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The purpose of this paper is to investigate the local and global comparison of 
two n-variable nonsymmetric generalized Bajraktarević means, i.e., to establish 
necessary as well as sufficient conditions in terms of the unknown functions 
f, g, p1, . . . , pn, q1, . . . , qn : I → R for the comparison inequality

f−1
(
p1(x1)f(x1) + · · · + pn(xn)f(xn)

p1(x1) + · · · + pn(xn)

)
≤ g−1

(
q1(x1)g(x1) + · · · + qn(xn)g(xn)

q1(x1) + · · · + qn(xn)

)

in local and global sense. Here I is a nonempty open real interval, x1, . . . , xn ∈ I, 
and f, g are assumed to be continuous, strictly monotone and p1, . . . , pn, q1, . . . , qn :
I → R+ are positive valued. Concerning the global comparison problem, the main 
result of the paper states that if f, g are differentiable functions with nonvanishing 
first derivatives and, for all i ∈ {1, . . . , n},

pi

p0
=

qi

q0
and

p0(x)(f(x) − f(y))
p0(y)f ′(y)

≤ q0(x)(g(x) − g(y))
q0(y)g′(y)

(x, y ∈ I)

are satisfied (where p0 := p1 + · · · + pn and q0 := q1 + · · · + qn), then the above 
comparison inequality holds for all x1, . . . , xn ∈ I.
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1. Introduction

Throughout this paper, the symbols R and R+ will stand for the sets of real and positive real numbers, 
respectively, and I will always denote a nonempty open real interval.

Given a strictly monotone continuous function f : I → R and an n-tuple of positive valued functions 
p = (p1, . . . , pn) : I → Rn

+, the n-variable nonsymmetric generalized Bajraktarević mean Af,p : In → I is 
given by the following formula:

Af,p(x1, . . . , xn) := f (−1)
(
p1(x1)f(x1) + · · · + pn(xn)f(xn)

p1(x1) + · · · + pn(xn)

)
(x1, . . . , xn ∈ I). (1)

This is an extension of the notion introduced by Bajraktarević in the symmetric setting in [2] and [3] which 
was the case when p1 = · · · = pn, i.e., when all the weight functions are the same. In the sequel, the sum of 
these weight functions will be denoted by p0, i.e., p0 := p1 + · · · + pn. It is easy to see that Af,p is a strict 
mean, i.e.,

min(x1, . . . , xn) ≤ Af,p(x1, . . . , xn) ≤ max(x1, . . . , xn) (x1, . . . , xn ∈ I)

holds and the inequalities are strict if min(x1, . . . , xn) < max(x1, . . . , xn).
The equality problem of nonsymmetric generalized Bajraktarević means has been solved by the authors 

in [8]. The main goal of this paper is to investigate the local and global comparison problem of two n-variable 
nonsymmetric generalized Bajraktarević means, i.e., to find necessary as well as sufficient conditions for the 
functional inequality

Af,p(x1, . . . , xn) ≤ Ag,q(x1, . . . , xn), (2)

where f, g : I → R are strictly monotone functions and p, q : I → Rn
+. If there exists an open set U ⊆ In

which contains the diagonal of In and (2) holds for all (x1, . . . , xn) ∈ U , then we say that Af,p is locally 
smaller than Ag,q. If (2) holds for all (x1, . . . , xn) ∈ In, then we say that Af,p is globally smaller than Ag,q. 
Clearly, the global comparability of the means implies their local comparability.

The (global) comparison problem of classical Bajraktarević means (with arbitrary number of variables) 
was solved by Daróczy and Losonczi [5]. Their result was extended to the context of deviation means by 
Daróczy [4] and by Daróczy and Páles [6]. The so-called Gini means (cf. [7]) according to the result of 
Aczél and Daróczy [1] are precisely the continuous and homogeneous Bajraktarević means on I = R+. 
Their comparison was also characterized by Daróczy and Losonczi [5]. For the setting when I is a proper 
subinterval of R+, the comparison problem of Gini means was solved by Losonczi [9] and this result was 
extended to the setting of Gini means with complex parameters by Páles [11]. Another generalization 
of Bajraktarević means (in terms of a measure and two functions) was introduced and their comparison 
problem was investigated by Losonczi and Páles [10]. The notion of local and global comparison in broad 
classes of means was introduced by Páles and Zakaria [12], where such comparison problems were in the 
focus of research. Motivated by these preliminaries, in this paper we establish necessary as well as sufficient 
conditions both for the local and for the global comparability of nonsymmetric generalized Bajraktarević 
means. We note that, for nonsymmetric generalized Bajraktarević means, the equalities in local and in global 
sense are equivalent properties. However, as we shall see, this is not the case for the comparison problem.

