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Abstract

The aim of this paper is to establish various factorization results and then to derive estimates for
linear functionals through the use of a generalized Taylor theorem. Additionally, several error bounds
are established including applications to the trapezoidal rule as well as to a Simpson formula-type rule.
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1. Introduction

Let X, Y and Z be normed spaces over the field K, where K stands either for the field of real
numbers R or for the field of complex numbers C. Assume that A: X — Y and B : X — Z
are given linear maps. To describe the properties of A and to connect it to that of B, it could
be useful if A admits a factorization A = C o B, where C : Z — Y is also linear map. (For
instance, if B and C are bounded linear operators, then ||A] < [|B||||C]|.)

An obvious necessary condition for a decomposition A = C o B is that kerB C kerA
(where ker(-) denotes the null space of the corresponding operator). On the other hand, this
is also sufficient. Indeed, suppose that kerB C kerA. We define C on B(X) first. For each
element z € B(X), there exists x € X such that z = B(x) and then we define C(z) .= A(x).

This definition is correct since if x’ € X also satisfies z = B(x’), then x — x’ € kerB and

E-mail addresses: ali.hasan@science.unideb.hu (A.H. Ali), pales@science.unideb.hu (Z. Pdles).
! The research was supported by the K-134191 NKFIH, Hungary Grant.

https://doi.org/10.1016/.jat.2024.106019
0021-9045/© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://www.elsevier.com/locate/jat
https://doi.org/10.1016/j.jat.2024.106019
http://www.elsevier.com/locate/jat
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jat.2024.106019&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:ali.hasan@science.unideb.hu
mailto:pales@science.unideb.hu
https://doi.org/10.1016/j.jat.2024.106019
http://creativecommons.org/licenses/by-nc-nd/4.0/

A.H. Ali and Z. Pdles Journal of Approximation Theory 299 (2024) 106019

hence, by the assumption, x — x’ € kerA, which implies that A(x") = A(x). It is easy to see
that the map C : B(X) — Y so defined is linear. If B(X) = Z, then it is obvious that C is
uniquely determined. If B(X) is a proper subspace, then C can be extended to a linear map
C : Z — Y (using Hamel bases) arbitrarily. However, it is a more important problem to obtain
a factorization A = C o B in terms of a bounded linear map C provided that A and B are
bounded. The next result establishes a sufficient condition for this factorizability.

Theorem 1.1. Ler X and Z be Banach spaces and Y be a normed space over K. Assume that
A:X — Y and B : X — Z are bounded linear maps such that kerB C kerA and B(X) = Z.
Then there exists a unique bounded linear map C : Z — Y such that A = C o B.

Proof. In view of the argument above, there exists a uniquely determined linear map C : Z —
Y such that A = C o B holds. We only have to prove that C is bounded using that A and B
are bounded linear maps.

By Banach’s Open Mapping Theorem, B is an open map. Therefore, there exists r > 0
such that Bz € B(rBy). (Here By and B; denote the closed unit balls of the spaces X and
Z, respectively.)

Let z € Z be a nonzero vector. Then z/|z|| € Bz and hence there exists u € rByx such
that z/||z|| = B(u). Therefore, z = ||z||B(#) = B(||z|lu), where |u|| < r. This implies that
C(z) = A(||z]|lu), thus

IC@I = AUzl < (7l ADIIz]-

This inequality is obviously true also for z = 0 and yields that ||C|| < r||A|l and proves the
boundedness of C.

The main purpose of this paper is to investigate the problem of factorization in the following
setting. Let I denote the compact interval [a, b] and, for n > 0, let Cy (/) denote the space
of n times continuously differentiable K-valued functions (equipped with the norm || f||er =
[ flloo + 4+ 1 f™lloo). (The space C%(I) will simply be denoted by Cx(I).) Furthermore,
let ;« be a nonzero K-valued and bounded Borel measure on [a, b] throughout this paper. The
main goal is to obtain various estimates for the linear functional A, : Cx(/) — K defined by

‘A/L(f) = So)du(x).

la,b]
In order to construct n € N and a linear map B : Ci (/) — Cg (/) such that kerB C kerA,,, we

search for exponential polynomials in the kernel of A,,. For this aim, let us define the function
8,:C— Cby

8, (1) = / e du(x).
[a,b]

The function §, will be termed the spectral function related to the measure . (In fact, the
Laplace transformation of the measure u is strongly connected to this function.) Clearly, (due
to the boundedness of i), 8, is an entire function.

The set of zeros of §,, will be denoted by A, and will be called the spectral set related to
w. For & € A, let m € N be the multiplicity of the root of A, i.e., the largest number such that

SE{)()\)Z/‘ xje)‘xdu(x)ZO (Gef0,...,m—1}).
[a,b]
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Since p # 0, it follows that, for some ¢ € N, S;f)()\) # 0, and hence the multiplicity of an
element A € A, is well-defined and will be denoted by m(§,, ). The above equality shows
that, for A € A,,, the exponential polynomials

x = x/et (j €{0,....m@Sy, »)—1})

belong to the kernel of A,,.
For fixed elements A, ..., Ay € A,, we consider the polynomial P : C — C given by

PO) = 0o =A™ - (= W)™ = "+ ek + o, )

where 1 <m; <m(§,, ;) for all i and n :==m; + --- + my. Clearly, ¢, = 1. Then we define
the linear differential operator D, : Ci (1) — Cg(/) by the formula

D(f)=caf - terf +eof  (f €C). 2)

It follows from the theory of ordinary differential equations (see [9]) that D, is a bounded and
surjective linear operator and the exponential polynomials

x > xJ et (Ge{l,....k}, je{0o,....m —1}) 3)

form a fundamental system of solutions of the differential equation D.(f) = 0. In other
words, the above exponential polynomials span the kernel of D. and hence kerD, C kerA,,.
In view of Theorem 1.1, there exists a unique bounded linear map C : Cx(/) — K such that
Au|€ﬁ'K(1) = C o D.. In what follows, we explicitly construct C and then we present several
applications to obtain sharp upper bounds for the error terms of quadrature rules. For standard
references about error bounds for quadrature rules, we refer to the monographs [2] by Atkinson
and [5] by Faires and Burden and to the recent papers [3] by Barnett et al., [4] by Cruz-Uribe
and Neugebauer, [6] by Masjed-Jameiet al., [7] by Talman and [8] by Ujevic.

