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“Laus viventi Deo!”

Acknowledgements

First I thank my parents and my family for providing the possibility of suitable
education and peaceful background to my studies, my work and my life. I thank
them and also my friends for their frequent encouragement and support.

I wish to express my deep gratitude to my supervisor, DR. ZSOLT PÁLES for
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Introduction

Let I be a real interval, that is, a nonempty, connected and bounded subset
of R. An n-dimensional Tchebychev system on I consists of a set of real valued
continuous functions ω1, . . . , ωn and is determined by the property that each n
points of I × R with distinct first coordinates can uniquely be interpolated by a
linear combination of the functions. More precisely, we have the following

DEFINITION. Let I ⊂ R be a real interval and ω1, . . . , ωn : I → R be
continuous functions. Denote the column vector whose components are ω1, . . . , ωn

in turn by ωωωωωωωωω, that is, ωωωωωωωωω := (ω1, . . . , ωn). We say that ωωωωωωωωω is a Tchebychev system
over I if, for all elements x1 < · · · < xn of I , the following inequality holds:∣∣ ωωωωωωωωω(x1) · · · ωωωωωωωωω(xn)

∣∣ > 0.

In fact, it suffices to assume that the determinant above is nonvanishing when-
ever the arguments x1, . . . , xn are pairwise distinct points of the domain. Indeed,
Bolzano’s theorem guarantees that its sign is constant if the arguments are sup-
posed to be in an increasing order, hence the components ω1, . . . , ωn can always
be rearranged such that ωωωωωωωωω fulfills the requirement of the definition. However, con-
sidering Tchebychev systems as vectors of functions instead of sets of functions is
widely accepted in the technical literature and also turns out to be very convenient
in our investigations.

Without claiming completeness, let us list some important and classical exam-
ples of Tchebychev systems. In each example ωωωωωωωωω is defined on an arbitrary I ⊂ R

except for the last one where I ⊂] − π
2 , π

2 [.
• polynomial system: ωωωωωωωωω(x) := (1, x, . . . , xn)
• exponential system: ωωωωωωωωω(x) := (1, exp x, . . . , exp nx)
• hyperbolic system: ωωωωωωωωω(x) := (1, cosh x, sinhx, . . . , cosh nx, sinhnx)
• trigonometric system: ωωωωωωωωω(x) := (1, cos x, sin x, . . . , cos nx, sin nx).

We make no attempt here to present an exhaustive account of the theory
of Tchebychev systems, just mention that, motivated by some results of A. A.
Markov, the first systematic investigations of the geometric theory of Tchebychev
systems were done by M. G. Krein. However, let us note that Tchebychev systems
play an important role, sometimes indirectly, in numerous fields of mathematics,
for example, in the theory of approximation, numerical analysis and the theory of
inequalities. The books [KS66] and [Kar68] contain a rich literature and bibliog-
raphy of the topics for the interested reader.
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2 INTRODUCTION

The notion of convexity can also be extended applying Tchebychev systems:

DEFINITION. Let ωωωωωωωωω = (ω1, . . . , ωn) be a Tchebychev system over the real
interval I . A function f : I → R is said to be generalized convex with respect to
ωωωωωωωωω if, for all elements x0 < · · · < xn of I , it satisfies the inequality

(−1)n

∣∣∣∣ f(x0) · · · f(xn)
ωωωωωωωωω(x0) · · · ωωωωωωωωω(xn)

∣∣∣∣ ≥ 0.

There are other alternatives to express that f is generalized convex with re-
spect to ωωωωωωωωω, for example, f is generalized ωωωωωωωωω-convex or simply ωωωωωωωωω-convex. If the
underlying n-dimensional Tchebychev system can uniquely be identified from the
context, we briefly say that f is generalized n-convex.

If ωωωωωωωωω is the polynomial Tchebychev system, the definition leads to the notion of
higher-order monotonicity which was introduced and studied by T. Popoviciu in a
sequence of papers [Pop36, Pop38b, Pop38a, Pop39b, Pop39a, Pop40c, Pop40e,
Pop40a, Pop40f, Pop40d, Pop40b, Pop41, Pop42b, Pop42a, Pop42c, Pop43].
A summary of these results can be found in [Pop44] and also in [Kuc85]. For
the sake of unique terminology, throughout the dissertation Popoviciu’s setting
is called polynomial convexity. That is, a function f : I → R is said to be
polynomially n-convex if, for all elements x0 < · · · < xn of I , it satisfies the
inequality

(−1)n

∣∣∣∣∣∣∣∣∣∣∣

f(x0) . . . f(xn)
1 . . . 1
x0 . . . xn
...

. . .
...

xn−1
0 . . . xn−1

n

∣∣∣∣∣∣∣∣∣∣∣
≥ 0.

Observe that polynomially 2-convex functions are exactly the “standard” convex
ones. The case, when the “generalized” convexity notion is induced by the spe-
cial two dimensional Tchebychev system ω1(x) := 1 and ω2(x) := x, is termed
standard setting and standard convexity, respectively.

The integral average of any standard convex function f : [a, b] → R can be
estimated from the midpoint and the endpoints of the domain as follows:

f

(
a + b

2

)
≤
∫ b

a
f(x)dx ≤ f(a) + f(b)

2
.

This is the well known Hadamard’s inequality ([Had93]) or, as it is quoted for
historical reasons (see [ML85] for interesting remarks), the Hermite–Hadamard-
inequality.

The aim of the dissertation is to verify analogous inequalities for generalized
convex functions, that is, to give lower and upper estimations for the integral av-
erage of the function using certain base points of the domain. Of course, the base
points are supposed to depend only on the underlying Tchebychev system of the
induced convexity.
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For this purpose, we shall follow an inductive approach since it seems to have
more advantages than the deductive one. First of all, it makes the original motiva-
tions clear; on the other hand, it allows us to use the most suitable mathematical
tools. Hence sophisticated proofs that sometimes occur when using deductive ap-
proach can also be avoided.

CHAPTER 1 investigates the case of polynomial convexity. The base points of
the Hermite–Hadamard-type inequalities turn out to be the roots of certain orthog-
onal polynomials. The main tools of the chapter are based on some methods of
numerical analysis, like Gauss quadrature formula and Hermite-interpolation. A
smoothing technique and two theorems of Popoviciu are also crucial.

In CHAPTER 2 we present Hermite–Hadamard-type inequalities for general-
ized 2-convex functions. The most important auxiliary result of the proof is a
characterization theorem which, in the standard setting, reduces to the well known
characterization properties of convex functions. Another theorem of the chap-
ter establishes a tight relationship between standard and generalized 2-convexity.
This result has important regularity consequences and is also essential in verifying
Hermite–Hadamard-type inequalities.

The general case is studied in CHAPTER 3. The main results guarantee only
the existence and also the uniqueness of the base points of the Hermite–Hadamard-
type inequalities but offer no explicit formulae for determining them. The main
tool of the chapter is the Krein–Markov theory of moment spaces induced by
Tchebychev systems. In some special cases (when the dimension of the under-
lying Tchebychev systems are “small”), an elementary alternative approach is also
presented.

CHAPTER 4 is devoted to showing that, at least in the two dimensional case
and requiring weak regularity conditions, Hermite–Hadamard-type inequalities are
not merely the consequences of generalized convexity, but they also characterize
it.

Specializing the members of Tchebychev systems, several applications and
examples are presented for concrete Hermite–Hadamard-type inequalities in both
the cases of polynomial convexity and generalized 2-convexity. As a simple con-
sequence, the classical Hermite–Hadamard inequality is among the corollaries in
each cases, too.

The results of the dissertation can be found in [BP02, BP03, BP04, BP05, BP]
and [Bes04]. In the sequel, we present them without any further references to the
mentioned papers.





CHAPTER 1

Polynomial convexity

The main results of this chapter state Hermite–Hadamard-type inequalities for
polynomially convex functions. Let us recall that a function f : I → R is said to
be polynomially n-convex if, for all elements x0 < · · · < xn of I , it satisfies the
inequality

(−1)n

∣∣∣∣∣∣∣∣∣∣∣

f(x0) . . . f(xn)
1 . . . 1
x0 . . . xn
...

. . .
...

xn−1
0 . . . xn−1

n

∣∣∣∣∣∣∣∣∣∣∣
≥ 0.

In order to determine the base points and the coefficients of the inequalities,
Gauss-type quadrature formulae are applied. Then, using the remainder term of
the Hermite-interpolation, the main results follow immediately for “sufficiently
smooth” functions due to the next two theorems of Popoviciu:

THEOREM A. ([Kuc85, Theorem 1. p. 387]) Assume that f : I → R is
continuous and n times differentiable on the interior of I . Then, f is polynomially
n-convex if and only if f (n) ≥ 0 on the interior of I .

THEOREM B. ([Kuc85, Theorem 1. p. 391]) Assume that f : I → R is poly-
nomially n-convex and n ≥ 2. Then, f is (n − 2) times differentiable and f (n−2)

is continuous on the interior of I .

To drop the regularity assumptions, a smoothing technique is developed that
guarantees the approximation of polynomially convex functions with smooth poly-
nomially convex ones.

1.1. Orthogonal polynomials and basic quadrature formulae

In what follows, ρ denotes a positive, locally integrable function (shortly:
weight function) on an interval I . The polynomials P and Q are said to be orthog-
onal on [a, b] ⊂ I with respect to the weight function ρ or simply ρ-orthogonal on
[a, b] if

〈P,Q〉ρ :=
∫ b

a
PQρ = 0.

5



6 CHAPTER 1. POLYNOMIAL CONVEXITY

A system of polynomials is called a ρ-orthogonal polynomial system on [a, b] ⊂ I
if each member of the system is ρ-orthogonal to the others on [a, b]. Define the
moments of ρ by the formulae

µk :=
∫ b

a
xkρ(x)dx (k = 0, 1, 2, . . .).

Then, the nth degree member of the ρ-orthogonal polynomial system on [a, b] has
the following representation via the moments of ρ:

Pn(x) :=

∣∣∣∣∣∣∣∣∣

1 µ0 · · · µn−1

x µ1 · · · µn
...

...
. . .

...
xn µn · · · µ2n−1

∣∣∣∣∣∣∣∣∣
.

Clearly, it suffices to show that Pn is ρ-orthogonal to the special polynomials
1, x, . . . , xn−1. Indeed, for k = 1, . . . , n, the first and the (k + 1)st columns of
the determinant 〈Pn(x), xk−1〉ρ are linearly dependent according to the definition
of the moments.

In fact, the moments and the orthogonal polynomials depend heavily on the
interval [a, b]. Therefore, we use the notions µk;[a,b] and Pn;[a,b] instead of µk and
Pn above when we want to or have to emphasize the dependence on the underlying
interval.

Throughout this chapter, the following property of the roots of orthogonal
polynomials plays a key role (see [Szeg39]). Let Pn denote the nth degree member
of the ρ-orthogonal polynomial system on [a, b]. Then, Pn has n pairwise distinct
roots ξ1 < · · · < ξn in ]a, b[.

Let us consider the following∫ b

a
fρ =

n∑
k=1

ckf(ξk)(1.1)

∫ b

a
fρ = c0f(a) +

n∑
k=1

ckf(ξk)(1.2)

∫ b

a
fρ =

n∑
k=1

ckf(ξk) + cn+1f(b)(1.3)

∫ b

a
fρ = c0f(a) +

n∑
k=1

ckf(ξk) + cn+1f(b)(1.4)

Gauss-type quadrature formulae where the coefficients and the base points are to
be determined so that (1.1), (1.2), (1.3) and (1.4) be exact when f is a polynomial
of degree at most 2n − 1, 2n, 2n and 2n + 1, respectively. The subsequent four
theorems investigate these cases.
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THEOREM 1.1. Let Pn be the nth degree member of the orthogonal polyno-
mial system on [a, b] with respect to the weight function ρ. Then (1.1) is exact for
polynomials f of degree at most 2n − 1 if and only if ξ1, . . . , ξn are the zeros of
Pn, and

(1.5) ck =
∫ b

a

Pn(x)
(x − ξk)P ′

n(ξk)
ρ(x)dx.

Furthermore, ξ1, . . . , ξn are pairwise distinct elements of ]a, b[, and ck ≥ 0 for all
k = 1, . . . , n.

This theorem follows easily from well known results in numerical analysis (see
[HH94], [Joh66], [Szeg39]). For the sake of completeness, we provide a proof.

PROOF. First assume that ξ1, . . . , ξn are the zeros of the polynomial Pn and,
for all k = 1, . . . , n, denote the primitive Lagrange-interpolation polynomials by
Lk : [a, b] → R. That is,

Lk(x) :=

⎧⎨
⎩

Pn(x)
(x − ξk)P ′

n(ξk)
if x �= ξk

1 if x = ξk.

If Q is a polynomial of degree at most 2n − 1, then, using Euclidian algorithm,
Q can be written in the form Q = PPn + R where deg P,deg R ≤ n − 1. The
inequality deg P ≤ n − 1 implies the ρ-orthogonality of P and Pn:∫ b

a
PPnρ = 0.

On the other hand, deg R ≤ n − 1 yields that R is equal to its Lagrange-
interpolation polynomial:

R =
n∑

k=1

R(ξk)Lk.

Therefore, considering the definition of the coefficients c1, . . . , cn in formula (1.5),
we obtain that∫ b

a
Qρ =

∫ b

a
PPnρ +

∫ b

a
Rρ =

n∑
k=1

R(ξk)
∫ b

a
Lkρ

=
n∑

k=1

ckR(ξk) =
n∑

k=1

ck

(
P (ξk)Pn(ξk) + R(ξk)

)
=

n∑
k=1

ckQ(ξk).

That is, the quadrature formula (1.1) is exact for polynomials of degree at most
2n − 1.

Conversely, assume that (1.1) is exact for polynomials of degree at most 2n−1.
Define the polynomial Q by the formula Q(x) := (x − ξ1) · · · (x − ξn) and let P
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be a polynomial of degree at most n − 1. Then, deg PQ ≤ 2n − 1 thus∫ b

a
PQρ = c1P (ξ1)Q(ξ1) + · · · + cnP (ξn)Q(ξn) = 0.

Therefore Q is ρ-orthogonal to P . The uniqueness of Pn implies that Pn = anQ,
and ξ1, . . . , ξn are the zeros of Pn. Furthermore, (1.1) is exact if we substitute
f := Lk and f := L2

k, respectively. The first substitution gives (1.5), while the
second one shows the nonnegativity of ck. For further details, consult the book
[Szeg39, p. 44]. �

THEOREM 1.2. Let Pn be the nth degree member of the orthogonal polyno-
mial system on [a, b] with respect to the weight function ρa(x) := (x − a)ρ(x).
Then (1.2) is exact for polynomials f of degree at most 2n if and only if ξ1, . . . , ξn

are the zeros of Pn, and

c0 =
1

P 2
n(a)

∫ b

a
P 2

n(x)ρ(x)dx,(1.6)

ck =
1

ξk − a

∫ b

a

(x − a)Pn(x)
(x − ξk)P ′

n(ξk)
ρ(x)dx.(1.7)

Furthermore, ξ1, . . . , ξn are pairwise distinct elements of ]a, b[, and ck ≥ 0 for all
k = 0, . . . , n.

PROOF. Assume that the quadrature formula (1.2) is exact for polynomials of
degree at most 2n. If P is a polynomial of degree at most 2n − 1, then∫ b

a
Pρa =

∫ b

a
(x− a)P (x)ρ(x)dx = c1(ξ1 − a)P (ξ1) + · · ·+ cn(ξn − a)P (ξn).

Applying Theorem 1.1 to the weight function ρa and the coefficients

ca;k := ck(ξk − a),

we get that ξ1, . . . , ξn are the zeros of Pn and, for all k = 1, . . . , n, the coefficients
ca;k can be computed using formula (1.5). Therefore,

ck(ξk − a) =
∫ b

a

Pn(x)
(x − ξk)P ′

n(ξk)
ρa(x)dx =

∫ b

a

(x − a)Pn(x)
(x − ξk)P ′

n(ξk)
ρ(x)dx.

Substituting f := P 2
n into (1.1), we obtain that

c0 =
1

P 2
n(a)

∫ b

a
P 2

nρ.

Thus (1.6) and (1.7) are valid, and ck ≥ 0 for k = 0, 1, . . . , n.
Conversely, assume that ξ1, . . . , ξn are the zeros of the orthogonal polynomial

Pn, and the coefficients c1, . . . , cn are given by the formula (1.7). Define the
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coefficient c0 by c0 =
∫ b
a ρ − (c1 + · · · + cn). If P is a polynomial of degree

at most 2n, then there exists a polynomial Q with deg Q ≤ 2n − 1 such that

P (x) = (x − a)Q(x) + P (a).

Indeed, the polynomial P (x) − P (a) vanishes at the point x = a hence it is
divisible by (x − a). Applying Theorem 1.1 again to the weight function ρa,∫ b

a
Qρa = ca;1Q(ξ1) + · · · + ca;nQ(ξn)

holds. Thus, using the definition of c0, the representation of the polynomial P and
the quadrature formula above, we have that∫ b

a
P (x)ρ(x)dx =

∫ b

a

(
(x − a)Q(x) + P (a)

)
ρ(x)dx

=
n∑

k=1

ck(ξk − a)Q(ξk) +
n∑

k=0

P (a)ck

= c0P (a) +
n∑

k=1

ck

(
(ξk − a)Q(ξk) + P (a)

)

= c0P (a) +
n∑

k=1

ckP (ξk),

which yields that the quadrature formula (1.2) is exact for polynomials of degree
at most 2n. Therefore, substituting f := P 2

n into (1.2), we get formula (1.6). �
THEOREM 1.3. Let Pn be the nth degree member of the orthogonal polyno-

mial system on [a, b] with respect to the weight function ρb(x) := (b − x)ρ(x).
Then (1.3) is exact for polynomials f of degree at most 2n if and only if ξ1, . . . , ξn

are the zeros of Pn, and

ck =
1

b − ξk

∫ b

a

(b − x)Pn(x)
(x − ξk)P ′

n(ξk)
ρ(x)dx,(1.8)

cn+1 =
1

P 2
n(b)

∫ b

a
P 2

n(x)ρ(x)dx.(1.9)

Furthermore, ξ1, . . . , ξn are pairwise distinct elements of ]a, b[, and ck ≥ 0 for all
k = 1, . . . , n + 1.

HINT. Applying a similar argument to the previous one to the weight function
ρb, we obtain the statement of the theorem. �
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THEOREM 1.4. Let Pn be the nth degree member of the orthogonal polyno-
mial system on [a, b] with respect to the weight function ρb

a. Then (1.4) is exact for
polynomials f of degree at most 2n + 1 if and only if ξ1, . . . , ξn are the zeros of
Pn, and

c0 =
1

(b − a)P 2
n(a)

∫ b

a
(b − x)P 2

n(x)ρ(x)dx,(1.10)

ck =
1

(b − ξk)(ξk − a)

∫ b

a

(b − x)(x − a)Pn(x)
(x − ξk)P ′

n(ξk)
ρ(x)dx,(1.11)

cn+1 =
1

(b − a)P 2
n(b)

∫ b

a
(x − a)P 2

n(x)ρ(x)dx.(1.12)

Furthermore, ξ1, . . . , ξn are pairwise distinct elements of ]a, b[, and ck ≥ 0 for all
k = 0, . . . , n + 1.

PROOF. Assume that the quadrature formula (1.4) is exact for polynomials of
degree at most 2n + 1. If P is a polynomial of degree at most 2n − 1, then∫ b

a
Pρb

a =
∫ b

a
(b − x)(x − a)P (x)ρ(x)dx

= c1(b − ξ1)(ξ1 − a)P (ξ1) + · · · + cn(b − ξn)(ξn − a)P (ξn).

Applying Theorem 1.1 to the weight function ρb
a and the coefficients

ca,b;k := ck(b − ξk)(ξk − a),

we get that ξ1, . . . , ξn are the zeros of Pn and, for all k = 1, . . . , n, the coefficients
ca,b;k can be computed using formula (1.5). Therefore,

ck(b − ξk)(ξk − a) =
∫ b

a

Pn(x)
(x − ξk)P ′

n(ξk)
ρb

a(x)dx

=
∫ b

a

(b − x)(x − a)Pn(x)
(x − ξk)P ′

n(ξk)
ρ(x)dx.

Substituting f := (b − x)P 2
n(x) and f := (x − a)P 2

n(x) into (1.1), we obtain that

c0 =
1

(b − a)P 2
n(a)

∫ b

a
(b − x)P 2

n(x)ρ(x)dx,

cn+1 =
1

(b − a)P 2
n(b)

∫ b

a
(x − a)P 2

n(x)ρ(x)dx.

Thus (1.10), (1.11) and (1.12) are valid, furthermore, ck ≥ 0 for k = 0, . . . , n+ 1.
Conversely, assume that ξ1, . . . , ξn are the zeros of Pn, and the coefficients

c1, . . . , cn are given by the formula (1.11). Define the coefficients c0 and cn+1 by
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the equations∫ b

a
(b − x)ρ(x)dx = c0(b − a) +

n∑
k=1

ck(b − ξk)

∫ b

a
(x − a)ρ(x)dx =

n∑
k=1

ck(ξk − a) + cn+1(b − a).

If P is a polynomial of degree at most 2n + 1, then there exists a polynomial Q
with deg Q ≤ 2n − 1 such that

(b − a)P (x) = (b − x)(x − a)Q(x) + (x − a)P (b) + (b − x)P (a).

Indeed, the polynomial (b− a)P (x)− (x− a)P (b)− (b− x)P (a) is divisible by
(b − x)(x − a) since x = a and x = b are its roots. Applying Theorem 1.1 again,∫ b

a
Qρb

a = ca,b;1Q(ξ1) + · · · + ca,b;nQ(ξn)

holds. Thus, using the definition of c0 and cn+1, the representation of the polyno-
mial P and the quadrature formula above, we have that

(b − a)
∫ b

a
P (x)ρ(x)dx =

=
∫ b

a

(
(b − x)(x − a)Q(x) + (x − a)P (b) + (b − x)P (a)

)
ρ(x)dx

=
n∑

k=1

ck(b − ξk)(ξk − a)Q(ξk)

+P (b)
∫ b

a
(x − a)ρ(x)dx + P (a)

∫ b

a
(b − x)ρ(x)dx

=
n∑

k=1

ck(b − ξk)(ξk − a)Q(ξk)

+c0(b − a)P (a) +
n∑

k=1

ck(b − ξk)P (a)

+
n∑

k=1

ck(ξk − a)P (b) + cn+1(b − a)P (b)

=
n∑

k=1

ck

(
(b − ξk)(ξk − a)Q(ξk) + (ξk − a)P (b) + (b − ξk)P (a)

)
+c0(b − a)P (a) + cn+1(b − a)P (b)

= c0(b − a)P (a) +
n∑

k=1

ck(b − a)P (ξk) + cn+1(b − a)P (b),
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which yields that the quadrature formula (1.4) is exact for polynomials of degree
at most 2n+1. Therefore, substituting f := (b−x)P 2

n(x) and f := (x−a)P 2
n(x)

into (1.4), formulae (1.10) and (1.12) follow. �

Let f : [a, b] → R be a differentiable function, x1, . . . , xn be pairwise dis-
tinct elements of [a, b], and 1 ≤ r ≤ n be a fixed integer. Denote the Hermite
interpolation polynomial by H that satisfies the following conditions:

H(xk) = f(xk) (k = 1, . . . , n)
H ′(xk) = f ′(xk) (k = 1, . . . , r).

We recall that deg H = n + r − 1. From a well known result, (see [HH94, Sec.
5.3, pp. 230-231]), for all x ∈ [a, b] there exists θ such that

(1.13) f(x) − H(x) =
ωn(x)ωr(x)

(n + r)!
f (n+r)(θ),

where

ωk(x) = (x − x1) · · · (x − xk).