2. Local comparison of Bajraktarević means

In order to investigate inequality (2) in the local sense, we recall the following result from [12]. In the 
formulation of the statements below, for an n variable function Φ : In → R, the function ΦΔ : I → R is 
defined by
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ΦΔ(x) := Φ(x, . . . , x) (x ∈ I).

Theorem 1. Let n ≥ 2 and let M, N : In → I be n-variable means such that M is locally smaller than N . 
Assume that M and N are partially differentiable at each diagonal points of In. Then, for all i ∈ {1, . . . , n},

∂iM
Δ = ∂iN

Δ. (3)

If, in addition, M and N are twice differentiable at each diagonal point of In, then the symmetric (n − 1) ×
(n − 1)-matrix

(
∂i∂jN

Δ − ∂i∂jM
Δ)n−1

i,j=1 (4)

is positive semidefinite.
On the other hand, if the equality (3) holds for all i ∈ {1, . . . , n}, furthermore, M and N are twice 

continuously differentiable at each point of the diagonal of In and the symmetric (n − 1) × (n − 1)-matrix 
given by (4) is positive definite on I, then M is locally smaller than N .

In order to apply this result for the nonsymmetric generalized Bajraktarević means, we need to compute 
their partial derivatives at the diagonal points of In. For this aim, we recall the following result, which was 
obtained by the authors in [8].

Lemma 2. Let � ∈ {1, 2}, let f : I → R be an � times differentiable function on I with a nonvanishing first 
derivative, and let p = (p1, . . . , pn) : I → Rn

+. Then we have the following assertions.

(1) If � = 1, i ∈ {1, . . . , n}, and pi is continuous on I, then the first-order partial derivative ∂iAf,p exists 
on diag(In) and

∂iA
Δ
f,p = pi

p0
.

(2a) If � = 2, i ∈ {1, . . . , n}, and pi is continuously differentiable on I, then the second-order partial 
derivative ∂2

i Af,p exists on diag(In) and

∂2
i A

Δ
f,p = 2p

′
i(p0 − pi)

p2
0

+ pi(p0 − pi)
p2
0

· f
′′

f ′ .

(2b) If � = 2, i, j ∈ {1, . . . , n} with i �= j, furthermore, pi and pj are differentiable on I, then the second-
order partial derivative ∂i∂jAf,p exists on diag(In) and

∂i∂jA
Δ
f,p = − (pipj)′

p2
0

− pipj
p2
0

· f
′′

f ′ .

In addition, if f and p are � times continuously differentiable, then Af,p is also � times continuously differ-
entiable on In.

Our first main result establishes necessary and sufficient conditions for the local comparability of non-
symmetric generalized Bajraktarević means.

Theorem 3. Let n ≥ 2 and let f, g : I → R be differentiable functions with nonvanishing first derivatives 
and p, q : I → Rn

+ be continuous functions. Assume that Af,p is locally smaller than Ag,q. Then
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pi
p0

= qi
q0

(i ∈ {1, . . . , n}). (5)

If, in addition, f, g are twice differentiable and p, q are continuously differentiable, then the function

q2
0 |g′|
p2
0|f ′| (6)

is increasing.
On the other hand, if f, g and p, q are twice continuously differentiable, (5) holds and the function (6)

has a positive derivative, then Af,p is locally smaller than Ag,q.

Proof. In view of Lemma 2, the differentiability of f, g and continuity of p, q implies that the partial 
derivatives of the means M := Af,p and N := Aq,q exist at the diagonal points of In. Therefore, by 
Theorem 1, we have that (3) is valid. Thus, using assertion (1) of Lemma 2, it follows that

pi
p0

= ∂iA
Δ
f,p = ∂iA

Δ
g,q = qi

q0
(i ∈ {1, . . . , n}),

which shows that (5) is valid. In what follows, let r0 denote the ratio function q0/p0. Then, according to
(5), we have that qi = r0pi.

