hand side of the Hermite—-Hadamard-type inequality to be proved
is exact for f = wy and f = wo, respectively. Let f : [a,b] — R be an arbitrary
(w1, we)-convex function and choose «, 5 € R such that the relations

aw1(§) + Buw2(§) = f(§)
awi(z) + fwe(x) < f(x)

be satisfied for all z € [a, b]. By Theorem 2.4 such real numbers exist since ¢ is an
interior point of the domain. Multiplying the last inequality by the positive weight
function p, we arrive at

b b b
[ trza [ w8 [ wp=alen©) + Henl) = cf©

which results in the left hand side inequality.
To verify the right hand side one, observe first that the coefficients ¢; and co
are the solutions of the following system of linear equations

b
/wlp = cwi(a) + cowr(b)

b
/wgp = cwi(a)+ cowa(b).

In other words, the right hand side of the Hermite—Hadamard-inequality is exact,
again, for f = w; and f = ws. Let f : [a,b] — R be an arbitrary (w;, wy)-convex
function. By Theorem 2.4, if the real numbers « and 3 are the solutions of the
system of linear equations

fla) = awi(a) + Bwa(a)
f(b) = awi(b) + Buwa(b),
then
f(z) < awi(x) + Pwa(x)
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for all z € [a, b]. Multiplying this inequality by the positive weight function p, we
get that

b b b
/fp < a/ w1p+ﬁ/ wap
a a a

a(crwi(a) + cowi (b)) + B(crwa(a) + cowa(b))
= c1(awi(a) 4 Bws(a)) + ca(awi(b) + Bwa(b)) = c1f(a) + caf(b),
thus the proof is complete. O

2.4. Applications

Simple calculations show that specializing wi (z) := 1, we(x) := xand p = 1,
Theorem 2.10 reduces to the classical Hermite—Hadamard inequality :

COROLLARY 2.11. If f : [a,b] — Ris a (standard) convex function, then

(55 <t [ rom < 20320

The subsequent corollaries present further Hermite—Hadamard-type inequal-
ities for generalized convex functions where the underlying Tchebychev systems
of the induced convexity are the hyperbolic, trigonometric, exponential and power
systems (to see that the pairs (w1, ws) form a Tchebychev system in each case,
consult the converse part of Lemma 2.3).

COROLLARY 2.12. If f : [a,b] — Ris a (cosh, sinh)-convex function, then

2sinh <b2“> f (“;b> < /abf(:c)dx < tanh <b2“> (F(a)+ f(B)).

PROOF. If wy := cosh and wy := sinh, then w; is positive and wo/wy =
tanh is strictly monotone increasing; hence, according to Lemma 2.3, (w1, ws) is
a Tchebychev system and (wo/w1)~! = artanh. Applying the addition properties
of hyperbolic functions for the identities b = (b + a)/2 + (b — a)/2 and a =
(b+a)/2 — (b—a)/2, the integrals of w; and wo can be written into product form
via the formulae

b
b b—
/ coshzdr = sinh(b) — sinh(a) = 2 cosh ( —12—a> sinh ( 5 a)
b
b b—
/ sinhaxzdr = cosh(b) — cosh(a) = 2sinh < ;CL) sinh < 5 a) .

Therefore,

f; sinh xdx b+a
¢ = artanh ( ) =

" cosh xdx
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furthermore

b
cosh xzdx b
= fai = 2sinh + a.
cosh & 2
To determine the coefficients of the right hand side, first we calculate the numerator
of ¢1:

Cc

2 cosh (HTG)
2 sinh (H—“) sinh (?‘1 sinh b

= 2sinh (b _ a> <cosh (lH—a) sinh b — sinh (b—i—a) cosh b)
2 2 2

= 2sinh b—a sinh b—b+a — 2sinh? b—a .
2 2 2

Similarly, the numerator of the coefficient ¢, can be obtained as follows:
cosha 2cosh (b"'T“) sinh (b_Ta)
sinha 2sinh (HT‘I) sinh (b_T")

= 2sinh (b—a) <sinh <b+a> cosh a — cosh (b—l—a) sinh a>
2 2 2

. . b—a)\ . b+a 12 b—a

= 251nh< 5 >smh< 5 —a)-Qsmh ( 5 >

On the other hand, the denominators in both cases coincide and have the common
value

cosha coshb . N b—a b—a
sinha  sinhb ‘—Slnh(b—a)—2smh< 5 >cosh< 5 >,

therefore
c1 = ¢o = tanh b—a
1 = C2 = tan 9 .

Replacing the Tchebychev system (cosh, sinh) with (cos, sin), the obtained
Hermite—Hadamard-type inequality is analogous to the previous one due to the
similar additional properties of trigonometric and hyperbolic functions.

g

COROLLARY 2.13. If f : [a,b] C]—7F, F[— Risa (cos, sin)-convex function,
then

2 sin <b;a) f <“;b> < /abf(:z:)daj < tan <b_2a) (f(a) + £(b)).

Observe that both of the previous two Hermite—Hadamard-type inequalities
involve the midpoint of the domain; moreover, dividing by b — a and taking the
limit a — b, the coefficient of the left hand sides tends to 1, while the coefficient
of the right hand sides tends to 1/2. Therefore these inequalities can be considered
as the “local” version of the Hermite—-Hadamard inequality.
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We say that a function f : I — R is log-convex if the composite function
folog : exp(I) — R is convex (in the standard sense). In terms of general-
ized convexity, log-convex functions are exactly the (1, exp)-convex ones (consult
Theorem 2.7). The next corollary gives Hermite—-Hadamard-type inequality for
log-convex functions ([Dra0lc], [Fin0Q]).

COROLLARY 2.14. If f : [a,b] — Risa (1, exp)-convex function, then

(b—a)f (log opll) — exple > / f(
S( (b—a)exp(b)) _1> s (1_ (b— a) exp(a) )f(b).

exp(b) — exp(a exp(b) — exp(a)
The last corollary concerning the case of “power convexity” also reduces to
the classical Hermite—Hadamard inequality substituting p = 0 and ¢ = 1:

COROLLARY 2.15. If p < ¢, p,q # —1 and f : [a,b] C]O,c0[— R is an
(P, x7)-convex function, then

(bp“ - apﬂ)q( q+1 )pf o] 0+ (B! — ast)
p+1 pat+l — qa+1 (q + 1)(bPF1 — gp+1)

/fdx

(bPT1 —gPt1)pa (b9t —qat1)pp (b9t —qat1)aP (bp+1_ap+1)aq

p+1 B q+1 q+1 q+1
- aPbd — qabP fla)+ aPbid — qdbP 1 ().

The proofs of the last three corollaries need similar calculations as the first
one, therefore they are omitted.




CHAPTER 3

Generalized convexity induced by Tchebychev systems

In this chapter we formulate Hermite—Hadamard-type inequalities for gener-
alized convex functions where the underlying Tchebychev system of the induced
convexity is arbitrary. The proofs of the main results are based on the Krein-
Markov theory of moment spaces induced by Tchebychev systems. According to
this theory, the vector integral of a Tchebychev system can uniquely be represented
as the linear combination of the values of the system in certain base points of the
domain. The number of the points and also the points themselves, depend only on
the Tchebychev system and its dimension: it turns out that the cases of odd and
even order convexity must be investigated separately. In fact, this is exactly the
deeper reason for the analogous phenomenon in the case of polynomial convexity,
too. Once the base points of the representations are determined, its coefficients are
obtained as the solutions of a system of linear equations. With the help of the rep-
resentations and the notion of generalized convexity, the Hermite—Hadamard-type
inequalities can be verified using integration and pure linear algebraic methods.

In the previous chapters when the basis or the dimension of the studied
Tchebychev systems are quite special, the base points of the Hermite—-Hadamard-
type inequalities can explicitly be given. Unfortunately, under the present general
circumstances, we can guarantee only the existence (and the unigqueness) of the
base points, but cannot give any explicit formulae for them.

At last, motivated by Rolle’s mean-value theorem, an alternative and elemen-
tary approach is presented for the cases when the Hermite—Hadamard-type in-
equalities involve at most one interior base point of the domain. Some examples
are also presented of these particular cases.

3.1. Characterizationsand regularity properties

Let w = (w1,...,w,) be a Tchebychev system over an interval I and denote
the set of all linear combinations of its members by L(wy, ..., wy). A function is
called generalized polynomial (belonging to the system in question) if it is the ele-
ment of the linear span L (w1, ...,wy). In terms of generalized polynomials, gen-
eralized convexity can be characterized in a very descriptive geometrical manner.
Namely, a function is generalized convex if and only if it intersects its generalized
polynomial that interpolates the function in any prescribed points alternately. (The
number of the points depends on the dimension of the underlying Tchebychev
system). More precisely, we have the following

41



42 CHAPTER 3. GENERALIZED CONVEXITY INDUCED BY TCHEBYCHEV SYSTEMS

THEOREM 3.1. Let w = (wy,...,wy,) be a Tchebychev system over an inter-
val I. Then, for a function f : I — R, the following statements are equivalent:

(i) f is generalized convex with respect to w;
(ii) for all y; < --- < y, in I, the generalized polynomial w of wy,...,w,
determined uniquely by the interpolation conditions

satisfies the inequalities
(D" (fy) —w(®) 20 (g <y <yry1, k=0,...,n)

under the conventions yg := inf 7 and ¥, 1 := sup [;
(iii) keeping the previous notations and settings, for fixed & € {0,...,n}, the
following inequality holds

(D" (f(y) —w0(®) 20 (g <y < yrs1)-

PrRoOOF. First of all, in order to simplify the proof, two useful formulas are
derived. Denote the n — 1 tuple obtained by dropping the k** component of w

by w;, and define the determinants Dg, D1, ..., D, furthermore the generalized
polynomial w of wy,...,w, by
Dy = | wy) - w(ya) |
Dy f( 1> o fm)
wi(y1) - wi(yn)
" (=1)1D
w = Z( ) kwk
k=1 0

Due to the Tchebychev property of w, the determinant Dy is positive hence the
definition of w is correct. Fix y € I. Applying the expansion theorem to the first
column of the foIIowing determinant, we get the identity

Gy [0 Lol T | by - e,

Moreover, if yp < y < yg41 and (zg,z1,...,x,) denotes the increasing re-
arrangement of (y; y1, ..., yn), the previous identity can be written into the form
e2) | Lo B T Dyt - wi).