2. Auxiliary results: Generalizations of the Taylor theorem

In this section, we recall the terminology and main results of the paper [1] by the authors.
Let ¢ == (cg, ..., ¢,) € K", let D, be defined by (2) and let w. € C"(R) denote the unique
solution of the initial value problem

D.(w.) =0, 00y =8 ,-1 (€l0,....,n—1}). 4)

The function w, will be called the characteristic solution of the differential equation D.(w) = 0.
Let P, denote its characteristic polynomial which is given by

P(A)=coh" 4+ +cih+c  (heC). 5)

Lemma 2.1 ([/, Lemma 2.3]). Letn € N, ¢ = (cg, ..., c,) € K with ¢, = 1 and let

Al .y Mg € C be pairwise distinct roots of the characteristic polynomial P. with multiplicities
mi, ..., my, respectively. Then
k mi—1 —1I\(m;—1—j) i At
(P )™ P(A) et
we(t) = . ,
SR DD D vy ey

.....
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The following generalization of Taylor’s Theorem is going to play a key role in this
paper.

Theorem 2.2 ([/, Theorem 3.2]). Letn €N, ¢ = (cy, ..., c,) € K with ¢, = 1. Then, for
all f € Cx(I) and x,a € I, we have

n—1 n—1—j x
fx) = Z(f(”(a) Y el — a)) + / D(f)(t) - we(x — t)dt. (6)
j=0 i=0 a
We now present several particular cases of the above theorem. For the formulation of these
results, for n € N, k € Ng with k < n and y € K, we define the function ¢, s, : R — K by

S J/iti(n—k)-HL

— (i(n—k)+n) @

gn,k,y(t) =

Lemma 2.3 ([/, Lemma 2.4]). Letn € N, k € Ny with k < n and y € K. Then, function
Cnk,y 1S the (unique) solution of the initial value problem

() =y (D0 =68, G €{0,....n}. (8)
In addition, if j € {0, ..., k}, then

§,EJ/3V = Cn—jh—jy- )
If y e R\ {0}, then, for all t € R,

foe () = "V T ok (YT ify >0, (10)

e V) k1 (" =yt)  ify <O.
We have

" o (_1)i71tin o tin
Enko(t) = . Eno.-1(1) = Z - Sn0a1 (1) = Z ol

i=1 i=1

Theorem 2.4 ([1, Theorem 3.2]). Letn € N, k € Ny with k < n, y € K. Then, for all
feCg)and x,a € I, we have

(x —ay

Jj!

k—1 n—1
f@ =Y V) +> @ —a)
Jj=0 j=k

(11)
+ f S0 = yfPNG ., (x — 0,

For any continuous function & : R — R let p*(h) € [0, +00] (resp. p~(h) € [—o0, 0])
denote the infimum of the positive roots (resp. the supremum of the negative roots) of A.
The subsequent two statements are the mean value theorems related to Theorems 2.2 and 2.4,
respectively in the real-valued setting.

Theorem 2.5 ([, Theorem 4.3]). Letn € N, ¢ = (cy, ..., c,) € R™ with ¢, = 1. Then, for
all f € Cx(I) and a,x € I with p~(w.) <x —a < pT(w,.), there exists a point & between a
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and x such that
n—1 n—1—j

flx) = Z(f(”(a) Z cipjrod(x — a)) + De(f)(E) - / w (t)dt. (12)

Jj=0

Theorem 2.6 ([, Theorem 4.4]). Letn € N, k € Ny with k <n and y € R and define ¢, ,
by (7). Then, for all f € Cx(I) and x,a € I with p~(Z, k,y) <x—a< p*({éqk’y), there exists
a point & between a and x such that

k—1

(x J n—
f@) =) fP)——+ Z @), D — a)
o0 J! = (13)
+ (S - yf“)(é));n,k,y(x —a).
3. Estimating linear functionals
Our basic factorization theorem is stated as follows.
Theorem 3.1. Let 1t be a nonzero bounded C-valued Borel measure on [a, b], let Ay, ..., A €
Ay and my, ... ,my € N with m; < m(8,,A;) fori € {1,...,k}. Define c = (co,...,c,) €

C™ by (1) (where n == m, + --- + my) and the differential operator D, : Ct(la, b)) —
Cc(la, b)) by (2). Let w. € CL(R) be the characteristic solution of D .(w) = 0. Finally, define
g:la,b] - C by

g() = /[ ) wc(x — Ddu(x). (14)
Then, for all f e C¢(la, b)),
Au(f) 1=/[ ) f(X)dH(X)=/[ ) D (f)) - g(t)dt. (15)

In other words, Aylen) = Cg 0 De, where Cy : Cc(I) — C is given by

Cq(h) = / h(t)g(t)dr.
[a,b]

Proof. Due to the assumptions A, ..., A € A, and m; < m(S,, A;) for i € {1,...,k}, it
follows that the exponential polynomials given in (3) are in the kernel of A,,. On the other hand,
these functions form a fundamental system of solutions for the differential equation D.(w) = 0,
which implies that kerD. C kerA,,. Since the differential operator has constant coefficients, it
follows that, for all i > 0, the function

R3x o(x —a)

is also in the kernel of D, and hence in the kernel of A,. Therefore, for all i > 0,

/ o (x —a)du(x) = 0.
[a,b]

In what follows, let xs denote the characteristic function of any subset S of [a, b]. Applying
Theorem 2.2, the above equalities and finally Fubini’s Theorem, for all f € Cg([a, b]), we

5
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obtain
Au(f) = o Sx)dp(x)
, n—1 n—1—j
= f <Z<f(”(a) > cirnelx —a))
la.bl N g i=0

+ f D (f)t) - o.(x — t)dt ) du(x)

n—1 n—1—j

= Z ) Z Citj+1 / a)g)(x —a)dpu(x)
j=0 i=0 la.b]

4 f (f Dc(f)(t)~wc(x—t)dt>du(x)
[a,b] a
- /[ b]( f Dc(f)(t)’wc(x—t)dt>dM(X)

=/ f Xia.x1(1) - De(f)(1) - wc(x — 1)dtd pu(x)
[a,b] J[a,b]
2/ / Xiax1(#) - De(f)(1) - wc(x — 1)d p(x)dt
la,b] J[a,b]
= / D (f)(1) w:(x — t)du(x)dt
[a,b] [1,b]

= / D.(f)(1) - g(t)dt.
[a,b]

This proves (15).

