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Notations

The following list outlines various symbols that will be utilized later in
the document.

Number sets

R
Q
Z
N
St

The set of real numbers.
The set of rational numbers.
The set of integer numbers.
The set of positive integers.

The positive elements of the set S.

Notations for chapter one

Cy

on
conv,,(x)
Kn

M

Py (S)

Xw

The set of incides for which an element is n-convex.

The set of n-convex elements.

The n-convex hull of an element .

The collection of those elements which have an n-convex hull.
The set of elements that have an n-convex majorant.

The collection of all nonempty IV -invariant subsets of S.

The characteristic function of a set V.



vi

X<
X
ClA(J?)

Cly

The set of nonnegative elements of X.
The set of Archimedean elements of X .
The A-closure of the element x.

The set of all elements of X which possess an A-closure.

Notations for chapter two

Chebyshev polynomials of the first kind of order k.
Chebyshev polynomials of the second kind of order k.

The set of all real sequences indexed from the nth term to the
mth one.

The set of g-convex sequences indexed from the nth term to
the mth one.

The set of g-concave sequences indexed from the nth term to
the mth one.

The set of g-affine sequences indexed from the nth term to the
mth one.



Introduction

This dissertation consists of two distinct topics, separated into two main
chapters. The first and the second chapters are based on the papers [MP21]
and [MP22], respectively.

In chapter 1 we introduce and investigate the algebraic structures called
cornets. Our primary focus is on extending the well-regarded Radstrom
cancellation principle to these specific objects. This chapter aims to delve
into the adaptation and application of the cancellation principle within
the context of cornets. Additionally, we establish the fundamental prop-
erties of cornets, covering essential aspects such as convexity properties,
topological notions and, boundedness.

In chapter 2, we broaden the concepts of convex, concave, and affine
sequences by introducing the novel notions of g-convex, g-concave, and
g-affine sequences. This chapter not only unveils foundational results but
also highlights an unexpected correlation between these sequences and
Chebyshev polynomials. Furthermore, we present two practical applica-
tions of g-convex, g-concave, and g-affine sequences. The first involves
addressing a minimax-type problem, while the second is an application in
fixed point theory.

Lastly, unnumbered chapters within the dissertation encompass sum-
maries in both English and Hungarian, distinct bibliographies for each
chapter, collection of citations referencing the papers [MP21] and [MP22],
along with a compilation of publications validated by DEENK.






Chapter 1

An extension of the Radstrom cancellation
theorem to cornets

1.1 Introduction to the first chapter

In the theory of convex sets, a basic Cancellation Principle was discovered
by Radstrom [R52b] in 1952. The Lemma 2 of his paper states that the
inclusion

A+BCC+B

implies A C C provided that A, B, C' are nonempty subsets of a normed
space X, C'is closed and convex and B is bounded.

This lemma turned out to be a basic tool in various fields and hun-
dreds of papers have used it by now. For instance, in nonsmooth analy-
sis [BF10,BFR12a, BFR12b, CGT10, GGM 16, GM18,HN17,D15], opti-
mization theory [CKR14,JS20,K09], theory of convex sets and functions
[BS16,CZ14,DMM11,dBT11, GKKU14, GKKU15, GPPU12, GPPU18,
GPU10a,GPU16,GPU19,GP15,GP17,GPU13,GU14,VN12,VN15,115,
K14], set-valued analysis [ANR15,CT13,KPR15,LMNS14, MM 14, P09,
K19,017,P13], set-valued differential equations [AB15a, AB15b, BG09,
GSO08, PS14, M15], set-valued functional equations [BMP18, S09, S09,
M12,S13,S15-S17,S19], and iteration theory [AN16, AGMM10, SS12,
XNZ11,G12,P11], etc.

These applications motivated us to extend the above Cancellation Prin-
ciple to a more general setting in the paper [MP21] which, possibly, could
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4 1.2. Cornets and convexity properties in cornets

allow one to apply it to a broader class of problems. It turns out that
the natural setting of the Cancellation Principle is a commutative ordered
semigroup which is equipped with a multiplication by natural numbers.
These structures will be termed cornets. The most important examples for
cornets are the families of the nonempty subsets and the nonempty fuzzy
subsets of a vector space. In a cornet, one can naturally define the con-
vexity, nonnegativity, Archimedean property, boundedness, closedness of
an element. In Sections 2 and 3, we establish the basic properties related
to these notions and, finally, in Section 4, we state an abstract form of the
Cancellation Principle and also its consequences.

