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Abstract

The aim of this paper is to establish various factorization results and then to derive estimates for
inear functionals through the use of a generalized Taylor theorem. Additionally, several error bounds
re established including applications to the trapezoidal rule as well as to a Simpson formula-type rule.
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1. Introduction

Let X , Y and Z be normed spaces over the field K, where K stands either for the field of real
umbers R or for the field of complex numbers C. Assume that A : X → Y and B : X → Z
re given linear maps. To describe the properties of A and to connect it to that of B, it could
e useful if A admits a factorization A = C ◦ B, where C : Z → Y is also linear map. (For
nstance, if B and C are bounded linear operators, then ∥A∥ ≤ ∥B∥∥C∥.)

An obvious necessary condition for a decomposition A = C ◦ B is that kerB ⊆ kerA
where ker(·) denotes the null space of the corresponding operator). On the other hand, this
s also sufficient. Indeed, suppose that kerB ⊆ kerA. We define C on B(X ) first. For each
lement z ∈ B(X ), there exists x ∈ X such that z = B(x) and then we define C(z) := A(x).
his definition is correct since if x ′

∈ X also satisfies z = B(x ′), then x − x ′
∈ kerB and
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hence, by the assumption, x − x ′
∈ kerA, which implies that A(x ′) = A(x). It is easy to see

hat the map C : B(X ) → Y so defined is linear. If B(X ) = Z , then it is obvious that C is
niquely determined. If B(X ) is a proper subspace, then C can be extended to a linear map
: Z → Y (using Hamel bases) arbitrarily. However, it is a more important problem to obtain
factorization A = C ◦ B in terms of a bounded linear map C provided that A and B are

bounded. The next result establishes a sufficient condition for this factorizability.

Theorem 1.1. Let X and Z be Banach spaces and Y be a normed space over K. Assume that
A : X → Y and B : X → Z are bounded linear maps such that kerB ⊆ kerA and B(X ) = Z.
Then there exists a unique bounded linear map C : Z → Y such that A = C ◦ B.

Proof. In view of the argument above, there exists a uniquely determined linear map C : Z →

Y such that A = C ◦ B holds. We only have to prove that C is bounded using that A and B
are bounded linear maps.

By Banach’s Open Mapping Theorem, B is an open map. Therefore, there exists r > 0
such that BZ ⊆ B(rBX ). (Here BX and BZ denote the closed unit balls of the spaces X and
Z , respectively.)

Let z ∈ Z be a nonzero vector. Then z/∥z∥ ∈ BZ and hence there exists u ∈ rBX such
hat z/∥z∥ = B(u). Therefore, z = ∥z∥B(u) = B(∥z∥u), where ∥u∥ ≤ r . This implies that
(z) = A(∥z∥u), thus

∥C(z)∥ = ∥A(∥z∥u)∥ ≤ (r∥A∥)∥z∥.

This inequality is obviously true also for z = 0 and yields that ∥C∥ ≤ r∥A∥ and proves the
oundedness of C .

The main purpose of this paper is to investigate the problem of factorization in the following
etting. Let I denote the compact interval [a, b] and, for n ≥ 0, let Cn

K(I ) denote the space
f n times continuously differentiable K-valued functions (equipped with the norm ∥ f ∥Cn :=

∥ f ∥∞ + · · · + ∥ f (n)
∥∞). (The space C0

K(I ) will simply be denoted by CK(I ).) Furthermore,
et µ be a nonzero K-valued and bounded Borel measure on [a, b] throughout this paper. The

ain goal is to obtain various estimates for the linear functional Aµ : CK(I ) → K defined by

Aµ( f ) :=

∫
[a,b]

f (x)dµ(x).

n order to construct n ∈ N and a linear map B : Cn
K(I ) → CK(I ) such that kerB ⊆ kerAµ, we

earch for exponential polynomials in the kernel of Aµ. For this aim, let us define the function
µ : C → C by

Sµ(λ) :=

∫
[a,b]

eλx dµ(x).

he function Sµ will be termed the spectral function related to the measure µ. (In fact, the
aplace transformation of the measure µ is strongly connected to this function.) Clearly, (due

o the boundedness of µ), Sµ is an entire function.
The set of zeros of Sµ will be denoted by Λµ and will be called the spectral set related to

. For λ ∈ Λµ, let m ∈ N be the multiplicity of the root of λ, i.e., the largest number such that

S( j)
µ (λ) =

∫
x j eλx dµ(x) = 0 ( j ∈ {0, . . . , m − 1}).
[a,b]

2



A.H. Ali and Z. Páles Journal of Approximation Theory 299 (2024) 106019

w
t

I
s

f
w

s

T
L

L

w

Since µ ̸= 0, it follows that, for some ℓ ∈ N, S(ℓ)
µ (λ) ̸= 0, and hence the multiplicity of an

element λ ∈ Λµ is well-defined and will be denoted by m(Sµ, λ). The above equality shows
that, for λ ∈ Λµ, the exponential polynomials

x ↦→ x j eλx ( j ∈ {0, . . . , m(Sµ, λ) − 1})

belong to the kernel of Aµ.
For fixed elements λ1, . . . , λk ∈ Λµ, we consider the polynomial P : C → C given by

P(λ) = (λ − λ1)m1 · · · (λ − λk)mk = cnλ
n
+ · · · + c1λ + c0, (1)

here 1 ≤ mi ≤ m(Sµ, λi ) for all i and n := m1 + · · · + mk . Clearly, cn = 1. Then we define
he linear differential operator Dc : Cn

K(I ) → CK(I ) by the formula

Dc( f ) := cn f (n)
+ · · · + c1 f ′

+ c0 f ( f ∈ Cn(I )). (2)

t follows from the theory of ordinary differential equations (see [9]) that Dc is a bounded and
urjective linear operator and the exponential polynomials

x ↦→ x j eλi x (i ∈ {1, . . . , k}, j ∈ {0, . . . , mi − 1}) (3)

orm a fundamental system of solutions of the differential equation Dc( f ) = 0. In other
ords, the above exponential polynomials span the kernel of Dc and hence kerDc ⊆ kerAµ.

In view of Theorem 1.1, there exists a unique bounded linear map C : CK(I ) → K such that
Aµ|Cn

K(I ) = C ◦ Dc. In what follows, we explicitly construct C and then we present several
applications to obtain sharp upper bounds for the error terms of quadrature rules. For standard
references about error bounds for quadrature rules, we refer to the monographs [2] by Atkinson
and [5] by Faires and Burden and to the recent papers [3] by Barnett et al., [4] by Cruz-Uribe
and Neugebauer, [6] by Masjed-Jameiet al., [7] by Talman and [8] by Ujević.

2. Auxiliary results: Generalizations of the Taylor theorem

In this section, we recall the terminology and main results of the paper [1] by the authors.
Let c := (c0, . . . , cn) ∈ Kn+1, let Dc be defined by (2) and let ωc ∈ Cn(R) denote the unique

olution of the initial value problem

Dc(ωc) = 0, ω(i)
c (0) = δi,n−1 (i ∈ {0, . . . , n − 1}). (4)

he function ωc will be called the characteristic solution of the differential equation Dc(ω) = 0.
et Pc denote its characteristic polynomial which is given by

Pc(λ) := cnλ
n
+ · · · + c1λ + c0 (λ ∈ C). (5)

emma 2.1 ([1, Lemma 2.3]). Let n ∈ N, c = (c0, . . . , cn) ∈ Kn+1 with cn = 1 and let
λ1, . . . , λk ∈ C be pairwise distinct roots of the characteristic polynomial Pc with multiplicities
m1, . . . , mk , respectively. Then

ωc(t) =

k∑
i=1

mi −1∑
j=0

(P−1
i )(mi −1− j)(λi )
(mi − 1 − j)!