Theorem 3.2. Let u be a nonzero bounded C-valued Borel measure on [a, b], let 0 <k <n
and y € C. Assume that

/ x'du(x) =0, (i e€f0,....k—1)),
[a,b] (16)

/ exp( "y exp(22i)x)dp(x) =0, (jefo,....n—k—1}),
[a,b]

where "2k/y denotes the root of order (n — k) of y with the smallest nonnegative argument in
the interval [0, 27). Define g : [a, b] — C by

e ARG e am
[7,0]

t

Then, for all f € C{([a, b)),

Au(f) = /[ b](f“’)(t)—J/f“‘)(t))-g(t)dt. (18)

Proof. Consider the differential operator D, : CL(I1) — Cc(I) given by D.(f) == f™ —y f®.
Its characteristic polynomial P, is given by P.(1) = A" —yAF = A¥(A"~* —y). The roots of this
polynomial are A = 0 with multiplicity k and the roots of order (n —k) of y (with multiplicities

6
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equal to 1). The second group of roots can be written in the form

Yyexp(22i)  (je{0,....n—k—1)}

Therefore, a fundamental solution system of the differential equation D.(f) = 0 can be
obtained as

[x"1iefo,....k = 1}} Ufexp( ¥y exp(2Zi)x) | j €{0,....n —k — 1}}.
Thus, the condition (16) ensures that ker(D.) € ker(A,). Therefore, the polynomial

W=t

(whose degree is at most kK — 1) is in the kernel of D, and hence, it belongs to ker(A,). On
the other hand, by equality (8) of Lemma 2.3, ¢, ,, solves the differential equation D.(f) =0
and hence, the mapping

n—1

x> fag D —a)

Jj=k
belongs to the kernel of D.. Consequently, it is also in ker(A,). Combining these inclusions,
we obtain that

k—1 j n—1

ﬁ b] <Z P )( + Z f(”(a)g;"k’;')(x - “))dlt(x) =0.
GOLN j=

Now applying Theorem 2.4 and followmg a similar reasoning as in the proof of Theorem 3.1,
we can conclude that (18) holds, where the function g is defined by (17).

Before formulating the next result, we recall the definition of the pth norm of a Lebesgue
measurable function f: I — C and p € [1, oo]:

1
ILflly = (f[au I/ (”"’df)” if p € [1, 00),
inf{s:|f(z)] <s forae. t €1} if p=oo.

Corollary 3.3. Under the notatzons and assumptions of Theorem 3.1, for all f € C¢.(I) and
forall p,q €[1, o0] with L » + E =1,

[ApHOI = NIDONp - 118llg- (19)
If in addition, ¢ = (co, ..., cn) € R w is a real-valued measure, f € C r(), and both g
and D (f) are nonnegatlve (or nonpositive) on [a, b], then

Au(f) = 0. (20)

If g and D.(f) have opposite signs over [a, b], then this inequality reverses.
Proof. Applying the identity (15) and Holder’s inequality, we get
AL = '/ D (f)) - g(t)dt| < ”Dc(f)”p -lgllgs
la,b]

which proves (19). In the real-valued setting, if D.(f)- g is nonnegative on [a, b], then we can
see that (20) holds. If D.(f)- g is nonpositive, then (20) is valid with reversed inequality sign.

7
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Corollary 3.4. Let u be a nonzero bounded C-valued Borel measure on [a, b], let 0 <k <n
and y € C. Assume that the equalities in (16) hold. Define g : [a, b] — C by (17). Then, for
all f € CL(la,b]) and p, q € [1, 0] with 1‘-,+ ql =1,

J(x)d p(x)

[a,b]

<If™ =yf®l, - ligly- (21)

If, in addition, y € R, u is a real-valued measure and both g and f™ —y f® are nonnegative
(or nonpositive) on [a, b, then the inequality (20) holds. If g and f™ — y f® have opposite
signs over [a, b], then this inequality reverses.

Proof. The statement of this corollary is an immediate consequence of Theorem 3.2 and
Holder’s inequality.

4. Application to the trapezoidal rule

The following lemma is very likely well-known, however, for the sake of completeness, we
provide its very simple proof.

Lemma 4.1. Forallt e Ry
t

sinh(t)
and, for all t € (0, ),

< 1 < tcoth(z) (22)

teot(t) <1 < (23)

sin(t)’

Proof. To prove (22), let ¢ be a positive number. By the Taylor series expansions of sinh and
cosh, we get that

X 2%+l "

sinh(?) = — > — =1,
® ; Ck+1D! 1!

and

00 2k+1 02U+l 2%
=t Z = t cosh(?).

sinh(?) = < = —
; 2k + 1)! P (2k)! P (2k)!

These two inequalities directly imply the left and the right hand side inequality in (22),
respectively.

To verify (23), let t € (0, ). Applying the Taylor mean value theorem to the sin function
at 0, and then using that sin is positive over (0, i), we can conclude that there exists s € (0, ¢)
such that

1 1
sin(¢) = sin(0) + sin’(0)¢ + 3 sin”(s)> =1 — 3 sin(s)t? < 1,

which proves the second inequality in (23).

Iftre [%n, 1), then cot(z) < 0, and hence the first inequality in (23) is obvious. In the case
when ¢t € (0, %rr), we use the Taylor mean value theorem to the tan function at 0, which asserts
the existence of s € (0, 7) such that

sin(s) ,

1
tan(r) = tan(0) 4 tan’(0)¢ + — tan”(s)t> =1 +
2 cos3(s)

8
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where we used that the functions sin and cos are positive over (0, %n). This inequality implies
the first inequality in (23) also in the case when ¢ € (0, %n).

Given a compact interval [a, b], the classical trapezoidal rule asserts that, for a twice
differentiable function f : [a, b] — R,

1 /” jo f@+ 10
b—a /), B 2

where the remainder term Ry (f) has various estimates in terms of the norms of the second
derivative of f and the length of the interval [a, b]. For instance (see [2, pp. 252-253]),

b— 2
Re(f)] < %nf”noo.