1.2 Cornets and convexity properties in cornets

In the next two definitions, we describe the main structure, the notion of
a cornet, that we shall investigate in the sequel.

Definition 1.2.1. [MP21].  An ordered triplet (X, +, <) is called an
ordered commutative semigroup if

(i) (X,+) is a commutative unital semigroup with a unit element 0;

(il) (X, =) is a partially ordered set, that is, < is a reflexive, antisym-
metric and transitive binary relation on X;

(ii1) Forall z,y, 2 € X with x < y, the inequality x 4+ z < y + z holds.

If the partially ordered set (X, <) is complete, i.e., every nonempty lower
bounded subset of X has a greatest lower bound, then (X, 4, <) is called
a complete ordered commutative semigroup.

A unital subsemigroup (.5, +) of an ordered commutative semigroup
(X, 4+, X) is obviously an ordered commutative subsemigroup with the
ordering restricted to S.

In a semigroup (X, +), we naturally have the multiplication by natural
numbers which is defined recursively by

l-z:=u, n+1)-z:=n-z+z (n € N).
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If the semigroup is unital, then we also define 0 - = := 0. Using induction,
one can easily prove that this multiplication obeys the following rules in
an ordered commutative semigroup (X, +, <X):

(i) Foralln,m € Nandz € X, (nm) -z =n-(m-z);
(i) Foralln e Nandz,y € X,n-(x+y)=n-z+n-y;
(iii) Foralln,m € Nandz € X, (n+m)-z=n-x+m-x;
(iv) Foralln e Nandz,y € X,ifz <y, thenn-x < n-y.
In the next definition we present the central concept of our paper.

Definition 1.2.2. [MP21]. An ordered quadruple (X, +, , <) is called

2

a cornet if (X, +, <) is an ordered commutative semigroup and “x*” is
a multiplication of the elements of X by positive integers such that the
following conditions hold:

(i) Foralln,m € Nand z € X, (nm) *xx = n * (m x x);
(ii) Foralln e Nandz,y € X,n* (z+y) =n*xz +nx*y;
(iii) Foralln,m e Nandz € X, (n+m) *z I n*xx + m* z;

(iv) Foralln € Nand z,y € X, the inequality z < y holds if and only
ifnxxr <nsxy;

W) 1xz=u;
(vi) nx0=0.

If the partially ordered set (X, <) is complete, then (X, +, %, <) is called
a complete cornet. A unital subsemigroup (.5, +) of a cornet (X, +, *, <)
which is also closed with respect to the multiplication x is called a sub-
cornet of (X, +, %, =) with the ordering restricted to .S.
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It is obvious that if (X, +) is a commutative unital semigroup such
that, for all n € N, the mapping n — n - x is injective, then (X, +, -, =)
is a cornet. The following lemma summarizes the basic properties and
connection between the two multiplication operations "-" and "x".

Lemma 1.2.3. [MP21] Let (X, +, %, =) be a cornet. Then the following
two assertions hold.

(i) Foralln,k € N, x1,... 2, € X,
n-(x;+---+ax)=n-x1+---+n-x, and
nk(ry 4+ 4 TE) =nkxx -+ Nk Ty

In particular, for alln,m € Nand rz € X,

nx(m-x)=m-(n*x). (1.1)

(ii) Foralln,ky,...,k, € Nandx € X,

(ki +--+kp) 2=k -z+---+k,-x and
(ki + - +kp)xx S kyxx+--+ k, xx.

In particular, for alln,m € Nand z € X,

(mn)xx <n-(m*x). (1.2)

Proof. We prove (i) by induction on k. If £ = 1, then the equalities hold
trivially. The k£ = 2 case follows from property (ii) of the two operations
“” and “x”. Assume that (i) holds for some k£ € N and let n € N and

Z1,...,2k+1 € X be arbitrary. Then, by property (ii) of the operation *“x
and the inductive hypothesis, we get

nx(xy 4 4+ xp+ Tp1) =nx (x4 -+ x) F 0K T

=N*T1+ -+ NKRTE+N* Ty

(X3RS

For the operation *“-”, the proof is completely similar.
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By taking k£ := m and x; := - - - = x} := x, the second equality in (i)
yields the equality (1.1).