·
t j eλi t

j !
,

here P (λ) :=
∏

(λ − λ )mℓ .
i ℓ∈{1,...,k}\{i} ℓ

3
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The following generalization of Taylor’s Theorem is going to play a key role in this
aper.

heorem 2.2 ([1, Theorem 3.2]). Let n ∈ N, c = (c0, . . . , cn) ∈ Kn+1 with cn = 1. Then, for
ll f ∈ Cn

K(I ) and x, a ∈ I , we have

f (x) =

n−1∑
j=0

(
f ( j)(a)

n−1− j∑
i=0

ci+ j+1ω
(i)
c (x − a)

)
+

∫ x

a
Dc( f )(t) · ωc(x − t)dt. (6)

We now present several particular cases of the above theorem. For the formulation of these
esults, for n ∈ N, k ∈ N0 with k < n and γ ∈ K, we define the function ζn,k,γ : R → K by

ζn,k,γ (t) :=

∞∑
i=0

γ i t i(n−k)+n

(i(n − k) + n)!
. (7)

emma 2.3 ([1, Lemma 2.4]). Let n ∈ N, k ∈ N0 with k < n and γ ∈ K. Then, function
n,k,γ is the (unique) solution of the initial value problem

ζ (n+1)
= γ ζ (k+1), ζ (i)(0) = δi,n (i ∈ {0, . . . , n}). (8)

n addition, if j ∈ {0, . . . , k}, then

ζ
( j)
n,k,γ = ζn− j,k− j,γ . (9)

f γ ∈ R \ {0}, then, for all t ∈ R,

ζn,k,γ (t) =

{
n−k
√

γ −nζn,k,1( n−k
√

γ t) if γ > 0,
n−k
√

(−γ )−nζn,k,−1( n−k
√

−γ t) if γ < 0.
(10)

e have

ζn,k,0(t) =
tn

n!
, ζn,0,−1(t) =

∞∑
i=1

(−1)i−1t in

(in)!
, ζn,0,1(t) =

∞∑
i=1

t in

(in)!
,

heorem 2.4 ([1, Theorem 3.2]). Let n ∈ N, k ∈ N0 with k < n, γ ∈ K. Then, for all
f ∈ Cn

K(I ) and x, a ∈ I , we have

f (x) =

k−1∑
j=0

f ( j)(a)
(x − a) j

j !
+

n−1∑
j=k

f ( j)(a)ζ (n− j)
n,k,γ (x − a)

+

∫ x

a
( f (n)(t) − γ f (k)(t))ζ ′

n,k,γ (x − t)dt.

(11)

For any continuous function h : R → R let ρ+(h) ∈ [0, +∞] (resp. ρ−(h) ∈ [−∞, 0])
enote the infimum of the positive roots (resp. the supremum of the negative roots) of h.
he subsequent two statements are the mean value theorems related to Theorems 2.2 and 2.4,

espectively in the real-valued setting.

heorem 2.5 ([1, Theorem 4.3]). Let n ∈ N, c = (c0, . . . , cn) ∈ Rn+1 with cn = 1. Then, for
n − +
ll f ∈ CR(I ) and a, x ∈ I with ρ (ωc) ≤ x − a ≤ ρ (ωc), there exists a point ξ between a

4
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and x such that

f (x) =

n−1∑
j=0

(
f ( j)(a)

n−1− j∑
i=0

ci+ j+1ω
(i)
c (x − a)

)
+ Dc( f )(ξ ) ·

∫ x−a

0
ωc(t)dt. (12)

Theorem 2.6 ([1, Theorem 4.4]). Let n ∈ N, k ∈ N0 with k < n and γ ∈ R and define ζn,k,γ

y (7). Then, for all f ∈ Cn
R(I ) and x, a ∈ I with ρ−(ζ ′

n,k,γ ) ≤ x − a ≤ ρ+(ζ ′

n,k,γ ), there exists
point ξ between a and x such that

f (x) =

k−1∑
j=0

f ( j)(a)
(x − a) j

j !
+

n−1∑
j=k

f ( j)(a)ζ (n− j)
n,k,γ (x − a)

+ ( f (n)(ξ ) − γ f (k)(ξ ))ζn,k,γ (x − a).

(13)

. Estimating linear functionals

Our basic factorization theorem is stated as follows.

heorem 3.1. Let µ be a nonzero bounded C-valued Borel measure on [a, b], let λ1, . . . , λk ∈

µ and m1, . . . , mk ∈ N with mi ≤ m(Sµ, λi ) for i ∈ {1, . . . , k}. Define c = (c0, . . . , cn) ∈
n+1 by (1) (where n := m1 + · · · + mk) and the differential operator Dc : Cn

C([a, b]) →

C([a, b]) by (2). Let ωc ∈ Cn
C(R) be the characteristic solution of Dc(ω) = 0. Finally, define

g : [a, b] → C by

g(t) :=

∫
[t,b]

ωc(x − t)dµ(x). (14)

hen, for all f ∈ Cn
C([a, b]),

Aµ( f ) :=

∫
[a,b]

f (x)dµ(x) =

∫
[a,b]

Dc( f )(t) · g(t)dt. (15)

n other words, Aµ|Cn
C(I ) = Cg ◦ Dc, where Cg : CC(I ) → C is given by

Cg(h) =

∫
[a,b]

h(t)g(t)dt.

roof. Due to the assumptions λ1, . . . , λk ∈ Λµ and mi ≤ m(Sµ, λi ) for i ∈ {1, . . . , k}, it
ollows that the exponential polynomials given in (3) are in the kernel of Aµ. On the other hand,
hese functions form a fundamental system of solutions for the differential equation Dc(ω) = 0,
hich implies that kerDc ⊆ kerAµ. Since the differential operator has constant coefficients, it

ollows that, for all i ≥ 0, the function

R ∋ x ↦→ ω(i)
c (x − a)

s also in the kernel of Dc and hence in the kernel of Aµ. Therefore, for all i ≥ 0,∫
[a,b]

ω(i)
c (x − a)dµ(x) = 0.

n what follows, let χS denote the characteristic function of any subset S of [a, b]. Applying
n
heorem 2.2, the above equalities and finally Fubini’s Theorem, for all f ∈ CC([a, b]), we

5
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Aµ( f ) =

∫
[a,b]

f (x)dµ(x)

=

∫
[a,b]

( n−1∑
j=0

(
f ( j)(a)

n−1− j∑
i=0

ci+ j+1ω
(i)
c (x − a)

)
+

∫ x

a
Dc( f )(t) · ωc(x − t)dt

)
dµ(x)

=

n−1∑
j=0

f ( j)(a)
n−1− j∑

i=0

ci+ j+1

∫
[a,b]

ω(i)
c (x − a)dµ(x)

+

∫
[a,b]

(∫ x

a
Dc( f )(t) · ωc(x − t)dt

)
dµ(x)

=

∫
[a,b]

(∫ x

a
Dc( f )(t) · ωc(x − t)dt

)
dµ(x)

=

∫
[a,b]

∫
[a,b]

χ[a,x](t) · Dc( f )(t) · ωc(x − t)dtdµ(x)

=

∫
[a,b]

∫
[a,b]

χ[a,x](t) · Dc( f )(t) · ωc(x − t)dµ(x)dt

=

∫
[a,b]

Dc( f )(t)
∫

[t,b]
ωc(x − t)dµ(x)dt

=

∫
[a,b]

Dc( f )(t) · g(t)dt.

his proves (15).

heorem 3.2. Let µ be a nonzero bounded C-valued Borel measure on [a, b], let 0 ≤ k ≤ n
nd γ ∈ C. Assume that ∫

[a,b]
x i dµ(x) = 0, (i ∈ {0, . . . , k − 1}),∫

[a,b]
exp

(
n−k
√

γ exp
( 2 jπ

n−k iii
)
x
)
dµ(x) = 0, ( j ∈ {0, . . . , n − k − 1}),

(16)

here n−k
√

γ denotes the root of order (n − k) of γ with the smallest nonnegative argument in
the interval [0, 2π ). Define g : [a, b] → C by

g(t) :=

∫
[t,b]