If, in addition, f, g are twice differentiable and p, q are continuously differentiable, then Lemma 2 implies 
that the second-order partial derivatives of the means M := Af,p and N := Aq,q exist at the diagonal points 
of In. Therefore, by Theorem 1, we have that the matrix given by (4) is positive semidefinite. This yields 
that

∂2
i (Ag,q −Af,p)Δ ≥ 0. (7)

Applying assertion (2a) of Lemma 2 and the equality qi = r0pi, for i ∈ {1, . . . , n}, we have that

∂2
i (Ag,q −Af,p)Δ = 2q

′
i(q0 − qi)

q2
0

+ qi(q0 − pi)
q2
0

· g
′′

g′
− 2p

′
i(p0 − pi)

p2
0

− pi(p0 − pi)
p2
0

· f
′′

f ′

= 2(r′0pi + r0p
′
i)(p0 − pi)

r0p2
0

+ pi(p0 − pi)
p2
0

· g
′′

g′
− 2p

′
i(p0 − pi)

p2
0

− pi(p0 − pi)
p2
0

· f
′′

f ′

= pi(p0 − pi)
p2
0

(
2r

′
0
r0

+ g′′

g′
− f ′′

f ′

)
.

The factor pi(p0−pi)
p2
0

is positive, therefore, the inequality (7) simplifies to

0 ≤ 2r
′
0
r0

+ g′′

g′
− f ′′

f ′ =
(

log
(
q2
0 |g′|

p2
0|f ′|

))′
. (8)

This proves that the function (6) is increasing.
In the last part of the proof, assume that f, g and p, q are twice continuously differentiable, (5) holds and 

the function (6) has a positive derivative. Then the means M := Af,p and N := Aq,q are twice continuously 
differentiable on In and (8) is valid with strict inequality everywhere on I. We show that the matrix (4)
is positive definite. The diagonal entries of this matrix have been computed above. For the entries off the 
diagonal, i.e., for i, j ∈ {1, . . . , n} with i �= j, according assertion (2b) of Lemma 2 and the equalities 
qi = r0pi and qj = r0pj , we have
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∂i∂j(Ag,q −Af,p)Δ = − (qiqj)′

q2
0

− qiqj
q2
0

· g
′′

g′
+ (pipj)′

p2
0

+ pipj
p2
0

· f
′′

f ′

= −2r0r′0pipj + r2
0(pipj)′

r2
0p

2
0

− pipj
p2
0

· g
′′

g′
+ (pipj)′

p2
0

+ pipj
p2
0

· f
′′

f ′

= −pipj
p2
0

(
2r

′
0
r0

+ g′′

g′
− f ′′

f ′

)
.

Therefore, for i, j ∈ {1, . . . , n},

∂i∂j(Ag,q −Af,p)Δ = pi(δi,jp0 − pj)
p2
0

(
2r

′
0
r0

+ g′′

g′
− f ′′

f ′

)
.

(Here δi,j denotes to Kronecker symbol.) In order to prove that the matrix (4) is positive definite, according 
to Sylvester’s criterion, it is necessary and sufficient that the k × k-minors of this matrix should have a 
positive determinant.

For k ∈ {1, . . . , n}, we obtain

det
((

∂i∂j(Ag,q −Af,p)Δ
)k
i,j=1

)
= det

((
pi(δi,jp0 − pj)

p2
0

(
2r

′
0
r0

+ g′′

g′
− f ′′

f ′

))k

i,j=1

)

=
(

2r
′
0
r0

+ g′′

g′
− f ′′

f ′

)k (p1 · · · pk)2
p2k
0

det
((

δi,jp0

pj
− 1

)k

i,j=1

)
.

Now we compute the last determinant of the above expression:

det
((

δi,jp0

pj
− 1

)k

i,j=1

)
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p0

p1
− 1 −1 . . . −1 −1

−1 p0

p2
− 1 . . . −1 −1

...
...

. . .
...

...
−1 −1 . . .

p0

pk−1
− 1 −1

−1 −1 . . . −1 p0

pk
− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p0

p1
0 . . . 0 −p0

pk

0 p0

p2
. . . 0 −p0

pk
...

...
. . .

...
...

0 0 . . .
p0

pk−1
−p0

pk

−1 −1 . . . −1 p0

pk
− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p0

p1
0 . . . 0 −p0

pk

0 p0

p2
. . . 0 −p0

pk
...

...
. . .

...
...

0 0 . . .
p0

pk−1
−p0

pk

0 0 . . . 0 p0

pk

(
1 −

(p1

p0
+ · · · + pk

p0

))

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= pk0

p1 · · · pk

(
1 −

(
p1

p0
+ · · · + pk

p0

))
= pk−1

0 (p0 − (p1 + · · · + pk))
p1 · · · pk

.

