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Abstract

This paper analyzes a MAP/PH/1/K queue with N-policy, setup, interruptions, reset,
and a random environment. Arrivals are the MAP; service, setup, interruption, and reset
times are PH-distributed. Under the N-policy, the server idles until the queue length
is equal to N, and then performs setup. Interruptions return the system to idle and re-
enable the N-policy. At capacity K, a reset empties the system. The random environment
modulates parameters for different regimes. Motivated by Diesel Particulate Filter (DPF)
regeneration, soot accumulation is mapped to arrivals, burning to service, regeneration
triggers to N-policy, heating to setup, engine changes to interruptions, and cleaning to
reset. Environmental states represent driving patterns. Regeneration succeeds if either the
system empties via service or an interruption occurs with remaining soot less than or equal
to level L. We derive the block-structured generator, obtain stationary probabilities via
matrix-analytic methods, and optimize the threshold N via average cost. Numerical results
quantify how correlation and driving conditions affect performance and costs, offering
tools to balance fuel consumption, engine performance, and filter longevity.

Keywords: MAP/PH/1/K queue; N-policy; matrix-analytic method; average cost; diesel
particulate filter

MSC: 60K25; 60K30; 60K37

1. Introduction

The combination of Markovian arrival processes (MAP) with phase-type (PH) service
distributions offers a flexible modeling paradigm for queueing systems in which corre-
lation structures and non-exponential behaviors are paramount [1]. Whereas traditional
Poisson-driven models assume memoryless and smooth arrivals, the MAP/PH framework
inherently accommodates burstiness in input streams and systematic variations in ser-
vice durations. This expressive power makes the approach especially valuable in diverse
domains, including telecommunications and manufacturing [2].

The N-policy was first introduced by [3] for a single-server queueing system as an
operating rule governing server activation and deactivation. Under this classical policy,
the server remains idle until the queue length reaches a threshold N, thereby balancing
the trade-off between server idleness and the costs of frequent startup and shutdowns.
Following its introduction, the 1970s and 1980s saw foundational work that extended the
N-policy to various classical queueing models due to its practical relevance in energy-
saving and operational efficiency contexts. The N-policy for M /G /1 was studied in [4] and
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later [5] provided a comprehensive review of vacation models, which are closely related to
the N-policy systems. A significant theoretical development occurred by working on [6],
where the system GI/M/1 under the N-policy was analyzed, demonstrating that key
performance measures, such as the length of the queue, could be decomposed into the sum
of the classical queue measure and an additional component attributable to the N-policy.
The late 1980s and 1990s marked a period of extensive generalization and application of
the N-policy. When combined with setup times specifying the duration required to prepare
the server for operation after reaching the threshold, the model captures realistic scenarios
where server activation involves non-negligible delays. Researchers began integrating
it with more complex system features, such as batch arrivals [7], server vacations, setup
times, and breakdowns [8,9]; multiple servers and polling systems [10]; cost structures; and
optimization [11-13]. For the authors of this article, the topic of N-policy is also not new. It
has previously been considered in its classical form in a number of works on Markovian
queueing systems with retrials and an unreliable server [14,15], as well as in systems where
this policy was applied to the recovery of a failed server [16,17].

Over the past decade, queueing models that incorporate operational policies and
system interruptions have advanced considerably. A notable contribution is the work
of [18], who analyzed a MAP/PH/1 system under N-policy that features catastrophic
delay action and a standby server. Their findings underscore the importance of catastrophic
events capable of emptying the system entirely, as such disruptions fundamentally reshape
the dynamics of the system and require specialized analytical methods. Building on this
direction, Ref. [19] examined a MAP/PH/1 queue with differentiated vacations, vaca-
tion interruption under N-policy, optional services, and breakdown-repair mechanisms.
Their comprehensive analysis—encompassing stability conditions, characterization of busy
periods, and cost optimization—established a methodological benchmark for complex
queueing systems with multiple operational phases. Separately, Ref. [20] studied the
MAP/PH/1 queue with working vacations, vacation interruptions, and the N-policy. A
second critical dimension of realism in queueing systems is service interruptions, which
may stem from server breakdowns, scheduled maintenance, or external disruptions, often
with complex duration patterns. Modeling interruption times via phase-type distributions
preserves analytical tractability while accommodating a wide range of duration distri-
butions. Recent work by [21] on waiting times in systems with variable cross-correlated
arrival rates highlights that service interruptions contribute substantially to overall system
variability, and this contribution adds to arrival variability in determining queue perfor-
mance. Meanwhile, the concept of regeneration, where the system periodically returns to
an empty state, has attracted renewed interest owing to applications in inventory control,
manufacturing, and environmental systems. Ref. [22] demonstrated that correlation in
arrival processes directly affects blocking probabilities and waiting time distributions,
and these effects can be quantified through systematic analysis of regeneration cycles.
Their work provided closed-form expressions for performance distributions, establishing
that correlation-induced effects are attributable to correlation alone, independent of other
traffic characteristics.

Our paper deals with an emerging and particularly compelling application domain
for advanced queueing models such as the regeneration process in diesel particulate
filters (DPFs). Diesel particulate filters (DPFs) are an essential component in modern
diesel vehicles, designed to capture harmful particulate matter from exhaust emissions
to comply with stringent environmental regulations. As soot accumulates over time, the
back-pressure increases, degrading engine performance and fuel economy. This requires
periodic regeneration—a high-temperature process that oxidizes trapped soot and restores
filter functionality. In this context, Ref. [23] developed dynamic models of DOC-DPF
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after-treatment systems for regeneration control, demonstrating that regeneration can be
activated passively via catalysts or actively through fuel injection strategies. Subsequently,
Ref. [24] advanced control-oriented modeling of catalytic DPFs, emphasizing the need for
real-time management of regeneration processes under back-pressure and thermal state
constraints. The practical challenge facing our industry partner lies in optimizing the timing
and frequency of regeneration events. Premature regeneration wastes fuel and shortens
filter lifespan, whereas delayed regeneration risks excessive back-pressure, potential filter
damage, and emissions non-compliance. Current practice relies on threshold-based triggers
using differential pressure sensors. However, such approaches do not fully account for the
stochastic nature of soot accumulation under variable driving conditions.