For the implication (i) = (i7), observe that (3.1) guarantees the required
interpolation property of w in the points 41, ..., y,. Clearly, w is uniquely deter-
mined. Suppose that f : I — R is generalized n-convex with respect to w. Then,
the positivity of Dy and formula (3.2) yield the inequalities to be proved. The
implication (i) = (z4i) is trivial. The proof of (iii) = (¢) is completely the
same as the proof of the first assertion. O
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In the standard setting and fixing & = 1, assertion (ii7) gives the classical def-
inition of standard convexity: a function is convex (in the standard sense) if and
only if it is “under” the chord of the graph. Moreover, substituting n = 2, we also
get a new characterization of generalized 2-convexity that completes Theorem 2.4.
However, the most important application of Theorem 3.1 guarantees strong regu-
larity properties for generalized convex functions.

THEOREM 3.2. Let w = (wy,...,wy) be a Tchebychev system over an inter-
val I. If f: I — R is a generalized n-convex function with respect to this system
and n > 2, then f is continuous on the interior of 1. Furthermore, f is bounded
on each compact subinterval of I.

PROOF. Choose yg € I° and fix g < 21 < --- < z, in I sothat x1 = yo
hold. Denote the generalized polynomials of w, ..., w, that interpolate wy in the
points zg . .., z,_1 and z1, . . ., z, by wM) and w(?, respectively. We assume that
n is even (the argument in the odd case is analogous). Then, according to (ii) of
Theorem 3.1, we have the inequalities

wW(y) > wo(y) > wP(y)  y€ [wo,21]
wW(y) <wo(y) <wP(y) vy e,z

On the other hand, w™ (1) = wo(yo) and w® (yo) = wo(yo). Therefore, due to
the continuity of the generalized polynomials w() and w®, we get that both the
left and right hand side limits of wg exist at the point yq and

lim wo(y) = wolyo)
Y—Yo—0

li =
m wo(y) = wolyo),

which yields the continuity of wy at the interior point yq of 1.

To prove the second assertion, we may assume that I = [a, b]. It is sufficient
to show that wyq is locally bounded at the endpoints of I. Fix zg < 1 < --- <
in I so that o = a hold, and denote the generalized polynomials of wy,...,w,
that interpolate wy in the points zg...,z,—1 and z1,...,z, by w® and w®,
respectively. We assume that n is even (the odd case is very similar). Then, by the
previous theorem again, we have the inequalities

wW(y) > wo(y) >wP(y)  ye [0, 2.

On the other hand, the functions w®) and w(® are continuous, therefore bounded
on [a, b]. Hence wy is bounded in a right neighborhood of the endpoint a. It can be
similarly proved that wy is locally bounded at the left endpoint b. O

In particular, generalized convex functions are integrable on any compact sub-
set of the domain. Let us also mention that the special case n = 2 gives the
statement of Theorem 2.8 via another approach in the proof.
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3.2. Moment spacesinduced by Tchebychev systems

The geometric study of moment spaces induced by Tchebychev systems was
systematically developed by M. G. Krein. Independently and simultaneously, S.
Karlin and L. S. Shapley elaborated the geometry of moment spaces induced by
the polynomial system. Some of the results of their researches play the key role in
the further investigations.

DEFINITION. Let w := (wy,...,w,) be a Tchebychev system on [a, b] and
denote the set of all nondecreasing right continuous functions defined on [a, b] by
B([a, b]). The set

M, = {c ER"|c= /: wdo, o € %([a,b])}

is called the moment space of w.

It can be shown that M, is a closed convex cone. More precisely, it is the
smallest closed convex cone that contains the parameterized curve w(t) where ¢
traverses the interval [a,b]. For details, see [KS66, pp. 38-41]. The following
notion makes the formulation of many theorems quite convenient.

DEFINITION. The index I(c) of a point ¢ € M,, is the minimal number of
points &1, . .., &,, In a representation

c=) opw(&)
k=1

under the convention that w(a) and w(b) are counted with half multiplicity, while
w(§) for & €]a, b] receives a full count. The points &1, .. ., &,, are called the roots
of the representation.

By the celebrated theorem of Carathéodory (see [Roc70]), each point belong-
ing to the conical hull of a given subset of R™ can be represented as a cone combi-
nation involving at most n points of the subset. Due to the Tchebychev property of
w, a surprisingly better upper bound can be established than n: it turns out that the
elements of M,, are cone combinations of approximately »/2 points of the range
of w. More precisely, the boundary and the interior of M,,, denoted by Bd M, and
IntM,,, can be characterized via the subsequent two theorems due to Krein and
Markov.

THEOREM C. ([KS66, Theorem 2.1. p. 42]) A vector ¢ € M, is a boundary
point of M,, if and only if I(c) < n/2. Moreover, every ¢ € BdM,, admits a
unique representation

c=Y wmw(&) (& elablar>0,k=1,...n)
k=1

where np < "EL,
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THEOREM D. ([KS66, Theorem 3.1. p. 44; Remark 3.1. pp. 45-46; Corollary
3.1. p. 47.]) For each ¢ € IntM,, there exist precisely two representations of
index I(c) = n/2. Distinguishing the even and odd cases, the representations in
question are the following.

Case n = 2m:

¢ = > (&) (& €lab]),
=1

m—1
¢ = fow(a)+ Z Brw(ng) + Bmw(b) (M E]a7b[)§

k=1
Casen =2m + 1:

c = aow(a)+zakw(§k) (& €la,b]),
k=1

¢ = > Bewlm) + Buprw®)  (nk €la,b]).

k=1
The roots of the representations in both cases strictly interlace.

Let I C R be areal interval and w := (ws,...,w,) be a Tchebychev sys-
tem over I. Then, for pairwise distinct elements t1,...,t, of I, the vectors
w(t1),...,w(t,) are linearly independent. This simple observation immediately
implies

THEOREM 3.3. The coefficients and the roots of the representations above are
uniquely determined.

Now we present a sufficient condition for a point ¢ to belong to the interior of
the set M,,. This condition guarantees that the inequalities of the main results have
exactly the required form.

THEOREM 34. Let w = (wy,...,wy,) be a Tchebychev system on [a, b] and
let p : [a,b] — R be a positive integrable function. Then,

b
c::/ wp € IntM,,.
a

PrRooF. Let us recall that M,, is a closed subset of R™. On the other hand,
the positivity of p yields ¢ € M,,, therefore it suffices to prove that ¢ ¢ BdM,,.
Assume indirectly that ¢ € Bd M,,. We shall distinguish two cases according to
the parity of n.

Case n = 2m+ 1. The indirect assumption and Theorem C implies I(c) < m
since I(c) increases at most 1,/2. For simplicity, assume that 7(¢) = m. Then there
are two further possibilities: the representation of ¢ involves either m pairwise
distinct interior base points &; < - -+ < &, or m — 1 pairwise distinct interior base
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points £ < - -+ < &,,—1 plus both the endpoints a and b, respectively. In the first
case we have the representation

c= Z arw(&g).
k=1

Due to the Tchebychev property of w and the positivity of p, we arrive at

0< | wit)p(t) w(&) - ta)pltn) wEn) Wtms)pltnr) |
for ty, €]ép—1,&[ (k= 1,...,m) where & := a and &,,+1 := b. After inte-
gration with respect to (¢4, ..., ¢n+1) and using the above representation of ¢, we
have
0 < | [Slwp w) - [ wp w(&m) [ wp‘

= | [Qwp w(&) - [ wp w(&n) S wp(

= | [Swp w&) o [T wp w(Em) fpr’

= | [ wp w(e) o [ wp wign) TR erw(&) | =0

since the last column is the linear combination of the even indexed columns. Thus
we get the desired contradiction.
Now consider the other case when ¢ has the representation

m—1

c=qyw(a) + Z apw (&) + amw(b).
k=1

Due to the Tchebychev property of w and the positivity of p again, we arrive at
0<| wa) wt)pt1) w&) - wEn1) @(tmpltn) w(d) |

for ty €)¢k—1,&[ (k= 1,...,m) where & := a and &,, := b. An analogous
argument to the previous one leads to contradiction.

Case n = 2m. Similarly to the odd case, now we may assume that I(c) =
m — 1/2. Then there are two possibilities: the representation of ¢ involves either
the endpoint ¢ and m — 1 pairwise distinct interior base points &, < --- < &, 1 Or
the endpoint b and m — 1 pairwise distinct interior base points &; < -+ < &,—1.
Applying the same method as above, both cases lead to contradiction again. [

3.3. Hermite-Hadamar d-type inequalities

The main results concern the cases of even and odd order generalized convex-
ity separately. First we establish Hermite—-Hadamard-type inequalities for the odd
order one.
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THEOREM 3.5. Let w = (wy,...,wam+1) be a Tchebychev system on [a, ]
and p : [a,b] — R be a positive integrable function. There exist uniquely deter-
mined base points &1, ..., &, and 11, . .., 0y, Of Ja, b[ such that

m b m
apw(a) + Zakw(fk) = / wp = Zﬁkw(nk) + Bm+1w(b).
k=1 @ k=1

The coefficients ag, ..., a,, and 51,..., Gn+1 are positive and uniquely deter-
mined, too. Furthermore, for any generalized w-convex function f : [a,b] — R,
the following Hermite—Hadamard-type inequality holds

m b m
cof(@)+ Yt ) < [ o< 30 Auf) + B f(0)
k=1 a k=1

PROOF. Let us note that fp is integrable on [a, b] by Theorem 3.2. The proofs
of the left and right hand side inequalities need similar methods, therefore, we
shall verify only the left hand side one. Theorem 3.4 guarantees that jab wp is an
interior point of the moment space M,, hence (see Theorem D and Theorem 3.3)
it has the representation

b
(3.3) / wp = apw(a Zakw &)

where the coefficients ay, ..., «,, and mterlor base points &1, ..., &, are deter-
mined uniquely. Defining & := a and &,,1 := b, consider the following system
of linear equations

m

/éimﬂ wp = cow(&o) + Z(CZ /gk wp + Ckw(ﬁk))

k=1 fkfl

where the unknowns are co, cj, c1, . . ., ¢}, ¢m. Due to the Tchebychev property of
w and the positivity of p, its base determinant

D::‘ w(&o) f&)l wp w() - fg,:;l wp w(&m) ‘

is positive. Therefore, the system has a unique solution (co, ci, c1, ..., ¢, cm).

s “mys

On the other hand, representation (3.3) shows that (ag, —1,1,...,—1,a4,) is
also a solution. Thus, ag, o, . . ., o, can be obtained by Cramer’s Rule:

ap = D’f wp w&) - [ wp w(én) fg"’“wp‘

6 m

Suppose now that wy : [a,b] — R is generallzed (2m + 1)-convex function
with respect to w. Then, for all elements ¢, of |, {x-+1[, the following inequality

holds:
0>‘ F&) flto) -+ f(m) f(tm)‘
| w(&) w(ty) - wém) w(tm) |’
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Multiplying both sides by the positive p(¢1) - - - p(,,) and integrating on the prod-

uct [§o, §1] X -+ X [€m, Em1] With respect to (to, . . ., ), We arrive at the inequal-
ity
0 > f() fg{fp e fEm) f%m+11fp
wéo) [olwp o @) [T wp
&) S e o S fgprr'--Jrfim“fp
W) S wp e wlEn) 5wt [ wp
| r@) Jgse o fEm) Sy fe
w(&o) fgolwp w(&n) fpr