1.2. An approximation theorem

It is well known that there exists a function ϕ which possesses the following
properties:

(i) ϕ : R → R+ is C∞, i. e., it is infinitely many times differentiable;
(ii) supp ϕ ⊂ [−1, 1];

(iii)
∫

R
ϕ = 1.

Using ϕ, one can define the function ϕε for all ε > 0 by the formula

ϕε(x) =
1
ε
ϕ
(x

ε

)
(x ∈ R).

Then, as it can easily be checked, ϕε satisfies the following conditions:

(i’) ϕε : R → R+ is C∞;
(ii’) supp ϕε ⊂ [−ε, ε];

(iii’)
∫

R
ϕε = 1.

Let I ⊂ R be a nonempty open interval, f : I → R be a continuous function,
and choose ε > 0. Denote the convolution of f and ϕε by fε, that is

fε(x) :=
∫

R

f̄(y)ϕε(x − y)dy (x ∈ R)

where f̄(y) = f(y) if y ∈ I , otherwise f̄(y) = 0. Let us recall, that fε → f
uniformly as ε → 0 on each compact subinterval of I , and fε is infinitely many
times differentiable on R. These important results can be found for example in
[Zei86, p. 549].
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THEOREM 1.5. Let I ⊂ R be an open interval, f : I → R be a polynomi-
ally n-convex continuous function. Then, for all compact subintervals [a, b] ⊂ I ,
there exists a sequence of polynomially n-convex and C∞ functions (fk) which
converges uniformly to f on [a, b].

PROOF. Choose a, b ∈ I and ε0 > 0 such that the inclusion [a−ε0, b+ε0] ⊂ I
hold. We show that the function τεf : [a, b] → R defined by the formula

τεf(x) := f(x − ε)

is polynomially n-convex on [a, b] for 0 < ε < ε0. Let a ≤ x0 < · · · < xn ≤ b
and k ≤ n − 1 be fixed. By induction, we are going to verify the identity

(1.14)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

τεf(x0) · · · τεf(xn)
1 · · · 1
x0 · · · xn
...

. . .
...

xk−1
0 · · · xk−1

n

xk
0 · · · xk

n
...

. . .
...

xn−1
0 · · · xn−1

n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

τεf(x0) · · · τεf(xn)
1 · · · 1

x0 − ε · · · xn − ε
...

. . .
...

(x0 − ε)k−1 · · · (xn − ε)k−1

xk
0 · · · xk

n
...

. . .
...

xn−1
0 · · · xn−1

n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

If k = 1, then this equation obviously holds. Assume, for a fixed positive integer
k ≤ n − 2, that (1.14) remains true. The binomial theorem implies the identity

xk =
(

k

0

)
εk +

(
k

1

)
εk−1(x − ε) + · · · +

(
k

k

)
(x − ε)k.

That is, (x−ε)k is the linear combination of the elements 1, x−ε, . . . , (x−ε)k and
xk. Therefore, adding the adequate linear combination of the 2nd, . . . , (k + 1)st

rows to the (k + 2)nd row, we arrive at the equation∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

τεf(x0) · · · τεf(xn)
1 · · · 1

x0 − ε · · · xn − ε
...

. . .
...

(x0 − ε)k−1 · · · (xn − ε)k−1

xk
0 · · · xk

n

xk+1
0 · · · xk+1

n
...

. . .
...

xn−1
0 · · · xn−1

n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

τεf(x0) · · · τεf(xn)
1 · · · 1

x0 − ε · · · xn − ε
...

. . .
...

(x0 − ε)k−1 · · · (xn − ε)k−1

(x0 − ε)k · · · (xn − ε)k

xk+1
0 · · · xk+1

n
...

. . .
...

xn−1
0 · · · xn−1

n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Hence formula (1.14) holds for all fixed positive k whenever 1 ≤ k ≤ n − 1.
The particular case k = n− 1 gives the polynomial n-convexity of τεf . Applying
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integral transformation and the previous result, we get that

(−1)n

∣∣∣∣∣∣∣∣∣∣∣

fε(x0) · · · fε(xn)
1 · · · 1
x0 · · · xn
...

. . .
...

xn−1
0 · · · xn−1

n

∣∣∣∣∣∣∣∣∣∣∣
=

=
∫

R

(−1)n

∣∣∣∣∣∣∣∣∣∣∣

f̄(t)ϕε(x0 − t) · · · f̄(t)ϕε(xn − t)
1 · · · 1
x0 · · · xn
...

. . .
...

xn−1
0 · · · xn−1

n

∣∣∣∣∣∣∣∣∣∣∣
dt

=
∫

R

(−1)n

∣∣∣∣∣∣∣∣∣∣∣

f̄(x0 − s) · · · f̄(xn − s)
1 · · · 1
x0 · · · xn
...

. . .
...

xn−1
0 · · · xn−1

n

∣∣∣∣∣∣∣∣∣∣∣
ϕε(s)ds

=
∫

R

(−1)n

∣∣∣∣∣∣∣∣∣∣∣

τsf(x0) · · · τsf(xn)
1 · · · 1
x0 · · · xn
...

. . .
...

xn−1
0 · · · xn−1

n

∣∣∣∣∣∣∣∣∣∣∣
ϕε(s)ds ≥ 0,

which shows the polynomial n-convexity of fε on [a, b] for 0 < ε < ε0.
To complete the proof, choose a positive integer n0 such that the relation 1

n0
<

ε0 hold. If we define εk and fk by εk := 1
n0+k and fk := fεk

for k ∈ N, then
0 < εk < ε0 thus (fk)∞k=1 satisfies the requirements of the theorem. �

1.3. Hermite–Hadamard-type inequalities

In the sequel, we shall need two additional auxiliary results. The firs one
investigates the convergence properties of the roots of orthogonal polynomials.

LEMMA 1.6. Let ρ be a weight function on [a, b] furthermore (aj) be strictly
monotone decreasing, (bj) be strictly monotone increasing sequences such that
aj → a, bj → b and a1 < b1. Denote the roots of Pm;j by ξ1;j , . . . , ξm;j where
Pm;j is the mth degree member of the ρ|[aj ,bj ]-orthogonal polynomial system on

[aj , bj ], and denote the roots of Pm by ξ1, . . . , ξm where Pm is the mth degree
member of the ρ-orthogonal polynomial system on [a, b]. Then,

lim
j→∞

ξk;j = ξk (k = 1, . . . , n).
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PROOF. Observe first that the mapping (a, b) 	→ µk;[a,b] is continuous, there-
fore µk;[aj ,bj ] → µk;[a,b] hence Pm;j → Pm pointwise according to the representa-
tion of orthogonal polynomials. Take ε > 0 such that

]ξk − ε, ξk + ε[⊂]a, b[

]ξk − ε, ξk + ε[∩]ξl − ε, ξl + ε[= ∅ (k �= l, k, l ∈ {1, . . . ,m}).
The polynomial Pm changes its sign on ]ξk − ε, ξk + ε[ since it is of degree m and
it has m pairwise distinct roots; therefore, due to the pointwise convergence, Pm;j

also changes its sign on the same interval up to an index. That is, for sufficiently
large j, ξk;j ∈]ξk − ε, ξk + ε[. �

The other auxiliary result investigates the one-sided limits of polynomially n-
convex functions at the endpoints of the domain. Let us note that its first assertion
involves, in fact, two cases according to the parity of the convexity.

LEMMA 1.7. Let f : [a, b] → R be a polynomially n-convex function. Then,

(i) (−1)nf(a) ≥ lim supt→a+0(−1)nf(t);
(ii) f(b) ≥ lim supt→b−0 f(t).

PROOF. It suffices to restrict the investigations to the even case of assertion
(i) only since the proofs of the other ones are completely the same. For the sake of
brevity, we shall use the notation f+(a) := lim supt→a+0 f(t). Take the elements
x0 := a < x1 := t < · · · < xn of [a, b]. Then, the (even order) polynomial
convexity of f implies∣∣∣∣∣∣∣∣∣∣∣

f(a) f(t) f(x2) . . . f(xn)
1 1 1 . . . 1
a t x2 . . . xn
...

...
...

. . .
...

an−1 tn−1 xn−1
2 . . . xn−1

n

∣∣∣∣∣∣∣∣∣∣∣
≥ 0.

Therefore, taking the limsup as t → a + 0, we obtain that∣∣∣∣∣∣∣∣∣∣∣

f(a) f+(a) f(x2) . . . f(xn)
1 1 1 . . . 1
a a x2 . . . xn
...

...
...

. . .
...

an−1 an−1 xn−1
2 . . . xn−1

n

∣∣∣∣∣∣∣∣∣∣∣
≥ 0.

The adjoint determinants of the elements f(x2), . . . , f(xn) in the first row are
equal to zero since their first and second columns coincide; on the other hand,
f(a) and f+(a) have the same (positive) Vandermonde-type adjoint determinant.
Hence, applying the expansion theorem on the first row, we obtain the desired
inequality

f(a) − f+(a) ≥ 0.

�
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The main results concern the cases of odd and even order polynomial convex-
ity separately in the subsequent two theorems.

THEOREM 1.8. Let ρ : [a, b] → R be a positive integrable function. Denote
the roots of Pm by ξ1, . . . , ξm where Pm is the mth degree member of the orthog-
onal polynomial system on [a, b] with respect to the weight function (x − a)ρ(x),
and denote the roots of Qm by η1, . . . , ηm where Qm is the mth degree member
of the orthogonal polynomial system on [a, b] with respect to the weight function
(b−x)ρ(x). Define the coefficients α0, . . . , αm and β1, . . . , βm+1 by the formulae

α0 :=
1

P 2
m(a)

∫ b

a
P 2

m(x)ρ(x)dx,

αk :=
1

ξk − a

∫ b

a

(x − a)Pm(x)
(x − ξk)P ′

m(ξk)
ρ(x)dx

and

βk :=
1

b − ηk

∫ b

a

(b − x)Qm(x)
(x − ηk)Q′

m(ηk)
ρ(x)dx,

βm+1 :=
1

Q2
m(b)

∫ b

a
Q2

m(x)ρ(x)dx.

If a function f : [a, b] → R is polynomially (2m + 1)-convex, then it satisfies the
following Hermite–Hadamard-type inequality

α0f(a) +
m∑

k=1

αkf(ξk) ≤
∫ b

a
fρ ≤

m∑
k=1

βkf(ηk) + βm+1f(b).

PROOF. First assume that f is (2m + 1) times differentiable. Then, accord-
ing to Theorem A, f (2m+1) ≥ 0 on ]a, b[. Let H be the Hermite interpolation
polynomial determined by the conditions

H(a) = f(a)
H(ξk) = f(ξk)
H ′(ξk) = f ′(ξk).

By the remainder term (1.13) of the Hermite interpolation, if x is an arbitrary
element of ]a, b[, then there exists θ ∈]a, b[ such that

f(x) − H(x) =
(x − a)(x − ξ1)2 · · · (x − ξm)2

(2m + 1)!
f (2m+1)(θ).

That is, fρ ≥ Hρ on [a, b] due to the nonnegativity of f (2m+1) and the positivity
of ρ. On the other hand, H is of degree 2m, therefore Theorem 1.2 yields that∫ b

a
fρ ≥

∫ b

a
Hρ = α0H(a) +

m∑
k=1

αkH(ξk) = α0f(a) +
m∑

k=1

αkf(ξk).



1.3. HERMITE–HADAMARD-TYPE INEQUALITIES 17

For the general case, let f be an arbitrary polynomially (2m+1)-convex func-
tion. Without loss of generality we may assume that m ≥ 1; in this case, f is
continuous (see Theorem B). Let (aj) and (bj) be sequences fulfilling the require-
ments of Lemma 1.6. According to Theorem 1.5, there exists a sequence of C∞,
polynomially (2m + 1)-convex functions (fi;j) such that fi;j → f uniformly on
[aj , bj ] as i → ∞. Denote the roots of Pm;j by ξ1;j , . . . , ξm;j where Pm;j is the
mth degree member of the orthogonal polynomial system on [aj , bj ] with respect
to the weight function (x − a)ρ(x). Define the coefficients α0;j , . . . , αm;j analo-
gously to α0, . . . , αm with the help of Pm;j . Then, ξk;j → ξk due to Lemma 1.6,
and hence αk;j → αk as j → ∞. Applying the previous step of the proof on the
smooth functions (fi;j), it follows that

α0;jfi;j(aj) +
m∑

k=1

αk;jfi;j(ξk;j) ≤
∫ bj

aj

fi;jρ.

Taking the limits i → ∞ and then j → ∞, we get the inequality

α0

(
lim inf
t→a+0

f(t)
)

+
m∑

k=1

αkf(ξk) ≤
∫ b

a
fρ.

This, together with Lemma 1.7, gives the left hand side inequality to be proved.
The proof of the right hand side inequality is analogous, therefore it is omitted. �

The second main result offers Hermite–Hadamard-type inequalities for even-
order polynomially convex functions. In this case, the symmetrical structure dis-
appears: the lower estimation involves none of the endpoints, while the upper
estimation involves both of them.

THEOREM 1.9. Let ρ : [a, b] → R be a positive integrable function. Denote
the roots of Pm by ξ1, . . . , ξm where Pm is the mth degree member of the or-
thogonal polynomial system on [a, b] with respect to the weight function ρ(x), and
denote the roots of Qm−1 by η1, . . . , ηm−1 where Qm−1 is the (m − 1)st degree
member of the orthogonal polynomial system on [a, b] with respect to the weight
function (b−x)(x−a)ρ(x). Define the coefficients α1, . . . , αm and β0, . . . , βm+1

by the formulae

αk :=
∫ b

a

Pm(x)
(x − ξk)P ′

m(ξk)
ρ(x)dx

and

β0 =
1

(b − a)Q2
m−1(a)

∫ b

a
(b − x)Q2

m−1(x)ρ(x)dx,

βk =
1

(b − ηk)(ξk − a)

∫ b

a

(b − x)(x − a)Qm−1(x)
(x − ηk)Q′

m−1(ηk)
ρ(x)dx,

βm+1 =
1

(b − a)Q2
m−1(b)

∫ b

a
(x − a)Q2

m−1(x)ρ(x)dx.
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If a function f : [a, b] → R is polynomially (2m)-convex, then it satisfies the
following Hermite–Hadamard-type inequality

m∑
k=1

αkf(ξk) ≤
∫ b

a
fρ ≤ β0f(a) +

m−1∑
k=1

βkf(ηk) + βmf(b).

PROOF. First assume that f is n = 2m times differentiable. Then f (2m) ≥ 0
on ]a, b[ according to Theorem B. Consider the Hermite interpolation polynomial
H that interpolates the function f in the roots of Pm in the following manner:

H(ξk) = f(ξk)
H ′(ξk) = f ′(ξk).

By the remainder term (1.13) of the Hermite interpolation, if x is an arbitrary
element of ]a, b[, then there exists θ ∈]a, b[ such that

f(x) − H(x) =
(x − ξ1)2 · · · (x − ξm)2

(2m)!
f (2m)(θ).

Hence fρ ≥ Hρ on [a, b] due to the nonnegativity of f (2m) and the positivity of ρ.
On the other hand, H is of degree 2m − 1, therefore Theorem 1.1 yields the left
hand side of the inequality to be proved:

∫ b

a
fρ ≥

∫ b

a
Hρ =

m∑
k=1

αkH(ξk) =
m∑

k=1

αkf(ξk).

Now consider the Hermite interpolation polynomial H that interpolates the func-
tion f in the roots of Qm−1 and in the endpoints of the domain in the following
way:

H(a) = f(a)
H(ηk) = f(ηk)
H ′(ηk) = f ′(ηk)

H(b) = f(b).

By the remainder term (1.13) of the Hermite interpolation, if x is an arbitrary
element of ]a, b[, then there exists θ ∈]a, b[ such that

f(x) − H(x) =
(x − a)(x − b)(x − η1)2 · · · (x − ηm−1)2

(2m)!
f (2m)(θ).

The factors of the right hand side are nonnegative except for the factor (x − b)
which is negative hence fρ ≤ Hρ. On the other hand, H is of degree 2m − 1,



1.3. HERMITE–HADAMARD-TYPE INEQUALITIES 19

therefore Theorem 1.4 yields the right hand side inequality to be proved:∫ b

a
fρ ≤

∫ b

a
Hρ = β0H(a) +

m−1∑
k=1

βkH(ηk) + βmH(b)

= β0f(a) +
m−1∑
k=1

βkf(ηk) + βmf(b).

From this point, an analogous argument to the corresponding part of the previous
proof gives the statement of the theorem without any differentiability assumptions
on the function f . �

Specializing the weight function ρ ≡ 1, the roots of the inequalities can be
obtained as convex combinations of the endpoints of the domain. The coefficients
of the convex combinations are the roots of certain orthogonal polynomials on
[0, 1] in both cases. Observe that interchanging the role of the endpoints in any
side of the inequality concerning the odd order case, we obtain the other side of
the inequality.

THEOREM 1.10. Let, for m ≥ 0, the polynomial Pm be defined by the formula

Pm(x) :=

∣∣∣∣∣∣∣∣∣

1 1
2 · · · 1

m+1

x 1
3 · · · 1

m+2
...

...
. . .

...
xm 1

m+2 · · · 1
2m+1

∣∣∣∣∣∣∣∣∣
.

Then, Pm has m pairwise distinct roots λ1, . . . , λm in ]0, 1[. Define the coefficients
α0, . . . , αm by

α0 :=
1

P 2
m(0)

∫ 1

0
P 2

m(x)dx,

αk :=
1
λk

∫ 1

0

xPm(x)
(x − λk)P ′

m(λk)
dx.

If a function f : [a, b] → R is polynomially (2m + 1)-convex, then it satisfies the
following Hermite–Hadamard-type inequality

α0f(a) +
m∑

k=1

αkf
(
(1 − λk)a + λkb

) ≤ 1
b − a

∫ b

a
f(x)dx

≤
m∑

k=1

αkf
(
λka + (1 − λk)b

)
+ α0f(b).

PROOF. Apply Theorem 1.8 in the particular setting when a := 0, b := 1 and
the weight function is ρ ≡ 1. Then, as simple calculations show, Pm is exactly the
mth degree member of the orthogonal polynomial system on [0, 1] with respect to
the weight function ρ(x) = x (see the beginning of this chapter). Therefore, Pm
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has m pairwise distinct roots 0 < λ1 < · · · < λm < 1, indeed. Moreover, the
coefficients α0, . . . , αm have the form above. Define the function F : [0, 1] → R

by the formula

F (t) := f
(
(1 − t)a + tb

)
.

It is easy to check that F is polynomially (2m + 1)-convex on the interval [0, 1].
Hence, applying Theorem 1.8 and the previous observations, it follows that∫ 1

0
F (t)dt ≥ α0F (0) +

m∑
k=1

αkF (λk)

= α0f(a) +
m∑

k=1

αkf
(
(1 − λk)a + λkb

)
.

On the other hand, to complete the proof of the left hand side inequality, observe
that

1
b − a

∫ b

a
f(x)dx =

∫ 1

0
F (t)dt.

For verifying the right hand side one, define the function ϕ : [a, b] → R by the
formula

ϕ(x) := −f(a + b − x).

Then, ϕ is polynomially (2m+1)-convex on [a, b]. The previous inequality applied
on ϕ gives the upper estimation of the Hermite–Hadamard-type inequality for f .

�

THEOREM 1.11. Let, for m ≥ 1, the polynomials Pm and Qm−1 be defined
by the formulae

Pm(x) :=

∣∣∣∣∣∣∣∣∣

1 1 · · · 1
m

x 1
2 · · · 1

m+1
...

...
. . .

...
xm 1

m+1 · · · 1
2m

∣∣∣∣∣∣∣∣∣
,

Qm−1(x) :=

∣∣∣∣∣∣∣∣∣∣

1 1
2·3 · · · 1

m(m+1)

x 1
3·4 · · · 1

(m+1)(m+2)
...

...
. . .

...
xm−1 1

(m+1)(m+2) · · · 1
(2m−1)2m

∣∣∣∣∣∣∣∣∣∣
.

Then, Pm has m pairwise distinct roots λ1, . . . , λm in ]0, 1[ and Qm−1 has m− 1
pairwise distinct roots µ1, . . . , µm−1 in ]0, 1[, respectively. Define the coefficients
α1, . . . , αm and β0, . . . , βm by

αk :=
∫ 1

0

Pm(x)
(x − λk)P ′

m(λk)
dx
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and

β0 :=
1

Q2
m−1(0)

∫ 1

0
(1 − x)Q2

m−1(x)dx,

βk :=
1

(1 − µk)µk

∫ 1

0

x(1 − x)Qm−1(x)
(x − µk)Q′

m−1(µk)
dx,

βm :=
1

Q2
m−1(1)

∫ 1

0
xQ2

m−1(x)dx.

If a function f : [a, b] → R is polynomially (2m)-convex, then it satisfies the
following Hermite–Hadamard-type inequality

m∑
k=1

αkf
(
(1 − λk)a + λkb

) ≤ 1
b − a

∫ b

a
f(x)dx

≤ β0f(a) +
m−1∑
k=1

βkf
(
(1 − µk)a + µkb

)
+ βmf(b).

PROOF. Substitute a := 0, b := 1 and ρ ≡ 1 into Theorem 1.9. Then, Pm

is exactly the mth degree member of the orthogonal polynomial system on the
interval [0, 1] with respect to the weight function ρ(x) = 1; similarly, Qm−1 is
the (m− 1)st degree member of the orthogonal polynomial system on the interval
[0, 1] with respect to the weight function ρ(x) = (1 − x)x. Therefore, Qm has m
pairwise distinct roots 0 < λ1 < · · · < λm < 1 and Qm−1 has m − 1 pairwise
distinct roots 0 < µ1 < · · · < µm−1 < 1, indeed. Moreover, the coefficients
α1, . . . , αm and β0, . . . , βm have the form above. To complete the proof, apply
Theorem 1.9 on the function F : [0, 1] → R defined by the formula

F (t) := f
(
(1 − t)a + tb

)
.

�

1.4. Applications

In the particular setting when m = 1, Theorem 1.10 reduces to the classical
Hermite–Hadamard inequality:

COROLLARY 1.12. If f : [a, b] → R is a polynomially 2-convex (i.e. convex)
function, then the following inequalities hold

f

(
a + b

2

)
≤ 1

b − a

b∫
a

f(x)dx ≤ f(a) + f(b)
2

.

In the subsequent corollaries we present Hermite–Hadamard-type inequali-
ties in those cases when the roots of the polynomials in Theorem 1.10 and Theo-
rem 1.11 can explicitly be computed.
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COROLLARY 1.13. If f : [a, b] → R is a polynomially 3-convex function, then
the following inequalities hold

1
4
f(a) +

3
4
f

(
a + 2b

3

)
≤ 1

b − a

b∫
a

f(x)dx ≤ 3
4
f

(
2a + b

3

)
+

1
4
f(b).

COROLLARY 1.14. If f : [a, b] → R is a polynomially 4-convex function, then
the following inequalities hold

1
2
f

(
3 +

√
3

6
a +

3 −√
3

6
b

)
+

1
2
f

(
3 −√

3
6

a +
3 +

√
3

6
b

)

≤ 1
b − a

b∫
a

f(x)dx ≤ 1
6
f(a) +

2
3
f

(
a + b

2

)
+

1
6
f(b).

COROLLARY 1.15. If f : [a, b] → R is a polynomially 5-convex function, then
the following inequalities hold

1
9
f(a) +

16 +
√

6
36

f

(
4 +

√
6

10
a +

6 −√
6

10
b

)

+
16 −√

6
36

f

(
4 −√

6
10

a +
6 +

√
6

10
b

)
≤ 1

b − a

∫ b

a
f(x)dx

≤ 16 −√
6

36
f

(
6 +

√
6

10
a +

4 −√
6

10
b

)

+
16 +

√
6

36
f

(
6 −√

6
10

a +
4 +

√
6

10
b

)
+

1
9
f(b).