The diesel particulate filter (DPF) regeneration problem exhibits a striking structural
analogy to queueing systems operating under the N-policy. Specifically, the accumulation
of soot behaves as arrivals of customers; the capacity of the filter corresponds to a finite
buffer of size K; the regeneration trigger threshold N mirrors the activation level of the
policy of N; the heating and oxidation phase resembles a setup time; and the return to a
clean filter state parallels a system reset. Service interruptions are naturally correlated to
changes in engine operating conditions that temporarily suspend effective soot oxidation.
Furthermore, the random environment, which captures different driving modes such as
city, highway and mixed conditions, directly modulates the accumulation rates of soot,
similar to queueing models with Markovian arrival processes embedded in a Markovian
random environment [25]. Remarkably, despite these clear structural parallels, no existing
study has developed a unified queueing framework that simultaneously incorporates
all these features while explicitly being tailored to DPF regeneration applications. The
proposed MAP/PH/1/K model, integrating the N-policy, setup time, service interruption,
reset mechanism, and random environment, fills this gap by offering a comprehensive
mathematical framework for analyzing systems characterized by the following:

*  Correlated arrival processes captured through MAP, enabling modeling of pulsed soot
accumulation patterns under varying driving conditions.

*  Phase-type service distributions representing the structured stages of soot oxidation
during regeneration.

*  N-policy with setup time modeling the threshold-based regeneration initiation and
the heating/preparation phase.

*  Service interruptions representing disruptions to effective regeneration due to changes
in the operating condition of the engine.

*  Reset mechanism modeling the return to the clean filter state after complete failure
and successful regeneration at a vehicle service facility.

e Random environment capturing transitions between different driving regimes (city,
highway, mixed).

The last aspect of environmental modulation is particularly relevant for DPF applica-
tions, as we parameterize different environmental states to represent city driving where
frequent stop-and-go patterns with variable soot accumulation rates can be taken into
account, highway driving with a steady-state operation and predictable accumulation
patterns, and mixed driving, which combines patterns with transitional behavior.

The contributions of this paper are threefold:

*  First, we develop the complete infinitesimal generator structure for the proposed
model, providing explicit block matrices that account for all system transitions.

*  Second, we derive stationary state probabilities using the matrix-analytic method,
enabling computation of key performance measures.
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¢  Third, we formulate and solve an average cost optimization problem under a specified
cost structure that includes holding costs, setup costs, interruption penalties, and
regeneration costs.

By revealing how correlation structures and environmental transitions affect regen-
eration timing and effectiveness, this research provides quantitative tools to optimize
DPF regeneration strategies in competing objectives of fuel consumption, regeneration
frequency, and filter longevity. The framework extends naturally to any system charac-
terized by threshold-based activation, setup delays, service interruptions, and periodic
resetting—including batch manufacturing processors, communication networks with sleep
modes, and inventory systems with emergency ordering policies. For diesel vehicle manu-
facturers, the model supports dynamic driver-adaptive regeneration procedures that adjust
in real time to the specific characteristics of vehicle operation.

A significant constraint in this research is the confidentiality of the statistical data
provided by BMW. The joint project agreement prohibits the public disclosure of proprietary
measurements of instrumented vehicles, including real soot accumulation rates, oxidation
kinetics parameters, and regeneration timing data. Consequently, for the numerical results
presented in this paper, we employ abstract system values that preserve the qualitative
behavior of the model while protecting sensitive information. This approach demonstrates
the analytical capabilities of the framework without compromising the confidentiality
agreement. Importantly, this limitation does not diminish the practical utility of our
contribution. For real-world implementation, firms with access to their own proprietary
data, such as automotive manufacturers with DPF telemetry, logistics companies with
fleet data, or equipment suppliers with sensor measurements, can parameterize the model
using their specific values. The algorithmic solutions provided in this paper (stationary
probabilities, cost optimization, regeneration period characteristics) are directly applicable
once model parameters are estimated from empirical data. This separation between the
mathematical framework (publicly available) and the proprietary data (confidentially held)
enables academic dissemination while protecting industrial intellectual property.

The remainder of this paper is organized as follows. Section 2 provides a detailed
description of the mathematical model, notation, and state space partitioning. Section 3
presents the infinitesimal generator structure, derives the stationary distribution using
matrix-analytic methods, and develops the cost structure and the optimization framework.
Section 4 concludes with remarks on implementation and future research directions.