Observe that the adjoint determinants of each element fi’”l fp in the last ex-
pression are equal to zero since their columns are linearly dependent due to (3.3).
Therefore, applying the expansion theorem to the first row, it follows that

b
0 < | we) [Swr w@) o 5w wie | [ e

— ’ f wp w 51 e f&:il wp w(gm) f; wp ‘f(fO)

S| wle) o S we e e [Pwp | f@),
k=1

Here the coefficient of fab fp is the positive determinant D, while the the coeffi-
cients of f(&),. .., (&) are exactly the numerators of ay, .. ., a,, (see above)
since the last column fab w can be replaced by ff:“ wp. After rearranging, we
get the left hand side of the Hermite—Hadamard-type inequality. g

THEOREM 3.6. Let w = (wi,...,wsy) be a Tchebychev system on [a, ]
and p : [a,b] — R be a positive integrable function. Then, there exist uniquely
determined base points &1, ...,&, and 1y, ..., mm—1 Of Ja, b] such that

m—1

Zakw(ﬁk)Z/ wp = fow(a) + Zﬁkw M) + B @ (b).
k=1

The coefficients o, . . ., a,, @and By, . . ., B, are positive and uniquely determined,
too. Furthermore, for any generalized w-convex function f : [a,b] — R, the
following Hermite—Hadamard-type inequality holds

m—1

Zakfék /fp<ﬁof ) 3 ) + S ),
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PrROOF. To prove the left hand side inequality, take the unique interior base

points &1, . . ., &, and coefficients o, . . ., a,, fulfilling the representation
b m
(3.4) [ o= i)
a k=1

guaranteed by Theorem 3.4. Defining &, := a and &,,,+1 := b, consider the fol-
lowing system of linear equations

Em+1 m &k
/ wp = Z(ci/ wp + ckw(fk)>
fm k=1 ékfl

where the unknowns are ¢, c1, . . ., ¢}, ¢m. Due to the Tchebychev property of w
and the positivity of p, its base determinant

Dy = ‘ [Swp w&) o [& wp w(Ew) ]
is positive hence the system has a unique solution (¢, ci,...,c,, ¢m). On the
other hand, the representation (3.4) shows that (—1, a1, ..., —1, a,,) is also a so-

lution. Thus, the coefficients can be obtained by Cramer’s Rule:
Lo ope ¢ £m Em
al - E ‘ ‘]‘601 wp f12 wp o Sm—l wp U(fm) f'm - wp ‘
L e 3 £ Em
o = E‘ ffol wp - fﬁ:_1 wp fkk-H wp - f€m+1 wp ’

Suppose now that f : [a,b] — R is a generalized (2m)-convex function with
respect to w. Then, for all elements ¢, of £, x+1[, the following inequality holds:

O<'f(to) f&) - f(&m) f(tm)’
| wlto) w&) o wEm) w(tm) |

Therefore,
0 < f%ilfp FE) - f(Em) f;ﬂﬂ i
féolwp w(&) - w(&m) fmmﬂwp
— fgol fp f(fl) . f(fm) fgol fp+"‘+fé;n+1 fp
[Fwp we) o wlEn) [Swott [ wp
I A T (O
Jolwp w(€r) o w(Em) J)wp
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In the last expression, the adjoint determinant of each element fi’““ fp are equal
to zero since their columns are linearly dependent due to (3.4). Applying the ex-
pansion theorem to the first row, we arrive at the inequality

’f wp w(&) o fo wp w(én) )-/abfp

| S S o we wlen) [ws |6
_Z‘ fé@l wp fg:_l wp f$k+l fabwp ‘f(gk)
k=2

Here the coefficient of ff fp is the positive Dq; moreover, the coefficients of
f(&), ..., f(&n) are exactly the numerators of v, . . ., a,, since the last column
f(f wp can be replaced by fgﬁ?“ wp. After rearranging, we get the left hand side
of the Hermite—Hadamard-type inequality.

For the right hand side inequality, take the uniquely determined interior base
points 71, . . ., nm,—1 and coefficients 3y, . . ., Gy, SO that the representation

b
(3.5) / wp = fow(a +Zﬁkw k) + Bmw (D)

hold. Defining 19 := a and n,, := b, consider the following system of linear
equations

/nm wp = cow(no) + mz:l(c}‘; /nk wp + ckw(nk)) + emw(Nm)

Nm—1 k=1 Nk—1

where the unknowns are co, cj,c1,...,¢,_1,Cm—1,Ccm. Due to the Tchebychev
property of w and the positivity of p, its base determinant

Dyi=| wlm) [ wp wim) o [ wp @) @) |
is positive hence the system has a unique solution co, ¢}, c1,..., ¢ 1, Cm—1,Cm.
The representation (3.5) shows that (8o, —1, 51, ..., Bm—1,—1, B) is also a so-
lution, therefore Cramer’s Rule can be applied:

fo = 5 wp wlm) o whper) [ wp w(”m)’
1 , m
5 = = wln) - 777211 wp ;;kJrl wp - f:mﬂ wp w(nm)‘
2
1 m— m
TP T R |

These coefficients are positive since even changes are needed to transfer the col-
umn f:":l wp to the adequate place.
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If a function f : [a,b] — R is a generalized (2m)-convex with respect to w,
then we arrive at the inequality

m— b
fo) [ fo flm) - [T fe flm) S fp
i b
w(n) [l wp w(m) mwp W) [, wp
whence an analogous argument to the previous one completes the proof. O

Y

NMm—2

3.4. An alternative approach in a particular case

To prove the main results, the main point is the existence of the representa-
tions of Theorem D. These representations can also be considered as systems of
nonlinear equations where the unknowns are the coefficients and the base points.
The number of the equations and the unknowns coincide in each case. In those
cases when only one interior base point is involved, the solubility of the system
of equations can directly be verified without applying the Krein—-Markov theory of
moment spaces.

THEOREM 3.7. Let w = (w;,ws,ws) be a Tchebychev system on [a, b] and
p : [a,b] — R be a positive integrable function. Then, there exist unique elements
&, n of |a, b and uniquely determined positive coefficients c¢;, co and dy, ds such
that

b
aw(a) + cow(l) = / wp =diw(n) + dow(b).

Furthermore, if a function f : [a,b] — R is generalized 3-convex with respect to
w, then the following Hermite—Hadamard-type inequality holds

b
e1f(a) + eaf(€) < / fo < dif(n) + daf (b).

PrRoOF. We shall restrict the process of the proof only on the existence of the
interior point £. To do this, define the function F' : [a, b] — R by the formula

wila) [ywip [ e
F(x) ::‘ w(a) [Fwp f;wp ‘;: wala) [FTuwap [ wap
ala) [Twsp [Pusp

Then, F' is continuous on [a,b] and F(a) = F(b) = 0. Further on, F(z) # 0
if z €]a,b[ due to the Tchebychev property of w and the positivity of p. For
simplicity, we may assume that F is positive on ]a, b[. Therefore, by Weierstrass’
theorem, there exists £ €]a, b[ such that

F — max F.
€3] na

Assume that = €]&, b]. Then, the maximal property of £ yields the inequality

05 F@-F© _| o Jewr

— Jlwp
fgp ng
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The central column of the determinant tends to w(¢) as « tends to £ since the
following estimations are valid for k£ = 1, 2, 3:

minge ;) w, fgp _ fg WP _ MAaXe 5 W fgp

minwy = < < = max wg.
€.2] Jer Jer Jer €.2]
Therefore

| w(@) w©) [l |<0

Choosing z € [a, £[ and using the maximal property of £ again, we get the opposite
inequality with the same argument and arrive at the identity

| wa) w©) [lwp|=0

Thus, the linear independence of w(a) and w(§) yields that there exist coefficients
c1 and ¢y such that

b
caw(a)+ cow(§) :/ wp.

The right hand side inequality can be verified with an analogous argument, there-
fore the proof is omitted. O

Let us note, that if the weight function p is continuous, then the function F' is
differentiable and Rolle’s mean-value theorem can directly be applied.

The representations of Theorem 3.7 are linear with respect to the coefficients.
Therefore, in concrete cases, the main difficulty is to determine the interior base
points £ and n. Without claiming completeness, we list some examples when they
can be determined explicitly.

ExXAMPLE 1. If the Tchebychev system (wy,ws,ws) is defined on [a, b] by
wi(x) =1, wa(x) = sinh z, ws(z) = coshx and p = 1, then
sinhb — sinha — (b — a) cosha
coshb — cosha — (b— a) sinha> a
sinhb — sinha — (b — a) cosh b
coshb — cosha — (b — a) sinh b) B

PrRoOOF. With the above setting, the left hand side representation of Theo-
rem 3.5 reduces to the following system of nonlinear equations

& = 2artanh<

n = 2artanh<

b
c1+c = /1da;:b—a
a
b
cisinha + casinhé = / sinh zdx = cosh b — cosh a
a

b
cicosha+ cgcoshé = / cosh xdx = sinh b — sinh a
a
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where the three unknowns are ¢y, co and &, respectively. Multiplying the first equa-
tion by sinh a and subtracting it from the second one, then multiplying again the
first equation by cosh a and subtracting it from the third one, the coefficient ¢; can
be eliminated and it follows

ca(sinh & —sinha) = coshb — cosha — (b — a)sinha
ca(cosh& — cosha) = sinhb —sinha — (b — a) cosha.

Applying the well known additional properties of hyperbolic functions for the
identities ¢ = (£ +a)/2+ (£ —a)/2and a = (£ + a)/2 — (£ — a)/2, the
left hand side of both equations can be written into product form:

2¢y cosh <§—|2—a> sinh (5 ; a> = coshb— cosha — (b—a)sinha

2¢, sinh <5‘;“> sinh (5 3 “) — sinhb —sinha — (b — a) cosha.

The left hand side of the first equation differs from zero since £ # a. Therefore,
dividing the second equation by the first one, we get the equation
tanh (f —;— a) _ sinhb —sinha — (b —a)cosha

whence the desired expression of ¢ is obtained. For determining », we shell con-
sider the following system of nonlinear equation:

coshb — cosha — (b — a)sinha’

di+do = b—a
dy sinhn + dysinhb = coshb — cosha
dycoshn+dycoshd = sinhb —sinha.
In this case, the coefficient dy can be eliminated with a similar method to the

previous one. The new system of equation, due to the additional formulae again,
can be written into the form

b+ . b—
2d cosh (277) sinh <277>

24, sinh (i”) sinh <b;’7> _ sinhb—sinha — (b— a) coshb.

coshb — cosha — (b — a)sinhb

This system, analogously to the previous case, yields the equation

tanh b+mn\ _ sinhb—sinha — (b—a)coshd
2 ) coshb—cosha— (b—a)sinhb’
whence the base point 7 can be expressed easily. O

The proofs of the subsequent examples are similar to the previous one, there-
fore they are omitted.