In some other cases analogous statements can be formulated applying Theo-
rem 1.11. For simplicity, instead of writing down these corollaries explicitly, we
shall present a list which contains the roots of Pn (denoted by λk), and the coeffi-
cients αk for the left hand side inequality furthermore the roots of Qn (denoted by
µk), and the coefficients βk for the right hand side inequality, respectively.

Case n = 6
The roots of P3:

5 −√
15

10
,

1
2
,

5 +
√

15
10

;

the corresponding coefficients:

5
18

,
4
9
,

5
18

.
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The roots of Q2:
5 −√

5
10

,
5 +

√
5

10
;

the corresponding coefficients:
1
12

,
5
12

,
5
12

,
1
12

.

Case n = 8
The roots of P4:

1
2
−
√

525 + 70
√

30
70

,
1
2
−
√

525 − 70
√

30
70

,

1
2

+

√
525 − 70

√
30

70
,

1
2

+

√
525 + 70

√
30

70
;

the corresponding coefficients:

1
4
−

√
30

72
,

1
4

+
√

30
72

,
1
4

+
√

30
72

,
1
4
−

√
30

72
.

The roots of Q3:
1
2
−

√
21

14
,

1
2
,

1
2

+
√

21
14

;

the corresponding coefficients:
1
20

,
49
180

,
16
45

,
49
180

,
1
20

.

Case n = 10
The roots of P5:

1
2
−
√

245 + 14
√

70
42

,
1
2
−
√

245 − 14
√

70
42

,

1
2
,

1
2

+

√
245 − 14

√
70

42
,

1
2

+

√
245 + 14

√
70

42
;

the corresponding coefficients:

322 − 13
√

70
1800

,
322 + 13

√
70

1800
,

64
225

,
322 + 13

√
70

1800
,

322 − 13
√

70
1800

.

The roots of Q4:

1
2
−
√

147 + 42
√

7
42

,
1
2
−
√

147 − 42
√

7
42

,

1
2

+

√
147 − 42

√
7

42
,

1
2

+

√
147 + 42

√
7

42
;

the corresponding coefficients:

1
30

,
14 −√

7
60

,
14 +

√
7

60
,

14 +
√

7
60

,
14 −√

7
60

,
1
30

.
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Case n = 12 (right hand side inequality)
The roots of Q5:

1
2
−
√

495 + 66
√

15
66

,
1
2
−
√

495 − 66
√

15
66

,

1
2
,

1
2

+

√
495 − 66

√
15

66
,

1
2

+

√
495 + 66

√
15

66
;

the corresponding coefficients:

1
42

,
124 − 7

√
15

700
,

124 + 7
√

15
700

,
128
525

,

124 + 7
√

15
700

,
124 − 7

√
15

700
,

1
42

.

During the investigations of the higher–order cases above, we can use the sym-
metry of the roots of the orthogonal polynomials with respect to 1/2, and therefore
the calculations lead to solving linear or quadratic equations. The first case where
“casus irreducibilis” appears is n = 7; similarly, this is the reason for presenting
only the right hand side inequality for polynomially 12-convex functions.



CHAPTER 2

Generalized 2-convexity

In terms of geometry, the Tchebychev property of a two dimensional system
can equivalently be formulated: the linear combinations of the members of the
system (shortly: generalized lines) are continuous furthermore any two points of
the plain with distinct first coordinates can be connected by a unique generalized
line. That is, generalized lines have the most important properties of affine func-
tions. These properties turn out to be so strong that most of the classical results of
standard convexity can be generalized for this setting.

First we investigate some basic properties of generalized lines of two di-
mensional Tchebychev systems. Then the most important tool of the chapter,
a characterization theorem is proved for generalized 2-convex functions. Two
consequences of this theorem, namely the existence of generalized support lines
and the property of generalized chords are crucial to verify Hermite–Hadamard-
type inequalities. Another result states a tight connection between standard and
(ω1, ω2)-convexity, and also guarantees the integrability of (ω1, ω2)-convex func-
tions. Some classical results of the theory of convex functions, like their represen-
tation and stability are also generalized for this setting.

2.1. Characterizations via generalized lines

Let us recall that (ω1, ω2) is said to be a Tchebychev system over an interval I
if ω1, ω2 : I → R are continuous functions and, for all elements x < y of I ,∣∣∣∣ ω1(x) ω1(y)

ω2(x) ω2(y)

∣∣∣∣ > 0.

Some concrete examples on Tchebychev systems are presented in the last section
of the chapter. Given a Tchebychev system (ω1, ω2), a function f : I → R is called
generalized convex with respect to (ω1, ω2) or shortly: generalized 2-convex if, for
all elements x < y < z of I , it satisfies the inequality∣∣∣∣∣∣

f(x) f(y) f(z)
ω1(x) ω1(y) ω1(z)
ω2(x) ω2(y) ω2(z)

∣∣∣∣∣∣ ≥ 0.

Clearly, in the standard setting this definition reduces to the notion of (ordinary)
convexity. Let (ω1, ω2) be a Tchebychev system on an interval I , and denote the
set of all linear combinations of the functions ω1 and ω2 by L(ω1, ω2). We say that

25
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a function ω : I → R is a generalized line if it belongs to the linear hull L(ω1, ω2).
The properties of generalized lines play the key role in our further investigations;
first we need the following simple but useful ones.

LEMMA 2.1. Let (ω1, ω2) be a Tchebychev system over an interval I . Then,
two different generalized lines of L(ω1, ω2) have at most one common point; more-
over, if two different generalized lines have the same value at some ξ ∈ I◦, then
the difference of the lines is positive on one side of ξ while negative on the other
side of ξ. In particular, ω1 and ω2 have at most one zero; moreover, if ω1 (resp.,
ω2) vanishes at some ξ ∈ I◦, then ω1 is positive on one side of ξ while negative on
the other.

PROOF. Due to the linear structure of L(ω1, ω2), without loss of generality
we may assume that one of the lines is the constant zero line. Then, the other
generalized line ω has the representation αω1 + βω2, with α2 + β2 > 0.

The first assertion of the theorem is equivalent to the property that ω has at
most one zero. To show this, assume indirectly that ω(ξ) and ω(η) equal zero for
ξ �= η; that is,

αω1(ξ) + βω2(ξ) = 0
αω1(η) + βω2(η) = 0.

By the Tchebychev property of (ω1, ω2), the base determinant of the system is
nonvanishing, therefore the system has only trivial solutions α = 0 and β = 0
which contradicts the property α2 + β2 > 0.

An equivalent formulation of the second assertion is the following: if ω(ξ) = 0
for some interior point ξ, then ω > 0 on one side of ξ while ω < 0 on the other.
If this is not true, then, according to the previous result and Bolzano’s theorem,
ω is strictly positive (or negative) on both sides of ξ. For simplicity, assume that
ω(t) > 0 for t �= ξ. Define the generalized line ω∗ by ω∗ := −βω1 + αω2. Then,
(ω, ω∗) is also a Tchebychev system: if x < y are elements of I , then∣∣∣∣ ω(x) ω(ξ)

ω∗(x) ω∗(y)

∣∣∣∣ =
∣∣∣∣ α β
−β α

∣∣∣∣ ·
∣∣∣∣ ω1(x) ω1(y)

ω2(x) ω2(y)

∣∣∣∣
= (α2 + β2)

∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣ > 0.

Therefore, taking the elements x < ξ < y of I , we arrive at the inequalities

0 <

∣∣∣∣ ω(x) ω(ξ)
ω∗(x) ω∗(ξ)

∣∣∣∣ = ω(x)ω∗(ξ)

0 <

∣∣∣∣ ω(ξ) ω(y)
ω∗(ξ) ω∗(y)

∣∣∣∣ = −ω(y)ω∗(ξ),

which yields the contradiction that ω∗(ξ) is simultaneously positive and negative.
For the last assertion, notice that ω1, ω2 and the constant zero functions are

special generalized lines and apply the previous part of the theorem. �
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The most important property of L(ω1, ω2) guarantees the existence of a gen-
eralized line “parallel” to the constant zero function, which itself is a generalized
line, too (see below). Moreover, as it can also be shown, L(ω1, ω2) fulfills the
axioms of hyperbolic geometry.

LEMMA 2.2. If (ω1, ω2) is a Tchebychev system on an interval I , then there
exists ω ∈ L(ω1, ω2) such that ω is positive on I◦.

PROOF. If ω1 has no zero in I◦, then ω := ω1 or ω := −ω1 (according to the
sign of ω1) will do. Suppose that ω1(ξ) = 0 for some ξ ∈ I◦. Due to Lemma 2.1,
without loss of generality we may assume that

ω1(x) < 0 (x < ξ, x ∈ I)
ω1(y) > 0 (y > ξ, y ∈ I).

Choose the elements x < ξ < y of I . The Tchebychev property of (ω1, ω2) and
the negativity of ω1(x)ω2(y) implies the inequality

ω2(y)
ω1(y)

<
ω2(x)
ω1(x)

.

Hence

(2.1) α := sup
y>ξ

[
ω2(y)
ω1(y)

]
≤ inf

x<ξ

[
ω2(x)
ω1(x)

]
;

moreover, both sides are real numbers. We show that the generalized line defined
by ω := αω1 − ω2 is positive on the interior of I .

First observe that ω takes positive value at the point ξ. Indeed, by the definition
of ω we have ω(ξ) := αω1(ξ)−ω2(ξ) = −ω2(ξ); on the other hand, for y > ξ, the
positivity of ω1(y) and the Tchebychev property of (ω1, ω2) yields −ω2(ξ) > 0.

If y > ξ, then the definition of α implies

α ≥ ω2(y)
ω1(y)

;

multiplying both sides by the positive ω1(y) and rearranging the terms we get,
ω(y) := αω1(y) − ω2(y) ≥ 0.

If x < ξ, then inequality (2.1) gives that

α ≤ ω2(x)
ω1(x)

;

multiplying both sides by the negative ω1(x) and rearranging the obtained terms,
we arrive at the inequality ω(x) := αω1(x) − ω2(x) ≥ 0.

To complete the proof, it suffices to show that ω always differs from zero on
the interior of the domain. Assume indirectly that ω(η) := αω1(η) − ω2(η) = 0
for some η ∈ I◦. Clearly, η �= ξ since ω(ξ) > 0. Therefore, ω1(η) �= 0 and α can
be expressed explicitly:

α =
ω2(η)
ω1(η)

.
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If ξ < η, choose y ∈ I such that η < y hold. By the positivity of ω1(η)ω1(y) and
the Tchebychev property of (ω1, ω2),

α =
ω2(η)
ω1(η)

<
ω2(y)
ω1(y)

which contradicts the definition of α. Similarly, if ξ > η, choose x ∈ I such that
x < η be valid. Then, the positivity of ω1(x)ω1(η) and the Tchebychev property
of (ω1, ω2) imply the inequality

α =
ω2(η)
ω1(η)

>
ω2(x)
ω1(x)

,

which contradicts (2.1). �

As an important consequence of Lemma 2.2, a Tchebychev system can always
be replaced equivalently by a “regular” one. In other words, assuming positivity
on the first component of a Tchebychev system, as it is required in many further
results, is not an essential restriction. Moreover, the next lemma also gives a char-
acterization of pairs of functions to form a Tchebychev system.

LEMMA 2.3. Let (ω1, ω2) be a Tchebychev system on an interval I ⊂ R.
Then, there exists a Tchebychev system (ω∗

1, ω
∗
2) on I that possesses the following

properties:

(i) ω∗
1 is positive on I◦;

(ii) ω∗
2/ω∗

1 is strictly monotone increasing on I◦;
(iii) (ω1, ω2)-convexity is equivalent to (ω∗

1, ω
∗
2)-convexity.

Conversely, if ω1, ω2 : I → R are continuous functions such that ω1 is positive
and ω2/ω1 is strictly monotone increasing, then (ω1, ω2) is a Tchebychev system
over I .

PROOF. Lemma 2.2 guarantees the existence of real constants α and β such
that αω1 + βω2 > 0 holds for all x ∈ I◦. Define the functions ω∗

1, ω
∗
2 : I → R by

the formulae
ω∗

1 := αω1 + βω2 ω∗
2 := −βω1 + αω2.

Choosing the elements x < y of I and applying the product rule of determinants,
we get ∣∣∣∣ ω∗

1(x) ω∗
1(y)

ω∗
2(x) ω∗

2(y)

∣∣∣∣ =
∣∣∣∣ α β
−β α

∣∣∣∣ ·
∣∣∣∣ ω1(x) ω1(y)

ω2(x) ω2(y)

∣∣∣∣
= (α2 + β2)

∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣ > 0.

Therefore, (ω∗
1, ω

∗
2) is also a Tchebychev system over I . Assuming that ω∗

1 is
positive, as it can easily be checked, the Tchebychev property of (ω∗

1, ω
∗
2) yields

that the function ω∗
2/ω∗

1 is strictly monotone increasing on the interior of I .
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At last, let f : I → R be an arbitrary function and x < y < z be arbitrary
elements of I . Then, by the product rule of determinants again,∣∣∣∣∣∣

f(x) f(y) f(z)
ω∗

1(x) ω∗
1(y) ω∗

1(z)
ω∗

2(x) ω∗
2(y) ω∗

2(z)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 0 0
0 α β
0 −β α

∣∣∣∣∣∣ ·
∣∣∣∣∣∣

f(x) f(y) f(z)
ω1(x) ω1(y) ω1(z)
ω2(x) ω2(y) ω2(z)

∣∣∣∣∣∣
= (α2 + β2) ·

∣∣∣∣∣∣
f(x) f(y) f(z)
ω1(x) ω1(y) ω1(z)
ω2(x) ω2(y) ω2(z)

∣∣∣∣∣∣ ,
which shows that the function f is generalized convex with respect to the Tcheby-
chev system (ω1, ω2) if and only if it is generalized convex with respect to the
Tchebychev system (ω∗

1, ω
∗
2).

The proof of the converse assertion is a simple calculation, therefore it is omit-
ted. �

The following result gives various characterizations of (ω1, ω2)-convexity via
the monotonicity of the generalized divided difference, the generalized support
property and the “local” and the “global” generalized chord properties.

THEOREM 2.4. Let (ω1, ω2) be a Tchebychev system over an interval I such
that ω1 is positive on I◦. The following statements are equivalent:

(i) f : I → R is (ω1, ω2)-convex;
(ii) for all elements x < y < z of I we have that∣∣∣∣ f(y) f(z)

ω1(y) ω1(z)

∣∣∣∣∣∣∣∣ ω1(y) ω1(z)
ω2(y) ω2(z)

∣∣∣∣
≤

∣∣∣∣ f(x) f(y)
ω1(x) ω1(y)

∣∣∣∣∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣
;

(iii) for all x0 ∈ I◦ there exist α, β ∈ R such that

αω1(x0) + βω2(x0) = f(x0),
αω1(x) + βω2(x) ≤ f(x) (x ∈ I);

(iv) for all n ∈ N, x0, x1, . . . , xn ∈ I and λ1, . . . , λn ≥ 0 satisfying the condi-
tions

n∑
k=1

λkω1(xk) = ω1(x0)

n∑
k=1

λkω2(xk) = ω2(x0)

we have that

f(x0) ≤
n∑

k=1

λkf(xk);
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(v) for all x0, x1, x2 ∈ I and λ1, λ2 ≥ 0 satisfying the conditions

λ1ω1(x1) + λ2ω1(x2) = ω1(x0)
λ1ω2(x1) + λ2ω2(x2) = ω2(x0)

we have that

f(x0) ≤ λ1f(x1) + λ2f(x2);

(vi) for all elements x < p < y of I

f(p) ≤ αω1(p) + βω2(p)

where the constants α, β are the solutions of the system of linear equations

f(x) = αω1(x) + βω2(x)
f(y) = αω1(y) + βω2(y).

PROOF. (i) ⇒ (ii). Assume indirectly that (ii) is not true. Then, considering
the positivity of the denominators, there exist elements x < y < z of I such that
the inequality∣∣∣∣ f(y) f(z)

ω1(y) ω1(z)

∣∣∣∣ ·
∣∣∣∣ ω1(x) ω1(y)

ω2(x) ω2(y)

∣∣∣∣ >
∣∣∣∣ f(x) f(y)

ω1(x) ω1(y)

∣∣∣∣ ·
∣∣∣∣ ω1(y) ω1(z)

ω2(y) ω2(z)

∣∣∣∣
holds or equivalently,

f(y)
(

ω1(x)
∣∣∣∣ ω1(y) ω1(z)

ω2(y) ω2(z)

∣∣∣∣+ ω1(z)
∣∣∣∣ ω1(x) ω1(y)

ω2(x) ω2(y)

∣∣∣∣
)

> ω1(y)
(

f(x)
∣∣∣∣ ω1(y) ω1(z)

ω2(y) ω2(z)

∣∣∣∣+ f(z)
∣∣∣∣ ω1(x) ω1(y)

ω2(x) ω2(y)

∣∣∣∣
)

.

Subtracting

f(y)ω1(y)
∣∣∣∣ ω1(x) ω1(z)

ω2(x) ω2(z)

∣∣∣∣
from both sides and applying the expansion theorem “backwards”, we get

f(y)

∣∣∣∣∣∣
ω1(x) ω1(y) ω1(z)
ω1(x) ω1(y) ω1(z)
ω2(x) ω2(y) ω2(z)

∣∣∣∣∣∣ > ω1(y)

∣∣∣∣∣∣
f(x) f(y) f(z)
ω1(x) ω1(y) ω1(z)
ω2(x) ω2(y) ω2(z)

∣∣∣∣∣∣ .
The (ω1, ω2)-convexity of f implies that the right hand side of the inequality is
nonnegative, while the left hand side equals zero, which is a contradiction.

(ii) ⇒ (iii). Fix x0 ∈ I◦. Then, for all elements ξ < x0 < x of I ,

−

∣∣∣∣ f(ξ) f(x0)
ω1(ξ) ω1(x0)

∣∣∣∣∣∣∣∣ ω1(ξ) ω1(x0)
ω2(ξ) ω2(x0)

∣∣∣∣
≤ −

∣∣∣∣ f(x0) f(x)
ω1(x0) ω1(x)

∣∣∣∣∣∣∣∣ ω1(x0) ω1(x)
ω2(x0) ω2(x)

∣∣∣∣
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holds, therefore

β := inf
x>x0

⎡
⎢⎢⎣−
∣∣∣∣ f(x0) f(x)

ω1(x0) ω1(x)

∣∣∣∣∣∣∣∣ ω1(x0) ω1(x)
ω2(x0) ω2(x)

∣∣∣∣

⎤
⎥⎥⎦

is a real number. The positivity assumption on ω1 guarantees that the coefficient
α can be chosen such that αω1(x0) + βω2(x0) = f(x0) be satisfied. Rewrite the
desired inequality αω1(x) + βω2(x) ≤ f(x) into the equivalent form

(2.2) β

∣∣∣∣ ω1(x0) ω1(x)
ω2(x0) ω2(x)

∣∣∣∣+
∣∣∣∣ f(x0) f(x)

ω1(x0) ω1(x)

∣∣∣∣ ≤ 0.

The definition of β guarantees that it is valid if x0 < x. Assume that x < x0

and choose ξ ∈ I such that x < x0 < ξ hold. Then, applying (ii), we have the
inequality ∣∣∣∣ f(x0) f(ξ)

ω1(x0) ω1(ξ)

∣∣∣∣∣∣∣∣ ω1(x0) ω1(ξ)
ω2(x0) ω2(ξ)

∣∣∣∣
≤

∣∣∣∣ f(x) f(x0)
ω1(x) ω1(x0)

∣∣∣∣∣∣∣∣ ω1(x) ω1(x0)
ω2(x) ω2(x0)

∣∣∣∣
.

Observe that the denominator of the right hand side is positive, therefore, after
rearranging this inequality, we get

−

∣∣∣∣ f(x0) f(ξ)
ω1(x0) ω1(ξ)

∣∣∣∣∣∣∣∣ ω1(x0) ω1(ξ)
ω2(x0) ω2(ξ)

∣∣∣∣
∣∣∣∣ ω1(x0) ω1(x)

ω2(x0) ω2(x)

∣∣∣∣+
∣∣∣∣ f(x0) f(x)

ω1(x0) ω1(x)

∣∣∣∣ ≤ 0,

which, and the choice of β immediately implies (2.2).
(iii) ⇒ (iv). First assume that x0 = x1 = · · · = xn. We recall that ω1(x0)

and ω2(x0) cannot be equal to zero simultaneously due to Lemma 2.1; therefore
one of the conditions gives the identity

∑n
k=1 λk = 1, and the inequality to be

proved trivially holds. If x0, x1, . . . , xn are distinct points of I , then it necessarily
follows x0 ∈ I◦. Indeed, if inf(I) ∈ I and indirectly x0 = inf(I), then we have
the inequalities

ω1(x0)ω2(xk) − ω1(xk)ω2(x0) ≥ 0
for all k = 1, . . . , n since (ω1, ω2) is a Tchebychev system on I; furthermore, at
least one of them is strict. Multiplying the kth inequality by the positive λk and
summing from 1 to n, we obtain

ω1(x0)
n∑

k=1

λkω2(xk) > ω2(x0)
n∑

k=1

λkω1(xk).

But, due to the conditions, both sides have the common value ω1(x0)ω2(x0), which
is a contradiction. An analogous argument gives that the case x0 = sup(I) is also
impossible, therefore it follows that x0 ∈ I◦.
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Choose α, β ∈ R so that the relations

αω1(x0) + βω2(x0) = f(x0)
αω1(x) + βω2(x) ≤ f(x) (x ∈ I)

be valid. Then, substituting x = xk into the last inequality and applying the
conditions, we get that

n∑
k=1

λkf(xk) ≥
n∑

k=1

λkαω1(xk) +
n∑

k=1

λkβω2(xk)

= αω1(x0) + βω2(x0) = f(x0),

which gives the desired implication.
(iv) ⇒ (v). Taking the particular case n = 2 in (iv), we arrive at (v).
(v) ⇒ (vi). According to Cramer’s rule, for all elements x < p < y of I the

system of linear equations

λ1ω1(x) + λ2ω1(y) = ω1(p)
λ1ω2(x) + λ2ω2(y) = ω2(p)

has unique nonnegative solutions λ1 and λ2. Therefore, using the definition of α
and β,

f(p) ≤ λ1f(x) + λ2f(y)
= λ1

(
αω1(x) + βω2(x)

)
+ λ2

(
αω1(y) + βω2(y)

)
= α

(
λ1ω1(x) + λ2ω1(y)

)
+ β

(
λ1ω2(x) + λ2ω2(y)

)
= αω1(p) + αω2(p).