The aim of this section is to establish various further estimates for Ry (f), which is defined by

b 1 b
Ro(f) = f(a);rf( )_b_a/ P

Observe that, with p = %(8,1 +38,)—v (where §, denotes the Dirac measure concentrated at ¢ and
v stands for the normalized Lebesgue measure on [a, b]), we can obtain that Ry (f) = A, (f).
The corresponding spectral function is given by

— Ry (f),

eka + e)\b 1

A) = —
Su®) 2 b—a

b
f Mdx (heC). 24)

Lemma 4.2. Let A € C. Then A is a root of the spectral function 8,, given by (24) if and only
ifu:= Ab%“ is a fixed point of the tangent hyperbolic function. The multiplicity of A equals 1
if A # 0 and equals 2 of A = 0.

Proof. We can see that §,(A) = 0 holds trivially if A = 0, and then u = 0 is indeed a fixed
point of the tangent hyperbolic function.
An easy computation yields that, for A € C \ {0},

ekb + eka ekb _ eka

2 b — a)

b—a a=b b—a a=b
)\anrb<e)L2 —{—e)‘z e)‘z —e)‘z)
=e

SM()") =

2 Ab — a)
2sinh(225%)
A@—a))

Now, assume that A € C\ {0} is a solution of the equation 8§,(1) = 0. Then it satisfies

= ek# (cosh()»l%) -

2sinh(225%)

b—ay _
cosh(A*5%) = b —a)

In this case, cosh()»’%) cannot be zero, because then sinh(k’%) would also be zero, which
is impossible. Therefore, with the notation u := A}%, the equation 8,(A) = 0 is equivalent
to u = tanh(u), which shows that 1 must be a fixed point of the tangent hyperbolic function.
To check the multiplicities of the roots of §,, let u = A}’_T“ be a fixed point of the tangent

9
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hyperbolic function. Then cosh(A 1%) # 0 and, for A # 0, we get

: b—a
/ a+b ).9th b—a 281nh()\7)
8,0 = %e 2 (cosh(AT) — A(b——a)
: b—a ’
s axb b 2sinh(2%5%)
+ " 2 (cosh(kT) — W

. b—a b—a
_atb b 2sinh(A%5%)  cosh(A%5%)
=e" 2 (T smh()»T) + )\_z(b — a) — 5
a 2tanh(A5%) 1
= 7 cosh(AbT“)(bT“ tanh()\b%“) + 20 —a) ;) — X)
a 1 1
= el%b cosh()\bT“)()x(bT“)2 + T X)

= ¥ cosh(R54)(554)” #£ 0,

which proves that the multiplicity of A # 0 equals 1.
In the case when A = 0, from the defining formula of §,, we get

ra b Ab 1 b b 1 b
Sy =2 toe fxe“dx, S;(0)=“+ — /xdx:O,

2 b—a 2 b—a
and
2 ha 2 b b
a-e™ + be 1 5 ax
SZ()»): 5 _b—a/; x“edx.
Thus,

2 b2 1 b 2 b2 2 b b2 b— 2
SZ(0)=a+ 3 /de a’+b® a+ab+b’ (b—a)

2 b-a T2 3 6
which proves that the multiplicity of A = 0 equals 2.

# 0,

In order to apply our main theorems to the trapezoidal rule, we shall need to describe the
fixed points of the tangent hyperbolic function.

Lemma 4.3. A number u € C is a fixed point of the tangent hyperbolic function, i.e.,
tanh(u) = u (25)

holds if and only if u = vi, where v € R is a fixed point of the tangent function. Furthermore,
for all k € 7Z, the open interval ((k — %)n, (k + %)rr) contains exactly one fixed point of the
tangent function.

Proof. Assume that u = vi, where v € R and tan(v) = v. Then

. h . 1
sinh(vi) sm(v)i = tan(v)i = vi = u,

tanh(u) = tanh(vi) = "5 = cos)

which shows that u is a fixed point of the function tanh.
Assume now that (25) holds for u = w + vi, where w, v € R. Then
tanh(w) + tanh(vi)
1 4 tanh(w) tanh(vi)
tanh(w) + tan(v)i  (tanh(w) + tan(v)i)(1 — tanh(w) tan(v)i)
"~ 1+ tanh(w) tan(v)i 1 + tanh(w)? tan(v)? '
10

tanh(u) = tanh(w + vi) =
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Thus, (25) is equivalent to
tanh(w)(1 + tan(v)?) tan(v)(1 — tanh(w)?)

1 + tanh(w)? tan(v)? - 1 + tanh(w)? tan(v)? -
We show that these two equalities imply that w = 0 (which then easily implies that tan(v) = v).
To the contrary, assume that w # 0. Then w # tanh(w), and hence the first equation implies
that tan(v) # 0 implying that v # 0. Then

w  tanh(w)(1 + tan(v)?)  sinhQCw)

v tan(v)(1 — tanh(w)?) _ sinQQv) ’

equivalently
sin(2v) _ sinh(Qw)
v 2w

On the other hand, by Lemma 4.1, for every nonzero real numbers x and y, the following
inequalities hold
sin(x) sinh(y)
<1<
X y
Therefore, these inequalities with x = 2v and y = 2w yield an obvious contradiction. This
contradiction shows that w = 0 must hold and hence tan(v) = v.

Let k € Z. The function & defined by h(x) = tan(x) — x is differentiable on the open
interval I := ((k — %)n, (k + %)n) with a derivative /'(x) = tan*(x) > O for all x € I; \ {k7}.
This shows that 4 is strictly increasing and hence it can have at most one zero in I;. On the
other hand, we have that limx_)(k + 1y h(x) = £oo, which shows that /& changes sign over I
and therefore it has a unique zero in I;.

The unique fixed point of the tangent function in the open interval ((k - %)n, k+ %)n) will
be denoted by 7 in the sequel.

Theorem 44. Let k € N, 0 < n| < --- < ny be integers, let a,b € R with a < b and let
Aj= (sza)r,,j for j €{l,..., k}. Define (co,cy,...,Con) € R+l by the equality

(4] (PH+r) =™+ +a' o= P() (z€O.
Then, for all f € C¥([a, b)),

(@) + f(b) 1 b b
/ 1o / f =/ D (f)2) - g(t)dt,
2 b—al, p
where
d sin(A;(b — t)/2) sin(A;(t — a)/2) .
: - : ifn; >0,
i kaj(Aj)51n(Aj(b—a)/2)
8= b -0t —a) £ sin.; (b — 1)/2) sin(.;(t — a)/2) 2o
— — in(A;(b — in(A;(t —
—a + Z s J - S J a ifnl = 0,
201006 —a) =M Q;(;)sin(r;(b —a)/2)
and Q(2) = [Tpeqr..opy i — 22 for j € {1, ..., k}.
Proof. Due to the evenness of the characteristic polynomial P., we have that ¢; = ¢3 =
- = cy-1 = 0 and ¢y = 1. The roots of P. are A;i and (—A;i) for j € {1,...,k} with

multiplicities equal to 1 except if n; = 0, then A; = 0 and its multiplicity is equal to 2.