The relations in (ii) will be proved by induction on n. Forn = 1
both of them hold with equality. For n = 2, they are consequences of
property (iii) of the two operations “-”” and “x”. Assume that (ii) holds for
some n € Nand let ky,...,k,11 € Nand x € C be arbitrary. Then, by
property (iii) of the operation “x” and the inductive hypothesis, we get

(ki bk ) w2 < (ko k) %@ 4 Ky %

=
jk1*$+---+kn*x+k‘n+1*x.

€ 9

For the operation “-”, the proof is completely similar.
By taking ky := --- = k, := m, the second inequality in (ii) yields
property (1.2). ]

For a given element x € X, the set of those numbers n for which (1.2)
holds with equality if m = 1 play a crucial role among the properties of
x.

Definition 1.2.4. [MP21]. Let (X, +, *, <) be a cornet and n € N. An
element x € X will be called n-convex if it fulfills the equality n x x =
n - x. For fixed elements x € X and n € N, we introduce the notations

C,:={n € N|zisn-convex} and C":={x € X |xisn-convex},

respectively. If C, = N, i.e., if x is n-convex for all n € N, then we say
that = is convex.

Lemma 1.2.5. [MP21] Let (X, +, %, <) be a cornet. Then the following
assertions hold:

(i) Forall x € X, the set C, is a unital multiplicative subsemigroup of
N.

(ii) The quadruple (C™, 4+, x, <) is a subcornet of (X, +, *, <) for all
n € N.
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Proof. Let x € X be fixed. Itis clear that 1 € C,. Let n,m € C, be
arbitrary. Then, by property (i) of the two multiplication operations, by
the n- and m-convexity of x and by (1.2), we have that

(mn)xx=mx*(n*x)=mx(n-x)

=n-(mx*xz)=n-(m-z)=(nm)-x.

This shows that x is also (mn)-convex, i.e., mn € C,.

For the second assertion, let n € N be fixed and x,y € C". Using
property (ii) of the two multiplication operations and the n-convexity of
x and y, we have

nk(r+y)=nxr+nxy=n-z+n-y=n-(r+y),

therefore, = + v is also n-convex.
If z € C™" and m € N, then

n* (m*x)=(nm)xxz = (mn)*x

=mx(n*xz)=mx*(n-z)=n-(mx*x),
which proves that m * x is n-convex. [l

In what follows, we define the n-convex hull of elements in a cornet
(X7 —"_7 *7 j)'

Definition 1.2.6. [MP21]. Letn € N, (X,+,%,=<) and x € X. The
n-convex hull of x, denoted as conv, (x), is an element y € C™ such that
x <y and, whenever z < z € C", theny < z.

In general, the n-convex hull of an element may not exist, but if it
exists, then it is unique. In order to formulate conditions which are suf-
ficient for the existence, we say that the *-multiplication in a complete
cornet (X, +, x, X) is n-continuous (with respect to the ordering "=<") if,
for all nonempty lower bounded subsets H C X, we have

inf(n* H) = n*inf(H).
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Proposition 1.2.7. [MP21] Let n € N and let (X, +, %, %) be a complete
cornet in which the x-multiplication is n-continuous. Then (C™,+, %, <)
is a complete subcornet of the cornet (X, +, x, X). Furthermore, for every
element v € X, x admits an n-convex hull if and only if it has an n-convex
majorant.

Proof. Let H C C™ be a lower bounded subset and denote z := inf(H).
Then, forall h € H,

n-xr=n-h=nxh,

hence
n-x Xinf(nx H) =nxinf(H) = n*x.

The reversed inequality is a consequence of (1.2) with m = 1, hence
n -x = n * 2z holds, which shows that x is also n-convex. This proves that
(C™, <) is a complete partially ordered set.

To prove the last assertion, let z € X be arbitrary. If x has an n-
convex hull, then it also has an n-convex majorant. Conversely, if x ad-
mits an n-convex majorant, then the set

H={eC" |z =z}

is nonempty and lower bounded. According to the first part, the infimum
u of H belongs to C™, that is, u is n-convex. It is clear that u is the
n-convex hull of z. O

In a cornet (X, +,*, =), let K™ denote the collection of those ele-
ments which have an n-convex hull and let A" denote the set of those
elements that have an n-convex majorant. Obviously, we have C" C
K™ C M™. Using this terminology, the previous proposition asserts that
if (X, +,x*, =) is a complete cornet in which the x-multiplication is n-
continuous, then K™ = M™".