(vi) ⇒ (i). Expressing the unknowns α and β with ωj(x), ωj(y) and ωj(p),
the inequality f(p) ≤ αω1(p) + βω2(p) can be rewritten into the form∣∣∣∣ ω1(x) ω1(y)

ω2(x) ω2(y)

∣∣∣∣ f(p) ≤
∣∣∣∣ f(x) f(y)

ω2(x) ω2(y)

∣∣∣∣ω1(p) +
∣∣∣∣ f(x) f(y)

ω1(x) ω1(y)

∣∣∣∣ω2(p)

or equivalently

0 ≤
∣∣∣∣∣∣

f(x) f(p) f(y)
ω1(x) ω1(p) ω1(y)
ω2(x) ω2(p) ω2(y)

∣∣∣∣∣∣ ,
which completes the proof. �

In the particular setting where ω1(x) := 1 and ω2(x) := x, this theorem re-
duces to the well known characterization properties of standard convex functions.
Now the last two assertions coincide: both of them state that the function’s graph
is under the chord joining between the endpoints of the graph. Let us note that in
most of the literature the notion of (standard) convexity is defined exactly by this
property (see the last assertion of the obtained corollary).
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COROLLARY 2.5. Let I ⊂ R be an interval. The following statements are
equivalent:

(i) f : I → R is convex (in the standard sense);
(ii) for all elements x < y < z of I we have that

f(y) − f(x)
y − x

≤ f(z) − f(y)
z − y

;

(iii) for all x0 ∈ I◦ there exist α, β ∈ R such that

α + βx0 = f(x0), α + βx ≤ f(x) (x ∈ I);

(iv) for all n ∈ N, x0, x1, . . . , xn ∈ I and λ1, . . . , λn ≥ 0 satisfying the condi-
tions

n∑
k=1

λk = 1,

n∑
k=1

λkxk = x0

we have that

f(x0) ≤
n∑

k=1

λkf(xk);

(v) for all x0, x1, x2 ∈ I and λ1, λ2 ≥ 0 satisfying the conditions

λ1 + λ2 = 1, λ1x1 + λ2x2 = x0

we have that
f(x0) ≤ λ1f(x1) + λ2f(x2).

If the base functions ω1 and ω2 are twice differentiable with a positive Wronski
determinant, then a twice differentiable function f : I → R is (ω1, ω2)-convex
if and only if the Wronski determinant of the system (f, ω1, ω2) is nonnegative
(Bonsall, [Bon50]). This result can also be deduced from Theorem 2.4.

As it is well known, (standard) convex functions are exactly those ones that
can be obtained as the pointwise supremum of families of affine functions. As a
direct consequence (and also another application) of Theorem 2.4, an analogous
statement holds for (ω1, ω2)-convex functions.

COROLLARY 2.6. Let (ω1, ω2) be a Tchebychev system over an open interval
I . Then, a function f : I → R is generalized convex with respect to (ω1, ω2) if
and only if

f(x) = sup{ω(x) |ω ∈ L(ω1, ω2), ω ≤ f }.
PROOF. Assertion (iii) of Theorem 2.4 immediately implies the representa-

tion above. For the sufficiency, part assertion (v) of Theorem 2.4 is applied. Fix
the element x0 of the open interval I . Take a generalized line ω = αω1+βω2 such
that ω ≤ f , furthermore, the elements x1, x2 of I and the nonnegative coefficients
λ1, λ2 that fulfill the conditions

λ1ω1(x1) + λ2ω1(x2) = ω1(x0)
λ1ω2(x1) + λ2ω2(x2) = ω2(x0).
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Then,

λ1f(x1) + λ2f(x2) ≥ λ1ω(x1) + λ2ω(x2)
= λ1

(
αω1(x1) + βω2(x1)

)
+ λ2

(
αω1(x2) + βω2(x2)

)
= α

(
λ1ω1(x1) + λ2ω1(x2)

)
+ β

(
λ1ω2(x1) + λ2ω2(x2)

)
= αω1(x0) + βω2(x0) = ω(x0).

That is, λ1f(x1) + λ2f(x2) ≥ ω(x0) for all ω ≤ f , hence, according to the
representation, it follows that λ1f(x1)+λ2f(x2) ≥ f(x0). Therefore f is convex
with respect to (ω1, ω2), indeed. �

2.2. Connection with standard convexity

The convexity notion induced by two dimensional Tchebychev systems turns
out to be always reducible to standard convexity with the help of a composite
function. This connection enables us to generalize many classical results for the
case of (ω1, ω2)-convexity directly.

THEOREM 2.7. Let (ω1, ω2) be a Tchebychev system on an open interval I
such that ω1 is positive. The function f : I → R is (ω1, ω2)-convex if and only if
the function g : ω2/ω1(I) → R defined by the formula

g :=
f

ω1
◦
(

ω2

ω1

)−1

is convex in the standard sense.

PROOF. In this case the function ω2/ω1 is continuous and strictly monotone
increasing, according to Lemma 2.3. Therefore, the image of the interval I by the
function ω2/ω1 is a nonempty open interval. Consider the identity∣∣∣∣∣∣

f(x) f(y) f(z)
ω1(x) ω1(y) ω1(z)
ω2(x) ω2(y) ω2(z)

∣∣∣∣∣∣ =

= ω1(x)ω1(y)ω1(z)

∣∣∣∣∣∣
(f/ω1)(x) (f/ω1)(y) (f/ω1)(z)

1 1 1
(ω2/ω1)(x) (ω2/ω1)(y) (ω2/ω1)(z)

∣∣∣∣∣∣
= ω1(x)ω1(y)ω1(z)

∣∣∣∣∣∣
g(u) g(v) g(w)

1 1 1
u v w

∣∣∣∣∣∣
where

u = (ω2/ω1)(x) v = (ω2/ω1)(y) w = (ω2/ω1)(z).

The positivity of ω1 forces that both sides are simultaneously positive, negative
or zero. That is, the function f is (ω1, ω2)-convex if and only if the function g is
convex in the standard sense. �
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Theorem 2.7 yields strong regularity properties for generalized convexity. For
example, (ω1, ω2)-convex functions defined on compact intervals are integrable
which is essential in formulating the main result of the chapter.

THEOREM 2.8. Let (ω1, ω2) be a Tchebychev system on an interval I . If a
function f : I → R is (ω1, ω2)-convex, then it is continuous on I◦. Moreover, f is
bounded on each compact subinterval of I .

PROOF. Without loss of generality we may assume that ω1 is positive on I◦.
If the function f is (ω1, ω2)-convex on I , then the composite function g in the
previous theorem is convex in the standard sense on J := ω2/ω1(I). Therefore,
by the well known regularity properties of convex functions, g is continuous on
J◦. On the other hand, we have that

f = ω1 · g ◦
(

ω2

ω1

)
,

and the right hand side is continuous on I◦ whence the continuity of the function
f follows.

To prove that f is bounded on the compact subinterval [a, b] of I , we shall
apply Theorem 2.4. Take a generalized line which supports f at an arbitrary point
x0 ∈ I◦. Then, inequality (iii) implies that f is bounded from below on the whole
interval I . On the other hand, putting x := a and y := b into (vi), we get that
f is also bounded by a certain generalized line from above on [a, b]. Hence f is
bounded, indeed. �

DEFINITION. Let (ω1, ω2) be a Tchebychev system on an interval I further-
more ω ∈ L(ω1, ω2) be a generalized line which is positive on I◦. A function
f : I → R is called generalized ω-convex with respect to (ω1, ω2) if, for all
elements x < y < z of I , the following inequality holds:∣∣∣∣∣∣

f(x) + ω(x) f(y) − ω(y) f(z) + ω(z)
ω1(x) ω1(y) ω1(z)
ω2(x) ω2(y) ω2(z)

∣∣∣∣∣∣ ≥ 0.

Substituting ω1(x) := 1, ω2(x) := x and ω := ε/2, the definition gives
the notion of ε-convexity. By well known results, ε-convexity is stable: every ε-
convex function is “close” to a (standard) convex function. As another application
of Theorem 2.7, we prove an analogous result for (ω1, ω2)-convex functions.

COROLLARY 2.9. Let (ω1, ω2) be a Tchebychev system on an interval I fur-
thermore ω ∈ L(ω1, ω2) be a generalized line which is positive on I◦. A function
f : I → R is generalized ω-convex with respect to (ω1, ω2) if and only if there exist
functions f, g : I → R such that g is (ω1, ω2)-convex, ‖h‖ ≤ ‖ω‖, and f = g +h.

PROOF. Assume that ω has the representation ω = αω1 + βω2 and define the
generalized lines ω∗

1 and ω∗
2 by ω∗

1 := αω1 +βω2 and ω∗
2 := −βω1 +αω2, respec-

tively. Then, according to Lemma 2.3, the function ω∗
2/ω∗

1 is strictly monotone
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increasing and the generalized ω-convexity of f is equivalent to the inequality∣∣∣∣∣∣
f(x) + ω∗

1(x) f(y) − ω∗
1(y) f(z) + ω∗

1(z)
ω∗

1(x) ω∗
1(y) ω∗

1(z)
ω∗

2(x) ω∗
2(y) ω∗

2(z)

∣∣∣∣∣∣ ≥ 0.

Dividing both sides by the positive ω∗
1(x)ω∗

1(y)ω∗
1(z) then substituting the argu-

ments u = (ω∗
2/ω∗

1)(x), v = (ω∗
2/ω∗

1)(y) and w = (ω∗
2/ω∗

1)(z), we get the in-
equality ∣∣∣∣∣∣

F (u) + 1 F (v) − 1 F (w) + 1
1 1 1
u v w

∣∣∣∣∣∣ ≥ 0

where

F :=
f

ω∗
1

◦
(

ω∗
2

ω∗
1

)−1

.

That is, F satisfies the inequality of ε-convexity with ε = 1. Therefore, there exist
functions G, H : I → R such that G is convex (in the standard sense), ‖H‖ ≤ 1
and F = G + H or equivalently,

f = ω∗
1 · G ◦

(
ω∗

2

ω∗
1

)
+ ω∗

1 · H ◦
(

ω∗
2

ω∗
1

)
=: g + h.

Then, Theorem 2.7 and Lemma 2.3 guarantee the (ω1, ω2)-convexity of g, while
simple calculations imply ‖h‖ ≤ ‖ω‖. �

2.3. Hermite–Hadamard-type inequalities

The main result provides Hermite–Hadamard-type inequalities for generalized
2-convex functions.

THEOREM 2.10. Let (ω1, ω2) be a Tchebychev system on an interval [a, b]
such that ω1 is positive on ]a, b[, furthermore, let ρ : [a, b] → R be a positive
integrable function. Define the point ξ and the coefficients c, c1, c2 by the formulae

ξ =
(

ω2

ω1

)−1
(∫ b

a ω2ρ∫ b
a ω1ρ

)
, c =

∫ b
a ω1ρ

ω1(ξ)

and

c1 =

∣∣∣∣∣
∫ b
a ω1ρ ω1(b)∫ b
a ω2ρ ω2(b)

∣∣∣∣∣∣∣∣∣ ω1(a) ω1(b)
ω2(a) ω2(b)

∣∣∣∣
, c2 =

∣∣∣∣∣ ω1(a)
∫ b
a ω1ρ

ω2(a)
∫ b
a ω2ρ

∣∣∣∣∣∣∣∣∣ ω1(a) ω1(b)
ω2(a) ω2(b)

∣∣∣∣
.

If f : [a, b] → R is an (ω1, ω2)-convex function, then the following Hermite–
Hadamard-type inequality holds

cf(ξ) ≤
∫ b

a
fρ ≤ c1f(a) + c2f(b).
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PROOF. By the definitions of the point ξ and the constant c, we have the for-
mulae ∫ b

a ω2ρ∫ b
a ω1ρ

=
ω2(ξ)
ω1(ξ)

and ∫ b

a
ω1ρ = cω1(ξ),

which yields the identity ∫ b

a
ω2ρ = cω2(ξ).

That is, the left hand side of the Hermite–Hadamard-type inequality to be proved
is exact for f = ω1 and f = ω2, respectively. Let f : [a, b] → R be an arbitrary
(ω1, ω2)-convex function and choose α, β ∈ R such that the relations

αω1(ξ) + βω2(ξ) = f(ξ)
αω1(x) + βω2(x) ≤ f(x)

be satisfied for all x ∈ [a, b]. By Theorem 2.4 such real numbers exist since ξ is an
interior point of the domain. Multiplying the last inequality by the positive weight
function ρ, we arrive at∫ b

a
fρ ≥ α

∫ b

a
ω1ρ + β

∫ b

a
ω2ρ = α

(
cω1(ξ)

)
+ β

(
cω2(ξ)

)
= cf(ξ)

which results in the left hand side inequality.
To verify the right hand side one, observe first that the coefficients c1 and c2

are the solutions of the following system of linear equations∫ b

a
ω1ρ = c1ω1(a) + c2ω1(b)∫ b

a
ω2ρ = c1ω1(a) + c2ω2(b).

In other words, the right hand side of the Hermite–Hadamard-inequality is exact,
again, for f = ω1 and f = ω2. Let f : [a, b] → R be an arbitrary (ω1, ω2)-convex
function. By Theorem 2.4, if the real numbers α and β are the solutions of the
system of linear equations

f(a) = αω1(a) + βω2(a)
f(b) = αω1(b) + βω2(b),

then

f(x) ≤ αω1(x) + βω2(x)
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for all x ∈ [a, b]. Multiplying this inequality by the positive weight function ρ, we
get that∫ b

a
fρ ≤ α

∫ b

a
ω1ρ + β

∫ b

a
ω2ρ

= α
(
c1ω1(a) + c2ω1(b)

)
+ β

(
c1ω2(a) + c2ω2(b)

)
= c1

(
αω1(a) + βω2(a)

)
+ c2

(
αω1(b) + βω2(b)

)
= c1f(a) + c2f(b),

thus the proof is complete. �

2.4. Applications

Simple calculations show that specializing ω1(x) := 1, ω2(x) := x and ρ ≡ 1,
Theorem 2.10 reduces to the classical Hermite–Hadamard inequality :

COROLLARY 2.11. If f : [a, b] → R is a (standard) convex function, then

f

(
a + b

2

)
≤ 1

b − a

∫ b

a
f(x)dx ≤ f(a) + f(b)

2
.

The subsequent corollaries present further Hermite–Hadamard-type inequal-
ities for generalized convex functions where the underlying Tchebychev systems
of the induced convexity are the hyperbolic, trigonometric, exponential and power
systems (to see that the pairs (ω1, ω2) form a Tchebychev system in each case,
consult the converse part of Lemma 2.3).

COROLLARY 2.12. If f : [a, b] → R is a (cosh, sinh)-convex function, then

2 sinh
(

b − a

2

)
f

(
a + b

2

)
≤
∫ b

a
f(x)dx ≤ tanh

(
b − a

2

)
(f(a) + f(b)) .

PROOF. If ω1 := cosh and ω2 := sinh, then ω1 is positive and ω2/ω1 =
tanh is strictly monotone increasing; hence, according to Lemma 2.3, (ω1, ω2) is
a Tchebychev system and (ω2/ω1)−1 = artanh. Applying the addition properties
of hyperbolic functions for the identities b = (b + a)/2 + (b − a)/2 and a =
(b + a)/2− (b− a)/2, the integrals of ω1 and ω2 can be written into product form
via the formulae∫ b

a
cosh xdx = sinh(b) − sinh(a) = 2 cosh

(
b + a

2

)
sinh

(
b − a

2

)
∫ b

a
sinhxdx = cosh(b) − cosh(a) = 2 sinh

(
b + a

2

)
sinh

(
b − a

2

)
.

Therefore,

ξ = artanh

(∫ b
a sinhxdx∫ b
a cosh xdx

)
=

b + a

2
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furthermore

c =

∫ b
a cosh xdx

cosh ξ
= 2 sinh

b + a

2
.

To determine the coefficients of the right hand side, first we calculate the numerator
of c1:∣∣∣∣ 2 cosh

(
b+a
2

)
sinh

(
b−a
2

)
cosh b

2 sinh
(

b+a
2

)
sinh

(
b−a
2

)
sinh b

∣∣∣∣ =
= 2 sinh

(
b − a

2

)(
cosh

(
b + a

2

)
sinh b − sinh

(
b + a

2

)
cosh b

)

= 2 sinh
(

b − a

2

)
sinh

(
b − b + a

2

)
= 2 sinh2

(
b − a

2

)
.

Similarly, the numerator of the coefficient c2 can be obtained as follows:∣∣∣∣ cosh a 2 cosh
(

b+a
2

)
sinh

(
b−a
2

)
sinh a 2 sinh

(
b+a
2

)
sinh

(
b−a
2

) ∣∣∣∣ =
= 2 sinh

(
b − a

2

)(
sinh

(
b + a

2

)
cosh a − cosh

(
b + a

2

)
sinh a

)

= 2 sinh
(

b − a

2

)
sinh

(
b + a

2
− a

)
= 2 sinh2

(
b − a

2

)
.

On the other hand, the denominators in both cases coincide and have the common
value ∣∣∣∣ cosh a cosh b

sinh a sinh b

∣∣∣∣ = sinh(b − a) = 2 sinh
(

b − a

2

)
cosh

(
b − a

2

)
,

therefore

c1 = c2 = tanh
(

b − a

2

)
.

�
Replacing the Tchebychev system (cosh, sinh) with (cos, sin), the obtained

Hermite–Hadamard-type inequality is analogous to the previous one due to the
similar additional properties of trigonometric and hyperbolic functions.

COROLLARY 2.13. If f : [a, b] ⊂]− π
2 , π

2 [→ R is a (cos, sin)-convex function,
then

2 sin
(

b − a

2

)
f

(
a + b

2

)
≤
∫ b

a
f(x)dx ≤ tan

(
b − a

2

)
(f(a) + f(b)) .

Observe that both of the previous two Hermite–Hadamard-type inequalities
involve the midpoint of the domain; moreover, dividing by b − a and taking the
limit a → b, the coefficient of the left hand sides tends to 1, while the coefficient
of the right hand sides tends to 1/2. Therefore these inequalities can be considered
as the “local” version of the Hermite–Hadamard inequality.
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We say that a function f : I → R is log-convex if the composite function
f ◦ log : exp(I) → R is convex (in the standard sense). In terms of general-
ized convexity, log-convex functions are exactly the (1, exp)-convex ones (consult
Theorem 2.7). The next corollary gives Hermite–Hadamard-type inequality for
log-convex functions ([Dra01c], [Fin00]).

COROLLARY 2.14. If f : [a, b] → R is a (1, exp)-convex function, then

(b − a)f
(

log
exp(b) − exp(a)

b − a

)
≤
∫ b

a
f(x)dx

≤
(

(b − a) exp(b)
exp(b) − exp(a)

− 1
)

f(a) +
(

1 − (b − a) exp(a)
exp(b) − exp(a)

)
f(b).

The last corollary concerning the case of “power convexity” also reduces to
the classical Hermite–Hadamard inequality substituting p = 0 and q = 1:

COROLLARY 2.15. If p < q, p, q �= −1 and f : [a, b] ⊂]0,∞[→ R is an
(xp, xq)-convex function, then(

bp+1 − ap+1

p + 1

)q(
q + 1

bq+1 − aq+1

)p

f

(
q−p

√
(p + 1)(bq+1 − aq+1)
(q + 1)(bp+1 − ap+1)

)

≤
∫ b

a
f(x)dx

≤
(bp+1−ap+1)bq

p+1 − (bq+1−aq+1)bp

q+1

apbq − aqbp
f(a) +

(bq+1−aq+1)ap

q+1 − (bp+1−ap+1)aq

q+1

apbq − aqbp
f(b).

The proofs of the last three corollaries need similar calculations as the first
one, therefore they are omitted.



CHAPTER 3

Generalized convexity induced by Tchebychev systems

In this chapter we formulate Hermite–Hadamard-type inequalities for gener-
alized convex functions where the underlying Tchebychev system of the induced
convexity is arbitrary. The proofs of the main results are based on the Krein–
Markov theory of moment spaces induced by Tchebychev systems. According to
this theory, the vector integral of a Tchebychev system can uniquely be represented
as the linear combination of the values of the system in certain base points of the
domain. The number of the points and also the points themselves, depend only on
the Tchebychev system and its dimension: it turns out that the cases of odd and
even order convexity must be investigated separately. In fact, this is exactly the
deeper reason for the analogous phenomenon in the case of polynomial convexity,
too. Once the base points of the representations are determined, its coefficients are
obtained as the solutions of a system of linear equations. With the help of the rep-
resentations and the notion of generalized convexity, the Hermite–Hadamard-type
inequalities can be verified using integration and pure linear algebraic methods.

In the previous chapters when the basis or the dimension of the studied
Tchebychev systems are quite special, the base points of the Hermite–Hadamard-
type inequalities can explicitly be given. Unfortunately, under the present general
circumstances, we can guarantee only the existence (and the uniqueness) of the
base points, but cannot give any explicit formulae for them.

At last, motivated by Rolle’s mean-value theorem, an alternative and elemen-
tary approach is presented for the cases when the Hermite–Hadamard-type in-
equalities involve at most one interior base point of the domain. Some examples
are also presented of these particular cases.

3.1. Characterizations and regularity properties

Let ωωωωωωωωω = (ω1, . . . , ωn) be a Tchebychev system over an interval I and denote
the set of all linear combinations of its members by L(ω1, . . . , ωn). A function is
called generalized polynomial (belonging to the system in question) if it is the ele-
ment of the linear span L(ω1, . . . , ωn). In terms of generalized polynomials, gen-
eralized convexity can be characterized in a very descriptive geometrical manner.
Namely, a function is generalized convex if and only if it intersects its generalized
polynomial that interpolates the function in any prescribed points alternately. (The
number of the points depends on the dimension of the underlying Tchebychev
system). More precisely, we have the following

41
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THEOREM 3.1. Let ωωωωωωωωω = (ω1, . . . , ωn) be a Tchebychev system over an inter-
val I . Then, for a function f : I → R, the following statements are equivalent:

(i) f is generalized convex with respect to ωωωωωωωωω;
(ii) for all y1 < · · · < yn in I , the generalized polynomial ω of ω1, . . . , ωn

determined uniquely by the interpolation conditions

f(yk) = ω(yk) (k = 1, . . . , n)

satisfies the inequalities

(−1)n+k(f(y) − ω(y)) ≥ 0 (yk < y < yk+1, k = 0, . . . , n)

under the conventions y0 := inf I and yn+1 := sup I;
(iii) keeping the previous notations and settings, for fixed k ∈ {0, . . . , n}, the

following inequality holds

(−1)n+k(f(y) − ω(y)) ≥ 0 (yk ≤ y ≤ yk+1).

PROOF. First of all, in order to simplify the proof, two useful formulas are
derived. Denote the n − 1 tuple obtained by dropping the kth component of ωωωωωωωωω
by ωωωωωωωωωk, and define the determinants D0, D1, . . . , Dn furthermore the generalized
polynomial ω of ω1, . . . , ωn by

D0 :=
∣∣ ωωωωωωωωω(y1) · · · ωωωωωωωωω(yn)

∣∣
Dk :=

∣∣∣∣ f(y1) · · · f(yn)
ωωωωωωωωωk(y1) · · · ωωωωωωωωωk(yn)

∣∣∣∣
ω :=

n∑
k=1

(−1)k+1Dk

D0
ωk.

Due to the Tchebychev property of ωωωωωωωωω, the determinant D0 is positive hence the
definition of ω is correct. Fix y ∈ I . Applying the expansion theorem to the first
column of the following determinant, we get the identity

(3.1)

∣∣∣∣ f(y) f(y1) · · · f(yn)
ωωωωωωωωω(y) ωωωωωωωωω(y1) · · · ωωωωωωωωω(yn)

∣∣∣∣ = D0(f(y) − ω(y)).

Moreover, if yk ≤ y ≤ yk+1 and (x0, x1, . . . , xn) denotes the increasing re-
arrangement of (y; y1, . . . , yn), the previous identity can be written into the form

(3.2)

∣∣∣∣ f(x0) f(x1) · · · f(xn)
ωωωωωωωωω(x0) ωωωωωωωωω(x1) · · · ωωωωωωωωω(xn)

∣∣∣∣ = (−1)kD0(f(y) − ω(y)).

For the implication (i) =⇒ (ii), observe that (3.1) guarantees the required
interpolation property of ω in the points y1, . . . , yn. Clearly, ω is uniquely deter-
mined. Suppose that f : I → R is generalized n-convex with respect to ωωωωωωωωω. Then,
the positivity of D0 and formula (3.2) yield the inequalities to be proved. The
implication (ii) =⇒ (iii) is trivial. The proof of (iii) =⇒ (i) is completely the
same as the proof of the first assertion. �
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In the standard setting and fixing k = 1, assertion (iii) gives the classical def-
inition of standard convexity: a function is convex (in the standard sense) if and
only if it is “under” the chord of the graph. Moreover, substituting n = 2, we also
get a new characterization of generalized 2-convexity that completes Theorem 2.4.
However, the most important application of Theorem 3.1 guarantees strong regu-
larity properties for generalized convex functions.