Therefore,

det
((

∂i∂j(Ag,q −Af,p)Δ
)k
i,j=1

)
=

(
2r

′
0
r

+ g′′

g′
− f ′′

f ′

)k
p1 · · · pk(p0 − (p1 + · · · + pk))

k+1 .

0 p0
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Here, each factor is an everywhere positive function, hence Sylvester’s criterion is validated, which then 
implies that the matrix (4) is positive definite. In view of the last assertion of Theorem 1, we obtain that 
M = Af,p is locally smaller than N = Aq,q. �

In what follows, we consider the local comparison problem of nonsymmetric generalized Bajraktarević 
means when I is an open subinterval of R+ and the weight functions p1, . . . , pn and q1, . . . , qn are propor-
tional to power functions.

Corollary 4. Let I ⊆ R+ and let f, g : I → R be differentiable functions with nonvanishing first derivatives. 
Let n ≥ 2, (λ1, . . . , λn), (μ1, . . . , μn) ∈ Rn

+ and (α1, . . . , αn), (β1, . . . , βn) ∈ Rn and define

pi(x) := λix
αi and qi(x) := μix

βi (i ∈ {1, . . . , n}, x ∈ I). (9)

Assume that Af,p is locally smaller than Ag,q. Then there exist γ > 0 and δ ∈ R such that

μi = γλi and βi = αi + δ (i ∈ {1, . . . , n}). (10)

If, in addition, f and g are twice differentiable, then

x �→ x2δ |g′(x)|
|f ′(x)| (11)

is increasing on I.
On the other hand, if f, g are twice continuously differentiable, (10) holds and the function (11) has a 

positive derivative, then Af,p is locally smaller than Ag,q.

Proof. Assume that f, g : I → R be differentiable functions with nonvanishing first derivatives and that 
Af,p is locally nonsmaller than Ag,q. Then, by Theorem 3, the first-order necessary condition (5) holds. 
This, for all i, j ∈ {1, . . . , n}, implies that

pi
pj

= qi
qj
,

that is,

λix
αi

λjxαj
= μix

βi

μjxβj
(x ∈ I).

Therefore,

xαi−αj+βj−βi = μiλj

μjλi
(x ∈ I).

The left hand side is a power function which is constant on I, hence βi − αi = βj − αj and μi/λi = μj/λj . 
Hence, there exist γ > 0 and δ ∈ R such that (10) holds.

If, additionally, f, g : I → R are twice differentiable functions, then by the second-order necessary 
condition of Theorem 3, the function (6) is increasing. On the other hand, using (5) and then (10), we have

q2
0 |g′|
p2
0|f ′| (x) = q2

i |g′|
p2
i |f ′| (x) = μ2

ix
2βi |g′(x)|

λ2
ix

2αi |f ′(x)| = γ2x2δ |g′(x)|
|f ′(x)| . (12)

Therefore, the function (11) must be increasing.
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To prove the reversed statement, suppose that f, g are twice continuously differentiable, (10) holds and 
the function (11) has a positive derivative on I.

Then, for i ∈ {1, . . . , n} and x ∈ I,

qi
q0

(x) = μix
βi

μ1xβ1 + · · · + μnxβn
= γλix

δ+αi

γλ1xδ+α1 + · · · + γλnxδ+αn
= λix

αi

λ1xα1 + · · · + λnxαn
= pi

p0
(x),

which shows that (5) is valid on I. Furthermore, applying the identity (12), we can see that the function (6)
has a positive derivative. Therefore, in view of the second part of Theorem 3, it follows that Af,p is locally 
smaller than Ag,q. �

As an immediate consequence of the above corollary, we can characterize the local comparison of non-
symmetric generalized power means.

Corollary 5. Let I ⊆ R+ and a, b ∈ R. Define f, g : I → R by

f(x) :=

⎧⎨
⎩
xa if a �= 0,

log(x) if a = 0,
and g(x) :=

⎧⎨
⎩
xb if b �= 0,

log(x) if b = 0.
(13)

Let n ≥ 2, (λ1, . . . , λn), (μ1, . . . , μn) ∈ Rn
+, (α1, . . . , αn), (β1, . . . , βn) ∈ Rn and define p, q : I → Rn

+ by (9). 
If Af,p is locally smaller than Af,p, then there exist γ > 0 and δ ∈ R such that (10) holds and a ≤ b + 2δ.