ζ ′

n,k,γ (x − t)dµ(x). (17)

Then, for all f ∈ Cn
C([a, b]),

Aµ( f ) =

∫
[a,b]

( f (n)(t) − γ f (k)(t)) · g(t)dt. (18)

Proof. Consider the differential operator Dc : Cn
C(I ) → CC(I ) given by Dc( f ) := f (n)

−γ f (k).
Its characteristic polynomial Pc is given by Pc(λ) = λn

−γ λk
= λk(λn−k

−γ ). The roots of this

polynomial are λ = 0 with multiplicity k and the roots of order (n−k) of γ (with multiplicities

6
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equal to 1). The second group of roots can be written in the form
n−k
√

γ exp
( 2 jπ

n−k iii
)

( j ∈ {0, . . . , n − k − 1)}.

herefore, a fundamental solution system of the differential equation Dc( f ) = 0 can be
btained as{

x i
| i ∈ {0, . . . , k − 1}

}
∪

{
exp

(
n−k
√

γ exp
( 2 jπ

n−k iii
)
x
)

| j ∈ {0, . . . , n − k − 1}
}
.

hus, the condition (16) ensures that ker(Dc) ⊆ ker(Aµ). Therefore, the polynomial

x ↦→

k−1∑
j=0

f ( j)(a)
(x − a) j

j !

whose degree is at most k − 1) is in the kernel of Dc and hence, it belongs to ker(Aµ). On
the other hand, by equality (8) of Lemma 2.3, ζn,k,γ solves the differential equation Dc( f ) = 0
and hence, the mapping

x ↦→

n−1∑
j=k

f ( j)(a)ζ (n− j)
n,k,γ (x − a)

belongs to the kernel of Dc. Consequently, it is also in ker(Aµ). Combining these inclusions,
we obtain that∫

[a,b]

(k−1∑
j=0

f ( j)(a)
(x − a) j

j !
+

n−1∑
j=k

f ( j)(a)ζ (n− j)
n,k,γ (x − a)

)
dµ(x) = 0.

ow applying Theorem 2.4 and following a similar reasoning as in the proof of Theorem 3.1,
e can conclude that (18) holds, where the function g is defined by (17).

Before formulating the next result, we recall the definition of the pth norm of a Lebesgue
easurable function f : I → C and p ∈ [1, ∞]:

∥ f ∥p :=

⎧⎨⎩
(∫

[a,b] | f (t)|pdt
) 1

p
if p ∈ [1, ∞),

inf{s : | f (t)| ≤ s for a.e. t ∈ I } if p = ∞.

orollary 3.3. Under the notations and assumptions of Theorem 3.1, for all f ∈ Cn
C(I ) and

or all p, q ∈ [1, ∞] with 1
p +

1
q = 1,

|Aµ( f )| ≤ ∥Dc( f )∥p · ∥g∥q . (19)

f, in addition, c = (c0, . . . , cn) ∈ Rn+1, µ is a real-valued measure, f ∈ Cn
R(I ), and both g

nd Dc( f ) are nonnegative (or nonpositive) on [a, b], then

Aµ( f ) ≥ 0. (20)

f g and Dc( f ) have opposite signs over [a, b], then this inequality reverses.

roof. Applying the identity (15) and Hölder’s inequality, we get

|Aµ( f )| =

⏐⏐⏐⏐ ∫
[a,b]

Dc( f )(t) · g(t)dt
⏐⏐⏐⏐ ≤

Dc( f )


p · ∥g∥q ,

hich proves (19). In the real-valued setting, if Dc( f ) · g is nonnegative on [a, b], then we can
ee that (20) holds. If D ( f ) · g is nonpositive, then (20) is valid with reversed inequality sign.
c

7
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Corollary 3.4. Let µ be a nonzero bounded C-valued Borel measure on [a, b], let 0 ≤ k ≤ n
nd γ ∈ C. Assume that the equalities in (16) hold. Define g : [a, b] → C by (17). Then, for
ll f ∈ Cn

C([a, b]) and p, q ∈ [1, ∞] with 1
p +

1
q = 1,⏐⏐⏐⏐ ∫

[a,b]
f (x)dµ(x)

⏐⏐⏐⏐ ≤ ∥ f (n)
− γ f (k)

∥p · ∥g∥q . (21)

f, in addition, γ ∈ R, µ is a real-valued measure and both g and f (n)
−γ f (k) are nonnegative

or nonpositive) on [a, b], then the inequality (20) holds. If g and f (n)
− γ f (k) have opposite

igns over [a, b], then this inequality reverses.

roof. The statement of this corollary is an immediate consequence of Theorem 3.2 and
ölder’s inequality.

. Application to the trapezoidal rule

The following lemma is very likely well-known, however, for the sake of completeness, we
rovide its very simple proof.

emma 4.1. For all t ∈ R+

t
sinh(t)

< 1 < t coth(t) (22)

and, for all t ∈ (0, π),

t cot(t) < 1 <
t

sin(t)
. (23)

roof. To prove (22), let t be a positive number. By the Taylor series expansions of sinh and
osh, we get that

sinh(t) =

∞∑
k=0

t2k+1

(2k + 1)!
>

t
1!

= t,

nd

sinh(t) =

∞∑
k=0

t2k+1

(2k + 1)!
≤

∞∑
k=0

t2k+1

(2k)!
= t

∞∑
k=0

t2k

(2k)!
= t cosh(t).

hese two inequalities directly imply the left and the right hand side inequality in (22),
espectively.

To verify (23), let t ∈ (0, π). Applying the Taylor mean value theorem to the sin function
t 0, and then using that sin is positive over (0, π), we can conclude that there exists s ∈ (0, t)
uch that

sin(t) = sin(0) + sin′(0)t +
1
2

sin′′(s)t2
= t −

1
2

sin(s)t2 < t,

hich proves the second inequality in (23).
If t ∈ [ 1

2π, π), then cot(t) ≤ 0, and hence the first inequality in (23) is obvious. In the case
when t ∈ (0, 1

2π ), we use the Taylor mean value theorem to the tan function at 0, which asserts
the existence of s ∈ (0, t) such that

tan(t) = tan(0) + tan′(0)t +
1

tan′′(s)t2
= t +

sin(s)
t2 > t,
2 cos3(s)
8
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where we used that the functions sin and cos are positive over (0, 1
2π ). This inequality implies

the first inequality in (23) also in the case when t ∈ (0, 1
2π ).

Given a compact interval [a, b], the classical trapezoidal rule asserts that, for a twice
ifferentiable function f : [a, b] → R,

1
b − a

∫ b

a
f =

f (a) + f (b)
2

− RT ( f ),

here the remainder term RT ( f ) has various estimates in terms of the norms of the second
derivative of f and the length of the interval [a, b]. For instance (see [2, pp. 252–253]),

|RT ( f )| ≤
(b − a)2

12
∥ f ′′

∥∞.

The aim of this section is to establish various further estimates for RT ( f ), which is defined by

RT ( f ) :=
f (a) + f (b)

2
−

1
b − a

∫ b

a
f.

Observe that, with µ :=
1
2 (δa+δb)−ν (where δt denotes the Dirac measure concentrated at t and

ν stands for the normalized Lebesgue measure on [a, b]), we can obtain that RT ( f ) = Aµ( f ).
The corresponding spectral function is given by

Sµ(λ) =
eλa

+ eλb

2
−

1
b − a

∫ b

a
eλx dx (λ ∈ C). (24)

emma 4.2. Let λ ∈ C. Then λ is a root of the spectral function Sµ given by (24) if and only
if u := λ b−a

2 is a fixed point of the tangent hyperbolic function. The multiplicity of λ equals 1
f λ ̸= 0 and equals 2 of λ = 0.

roof. We can see that Sµ(λ) = 0 holds trivially if λ = 0, and then u = 0 is indeed a fixed
oint of the tangent hyperbolic function.