THEOREM 3.2. Let ωωωωωωωωω = (ω1, . . . , ωn) be a Tchebychev system over an inter-
val I . If f : I → R is a generalized n-convex function with respect to this system
and n ≥ 2, then f is continuous on the interior of I . Furthermore, f is bounded
on each compact subinterval of I .

PROOF. Choose y0 ∈ I◦ and fix x0 < x1 < · · · < xn in I so that x1 = y0

hold. Denote the generalized polynomials of ω1, . . . , ωn that interpolate ω0 in the
points x0 . . . , xn−1 and x1, . . . , xn by ω(1) and ω(2), respectively. We assume that
n is even (the argument in the odd case is analogous). Then, according to (ii) of
Theorem 3.1, we have the inequalities

ω(1)(y) ≥ ω0(y) ≥ ω(2)(y) y ∈ [x0, x1]

ω(1)(y) ≤ ω0(y) ≤ ω(2)(y) y ∈ [x1, x2].

On the other hand, ω(1)(y0) = ω0(y0) and ω(2)(y0) = ω0(y0). Therefore, due to
the continuity of the generalized polynomials ω(1) and ω(2), we get that both the
left and right hand side limits of ω0 exist at the point y0 and

lim
y→yo−0

ω0(y) = ω0(y0)

lim
y→yo+0

ω0(y) = ω0(y0),

which yields the continuity of ω0 at the interior point y0 of I .
To prove the second assertion, we may assume that I = [a, b]. It is sufficient

to show that ω0 is locally bounded at the endpoints of I . Fix x0 < x1 < · · · < xn

in I so that x0 = a hold, and denote the generalized polynomials of ω1, . . . , ωn

that interpolate ω0 in the points x0 . . . , xn−1 and x1, . . . , xn by ω(1) and ω(2),
respectively. We assume that n is even (the odd case is very similar). Then, by the
previous theorem again, we have the inequalities

ω(1)(y) ≥ ω0(y) ≥ ω(2)(y) y ∈ [x0, x1].

On the other hand, the functions ω(1) and ω(2) are continuous, therefore bounded
on [a, b]. Hence ω0 is bounded in a right neighborhood of the endpoint a. It can be
similarly proved that ω0 is locally bounded at the left endpoint b. �

In particular, generalized convex functions are integrable on any compact sub-
set of the domain. Let us also mention that the special case n = 2 gives the
statement of Theorem 2.8 via another approach in the proof.
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3.2. Moment spaces induced by Tchebychev systems

The geometric study of moment spaces induced by Tchebychev systems was
systematically developed by M. G. Krein. Independently and simultaneously, S.
Karlin and L. S. Shapley elaborated the geometry of moment spaces induced by
the polynomial system. Some of the results of their researches play the key role in
the further investigations.

DEFINITION. Let ωωωωωωωωω := (ω1, . . . , ωn) be a Tchebychev system on [a, b] and
denote the set of all nondecreasing right continuous functions defined on [a, b] by
B([a, b]). The set

Mn :=
{

c ∈ R
n
∣∣∣ c =

∫ b

a
ωωωωωωωωωdσ, σ ∈ B([a, b])

}
is called the moment space of ωωωωωωωωω.

It can be shown that Mn is a closed convex cone. More precisely, it is the
smallest closed convex cone that contains the parameterized curve ωωωωωωωωω(t) where t
traverses the interval [a, b]. For details, see [KS66, pp. 38-41]. The following
notion makes the formulation of many theorems quite convenient.

DEFINITION. The index I(c) of a point c ∈ Mn is the minimal number of
points ξ1, . . . , ξn0 in a representation

c =
n0∑

k=1

αkωωωωωωωωω(ξk)

under the convention that ωωωωωωωωω(a) and ωωωωωωωωω(b) are counted with half multiplicity, while
ωωωωωωωωω(ξ) for ξ ∈]a, b[ receives a full count. The points ξ1, . . . , ξn0 are called the roots
of the representation.

By the celebrated theorem of Carathéodory (see [Roc70]), each point belong-
ing to the conical hull of a given subset of R

n can be represented as a cone combi-
nation involving at most n points of the subset. Due to the Tchebychev property of
ωωωωωωωωω, a surprisingly better upper bound can be established than n: it turns out that the
elements of Mn are cone combinations of approximately n/2 points of the range
of ωωωωωωωωω. More precisely, the boundary and the interior of Mn, denoted by Bd Mn and
Int Mn, can be characterized via the subsequent two theorems due to Krein and
Markov.

THEOREM C. ([KS66, Theorem 2.1. p. 42]) A vector c ∈ Mn is a boundary
point of Mn if and only if I(c) < n/2. Moreover, every c ∈ Bd Mn admits a
unique representation

c =
n0∑

k=1

αkωωωωωωωωω(ξk) (ξk ∈ [a, b], αk > 0, k = 1, . . . , n0)

where n0 ≤ n+1
2 .
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THEOREM D. ([KS66, Theorem 3.1. p. 44; Remark 3.1. pp. 45-46; Corollary
3.1. p. 47.]) For each c ∈ Int Mn there exist precisely two representations of
index I(c) = n/2. Distinguishing the even and odd cases, the representations in
question are the following.
Case n = 2m:

c =
m∑

k=1

αkωωωωωωωωω(ξk) ( ξk ∈]a, b[ ),

c = β0ωωωωωωωωω(a) +
m−1∑
k=1

βkωωωωωωωωω(ηk) + βmωωωωωωωωω(b) ( ηk ∈]a, b[ );

Case n = 2m + 1:

c = α0ωωωωωωωωω(a) +
m∑

k=1

αkωωωωωωωωω(ξk) ( ξk ∈]a, b[ ),

c =
m∑

k=1

βkωωωωωωωωω(ηk) + βm+1ωωωωωωωωω(b) ( ηk ∈]a, b[ ).

The roots of the representations in both cases strictly interlace.

Let I ⊂ R be a real interval and ωωωωωωωωω := (ω1, . . . , ωn) be a Tchebychev sys-
tem over I . Then, for pairwise distinct elements t1, . . . , tn of I , the vectors
ωωωωωωωωω(t1), . . . , ωωωωωωωωω(tn) are linearly independent. This simple observation immediately
implies

THEOREM 3.3. The coefficients and the roots of the representations above are
uniquely determined.

Now we present a sufficient condition for a point c to belong to the interior of
the set Mn. This condition guarantees that the inequalities of the main results have
exactly the required form.

THEOREM 3.4. Let ωωωωωωωωω = (ω1, . . . , ωn) be a Tchebychev system on [a, b] and
let ρ : [a, b] → R be a positive integrable function. Then,

c :=
∫ b

a
ωωωωωωωωωρ ∈ Int Mn.

PROOF. Let us recall that Mn is a closed subset of R
n. On the other hand,

the positivity of ρ yields c ∈ Mn, therefore it suffices to prove that c �∈ Bd Mn.
Assume indirectly that c ∈ Bd Mn. We shall distinguish two cases according to
the parity of n.

Case n = 2m+1. The indirect assumption and Theorem C implies I(c) ≤ m
since I(c) increases at most 1/2. For simplicity, assume that I(c) = m. Then there
are two further possibilities: the representation of c involves either m pairwise
distinct interior base points ξ1 < · · · < ξm or m− 1 pairwise distinct interior base
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points ξ1 < · · · < ξm−1 plus both the endpoints a and b, respectively. In the first
case we have the representation

c =
m∑

k=1

αkωωωωωωωωω(ξk).

Due to the Tchebychev property of ωωωωωωωωω and the positivity of ρ, we arrive at

0 <
∣∣ ωωωωωωωωω(t1)ρ(t1) ωωωωωωωωω(ξ1) · · · ωωωωωωωωω(tm)ρ(tm) ωωωωωωωωω(ξm) ωωωωωωωωω(tm+1)ρ(tm+1)

∣∣
for tk ∈]ξk−1, ξk[ (k = 1, . . . ,m) where ξ0 := a and ξm+1 := b. After inte-
gration with respect to (t1, . . . , tm+1) and using the above representation of c, we
have

0 <
∣∣∣ ∫ ξ1

ξ0
ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∫ ξm+1

ξm
ωωωωωωωωωρ

∣∣∣
=

∣∣∣ ∫ ξ1
ξ0

ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∑m+1
k=1

∫ ξk

ξk−1
ωωωωωωωωωρ

∣∣∣
=

∣∣∣ ∫ ξ1
ξ0

ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∫ b
a ωωωωωωωωωρ

∣∣∣
=

∣∣∣ ∫ ξ1
ξ0

ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∑m
k=1 αkωωωωωωωωω(ξk)

∣∣∣ = 0

since the last column is the linear combination of the even indexed columns. Thus
we get the desired contradiction.

Now consider the other case when c has the representation

c = α0ωωωωωωωωω(a) +
m−1∑
k=1

αkωωωωωωωωω(ξk) + αmωωωωωωωωω(b).

Due to the Tchebychev property of ωωωωωωωωω and the positivity of ρ again, we arrive at

0 <
∣∣ ωωωωωωωωω(a) ωωωωωωωωω(t1)ρ(t1) ωωωωωωωωω(ξ1) · · · ωωωωωωωωω(ξm−1) ωωωωωωωωω(tm)ρ(tm) ωωωωωωωωω(b)

∣∣
for tk ∈]ξk−1, ξk[ (k = 1, . . . ,m) where ξ0 := a and ξm := b. An analogous
argument to the previous one leads to contradiction.

Case n = 2m. Similarly to the odd case, now we may assume that I(c) =
m − 1/2. Then there are two possibilities: the representation of c involves either
the endpoint a and m−1 pairwise distinct interior base points ξ1 < · · · < ξm−1 or
the endpoint b and m − 1 pairwise distinct interior base points ξ1 < · · · < ξm−1.
Applying the same method as above, both cases lead to contradiction again. �

3.3. Hermite–Hadamard-type inequalities

The main results concern the cases of even and odd order generalized convex-
ity separately. First we establish Hermite–Hadamard-type inequalities for the odd
order one.
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THEOREM 3.5. Let ωωωωωωωωω = (ω1, . . . , ω2m+1) be a Tchebychev system on [a, b]
and ρ : [a, b] → R be a positive integrable function. There exist uniquely deter-
mined base points ξ1, . . . , ξm and η1, . . . , ηm of ]a, b[ such that

α0ωωωωωωωωω(a) +
m∑

k=1

αkωωωωωωωωω(ξk) =
∫ b

a
ωωωωωωωωωρ =

m∑
k=1

βkωωωωωωωωω(ηk) + βm+1ωωωωωωωωω(b).

The coefficients α0, . . . , αm and β1, . . . , βm+1 are positive and uniquely deter-
mined, too. Furthermore, for any generalized ωωωωωωωωω-convex function f : [a, b] → R,
the following Hermite–Hadamard-type inequality holds

α0f(a) +
m∑

k=1

αkf(ξk) ≤
∫ b

a
fρ ≤

m∑
k=1

βkf(ηk) + βm+1f(b).

PROOF. Let us note that fρ is integrable on [a, b] by Theorem 3.2. The proofs
of the left and right hand side inequalities need similar methods, therefore, we
shall verify only the left hand side one. Theorem 3.4 guarantees that

∫ b
a ωωωωωωωωωρ is an

interior point of the moment space Mn hence (see Theorem D and Theorem 3.3)
it has the representation

(3.3)
∫ b

a
ωωωωωωωωωρ = α0ωωωωωωωωω(a) +

m∑
k=1

αkωωωωωωωωω(ξk)

where the coefficients α0, . . . , αm and interior base points ξ1, . . . , ξm are deter-
mined uniquely. Defining ξ0 := a and ξm+1 := b, consider the following system
of linear equations∫ ξm+1

ξm

ωωωωωωωωωρ = c0ωωωωωωωωω(ξ0) +
m∑

k=1

(
c∗k

∫ ξk

ξk−1

ωωωωωωωωωρ + ckωωωωωωωωω(ξk)
)

where the unknowns are c0, c
∗
1, c1, . . . , c

∗
m, cm. Due to the Tchebychev property of

ωωωωωωωωω and the positivity of ρ, its base determinant

D :=
∣∣∣ ωωωωωωωωω(ξ0)

∫ ξ1
ξ0

ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∣∣∣
is positive. Therefore, the system has a unique solution (c0, c

∗
1, c1, . . . , c

∗
m, cm).

On the other hand, representation (3.3) shows that (α0,−1, α1, . . . ,−1, αm) is
also a solution. Thus, α0, α1, . . . , αn can be obtained by Cramer’s Rule:

α0 =
1
D

∣∣∣ ∫ ξ1
ξ0

ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∫ ξm+1

ξm
ωωωωωωωωωρ

∣∣∣
αk =

1
D

∣∣∣ ωωωωωωωωω(ξ0) · · · ∫ ξk

ξk−1
ωωωωωωωωωρ

∫ ξk+1

ξk
ωωωωωωωωωρ · · · ∫ ξm+1

ξm
ωωωωωωωωωρ

∣∣∣ .
Suppose now that ω0 : [a, b] → R is generalized (2m + 1)-convex function

with respect to ωωωωωωωωω. Then, for all elements tk of ]ξk, ξk+1[, the following inequality
holds:

0 ≥
∣∣∣∣ f(ξ0) f(t0) · · · f(ξm) f(tm)

ωωωωωωωωω(ξ0) ωωωωωωωωω(t0) · · · ωωωωωωωωω(ξm) ωωωωωωωωω(tm)

∣∣∣∣ .
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Multiplying both sides by the positive ρ(t1) · · · ρ(tm) and integrating on the prod-
uct [ξ0, ξ1]×· · ·× [ξm, ξm+1] with respect to (t0, . . . , tm), we arrive at the inequal-
ity

0 ≥
∣∣∣∣∣ f(ξ0)

∫ ξ1
ξ0

fρ · · · f(ξm)
∫ ξm+1

ξm
fρ

ωωωωωωωωω(ξ0)
∫ ξ1
ξ0

ωωωωωωωωωρ · · · ωωωωωωωωω(ξm)
∫ ξm+1

ξm
ωωωωωωωωωρ

∣∣∣∣∣
=

∣∣∣∣∣ f(ξ0)
∫ ξ1
ξ0

fρ · · · f(ξm)
∫ ξ1
ξ0

fρ + · · · + ∫ ξm+1

ξm
fρ

ωωωωωωωωω(ξ0)
∫ ξ1
ξ0

ωωωωωωωωωρ · · · ωωωωωωωωω(ξm)
∫ ξ1
ξ0

ωωωωωωωωωρ + · · · + ∫ ξm+1

ξm
ωωωωωωωωωρ

∣∣∣∣∣
=

∣∣∣∣∣ f(ξ0)
∫ ξ1
ξ0

fρ · · · f(ξm)
∫ b
a fρ

ωωωωωωωωω(ξ0)
∫ ξ1
ξ0

ωωωωωωωωωρ · · · ωωωωωωωωω(ξm)
∫ b
a ωωωωωωωωωρ

∣∣∣∣∣ .
Observe that the adjoint determinants of each element

∫ ξk+1

ξk
fρ in the last ex-

pression are equal to zero since their columns are linearly dependent due to (3.3).
Therefore, applying the expansion theorem to the first row, it follows that

0 ≤
∣∣∣ ωωωωωωωωω(ξ0)

∫ ξ1
ξ0

ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∣∣∣ · ∫ b

a
fρ

−
∣∣∣ ∫ ξ1

ξ0
ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∫ b
a ωωωωωωωωωρ

∣∣∣ f(ξ0)

−
m∑

k=1

∣∣∣ ωωωωωωωωω(ξ0) · · · ∫ ξk

ξk−1
ωωωωωωωωωρ

∫ ξk+1

ξk
ωωωωωωωωωρ · · · ∫ b

a ωωωωωωωωωρ
∣∣∣ f(ξk).

Here the coefficient of
∫ b
a fρ is the positive determinant D, while the the coeffi-

cients of f(ξ0), . . . , f(ξm) are exactly the numerators of α0, . . . , αm (see above)
since the last column

∫ b
a ωωωωωωωωω can be replaced by

∫ ξm+1

ξm
ωωωωωωωωωρ. After rearranging, we

get the left hand side of the Hermite–Hadamard-type inequality. �

THEOREM 3.6. Let ωωωωωωωωω = (ω1, . . . , ω2m) be a Tchebychev system on [a, b]
and ρ : [a, b] → R be a positive integrable function. Then, there exist uniquely
determined base points ξ1, . . . , ξm and η1, . . . , ηm−1 of ]a, b[ such that

m∑
k=1

αkωωωωωωωωω(ξk) =
∫ b

a
ωωωωωωωωωρ = β0ωωωωωωωωω(a) +

m−1∑
k=1

βkωωωωωωωωω(ηk) + βmωωωωωωωωω(b).

The coefficients α1, . . . , αm and β0, . . . , βm are positive and uniquely determined,
too. Furthermore, for any generalized ωωωωωωωωω-convex function f : [a, b] → R, the
following Hermite–Hadamard-type inequality holds

m∑
k=1

αkf(ξk) ≤
∫ b

a
fρ ≤ β0f(a) +

m−1∑
k=1

βkf(ηk) + βmf(b).
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PROOF. To prove the left hand side inequality, take the unique interior base
points ξ1, . . . , ξm and coefficients α1, . . . , αm fulfilling the representation

(3.4)
∫ b

a
ωωωωωωωωωρ =

m∑
k=1

αkωωωωωωωωω(ξk)

guaranteed by Theorem 3.4. Defining ξ0 := a and ξm+1 := b, consider the fol-
lowing system of linear equations

∫ ξm+1

ξm

ωωωωωωωωωρ =
m∑

k=1

(
c∗k

∫ ξk

ξk−1

ωωωωωωωωωρ + ckωωωωωωωωω(ξk)
)

where the unknowns are c∗1, c1, . . . , c
∗
m, cm. Due to the Tchebychev property of ωωωωωωωωω

and the positivity of ρ, its base determinant

D1 :=
∣∣∣ ∫ ξ1

ξ0
ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∣∣∣
is positive hence the system has a unique solution (c∗1, c1, . . . , c

∗
m, cm). On the

other hand, the representation (3.4) shows that (−1, α1, . . . ,−1, αm) is also a so-
lution. Thus, the coefficients can be obtained by Cramer’s Rule:

α1 =
1

D1

∣∣∣ ∫ ξ1
ξ0

ωωωωωωωωωρ
∫ ξ2
ξ1

ωωωωωωωωωρ · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∫ ξm+1

ξm
ωωωωωωωωωρ

∣∣∣
αk =

1
D1

∣∣∣ ∫ ξ1
ξ0

ωωωωωωωωωρ · · · ∫ ξk

ξk−1
ωωωωωωωωωρ

∫ ξk+1

ξk
ωωωωωωωωωρ · · · ∫ ξm+1

ξm
ωωωωωωωωωρ

∣∣∣ .
Suppose now that f : [a, b] → R is a generalized (2m)-convex function with

respect to ωωωωωωωωω. Then, for all elements tk of ]ξk, ξk+1[, the following inequality holds:

0 ≤
∣∣∣∣ f(t0) f(ξ1) · · · f(ξm) f(tm)

ωωωωωωωωω(t0) ωωωωωωωωω(ξ1) · · · ωωωωωωωωω(ξm) ωωωωωωωωω(tm)

∣∣∣∣ .
Therefore,

0 ≤
∣∣∣∣∣
∫ ξ1
ξ0

fρ f(ξ1) · · · f(ξm)
∫ ξm+1

ξm
fρ∫ ξ1

ξ0
ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ωωωωωωωωω(ξm)

∫ ξm+1

ξm
ωωωωωωωωωρ

∣∣∣∣∣
=

∣∣∣∣∣
∫ ξ1
ξ0

fρ f(ξ1) · · · f(ξm)
∫ ξ1
ξ0

fρ + · · · + ∫ ξm+1

ξm
fρ∫ ξ1

ξ0
ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ωωωωωωωωω(ξm)

∫ ξ1
ξ0

ωωωωωωωωωρ + · · · + ∫ ξm+1

ξm
ωωωωωωωωωρ

∣∣∣∣∣
=

∣∣∣∣∣
∫ ξ1
ξ0

fρ f(ξ1) · · · f(ξm)
∫ b
a fρ∫ ξ1

ξ0
ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ωωωωωωωωω(ξm)

∫ b
a ωωωωωωωωωρ

∣∣∣∣∣ .
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In the last expression, the adjoint determinant of each element
∫ ξk+1

ξk
fρ are equal

to zero since their columns are linearly dependent due to (3.4). Applying the ex-
pansion theorem to the first row, we arrive at the inequality

0 ≤
∣∣∣ ∫ ξ1

ξ0
ωωωωωωωωωρ ωωωωωωωωω(ξ1) · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∣∣∣ · ∫ b

a
fρ

−
∣∣∣ ∫ ξ1

ξ0
ωωωωωωωωωρ

∫ ξ2
ξ1

ωωωωωωωωωρ · · · ∫ ξm

ξm−1
ωωωωωωωωωρ ωωωωωωωωω(ξm)

∫ b
a ωωωωωωωωωρ

∣∣∣ f(ξ1)

−
m∑

k=2

∣∣∣ ∫ ξ1
ξ0

ωωωωωωωωωρ · · · ∫ ξk

ξk−1
ωωωωωωωωωρ

∫ ξk+1

ξk
ωωωωωωωωωρ · · · ∫ b

a ωωωωωωωωωρ
∣∣∣ f(ξk).

Here the coefficient of
∫ b
a fρ is the positive D1; moreover, the coefficients of

f(ξ1), . . . , f(ξm) are exactly the numerators of α1, . . . , αm since the last column∫ b
a ωωωωωωωωωρ can be replaced by

∫ ξm+1

ξm
ωωωωωωωωωρ. After rearranging, we get the left hand side

of the Hermite–Hadamard-type inequality.
For the right hand side inequality, take the uniquely determined interior base

points η1, . . . , ηm−1 and coefficients β0, . . . , βm so that the representation

(3.5)
∫ b

a
ωωωωωωωωωρ = β0ωωωωωωωωω(a) +

m−1∑
k=1

βkωωωωωωωωω(ηk) + βmωωωωωωωωω(b)

hold. Defining η0 := a and ηm := b, consider the following system of linear
equations∫ ηm

ηm−1

ωωωωωωωωωρ = c0ωωωωωωωωω(η0) +
m−1∑
k=1

(
c∗k

∫ ηk

ηk−1

ωωωωωωωωωρ + ckωωωωωωωωω(ηk)
)

+ cmωωωωωωωωω(ηm)

where the unknowns are c0, c
∗
1, c1, . . . , c

∗
m−1, cm−1, cm. Due to the Tchebychev

property of ωωωωωωωωω and the positivity of ρ, its base determinant

D2 :=
∣∣∣ ωωωωωωωωω(η0)

∫ η1

η0
ωωωωωωωωωρ ωωωωωωωωω(η1) · · · ∫ ηm−1

ηm−2
ωωωωωωωωωρ ωωωωωωωωω(ηm−1) ωωωωωωωωω(ηm)

∣∣∣
is positive hence the system has a unique solution c0, c

∗
1, c1, . . . , c

∗
m−1, cm−1, cm.