On the other hand, if (10) holds and a < b + 2δ, then Af,p is locally smaller than Ag,q.

Proof. Obviously, Corollary 4 can be applied and now the functions f and g are infinitely many times 
differentiable with nonvanishing first derivatives. To show the necessity of the conditions, observe that, for 
some positive constant c,

x2δ |g′(x)|
|f ′(x)| = cxb−a+2δ (x ∈ I).

Therefore, (11) is increasing if and only if a ≤ b + 2δ. For the sufficiency, observe that the function (11) has 
a positive derivative if and only if a < b + 2δ. �
3. Global comparison of Bajraktarević means

If Af,p is globally smaller than Ag,q, then Af,p is locally smaller than Ag,q and hence, in view of Theorem 3, 
the necessity of (5) follows and the function (6) must be increasing. However, these conditions are not strong 
enough to imply the global comparability of Af,p and Ag,q.

Theorem 6. Let f, g : I → R be strictly monotone differentiable functions with nonvanishing first derivatives 
and p, q : I → Rn

+. Assume that (5) holds and

p0(x)(f(x) − f(y))
p0(y)f ′(y) ≤ q0(x)(g(x) − g(y))

q0(y)g′(y)
(x, y ∈ I). (14)

Then Af,p is globally smaller than Ag,q.

Proof. Multiplying both sides of (14) by pi(x)
p0(x) = qi(x)

q0(x) (which is valid according to (5)), it follows that

pi(x)(f(x) − f(y))
′ ≤ qi(x)(g(x) − g(y))

′ (x, y ∈ I, i ∈ {1, . . . , n}). (15)

p0(y)f (y) q0(y)g (y)
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To show that (2) holds, let x1, . . . , xn, y ∈ I be arbitrary. Applying the ith inequality in (15) at (xi, y), 
then adding up the inequalities so obtained side by side, we get

n∑
i=1

pi(xi)(f(xi) − f(y))
p0(y)f ′(y) ≤

n∑
i=1

qi(xi)(g(xi) − g(y))
q0(y)g′(y)

. (16)

Let us now take the substitution y := Af,p(x1, . . . , xn) in the above inequality. Then, by the definition of 
the mean Af,p, we have

f(y) =
∑n

i=1 pi(xi)f(xi)∑n
i=1 pi(xi)

.

Therefore,

n∑
i=1

pi(xi)(f(xi) − f(y))
p0(y)f ′(y) = 1

p0(y)f ′(y)

( n∑
i=1

pi(xi)f(xi) − f(y)
n∑

i=1
pi(xi)

)

= 1
p0(y)f ′(y)

( n∑
i=1

pi(xi)f(xi) −
∑n

i=1 pi(xi)f(xi)∑n
i=1 pi(xi)

n∑
i=1

pi(xi)
)

= 0.

Thus, the inequality (16) simplifies to

0 ≤
n∑

i=1

qi(xi)(g(xi) − g(y))
q0(y)g′(y)

.

Assume first that g′ is positive everywhere in I. Then g and also its inverse are strictly increasing and the 
previous inequality is equivalent to

0 ≤
n∑

i=1
qi(xi)(g(xi) − g(y)),

which implies that

g(y)
n∑

i=1
qi(xi) ≤

n∑
i=1

qi(xi)g(xi).

Dividing this inequality by 
∑n

i=1 qi(xi) and then applying g−1 to the inequality side by side, it follows that 
y ≤ Aq,q(x1, . . . , xn), that is, the inequality (2) is fulfilled.

If g′ is everywhere negative, then g and also its inverse are strictly decreasing and the proof is similar 
with obvious modifications. �
Remark 7. In this remark we show that the sufficient condition (14) implies that the function (6) is increas-
ing. We may assume that f ′ and g′ are positive (and hence f and g are strictly increasing). Let x, y ∈ I be 
arbitrary with x < y. Then, (14) implies that

p0(x)q0(y)g′(y)
p0(y)q0(x)f ′(y) ≥ g(x) − g(y)

f(x) − f(y) . (17)

On the other hand, interchanging the roles of x and y in (14), we get
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p0(y)(f(y) − f(x))
p0(x)f ′(x) ≤ q0(y)(g(y) − g(x))

q0(x)g′(x) .