2. Mathematical Model

Consider a single-server finite-capacity queueing system of type MAP/PH/1/K,
characterized by a Markovian arrival process (MAP), phase-type (PH) service times, a N-
policy for server activation, random service interruptions, and a reset mechanism triggered
when the system becomes full. Motivated by the application of DPF regeneration, we
assume that the inflow of soot particles (measured in grams) follows a MAP. Furthermore,
because the accumulation of soot depends on the speed of the vehicle, the dynamics of
the system is modulated by a random environment. Three distinct accumulation regimes
are identified:

¢ The low accumulation (0.05-0.3 g/h): corresponds to highway driving at average
speeds exceeding 90 km/h.

e The middle accumulation (0.3-0.5 g/h): corresponds to speeds between 50 and
90 km/h.

e The high accumulation (0.5-1.5 g/h): corresponds to driving in the city at average
speeds not exceeding 50 km/h.
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The transition parameters among these environmental states may vary with driving
style and can be adjusted dynamically by the vehicle’s on-board computer using available
statistical data. We remind once again that the parameter values used in the paper are
for the most part hypothetical. Actual data is, in most cases, not publicly available. In
real-world situations, these values depend on a multitude of factors, such as engine power
and type, filter type, driving style, etc. Nevertheless, data on soot accumulation rates
ranging from 0.0024 g/kWh to 0.2 g/kWh can be found in open-source material on the
internet, e.g., Refs. [26,27]. We use the unit of grams per hour of engine operation. If we
multiply these values by the car’s power output, which ranges from 15 to 25 kW, we get
the soot accumulation rates of around 0.036 g/h to 3 g/h, which generally corresponds to
the used data.

Throughout this paper, let (1) denote the m-dimensional column vector of the ones,
and let I(m) denote the m x m identity matrix. The notation e(-) represents a column
vector of the appropriate dimension. The zero matrix block of dimension #n x m is denoted
by O scm-

Random environment. Let ®,(t),~ denote the stochastic process governing the random
environment. This process is modeled as an irreducible continuous-time Markov chain
with infinitesimal generator H, taking valuesin 1,...,m,. The corresponding stationary
distribution is denoted by 7., which satisfies 77,H = 0 and rr.e(m,) = 1.

Arrival process. For a fixed environmental state ¢, € 1, ..., m,, we define a Markovian
arrival process (MAP) characterized by the pair of m, x m, matrices D(%)0 and D)1,
These matrices govern, respectively, transitions without an arrival and transitions accom-
panied by an arrival, conditional on the environment being in state ¢.. It is important to
note that the transitions of the environmental process ®,(t),-, do not alter the state of the
arrival process itself; rather, they only modify the transition rates of the MAP.

Arrivals take place only while the server is idle. The infinitesimal generator of the
underlying Markov chain for the MAP is given by D(¢e) = D((J¢”) + Dg%). The stationary

vector of the MAP, denoted by 7{,54)"), satisfies the system nﬁ""’) D) = 0and n,g%)e(mﬂ) =1.
Each arrival increments the customer count—corresponding to the total grams of soot in the
system—Dby exactly one (i.e., one gram). For a fixed environmental state ¢,, the following
quantities are computed: the average arrival rate Al9e), the second moment of inter-arrival

times )\gp“), and the lag-1 correlation coefficient. These are obtained as follows:

A(¢L) — 7T,§¢")D§¢")e(ma), /\étlh) — 27.[15476)(_)\(475)[)(()4’8))716("1”),
A9 ) (—Dy™) DI (~ D) le(ma) ~1
2A(@) 7r(9e) (—Dé‘p'))—le(ma) -1

p:

Service process. The service time follows a phase-type (PH) distribution with m; phases,
represented by the pair (4, M). Here, y is the initial probability vector (dimension ), and
M is a subgenerator matrix m; x m;. Phase-dependent service completion rates are given
by M® = —Me(ms), and the average service rate is s = —(uM~'e(m;)) . Upon service
completion, the customer count decreases by one.

Service interruption process. Service interruptions follow a PH distribution with repre-
sentation («, A), where « is an m;-dimensional initial vector and A is an m; x m; subgener-
ator. Interruption occurrence rates are AY = — Ae(m;), and the average interruption rate is
a; = —(aA~le(m;))~'. When an interruption occurs, the service stops, the server becomes
idle, and the customer remains in the system. During server busy periods, we deliberately
do not track the states of the random environment or the MAP phases to reduce the dimen-
sionality of the state space. This information is therefore lost. When the server idles again
after a service interruption, the environment and MAP phases are probabilistically restored
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(1) (¢6)) (

using the stationary distributions 7, (for the environment) and 7, = (71, /, ..., 7, for
the MAP). If a service interruption occurs when the number of remaining customers is less
than or equal to a threshold L, the regeneration is considered successful. Otherwise, the
regeneration is deemed incomplete. For DPF application, successful filter regeneration
is defined as the condition in which no more than 10% of the threshold level of soot N
remains in the filter. This criterion may be adjusted depending on the specific physical
characteristics of the DPF and the oxidation process of the soot.

Startup process. The startup process is PH-distributed and is automatically triggered
when the server is idle and the customer count reaches the threshold N. It is represented
by (7, T) with dimension 1. Startup completion rates are IV = —Te(m,), and the average
startup rate is 7, = — (9T 'e(m,))~!. Upon startup completion, service begins with a
new customer.

Reset process. The reset process is also PH-distributed and initiates when the system
reaches its full capacity of K customers while the server remains idle. During this state,
MAP phases are not tracked. The reset process is represented by (B, B) with dimension 1,
with completion rates B’ = —Be(m,) and average rate B, = — (BB~ le(m,)) L. After the
reset completes, the system becomes empty (level 0), and the arrival process is reinitialized
using the distribution 77,.

The following notation is introduced to describe the components of the stochastic
process. Define the following:

*  N(t): number of customers in the system at time t, N(t) =0,1,...,K;
e D(t): status of the server at time f, where

0, serveridle,

D(t) =
1, server busy,
e @,(t): phase of the MAP process @, (t) =1,...,my;
e @,(t): phase of the PH-type service process, ®s(t) = 1,...,ms;

e @;(t): phase of the PH-type service interruption process, ®;(t) =1,...,m;;
e &, (t): phase of the PH-type startup process, @, (t) =1,...,my;
e O, (t): phase of the PH-type reset process, ®,(t) =1,...,m

The queueing process evolves in the state space E = UX_1(n), where each level (1)
is defined according to the system content 7.
Level 0: Empty system.