The representation (3.5) shows that (β0,−1, β1, . . . , βm−1,−1, βm) is also a so-
lution, therefore Cramer’s Rule can be applied:

β0 =
1

D2

∣∣∣ ∫ η1

η0
ωωωωωωωωωρ ωωωωωωωωω(η1) · · · ωωωωωωωωω(ηm−1)

∫ ηm

ηm−1
ωωωωωωωωωρ ωωωωωωωωω(ηm)

∣∣∣
βk =

1
D2

∣∣∣ ωωωωωωωωω(η0) · · · ∫ ηk

ηk−1
ωωωωωωωωωρ

∫ ηk+1

ηk
ωωωωωωωωωρ · · · ∫ ηm

ηm−1
ωωωωωωωωωρ ωωωωωωωωω(ηm)

∣∣∣
βm =

1
D2

∣∣∣ ωωωωωωωωω(η0)
∫ η1

η0
ωωωωωωωωωρ · · · ∫ ηm−1

ηm−2
ωωωωωωωωωρ ωωωωωωωωω(ηm−1)

∫ ηm

ηm−1
ωωωωωωωωωρ

∣∣∣ .
These coefficients are positive since even changes are needed to transfer the col-
umn

∫ ηm

ηm−1
ωωωωωωωωωρ to the adequate place.
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If a function f : [a, b] → R is a generalized (2m)-convex with respect to ωωωωωωωωω,
then we arrive at the inequality

0 ≤
∣∣∣∣∣ f(η0)

∫ η1

η0
fρ f(η1) · · · ∫ ηm−1

ηm−2
fρ f(ηm)

∫ b
a fρ

ωωωωωωωωω(η0)
∫ η1

η0
ωωωωωωωωωρ ωωωωωωωωω(η1) · · · ∫ ηm−1

ηm−2
ωωωωωωωωωρ ωωωωωωωωω(ηm)

∫ b
a ωωωωωωωωωρ

∣∣∣∣∣ ,
whence an analogous argument to the previous one completes the proof. �

3.4. An alternative approach in a particular case

To prove the main results, the main point is the existence of the representa-
tions of Theorem D. These representations can also be considered as systems of
nonlinear equations where the unknowns are the coefficients and the base points.
The number of the equations and the unknowns coincide in each case. In those
cases when only one interior base point is involved, the solubility of the system
of equations can directly be verified without applying the Krein–Markov theory of
moment spaces.

THEOREM 3.7. Let ωωωωωωωωω = (ω1, ω2, ω3) be a Tchebychev system on [a, b] and
ρ : [a, b] → R be a positive integrable function. Then, there exist unique elements
ξ, η of ]a, b[ and uniquely determined positive coefficients c1, c2 and d1, d2 such
that

c1ωωωωωωωωω(a) + c2ωωωωωωωωω(ξ) =
∫ b

a
ωωωωωωωωωρ = d1ωωωωωωωωω(η) + d2ωωωωωωωωω(b).

Furthermore, if a function f : [a, b] → R is generalized 3-convex with respect to
ωωωωωωωωω, then the following Hermite–Hadamard-type inequality holds

c1f(a) + c2f(ξ) ≤
∫ b

a
fρ ≤ d1f(η) + d2f(b).

PROOF. We shall restrict the process of the proof only on the existence of the
interior point ξ. To do this, define the function F : [a, b] → R by the formula

F (x) :=
∣∣∣ ωωωωωωωωω(a)

∫ x
a ωωωωωωωωωρ

∫ b
a ωωωωωωωωωρ

∣∣∣ :=
∣∣∣∣∣∣∣

ω1(a)
∫ x
a ω1ρ

∫ b
a ω1ρ

ω2(a)
∫ x
a ω2ρ

∫ b
a ω2ρ

ω3(a)
∫ x
a ω3ρ

∫ b
a ω3ρ

∣∣∣∣∣∣∣ .
Then, F is continuous on [a, b] and F (a) = F (b) = 0. Further on, F (x) �= 0
if x ∈]a, b[ due to the Tchebychev property of ωωωωωωωωω and the positivity of ρ. For
simplicity, we may assume that F is positive on ]a, b[. Therefore, by Weierstrass’
theorem, there exists ξ ∈]a, b[ such that

F (ξ) = max
[a,b]

F.

Assume that x ∈]ξ, b]. Then, the maximal property of ξ yields the inequality

0 ≥ F (x) − F (ξ)∫ x
ξ ρ

=

∣∣∣∣∣ ωωωωωωωωω(a)

∫ x
ξ ωωωωωωωωωρ∫ x
ξ ρ

∫ b
a ωωωωωωωωωρ

∣∣∣∣∣ .
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The central column of the determinant tends to ωωωωωωωωω(ξ) as x tends to ξ since the
following estimations are valid for k = 1, 2, 3:

min
[ξ,x]

ωk =
min[ξ,x] ωk

∫ x
ξ ρ∫ x

ξ ρ
≤
∫ x
ξ ωkρ∫ x

ξ ρ
≤

max[ξ,x] ωk

∫ x
ξ ρ∫ x

ξ ρ
= max

[ξ,x]
ωk.

Therefore ∣∣∣ ωωωωωωωωω(a) ωωωωωωωωω(ξ)
∫ b
a ωωωωωωωωωρ

∣∣∣ ≤ 0.

Choosing x ∈ [a, ξ[ and using the maximal property of ξ again, we get the opposite
inequality with the same argument and arrive at the identity∣∣∣ ωωωωωωωωω(a) ωωωωωωωωω(ξ)

∫ b
a ωωωωωωωωωρ

∣∣∣ = 0.

Thus, the linear independence of ωωωωωωωωω(a) and ωωωωωωωωω(ξ) yields that there exist coefficients
c1 and c2 such that

c1ωωωωωωωωω(a) + c2ωωωωωωωωω(ξ) =
∫ b

a
ωωωωωωωωωρ.

The right hand side inequality can be verified with an analogous argument, there-
fore the proof is omitted. �

Let us note, that if the weight function ρ is continuous, then the function F is
differentiable and Rolle’s mean-value theorem can directly be applied.

The representations of Theorem 3.7 are linear with respect to the coefficients.
Therefore, in concrete cases, the main difficulty is to determine the interior base
points ξ and η. Without claiming completeness, we list some examples when they
can be determined explicitly.

EXAMPLE 1. If the Tchebychev system (ω1, ω2, ω3) is defined on [a, b] by
ω1(x) = 1, ω2(x) = sinhx, ω3(x) = cosh x and ρ ≡ 1, then

ξ = 2 artanh

(
sinh b − sinh a − (b − a) cosh a

cosh b − cosh a − (b − a) sinh a

)
− a

η = 2 artanh

(
sinh b − sinh a − (b − a) cosh b

cosh b − cosh a − (b − a) sinh b

)
− b.

PROOF. With the above setting, the left hand side representation of Theo-
rem 3.5 reduces to the following system of nonlinear equations

c1 + c2 =
∫ b

a
1dx = b − a

c1 sinh a + c2 sinh ξ =
∫ b

a
sinhxdx = cosh b − cosh a

c1 cosh a + c2 cosh ξ =
∫ b

a
cosh xdx = sinh b − sinh a
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where the three unknowns are c1, c2 and ξ, respectively. Multiplying the first equa-
tion by sinh a and subtracting it from the second one, then multiplying again the
first equation by cosh a and subtracting it from the third one, the coefficient c1 can
be eliminated and it follows

c2(sinh ξ − sinh a) = cosh b − cosh a − (b − a) sinh a

c2(cosh ξ − cosh a) = sinh b − sinh a − (b − a) cosh a.

Applying the well known additional properties of hyperbolic functions for the
identities ξ = (ξ + a)/2 + (ξ − a)/2 and a = (ξ + a)/2 − (ξ − a)/2, the
left hand side of both equations can be written into product form:

2c2 cosh
(

ξ + a

2

)
sinh

(
ξ − a

2

)
= cosh b − cosh a − (b − a) sinh a

2c2 sinh
(

ξ + a

2

)
sinh

(
ξ − a

2

)
= sinh b − sinh a − (b − a) cosh a.

The left hand side of the first equation differs from zero since ξ �= a. Therefore,
dividing the second equation by the first one, we get the equation

tanh
(

ξ + a

2

)
=

sinh b − sinh a − (b − a) cosh a

cosh b − cosh a − (b − a) sinh a
,

whence the desired expression of ξ is obtained. For determining η, we shell con-
sider the following system of nonlinear equation:

d1 + d2 = b − a

d1 sinh η + d2 sinh b = cosh b − cosh a

d1 cosh η + d2 cosh b = sinh b − sinh a.

In this case, the coefficient d2 can be eliminated with a similar method to the
previous one. The new system of equation, due to the additional formulae again,
can be written into the form

2d1 cosh
(

b + η

2

)
sinh

(
b − η

2

)
= cosh b − cosh a − (b − a) sinh b

2d1 sinh
(

b + η

2

)
sinh

(
b − η

2

)
= sinh b − sinh a − (b − a) cosh b.

This system, analogously to the previous case, yields the equation

tanh
(

b + η

2

)
=

sinh b − sinh a − (b − a) cosh b

cosh b − cosh a − (b − a) sinh b
,

whence the base point η can be expressed easily. �

The proofs of the subsequent examples are similar to the previous one, there-
fore they are omitted.
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EXAMPLE 2. If the Tchebychev system (ω1, ω2, ω3) is defined on [a, b] ⊂
] − π, π[ by ω1(x) = 1, ω2(x) = sin x, ω3(x) = cos x and ρ ≡ 1, then

ξ = 2 arctan
(

sin a − sin b + (b − a) cos a

cos a − cos b − (b − a) sin a

)
− a

η = 2 arctan
(

sin a − sin b + (b − a) cos b

cos a − cos b − (b − a) sin b

)
− b.

EXAMPLE 3. If the Tchebychev system (ω1, ω2, ω3) is defined on [a, b] by
ω1(x) = 1, ω2(x) = exp x, ω3(x) = exp 2x and ρ ≡ 1, then

ξ = log
(

exp 2b − exp 2a − 2(b − a) exp 2a

2(exp b − exp a − (b − a) exp a)
− exp a

)

η = log
(

exp 2b − exp 2a − 2(b − a) exp 2b

2(exp b − exp a − (b − a) exp b)
− exp b

)
.

EXAMPLE 4. If, for p > 0, the Tchebychev system (ω1, ω2, ω3) is defined on
[a, b] ⊂ [0, +∞[ by ω1(x) = 1, ω2(x) = xp, ω3(x) = x2p and ρ ≡ 1, then

ξ =
(

p + 1
2p + 1

· b2p+1 − a2p+1 − (2p + 1)(b − a)a2p

bp+1 − ap+1 − (p + 1)(b − a)ap
− ap

)1/p

η =
(

p + 1
2p + 1

· b2p+1 − a2p+1 − (2p + 1)(b − a)b2p

bp+1 − ap+1 − (p + 1)(b − a)bp
− bp

)1/p

.

The particular case p = 1 of the last example gives a corollary of Theorem 1.10
for polynomially 3-convex functions. For 3 dimensional Tchebychev systems gen-
erated by arbitrary power functions, the interior base points in general, cannot be
expressed explicitly.

The proof of Theorem 3.7 is applicable for generalized 2-convexity, and gives
a different approach followed in Theorem 2.10. We can also state right hand side
Hermite–Hadamard-type inequality for generalized 4-convex functions.

THEOREM 3.8. Let ωωωωωωωωω = (ω1, ω2, ω3, ω4) be a Tchebychev system on [a, b]
and ρ : [a, b] → R be a positive integrable function. Then, there exist a unique
element ξ of ]a, b[ and uniquely determined positive coefficients c1, c2, c3 such that∫ b

a
ωωωωωωωωωρ = c1ωωωωωωωωω(a) + c2ωωωωωωωωω(ξ) + c3ωωωωωωωωω(b).

Furthermore, if a function f : [a, b] → R is generalized 4-convex with respect to
ωωωωωωωωω, then the following Hermite–Hadamard-type inequality holds∫ b

a
fρ ≤ c1f(a) + c2f(ξ) + c3f(b).
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HINT. Apply the same argument as in the proof of Theorem 3.7 for the func-
tion F : [a, b] → R defined by the formula

F (x) :=
∣∣∣ ωωωωωωωωω(a)

∫ x
a ωωωωωωωωωρ ωωωωωωωωω(b)

∫ b
a ωωωωωωωωωρ

∣∣∣ :=
∣∣∣∣∣∣∣∣∣

ω1(a)
∫ x
a ω1ρ ω1(b)

∫ b
a ω1ρ

ω2(a)
∫ x
a ω2ρ ω2(b)

∫ b
a ω2ρ

ω3(a)
∫ x
a ω3ρ ω3(b)

∫ b
a ω3ρ

ω4(a)
∫ x
a ω4ρ ω4(b)

∫ b
a ω4ρ

∣∣∣∣∣∣∣∣∣
.

�
For example, if ωωωωωωωωω(x) := (cosh x, sinhx, cosh 2x, sinh 2x), then one can

check that the interior base point of the inequality is exactly the midpoint of the
domain. Unfortunately, the method fails if someone tries to use it for proving left
hand side Hermite–Hadamard-type inequality for a generalized 4-convex function
since, by the even case of Theorem D, the existence of two interior base points
should be guaranteed. For similar reasons, the “existence” part in the proof of
Theorem 3.7 cannot be applied for generalized n-convex functions if n > 4.





CHAPTER 4

Characterizations via Hermite–Hadamard inequalities

Under some weak regularity conditions, the Hermite–Hadamard-inequality
characterizes (standard) convexity (see [Kuc85, Excersice 8. p. 205]). The aim
of this chapter is to verify analogous results for (ω1, ω2)-convexity. To do this, the
most important auxiliary tool turns out to be some characterization properties of
continuous, non generalized 2-convex functions.

4.1. Further properties of generalized lines

In the further investigations, two properties of generalized lines are crucial.
The first one improves the statement of Lemma 2.2 and states that, on compact
intervals, generalized lines are uniformly non bounded.

LEMMA 4.1. Let (ω1, ω2) be a Tchebychev system on an interval I . Then, for
any compact subinterval of I and positive number K, there exists ω ∈ L(ω1, ω2)
such that ω > K on the compact subinterval.

PROOF. According to Lemma 2.2, there exist coefficients α, β such that the
generalized line αω1 + βω2 is positive on the interior of I . Therefore, if [x, y] is a
compact subinterval of I , m := min{αω1(t) + βω2(t) | t ∈ [x, y]} > 0. Defining
the coefficients α∗ and β∗ by the formulae

α∗ :=
αK

m
β∗ :=

βK

m
,

the generalized line ω := α∗ω1 + β∗ω2 is strictly greater than K on [x, y]. �
The second important property concerns the convergence of generalized lines.

It turns out that pointwise convergence is not only a necessary but a sufficient con-
dition for the uniform convergence of sequences of generalized lines. Let us note
that an analogous result remains true for generalized polynomials in the higher-
order case.

LEMMA 4.2. Let (ω1, ω2) be a Tchebychev system on an interval I , further-
more ω = αω1 + βω2 and ωn = αnω1 + βnω2 (n ∈ N) be generalized lines.
Then, the following statements are equivalent:

(i) there exist elements x < y of I such that ωn(x) → ω(x) and ωn(y) → ω(y);
(ii) the sequences αn and βn are convergent furthermore αn → α and βn → β;

(iii) ωn → ω uniformly on each compact subset of I .

57
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PROOF. (i) ⇒ (ii). Applying Cramer’s Rule and the convergence properties
of ωn(x) and ωn(y), one can easily get that

α =

∣∣∣∣ ω(x) ω2(x)
ω(y) ω2(y)

∣∣∣∣∣∣∣∣ ω1(x) ω2(x)
ω1(y) ω2(y)

∣∣∣∣
= lim

n→∞

∣∣∣∣ ωn(x) ω2(x)
ωn(y) ω2(y)

∣∣∣∣∣∣∣∣ ω1(x) ω2(x)
ω1(y) ω2(y)

∣∣∣∣
= lim

n→∞αn.

The convergence of βn can be obtained similarly.
(ii) ⇒ (iii). Let [x, y] be a compact subinterval of I , furthermore t ∈ [x, y]

arbitrary. Due to the continuity of the functions ω1 and ω2, there exists K > 0
such that

max

{
sup
[x,y]

|ω1(t) |, sup
[x,y]

|ω2(t) |
}

≤ K.

Therefore,

|ωn(t) − ω(t) | = |αnω1(t) − αω1(t) + βnω2(t) − βω2(t) |
≤ |αn − α ||ω1(t) | + |βn − β ||ω2(t) |
≤ K

(|αn − α | + |βn − β |)→ 0

as n → ∞; hence ωn → ω uniformly on [x, y].
(iii) ⇒ (i). Trivial. �
Under the assumption of continuity, if a function is not convex, then it must be

locally strictly concave somewhere. The following theorem generalizes this result
for non (ω1, ω2)-convexity.

THEOREM 4.3. Let (ω1, ω2) be a Tchebychev system on an interval I , fur-
thermore f : I → R be a continuous function. Then, the following assertions are
equivalent:

(i) f is not (ω1, ω2)-convex;
(ii) there exist elements x < y of I such that ω < f on ]x, y[ where ω is the

generalized line determined by the properties

ω(x) = f(x) ω(y) = f(y);

(iii) there exist elements x < p < y of I and a generalized line ω such that ω ≥ f
on [x, y], moreover

f(x) < ω(x) f(p) = ω(p) f(y) < ω(y);

(iv) there exists p ∈ I◦ such that f is locally strictly (ω1, ω2)-concave at p, that
is, there exist elements x < p < y of I such that, for all x < u < p < v < y,
the following inequality holds:∣∣∣∣∣∣

f(u) f(p) f(v)
ω1(u) ω1(p) ω1(v)
ω2(u) ω2(p) ω2(v)

∣∣∣∣∣∣ < 0.
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PROOF. (i) ⇒ (ii). If f is not (ω1, ω2)-convex, then there exist elements
x0 < p < y0 of I such that ω(p) < f(p), where ω is the generalized line deter-
mined by the properties ω(x0) = f(x) and ω(y0) = f(y) (see assertion (vi) of
Theorem 2.4). Define the function F : [x0, y0] → R by F := f − ω furthermore
the elements x and y by the formulae

x := sup{ t |F (t) = 0, x0 ≤ t < p }
y := sup{ t |F (t) = 0, p < t ≤ y0 }.

Clearly, x0 ≤ x < p < y ≤ y0 hold; moreover, F (x) = F (y) = 0 and F > 0
on ]x, y[ due to the continuity of F . That is, ω(x) = f(x), ω(y) = f(y) and
f(t) > ω(t) for all t ∈]x, y[.

(ii) ⇒ (iii). Take the elements x < y of I and the generalized line ω fulfilling
the properties ω(x) = f(x), ω(y) = f(y) and ω|]x,y[ < f |]x,y[. Define, for all
t ∈ R, the family of “parallel” generalized lines ωt furthermore the real number t0
by

ωt(x) = ω(x) + t ωt(y) = ω(y) + t

Observe first that ωt|[x,y] > f |[x,y] for “sufficiently large” t. Indeed, take the
generalized line ω∗ satisfying the inequality ω∗|[x,y] > max f |[x,y] and choose
t > 0 such that ωt(x) > ω∗(x) and ωt(y) > ω∗(y) hold. (The existence of ω∗
is guaranteed by Lemma 4.1.) Then, ωt|[x,y] > ω∗|[x,y] due to Lemma 2.1 hence
ωt|[x,y] > f |[x,y]. On the other hand, a similar argument to the previous one yields
the inequalities ωt|[x,y] < ω|[x,y] ≤ f |[x,y] for all t < 0. Therefore,

t0 := inf{t ∈ R |ωt|[x,y] > f |[x,y]}.
By definition, ωt0 ≥ f on [x, y]. Assume indirectly that this inequality is strict.
Then, according to the continuity of ωt0 and f , there exists ε > 0 such that

f + ε < ωt0

on [x, y]. Consider the sequence of generalized lines ωn determined by the condi-
tions

ωn(x) := ω(x) + t0 − 1
n

ωn(y) := ω(y) + t0 − 1
n

.

Lemma 2.1 implies that (ωn) is strictly monotone increasing; further on, according
to Lemma 4.2, ωn → ωt0 uniformly on the compact interval [x, y] since ωn(x) →
ωt0(x) and ωn(y) → ωt0(y). Hence, there exists n0 ∈ N satisfying the inequalities

ωn0 < ωt0 < ωn0 +
ε

2
.

Comparing this to the previous one, it follows that

f +
ε

2
< ωn0 < ωt0 ,

which contradicts the definition of t0 since ωn can also be written into the form
ωt0−1/n. Therefore, the choice ωt0 satisfies the requirements.
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(iii) ⇒ (iv). Due to the continuity of the functions f and ω, we may assume
that p is the minimal element of ]x, y[ fulfilling the properties of the assertion.
Then, f(u) < ω(u) if x < u < p and f(v) ≤ ω(v) if p < v < y. Therefore,∣∣∣∣∣∣

f(u) f(p) f(y)
ω1(u) ω1(p) ω1(v)
ω2(u) ω2(p) ω2(v)

∣∣∣∣∣∣ <
∣∣∣∣∣∣

ω(u) ω(p) ω(v)
ω1(u) ω1(p) ω1(v)
ω2(u) ω2(p) ω2(v)

∣∣∣∣∣∣
since the adjoint determinants of f(u) and f(v) are positive, furthermore, f and ω
coincide at p. However, ω is a linear combination of ω1 and ω2 hence the left hand
side of the previous inequality equals zero.

(iv) ⇒ (i). Trivial. �

The next result shows that (ω1, ω2)-convexity, similarly to the standard one, is
a pointwise property.

COROLLARY 4.4. Let (ω1, ω2) be a Tchebychev system over the open interval
I , furthermore f : I → R be a given function. Then, the following assertions are
equivalent:

(i) f is (ω1, ω2)-convex;
(ii) f is locally (ω1, ω2)-convex, that is, each element of the domain has a neigh-

borhood where it is (ω1, ω2)-convex;
(iii) f is continuous and, for all p ∈ I , there exist elements x < p < y of I such

that ∣∣∣∣∣∣
f(u) f(p) f(y)
ω1(u) ω1(p) ω1(v)
ω2(u) ω2(p) ω2(v)

∣∣∣∣∣∣ ≥ 0

for all x < u < p < v < y (i. e., f is locally convex at each point).

HINT. The implications (i) ⇒ (ii) and (ii) ⇒ (iii) are trivial. For the impli-
cation (iii) ⇒ (i), the last assertion of Corollary 4.4 can be applied, which, in the
case of indirect assumption, immediately leads to contradiction. �

4.2. Hermite–Hadamard-type inequalities and (ω1, ω2)-convexity

The main results are presented in three theorems. The first and the second ones
concern the left and right hand side inequalities of Theorem 2.10 independently,
while the third one is analogous to the classical Jensen inequality.

THEOREM 4.5. Let (ω1, ω2) be a Tchebychev system on an interval [a, b] such
that ω1 is positive on ]a, b[, furthermore ρ : [a, b] → R be a positive integrable
function. Define, for all elements x < y of [a, b], the functions ξ(x, y) and c(x, y)
by the formulae

ξ(x, y) :=
(

ω2

ω1

)−1(∫ y
x ω2ρ∫ y
x ω1ρ

)
, c(x, y) =

∫ y
x ω1ρ

ω1(ξ(x, y))
.
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Then, a continuous function f : [a, b] → R is generalized convex with respect to
(ω1, ω2) if and only if, for all elements x < y of [a, b], it satisfies the inequality

c(x, y)f
(
ξ(x, y)

) ≤ ∫ y

x
fρ.