54 CHAPTER 3. GENERALIZED CONVEXITY INDUCED BY TCHEBYCHEV SYSTEMS

EXAMPLE 2. If the Tchebychev system (w;,ws,ws) is defined on [a,b] C
| = mw[bywi(z) =1, wa(z) = sinz, ws(x) = cosz and p = 1, then

sina —sinb+ (b — a) cosa
= 2arct —
¢ arctatl <cosa—cosb—(b )sma) “
sina —sinb+ (b — a)cosb
= 2arct —b.
g arctan <cosa —cosb— (b—a) smb>

ExAMPLE 3. If the Tchebychev system (wq,ws,ws) is defined on [a, b] by
wi(x) =1, wa(x) = expx, w3(x) = exp2x and p = 1, then

¢ exp 2b — exp 2a — 2(b — a) exp 2a
2(expb —expa — (b—a)expa)

log [ &P 2b — exp2a — 2(b — a) exp 2b ext b
= —ex
g 2(expb—expa — (b—a)expb) P

ExAMPLE 4. If, for p > 0, the Tchebychev system (w1, w2, ws) is defined on
[a,b] C [0, +o0[ by wy(x) =1, wa(x) = 2P, w3(z) = 2% and p = 1, then

b—a)a® _ap)l/p

p+1 Pl _ g2t _(2p 41
& = )
= 1 e D@
p+1 P a2t (2p + 1)(b— a)b?? B L/p
2p+1  bptl —aptl — (p41)(b—a)bP ’

Ui

The particular case p = 1 of the last example gives a corollary of Theorem 1.10
for polynomially 3-convex functions. For 3 dimensional Tchebychev systems gen-
erated by arbitrary power functions, the interior base points in general, cannot be
expressed explicitly.

The proof of Theorem 3.7 is applicable for generalized 2-convexity, and gives
a different approach followed in Theorem 2.10. We can also state right hand side
Hermite—Hadamard-type inequality for generalized 4-convex functions.

THEOREM 3.8. Let w = (w1, ws,ws,ws) be a Tchebychev system on [a, ]
and p : [a,b] — R be a positive integrable function. Then, there exist a unique
element ¢ of |a, b and uniquely determined positive coefficients ¢y, co, c3 such that

b
/ wp =cw(a) + caw(§) + csw(b).

Furthermore, if a function f : [a,b] — R is generalized 4-convex with respect to
w, then the following Hermite—~Hadamard-type inequality holds

b
/ fo < erf(a) + exf(€) + esf(b).
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HINT. Apply the same argument as in the proof of Theorem 3.7 for the func-
tion F : [a,b] — R defined by the formula

wi(a) [wip @i(B) [Jwip
P
“ “ ws(a) [, wap ws(b) fgbwsp
wa(a) [, wip wi(b) [ wap
O
For example, if w(z) := (coshx,sinhz, cosh 2z, sinh 2x), then one can

check that the interior base point of the inequality is exactly the midpoint of the
domain. Unfortunately, the method fails if someone tries to use it for proving left
hand side Hermite—Hadamard-type inequality for a generalized 4-convex function
since, by the even case of Theorem D, the existence of two interior base points
should be guaranteed. For similar reasons, the “existence” part in the proof of
Theorem 3.7 cannot be applied for generalized n-convex functions if n > 4.






CHAPTER 4

Characterizationsvia Her mite-Hadamard inequalities

Under some weak regularity conditions, the Hermite—Hadamard-inequality
characterizes (standard) convexity (see [Kuc85, Excersice 8. p. 205]). The aim
of this chapter is to verify analogous results for (wy, w2 )-convexity. To do this, the
most important auxiliary tool turns out to be some characterization properties of
continuous, non generalized 2-convex functions.

4.1. Further properties of generalized lines

In the further investigations, two properties of generalized lines are crucial.
The first one improves the statement of Lemma 2.2 and states that, on compact
intervals, generalized lines are uniformly non bounded.

LEMMA 4.1. Let (w1, w2) be a Tchebychev system on an interval . Then, for
any compact subinterval of I and positive number K, there exists w € L(w1,ws)
such that w > K on the compact subinterval.

PrRoOF. According to Lemma 2.2, there exist coefficients «, 8 such that the
generalized line aw; + Pwo is positive on the interior of 1. Therefore, if [x,y] isa
compact subinterval of I, m := min{aw; (t) + Swa(t) |t € [x,y]} > 0. Defining
the coefficients o* and 5* by the formulae

.. oK .. PK
o = — 6" = —,
m m
the generalized line w := a*w; + B*ws is strictly greater than K on [, y]. O

The second important property concerns the convergence of generalized lines.
It turns out that pointwise convergence is not only a necessary but a sufficient con-
dition for the uniform convergence of sequences of generalized lines. Let us note
that an analogous result remains true for generalized polynomials in the higher-
order case.

LEMMA 4.2, Let (w1,ws) be a Tchebychev system on an interval I, further-
more w = aw; + fwy and w, = a,wi + Ppwe (n € N) be generalized lines.
Then, the following statements are equivalent:

(i) there exist elements = < y of I such that w,,(z) — w(z) and w,(y) — w(y);
(ii) the sequences «,, and 3,, are convergent furthermore «,, — « and 5, — 3;
(iii) w, — w uniformly on each compact subset of I.

57
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PROOF. (i) = (7). Applying Cramer’s Rule and the convergence properties
of wy,(x) and wy, (y), one can easily get that

'w(x) wa () wn(x) wa(z) ‘

fo 0@ @) | eny) waly) |
wl(:z) (,QQ(Z‘)‘ n%oo'wl(l:) wQ(x)‘ o Gn
wi(y) wa(y) wi(y) wa(y)

The convergence of G,, can be obtained similarly.

(i7) = (4i7). Let [x,y] be a compact subinterval of I, furthermore ¢ € [z, y]
arbitrary. Due to the continuity of the functions w; and ws, there exists K > 0
such that

[,y] [,y]

max{sup]uq(t) |, sup | wa(t) |} < K.

Therefore,
|wn(t) —w(t) |

| apwi(t) — awi (t) + Brwa(t) — Bwa(t) |
|an — allwi(t) |+ | Bn — B|w2(t) |
K(law —a|+]B—8]) — 0

as n — oo; hence w, — w uniformly on [z, y|.
(731) = (7). Trivial. O

IN A

Under the assumption of continuity, if a function is not convex, then it must be
locally strictly concave somewhere. The following theorem generalizes this result
for non (wy, we)-convexity.

THEOREM 4.3. Let (w;,wsy) be a Tchebychev system on an interval I, fur-
thermore f : I — R be a continuous function. Then, the following assertions are
equivalent:

(i) fisnot (w1, ws)-convex;
(if) there exist elements x < y of I such that w < f on |z, y[ where w is the
generalized line determined by the properties

w(z) =f(z)  wly) = fy)
(iii) there exist elements x < p < y of I and a generalized line w such thatw > f
on [z, y], moreover

f(@) <w(z) [flp)=wlp) [(y) <w(y);

(iv) there exists p € I° such that f is locally strictly (w;,ws)-concave at p, that
is, there exist elements x < p < y of I such that,forall z < u < p < v < y,
the following inequality holds:

fw)  flp)  f(v)
wi(u) wi(p) wi(v) | <O0.
wa(u) wa(p) wa(v)
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PROOF. (i) = (i4). If f is not (w1, ws)-convex, then there exist elements
xo < p < yo of I such that w(p) < f(p), where w is the generalized line deter-
mined by the properties w(zg) = f(x) and w(yo) = f(y) (see assertion (vi) of
Theorem 2.4). Define the function F' : [z¢, yo] — R by F' := f — w furthermore
the elements x and y by the formulae

x = sup{t|F({t)=0,20<t<p}
y = sup{t|F(t)=0,p<t<yo}

Clearly, zp < x < p < y < yo hold; moreover, F(z) = F(y) = 0and F > 0
on ]z, y[ due to the continuity of F. Thatis, w(z) = f(z), w(y) = f(y) and
f(t) > w(t) forall t €]z, yl.

(73) = (417). Take the elements = < y of I and the generalized line w fulfilling
the properties w(x) = f(x), w(y) = f(y) and wlj,, < fljzy- Define, for all
t € R, the family of “parallel” generalized lines w, furthermore the real number ¢
by

wi(z) =w(z) +t  wi(y) =w(y) +t
Observe first that wt|(, , > fl[.,y for “sufficiently large” ¢. Indeed, take the
generalized line w* satisfying the inequality w*((, ,; > max f|j , and choose
t > 0 such that w:(z) > w*(x) and w:(y) > w*(y) hold. (The existence of w*
is guaranteed by Lemma 4.1.) Then, w|(, ) > w*[(,, due to Lemma 2.1 hence
Welfz,y] > fliz,y- ON the other hand, a similar argument to the previous one yields
the inequalities wi|(; ) < wl[z,y] < fl[,y) Tor all £ < 0. Therefore,

to = inf{t cR | wt\[Ly} > f’[az,y]}
By definition, wy, > f on [z,y]. Assume indirectly that this inequality is strict.
Then, according to the continuity of w;, and f, there exists e > 0 such that
f + e < Wi

on [z, y]. Consider the sequence of generalized lines w,, determined by the condi-
tions

wn(z) == w(x) +to — % wn(y) == w(y) +to — %

Lemma 2.1 implies that (w,,) is strictly monotone increasing; further on, according
to Lemma 4.2, w,, — wy, uniformly on the compact interval [z, y] since wy,(x) —
wi, (z) and wy, (y) — wy, (v). Hence, there exists ng € N satisfying the inequalities
9
Wny < Wty < Wy + 5

Comparing this to the previous one, it follows that
£
[+ B

which contradicts the definition of ¢y since w,, can also be written into the form
wy,—1/n- Therefore, the choice wy, satisfies the requirements.

< Wng < Wtg s
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(#31) = (iv). Due to the continuity of the functions f and w, we may assume
that p is the minimal element of ]z, y[ fulfilling the properties of the assertion.
Then, f(u) < w(u) ifz <u < pand f(v) < w(v) if p < v < y. Therefore,

fw)  flp)  fy) w(u) wp) w)
wi(u) wi(p) wi(v) | <| wi(u) wilp) wi(v)
wa(u) wa(p) wa(v) wa(u) wa(p) wa(v)

since the adjoint determinants of f(u) and f(v) are positive, furthermore, f and w
coincide at p. However, w is a linear combination of w; and ws hence the left hand
side of the previous inequality equals zero.