An easy computation yields that, for λ ∈ C \ {0},

Sµ(λ) =
eλb

+ eλa

2
−

eλb
− eλa

λ(b − a)

= eλ a+b
2

(
eλ b−a

2 + eλ a−b
2

2
−

eλ b−a
2 − eλ a−b

2

λ(b − a)

)
= eλ a+b

2

(
cosh(λ b−a

2 ) −
2 sinh(λ b−a

2 )
λ(b − a)

)
.

ow, assume that λ ∈ C \ {0} is a solution of the equation Sµ(λ) = 0. Then it satisfies

cosh(λ b−a
2 ) =

2 sinh(λ b−a
2 )

λ(b − a)

n this case, cosh(λ b−a
2 ) cannot be zero, because then sinh(λ b−a

2 ) would also be zero, which
s impossible. Therefore, with the notation u := λ b−a

2 , the equation Sµ(λ) = 0 is equivalent
to u = tanh(u), which shows that u must be a fixed point of the tangent hyperbolic function.
To check the multiplicities of the roots of S , let u = λ b−a be a fixed point of the tangent
µ 2

9
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hyperbolic function. Then cosh(λ b−a
2 ) ̸= 0 and, for λ ̸= 0, we get

S′

µ(λ) =
a+b

2 eλ a+b
2

(
cosh(λ b−a

2 ) −
2 sinh(λ b−a

2 )
λ(b − a)

)
+ eλ a+b

2

(
cosh(λ b−a

2 ) −
2 sinh(λ b−a

2 )
λ(b − a)

)′

= eλ a+b
2

(
b−a

2 sinh(λ b−a
2 ) +

2 sinh(λ b−a
2 )

λ2(b − a)
−

cosh(λ b−a
2 )

λ

)
= eλ a+b

2 cosh(λ b−a
2 )

(
b−a

2 tanh(λ b−a
2 ) +

2 tanh(λ b−a
2 )

λ2(b − a)
−

1
λ

)
= eλ a+b

2 cosh(λ b−a
2 )

(
λ
( b−a

2

)2
+

1
λ

−
1
λ

)
= eλ a+b

2 cosh(λ b−a
2 )λ

( b−a
2

)2
̸= 0,

hich proves that the multiplicity of λ ̸= 0 equals 1.
In the case when λ = 0, from the defining formula of Sµ, we get

S′

µ(λ) =
aeλa

+ beλb

2
−

1
b − a

∫ b

a
xeλx dx, S′

µ(0) =
a + b

2
−

1
b − a

∫ b

a
xdx = 0,

nd

S′′

µ(λ) =
a2eλa

+ b2eλb

2
−

1
b − a

∫ b

a
x2eλx dx .

hus,

S′′

µ(0) =
a2

+ b2

2
−

1
b − a

∫ b

a
x2dx =

a2
+ b2

2
−

a2
+ ab + b2

3
=

(b − a)2

6
̸= 0,

hich proves that the multiplicity of λ = 0 equals 2.

In order to apply our main theorems to the trapezoidal rule, we shall need to describe the
xed points of the tangent hyperbolic function.

emma 4.3. A number u ∈ C is a fixed point of the tangent hyperbolic function, i.e.,

tanh(u) = u (25)

olds if and only if u = viii , where v ∈ R is a fixed point of the tangent function. Furthermore,
or all k ∈ Z, the open interval

(
(k −

1
2 )π, (k +

1
2 )π

)
contains exactly one fixed point of the

tangent function.

Proof. Assume that u = viii , where v ∈ R and tan(v) = v. Then

tanh(u) = tanh(viii) =
sinh(viii)
cosh(viii)

=
sin(v)
cos(v)

iii = tan(v)iii = viii = u,

which shows that u is a fixed point of the function tanh.
Assume now that (25) holds for u = w + viii , where w, v ∈ R. Then

tanh(u) = tanh(w + viii) =
tanh(w) + tanh(viii)

1 + tanh(w) tanh(viii)

=
tanh(w) + tan(v)iii

=
(tanh(w) + tan(v)iii)(1 − tanh(w) tan(v)iii)

.

1 + tanh(w) tan(v)iii 1 + tanh(w)2 tan(v)2

10
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Thus, (25) is equivalent to

tanh(w)(1 + tan(v)2)
1 + tanh(w)2 tan(v)2 = w,

tan(v)(1 − tanh(w)2)
1 + tanh(w)2 tan(v)2 = v.

e show that these two equalities imply that w = 0 (which then easily implies that tan(v) = v).
o the contrary, assume that w ̸= 0. Then w ̸= tanh(w), and hence the first equation implies

hat tan(v) ̸= 0 implying that v ̸= 0. Then

w

v
=

tanh(w)(1 + tan(v)2)
tan(v)(1 − tanh(w)2)

=
sinh(2w)
sin(2v)

,

quivalently
sin(2v)

2v
=

sinh(2w)
2w

.

n the other hand, by Lemma 4.1, for every nonzero real numbers x and y, the following
nequalities hold

sin(x)
x

< 1 <
sinh(y)

y
.

herefore, these inequalities with x = 2v and y = 2w yield an obvious contradiction. This
ontradiction shows that w = 0 must hold and hence tan(v) = v.

Let k ∈ Z. The function h defined by h(x) := tan(x) − x is differentiable on the open
nterval Ik :=

(
(k −

1
2 )π, (k +

1
2 )π

)
with a derivative h′(x) = tan2(x) > 0 for all x ∈ Ik \ {kπ}.

his shows that h is strictly increasing and hence it can have at most one zero in Ik . On the
ther hand, we have that limx→(k±

1
2 )π h(x) = ±∞, which shows that h changes sign over Ik

and therefore it has a unique zero in Ik .

The unique fixed point of the tangent function in the open interval
(
(k −

1
2 )π, (k +

1
2 )π

)
will

e denoted by τk in the sequel.

Theorem 4.4. Let k ∈ N, 0 ≤ n1 < · · · < nk be integers, let a, b ∈ R with a < b and let
λ j :=

2
(b−a)τn j for j ∈ {1, . . . , k}. Define (c0, c1, . . . , c2k) ∈ R2k+1 by the equality(
z2

+ λ2
1

)
· · ·

(
z2

+ λ2
k

)
= c2k z2k

+ · · · + c1z1
+ c0 =: Pc(z) (z ∈ C).

Then, for all f ∈ C2k
K ([a, b]),

f (a) + f (b)
2

−
1

b − a

∫ b

a
f =

∫ b

a
Dc( f )(t) · g(t)dt,

here

g(t) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

k∑
j=1

sin(λ j (b − t)/2) sin(λ j (t − a)/2)
λ j Q j (λ j ) sin(λ j (b − a)/2)

if n1 > 0,

(b − t)(t − a)
2Q1(0)(b − a)

+

k∑
j=2

sin(λ j (b − t)/2) sin(λ j (t − a)/2)
λ j Q j (λ j ) sin(λ j (b − a)/2)

if n1 = 0,

(26)

nd Q j (z) :=
∏

ℓ∈{1,...,k}\{ j}(λ
2
ℓ − z2) for j ∈ {1, . . . , k}.

roof. Due to the evenness of the characteristic polynomial Pc, we have that c1 = c3 =

· · = c2k−1 = 0 and c2k = 1. The roots of Pc are λ jiii and (−λ jiii) for j ∈ {1, . . . , k} with
ultiplicities equal to 1 except if n = 0, then λ = 0 and its multiplicity is equal to 2.
1 1

11
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First, consider the case when 0 < n1. Then all roots of the characteristic polynomial have
ultiplicity 1. To apply Lemma 2.1, observe that the polynomial connected to the root λ jiii is

iven as ∏
ℓ∈{1,...,k}\{ j}

(z − λℓiii)
∏

ℓ∈{1,...,k}

(z + λℓiii) = (z + λ jiii)
∏

ℓ∈{1,...,k}\{ j}

(z2
+ λ2

ℓ) = (z + λ jiii)Q j (ziii).

imilarly, the polynomial connected to the root (−λ jiii) is given as (z − λ jiii)Q j (ziii). Therefore,
n view of Lemma 2.1, we can obtain the characteristic solution ωc of Dc is given by

ωc(t) =

k∑
j=1

(
exp(λ j tiii)

2λ jiii Q j (λ j )
−

exp(−λ j tiii)
2λ jiii Q j (λ j )

)
=

k∑
j=1

sin(λ j t)
λ j Q j (λ j )

.