Proposition 1.2.8. [MP21] Let (X, +, %, =) be a cornet and let n € N.
Then we have the following assertions.
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(i) If v € K", then conv,(z) € C™ and x < conv,(z). Furthermore,
conv, : K™ — C™ is a monotone mapping whose set of fixed points
is equal to C". In addition,

conv,(x + y) = conv,(x) + conv,(y) ife,y,r+ye K",

conv,, (m * x) < m * conv,(z) ifr,m*xe K"

(1.3)
(ii) (M"™ +,x, =) is a subcornet of (X, +, *, =).

Proof.

(i) For an arbitrary = € K", the inclusion conv,(x) € C™ and the in-
equality x < conv, (z) are consequences of the definition of the n-convex
hull. If z € C™, then the smallest n-convex element which is nonsmaller
than z is equal to x, that is, z = conv,(x). Conversely, if x = conv,,(x),
then conv,(z) € C™ implies that x must be in C". To see that conv,
is monotone, let x,y € K" with z < y. Then z < conv,(y), which
yields that conv,,(z) < conv,(y). If z,y, x + y € K", then the inequal-
ities z < conv,(z) and y < conv,(y) imply that z + y < conv,(z) +
conv, (y) € C™. This proves the first inequality in (1.3). If z, m*z € K™,
then the inequality x < conv,,(z) yields that mx < m=*conv,(z) € C™.
This shows the second inequality in (1.3).

(i) Let x,y € M™". Then there exist u,v € C™ such that x < u
and y = v. Thus yields that x + y =< v + v € C", which proves that
r+y € M" If x € M™ and m € N. Then there exist u € C™ such
that x =< w. This implies m * x < m x u € C", which shows that
mxx € M™. [

To illustrate the rich applicability of the above concepts, we provide
the most basic examples for cornets in the subsequent three propositions.
For these definitions, we introduce the notion of wedge in abelian group
setting.

Definition 1.2.9. [MP21]. If (G, +) is an abelian semigroup and n € N,
then for a subset S C (G, define

n(S):={reG|n xS}
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A subsemigroup S of the group (G, +) is said to be n-divisible if, for all
x € S, the set n~1({z}) N S is nonempty. If this set is a singleton, then
S is called uniquely n-divisible and its unique element will be denoted by

In a unital abelian semigroup G, a subset W C (G is called a wedge if
the following properties are satisfied:

(i) W is a unital subsemigroup of G.
(1) If u,v € W suchthat u +v =0, thenu = v = 0.
(iii) For all n € N, the inverse image n~' (W) is contained in W.

In terms of a wedge W C G, we can define a partial order <y in the
following way: For x,y € G, we say that x <y yify € x + W. It
immediately follows that <y is a reflexive, and transitive relation on G.
If, in addition, G is cancellative (which is always the case if G is group),
then <y is antisymmetric and hence it is a partial order on G.

Proposition 1.2.10. [MP21] Let (G, +) be an abelian group and let W C
G be a wedge. Then, for a subsemigroup S of G containing W, the
quadruple (S, +, -, <w ) is a cornet in which every element is n-convex for
all n € N. In particular, by taking W := {0}, it follows that (G, +, -, =)
is a cornet.

Proof. The properties (i), (ii), (iii) of Definition 1.2.2 can easily be veri-
fied by induction, moreover, (iii) holds with equality. Thus, it suffices to
show that property (iv) is also valid.

Letn € Nand z,y € S be arbitrary. Assume first that x <y, y holds.
Then y € x + W. The set W is a subsemigroup, therefore, y € x + W
implies thatn-y € n-x4+n-W C n-x+W, which yields that n-xz <y n-y.
On the other hand, if n - x <y n -y holds, then n - (y — z) € W,
consequently y — z € n~}(WW). By condition (iii) of Definition 1.2.9, it
follows that y — z € W must be valid and hence = <y v.