(1v) = (7). Trivial. O

The next result shows that (w;, we)-convexity, similarly to the standard one, is
a pointwise property.

COROLLARY 4.4. Let (w;,ws) be a Tchebychev system over the open interval
I, furthermore f : I — R be a given function. Then, the following assertions are
equivalent:
(i) fis (wy,wsq)-cONVeX;
(if) fislocally (w1, ws)-convex, that is, each element of the domain has a neigh-
borhood where it is (w;, w2 )-convex;
(iif) f is continuous and, for all p € I, there exist elements = < p < y of I such

that
fw)  flp)  f(y)
wi(u) wi(p) wi(v) | =0
wa(u) wa2(p) w2(v)
forallz < u < p<wv<uyl(ie., fislocally convex at each point).

HINT. The implications (i) = (i¢) and (ii) = (4¢4) are trivial. For the impli-
cation (iii) = (i), the last assertion of Corollary 4.4 can be applied, which, in the
case of indirect assumption, immediately leads to contradiction. O

4.2. Hermite-Hadamard-typeinequalities and (w;, ws)-convexity

The main results are presented in three theorems. The first and the second ones
concern the left and right hand side inequalities of Theorem 2.10 independently,
while the third one is analogous to the classical Jensen inequality.

THEOREM 4.5. Let (w1, w2) be a Tchebychev system on an interval [a, b] such
that w is positive on ]a, b, furthermore p : [a,b] — R be a positive integrable
function. Define, for all elements = < y of [a, b], the functions {(x, y) and ¢(z, y)
by the formulae

E(x,y) = (wQ)_l (fjw2p>, (. y) = e P

wi J7 wip -~ wié(z,y)’
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Then, a continuous function f : [a,b] — R is generalized convex with respect to
(w1, w9) if and only if, for all elements = < y of [a, ], it satisfies the inequality

c(z,y)f /fp

PROOF. The necessity is due to Theorem 2.10. For the converse assertion,
note first that the mapping (z,y) — &(z,y) is continuous in each variable and
takes its value between x and y since it is a Lagrange-type mean-value. Further
on, c(x,y) and &(x, y) are so constructed that all generalized lines (i.e., the linear
combinations of wy and ws) are the solutions of the functional equation

4.1) el () = [ "wp (z<y).

(For the details, see the proof of Theorem 2.10.) Assume that f satisfies the in-
equality of the theorem and, indirectly, is not (w1, w2 )-convex. Then, according to
assertion (iii) Theorem 4.3, there exist elements = < p < y of I and a generalized
line w such that f < w on [z, y] and

f(@) <w(z) flp)=wlp) [ly) <w(y).

If, for example, p < &(x,y), then there is u €]p, y] such that p = £(z, u) since & is
a Lagrange-type mean-value. The inequality f(z) < w(x) and the continuity of f
implies that f < w on a right hand side neighborhood of = hence, applying (4.1),
it follows that

c(z,u)f(&(z,u)) < /u fp< /uwp = c(z, u)w(&(z,u)).

On the other hand, both sides have the common value ¢(z,u) f(p), which is a
contradiction. O

THEOREM 4.6. Let (w;,w2) be a Tchebychev system over an interval [a, b]
such that wy is positive on ]a, b[, furthermore p : [a, b] — R be a positive integrable
function. Define, for all elements = < y of [a, b], the functions ¢; (x, y) and ca(z, y)
by the formulae

l fywlﬂ w1(y) ‘
Y iop wa(y)

u11( ) wi(y) wi(z) wi(y) ‘ '

wa(z) wa(y) wa(z) wa(y)

Then, a continuous function f : [a,b] — R is generalized convex with respect to
(w1, we) if and only if, for all elements x < y of [a, ], it satisfies the inequality

’ w1 (x) wip

a(z,y) = ‘ co(z,y) = ‘

/ " fp < er(wy) (@) + eale ) ).
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PROOF. The necessity is due to Theorem 2.10 again. Conversely, note first
that ¢; (z,y) and co(x, y) are constructed such that all generalized lines (i. e., the
linear combinations of wy and wy) are the solutions of the functional equation

(4.2) / " wp = e1(e, y)w(e) + ea(a, Y (y).

(For the details, see the proof of Theorem 2.10.) Assume indirectly that f is not
(w1, wsz)-convex. Then, according to assertion (ii) of Theorem 4.3, there exist
elements x < y of I and a generalized line w such that w(z) = f(z), w(y) = f(y)
and w < f on |z, y[. Therefore,

/ywp</yfp < calz,y) f(x) + oz, y) f(y)

= ('Ia y)CU(IE) + 02(277 y)CU(y)
which contradicts (4.2). O
THEOREM 4.7. Let (w1, ws) be a Tchebychev systemon I and f : I — R be

a continuous function. Keeping the notions of Theorem 4.6 and Theorem 4.5, f is
(w1, ws)-convex if and only if, for all elements 2z < y of I, it satisfies the inequality

c(z,y) f(&(x,y)) < ez, y)f(@) + ez, y) f(y)

PROOF. The necessity part has already been proved in Theorem 2.10. For the
sufficiency, observe first that the functions ¢, ¢1, ¢ and £ are so constructed that all
the generalized lines are the solutions of the functional equation

c(z,y)w(E(z,y) = alz,yw(@) + el yoly)  (z<y)
since both sides have the common value [” wp. Assume indirectly that a function
f I — R satisfies the inequality of the theorem and is not generalized convex
with respect to (w1, ws). Then, there exist elements < y of I and a generalized
line w fulfilling the conditions

w(x) = f(iL‘) whx,y[ < f’]a},y[ w(y) = f(y)

due to Theorem 4.3. Therefore, taking the above observation into consideration,
one can immediately get that

@, f(E(x,y) < aly)f@)+ely)f(v)

a1z, y)w(z) + co(z, y)w(y)

= c(z,y)w(E(r,y) < clzy)f(E,y)

which is a contradiction. O

A

To give a unified view, the previous results are combined in the subsequent
corollary. This corollary, Theorem 2.4, Corollary 2.6, Theorem 2.7 and Corol-
lary 4.4 together are a comprehensive characterization of generalized convexity
induced by two dimensional Tchebychev systems.
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COROLLARY 4.8. Let (w1,w2) be a Tchebychev system on I such that w is
positive on I°, furthermore p : I — R be a positive integrable function. Keeping
the notions of Theorem 4.5, Theorem 4.6 and Theorem 4.7, the following assertions
are equivalent for any function f : I — R:

(i) f is generalized convex with respect to (w1, ws);
(ii) f is continuous and, for all elements = < y of I, satisfies the inequality

ez, y) f(€(z,y)) < /y fo;

(iif) f is continuous and, for all elements = < y of I, satisfies the inequality

Yy
[ 0= al@nie) + alen)iw:
(iv) f is continuous and, for all elements x < y of I, satisfies the inequality
c(z,y)f(E(z,y)) < ez, y)f(@) + ca(z,9) f(y)-

The question arises, quite evidently, whether Hermite—Hadamard-type in-
equalities also characterize generalized convexity in the general case or not. To
give an affirmative answer even in the polynomial case remains an open problem
and may be the subject of further researches.






Summary

The notion of convexity can be extended applying Tchebychev systems (con-
sult the definitions of the INTRODUCTION). The aim of the dissertation is to gen-
eralize the classical Hermite—Hadamard inequality for the extended setting.

In CHAPTER 1 we deal with the case of polynomial convexity and apply var-
ious methods of numerical analysis, like Gauss-type quadrature formulae (The-
orem 1.1, Theorem 1.2, Theorem 1.3, Theorem 1.4) and Hermite-interpolation.
Two results of Popoviciu (Theorem A and Theorem B) are also crucial. For tech-
nical reasons, further auxiliary tools are developed and applied (see Theorem 1.5,
Lemma 1.6, Lemma 1.7). The main results are presented in two theorems (Theo-
rem 1.8 and Theorem 1.9) distinguishing the parity of the order of convexity:

THEOREM. Let p : [a,b] — R be a positive integrable function. Denote the

roots of P, by &,...,&, where P, is the m!* degree member of the orthogo-
nal polynomial system on [a, b] with respect to the weight function (z — a)p(x),
furthermore denote the roots of Q,, by n1,...,n, Where Q,, is the m!" degree
member of the orthogonal polynomial system on [a, b] with respect to the weight
function (b — x)p(x). Define the coefficients ay, . .., a;, and 3y, . .., Bp+1 by the
formulae
1 b,
ay = P%@)/a P2 (x)p(x)dz,
1 b (z — a)Pp(x)
o = z)dz
k §ka/a (ﬂﬁfﬁk)Pr’n(ﬁk)p( )
and
L (b—2)Qm(2)
B = / z)dz,
g b— le; (z — )@, (Uk)p( )

Prmg1 = Q2 /Q2

If a function f : [a,b] — R is polynomially (2m + 1)-convex, then it satisfies the
following Hermite—Hadamard-type inequality

m b m
cof(@)+ Y af6) < [ 1o <D B + B f(0)
k=1 a k=1

65
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THEOREM. Let p : [a,b] — R be a positive integrable function. Denote the
roots of P, by &1,. .., &y Where Py, is the m?” degree member of the orthogonal
polynomial system on [a, b] with respect to the weight function p(z), and denote
the roots of Q,,—1 by 01, ..., 9m—_1 Where Q,,,—1 is the (m — 1)t degree member
of the orthogonal polynomial system on [a, b] with respect to the weight function
(b — z)(z — a)p(x). Define the coefficients a1, ..., a,, and By, ..., Bmt1 by the

formulae ,
L C R,
o "/a EEAA A
and
_ 1 ’ . 2
b = Goagr ). O D@,

Br =

L P (b—2)(z — a)Qm-1(2)
(b—mk)(§k — @) /a @ — Q. (1) p(r)dz,

1 b 5
- = - _ dx.
b = Gagr ) ), @~ @@t
If a function f : [a,b] — R is polynomially (2m)-convex, then it satisfies the
following Hermite—Hadamard-type inequality

m b m—1
S auf©) < [ fo < Bof@+ 3 Bufm) + B ().
k=1 e k=1

Specializing the weight function p = 1, the roots of the inequalities can be
obtained as convex combinations of the endpoints of the domain. The coefficients
of the convex combinations are the roots of certain orthogonal polynomials on
[0, 1] in both cases. Observe that interchanging the role of the endpoints in any
side of the inequality concerning the odd order case, we obtain the other side of
the inequality.