This implies that

p0(y)q0(x)g′(x)
p0(x)q0(y)f ′(x) ≤ g(y) − g(x)

f(y) − f(x) . (18)

Combining the inequalities (17) and (18), it follows that

p0(y)q0(x)g′(x)
p0(x)q0(y)f ′(x) ≤ g(x) − g(y)

f(x) − f(y) ≤ p0(x)q0(y)g′(y)
p0(y)q0(x)f ′(y) ,

and hence

q0(x)2g′(x)
p0(x)2f ′(x) ≤ q0(y)2g′(y)

p0(y)2f ′(y) ,

which proves that the function (6) is increasing. The proof in the cases when at least one of the functions 
f ′ and g′ is negative is completely analogous.

In what follows, we present two particular cases when (14) is equivalent to the increasingness of the 
function (6). In the first setting, the weight functions p and q coincide.

Theorem 8. Let f, g : I → R be strictly monotone differentiable functions with nonvanishing first derivatives 
and p, q : I → Rn

+. Assume that (5) holds and the functions

q0
p0

and |g′|
|f ′| (19)

are increasing. Then Af,p is globally smaller than Ag,q.

Proof. To verify this statement, it suffices to show that the increasingness of the functions (19) implies the 
inequality (14). We assume that f ′ and g′ are positive (and hence f and g are strictly increasing).

Let x, y ∈ I be arbitrary. If x = y, then (14) is trivial. We consider now the case when x < y. Then, by 
the increasingness of the first function in (19), we have

q0(x)
p0(x) ≤ q0(y)

p0(y)
.

By the Cauchy Mean Value Theorem, there exists z ∈ ]x, y[ such that

0 <
g(x) − g(y)
f(x) − f(y) = g′(z)

f ′(z) ≤ g′(y)
f ′(y) ,

where, for the inequality, we used that z < y and g′/f ′ is increasing. Multiplying the respective sides of the 
above inequalities by q0(x)/p0(x), it follows that

q0(x)(g(x) − g(y))
p0(x)(f(x) − f(y)) ≤ q0(y)g′(y)

p0(y)f ′(y) .

This inequality, using that f(x) − f(y) < 0 implies that (14) is satisfied if x < y. In the case when y < x, a 
completely analogous argument shows that the inequality (14) is also true.

The proof when f ′ or g′ is negative is completely similar. �
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Theorem 9. Let f, g : I → R be strictly monotone twice continuously differentiable functions with nonvan-
ishing first derivatives and p : I → Rn

+ be a continuous function. Then the following conditions are pairwise 
equivalent.

(i) Af,p is globally smaller than Ag,p;
(ii) Af,p is locally smaller than Ag,p;
(iii) The function |g′/f ′| is increasing on I;
(iv)

f ′′

f ′ ≤ g′′

g′
;

(v) Provided that g is increasing (decreasing), the function g ◦ f−1 is convex (concave) on f(I);
(vi)

f(x) − f(y)
f ′(y) ≤ g(x) − g(y)

g′(y) (x, y ∈ I). (20)

Proof. The implication (i)⇒(ii) is trivial. Using Theorem 3, (iii) is an immediate consequence of (ii).
Now assume that (iii) is valid, i.e., |g′/f ′| is increasing on I. In the case g′/f ′ > 0 this implies that the 

function (g′/f ′)′ = (g′/f ′)(g′′/g′ − f ′′/f ′) is nonnegative, whence (iv) follows. In the case g′/f ′ < 0 an 
analogous argument yields that (iv) is also true.

Suppose that (iv) holds and g is increasing (the other case can be treated very similarly). Since

(g ◦ f−1)′′ = ((g ◦ f−1)′)′ =
(
g′

f ′ ◦ f
−1

)′
=

(
g′

f ′ 2 ·
(
g′′

g′
− f ′′

f ′

))
◦ f−1 ≥ 0, (21)

the function g ◦ f−1 is convex.
Assume now that (v) holds and g is increasing (the other case is completely similar). Then, by the 

convexity of h := g ◦ f−1, for all u, v ∈ f(I), we have h(v) + h′(v) · (u − v) ≤ h(u), that is,

g ◦ f−1(v) +
(
g′

f ′ ◦ f
−1

)
(v) · (u− v) ≤ g ◦ f−1(u).