Mme My
= U U {(01014’614’0)}-
Pe=1a=1
with cardinality [[(0)| = lp = mem,.
Levels 1 < n < N — 1 below the threshold.

I(n) = 1(n,0) Ul(n,1) U U{n0q>e,¢a}UU U{nl(PSr(Pz}
Pe=1¢a=1 $s=1¢;=1

have cardinality |I(n)| = |I(n,0)| + |I(n,1)| = lop + 1 = memg + mgm; and include states
(1,0, ¢pe, pa) with n customers, idle server, random environment state ¢ = 1,...,m,,
MAP phase ¢, = 1,...,m, and (n,1, ¢s, ¢;) with n customers, busy server, service phase
¢s =1,...,mg, interruption phase ¢; = 1,...,m;.
Levels N < n < K — 1 above or below the threshold.

I(n) = 1(n,0)Ul(n,1) U U U{n0¢e,¢a,¢u}UU U{nlcps,cpz}

Pe=1pa=1¢py=1 Ps=1i=
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have cardinality |I(n)| = |I(n,0)| + |I(n,1)| = L+ 1 = memam, + mgm; and con-
sist of states (1,0, ¢e, ¢a, ¢u) With n customers, idle server, random environment state
¢.=1,...,m,, MAP phase ¢, = 1,...,m,, startup phase ¢, = 1,...,m,, and states
(n,1, ¢s, p;) with n customers, busy server, service phase ¢s = 1, ..., ms and service inter-
ruption phase ¢; = 1,...,m;.

Level K of the full system (reset level).

1K) = U (0,4},

pr=1

where (K, 0, ¢¢) has K customers, idle server, and reset process at phase ¢» =1, ..., m,. The
states in each level /(1) are enumerated in lexicographic order. The total number of states
in the state space E is equal to

|E| = lo(K = 1) + b (N = 1) + (K = N) + my.

The following conventions apply regarding undefined process components depending on

system state:

*  When the server is idle (D(¢) = 0) and the customer count satisfies 0 < N(t) < N —1,
the components ®(t), ®;(t), P, (t), and P, (t) are not defined.

e When the server is idle and N < N(t) < K — 1, the components ®(t), ®;(t), and
®, (t) are not defined.

*  When the server is busy (D(t) = 1) with 1 < N(t) < K — 1, the components ®,(f),
D,(t), P, (), and D, (t) are not defined.

e Attheresetlevel (N(t) = K, D(t) = 0), the components @, (t), P, (t), Ps(t) and D;(t)
are not defined.

Taking into account the last comment, the multi-dimensional process

{X(#) 120 = {N(t), D(t), @e(t), Pa(t), Pult), Ps(t), Pi(t), Pr(t) =0 (1)
is an irreducible regular continuous-time Markov chain (CTMC) with state space E.

3. Stationary Distribution of the System States

Lemma 1. For the state space E grouped into levels (1) by the number of customers, the infinitesi-
mal generator QIN) of CTMC {X(t) }s>0 defined in (1) for a fixed level N can be transformed into
the tridiagonal block matrix with an off-diagonal block:

0) 1(1) 12) - IN=DIN)IN+1)--- [(K)
Qo Qon 0 s 0 0 0 0 1(0)
Qo Qi1 Qo2 - 0 0 0 0 1(1)
0 QO Ou -+ 0 0 0 0 1(2)
. . . . " . . 0
QW) = 0 -+ 0 Qi Qi Qs 0 o |-, @)
0 EE 0 0 Qp Q2 Qoa 0 I(N)
0 o0 0 0 Qs Qi 0 I(N+1)
: : ‘ ‘ . . ‘ : 0 :
0 R 0 0 Qi Q2 Qos I(K—-1)
Qo O -+ - 0 0 0 0 B 1(K)

where non-zero blocks Q1 ., Qo,. and Qo,. specify the transitions respectively to stay in a certain level
I(n), to go from level 1(n — 1) to level 1(n) according to arrivals and to go from level I(n + 1) to
1(n) due to service completion. The block Q3 is responsible for the reset process, i.e., the transition
from 1(K) to 1(0). The matrices are defined as follows:
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Do + H® I(my) g x1
= Do+ H®I(m,), = ; A
Quo 0+ H@I(ma), Qua <A0®e(ms) ® (11q diag(7t,) @ I(my)) A@M)
0Ly = Dy ®T + H® I(mgmy) e(l)@Mou’ @al)
127 A0 @ e(ms) ® (1, diag(m,) @ I(m,)) @4 7) AaM '

D1 Opxt
0; l) Qo2 = 0T,
0 O xty Onxpy

D1y’ %m) QOF(Dl@I(mu) OZM>

Onxi,  Onpxp Or, %1, 01, 14

(B® (Dre(lp)) ®e(my)) " Ono — 01y 1,
ozlxmr 20 e(my) @ MO @ (71, diag (o) © 1(ma)) )’

OIQXIO 010><11 QZ )= Ol2><lo 012 ><11
01, <1, @M @uh) )" =" Opxsy I(mi) @ (MP@pu') )’
01, x1 01, x1 0 -

Qez=1|,>"" 271 , Q30 = B’ ® (m diag(m.) ® I(mg)),
Opxt, I(m)@ (M @pul) (7tq ding(te) & 1(ma))

Dy = diag(DS",...,D{"), Dy = diag(D{", ..., D{")),

Proof. The statement follows from the construction of the CTMC (1) accounting for all
possible transitions: MAP arrivals (only if the server is idle), service completions, service
interruptions, startup completions, and reset process, with phase-type distributions gov-
erning timing. The block structure arises from the grouping by customer count and server
status, with transitions only between adjacent levels, except for the reset process from level
1(K) to level 1(0).