THEOREM. Let, for m > 0, the polynomial P, be defined by the formula

1 1
1 2 m=+1
x % . 2
Py (x) = X m+
: 1 o
™S g
Then, P, has m pairwise distinct roots Ay, ..., A, in |0, 1[. Define the coefficients
Qg, - - ., Qy DY
1 r,
ay = / P2 (x)dx,
PE0) Jo ™
I P,
ap = — Pn(2) dzx.

Me Jo (@ = A) Pl (k)
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If a function f : [a,b] — R is polynomially (2m + 1)-convex, then it satisfies the
following Hermite—Hadamard-type inequality

k=1 @

<) arf(Ma+ (1= Mp)b) + aof (D).

k=1
THEOREM. Let, for m > 1, the polynomials P, and Q,,_1 be defined by the
formulae

11 %
1
x = P —
Pu(x) = | . ™,
1 2713 m(’nlz—l—l)
x :’T14 T +1)1( +2)
Qm-1(z) = : . . .
m-1 1 ' 1
x (m+1)(m+2) = (@m-12m
Then, P, has m pairwise distinct roots Ay, ..., A, in]0,1[and Q,,—1 hasm — 1
pairwise distinct roots p, . . ., pm—1 in J0, 1[, respectively. Define the coefficients
at, ...,y and By, ..., G by
! P (z)
Q= dx
* /0 (@ = M) Py (k)
and
1 ! 9
fo = / 1 —2)Q2,_(x)dz,
7271_1(0) 0 ( ) 1( )
1 b a(l = 2)Qu-(2)
B = / dz,
(1= pe)pr Jo (2 — )@y (pr)
1 1
ﬁm = / $Q3n_ (iv)d.l‘
) Jo !

If a function f : [a,b] — R is polynomially (2m)-convex, then it satisfies the
following Hermite—Hadamard-type inequality

m b
> awf (1= Wat ) < - [ fla)da
k=1 a

m—1

< Bof(@)+ D Brf (1= p)a+ pb) + B f(b).

k=1



68 SUMMARY

In CHAPTER 2 we study the case of generalized 2-convexity or, in other
terms, (w1, ws)-convexity. After some technical preambles (such as Lemma 2.1,
Lemma 2.2, Lemma 2.3), the first important result of the chapter (Theorem 2.4)
gives various characterizations of generalized 2-convex functions:

THEOREM. Let (w1, ws) be a Tchebychev system over an interval I such that
wy is positive on I°. The following statements are equivalent:

(i) f:I— Ris (wy,ws)-coNVex;
(ii) for all elements x < y < z of I we have that

f) f(Z)‘ f(z) f(y)'
wi(y) wi(z) wi(z) wi(y) |
‘ wi(y) wi(z) ‘ T wi(@) wi(y) '7
wa(y) wa(z) wa ()  wa(y)

(iii) for all zo € I° there exist a, 5 € R such that

aw(zo) + Bwz(zo) = f(z0),
awi(z) + Pwe(z) < f(z) (xel)

(iv) foralln € N, zg, z1,...,2, € T and Aq,..., \, > 0 satisfying the condi-
tions

> Mwi(zr) = wi(zo)
k=1

D Mewa(zr) = wa(xo)
k=1

we have that

Flao) <> Nef(zn);
k=1
(v) forall zg, 21,z € T and A1, Ao > 0 satisfying the conditions
)\1(4}1 (xl) + )\2&)1 (CL‘Q) = wl(l'o)
/\1&12(.%‘1) + )\2&)2(1?2) = WQ(.%'0>
we have that
f(@o) < Mif(z1) + Ao f(22);
(vi) forall elements z < p < yof I
f(p) < awi(p) + Bwa(p)
where the constants «, (5 are the solutions of the system of linear equations
flx) = awi(x)+ Pw(x)
fly) = awi(y) + Pwa(y).
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In the standard setting this result reduces to the well known properties of con-
vex functions (compare Corollary 2.5) and also gives another characterization via
generalized supports (Corollary 2.6). It turns out that generalized convexity is
also equivalent to the (standard) convexity of a certain composite function (Theo-
rem 2.7, see below). This connection enables us to state regularity properties for
generalized 2-convex functions (Theorem 2.8) and also to generalize the stability
result of (standard) convexity (Corollary 2.9).

THEOREM. Let (wy,w2) be a Tchebychev system on an open interval I such
that w, is positive. The function f : I — R is (w1, ws)-convex if and only if the
function g : we /w1 (1) — R defined by the formula

—1
f wo
g:=-—o|—
w1 w1
is convex in the standard sense.

The main result of the chapter states Hermite—Hadamard-type inequality for
generalized 2-convex functions (Theorem 2.10).

THEOREM. Let (w1,wsy) be a Tchebychev system on an interval [a, b] such
that w; is positive on |a, b[, furthermore, let p : [a, b] — R be a positive integrable
function. Define the point £ and the coefficients ¢, ¢1, ¢o by the formulae

-(2) (b)) -t

and
‘f wip wi(b ‘ wi(a) fbwlp
Jo wap wa(b) | wala) [ wop
“T ‘wm o (b) “ 7 T w1<b>"
wala) wa(b) wala) wa(b)

If f : [a,b] — R is an (w;,wsy)-convex function, then the following Hermite—
Hadamard-type inequality holds

b
6 < / fo < erf(a) + caf (b).

The proof is based on the previous two theorems. Theorem 2.8 guarantees the
integrability of generalized 2-convex functions defined on compact intervals. The
generalized support and chord properties (assertions (iiz) and (vi) of Theorem 2.4)
give the left and the right hand side inequalities, respectively.

The aim of CHAPTER 3 is to show the existence of Hermite—Hadamard-type
inequalities for generalized convexity induced by arbitrary Tchebychev systems.
To prove regularity properties for generalized convex functions (Theorem 3.2), the
following characterization result (Theorem 3.1) plays the key role.
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THEOREM. Let w = (wy,...,wy) be a Tchebychev system over an interval
1. Then, for a function f : I — R, the following statements are equivalent:

(i) f is generalized convex with respect to w;
(ii) for all y; < --- < y, in I, the generalized polynomial w of wy,...,w,
determined uniquely by the interpolation conditions

fyr) = wlyk) (k=1,...,n)
satisfies the inequalities

(D" (fy) —w(y) =0 (Y <y <Y1, k=0,...,n)

under the conventions yg := inf 7 and ¥, 1 := sup [;
(iii) keeping the previous notations and settings, for fixed & € {0,...,n}, the
following inequality holds

(D)™™ (f(y) —w(y) =0 (yr <y < Yps1)-

Unfortunately, under such general circumstances the base points of the
Hermite—Hadamard-type inequalities cannot be expressed explicitly, we can state
only their existence (Theorem 3.4) and uniqueness (Theorem 3.3). Once hav-
ing this, the inequalities themselves can be verified applying pure linear algebraic
methods and the definition of generalized convexity. The main tool of the chapter
is the Markov—Krein theory of moment spaces induced by Tchebychev systems
(Theorem C and Theorem D). Distinguishing the odd and even order cases, the
main results read as follows (Theorem 3.5 and Theorem 3.6).

THEOREM. Let w = (w1, ...,wam+1) be a Tchebychev system on [a, b] and
p : [a,b] — R be a positive integrable function. There exist uniquely determined
base points &1, ...,&, and ny, ..., my, Of Ja, b] such that

m b m
cow(a) + Y @) = [ wp =Y Bw(n) + ).
k=1 @ k=1

The coefficients «y, ..., a,, and Gy, ..., Bm+1 are positive and uniquely deter-
mined, too. Furthermore, for any generalized w-convex function f : [a,b] — R,
the following Hermite—Hadamard-type inequality holds

m b m
cof(@)+ Y af©) < [ o< 30 Aufm) + B f (1)
k=1 a k=1

THEOREM. Let w = (wi,...,wsn) be a Tchebychev system on [a, b] and
let p : [a,b] — R be a positive integrable function. Then, there exist uniquely
determined base points &1, ...,&, and 1y, ..., mm—1 0f Ja, b] such that

b m—1
a

> arwlen) = [ wp=powla) + Y Busln) + 5nw)
k=1 k=1



71

The coefficients o, . . ., a;, @and By, . . ., B, are positive and uniquely determined,
too. Furthermore, for any generalized w-convex function f : [a,b] — R, the
following Hermite—Hadamard-type inequality holds

m—1

m b
3 anf (&) < / Fo < Bof(@)+ 3 Bef () + B (B):
k=1 @ k=1

Motivated by Rolle’s mean-value theorem, an elementary approach can also
be followed (see Theorem 3.7 and Theorem 3.8) in some particular cases (that is,
when the dimension of the underlying Tchebychev system is “small”).

The classical Hermite—Hadamard inequality immediately follows from any of
the main results of the first three chapters. Without claiming completeness, at the
end of these chapters several applications and examples are presented.

CHAPTER 4 is devoted to proving that the Hermite—Hadamard-type inequality
(Theorem 2.10) obtained for generalized 2-convex functions characterize gener-
alized 2-convexity. The most important tool is the following characterization of
continuous, non generalized 2-convex functions (Theorem 4.3):

THEOREM. Let (wy,ws9) be a Tchebychev system on an interval I, furthermore
f : I — Rbeacontinuous function. Then, the following assertions are equivalent:
(i) fisnot (wy,ws)-convex;
(ii) there exist elements x < y of I such that w < f on |z, y[ where w is the
generalized line determined by the properties

w(z) =f(z)  wly) = fy)
(iii) there exist elements z < p < y of I and a generalized line w such thatw > f
on [z, y], moreover

f(@) <w(z) flp)=wlp) [ly) <w(y)

(iv) there exists p € I° such that f is locally strictly (w1, ws)-concave at p, that
is, there exist elements z < p < y of I such that, forall z < u < p < v <y,
the following inequality holds:

fw)  flp)  fv)
wi(u) wi(p) wi(v) | <O0.
wa(u) wa(p) wa(v)

The main results are presented in the subsequent three theorems (see Theo-
rem 4.5, Theorem 4.6 and Theorem 4.7). The first and the second one can be
considered as the left and right hand side of the Hermite—Hadamard-type inequal-
ity for generalized 2-convex functions (Theorem 2.10); the third one corresponds
to the classical Jensen inequality.