11
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First, consider the case when 0 < n;. Then all roots of the characteristic polynomial have
multiplicity 1. To apply Lemma 2.1, observe that the polynomial connected to the root A ;i is
given as

[T G—2d [ GHrd=G+ri) [ E+2r)=G+1i)Q;c).
eell,. k) tefl,nk) eefl e kM)

Similarly, the polynomial connected to the root (—2 ;i) is given as (z — A ;i)Q ;(zi). Therefore,
in view of Lemma 2.1, we can obtain the characteristic solution w, of D, is given by

k k
. exp(A;ti) 3 exp(—)»_,-ti)) sin(A ;1)
(1) = _Iz_;(zxjigj(x,) 21,1 0;(h)) Z W00

Jj=1

In the case when n; = 0. Then the first root (A; = 0) of the characteristic polynomial has
multiplicity 2 and the other roots have multiplicity 1. Applying Lemma 2.1 in a similar manner,
we can see that the characteristic solution w, of D, is given by

sin(A ;1)

()= —— + 3
“0= 0,0 " 470,60

By Theorem 3.1, g : [a, b] — C is defined by formula (14). Therefore, for ¢ € (a, b], we
have

b

1 1
g) = EwC(b t) — bT w(x — tdx.

If n; > 0, then

M»

g(t) = " sinG(x — 1) dx>

1 1
Q(A)( sin(A; (b — t))—/t >

1 1 —cos(A;(b — t)))
AjQj(xj) Aj(b—a)

2cos(Aj(b—1) =2+ A;(b—a)sin(A;(b — t))
222 Qj(k )b —a)

1

<.
I

Il
M»

<1 sin(A;(b — 1)) —

1

~.
Il

I
M»

1

~.
Il

Then, for j € {1, ..., k}, we have that A;(b—a)/2 = T which is a fixed point of the tangent
function, therefore,

Lj(b —a)=2tan(r;(b — a)/2). 27

Hence
2cos(Aj(b—1) =2+ A;(b—a)sin(A;(b —1))
2A3Qj()»j)(b —a)
. cos(Aj(b — 1)) — 1 +tan(A;(b — a)/2)sin(A;(b — 1))
32Q,(0)(b — a) '
12
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To simplify the numerator of this fraction, we use the identity,
cos(2u) — 1 + tan(v) sin(2u) = —2 sin(u)? + 2 tan(v) sin(u) cos(u)
_ 2sin(u)
~ cos(v)

_ 2 sin(u) sin(v — u)

(cos(u) sin(v) — sin(u) cos(v))

cos(v)
with u := A;(b —1)/2 and v := X ;(b — a)/2. Then, it follows that
2cos(A;(b—1) =2+ 1;(b—a)sin(r;(b—1)) sin(r;(b—1)/2)sin(;{t —a)/2)
2)% Qi) —a) ;0,0 sin(A (b —a)/2)
which proves the equality (26) when n; > 0.
If n; = 0, then (26) can be obtained analogously.

)

In the particular case when k = 1, the above theorem simplifies to the following result.

Corollary 4.5. Let n € NU {0}, let a,b € R with a < b and let A, = bz%”a. Then, for all
f € Cx(a, b)),

f@+fb) 1 /bf

b
- / 7 4+ 2200 - g,

2 b—a
where
sin(A,(b — 1t)/2) sin(A,(t —a)/2) .
Son SO (b — @)/2) ifn >0,
gt) = b -0 — a) o (28)
—2(b — ifn=0.

Our final statement is a new error estimate for the trapezoidal rule.

Theorem 4.6. Let n € NU {0}, let a,b € R with a < b and let A, = %_ Then, for all

f € Cx(la, b)),
%(b—a)z-llf”lloo ifn=0,
'f(a)+f(b) - bia /bf‘ s %(b—a)z-llf“r/\ﬁflloo if n >0, .
¢ —(b—a)~||f”||1 ifn=0,
—14;" oo~ a1+ R i

Proof. According to Corollary 4.5, we have that

'f(a)+f(b) R
b —

b b
|| [orerine aoa

_ gl L+ 25 f oo
T lglloo - ILF" 25 flIn,

where g : [a, b] — R is given by (28). Therefore, to verify the first inequality in (29), we have
to compute || g||;.

13
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If n =0, then 7, = 0, A, = 0 and, with the substitution t = a + s(b — a), we get

_[Po-nt-a) 1 (! 1 )
”g”l_/(; Wdt—z(b—a) A(l—S)SdS—E(b—a).

If n > 0, then, with the substitution t = a + s(b — a), we get

Sin(uy(b — 1)/2) sin(hn(t — a)/2)

b
el =/a L ‘dt
_e—ar [ |
- MIO |sm((l —S)Tn)sm(st,,)ids.

For this computation, we need to find the zeros of s + sin((1 — s)t,) sin(st,) in [0, 1]:

k k
s = —, s=1+—m (k € 7).
T, T,

The nth positive fixed point t,, of the tangent function is in [ar, (n+ %)n). Then T":n e [0, 1] if
k €10, T;”], which holds if and only if 0 < k£ < n. Analogously, 1+%n e [0, 1]ifk e [—T;", 0],
which holds if and only if —rn < k < 0. Therefore, the roots of the map s +— sin((1—s)v) sin(sv)

in [0, 1] in increasing order are

nmw T (n— D
so=0<s1=l—-—<spHr=—<s53=1——"— <--- <5y,
Tn Tn Tn
nmw
= — < Syl = 1.
n

‘We have that

fsin((l — 8)T,) sin(st,)ds = %/(cos((l — 25)1,) — cos(1,))ds

= —41 (sin((1 — 29)7,) + 257, cos(t,)) =: F(s).

rl‘l
Therefore,
1 2n+1 5
/ | sin((1 — s)v) sin(sv)|ds = Z / | sin((1 — s)v) sin(sv)|ds
0 . Si_
j=1“%i-1
2n+1 2n+1