In the case when n1 = 0. Then the first root (λ1 = 0) of the characteristic polynomial has
ultiplicity 2 and the other roots have multiplicity 1. Applying Lemma 2.1 in a similar manner,
e can see that the characteristic solution ωc of Dc is given by

ωc(t) =
t

Q1(0)
+

k∑
j=2

sin(λ j t)
λ j Q j (λ j )

.

By Theorem 3.1, g : [a, b] → C is defined by formula (14). Therefore, for t ∈ (a, b], we
ave

g(t) =
1
2
ωc(b − t) −

1
b − a

∫ b

t
ωc(x − t)dx .

If n1 > 0, then

g(t) =

k∑
j=1

1
λ j Q j (λ j )

(
1
2

sin(λ j (b − t)) −

∫ b

t

sin(λ j (x − t))
b − a

dx
)

=

k∑
j=1

1
λ j Q j (λ j )

(
1
2

sin(λ j (b − t)) −
1 − cos(λ j (b − t))

λ j (b − a)

)

=

k∑
j=1

2 cos(λ j (b − t)) − 2 + λ j (b − a) sin(λ j (b − t))
2λ2

j Q j (λ j )(b − a)
.

hen, for j ∈ {1, . . . , k}, we have that λ j (b −a)/2 = τn j , which is a fixed point of the tangent
function, therefore,

λ j (b − a) = 2 tan(λ j (b − a)/2). (27)

ence

2 cos(λ j (b − t)) − 2 + λ j (b − a) sin(λ j (b − t))
2λ2

j Q j (λ j )(b − a)

=
cos(λ j (b − t)) − 1 + tan(λ j (b − a)/2) sin(λ j (b − t))

2 .

λ j Q j (λ j )(b − a)

12



A.H. Ali and Z. Páles Journal of Approximation Theory 299 (2024) 106019

w

w

C

w

T

P

w
t

To simplify the numerator of this fraction, we use the identity,

cos(2u) − 1 + tan(v) sin(2u) = −2 sin(u)2
+ 2 tan(v) sin(u) cos(u)

=
2 sin(u)
cos(v)

(cos(u) sin(v) − sin(u) cos(v))

=
2 sin(u) sin(v − u)

cos(v)
ith u := λ j (b − t)/2 and v := λ j (b − a)/2. Then, it follows that

2 cos(λ j (b − t)) − 2 + λ j (b − a) sin(λ j (b − t))
2λ2

j Q j (λ j )(b − a)
=

sin(λ j (b − t)/2) sin(λ j (t − a)/2)
λ j Q j (λ j ) sin(λ j (b − a)/2)

,

hich proves the equality (26) when n1 > 0.
If n1 = 0, then (26) can be obtained analogously.

In the particular case when k = 1, the above theorem simplifies to the following result.

orollary 4.5. Let n ∈ N ∪ {0}, let a, b ∈ R with a < b and let λn :=
2τn
b−a . Then, for all

f ∈ C2
K([a, b]),

f (a) + f (b)
2

−
1

b − a

∫ b

a
f =

∫ b

a
( f ′′

+ λ2
n f )(t) · g(t)dt,

here

g(t) :=

⎧⎪⎪⎨⎪⎪⎩
sin(λn(b − t)/2) sin(λn(t − a)/2)

λn sin(λn(b − a)/2)
if n > 0,

(b − t)(t − a)
2(b − a)

if n = 0.

(28)

Our final statement is a new error estimate for the trapezoidal rule.

heorem 4.6. Let n ∈ N ∪ {0}, let a, b ∈ R with a < b and let λn :=
2τn
b−a . Then, for all

f ∈ C2
K([a, b]),

⏐⏐⏐⏐ f (a) + f (b)
2

−
1

b − a

∫ b

a
f
⏐⏐⏐⏐ ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
12

(b − a)2
· ∥ f ′′

∥∞ if n = 0,

(n + 1)nπ

2τ 3
n

(b − a)2
· ∥ f ′′

+ λ2
n f ∥∞ if n > 0,

1
8

(b − a) · ∥ f ′′
∥1 if n = 0,

1 + | cos(τn)|
4τn| sin(τn)|

(b − a) · ∥ f ′′
+ λ2

n f ∥1 if n > 0.

(29)

roof. According to Corollary 4.5, we have that⏐⏐⏐⏐ f (a) + f (b)
2

−
1

b − a

∫ b

a
f
⏐⏐⏐⏐ =

⏐⏐⏐⏐ ∫ b

a
( f ′′

+ λ2
n f )(t) · g(t)dt

⏐⏐⏐⏐
≤

{
∥g∥1 · ∥ f ′′

+ λ2
n f ∥∞,

∥g∥∞ · ∥ f ′′
+ λ2

n f ∥1,

here g : [a, b] → R is given by (28). Therefore, to verify the first inequality in (29), we have
o compute ∥g∥ .
1

13
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If n = 0, then τn = 0, λn = 0 and, with the substitution t = a + s(b − a), we get

∥g∥1 =

∫ b

a

(b − t)(t − a)
2(b − a)

dt =
1
2

(b − a)2
∫ 1

0
(1 − s)sds =

1
12

(b − a)2.

If n > 0, then, with the substitution t = a + s(b − a), we get

∥g∥1 =

∫ b

a

⏐⏐⏐⏐ sin(λn(b − t)/2) sin(λn(t − a)/2)
λn sin(λn(b − a)/2)

⏐⏐⏐⏐dt

=
(b − a)2

2τn| sin(τn)|

∫ 1

0

⏐⏐ sin((1 − s)τn) sin(sτn)
⏐⏐ds.

or this computation, we need to find the zeros of s ↦→ sin((1 − s)τn) sin(sτn) in [0, 1]:

s =
k
τn

π, s = 1 +
k
τn

π (k ∈ Z).

he nth positive fixed point τn of the tangent function is in [nπ, (n+
1
2 )π ). Then k

τn
π ∈ [0, 1] if

∈ [0, τn
π

], which holds if and only if 0 ≤ k ≤ n. Analogously, 1+
k
τn

π ∈ [0, 1] if k ∈ [− τn
π

, 0],
hich holds if and only if −n ≤ k ≤ 0. Therefore, the roots of the map s ↦→ sin((1−s)v) sin(sv)

n [0, 1] in increasing order are

s0 := 0 < s1 := 1 −
nπ

τn
< s2 :=

π

τn
< s3 := 1 −

(n − 1)π
τn

< · · · < s2n

:=
nπ

τn
< s2n+1 := 1.