The square block Q; ¢ with size [y consists of internal transitions between the states in
level 1(0). The square block Q; 1 with size Iy + I; describes the internal transitions within
levelsI(n),1 < n < N — 1. It consists of the block Dy for no arrivals in subgroup of states
with idle server, A& M = A® I(ms) + I(m;) ® M for phase transitions of the service
and service interruption PH processes for the subgroup of states when the server is busy,
and A° ® e(ms) ® (7, diag(7t.) ® I(m,)) for transitions from subgroup with busy server
to subgroup with idle server due to service interruption. Service interruption rates are
defined by A” and after service interruption, an initial phase of the MAP is defined by the
stationary probability 77, and an initial state of the random environment is defined by the
stationary probability 7t,.

The square block Qg , with size (memgm, + msm;) describes transitions within the
levels I[(n), N < n < K — 1. Ttincludes the block Dy ® T + H ® I(m,m,), where Dy & T =
Do @ I(my,) + I(mem,) T for the phase transitions of the MAP and the PH startup process
in the subgroup of states with the idle server and H ® I(m,m,) for transitions due to
changes of the random environment. The block e(m,m,) @ (I° @ u" @ & ") describes the
transitions from the subgroup with idle server to the subgroup with busy server due to
the startup time completion that occurs with rates I'. The initial phases of the service and
service interruption processes are defined respectively by initial probability vectors u and
a. The block A® ® e(ms) ® (71, diag(me) ® I(m,)) @ v ) specifies the transitions due to the
service interruption with rates A?, and the subsequent definition of the initial phase of the
MAP, of the random environment process and of the PH startup time by the probability
vectors 71,, 7T, and 7.

The super-diagonal blocks Qg ;,j = 1,...,4 of appropriate sizes stand for transitions
from level I(n — 1) to I(n) due to an arrival if n = 1,2 < n < N—1,n = N and
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N+1 < n < K—1, taking into account the boundary behavior of the process for the
N-policy. The arrival rates are described by the block D; with size m.m,; x m.m, for the
subgroup of states with a number of customers below the threshold level, by D; ® 9"
with size m,m, x mmgm, for the states at the threshold level where the initial phase of the
startup process must be specified with the probability vector v and by the block Dy ® I(m,,)
with size (memgm,) x (memgm,) for the states above the threshold level. The arrival rate to
the reset level /(K) is defined by the block Qg 5 with the size (memgm, + msm;) x m,. It has
a non-zero block (B ® (D1e(ly)) ® e(m,)) " that specifies the arrival rates from the phases
of the MAP and identifies the initial phase of the reset process by the vector .

The sub-diagonal blocks Q, ;,j = 0,1, 2 represent the transitions from level /(n + 1)
to level [(1) due to the completion of the service with rates M°. The matrix Q, o with size
(memg, + msm;) x m, has the block e(m;) ® (M° @ 7t]) that specifies the initial state of the
MAP with the probability 7t, after the completion of the service by transition from /(1) to
1(0). The square matrices Q1 and Qy > with sizes m,m, 4+ msm; and memgm,, + msmi specify
the service completions at levels I(n), respectively, with2 <n < N—land N <n < K—1.
They have non-zero blocks I(m;) ® (M° @ u ") which specifies after service completion the
initial phase of the service process for the next customer with probability .

The matrix Qs with size m, x m, is responsible for the transitions from the reset level
I(K) to the level [(0), by specifying the initial phase of the MAP by the vector 7z,.

Finally, we check the property that the infinitesimal matrix Q(N) has a zero row-sum.
Indeed,

Qi0e(lo) + Qoae(lo + 1) = 01yx1,
Q20e(lo) + Quae(lo +11) + Qoze(lo +11) = 0j 41, x1/
Qo1e(lo +11) + Quae(lo + 1) + Qoze(lo +11) = Opy 41, %1,

(
(
(
Qo1e(lo +11) + Qu1e(lo + 1) + Qoze(l2 + 1) = Oy 41, <1/
(lo
(
(
(

Qoze(lo +11) + Qipe(la +11) + Qoae(l2 + 11) = O, 41, <1
Qaze(lo +11) + Qupe(la + 1
Qs0e(lo) + Be(my) = Oy, x1-

( (lo
( ( )
Qope(lo +11) + Qupe(la +11) + Qoae(la + 1) = 01,1, <1,
( ( )=
( (

~— — ~— ~—

+ Qose(mr) = 0,11, <1,

O

The structure of the generator Q(N) confirms that the process { X (t)};>0 is a type of
level-dependent quasi-birth-and-death process with special boundary conditions. Since
CTMC (1) is irreducible, regular, and has finite state space E, the following limits exist for
stationary probabilities:

Ty = }L%P[X(t) =x|, x € E.

Let 7 = (71(0), (1), ..., (K)), with sub vectors 7t(n) partitioned with respect to levels
I(n),0 < n < K, denote the stationary probability vector of the infinitesimal matrix Q(N)
defined in (2). This vector satisfies the system

QW) =0, 7e(|E|) =

The stationary distribution can be obtained by solving a finite block almost three-diagonal
system.