=Y IF(s)) = F(sj=)l = | D (=1 (F(s)) — F(sj_l))'
Jj=1 Jj=1

= ‘22 F(s2j) = F(s0) =2 ) Fls2j41) + Fs2011)
=0 =0

Using that
sin(t,) cos(ty)
F = F O = — = — s
(s0) 0) iz, 1
sin(t,)  cos(ty,) cos(t,)
F n = F 1 = — [ ,
(S2n+1) (D ac, 2 1

14
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and
n n ) 1 n
S Flso) =Y F(Z)=—— Z(sin(tn —2jm) 42 cos(t,,))
j=0 j=0 4T j=0
= —n:; ! (sin(rn) +nmw cos(rn)),
Y Flopun =y F(1-200) =3 F(1- )
j=0 Jj=0 j=0
= _411 Z(sin(Zjn — 1) + 27, — jﬂ)COS(Tn))
n j=0
= —n:; ! (= sin(ty) + 21, — nw) cos(ty)).
Therefore,

2) " Fls2) = Flso) =2 ) F(s2j11) + Fs2n41)

j=0 j=0
n+1

n+1 .
= - sin(t,) + (t, — nm)cos(ty,)

n n

=+ 1)cos(r,,)<—1 + rl(r” _ nn)) -+ 1)ncos(tn)

n

Putting together the pieces, we can conclude that

(b—a) o )
llglh = e [sin(e] /0 | sin((1 — 5)7,) sin(sT,)|ds
_ (b—a) |cos(z,)| _ (n+ Dnm )
= an sy T TSy T

Thus, the second inequality in (29) is proved.
To verify the third and fourth inequalities in (29), we need to compute ||g |-
If n =0, then A, =0 and

el (b-1)t—a) b-a
= Su = .
8lle = N 206 —a) 8

If n > 1, then A, > 0 and

el = sup |SRCalb = D/2)sin(h(t —a)/2)
8lloo = [E[an] )\n Sin(kn(b _ a)/z)

The supremum is attained at a point ¢ belonging to the interior of [a, b], therefore,

0=g'(t) = (= cos(hn(b — 1)/2) sin(A, (t — a)/2)

2 sin(t,)
+ sin(A,(b — 1)/2) cos(X,(t — a)/2) )
sin(A,(a + b — 2t)/2)

2 sin(z,) ’

15
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It follows from here that there exists k € 7Z such that

a+b km
t =0y = - .
2 An
Clearly, oy € (a, b) if and only if
km b—a
< ,
A 2

i.e., if and only if
1
klr <1, < (n+ 5)71,

which is equivalent to the inequality |k| < n. For the value of g at o}, we have

sin(A, (b — 03)/2) sin(A, (0 — a)/2) . sin(%t,, + k%) sin(%tn — k%)

gloy) = o .
a sin(A, (b — a)/2) Ay sin(t,)
_ cos(km) — cos(t,) _ (—DF = cos(t,)
2\, sin(t,) T 2h,sin(r,)

This shows that the sequence (| g(ak)|)Z=_n takes only the following two values:

1 — cos(t,) 1 + cos(t,)
20| sin(z,)|’ 20| sin(zy)|
and hence

gl = Lt leos@l _ 1+ cos(ry)
8l = D lsin(z,)] 41, sin(z,)|

Thus, the proof of the theorem is completed.

b — a).

5. An extension of the Simpson formula

Theorem 5.1. Leta,b € Rwitha < b, u = w +iv, where w € R, v € (0, ) and define
au’ ﬁl{ by

u sinh(u) — u sinh(u) _u cosh(u) sinh(u) — u cosh(u) sinh(u)

o uit(cosh(u) — cosh(ir))

S S uTi(cosh(u) — cosh(@))’
Then, for all f € Gﬁ‘(([a, b)),

b 1
nf @+ o (50) +ans ) - [ 1]

(b — a)* (vsinh(w) —wsin®))* |~ 8w —w?) .,  16w? + v2)?
32(w? + v2)2wv sinh(w) sin(v) Hf th—an i+ (b —a)* J
b —a)*Qoy + B, —1) e 8P —w?) o 16(w? + v?)?

16(w? 4 v2)? . Hf * (b —a)? S+ (b —a)* Hoo

Proof. We have that
cosh(u) — cosh(u) = cosh(w 4+ iv) — cosh(w —iv)
= 2 sinh(w) sinh(iv) = 2i sinh(w) sin(v),
16

(30)
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which is different from zero due to the assumptions 0 < w and 0 < v < 7 and hence «,, 8,
are well-defined. Observe that «,,, 8, are invariant with respect to conjugation, therefore, they
are real numbers, and one can also see that «, and B, are the unique solution of the following
system of equations:

sinh(u) sinh(u)

2a, cosh(u) + B, = , 2a, cosh() + B, = (31)
u

Therefore, each element z of the set {u, —u, u, —u} is a root of the function ¢ : C — C given
by

©u(z) = 20, cosh(z) + B, — Sinh(z).

Now, we construct the measure w, on the Borel subsets of [a, b] by

Hu(A) = auda(A) + Budage (A) + udp(A) — f I (Ac]a,b),
A

b—a
where §; denotes the Dirac measure concentrated at ¢t € [a, b], and we consider the linear
function A, : Gk — K defined by

b
AuD= [ fdug =@+ puf (37

[a,b]
It is not difficult to see that

M, (O = Clew] + 1Bul + DILf lloos

and the constant 2|e, | + |B,| 4+ 1 is the sharpest possible one. Furthermore, if p € [1, o) and
2|ty | + B4l > 0, then A, is not bounded with respect to the norm || - | ,.
The spectral function of A, is now of the form

)+auf<b>——/ f

1 b
Sll«u()") = Qque Aa + IBU + au - b —a / e)hxdx
eAb _ e)?a

AMb —a)
_ )\a+

—e (2% cosh(AbT) B, — ﬁ sinh(kb ; “))

Therefore, the equation §,,(A) = 0 holds if and only if (pu( A(b — a)) = 0 is valid.
Consequently, each element of the set {\,, —A,, My =M }, where A, 2 , 1s a root of the
spectral function §,,. The polynomial whose roots are these numbers is equal to

ath
=™+ B’ et —

—2 —2 —
Pu2) = (2 = 1) =2 ) =24 = O + 1) + 4k,
The differential operator whose characteristic polynomial is P, is given by
D)= " = G2+ T+ 220 f.