We have that∫
sin((1 − s)τn) sin(sτn)ds =

1
2

∫
(cos((1 − 2s)τn) − cos(τn))ds

= −
1

4τn

(
sin((1 − 2s)τn) + 2sτn cos(τn)

)
=: F(s).

herefore,∫ 1

0

⏐⏐ sin((1 − s)v) sin(sv)
⏐⏐ds =

2n+1∑
j=1

∫ s j

s j−1

⏐⏐ sin((1 − s)v) sin(sv)
⏐⏐ds

=

2n+1∑
j=1

|F(s j ) − F(s j−1)| =

⏐⏐⏐⏐ 2n+1∑
j=1

(−1) j (F(s j ) − F(s j−1))
⏐⏐⏐⏐

=

⏐⏐⏐⏐2 n∑
j=0

F(s2 j ) − F(s0) − 2
n∑

j=0

F(s2 j+1) + F(s2n+1)
⏐⏐⏐⏐.

sing that

F(s0) = F(0) = −
sin(τn)

4τn
= −

cos(τn)
4

,

F(s2n+1) = F(1) =
sin(τn)

−
cos(τn)

= −
cos(τn)

,

4τn 2 4

14
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T
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and
n∑

j=0

F(s2 j ) =

n∑
j=0

F
( jπ

τn

)
= −

1
4τn

n∑
j=0

(
sin(τn − 2 jπ ) + 2 jπ cos(τn)

)
= −

n + 1
4τn

(
sin(τn) + nπ cos(τn)

)
,

n∑
j=0

F(s2 j+1) =

n∑
j=0

F
(
1 −

(n− j)π
τn

)
=

n∑
j=0

F
(
1 −

jπ
τn

)
= −

1
4τn

n∑
j=0

(
sin(2 jπ − τn) + 2(τn − jπ ) cos(τn)

)
= −

n + 1
4τn

(
− sin(τn) + (2τn − nπ ) cos(τn)

)
.

herefore,

2
n∑

j=0

F(s2 j ) − F(s0) − 2
n∑

j=0

F(s2 j+1) + F(s2n+1)

= −
n + 1

τn
sin(τn) +

n + 1
τn

(τn − nπ ) cos(τn)

= (n + 1) cos(τn)
(
−1 +

1
τn

(τn − nπ )
)

= −(n + 1)n
cos(τn)

τn
π.

utting together the pieces, we can conclude that

∥g∥1 =
(b − a)2

2τn| sin(τn)|

∫ 1

0

⏐⏐ sin((1 − s)τn) sin(sτn)
⏐⏐ds

=
(b − a)2

2τn| sin(τn)|
(n + 1)n

| cos(τn)|
τn

π =
(n + 1)nπ

2τ 3
n

(b − a)2.

hus, the second inequality in (29) is proved.
To verify the third and fourth inequalities in (29), we need to compute ∥g∥∞.
If n = 0, then λn = 0 and

∥g∥∞ = sup
t∈[a,b]

(b − t)(t − a)
2(b − a)

=
b − a

8
.

If n > 1, then λn > 0 and

∥g∥∞ = sup
t∈[a,b]

⏐⏐⏐⏐ sin(λn(b − t)/2) sin(λn(t − a)/2)
λn sin(λn(b − a)/2)

⏐⏐⏐⏐.
he supremum is attained at a point t belonging to the interior of [a, b], therefore,

0 = g′(t) =
1

2 sin(τn)

(
− cos(λn(b − t)/2) sin(λn(t − a)/2)

+ sin(λn(b − t)/2) cos(λn(t − a)/2)
)

=
sin(λn(a + b − 2t)/2)

.

2 sin(τn)

15
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It follows from here that there exists k ∈ Z such that

t = σk :=
a + b

2
−

kπ

λn
.

Clearly, σk ∈ (a, b) if and only if⏐⏐⏐⏐kπ

λn

⏐⏐⏐⏐ <
b − a

2
,

i.e., if and only if

|k|π < τn < (n +
1
2

)π,

which is equivalent to the inequality |k| ≤ n. For the value of g at σk , we have

g(σk) =
sin(λn(b − σk)/2) sin(λn(σk − a)/2)

λn sin(λn(b − a)/2)
=

sin( 1
2τn + k π

2 ) sin( 1
2τn − k π

2 )
λn sin(τn)

=
cos(kπ ) − cos(τn)

2λn sin(τn)
=

(−1)k
− cos(τn)

2λn sin(τn)
.

his shows that the sequence
(
|g(σk)|

)n
k=−n takes only the following two values:

1 − cos(τn)
2λn| sin(τn)|

,
1 + cos(τn)
2λn| sin(τn)|

nd hence

∥g∥∞ =
1 + | cos(τn)|
2λn| sin(τn)|

=
1 + | cos(τn)|
4τn| sin(τn)|

(b − a).

hus, the proof of the theorem is completed.

. An extension of the Simpson formula

heorem 5.1. Let a, b ∈ R with a < b, u = w + iiiv, where w ∈ R+, v ∈ (0, π) and define
αu, βu by

αu :=
u sinh(u) − u sinh(u)

2uu(cosh(u) − cosh(u))
, βu :=

u cosh(u) sinh(u) − u cosh(u) sinh(u)
uu(cosh(u) − cosh(u))

.

Then, for all f ∈ C4
K([a, b]),⏐⏐⏐⏐αu f (a) + βu f
(a + b

2

)
+ αu f (b) −

1
b − a

∫ b

a
f
⏐⏐⏐⏐

≤

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(b − a)3

(
v sinh(w) − w sin(v)

)2

32(w2 + v2)2wv sinh(w) sin(v)
·

 f ′′′′
+

8(v2
− w2)

(b − a)2 f ′′
+

16(w2
+ v2)2

(b − a)4 f


1
,

(b − a)4(2αu + βu − 1)
16(w2 + v2)2 ·

 f ′′′′
+

8(v2
− w2)

(b − a)2 f ′′
+

16(w2
+ v2)2

(b − a)4 f


∞

.

roof. We have that
cosh(u) − cosh(u) = cosh(w + iiiv) − cosh(w − iiiv)

(30)

= 2 sinh(w) sinh(iiiv) = 2iii sinh(w) sin(v),

16
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which is different from zero due to the assumptions 0 < w and 0 < v < π and hence αu, βu

re well-defined. Observe that αu, βu are invariant with respect to conjugation, therefore, they
re real numbers, and one can also see that αu and βu are the unique solution of the following
ystem of equations:

2αu cosh(u) + βu =
sinh(u)

u
, 2αu cosh(u) + βu =

sinh(u)
u

. (31)

herefore, each element z of the set {u, −u, u, −u} is a root of the function ϕ : C → C given
by

ϕu(z) := 2αu cosh(z) + βu −
sinh(z)

z
.

ow, we construct the measure µu on the Borel subsets of [a, b] by

µu(A) := αuδa(A) + βuδ a+b
2

(A) + αuδb(A) −
1

b − a

∫
A

1 (A ⊆ [a, b]),

here δt denotes the Dirac measure concentrated at t ∈ [a, b], and we consider the linear
unction Aµu : CK → K defined by

Aµu ( f ) :=

∫
[a,b]

f dµu = αu f (a) + βu f
(a + b

2

)
+ αu f (b) −

1
b − a

∫ b

a
f.

t is not difficult to see that

|Aµu ( f )| ≤ (2|αu | + |βu | + 1)∥ f ∥∞,

nd the constant 2|αu | + |βu | + 1 is the sharpest possible one. Furthermore, if p ∈ [1, ∞) and
|αu | + |βu | > 0, then Aµu is not bounded with respect to the norm ∥ · ∥p.

The spectral function of Aµu is now of the form

Sµu (λ) = αueλa
+ βueλ a+b

2 + αueλb
−

1
b − a

∫ b

a
eλx dx

= αueλa
+ βueλ a+b

2 + αueλb
−

eλb
− eλa

λ(b − a)

= eλ a+b
2

(
2αu cosh

(
λ

b − a
2

)
+ βu −

2
λ(b − a)

sinh
(
λ

b − a
2

))
.

herefore, the equation Sµu (λ) = 0 holds if and only if ϕu
( 1

2λ(b − a)
)

= 0 is valid.
onsequently, each element of the set {λu, −λu, λu, −λu}, where λu :=

2u
b−a , is a root of the

spectral function Sµu . The polynomial whose roots are these numbers is equal to

Pu(z) =
(
z2

− λ2
u

)(
z2

− λu
2)

= z4
− (λ2

u + λu
2
)z2

+ λ2
uλu

2
.

he differential operator whose characteristic polynomial is Pu is given by

Du( f ) = f ′′′′
− (λ2

u + λu
2
) f ′′

+ λ2
uλu

2
f.