Theorem 1. The stationary probability vectors 7t(n),0 < n < K, can be calculated by

ni(n) = 7(0)Fy, )
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where the matrices F, satisfy the forward recurrent relations
POZI(ma), Fl :Rl, Fn IPn_an,ZSTLSK. (4)

The matrices Ry, satisfy the backward recursion

—Q0,1(Q1,1 +R2Q21) 7Y, n=1,
—Q02(Q11 + Rup1Q21) Y, 2<n<N-2
—Qo2(Qu1 + RnQ22)™!, n=N-1,

Ry =4 —Q03(Qi2+ Rn+1Q23)"!, n=N, (5)
—Q04(Qi2+ Ru41Q23)"!, N+1<n<K-2,
—Q0,4Q1_,§, n=K-1,
—QosB7Y, n=K

The vector 7t(0) is determined as the unique solution of the following system of linear equations:
7(0)(Q1,0 + R1Q20 + FxQ30) =0, (6)

K
(n;adqzl

Proof. Using a special structure of the infinitesimal generator Q(N), the system of balance
equations is of the following form

7(0)Q1,0 + 7(1)Q20 + 7(K)Q30 = 0,

7(0)Qo1 + 7(1)Q11 + 71(2)Q21 =0,
(n=1)Qo2+(n)Qiy+ (n+1)Q1 =0,2<n<N-2
(N=2)Qoz + (N —=1)Q11 + 71(N)Q22 =0,

(N—=1)Qoz + (N)Q12 + (N +1)Q23 =0,
(
(
(

2

S

)

:I

S

n—1)Qua+7(n)Qio+71(n+1)Qr3=0,N+1<n<K-2,
K-2
K—1

=

)Qoa+ T(K—=1)Q12 =0,
)Qo,5 + 7 (K)B = 0.

T
Initializing from the highest level /(K) we get from the last equation of the system (7)
(K) = —m(K=1)QosB~" = m(K —1)R,

where Rg = —Qg5B~!. Solving the equation of (7) for level /(K — 1) by substituting the
previous relation gives

m(K—1) = —7(K—2)Qo4Qi5 = (K —2)Rg_1,

where Rg_1 = Q0,4Q1_,%. The backward recursion for levels I(n), N+1 < n < K—-2
gives by substituting 7r(n) = m(n — 1)R, and 7t(n + 1) = 7(n)R, 41 the recursive relation
Ry = —Qoa(Q12+ Ry11Q22) . Repeating such a procedure for the levels [(n),2 < n < N
leads to corresponding recursive relations in (5). Note that all inverse matrices exist due
to the fact that the inverted matrices are sub-generators. For the level /(0) from the first
equation of (7) by substituting 77(1) = 7(0)Ry and 7(K) = 7(0)RyR; ... Rg = 7(0)Fx we
get the first equation in (7). Calculation of all levels probabilities can then be performed
by expressions
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m(0)Ry = 7(0)Fy,
7(2) = 1(1)Ry = m(0)R1Ry = 7(0) F,
n(n —1)R, = m(0)F,_1R, = (0)F,, 3 <n <K.

To calculate 77(0) the normalization condition Y'X_, w(n)e(-) = 7(0) X ; Fre(:) = 1
isused. O

The relations (3)—(6) describe a quite simple algorithm for calculation stationary dis-
tribution 7r. The matrices involved in recursions (5) are non-negative. Furthermore, the
matrices that are inverted after multiplication by —1 form irreducible sub-generators. Con-
sequently, these inverses exist and are themselves non-negative matrices. This structural
property guarantees the numerical stability of the proposed recursive algorithm.

As usual, calculating the stationary probabilities of states allows us to calculate various
characteristics of the system. In the following, we present only those metrics that depend
on stationary state probabilities which will be used in the loss function to calculate the
optimal N-policy.

Corollary 1. The probability distribution for the number of customers in the system is computed by

nt(n)e(ly), n=0,
i = (el = JTmello+h), 1<n<N-1,
PR PN = 0] = (et n(n)e(l,+1), N<n<K-1,
t(n)e(my), n=K.

The average number of customers in the system N is calculated by
K
N =) nn(n)e(:).
n=1
The arrival rate of arrivals to a reset level 1(K)

Ay = (K —1)Qose(lr + 1).

The probability that the server is in the startup state

P, = Kf 7(n) (e(b)).

n=N Oll x1

The service interruption rate in levels I(n), L +1 < n < K — 1 for incomplete regenerations

_ ¥ Oty 1o
BN (AO o e(me) & (mading () 1<ma>>> ottty

b Ollez
' ”;\’ i) <AO ® e(ms) @ (1tp diag(m,) @ I(my)) @ r)/T)>e(12 + ).

Let ¢, be the holding cost per unit of time for each customer present in the system, ¢, the
fixed cost incurred for each visit to the states in I(K) due to the system blocking in the reset
states, c;, be the start-up cost per unit of time for the server performing the pre-service work
,and c; be the fixed cost incurred for the service activation plus service interruption in levels
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I(n),L+1 < n < K—1leading to incomplete regeneration. Combining the aforementioned
cost elements yields the following total expected cost function per unit time:

E(N) = Chﬁ 4+ cr Ny +cy Py + i A (8)

that can be minimized with respect to the threshold N. To check the results obtained, we
next present a numerical example.