The characteristic solution of the differential equation D,(f) = 0 is now of the form

sinh(A, 1) N sinh(A,1) i _an kg
W=D R =) kS K-k, GRED!
17

wy (1) = (32)
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Finally, we compute

gu(t) = / ) w,(x — t)dp,(x) = / ) X[!,b](x) s, (x — t)d p, (x)
[2,b] [a,b]

IBM('()M(M - t) +auwu(b t) - l bt

0 wu(x)dx ifa<t<att

2 9
b— .
auw (b —1) — 7= [, twu(x)dx if 2 <1 <b,

and, ifa <t < “*b , then, according to (32),

aut) = 'Bu<s1nh(k (2 — 1)) N sinh(h,, (ﬂ — t)))
)Lu(}“,,zl - )\-u ) )\u()\-u - )\,,2,)
<sinh(ku(b —1))  sinh( (b — t)))
®u = T/

)‘u(}‘-,% - )‘-u ) )‘-u()‘-u - )‘-12,)

1 cosh(A,(b — 1))  cosh(h, (b — 1)) 1

T p ( -t == +——)
—a )‘-5()‘-% - )\u ) )\u ()‘-u - )‘-3) )‘5)‘-14

If 42 <t < b, then

sinh(A,(b — 1))  sinh(h (b — 1))
gu(t) =y —2 +— —2
)‘u()‘% - )"u ) )\u()"u - )\5)
B 1 <cosh(ku(b —1) n cosh(r, (b — 1)) . 1 )
b=a\ 202 -0 hOu =22 AR

In what follows, we shall prove the following properties of g,

(1) g, is symmetric with respect to the midpoint of [a, b], i.e., g,(a +b —1t) = g,(¢) for all
t € la,b].

(2) g, is continuous and nonnegative on [a, b], and g,(a) = g,(b)

(3) gu is increasing on [a, “;’b ] and decreasing on [‘”2'}’ b], consequently ||g,|lc = gu(‘%”).

To prove assertion (1), for # <t < b, we show that the equality g,(a +b —1t) = g,(¢) holds
that is,

g (0l =) sinh(‘(i —)

A
(sinh(ku(t —a)) sinh(A,(t — a)))
+ oy — —
A T
sinh(hu(b — 1)) sinh(h, (b — 1))
- a“( » T )
1 [cosh(r,(t —a)) cosh(r,(t — a))
T b-a ( 22 e )
1 cosh(A,(b —1))  cosh(r,(b — 1))
b-a ( 22 0 >

18
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Using the standard identities for the hyperbolic functions, the above equality is equivalent to

g (oMl =) sl

Ay A
-+ 2a, (sinh(ku( %)) cosh(u)  sinh(h(r — i%”)) cosh(ﬁ))
A’u A,
2 sinh(A, (1 — ”er")) sinh(u) sinh(E(t - #)) sinh(z)
b—a A2 Ez ’

To see that this is valid, one should multiply the first and the second equalities in (31) by
- sinh(k, (r — “42)) and ;- smh( (t — “£2)) side by side, respectively, and then subtract the
two equations so obtalned

The continuity of g, at every t € [a,b]\ {“t2} is obvious, and, by the definition of g,
this function is also continuous from the left at t = #. Due to the symmetry with respect
to the midpoint of [a, b], it follows that g, is also continuous from the right at 1 = “*b , and
hence it is also continuous at t = #. The endpoint properties g,(a) = g,(b) = 0 are tr1v1al
The nonnegativity follows from the monotonicity properties of g,, which will be established
in what follows. Obviously, in view of the symmetry with respect to the midpoint of [a, b], it
is sufficient to show that g, is decreasing on the upper half of the interval [a, b].

With the substitution ¢ := sm + (1 — s)b, where s € [0, 1], we get that

b — 1) = bz_” (b—(“+ +(1—s)b))=us.

Therefore, applying also the identity (30), we get
a+b (b —a)® [ usinh(u) — u sinh(@) [ sinh(us)  u sinh(is)
835 —9)b) = N

16u2%> cosh(u) — cosh(u) w2 — 2 P —u?

) 2 —
B (u cosh(us) N u?* cosh(us) N 1) )

u? —u? w—u?

_ —(b —a)’hy(s) _ (b — a)’hy(s)
T 16|ul*(u? — u?)(cosh(u) — cosh(@))  128(w? + v2)2wv sinh(w) sin(v)’

where
h,(s) : = —(u sinh(u) — u sinh(«))(u sinh(us) — u sinh(us))
~+ (cosh(u) — cosh(u))(u2 cosh(us) — u? cosh(us) + u— u?)
= 4w? cosh((1 — s)w) sin(v) sin(sv) + 4v% cos((1 — s)v) sinh(sw) sinh(w)
+ 4w sin(v) cos(sv) sinh((1 — s)w) + 4wv sinh(w) cosh(sw) sin((1 — s)v)
— 8wv sinh(w) sin(v).
We have
h; (s) = —uu(u sinh(u) — u sinh(it))(cosh(us) — cosh(us))
+ uu(cosh(u) — cosh(u))(u sinh(us) — u sinh(us))
— 4(w? + v2)<v sinh(w) sinh(sw) sin((1 — 5)v) — w sin(v) sin(sv) sinh((1 — s)w)).
The property that g, is strictly decreasing on the upper half of the interval [a, b], is equivalent
to the assertion that h,, is strictly increasing on [0, 1]. To verify this, we prove the inequality

19
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h,(s) > 0 for s € (0, 1), which can be rewritten as
v sinh(w) sinh(sw) sin((1 — s)v) > w sin(v) sin(sv) sinh((1 — s)w).