PROOF. The necessity is due to Theorem 2.10. For the converse assertion,
note first that the mapping (x, y) 	→ ξ(x, y) is continuous in each variable and
takes its value between x and y since it is a Lagrange-type mean-value. Further
on, c(x, y) and ξ(x, y) are so constructed that all generalized lines (i.e., the linear
combinations of ω1 and ω2) are the solutions of the functional equation

c(x, y)ω
(
ξ(x, y)

)
=
∫ y

x
ωρ (x < y).(4.1)

(For the details, see the proof of Theorem 2.10.) Assume that f satisfies the in-
equality of the theorem and, indirectly, is not (ω1, ω2)-convex. Then, according to
assertion (iii) Theorem 4.3, there exist elements x < p < y of I and a generalized
line ω such that f ≤ ω on [x, y] and

f(x) < ω(x) f(p) = ω(p) f(y) < ω(y).

If, for example, p ≤ ξ(x, y), then there is u ∈]p, y] such that p = ξ(x, u) since ξ is
a Lagrange-type mean-value. The inequality f(x) < ω(x) and the continuity of f
implies that f < ω on a right hand side neighborhood of x hence, applying (4.1),
it follows that

c(x, u)f
(
ξ(x, u)

) ≤ ∫ u

x
fρ <

∫ u

x
ωρ = c(x, u)ω

(
ξ(x, u)

)
.

On the other hand, both sides have the common value c(x, u)f(p), which is a
contradiction. �

THEOREM 4.6. Let (ω1, ω2) be a Tchebychev system over an interval [a, b]
such that ω1 is positive on ]a, b[, furthermore ρ : [a, b] → R be a positive integrable
function. Define, for all elements x < y of [a, b], the functions c1(x, y) and c2(x, y)
by the formulae

c1(x, y) =

∣∣∣∣
∫ y
x ω1ρ ω1(y)∫ y
x ω2ρ ω2(y)

∣∣∣∣∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣
, c2(x, y) =

∣∣∣∣ ω1(x)
∫ y
x ω1ρ

ω2(x)
∫ y
x ω2ρ

∣∣∣∣∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣
.

Then, a continuous function f : [a, b] → R is generalized convex with respect to
(ω1, ω2) if and only if, for all elements x < y of [a, b], it satisfies the inequality∫ y

x
fρ ≤ c1(x, y)f(x) + c2(x, y)f(y).
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PROOF. The necessity is due to Theorem 2.10 again. Conversely, note first
that c1(x, y) and c2(x, y) are constructed such that all generalized lines (i. e., the
linear combinations of ω1 and ω2) are the solutions of the functional equation∫ y

x
ωρ = c1(x, y)ω(x) + c2(x, y)ω(y).(4.2)

(For the details, see the proof of Theorem 2.10.) Assume indirectly that f is not
(ω1, ω2)-convex. Then, according to assertion (ii) of Theorem 4.3, there exist
elements x < y of I and a generalized line ω such that ω(x) = f(x), ω(y) = f(y)
and ω < f on ]x, y[. Therefore,∫ y

x
ωρ <

∫ y

x
fρ ≤ c1(x, y)f(x) + c2(x, y)f(y)

= c1(x, y)ω(x) + c2(x, y)ω(y)

which contradicts (4.2). �

THEOREM 4.7. Let (ω1, ω2) be a Tchebychev system on I and f : I → R be
a continuous function. Keeping the notions of Theorem 4.6 and Theorem 4.5, f is
(ω1, ω2)-convex if and only if, for all elements x < y of I , it satisfies the inequality

c(x, y)f
(
ξ(x, y)

) ≤ c1(x, y)f(x) + c2(x, y)f(y).

PROOF. The necessity part has already been proved in Theorem 2.10. For the
sufficiency, observe first that the functions c, c1, c2 and ξ are so constructed that all
the generalized lines are the solutions of the functional equation

c(x, y)ω
(
ξ(x, y)

)
= c1(x, y)ω(x) + c2(x, y)ω(y) (x < y)

since both sides have the common value
∫ y
x ωρ. Assume indirectly that a function

f : I → R satisfies the inequality of the theorem and is not generalized convex
with respect to (ω1, ω2). Then, there exist elements x < y of I and a generalized
line ω fulfilling the conditions

ω(x) = f(x) ω|]x,y[ < f |]x,y[ ω(y) = f(y)

due to Theorem 4.3. Therefore, taking the above observation into consideration,
one can immediately get that

c(x, y)f
(
ξ(x, y)

) ≤ c1(x, y)f(x) + c2(x, y)f(y)
= c1(x, y)ω(x) + c2(x, y)ω(y)
= c(x, y)ω

(
ξ(x, y)

)
< c(x, y)f

(
ξ(x, y)

)
which is a contradiction. �

To give a unified view, the previous results are combined in the subsequent
corollary. This corollary, Theorem 2.4, Corollary 2.6, Theorem 2.7 and Corol-
lary 4.4 together are a comprehensive characterization of generalized convexity
induced by two dimensional Tchebychev systems.
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COROLLARY 4.8. Let (ω1, ω2) be a Tchebychev system on I such that ω1 is
positive on I◦, furthermore ρ : I → R be a positive integrable function. Keeping
the notions of Theorem 4.5, Theorem 4.6 and Theorem 4.7, the following assertions
are equivalent for any function f : I → R:

(i) f is generalized convex with respect to (ω1, ω2);
(ii) f is continuous and, for all elements x < y of I , satisfies the inequality

c(x, y)f
(
ξ(x, y)

) ≤ ∫ y

x
fρ;

(iii) f is continuous and, for all elements x < y of I , satisfies the inequality∫ y

x
fρ ≤ c1(x, y)f(x) + c2(x, y)f(y);

(iv) f is continuous and, for all elements x < y of I , satisfies the inequality

c(x, y)f
(
ξ(x, y)

) ≤ c1(x, y)f(x) + c2(x, y)f(y).

The question arises, quite evidently, whether Hermite–Hadamard-type in-
equalities also characterize generalized convexity in the general case or not. To
give an affirmative answer even in the polynomial case remains an open problem
and may be the subject of further researches.





Summary

The notion of convexity can be extended applying Tchebychev systems (con-
sult the definitions of the INTRODUCTION). The aim of the dissertation is to gen-
eralize the classical Hermite–Hadamard inequality for the extended setting.

In CHAPTER 1 we deal with the case of polynomial convexity and apply var-
ious methods of numerical analysis, like Gauss-type quadrature formulae (The-
orem 1.1, Theorem 1.2, Theorem 1.3, Theorem 1.4) and Hermite-interpolation.
Two results of Popoviciu (Theorem A and Theorem B) are also crucial. For tech-
nical reasons, further auxiliary tools are developed and applied (see Theorem 1.5,
Lemma 1.6, Lemma 1.7). The main results are presented in two theorems (Theo-
rem 1.8 and Theorem 1.9) distinguishing the parity of the order of convexity:

THEOREM. Let ρ : [a, b] → R be a positive integrable function. Denote the
roots of Pm by ξ1, . . . , ξm where Pm is the mth degree member of the orthogo-
nal polynomial system on [a, b] with respect to the weight function (x − a)ρ(x),
furthermore denote the roots of Qm by η1, . . . , ηm where Qm is the mth degree
member of the orthogonal polynomial system on [a, b] with respect to the weight
function (b− x)ρ(x). Define the coefficients α0, . . . , αm and β1, . . . , βm+1 by the
formulae

α0 :=
1

P 2
m(a)

∫ b

a
P 2

m(x)ρ(x)dx,

αk :=
1

ξk − a

∫ b

a

(x − a)Pm(x)
(x − ξk)P ′

m(ξk)
ρ(x)dx

and

βk :=
1

b − ηk

∫ b

a

(b − x)Qm(x)
(x − ηk)Q′

m(ηk)
ρ(x)dx,

βm+1 :=
1

Q2
m(b)

∫ b

a
Q2

m(x)ρ(x)dx.

If a function f : [a, b] → R is polynomially (2m + 1)-convex, then it satisfies the
following Hermite–Hadamard-type inequality

α0f(a) +
m∑

k=1

αkf(ξk) ≤
∫ b

a
fρ ≤

m∑
k=1

βkf(ηk) + βm+1f(b).

65
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THEOREM. Let ρ : [a, b] → R be a positive integrable function. Denote the
roots of Pm by ξ1, . . . , ξm where Pm is the mth degree member of the orthogonal
polynomial system on [a, b] with respect to the weight function ρ(x), and denote
the roots of Qm−1 by η1, . . . , ηm−1 where Qm−1 is the (m − 1)st degree member
of the orthogonal polynomial system on [a, b] with respect to the weight function
(b − x)(x − a)ρ(x). Define the coefficients α1, . . . , αm and β0, . . . , βm+1 by the
formulae

αk :=
∫ b

a

Pm(x)
(x − ξk)P ′

m(ξk)
ρ(x)dx

and

β0 =
1

(b − a)Q2
m−1(a)

∫ b

a
(b − x)Q2

m−1(x)ρ(x)dx,

βk =
1

(b − ηk)(ξk − a)

∫ b

a

(b − x)(x − a)Qm−1(x)
(x − ηk)Q′

m−1(ηk)
ρ(x)dx,

βm+1 =
1

(b − a)Q2
m−1(b)

∫ b

a
(x − a)Q2

m−1(x)ρ(x)dx.

If a function f : [a, b] → R is polynomially (2m)-convex, then it satisfies the
following Hermite–Hadamard-type inequality

m∑
k=1

αkf(ξk) ≤
∫ b

a
fρ ≤ β0f(a) +

m−1∑
k=1

βkf(ηk) + βmf(b).

Specializing the weight function ρ ≡ 1, the roots of the inequalities can be
obtained as convex combinations of the endpoints of the domain. The coefficients
of the convex combinations are the roots of certain orthogonal polynomials on
[0, 1] in both cases. Observe that interchanging the role of the endpoints in any
side of the inequality concerning the odd order case, we obtain the other side of
the inequality.

THEOREM. Let, for m ≥ 0, the polynomial Pm be defined by the formula

Pm(x) :=

∣∣∣∣∣∣∣∣∣

1 1
2 · · · 1

m+1

x 1
3 · · · 1

m+2
...

...
. . .

...
xm 1

m+2 · · · 1
2m+1

∣∣∣∣∣∣∣∣∣
.

Then, Pm has m pairwise distinct roots λ1, . . . , λm in ]0, 1[. Define the coefficients
α0, . . . , αm by

α0 :=
1

P 2
m(0)

∫ 1

0
P 2

m(x)dx,

αk :=
1
λk

∫ 1

0

xPm(x)
(x − λk)P ′

m(λk)
dx.
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If a function f : [a, b] → R is polynomially (2m + 1)-convex, then it satisfies the
following Hermite–Hadamard-type inequality

α0f(a) +
m∑

k=1

αkf
(
(1 − λk)a + λkb

) ≤ 1
b − a

∫ b

a
f(x)dx

≤
m∑

k=1

αkf
(
λka + (1 − λk)b

)
+ α0f(b).

THEOREM. Let, for m ≥ 1, the polynomials Pm and Qm−1 be defined by the
formulae

Pm(x) :=

∣∣∣∣∣∣∣∣∣

1 1 · · · 1
m

x 1
2 · · · 1

m+1
...

...
. . .

...
xm 1

m+1 · · · 1
2m

∣∣∣∣∣∣∣∣∣
,

Qm−1(x) :=

∣∣∣∣∣∣∣∣∣∣

1 1
2·3 · · · 1

m(m+1)

x 1
3·4 · · · 1

(m+1)(m+2)
...

...
. . .

...
xm−1 1

(m+1)(m+2) · · · 1
(2m−1)2m

∣∣∣∣∣∣∣∣∣∣
.

Then, Pm has m pairwise distinct roots λ1, . . . , λm in ]0, 1[ and Qm−1 has m− 1
pairwise distinct roots µ1, . . . , µm−1 in ]0, 1[, respectively. Define the coefficients
α1, . . . , αm and β0, . . . , βm by

αk :=
∫ 1

0

Pm(x)
(x − λk)P ′

m(λk)
dx

and

β0 :=
1

Q2
m−1(0)

∫ 1

0
(1 − x)Q2

m−1(x)dx,

βk :=
1

(1 − µk)µk

∫ 1

0

x(1 − x)Qm−1(x)
(x − µk)Q′

m−1(µk)
dx,

βm :=
1

Q2
m−1(1)

∫ 1

0
xQ2

m−1(x)dx.

If a function f : [a, b] → R is polynomially (2m)-convex, then it satisfies the
following Hermite–Hadamard-type inequality

m∑
k=1

αkf
(
(1 − λk)a + λkb

) ≤ 1
b − a

∫ b

a
f(x)dx

≤ β0f(a) +
m−1∑
k=1

βkf
(
(1 − µk)a + µkb

)
+ βmf(b).
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In CHAPTER 2 we study the case of generalized 2-convexity or, in other
terms, (ω1, ω2)-convexity. After some technical preambles (such as Lemma 2.1,
Lemma 2.2, Lemma 2.3), the first important result of the chapter (Theorem 2.4)
gives various characterizations of generalized 2-convex functions:

THEOREM. Let (ω1, ω2) be a Tchebychev system over an interval I such that
ω1 is positive on I◦. The following statements are equivalent:

(i) f : I → R is (ω1, ω2)-convex;
(ii) for all elements x < y < z of I we have that∣∣∣∣ f(y) f(z)

ω1(y) ω1(z)

∣∣∣∣∣∣∣∣ ω1(y) ω1(z)
ω2(y) ω2(z)

∣∣∣∣
≤

∣∣∣∣ f(x) f(y)
ω1(x) ω1(y)

∣∣∣∣∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣
;

(iii) for all x0 ∈ I◦ there exist α, β ∈ R such that

αω1(x0) + βω2(x0) = f(x0),
αω1(x) + βω2(x) ≤ f(x) (x ∈ I);

(iv) for all n ∈ N, x0, x1, . . . , xn ∈ I and λ1, . . . , λn ≥ 0 satisfying the condi-
tions

n∑
k=1

λkω1(xk) = ω1(x0)

n∑
k=1

λkω2(xk) = ω2(x0)

we have that

f(x0) ≤
n∑

k=1

λkf(xk);

(v) for all x0, x1, x2 ∈ I and λ1, λ2 ≥ 0 satisfying the conditions

λ1ω1(x1) + λ2ω1(x2) = ω1(x0)
λ1ω2(x1) + λ2ω2(x2) = ω2(x0)

we have that
f(x0) ≤ λ1f(x1) + λ2f(x2);

(vi) for all elements x < p < y of I

f(p) ≤ αω1(p) + βω2(p)

where the constants α, β are the solutions of the system of linear equations

f(x) = αω1(x) + βω2(x)
f(y) = αω1(y) + βω2(y).
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In the standard setting this result reduces to the well known properties of con-
vex functions (compare Corollary 2.5) and also gives another characterization via
generalized supports (Corollary 2.6). It turns out that generalized convexity is
also equivalent to the (standard) convexity of a certain composite function (Theo-
rem 2.7, see below). This connection enables us to state regularity properties for
generalized 2-convex functions (Theorem 2.8) and also to generalize the stability
result of (standard) convexity (Corollary 2.9).

THEOREM. Let (ω1, ω2) be a Tchebychev system on an open interval I such
that ω1 is positive. The function f : I → R is (ω1, ω2)-convex if and only if the
function g : ω2/ω1(I) → R defined by the formula

g :=
f

ω1
◦
(

ω2

ω1

)−1

is convex in the standard sense.

The main result of the chapter states Hermite–Hadamard-type inequality for
generalized 2-convex functions (Theorem 2.10).

THEOREM. Let (ω1, ω2) be a Tchebychev system on an interval [a, b] such
that ω1 is positive on ]a, b[, furthermore, let ρ : [a, b] → R be a positive integrable
function. Define the point ξ and the coefficients c, c1, c2 by the formulae

ξ =
(

ω2

ω1

)−1
(∫ b

a ω2ρ∫ b
a ω1ρ

)
, c =

∫ b
a ω1ρ

ω1(ξ)

and

c1 =

∣∣∣∣∣
∫ b
a ω1ρ ω1(b)∫ b
a ω2ρ ω2(b)

∣∣∣∣∣∣∣∣∣ ω1(a) ω1(b)
ω2(a) ω2(b)

∣∣∣∣
, c2 =

∣∣∣∣∣ ω1(a)
∫ b
a ω1ρ

ω2(a)
∫ b
a ω2ρ

∣∣∣∣∣∣∣∣∣ ω1(a) ω1(b)
ω2(a) ω2(b)

∣∣∣∣
.

If f : [a, b] → R is an (ω1, ω2)-convex function, then the following Hermite–
Hadamard-type inequality holds

cf(ξ) ≤
∫ b

a
fρ ≤ c1f(a) + c2f(b).

The proof is based on the previous two theorems. Theorem 2.8 guarantees the
integrability of generalized 2-convex functions defined on compact intervals. The
generalized support and chord properties (assertions (iii) and (vi) of Theorem 2.4)
give the left and the right hand side inequalities, respectively.

The aim of CHAPTER 3 is to show the existence of Hermite–Hadamard-type
inequalities for generalized convexity induced by arbitrary Tchebychev systems.
To prove regularity properties for generalized convex functions (Theorem 3.2), the
following characterization result (Theorem 3.1) plays the key role.
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THEOREM. Let ωωωωωωωωω = (ω1, . . . , ωn) be a Tchebychev system over an interval
I . Then, for a function f : I → R, the following statements are equivalent:

(i) f is generalized convex with respect to ωωωωωωωωω;
(ii) for all y1 < · · · < yn in I , the generalized polynomial ω of ω1, . . . , ωn

determined uniquely by the interpolation conditions

f(yk) = ω(yk) (k = 1, . . . , n)

satisfies the inequalities

(−1)n+k(f(y) − ω(y)) ≥ 0 (yk < y < yk+1, k = 0, . . . , n)

under the conventions y0 := inf I and yn+1 := sup I;
(iii) keeping the previous notations and settings, for fixed k ∈ {0, . . . , n}, the

following inequality holds

(−1)n+k(f(y) − ω(y)) ≥ 0 (yk ≤ y ≤ yk+1).

Unfortunately, under such general circumstances the base points of the
Hermite–Hadamard-type inequalities cannot be expressed explicitly, we can state
only their existence (Theorem 3.4) and uniqueness (Theorem 3.3). Once hav-
ing this, the inequalities themselves can be verified applying pure linear algebraic
methods and the definition of generalized convexity. The main tool of the chapter
is the Markov–Krein theory of moment spaces induced by Tchebychev systems
(Theorem C and Theorem D). Distinguishing the odd and even order cases, the
main results read as follows (Theorem 3.5 and Theorem 3.6).

THEOREM. Let ωωωωωωωωω = (ω1, . . . , ω2m+1) be a Tchebychev system on [a, b] and
ρ : [a, b] → R be a positive integrable function. There exist uniquely determined
base points ξ1, . . . , ξm and η1, . . . , ηm of ]a, b[ such that

α0ωωωωωωωωω(a) +
m∑

k=1

αkωωωωωωωωω(ξk) =
∫ b

a
ωωωωωωωωωρ =

m∑
k=1

βkωωωωωωωωω(ηk) + βm+1ωωωωωωωωω(b).

The coefficients α0, . . . , αm and β1, . . . , βm+1 are positive and uniquely deter-
mined, too. Furthermore, for any generalized ωωωωωωωωω-convex function f : [a, b] → R,
the following Hermite–Hadamard-type inequality holds

α0f(a) +
m∑

k=1

αkf(ξk) ≤
∫ b

a
fρ ≤

m∑
k=1

βkf(ηk) + βm+1f(b).

THEOREM. Let ωωωωωωωωω = (ω1, . . . , ω2m) be a Tchebychev system on [a, b] and
let ρ : [a, b] → R be a positive integrable function. Then, there exist uniquely
determined base points ξ1, . . . , ξm and η1, . . . , ηm−1 of ]a, b[ such that

m∑
k=1

αkωωωωωωωωω(ξk) =
∫ b

a
ωωωωωωωωωρ = β0ωωωωωωωωω(a) +

m−1∑
k=1

βkωωωωωωωωω(ηk) + βmωωωωωωωωω(b).
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The coefficients α1, . . . , αm and β0, . . . , βm are positive and uniquely determined,
too. Furthermore, for any generalized ωωωωωωωωω-convex function f : [a, b] → R, the
following Hermite–Hadamard-type inequality holds

m∑
k=1

αkf(ξk) ≤
∫ b

a
fρ ≤ β0f(a) +

m−1∑
k=1

βkf(ηk) + βmf(b).

Motivated by Rolle’s mean-value theorem, an elementary approach can also
be followed (see Theorem 3.7 and Theorem 3.8) in some particular cases (that is,
when the dimension of the underlying Tchebychev system is “small”).

The classical Hermite–Hadamard inequality immediately follows from any of
the main results of the first three chapters. Without claiming completeness, at the
end of these chapters several applications and examples are presented.

CHAPTER 4 is devoted to proving that the Hermite–Hadamard-type inequality
(Theorem 2.10) obtained for generalized 2-convex functions characterize gener-
alized 2-convexity. The most important tool is the following characterization of
continuous, non generalized 2-convex functions (Theorem 4.3):

THEOREM. Let (ω1, ω2) be a Tchebychev system on an interval I , furthermore
f : I → R be a continuous function. Then, the following assertions are equivalent:

(i) f is not (ω1, ω2)-convex;
(ii) there exist elements x < y of I such that ω < f on ]x, y[ where ω is the

generalized line determined by the properties

ω(x) = f(x) ω(y) = f(y);

(iii) there exist elements x < p < y of I and a generalized line ω such that ω ≥ f
on [x, y], moreover

f(x) < ω(x) f(p) = ω(p) f(y) < ω(y);

(iv) there exists p ∈ I◦ such that f is locally strictly (ω1, ω2)-concave at p, that
is, there exist elements x < p < y of I such that, for all x < u < p < v < y,
the following inequality holds:∣∣∣∣∣∣

f(u) f(p) f(v)
ω1(u) ω1(p) ω1(v)
ω2(u) ω2(p) ω2(v)

∣∣∣∣∣∣ < 0.

The main results are presented in the subsequent three theorems (see Theo-
rem 4.5, Theorem 4.6 and Theorem 4.7). The first and the second one can be
considered as the left and right hand side of the Hermite–Hadamard-type inequal-
ity for generalized 2-convex functions (Theorem 2.10); the third one corresponds
to the classical Jensen inequality.
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THEOREM. Let (ω1, ω2) be a Tchebychev system over an interval [a, b] such
that ω1 is positive on ]a, b[, furthermore ρ : [a, b] → R be a positive integrable
function. Define, for all elements x < y of [a, b], the functions ξ(x, y) and c(x, y)
by the formulae

ξ(x, y) :=
(

ω2

ω1

)−1(∫ y
x ω2ρ∫ y
x ω1ρ

)
, c(x, y) =

∫ y
x ω1ρ

ω1(ξ(x, y))
.

Then, a continuous function f : [a, b] → R is generalized convex with respect to
(ω1, ω2) if and only if, for all elements x < y of [a, b], it satisfies the inequality

c(x, y)f
(
ξ(x, y)

) ≤ ∫ y

x
fρ.

THEOREM. Let (ω1, ω2) be a Tchebychev system over an interval [a, b] such
that ω1 is positive on ]a, b[, furthermore ρ : [a, b] → R be a positive integrable
function. Define, for all elements x < y of [a, b], the functions c1(x, y) and c2(x, y)
by the formulae

c1(x, y) =

∣∣∣∣
∫ y
x ω1ρ ω1(y)∫ y
x ω2ρ ω2(y)

∣∣∣∣∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣
, c2(x, y) =

∣∣∣∣ ω1(x)
∫ y
x ω1ρ

ω2(x)
∫ y
x ω2ρ

∣∣∣∣∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣
.

Then, a continuous function f : [a, b] → R is generalized convex with respect to
(ω1, ω2) if and only if, for all elements x < y of [a, b], it satisfies the inequality∫ y

x
fρ ≤ c1(x, y)f(x) + c2(x, y)f(y).