Example 1. Consider the queueing system MAP/PH/1/80 with L = |0.1N |. The costs are
fixed at values ¢;, = 0.001, ¢, = 1500, ¢, = 1.0 and c; = 5.0. Next, we specify the parameter
values for PH service, startup, service interruption, and reset processes. The service process
is assumed to be of Erlang type with m; = 5 to model the almost deterministic soot
burning process:

—200 200 O 0 0 0
0 —200 200 0 0 0

M=1| o 0 -—200 200 0 |[,M°=] 0 |,u=(1,00,0,0), us = 40,
0 0 0 —200 200 0
0 0 0 0 —200 200

which guaranties small variance 02 = 0.000125. Other parameters are fixed at the following
values:

—1.50 0.01
r= ,y=(06 04),T°=(149,275)", v, =1.821
( 0.05 —2.80) v (06 04) ( )T

—0.75 0.70
A= o= (06 04), A°=(0.05,055)", a; = 0.290
<0.45 —1.00) “ (06 04) ( )

—250 1.09 0 -
B = ,B=(07 03), B =(1.41,3.00)7, B, = 1.994.
(0.50 —3.50) P (07 03) ( ) Br

The parameters of MAP with m, = 4 are generated according to the matching procedure [28]
in such a way that we have three values for the correlation function p(‘l’f) in each state
¢. =1,...,m,, For each correlation there are three types of the average arrival rate A(9e)
that depend on the state ¢ of the random environment, which, in turn, reflects the speed
level of the car.

° For p(‘PL) =0,
(@) ¢. = 1 for low speed driving, A() = 1.50, Aél) =1

—1.26062 1.26062 0. 0.
) _ 0. —3.003 0. 0.
o 0. 0. —1.1255 1.1255 |’
0. 0. 0. —3.003
0. 0. 0. 0.
p() _ | 098104 135596 0249612 0416388
L 0. 0. 0. 0.

0.350732 0.48477 0.812364 1.35514
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(b) ¢, = 2 for middle speed driving, A(2) = 0.503, )\éz) =7

—0.608759  0.608759

0.
0.
0.

0.

0.

—1.00503
0.
0.

0.

0.

0. 0.
0. 0.
—0.694814 0.694814
0. —1.00503
0. 0.

0.436563 0.284177 0.196538 0.0877476

0. 0.

0.132183 0.0860436 0.543945 0.242853

(c) ¢e = 3 for high speed driving, A(®) = 0.300, A§3) =18:

For p(#) = 0.2,

—0.419338
0.
0.
0.

0.
0.290171
0.

0.419338
—0.600601
0.

0.

0.
0.125429
0.

0.0805024 0.0347979

0. 0.
0. 0.
—0.531171  0.531171
0. —0.600601
0. 0.
0.163614 0.0213859
0. 0.
0.4292  0.0561005

(@) ¢ =1 for low speed driVing,A(l) = 1.50, /\gl) =2

—1.01798
0.
0.
0.

0.
0.927674
0.

1.01798
—7.10518
0.

0.

0.
5.5472
0.

0. 0.
0. 0.
—0.543434  0.543434
0. —0.992423
0. 0.
0.345147 0.285163
0. 0.

0.0442613 0.264669 0.374269 0.309224

(b) ¢, = 2 for middle speed driving, A(2) = 0.503, Agz) =15:

—0.395125 0.395125

0.
0.
0.

0.
0.353399
0.

0.0188403 0.094543 0.16698

—2.37791
0.
0.

0.
1.7734
0.

0. 0.

0. 0.
—0.236649  0.236649

0. —0.385137

0. 0.
0.154298 0.0968158
0. 0.
0.104773

7

7

7

7
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(¢) ¢. = 3 for high speed driving, A(®) = 0.300, )\§3) =26

e  Forpl®) =04,

—0.375492 0.375492

0. —1.42104
0. 0.
0. 0.

0. 0.

0.

0.
—0.323809

0.

0.

0.
0.
0.323809
—0.338108

0.

0.311433 0.867176 0.232174 0.0102524

0. 0.

0.

0.

0.020495 0.0570676 0.249527 0.0110187

(@) ¢ =1 for low speed driving,)\(l) = 1.50, Agl) =3

(b) ¢ = 2 for middle speed driving, A2) = 0503, A§2> =24

DY =

—1.28225 1.28225
0. —12.3038
0. 0.
0. 0.
0. 0.
1.22538
0. 0.

0.
0.

—0.534109

0.
0.

0.

0.
0.
0.534109

—0.560595

0.

10.5327  0.519959 0.0257841

0.

0.0149355 0.128378 0.397567 0.0197149

—0.462225 0.462225

0. —4.11776

0. 0.

0. 0.

0. 0.
0.439344 3.47458

0. 0.

0.00585662 0.0463174 0.154004 O. 00210293

0.

0.
—0.205475

0.

0.

0.201088 0. 00274587

0.

(c) ¢ = 3 for high speed driving, A®) = 0.300, )\§3) = 65:

DY —

—0.282633 0.282633

0. —2.46076

0. 0.

0. 0.

0. 0.
0.268168

0. 0.

0.

0.
—0.128182

0.

0.

0.

0. 205475
—0.208281

0. 128182
—0.128468

2.06665 0.125661 0.000279606

0.

0.00367142 0.028294 0.096288 0.000214249

)

|

)

7

For numerical experiments, we study three main cases dependent on the infinitesimal

matrix H for transitions between states ¢, of the random environment. Next, we distinguish

two sub cases for the startup and the service interruption processes that influence the length
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of the regeneration period: A short regeneration period, when the startup intensity is high
while the interruption intensity is low,

1. 01
@ T= ( ) OZO _02080>, v = (0.6 0.4), 0 = (1.49,2.75) 7, 7, = 1.821

075 070 . .
A= = (0.6 04), A° = (0.05,055)T, a; = 0.2
(0.45 _1_00>,zx (0.6 04) (0.05,055) ", a; = 0.290

and a long regeneration period, when the startup intensity is low while the interruption

intensity is high,

(b) T= <_01£5 052@), = (0.6 0.4), % = (0.35,1.05) ", 7, = 0.673

—0.75 0.50
A= o= (06 04), A°=(025,0.75)", a; = 0.481.
<0.25 —1.00) “ (06 04) ( )

*  Case 1: The vehicle is operated mostly in the city,

—-0.02 0.01 0.01
H=| 001 -10.00 0.01 [, 7w = (0.998004,0.000998,0.000998).
10 0.01 —-10.01

The dependence of the average cost on the N-policy in Case 1 is illustrated in
Figure 1a,b for the correlations p(%) € {0,0.2,0.4}. The optimal N-policies and the
corresponding optimal average costs are equal, respectively, in Figure 1a

(N*,CIN")) = {(40,0.0903), (33,0.0879), (26,0.0798) }
and in Figure 1b

(N*,CIN)) = {(50,0.1699), (40,0.1767), (23,0.1968) }.