After using elementary computations, the above inequality turns out to be equivalent to the
following one:

v(cot(sv) — cot(v)) > w(coth(sw) — coth(w)).
Actually, we are going to show that, for all w € Ry, v € (0, ) and s € (0, 1),
1—
(cot(sv) — cot(v)) > —— > w(coth(sw) — coth(w)). (33)
S

We first verify the left hand side inequality in (33). Using Lemma 4.1, for v € (0, ), we have
that

(cot(v) — —>/ = - 2 2v c0s(v) = 2 (veot(v) — 1) <0
sinz(v) sinz(v) sin3(v) sinz(v) '
which shows that the map v +— cot(v) — #(U) is strictly decreasing on (0, ). Therefore, for
all v e (0, ) and s € (0, 1), we get
cot(sv) — — iv > cot(v) — — 12) .
sin“(sv sin“(v)

Consequently, for each fixed s € (0, 1), the derivative of the map v — v(cot(sv) — cot(v))
is strictly positive on (0, ) and hence it is strictly increasing on (0, 7). Therefore, for all
v e (0, ),

v(cot(sv) — cot(v)) > lir(r)lJr v(cot(sv) — cot(v)) =

Secondly, we verify the right hand side inequality in (33). Using Lemma 4.1, for w € Ry, we
have that

/ 2 2w cosh(w)
(coth(w)— = ) =—— O = (weoth(w) — 1) > 0,
sinh”(w) sinh”(w) sinh”(w) sinh”(w)
which shows that the map w — coth(w) — —gmh’g(w) is strictly increasing on R . Therefore, for
all ve Ry and s € (0, 1), we get
w
coth(sw) — — < coth(w) — ———.
sinh?(sw) sinh?(w)

Consequently, for each fixed s € (0, 1), the derivative of the map w +— w(coth(sw) — coth(w))
is strictly negative on R and hence it is strictly decreasing on R, . Therefore, for all w € Ry,

1—
w(coth(sw) — coth(w)) < lirg w(coth(sw) — coth(w)) = S,
w—0+ s

which shows that the right hand side inequality in (33) is also valid. The inequality (33) implies
that 4/, > 0 on [0, 1], whence the strict increasingness of %, over [0, 1] follows.
Then, with s = 1, we obtain that /,(1) = 4(v sinh(w) — w sin(v))z, therefore,

a+b B b —a) (v sinh(w) — w s.in(v))2
2 ) T 32(w? + v2) 2w sinh(w) sin(v)
20

Igulloe = gu(
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In order to determine | g,|l1, we need the following computation.
/0 1 hy(s)ds = /0 l ( — (@ sinh(u) — u sinh(%))(#@ sinh(is) — u sinh(7s))
+ (cosh(@) — cosh(u))(u? cosh(is) — w* cosh(us) + u* — u®) ) ds
:[ — (@ sinh(u) — u sinh(ﬁ))(g cosh(us) — % cosh(@s) )

u? w? =
+ (cosh(u) — cosh(u))(i sinh(us) — - sinh(us) + (ﬁz — u2)s) ]
s=0

(u —u ) (u sinh(iz) — u sinh(u) + u(sinh(u) — u) cosh(iz) + u cosh(u)(iz — sinh(ir)))

uu
8vw((w sin(v) 4 v sinh(w))(cosh(w) — cos(v)) — (v + w?) sinh(w) sm(v))
v2 4+ w?

We have
(v? + w?Qa, + B.) sinh(w) sin(v) = (v sinh(w) + w sin(v))(cosh(w) — cos(v)),

Therefore,

1
/ h,(s)ds = 8vw(a, + B, — 1) sinh(w) sin(v)
0

and hence

b b
[ awdx=2 [ acoar=@-a f 8 )ds

2
— (b - a)4 h (S)dS _ (b - a)4(2au + ;Bu - 1)
T 128(w? + v2)2wv sinh(w) sin(v) Jo B 16(w? + v2)?

Using now Corollary 3.3 with p = 1 and p = oo, the statement of the theorem follows.

In the following result, we deduce the Simpson formula with two error terms by taking the
limit 4 — 0 in Theorem 5.1.

Corollary 5.2. Let a,b € R. Then, for all f € C([a, b]),

L R [T

1 2 ca L 1152 ’

'6f(a)+3f( 2 )+6f(b) b_a\/a f'f (b_a)4 "
2880 L

Proof. In order to derive the statement as the limiting case of Theorem 5.1 as u — 0, we
have to compute the limits in the inequality stated by this theorem. An easy computation shows

that
u2n+l w2n+l1 2n _72n

oo uT —u
uy” O(2n+])’ —uy,, (2n+l)' _ 2o @nt D!
o0 u2n o0 72n u2n _g2n
2“”(Zn:0 er 2 n=0 (2n)!) Zzn 1~ @)
1 00 u2(n—l)+.__+ﬁ2(n—l)
_ 6 + anz Qn+1)!

1 00 20— .. 42—y "
2(§ + anz (2n)! )

all -

(34)
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Therefore,
'}im o, = 3
Now, using the first equality in (31), we get
lim B, = lim<Sinh(u) — 20, cosh(u)) _1-2=2
u—0 u—0 u 6 3
Similarly,

(v sinh(w) — w sin(v))2 . v sinh(w) — w sin(v) 2
i = lim
w,0)—0,0)(w? + v2)2wv sinh(w) sin(v)  w,0)—(,0) (w? + vHwv

oo pntl p2n+1

li (vZn =0 (2n+1)' —w Zn 0( b (2n+1)‘>
= 1m

(w,v)—(0,0) (w? + vH)wv
Zoo wZVL_(_l)nUZn )
—  lim n=1 " Q2n+1)!
T =00 w? + v?

00 2n_(_l)n 2n
. 1 2” (2n+1)!v 2 1
= lim -+ = —.
(w.0)—(0.00\ 6 w? + v? 36

Using that 8, = Si“];(”) 20, cosh(u) = s'"h(”) — 2, cosh(u) and then applying (34), we get

20, + By — 1 . 20, (2 — cosh(u) — cosh(u)) + % + % -2
1 = lim
u—0 (wz + U2)2 u—0 Zuzﬁz

2n +72n 2n +72n 2 2n _ =2n 2 2n +72n

ot T — 20 22 s Yonet S — 2% 2ot

= lim = lim
u—0 2u2ﬁ2 U0 214252
L2062 + 1) 4 ut + it - 20, (60(u + %) + 5(ut + %))
B "—>0 240u2u>
1 0o 12Dy 4g20=D iy

im (3 + Tntn 55 ) 0(? + 1) + u* +ut)
- u—0

272(1 00 2Dy 42D
2400 (5 + 2202, @ )

200—1) 4 ... 2(n—1) — —
- (§ + Xns i) (60? + %) + 5(u* + ")) )

2(n—1) 72(n=1)
240u%i? (5 + Y02, e T —

P (B Q002 + ) + 7 — ( + ) (0062 + ) + S0t +7) 1

= lim .
u—0 120u2ﬁ2 180
Using the above equalities, upon taking the limit # — O in Theorem 5.1, the result follows.
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