The characteristic solution of the differential equation Du( f ) = 0 is now of the form

ωu(t) =
sinh(λu t)

2 2 +
sinh(λu t)

2 2
=

∞∑ λ2k
u − λu

2k

2 2

t2k+1

(2k + 1)!
. (32)
λu(λu − λu ) λu(λu − λu) k=1 λu − λu

17
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T
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Finally, we compute

gu(t) =

∫
[t,b]

ωu(x − t)dµu(x) =

∫
[a,b]

χ[t,b](x) · ωu(x − t)dµu(x)

=

⎧⎨⎩βuωu
( a+b

2 − t
)
+ αuωu(b − t) −

1
b−a

∫ b−t
0 ωu(x)dx if a ≤ t ≤

a+b
2 ,

αuωu(b − t) −
1

b−a

∫ b−t
0 ωu(x)dx if a+b

2 < t ≤ b,

nd, if a ≤ t ≤
a+b

2 , then, according to (32),

gu(t) = βu

(
sinh(λu

( a+b
2 − t

)
)

λu(λ2
u − λu

2
)

+
sinh(λu

( a+b
2 − t

)
)

λu(λu
2
− λ2

u)

)
+ αu

(
sinh(λu(b − t))

λu(λ2
u − λu

2
)

+
sinh(λu(b − t))

λu(λu
2
− λ2

u)

)
−

1
b − a

(
cosh(λu(b − t))

λ2
u(λ2

u − λu
2
)

+
cosh(λu(b − t))

λu
2
(λu

2
− λ2

u)
+

1

λ2
uλu

2

)
.

If a+b
2 < t ≤ b, then

gu(t) = αu

(
sinh(λu(b − t))

λu(λ2
u − λu

2
)

+
sinh(λu(b − t))

λu(λu
2
− λ2

u)

)
−

1
b − a

(
cosh(λu(b − t))

λ2
u(λ2

u − λu
2
)

+
cosh(λu(b − t))

λu
2
(λu

2
− λ2

u)
+

1

λ2
uλu

2

)
.

In what follows, we shall prove the following properties of gu .

(1) gu is symmetric with respect to the midpoint of [a, b], i.e., gu(a + b − t) = gu(t) for all
t ∈ [a, b].

(2) gu is continuous and nonnegative on [a, b], and gu(a) = gu(b) = 0.
(3) gu is increasing on

[
a, a+b

2

]
and decreasing on

[ a+b
2 , b

]
, consequently ∥gu∥∞ = gu( a+b

2 ).

o prove assertion (1), for a+b
2 ≤ t ≤ b, we show that the equality gu(a +b − t) = gu(t) holds,

hat is,

βu

(
sinh

(
λu

(
t −

a+b
2

))
λu

−
sinh

(
λu

(
t −

a+b
2

))
λu

)
+ αu

(
sinh(λu(t − a))

λu
−

sinh(λu(t − a))
λu

)
− αu

(
sinh(λu(b − t))

λu
−

sinh(λu(b − t))
λu

)
=

1
b − a

(
cosh(λu(t − a))

λ2
u

−
cosh(λu(t − a))

λu
2

)
−

1
(

cosh(λu(b − t))
2 −

cosh(λu(b − t))
2

)
.

b − a λu λu

18
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Using the standard identities for the hyperbolic functions, the above equality is equivalent to

βu

(
sinh

(
λu

(
t −

a+b
2

))
λu

−
sinh

(
λu

(
t −

a+b
2

))
λu

)
+ 2αu

(
sinh

(
λu

(
t −

a+b
2

))
cosh(u)

λu
−

sinh
(
λu

(
t −

a+b
2

))
cosh(u)

λu

)
=

2
b − a

(
sinh

(
λu

(
t −

a+b
2

))
sinh(u)

λ2
u

−
sinh

(
λu

(
t −

a+b
2

))
sinh(u)

λu
2

)
.

To see that this is valid, one should multiply the first and the second equalities in (31) by
1
λu

sinh
(
λu

(
t −

a+b
2

))
and 1

λu
sinh

(
λu

(
t −

a+b
2

))
side by side, respectively, and then subtract the

wo equations so obtained.
The continuity of gu at every t ∈ [a, b] \

{ a+b
2

}
is obvious, and, by the definition of gu ,

this function is also continuous from the left at t =
a+b

2 . Due to the symmetry with respect
o the midpoint of [a, b], it follows that gu is also continuous from the right at t =

a+b
2 , and

ence it is also continuous at t =
a+b

2 . The endpoint properties gu(a) = gu(b) = 0 are trivial.
he nonnegativity follows from the monotonicity properties of gu , which will be established

n what follows. Obviously, in view of the symmetry with respect to the midpoint of [a, b], it
s sufficient to show that gu is decreasing on the upper half of the interval [a, b].

With the substitution t := s a+b
2 + (1 − s)b, where s ∈ [0, 1], we get that

λu(b − t) =
2u

b − a

(
b −

(
s

a + b
2

+ (1 − s)b
))

= us.

herefore, applying also the identity (30), we get

gu

(
s

a + b
2

+ (1 − s)b
)

=
(b − a)3

16u2u2

(
u sinh(u) − u sinh(u)

cosh(u) − cosh(u)

(
u sinh(us)
u2 − u2 +

u sinh(us)
u2

− u2

)
−

(
u2 cosh(us)

u2 − u2 +
u2 cosh(us)

u2
− u2

+ 1
) )

=
−(b − a)3hu(s)

16|u|
4(u2 − u2)(cosh(u) − cosh(u))

=
(b − a)3hu(s)

128(w2 + v2)2wv sinh(w) sin(v)
,

here
hu(s) : = −(u sinh(u) − u sinh(u))(u sinh(us) − u sinh(us))

+ (cosh(u) − cosh(u))(u2 cosh(us) − u2 cosh(us) + u2
− u2)

= 4w2 cosh((1 − s)w) sin(v) sin(sv) + 4v2 cos((1 − s)v) sinh(sw) sinh(w)
+ 4wv sin(v) cos(sv) sinh((1 − s)w) + 4wv sinh(w) cosh(sw) sin((1 − s)v)
− 8wv sinh(w) sin(v).

e have
h′

u(s) = −uu(u sinh(u) − u sinh(u))(cosh(us) − cosh(us))
+ uu(cosh(u) − cosh(u))(u sinh(us) − u sinh(us))

= 4(w2
+ v2)

(
v sinh(w) sinh(sw) sin((1 − s)v) − w sin(v) sin(sv) sinh((1 − s)w)

)
.

he property that gu is strictly decreasing on the upper half of the interval [a, b], is equivalent
o the assertion that h is strictly increasing on [0, 1]. To verify this, we prove the inequality
u

19



A.H. Ali and Z. Páles Journal of Approximation Theory 299 (2024) 106019

A
f

A

w

C
i
v

S
h

w

C

w
t

h′
u(s) > 0 for s ∈ (0, 1), which can be rewritten as

v sinh(w) sinh(sw) sin((1 − s)v) > w sin(v) sin(sv) sinh((1 − s)w).

fter using elementary computations, the above inequality turns out to be equivalent to the
ollowing one:

v(cot(sv) − cot(v)) > w(coth(sw) − coth(w)).

ctually, we are going to show that, for all w ∈ R+, v ∈ (0, π) and s ∈ (0, 1),

v(cot(sv) − cot(v)) >
1 − s

s
> w(coth(sw) − coth(w)). (33)

We first verify the left hand side inequality in (33). Using Lemma 4.1, for v ∈ (0, π), we have
that (

cot(v) −
v

sin2(v)

)′

= −
2

sin2(v)
+

2v cos(v)
sin3(v)

=
2

sin2(v)
(v cot(v) − 1) < 0,

hich shows that the map v ↦→ cot(v) −
v

sin2(v)
is strictly decreasing on (0, π). Therefore, for

all v ∈ (0, π) and s ∈ (0, 1), we get

cot(sv) −
sv

sin2(sv)
> cot(v) −

v

sin2(v)
.