T~
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THEOREM. Let (w1, w2) be a Tchebychev system over an interval [a, b] such
that w; is positive on |a, b, furthermore p : [a,b] — R be a positive integrable
function. Define, for all elements = < y of [a, b], the functions {(x, y) and ¢(z, y)
by the formulae

o= (2) (B22), ey = L2

w1 Sy wp wi(§(z,y))

Then, a continuous function f : [a,b] — R is generalized convex with respect to
(w1,ws) if and only if, for all elements x < y of [a, ], it satisfies the inequality

c(z,y)f /fp

THEOREM. Let (w1, w9) be a Tchebychev system over an interval [a, b] such
that w; is positive on ]a, b, furthermore p : [a,b] — R be a positive integrable
function. Define, for all elements x < y of [a, b], the functions ¢; (x, y) and ca(x, y)
by the formulae

wip wi(y) wi(z) [lwip
‘ f@wzp wa(y) ‘ ea(,y) = ’ 2(7) fxyww ‘
wi(r) wi(y) ’ ’ wi(z) wi(y)

wa(z) wa(y) wa(z) wa(y)

Then, a continuous function f : [a,b] — R is generalized convex with respect to
(w1,we) if and only if, for all elements x < y of [a, ], it satisfies the inequality

/ " bp < (@) fl@) + eawn) f ().

THEOREM. Let (w1, ws) be a Tchebychev systemon I, furthermore f : I — R
be a continuous function. Keeping the notions of the previous two theorems, f is
(w1, ws)-convex if and only if, for all elements = < y of I, it satisfies the inequality

c(z,y) f(&(x,y)) < ez, y)f(@) + o, y) f(y)

These theorems together give an additional characterization of generalized 2-
convexity (Corollary 4.8). Verifying analogous results in the general setting (or
even in the polynomial case) remains an open problem and may be the subject of
further researches.



Osszefoglald

A konvexitas fogalma Csebisev rendszerek alkalmazasaval természetes modon
kiterjeszthetd (lasd a bevezetés definiciobit). A disszertacio6 célja a klasszikus anali-
zish6l ismert Hermite—Hadamard egyenl6tlenség altalanositasa erre a kiterjesztett
esetre.

Az elsd fejezetben a polinomialis konvexitas esetével foglalkozunk. A vizs-
galatok soran a numerikus analizis modszereit hasznaljuk, mégpedig Gauss-tipusd
kvadrat(rakat (Theorem 1.1, Theorem 1.2, Theorem 1.3, Theorem 1.4) és Hermite-
interpolaci6t. Fontos szerepet jatszik Popoviciu két eredménye is (Theorem A és
Theorem B). A kilonféle regularitasi feltételek kikiiszobolése miatt tovabbi se-
géderedmények sziikségesek (példaul Theorem 1.5, Lemma 1.6, Lemma 1.7). A
f6 eredményt a konvexitas rendjének paritasa szerint két tételben igazoljuk:

TETEL. Legyen p : [a,b] — R pozitiv integralhato fliggvény. Jelélje P, gyo-

keit &1,...,&m, ahol P, az [a,b] intervallumon az (z — a)p(z) sulyfuggvényre
nézve ortogonalis polinomrendszer m-ed foku tagja, tovabba jeldlje @Q,,, gyokeit
My .-, Nm, ahol Q,, az [a, b] intervallumon a (b — x)p(x) stlyfuggvényre nézve
ortogonalis polinomrendszer m-ed fokd tagja. Definialjuk az «y, . . . , oy, illetve a
081, - - -, Bma1 egyltthatokat az
= e [ i@
oy = P2 (a) /, m\Z)plx)d,
1 b (z —a)P,(z)
o = x)dzr,
e e e x
illetve
1 /b (b= 2)Qm(x)
= x)dx,
L e <nk>”( )

By = QQ / Q%

formulékkal. Ha az f : [a,b] — R fliggvény polinomiélisan (2m + 1)-konvex,
akkor teljesiti az alabbi Hermite—Hadamard tipus( egyenlétlenséget:

m b m
cof(@)+ Y af6) < [ Tp <D Bufm) + B f(0)
k=1 a k=1

73
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TETEL. Legyen p : [a,b] — R pozitiv integralhato fiiggvény. Jeldlje P,
gyokeit &1, ..., &y, ahol P, az [a,b] intervallumon a p(x) stlyfiiggvényre néz-
ve ortogonalis polinomrendszer m-ed fok( tagja, tovabba jeldlje Q,,_1 gy6-
keit n1,...,Mm—1, ahol Q,,—1 az [a,b] intervallumon a (b — z)(z — a)p(x)
stlyfliggvényre nézve ortogonalis polinomrendszer (m — 1)-ed fokl tagja. De-
finidljuk az oy, . . ., ayy illetve a Bo, . . ., Bin41 egyltthatokat az

= b—Pm(:E) z)dz
wi= [ e mre

illetve
_ 1 b 2
/80 - (b—a) 3'1_1(CL)/a<b_x) m—l(x)p(x)dm7
_ 1 b(b_w)(x_a)Qm—l(x) 2)dx
R e ATl AR e s
bt = b [ @@ @t
m+1 — (b—a) En_l(b) ; m—1 P .

formulékkal. Ha az f : [a,b] — R fuiggvény polinomialisan (2m)-konvex, akkor
teljesiti az alabbi Hermite—Hadamard tipus( egyenlétlenséget:

m b m—1
S auf©) < [ fo < Bof@)+ 3 ufm) + B ().
k=1 @ k=1

Speciélisan, a p = 1 valasztas mellett az egyenl6tlenségek alappontjai az ér-
telmezési tartomany végpontjainak konvex kombinécidjaként allnak elé. A konvex
kombin&cios egyutthatok bizonyos ortogonalis polinomok gydkei. Figyeljik meg,
hogy a paratlan rend( esetre vonatkoz6 egyenlétlenség egyik oldalan folcserélve a
végpontok szerepét, épp az egyenldtlenség masik oldalat kapjuk.

TETEL. Definialjuk m > 0 esetén a P, polinomot a kovetkez6 formulaval:

1 1
1 2 m+1
T 1 _1
3 m+2

m 1 1
T w2 7 Zmtd

Ekkor P,,-nek m paronként killonbdzd gyoke van a |0, 1] intervallumban. Jeldlje

ezeket a gyokoket A1, ..., A\, &sdefinidljuk az ay, . . . , a;y, egyitthatokat az alabbi
modon:
= 1 / 1 P2 (z)d
Qg = P%(O) . m\L)ax,
I P
ap = Pn(2) dzx.

e Jo (@ = M) B, (M)
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Haaz f : [a,b] — R flggvény polinomialisan (2m + 1)-konvex, akkor teljesiti a
kovetkezd Hermite—Hadamard tipusd egyenl8tlenséget:

cof(@)+ Y- anf (1= Ma+ ) < = [ fla)da
k=1 @

< Z akf()\ka + (1 - )\k)b) + ao f(b).

k=1

TETEL. Definialjuk m > 1 esetén a P, és @Q,,_1 polinomokat a kovetkez4
formulakkal:

11 %
1
x —_ PR PR
Py(x) = . 2 _ mH ;
mo 1 o
z" m—+1 2m
1 5 —L
213 m(n}—f—l)
Om1(z) = x 34 T D) (mr2)
m L . . . .
O R T S
(m+1)(m+2) (2m—1)2m

Ekkor P,,-nek m, Q,,—1-nek m — 1 paronként kiilonbdzd gyodke van a |0, 1] inter-

vallumban. Jeldlje a gytkoket rendre A1, ..., A\, illetve pq, ..., tm—1, &s defini-
aljuk az aq, ..., am €s By, - - ., B egyltthatdkat az alabbi médon:
! P (z)
ap = dx;
* / (x = M) P, (M)
1 ! 9
ﬂo = / 1 — T m— dx,
727171(0) 0 ( ) 1( )
1 b a(l = 2)Qum(2)
By = / dx,
: (L= )k Jo (2 — b )@y (k)
1 1
Bm = / :cQ%l_ x)dx
D) Jp )

Ha az f : [a,b] — R fliggvény polinomialisan (2m)-konvex, akkor teljesiti a
kovetkezd Hermite—Hadamard tipust egyenl6tlenséget:

Zakf 1—/\ka+/\kb </f

m—1

< Bof(a)+ Y Bef (1 = p)a+ pxb) + B f(b).

k=1



76 OSSZEFOGLALO

A masodik fejezetben az altalanositott 2-konvexitas, mas néven (w;, ws)-kon-
vexitas esetével foglalkozunk. Néhany technikai jelleg(i el6zményt kovetéen (Ugy-
mint Lemma 2.1, Lemma 2.2, Lemma 2.3) az els8 fontos eredmény (Theorem 2.4)
az altalanositott 2-konvex filiggvények kilonféle jellemzéseit adja:

TETEL. Legyen (wy,ws) Csebisev rendszer a nemires I intervallumon gy,
hogy w; pozitiv. Ekkor az alabbi allitasok ekvivalensek:
() f: 1 — R (wy,wq)-konvex;
(if) I-nek barmely z < y < z eleme esetén

fly)  f(2) fx)  fly) '
wi(y) wi(z) 1(95 w1(y)

‘ wi(y) wi(z) wi ( fb’ w1(y) '
wa(y) w2( ) wa(x)  wa(y)

(iif) barmely xo € I° esetén létezik o, 3 € R gy, hogy
aw1(zo) + Bwa(zo) = f(z0),
awi(x) + Pwa(z) < f(x) (x € I);

(iv) barmelyn € N, xg, x1,...,x, € €S \1,..., N\, > 0 esetén, amelyek eleget
tesznek a

Z/\kwl(aﬁk) = wl(l'o)
k=1

> Mws(zr) = wa(xo)
k=1

egyenleteknek, teljesil, hogy

Flao) <> Nef(zn);

k=1
(V) barmely xo,z1,z2 € I €S A1, A2 > 0 esetén, amelyek eleget tesznek a
AMwi (1) + Aawi (z2) = wi (o)
Awa(x1) + Agwa(x2) = wa(xp)
egyenleteknek, teljesil, hogy
f(@o) < Af(z1) + Ao f(2);
(vi) I-nek minden z < p < y elemére fonnall, hogy
f(p) < awi(p) + Bw2(p),
ahol az «, 3 egyltthatok az alabbi lineéris egyenletrendszer megoldéasai:
fx) = owi(z)+ Pws(x)
fly) = awi(y) + Pwa(y).
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A standard esetben ez az eredmény a konvexitas jol ismert jellemzési tulaj-
donsagaira vezet (lasd Corollary 2.5), tovabba egy Gjabb karakterizaciot is lehe-
tévé tesz altalanositott tartok segitségével (Corollary 2.6). Kideriil, hogy az al-
talanositott konvexitas ekvivalens egy bizonyos 0sszetett fliggvény standard érte-
lemben vett konvexitasaval (Theorem 2.7, lasd alabb). Ez a kapcsolat biztositja,
hogy regularitasi tulajdonsagokat igazoljunk altalanositott 2-konvex fliggvényekre
(Theorem 2.8), és hogy a (standard) konvex fliggvényekre vonatkozd stabilitasi
tételt altalanositsuk (Corollary 2.9).