Substituting u := f(x) and v := f(y), where x, y ∈ I, it follows that

g(y) + g′(y)
f ′(y) (f(x) − f(y)) ≤ g(x),

which shows that (vi) is satisfied.
Finally, suppose that (vi) is valid. Then, the inequality (14) is also true with q0 := p0. Therefore, according 

to Theorem 6, we obtain that Af,p is globally smaller than Ag,p, i.e., (i) is fulfilled. �
In the second setting, the functions f and g are the same.

Theorem 10. Let f : I → R be strictly monotone twice continuously differentiable function with a nonvan-
ishing first derivative and p, q : I → Rn

+ be continuous functions. Then the following conditions are pairwise 
equivalent.
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(i) Af,p is globally smaller than Af,q;
(ii) Af,p is locally smaller than Af,q;
(iii) The condition (5) holds and the function q0/p0 is increasing on I.

Proof. The implication (i)⇒(ii) is obvious.
Assume first that (ii) is valid. Then, according to Theorem 3, the equalities in (5) must be satisfied and 

the function (q2
0 |g′|)/(p2

0|f ′|) = q2
0/p

2
0 is increasing. Therefore, condition (iii) holds true.

Finally, suppose that (iii) is satisfied. Then, with g := f , we can see that the functions in (19) are 
increasing. Hence, according to Theorem 8, Af,p is globally smaller than Ag,q and assertion (i) is valid. �
Corollary 11. Let I ⊆ R+ and let f, g : I → R be differentiable functions with nonvanishing first derivatives. 
Let n ≥ 2, (λ1, . . . , λn), (μ1, . . . , μn) ∈ Rn

+ and (α1, . . . , αn), (β1, . . . , βn) ∈ Rn and define p, q : I → Rn
+ by

(9). Assume that there exist γ > 0 and δ ∈ R such that (10) is satisfied and

f(x) − f(y)
f ′(y) ≤ xδ(g(x) − g(y))

yδg′(y) (x, y ∈ I). (22)

Then Af,p is globally smaller than Ag,q.

Proof. Due to the definition of p and q by (9) and conditions (10), we have that (5) is valid. We are going 
to prove that the inequality (14) is also satisfied. First, observe that (9) and conditions (10) imply that 
q0(x) = γp0(x)xδ for all x ∈ I. Therefore, multiplying the inequality (22) by p0(x)/p0(y) side by side, we 
get

p0(x)(f(x) − f(y))
p0(y)f ′(y) ≤ γp0(x)xδ(g(x) − g(y))

γp0(y)yδg′(y)
= q0(x)(g(x) − g(y))

q0(y)g′(y)
,

which shows that the inequality (14) is satisfied. Hence, using Theorem 6, it follows that Af,p is globally 
smaller than Ag,q. �
Corollary 12. Let I ⊆ R+, n ≥ 2, (λ1, . . . , λn), (μ1, . . . , μn) ∈ Rn

+, (α1, . . . , αn), (β1, . . . , βn) ∈ Rn and 
a, b ∈ R. Define p, q : I → Rn

+ by (9) and f, g : I → R by (13). Assume that there exist γ > 0 and δ ∈ R

such that (10) is satisfied and

min(a, 0) ≤ δ + min(b, 0) and max(a, 0) ≤ δ + max(b, 0). (23)

Then Af,p is globally smaller than Ag,q.

Proof. Due to the definition of p and q by (9) and conditions (10), we have that (5) is valid. We are going 
to prove that the inequality (23) is also satisfied.

For r, s ∈ R, define

gr,s(t) :=

⎧⎪⎨
⎪⎩

tr − ts

r − s
if r �= s,

tr log(t) if r = s.

The mapping r �→ tr is convex for all t > 0. Therefore, if

min(r, s) ≤ min(u, v) and max(r, s) ≤ max(u, v),
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then

gr,s(t) ≤ gu,v(t) (t ∈ R+).

Thus, the inequalities in (23) imply that

ga,0(t) ≤ gb+δ,δ(t) (t ∈ R+). (24)

If ab �= 0, this inequality is equivalent to

ta − 1
a

≤ tδ
tb − 1

b
(t ∈ R+).

For x, y ∈ I, substitute t := x/y into this inequality. After simplifications, we obtain

xa − ya

aya−1 ≤
(x
y

)δ xb − yb

byb−1 .

This inequality, according to the definition (13) of f and g, can be rewritten as (23). In the case when 
ab = 0, a similar argument shows that (24) also implies (23).

Now, we are able to apply Corollary 11, and hence we can conclude the result. �
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