20

0.5

-

0.00 4 I I L = 0.0y

N N

Figure 1. The expected cost C versus N and p(%) for short regeneration period (a) and long regenera-
tion period (b) in Case 1.

*  Case 2: Equal probability of using slow, middle and fast speed driving:

-1 05 05
H=|[05 -1 05|, m. = (0.333333,0.0.333333,0.333334).
05 05 -1
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The dependence of the average cost on the N-policy in Case 2 is illustrated in
Figure 2a,b for the correlations p(%s) € {0,0.2,0.4}. The optimal N-policies and the
corresponding optimal average costs are equal, respectively, in Figure 2a

(N*,CIN)y = {(27,0.0548), (24,0.0515), (20,0.0437) }
and in Figure 2b

(N*,CN)) = {(41,0.0987), (40,0.0961), (30,0.0917)}.

0.00 £y I I L = 0.0k L I I 3
0 20 40 60 0 20 40 60

N N

Figure 2. The expected cost C versus N and p(%) for short regeneration period (a) and long regenera-
tion period (b) in Case 2.

*  Case 3: The vehicle is mainly driven on highways,

—-10.01  0.01 10
H= 0.01 -10.01 10 |, . = (0.000998,0.000998, 0.998004).
0.01 001 —-0.02

The dependence of the average cost on the N-policy in Case 3 is illustrated in Figure 3
for the correlations p(#) € {0,0.2,0.4}. The optimal N-policies and the corresponding
optimal average costs are equal, respectively, in Figure 2a

(N*,C(N")y = {(20,0.0282), (17,0.0274), (10,0.0198)},
and in Figure 3b
(N*,C(N")y = {(28,0.0499), (27,0.0489), (20,0.0401)}.

Figures 1a,b—3a,b for average costs allow us to draw the following conclusions. As
the correlation of the arrival flow increases, the value of the optimal threshold N* shifts to
the left. With high correlation, the probability of a "burst" exceeding K before regeneration
increases. This forces a costly reset. Lowering N creates a safety margin, i.e., we should
regenerate earlier to avoid hitting capacity during bursts. The values of the optimal
thresholds and the corresponding average costs vary significantly for different values of the
correlation coefficient. Consequently, this factor must be taken into account in real-world
applications. As expected, the average cost increases as the system load increases; in our
case, this refers to the rate of the soot accumulation. When driving on highways, this rate is
much lower than when driving in urban conditions. We can also observe that the optimal
threshold value shifts to the right in sub case (a) for all correlation coefficients and in sub
case (b) for p(?) = {0,0.2}. But in sub case (b) with high correlation p(#) = 0.4, changes
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in the optimal threshold as the system load increases do not appear to be monotonic. This
could be explained in the following way. When the accumulation is very slow, soot particles
sit in the filter for extremely long periods before reaching the regeneration threshold. During
this time, they contribute to increasing the exhaust back-pressure, reducing the efficiency
and fuel economy of the engine, which is described by the cost component cj. In this
case, it is better to have frequent and small regenerations than to let the soot linger. At
high accumulation rates, the total back-pressure exposure per cycle is much lower for the
same N. This means that we can afford to allow soot to build up to higher levels before
regenerating. Each regeneration incurs a fixed service activation-interruption cost c;. This
cost is independent of how much soot is burned. At a high arrival rate, we can increase N
significantly while keeping cycle lengths reasonable, dramatically reducing the number of
regenerations per day, and saving setup fuel. Thus, the optimal threshold N* has its lowest
value when the intensity of the arrival stream is low, whilst its correlation is high.

Figure 3. The expected cost C versus N for p(%) for short regeneration period (a) and long regenera-
tion period (b) in Case 3.

Finally we note that the solution for the optimal threshold requires approximately
3.0 x 107 s by using the Mathematica 14.3 (Wolfram Research) package on a computer
with Intel Core i5-6400 CPU 2.7 GHz.

4. Conclusions

In this paper, we present analytical steady-state results for a N-policy MAP/PH/1/K
queueing system. As a practical example, we used this queueing system as a model for the
soot accumulation and burning process in DPF with the aim to find optimal regeneration
policy. Our research extends previous studies on classical N-policy queueing systems by
combining such features as phase type distributed setup, interruption, reset times, and
random environment. Using matrix-analytic methods, we derive stationary distributions
and a cost optimization framework. Numerical results reveal how correlation in soot
accumulation process, setup and service interruption rates, as well as driving conditions
affect the average cost and optimal thresholds. For example, as the correlation coefficient
increases and the soot accumulation rate decreases in case of a short regeneration period, the
optimal threshold N decreases. We note that validation requires real DPF data and industry
collaboration for parameter estimation. Future directions include multi-rate servers, batch
arrivals, age-dependent degradation, correlated interruptions, dynamic threshold policies,
multi-objective optimization, and reinforcement learning.
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