TETEL. Legyen (w1, ws) Csebisev rendszer a nyilt I intevallumon Ggy, hogy
wy pozitiv. Az f : I — R fuggvény akkor és csak akkor (wq,ws)-konvex, ha a

-1
w
g:wa/wi(I) — R, g::fo(2>
w1 w1
mbodon definialt fliggvény konvex (a standard értelemben).

A fejezet f6 eredménye Hermite—Hadamard tipust egyenl6tlenséget allit alta-
lanositott 2-konvex fliggvényekre (Theorem 2.10).

TETEL. Legyen (wy,ws) Csebisev rendszer az [a, b] intervallumon Ggy, hogy
wy pozitiv az |a, b[ intervallumon, és legyen p : [a,b] — R pozitiv integralhatd
flggvény. Definialjuk a £ alappontot és a ¢, ¢1, co egyltthatokat a kdvetkezd for-

mulakkal:
(w) [ Y.
=\ o L
w1 fa w1p Wl(f)
tovabba
Jywrp e (d) wila) Jywrp
| Jawep wa(D) wa(a) [, wap

“ ’wl(a) a7 T T wl(b)"
wa(a) wa(b) wa(a) wa(b)

Ha az f : [a,b] — R flggvény (w1, ws)-konvex, akkor teljesil r& az alabbi
Hermite—Hadamard tipust egyenl6tlenség:

b
cf(€) < / fo < erf(a) + caf (b).

A bizonyitas a korabbi eredményekbdl adédik. A regularitasi tétel (Theo-
rem 2.8) biztositja a kompakt intervallumon értelmezett altalanositott 2-konvex
fliggvények integralhatosagat. Az altalanositott tarto és har tulajdonsagok (Theo-
rem 2.4 (iiq) és (vi) allitasai) adjak az egyenlGtlenség bal illetve jobb oldalat.

A harmadik fejezetben Hermite—Hadamard tipus( egyenl&tlenségek létezését
igazoljuk tetsz6leges Csebisev rendszer altal indukalt altalanositott konvexitas e-
setére. Az altalanositott konvex fliggvények regularitasi tulajdonsagainak igazola-
saban (Theorem 3.2) a kovetkez6 jellemzeési tétel jatszik kulcsszerepet.




78 OSSZEFOGLALO

TETEL. Legyen w = (wi,...,w,) Csebisev rendszer az I intervallumon,
tovabba f : I — R adott fliggvény. Ekkor az alabbi allitasok ekvivalensek:

(i) f altalanositott w-konvex;
(i) I-nek barmely y; < --- < y, eleme esetén

(D)™ R () —w@) =20 (e <y <yYpr1, k=0,...,n),

ahol yo := inf I, y,4+1 := supl és w az az egyértelmlien meghatarozott
altalanositott polinom, amelyre

f(yk):w(yk) (k:L"'?n);

(iii) megtartva (i7) jeldléseit, barmely rogzitett £ € {0,...,n} esetén fonnall a
kovetkez8 egyenltlenség:

(D" *(fy) —w®) 20 (v <y < yre1)-

Sajnos, ebben az altalanossagban az Hermite—Hadamard tipusi egyenlétlensé-
gek alappontjai nem adhatok meg explicit forméaban, csupan azok létezését (Theo-
rem 3.4) és egyértelm{iségét (Theorem 3.3) allithatjuk. Ezek birtokaban maguk az
egyenl6tlenségek egyszeri linearis algebrai modszerekkel illetve az altalanositott
konvexitas definicioja segitségével igazolhatok. A fejezet legfontosabb eszkdze a
Csebisev rendszerek altal indukalt momentumterek Krein—-Markov-féle elmélete
(Theorem C és Theorem D). A f6 eredmények (Theorem 3.5 és Theorem 3.6)
kulon targyaljak a péros és paratlan rend( eseteket:

TETEL. Legyen w = (w1,...,wamy1) Csebisev rendszer az [a, b] interval-
lumon, és legyen p : [a,b] — R pozitiv integralhatod fuggvény. Egyértelmien
léteznek az ]a, b] nyilt intervallumban &, ..., &, és n1,...,n, alappontok Ugy,
hogy

m b m
cow(a) + Y @) = [ wp =Y () + ).
k=1 a k=1

AZ ag, ..., &S (1,...,Bme1 egyltthatok pozitivak és szintén egyértelmilen
meghatarozottak. Tovabba, barmely f : [a,b] — R altalanositott w-konvex fugg-
vény esetén fonnall az alabbi Hermite—Hadamard tipust egyenl6tlenség:

m b m
cof(a) + 3 arf (&) < / 10 <3 B (1) + Brsa S(B).
k=1 @ k=1

TETEL. Legyen w = (wy, . .., way,) Csebisev rendszer az [a, b] intervallumon,
és legyen p : [a,b] — R pozitiv integralhato fliggvény. Egyértelmien léteznek az
Ja, b[ nyilt intervallumban &1, ..., &y, €S 1, . . ., nm—1 alappontok (gy, hogy

b m—1
a

> arwle) = [ wp=pow(a) + Y Brslm) + 5nw)
k=1 k=1
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AZ aq,...,am €S 0o, . .., Bm egyltthatdk pozitivak és szintén egyértelmiien meg-
hatarozottak. Tovabba, barmely f : [a,b] — R &ltalanositott w-konvex fuggvény
esetén fonnall az alabbi Hermite—~Hadamard tipust egyenl&tlenség:

m—1

m b
S arf (&) < / Fo < Bof(@)+ 3 Bef () + B (B):
k=1 @ k=1

A Rolle-féle kozépértéktétel alapgondolatabol kiindulva egy elemi megkoze-
lités is kovethetd bizonyos specialis esetekben, nevezetesen amikor a konvexitast
indukal6 Csebisev rendszer dimenzibja “kicsi” (lasd Theorem 3.7 valamint Theo-
rem 3.8).

A klasszikus Hermite—Hadamard egyenl6tlenség természetesen az elsé harom
fejezet f6 eredményeinek barmelyikébdl egyszer(in kdvetkezik. E harom fejezet
végén, a teljesség igénye nélkil, szamos tovabbi példa és alkalmazas is talalhato.

A negyedik fejezetben megmutatjuk, hogy az altalanositott 2-konvex fliggvé-
nyekre vonatkozd Hermite—Hadamard tipust egyenlétlenség (Theorem 2.10) egy-
ben jellemzése is az altalanositott 2-konvexitasnak. A vizsgalatok soran a legfonto-
sabb segédeszkdz a folytonos, altalanositott nem 2-konvex fiiggvények jellemzése
altalanositott egyenesekkel, vagyis a konvexitast indukalé Csebisev rendszer tag-
jainak linearis kombinéacibival (Theorem 4.3):

TETEL. Legyen (wi,ws) Csebisev rendszer az I intervallumon, tovabba le-
gyen f : I — R folytonos fliggvény. Az alabbi allitasok ekvivalensek:
(i) f nem (wq,ws)-konvex;
(ii) léteznek x < y elemei I-nek (gy, hogy w < f az |z, y[ nyilt intervallumon,
ahol w az az egyértelmiien meghatarozott altalanositott egyenes, amelyre

w(z) = flz)  wly) = fy);
(iii) léteznek = < p < y elemei I-nek és létezik w altalanositott egyenes gy, hogy
w > f az [x,y] intervallumon, tovabba

fx) <w(z) flp)=wp) [ly) <w(y);
(iv) létezik p € I° gy, hogy f lokalisan szigorban (w;, wy)-konkav p-ben, azaz,
léteznek 7-nek x < p < y elemei Ggy, hogy barmely z < u < p < v < y
esetén fonnall az alabbi egyenldtlenség:

fw)  fp)  f(v)
wi(u) wi(p) wi(v) | <O0.
wa(u) wa(p) wa(v)

A fejezet f6 eredményeit az alabbi harom tétel foglalja 6ssze (lasd Theo-
rem 4.5, Theorem 4.6 és Theorem 4.7). Az els6 és a masodik az altalanositott
2-konvexitas esetére vonatkozd Hermite—Hadamard tipusd egyenl6tlenség (Theo-
rem 2.10) bal illetve jobb oldalanak a megfelel6je, mig a harmadik a klasszikus
Jensen-egyenlétlenség altalanositasa.
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TETEL. Legyen (w1, ws) Csebisev rendszer az [a, b] intervallumon Ggy, hogy
w1 pozitiv ]a, b[-n, és legyen p : [a,b] — R pozitiv integralhato figgvény. Defini-
aljuk az [a, b] barmely x < y elempéarja esetén a &(x, y) és c(z, y) fliggvényeket a
kovetkezd formulakkal:

o= (2) (B22), ey = L2

w1 ff w1p wi(§(z,y))
Ekkor az f : [a,b] — R folytonos fliggvény pontosan akkor altalanositott kon-
vex (wi,ws)-re nézve, ha I-nek barmely = < y eleme esetén teljesil az alabbi

egyenldtlenség:
c(z,y)f / fo.

TETEL. Legyen (wi,ws) Csebisev rendszer az [a, b] intervallumon Ggy, hogy
w1 pozitiv ]a, b[-n, és legyen p : [a,b] — R pozitiv integralhato fiiggvény. Defini-
aljuk az [a, b] barmely x < y elempérja esetén a ¢1 (z, y) &s ca(x, y) fliggvényeket
a kovetkez6 formulakkal:

o 52(5‘%) o) o]
w1y

x,Y .
Aty =T (@) wi(y)
wa(z) wa(y) wa(w) wa(y)
Ekkor az f : [a,b] — R folytonos fiiggvény pontosan akkor altalanositott kon-
vex (wi,ws)-re nézve, ha I-nek barmely z < y eleme esetén teljesil az alabbi
egyenldtlenség:

) 62(‘r7y): ‘

/ " o < er(e, ) fl@) + eale, ) ).

TETEL. Legyen (w1, ws) Csebisev rendszer az I intevallumon, tovabba legyen
f I — R folytonos fiiggvény. Megtartva az el6z0 két tétel jeloléseit, f pontosan
akkor (w1, ws)-konvex ha I-nek barmely = < y eleme esetén teljesul a kdvetkez§
egyenl6tlenség:

c(z,y)f(§(x,9) < cr(@,y)f (@) + ea(z,9) f(y).

E harom tétel egyiittesen az altalanositott 2-konvexitas egy Gjabb jellemzését
adja (Corollary 4.8). Hasonlo tipust eredmények igazolasa az altalanos esetben,
vagy akar a polinomiéalis konvexitéas esetében is, nyilt probléma és tovabbi kutata-
sok témajat képezheti.
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