onsequently, for each fixed s ∈ (0, 1), the derivative of the map v ↦→ v(cot(sv) − cot(v))
s strictly positive on (0, π) and hence it is strictly increasing on (0, π). Therefore, for all
∈ (0, π),

v(cot(sv) − cot(v)) > lim
v→0+

v(cot(sv) − cot(v)) =
1 − s

s
.

econdly, we verify the right hand side inequality in (33). Using Lemma 4.1, for w ∈ R+, we
ave that(

coth(w) −
w

sinh2(w)

)′

= −
2

sinh2(w)
+

2w cosh(w)
sinh3(w)

=
2

sinh2(w)
(w coth(w) − 1) > 0,

hich shows that the map w ↦→ coth(w) −
w

sinh2(w)
is strictly increasing on R+. Therefore, for

all v ∈ R+ and s ∈ (0, 1), we get

coth(sw) −
sw

sinh2(sw)
< coth(w) −

w

sinh2(w)
.

onsequently, for each fixed s ∈ (0, 1), the derivative of the map w ↦→ w(coth(sw) − coth(w))
is strictly negative on R+ and hence it is strictly decreasing on R+. Therefore, for all w ∈ R+,

w(coth(sw) − coth(w)) < lim
w→0+

w(coth(sw) − coth(w)) =
1 − s

s
,

hich shows that the right hand side inequality in (33) is also valid. The inequality (33) implies
hat h′

u > 0 on [0, 1], whence the strict increasingness of hu over [0, 1] follows.
Then, with s = 1, we obtain that hu(1) = 4

(
v sinh(w) − w sin(v)

)2, therefore,

∥gu∥∞ = gu

(a + b)
=

(b − a)3
(
v sinh(w) − w sin(v)

)2

.

2 32(w2 + v2)2wv sinh(w) sin(v)

20
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In order to determine ∥gu∥1, we need the following computation.∫ 1

0
hu(s)ds =

∫ 1

0

(
−(u sinh(u) − u sinh(u))(u sinh(us) − u sinh(us))

+ (cosh(u) − cosh(u))(u2 cosh(us) − u2 cosh(us) + u2
− u2)

)
ds

=

[
−(u sinh(u) − u sinh(u))

(u
u

cosh(us) −
u
u

cosh(us)
)

+ (cosh(u) − cosh(u))
(u2

u
sinh(us) −

u
u

2
sinh(us) + (u2

− u2)s
) ]s=1

s=0

=

(
u2

− ū2) (u sinh(ū) − ū sinh(u) + ū(sinh(u) − u) cosh(ū) + u cosh(u)(ū − sinh(ū)))
uū

=
8vw

(
(w sin(v) + v sinh(w))(cosh(w) − cos(v)) − (v2

+ w2) sinh(w) sin(v)
)

v2 + w2 .

e have

(v2
+ w2)(2αu + βu) sinh(w) sin(v) = (v sinh(w) + w sin(v))(cosh(w) − cos(v)),

herefore,∫ 1

0
hu(s)ds = 8vw(2αu + βu − 1) sinh(w) sin(v)

nd hence∫ b

a
gu(x)dx = 2

∫ b

a+b
2

gu(x)dx = (b − a)
∫ 1

0
gu

(
s

a + b
2

+ (1 − s)b
)

ds

=
(b − a)4

128(w2 + v2)2wv sinh(w) sin(v)

∫ 1

0
hu(s)ds =

(b − a)4(2αu + βu − 1)
16(w2 + v2)2 .

sing now Corollary 3.3 with p = 1 and p = ∞, the statement of the theorem follows.

In the following result, we deduce the Simpson formula with two error terms by taking the
imit u → 0 in Theorem 5.1.

orollary 5.2. Let a, b ∈ R. Then, for all f ∈ C4
K([a, b]),

⏐⏐⏐⏐1
6

f (a) +
2
3

f
(a + b

2

)
+

1
6

f (b) −
1

b − a

∫ b

a
f
⏐⏐⏐⏐ ≤

⎧⎪⎨⎪⎩
(b − a)3

1152
·
 f ′′′′

1,

(b − a)4

2880
·
 f ′′′′


∞.

roof. In order to derive the statement as the limiting case of Theorem 5.1 as u → 0, we
have to compute the limits in the inequality stated by this theorem. An easy computation shows
that

αu =
u

∑
∞

n=0
u2n+1

(2n+1)! − u
∑

∞

n=0
u2n+1

(2n+1)!

2uu
(∑

∞

n=0
u2n

(2n)! −
∑

∞

n=0
u2n

(2n)!

) =

∑
∞

n=1
u2n

−u2n

(2n+1)!

2
∑

∞

n=1
u2n−u2n

(2n)!

=

1
6 +

∑
∞

n=2
u2(n−1)

+···+u2(n−1)

(2n+1)!( 1 ∑
∞ u2(n−1)+···+u2(n−1) ) .

(34)
2 2 + n=2 (2n)!

21



A.H. Ali and Z. Páles Journal of Approximation Theory 299 (2024) 106019

N

S

U

D

A

r

Therefore,

lim
u→0

αu =
1
6
.

ow, using the first equality in (31), we get

lim
u→0

βu = lim
u→0

(
sinh(u)

u
− 2αu cosh(u)

)
= 1 −

2
6

· 1 =
2
3
.

imilarly,

lim
(w,v)→(0,0)

(
v sinh(w) − w sin(v)

)2

(w2 + v2)2wv sinh(w) sin(v)
= lim

(w,v)→(0,0)

(
v sinh(w) − w sin(v)

(w2 + v2)wv

)2

= lim
(w,v)→(0,0)

(
v

∑
∞

n=0
w2n+1

(2n+1)! − w
∑

∞

n=0(−1)n v2n+1

(2n+1)!

(w2 + v2)wv

)2

= lim
(w,v)→(0,0)

(∑
∞

n=1
w2n

−(−1)nv2n

(2n+1)!

w2 + v2

)2

= lim
(w,v)→(0,0)

(
1
6

+

∑
∞

n=2
w2n

−(−1)nv2n

(2n+1)!

w2 + v2

)2

=
1

36
.

Using that βu =
sinh(u)

u − 2αu cosh(u) =
sinh(u)

u − 2αu cosh(u) and then applying (34), we get

lim
u→0

2αu + βu − 1
(w2 + v2)2 = lim

u→0

2αu(2 − cosh(u) − cosh(u)) +
sinh(u)

u +
sinh(u)

u − 2

2u2u2

= lim
u→0

∑
∞

n=1
u2n

+u2n

(2n+1)! − 2αu
∑

∞

n=1
u2n

+u2n

(2n)!

2u2u2 = lim
u→0

∑2
n=1

u2n
+u2n

(2n+1)! − 2αu
∑2

n=1
u2n

+u2n

(2n)!

2u2u2

= lim
u→0

20(u2
+ u2) + u4

+ u4
− 2αu

(
60(u2

+ u2) + 5(u4
+ u4)

)
240u2u2

= lim
u→0

( ( 1
2 +

∑
∞

n=2
u2(n−1)

+···+u2(n−1)

(2n)!

)
(20(u2

+ u2) + u4
+ u4)

240u2u2( 1
2 +

∑
∞

n=2
u2(n−1)+···+u2(n−1)

(2n)!

)
−

( 1
6 +

∑
∞

n=2
u2(n−1)

+···+u2(n−1)

(2n+1)!

)(
60(u2

+ u2) + 5(u4
+ u4)

)
240u2u2( 1

2 +
∑

∞

n=2
u2(n−1)+···+u2(n−1)

(2n)!

) )

= lim
u→0

( 1
2 +

u2
+u2

4!

)
(20(u2

+ u2) + u4
+ u4) −

( 1
6 +

u2
+u2

5!

)(
60(u2

+ u2) + 5(u4
+ u4)

)
120u2u2 =

1
180

.

sing the above equalities, upon taking the limit u → 0 in Theorem 5.1, the result follows.
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