THEOREM. Let (ω1, ω2) be a Tchebychev system on I , furthermore f : I → R

be a continuous function. Keeping the notions of the previous two theorems, f is
(ω1, ω2)-convex if and only if, for all elements x < y of I , it satisfies the inequality

c(x, y)f
(
ξ(x, y)

) ≤ c1(x, y)f(x) + c2(x, y)f(y).

These theorems together give an additional characterization of generalized 2-
convexity (Corollary 4.8). Verifying analogous results in the general setting (or
even in the polynomial case) remains an open problem and may be the subject of
further researches.



Összefoglaló

A konvexitás fogalma Csebisev rendszerek alkalmazásával természetes módon
kiterjeszthető (lásd a bevezetés definı́cióit). A disszertáció célja a klasszikus analı́-
zisből ismert Hermite–Hadamard egyenlőtlenség általánosı́tása erre a kiterjesztett
esetre.

Az első fejezetben a polinomiális konvexitás esetével foglalkozunk. A vizs-
gálatok során a numerikus analı́zis módszereit használjuk, mégpedig Gauss-tı́pusú
kvadratúrákat (Theorem 1.1, Theorem 1.2, Theorem 1.3, Theorem 1.4) és Hermite-
interpolációt. Fontos szerepet játszik Popoviciu két eredménye is (Theorem A és
Theorem B). A különféle regularitási feltételek kiküszöbölése miatt további se-
géderedmények szükségesek (például Theorem 1.5, Lemma 1.6, Lemma 1.7). A
fő eredményt a konvexitás rendjének paritása szerint két tételben igazoljuk:

TÉTEL. Legyen ρ : [a, b] → R pozitı́v integrálható függvény. Jelölje Pm gyö-
keit ξ1, . . . , ξm, ahol Pm az [a, b] intervallumon az (x − a)ρ(x) súlyfüggvényre
nézve ortogonális polinomrendszer m-ed fokú tagja, továbbá jelölje Qm gyökeit
η1, . . . , ηm, ahol Qm az [a, b] intervallumon a (b − x)ρ(x) súlyfüggvényre nézve
ortogonális polinomrendszer m-ed fokú tagja. Definiáljuk az α0, . . . , αm illetve a
β1, . . . , βm+1 együtthatókat az

α0 :=
1

P 2
m(a)

∫ b

a
P 2

m(x)ρ(x)dx,

αk :=
1

ξk − a

∫ b

a

(x − a)Pm(x)
(x − ξk)P ′

m(ξk)
ρ(x)dx,

illetve

βk :=
1

b − ηk

∫ b

a

(b − x)Qm(x)
(x − ηk)Q′

m(ηk)
ρ(x)dx,

βm+1 :=
1

Q2
m(b)

∫ b

a
Q2

m(x)ρ(x)dx.

formulákkal. Ha az f : [a, b] → R függvény polinomiálisan (2m + 1)-konvex,
akkor teljesı́ti az alábbi Hermite–Hadamard tı́pusú egyenlőtlenséget:

α0f(a) +
m∑

k=1

αkf(ξk) ≤
∫ b

a
fρ ≤

m∑
k=1

βkf(ηk) + βm+1f(b).

73
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TÉTEL. Legyen ρ : [a, b] → R pozitı́v integrálható függvény. Jelölje Pm

gyökeit ξ1, . . . , ξm, ahol Pm az [a, b] intervallumon a ρ(x) súlyfüggvényre néz-
ve ortogonális polinomrendszer m-ed fokú tagja, továbbá jelölje Qm−1 gyö-
keit η1, . . . , ηm−1, ahol Qm−1 az [a, b] intervallumon a (b − x)(x − a)ρ(x)
súlyfüggvényre nézve ortogonális polinomrendszer (m − 1)-ed fokú tagja. De-
finiáljuk az α1, . . . , αm illetve a β0, . . . , βm+1 együtthatókat az

αk :=
∫ b

a

Pm(x)
(x − ξk)P ′

m(ξk)
ρ(x)dx

illetve

β0 =
1

(b − a)Q2
m−1(a)

∫ b

a
(b − x)Q2

m−1(x)ρ(x)dx,

βk =
1

(b − ηk)(ξk − a)

∫ b

a

(b − x)(x − a)Qm−1(x)
(x − ηk)Q′

m−1(ηk)
ρ(x)dx,

βm+1 =
1

(b − a)Q2
m−1(b)

∫ b

a
(x − a)Q2

m−1(x)ρ(x)dx.

formulákkal. Ha az f : [a, b] → R függvény polinomiálisan (2m)-konvex, akkor
teljesı́ti az alábbi Hermite–Hadamard tı́pusú egyenlőtlenséget:

m∑
k=1

αkf(ξk) ≤
∫ b

a
fρ ≤ β0f(a) +

m−1∑
k=1

βkf(ηk) + βmf(b).

Speciálisan, a ρ ≡ 1 választás mellett az egyenlőtlenségek alappontjai az ér-
telmezési tartomány végpontjainak konvex kombinációjaként állnak elő. A konvex
kombinációs együtthatók bizonyos ortogonális polinomok gyökei. Figyeljük meg,
hogy a páratlan rendű esetre vonatkozó egyenlőtlenség egyik oldalán fölcserélve a
végpontok szerepét, épp az egyenlőtlenség másik oldalát kapjuk.

TÉTEL. Definiáljuk m ≥ 0 esetén a Pm polinomot a következő formulával:

Pm(x) :=

∣∣∣∣∣∣∣∣∣

1 1
2 · · · 1

m+1

x 1
3 · · · 1

m+2
...

...
. . .

...
xm 1

m+2 · · · 1
2m+1

∣∣∣∣∣∣∣∣∣
.

Ekkor Pm-nek m páronként különböző gyöke van a ]0, 1[ intervallumban. Jelölje
ezeket a gyököket λ1, . . . , λm, és definiáljuk az α0, . . . , αm együtthatókat az alábbi
módon:

α0 :=
1

P 2
m(0)

∫ 1

0
P 2

m(x)dx,

αk :=
1
λk

∫ 1

0

xPm(x)
(x − λk)P ′

m(λk)
dx.
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Ha az f : [a, b] → R függvény polinomiálisan (2m + 1)-konvex, akkor teljesı́ti a
következő Hermite–Hadamard tı́pusú egyenlőtlenséget:

α0f(a) +
m∑

k=1

αkf
(
(1 − λk)a + λkb

) ≤ 1
b − a

∫ b

a
f(x)dx

≤
m∑

k=1

αkf
(
λka + (1 − λk)b

)
+ α0f(b).

TÉTEL. Definiáljuk m ≥ 1 esetén a Pm és Qm−1 polinomokat a következő
formulákkal:

Pm(x) :=

∣∣∣∣∣∣∣∣∣

1 1 · · · 1
m

x 1
2 · · · 1

m+1
...

...
. . .

...
xm 1

m+1 · · · 1
2m

∣∣∣∣∣∣∣∣∣
,

Qm−1(x) :=

∣∣∣∣∣∣∣∣∣∣

1 1
2·3 · · · 1

m(m+1)

x 1
3·4 · · · 1

(m+1)(m+2)
...

...
. . .

...
xm−1 1

(m+1)(m+2) · · · 1
(2m−1)2m

∣∣∣∣∣∣∣∣∣∣
.

Ekkor Pm-nek m, Qm−1-nek m − 1 páronként különböző gyöke van a ]0, 1[ inter-
vallumban. Jelölje a gyököket rendre λ1, . . . , λm illetve µ1, . . . , µm−1, és defini-
áljuk az α1, . . . , αm és β0, . . . , βm együtthatókat az alábbi módon:

αk :=
∫ 1

0

Pm(x)
(x − λk)P ′

m(λk)
dx;

β0 :=
1

Q2
m−1(0)

∫ 1

0
(1 − x)Q2

m−1(x)dx,

βk :=
1

(1 − µk)µk

∫ 1

0

x(1 − x)Qm−1(x)
(x − µk)Q′

m−1(µk)
dx,

βm :=
1

Q2
m−1(1)

∫ 1

0
xQ2

m−1(x)dx.

Ha az f : [a, b] → R függvény polinomiálisan (2m)-konvex, akkor teljesı́ti a
következő Hermite–Hadamard tı́pusú egyenlőtlenséget:

m∑
k=1

αkf
(
(1 − λk)a + λkb

) ≤ 1
b − a

∫ b

a
f(x)dx

≤ β0f(a) +
m−1∑
k=1

βkf
(
(1 − µk)a + µkb

)
+ βmf(b).
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A második fejezetben az általánosı́tott 2-konvexitás, más néven (ω1, ω2)-kon-
vexitás esetével foglalkozunk. Néhány technikai jellegű előzményt követően (úgy-
mint Lemma 2.1, Lemma 2.2, Lemma 2.3) az első fontos eredmény (Theorem 2.4)
az általánosı́tott 2-konvex függvények különféle jellemzéseit adja:

TÉTEL. Legyen (ω1, ω2) Csebisev rendszer a nemüres I intervallumon úgy,
hogy ω1 pozitı́v. Ekkor az alábbi állı́tások ekvivalensek:

(i) f : I → R (ω1, ω2)-konvex;
(ii) I-nek bármely x < y < z eleme esetén∣∣∣∣ f(y) f(z)

ω1(y) ω1(z)

∣∣∣∣∣∣∣∣ ω1(y) ω1(z)
ω2(y) ω2(z)

∣∣∣∣
≤

∣∣∣∣ f(x) f(y)
ω1(x) ω1(y)

∣∣∣∣∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣
;

(iii) bármely x0 ∈ I◦ esetén létezik α, β ∈ R úgy, hogy

αω1(x0) + βω2(x0) = f(x0),
αω1(x) + βω2(x) ≤ f(x) (x ∈ I);

(iv) bármely n ∈ N, x0, x1, . . . , xn ∈ I és λ1, . . . , λn ≥ 0 esetén, amelyek eleget
tesznek a

n∑
k=1

λkω1(xk) = ω1(x0)

n∑
k=1

λkω2(xk) = ω2(x0)

egyenleteknek, teljesül, hogy

f(x0) ≤
n∑

k=1

λkf(xk);

(v) bármely x0, x1, x2 ∈ I és λ1, λ2 ≥ 0 esetén, amelyek eleget tesznek a

λ1ω1(x1) + λ2ω1(x2) = ω1(x0)
λ1ω2(x1) + λ2ω2(x2) = ω2(x0)

egyenleteknek, teljesül, hogy

f(x0) ≤ λ1f(x1) + λ2f(x2);

(vi) I-nek minden x < p < y elemére fönnáll, hogy

f(p) ≤ αω1(p) + βω2(p),

ahol az α, β együtthatók az alábbi lineáris egyenletrendszer megoldásai:

f(x) = αω1(x) + βω2(x)
f(y) = αω1(y) + βω2(y).
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A standard esetben ez az eredmény a konvexitás jól ismert jellemzési tulaj-
donságaira vezet (lásd Corollary 2.5), továbbá egy újabb karakterizációt is lehe-
tővé tesz általánosı́tott tartók segı́tségével (Corollary 2.6). Kiderül, hogy az ál-
talánosı́tott konvexitás ekvivalens egy bizonyos összetett függvény standard érte-
lemben vett konvexitásával (Theorem 2.7, lásd alább). Ez a kapcsolat biztosı́tja,
hogy regularitási tulajdonságokat igazoljunk általánosı́tott 2-konvex függvényekre
(Theorem 2.8), és hogy a (standard) konvex függvényekre vonatkozó stabilitási
tételt általánosı́tsuk (Corollary 2.9).

TÉTEL. Legyen (ω1, ω2) Csebisev rendszer a nyı́lt I intevallumon úgy, hogy
ω1 pozitı́v. Az f : I → R függvény akkor és csak akkor (ω1, ω2)-konvex, ha a

g : ω2/ω1(I) → R, g :=
f

ω1
◦
(

ω2

ω1

)−1

módon definiált függvény konvex (a standard értelemben).

A fejezet fő eredménye Hermite–Hadamard tı́pusú egyenlőtlenséget állı́t álta-
lánosı́tott 2-konvex függvényekre (Theorem 2.10).

TÉTEL. Legyen (ω1, ω2) Csebisev rendszer az [a, b] intervallumon úgy, hogy
ω1 pozitı́v az ]a, b[ intervallumon, és legyen ρ : [a, b] → R pozitı́v integrálható
függvény. Definiáljuk a ξ alappontot és a c, c1, c2 együtthatókat a következő for-
mulákkal:

ξ =
(

ω2

ω1

)−1
(∫ b

a ω2ρ∫ b
a ω1ρ

)
, c =

∫ b
a ω1ρ

ω1(ξ)

továbbá

c1 =

∣∣∣∣∣
∫ b
a ω1ρ ω1(b)∫ b
a ω2ρ ω2(b)

∣∣∣∣∣∣∣∣∣ ω1(a) ω1(b)
ω2(a) ω2(b)

∣∣∣∣
, c2 =

∣∣∣∣∣ ω1(a)
∫ b
a ω1ρ

ω2(a)
∫ b
a ω2ρ

∣∣∣∣∣∣∣∣∣ ω1(a) ω1(b)
ω2(a) ω2(b)

∣∣∣∣
.

Ha az f : [a, b] → R függvény (ω1, ω2)-konvex, akkor teljesül rá az alábbi
Hermite–Hadamard tı́pusú egyenlőtlenség:

cf(ξ) ≤
∫ b

a
fρ ≤ c1f(a) + c2f(b).

A bizonyı́tás a korábbi eredményekből adódik. A regularitási tétel (Theo-
rem 2.8) biztosı́tja a kompakt intervallumon értelmezett általánosı́tott 2-konvex
függvények integrálhatóságát. Az általánosı́tott tartó és húr tulajdonságok (Theo-
rem 2.4 (iii) és (vi) állı́tásai) adják az egyenlőtlenség bal illetve jobb oldalát.

A harmadik fejezetben Hermite–Hadamard tı́pusú egyenlőtlenségek létezését
igazoljuk tetszőleges Csebisev rendszer által indukált általánosı́tott konvexitás e-
setére. Az általánosı́tott konvex függvények regularitási tulajdonságainak igazolá-
sában (Theorem 3.2) a következő jellemzési tétel játszik kulcsszerepet.
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TÉTEL. Legyen ωωωωωωωωω = (ω1, . . . , ωn) Csebisev rendszer az I intervallumon,
továbbá f : I → R adott függvény. Ekkor az alábbi állı́tások ekvivalensek:

(i) f általánosı́tott ωωωωωωωωω-konvex;
(ii) I-nek bármely y1 < · · · < yn eleme esetén

(−1)n+k(f(y) − ω(y)) ≥ 0 (yk < y < yk+1, k = 0, . . . , n),

ahol y0 := inf I , yn+1 := sup I és ω az az egyértelműen meghatározott
általánosı́tott polinom, amelyre

f(yk) = ω(yk) (k = 1, . . . , n);

(iii) megtartva (ii) jelöléseit, bármely rögzı́tett k ∈ {0, . . . , n} esetén fönnáll a
következő egyenlőtlenség:

(−1)n+k(f(y) − ω(y)) ≥ 0 (yk ≤ y ≤ yk+1).

Sajnos, ebben az általánosságban az Hermite–Hadamard tı́pusú egyenlőtlensé-
gek alappontjai nem adhatók meg explicit formában, csupán azok létezését (Theo-
rem 3.4) és egyértelműségét (Theorem 3.3) állı́thatjuk. Ezek birtokában maguk az
egyenlőtlenségek egyszerű lineáris algebrai módszerekkel illetve az általánosı́tott
konvexitás definı́ciója segı́tségével igazolhatók. A fejezet legfontosabb eszköze a
Csebisev rendszerek által indukált momentumterek Krein–Markov-féle elmélete
(Theorem C és Theorem D). A fő eredmények (Theorem 3.5 és Theorem 3.6)
külön tárgyalják a páros és páratlan rendű eseteket:

TÉTEL. Legyen ωωωωωωωωω = (ω1, . . . , ω2m+1) Csebisev rendszer az [a, b] interval-
lumon, és legyen ρ : [a, b] → R pozitı́v integrálható függvény. Egyértelműen
léteznek az ]a, b[ nyı́lt intervallumban ξ1, . . . , ξm és η1, . . . , ηm alappontok úgy,
hogy

α0ωωωωωωωωω(a) +
m∑

k=1

αkωωωωωωωωω(ξk) =
∫ b

a
ωωωωωωωωωρ =

m∑
k=1

βkωωωωωωωωω(ηk) + βm+1ωωωωωωωωω(b).

Az α0, . . . , αm és β1, . . . , βm+1 együtthatók pozitı́vak és szintén egyértelműen
meghatározottak. Továbbá, bármely f : [a, b] → R általánosı́tott ωωωωωωωωω-konvex függ-
vény esetén fönnáll az alábbi Hermite–Hadamard tı́pusú egyenlőtlenség:

α0f(a) +
m∑

k=1

αkf(ξk) ≤
∫ b

a
fρ ≤

m∑
k=1

βkf(ηk) + βm+1f(b).

TÉTEL. Legyen ωωωωωωωωω = (ω1, . . . , ω2m) Csebisev rendszer az [a, b] intervallumon,
és legyen ρ : [a, b] → R pozitı́v integrálható függvény. Egyértelműen léteznek az
]a, b[ nyı́lt intervallumban ξ1, . . . , ξm és η1, . . . , ηm−1 alappontok úgy, hogy

m∑
k=1

αkωωωωωωωωω(ξk) =
∫ b

a
ωωωωωωωωωρ = β0ωωωωωωωωω(a) +

m−1∑
k=1

βkωωωωωωωωω(ηk) + βmωωωωωωωωω(b).
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Az α1, . . . , αm és β0, . . . , βm együtthatók pozitı́vak és szintén egyértelműen meg-
határozottak. Továbbá, bármely f : [a, b] → R általánosı́tott ωωωωωωωωω-konvex függvény
esetén fönnáll az alábbi Hermite–Hadamard tı́pusú egyenlőtlenség:

m∑
k=1

αkf(ξk) ≤
∫ b

a
fρ ≤ β0f(a) +

m−1∑
k=1

βkf(ηk) + βmf(b).

A Rolle-féle középértéktétel alapgondolatából kiindulva egy elemi megköze-
lı́tés is követhető bizonyos speciális esetekben, nevezetesen amikor a konvexitást
indukáló Csebisev rendszer dimenziója “kicsi” (lásd Theorem 3.7 valamint Theo-
rem 3.8).

A klasszikus Hermite–Hadamard egyenlőtlenség természetesen az első három
fejezet fő eredményeinek bármelyikéből egyszerűn következik. E három fejezet
végén, a teljesség igénye nélkül, számos további példa és alkalmazás is található.

A negyedik fejezetben megmutatjuk, hogy az általánosı́tott 2-konvex függvé-
nyekre vonatkozó Hermite–Hadamard tı́pusú egyenlőtlenség (Theorem 2.10) egy-
ben jellemzése is az általánosı́tott 2-konvexitásnak. A vizsgálatok során a legfonto-
sabb segédeszköz a folytonos, általánosı́tott nem 2-konvex függvények jellemzése
általánosı́tott egyenesekkel, vagyis a konvexitást indukáló Csebisev rendszer tag-
jainak lineáris kombinációival (Theorem 4.3):

TÉTEL. Legyen (ω1, ω2) Csebisev rendszer az I intervallumon, továbbá le-
gyen f : I → R folytonos függvény. Az alábbi állı́tások ekvivalensek:

(i) f nem (ω1, ω2)-konvex;
(ii) léteznek x < y elemei I-nek úgy, hogy ω < f az ]x, y[ nyı́lt intervallumon,

ahol ω az az egyértelműen meghatározott általánosı́tott egyenes, amelyre

ω(x) = f(x) ω(y) = f(y);

(iii) léteznek x < p < y elemei I-nek és létezik ω általánosı́tott egyenes úgy, hogy
ω ≥ f az [x, y] intervallumon, továbbá

f(x) < ω(x) f(p) = ω(p) f(y) < ω(y);

(iv) létezik p ∈ I◦ úgy, hogy f lokálisan szigorúan (ω1, ω2)-konkáv p-ben, azaz,
léteznek I-nek x < p < y elemei úgy, hogy bármely x < u < p < v < y
esetén fönnáll az alábbi egyenlőtlenség:∣∣∣∣∣∣

f(u) f(p) f(v)
ω1(u) ω1(p) ω1(v)
ω2(u) ω2(p) ω2(v)

∣∣∣∣∣∣ < 0.

A fejezet fő eredményeit az alábbi három tétel foglalja össze (lásd Theo-
rem 4.5, Theorem 4.6 és Theorem 4.7). Az első és a második az általánosı́tott
2-konvexitás esetére vonatkozó Hermite–Hadamard tı́pusú egyenlőtlenség (Theo-
rem 2.10) bal illetve jobb oldalának a megfelelője, mı́g a harmadik a klasszikus
Jensen-egyenlőtlenség általánosı́tása.
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TÉTEL. Legyen (ω1, ω2) Csebisev rendszer az [a, b] intervallumon úgy, hogy
ω1 pozitı́v ]a, b[-n, és legyen ρ : [a, b] → R pozitı́v integrálható függvény. Defini-
áljuk az [a, b] bármely x < y elempárja esetén a ξ(x, y) és c(x, y) függvényeket a
következő formulákkal:

ξ(x, y) :=
(

ω2

ω1

)−1(∫ y
x ω2ρ∫ y
x ω1ρ

)
, c(x, y) =

∫ y
x ω1ρ

ω1(ξ(x, y))
.

Ekkor az f : [a, b] → R folytonos függvény pontosan akkor általánosı́tott kon-
vex (ω1, ω2)-re nézve, ha I-nek bármely x < y eleme esetén teljesül az alábbi
egyenlőtlenség:

c(x, y)f
(
ξ(x, y)

) ≤ ∫ y

x
fρ.

TÉTEL. Legyen (ω1, ω2) Csebisev rendszer az [a, b] intervallumon úgy, hogy
ω1 pozitı́v ]a, b[-n, és legyen ρ : [a, b] → R pozitı́v integrálható függvény. Defini-
áljuk az [a, b] bármely x < y elempárja esetén a c1(x, y) és c2(x, y) függvényeket
a következő formulákkal:

c1(x, y) =

∣∣∣∣
∫ y
x ω1ρ ω1(y)∫ y
x ω2ρ ω2(y)

∣∣∣∣∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣
, c2(x, y) =

∣∣∣∣ ω1(x)
∫ y
x ω1ρ

ω2(x)
∫ y
x ω2ρ

∣∣∣∣∣∣∣∣ ω1(x) ω1(y)
ω2(x) ω2(y)

∣∣∣∣
.

Ekkor az f : [a, b] → R folytonos függvény pontosan akkor általánosı́tott kon-
vex (ω1, ω2)-re nézve, ha I-nek bármely x < y eleme esetén teljesül az alábbi
egyenlőtlenség: ∫ y

x
fρ ≤ c1(x, y)f(x) + c2(x, y)f(y).

TÉTEL. Legyen (ω1, ω2) Csebisev rendszer az I intevallumon, továbbá legyen
f : I → R folytonos függvény. Megtartva az előző két tétel jelöléseit, f pontosan
akkor (ω1, ω2)-konvex ha I-nek bármely x < y eleme esetén teljesül a következő
egyenlőtlenség:

c(x, y)f
(
ξ(x, y)

) ≤ c1(x, y)f(x) + c2(x, y)f(y).

E három tétel együttesen az általánosı́tott 2-konvexitás egy újabb jellemzését
adja (Corollary 4.8). Hasonló tı́pusú eredmények igazolása az általános esetben,
vagy akár a polinomiális konvexitás esetében is, nyı́lt probléma és további kutatá-
sok témáját képezheti.
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