The operation - being the cornet-multiplication implies that every ele-
ment of S is n-convex for all n € N. [



12 1.2. Cornets and convexity properties in cornets

Proposition 1.2.11. [MP21] Let (G, +) be an abelian group, W be a
wedge and let S be a subsemigroup of G containing W. Let Py (S) de-
note the collection of all nonempty W -invariant subsets A of S, which
means that A+ W C A holds. Define the operations + and * by:

A+B:={a+bla€ A be B} (A, B € Py(9)),
nxA={n-a+wlacAweW} (Ae€ Py(S),neN).
(1.4)
Then (Py(S),+,*,<) is a complete cornet with the unit element W.
Furthermore, the mapping

ox) =+ W (x €9) (1.5)

is an injective order reversing homomorphic mapping of (S,+,-, 2w)
into the cornet (Py(S),+,*,C). In addition, if n € N and W is n-
divisible, then A € Py (S) is n-convex if and only if, for all x1, . .., x, €
A, we have

nH{xi ) NAZD. (1.6)

Proof. f A, B € Py (S),then A+ B C S+SC Sand (A+B)+W =
A+ (B+ W) C A+ B, which show that A + B € Py/(S). Therefore,
Py (S) is an abelian semigroup with the addition defined in (1.4). Clearly,
for A € Py (S), the property 0 € W implies A C A+ W C A, which
proves that W is the unit element of the semigroup (P (.S), +).

The inclusion of sets is trivially a partial order on Py (.S) and the
implication A C B = A+ C C B + ('is also obvious for A, B,C €
Py (S). Therefore, (P (S), +, C) is an ordered abelian semigroup.

First observe that the definition of the multiplication operation * is
correct, i.e., nx A € Py (S) foralln € Nand A € Py (95).

To see that property (i) holds, let n,m € Nand A € Py (5). First, let
u € (nm) % A. Then there exist elements a € A and w € W such that
u = (nm) - a + w. We have that m - a € m *x A. Therefore,

u=n-(m-a)+wCnx(msxA).

This proves that (nm)* A C n*(mx* A). To verify the reversed inclusion,
let u € n % (m x A). Then there exist b € m * A and w € W such that
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u = n -b+ w. Similarly, there exist a € A and z € W such that
b =m - a + z. Combining these equalities, we get that

u=n-(m-a+z2)+w=nm)-a+ (n-z+w)e€ (nm)x A,

which completes the proof of the reversed inclusion nx(mx+A) C (nm)xA
and property (i) of Definition 1.2.2.

The verification of property (ii) of Definition 1.2.2 is similar, and
therefore it is left to the reader.

To show that (iii) of Definition 1.2.2 holds, let n,m € N and A €
Pw(S) and w € (n + m) * A. Then there exist a € A and w € W such
thatu = (n+m)-a+w =n-a+(m-a+w) € nx A+m= A. Therefore,
m+m)*xACnxA+mxA.

For the proof of property (iv) of Definition 1.2.2,letn € N, A, B €
Py (S). If A C B holds, then the inclusion n x A C n * B is obvious.
Conversely, assume that n * A C n % B holds. Then, for an arbitrary
a € A,wegetthatn-a € nx A C nx B, therefore, there exist b € B and
w € W such that n - a = n - b+ w. This yields thatn - (a — b) € W, i.e.,
a—b € n~(W). Now the condition (iii) of Definition 1.2.9 gives that
a — b € W, which proves thata = b+ w € B.

The properties (v) and (vi) of Definition 1.2.2 can easily be seen.

We verify now the completeness of (P (S), +, %, C). Let A := {A, |
~ € I'} be a nonempty and lower bounded family of elements of Py (.5).
Define A C Sby A :=[) ~er Ay. Then A is nonempty by the existence of
a lower bound for the family A. We show that A also belongs to Py (.S).
Indeed, if v € A + W, then there exists a € A and w € W such that
u = a + w. We have that a € A, for all v € T, therefore, u = a +
we A, +W C A, forall y € I'. This proves u + w € A showing
that A+ W C A holds. Thus, A € Py /(S) is valid. Clearly, A is
the greatest lower bound for A in Py (S), and hence (Py (S5),C) is a
complete partially ordered set.

Now consider the mapping ¢ defined by (1.5). For z € S, we have
that p(z) = o+ W C Sand p(z) + W =2+ W +W C x+ W,
which show that p(x) is in Py (S). If, for some =,y € S, the equality
o(x) = ¢(y) holds, then = + W = y + W, which yields that z € y + W



14 1.2. Cornets and convexity properties in cornets

and y € x + W. Therefore, z —y € W N (—=W) = {0}, showing that
x =y, which proves the injectivity of ¢.

The structure preserving properties are easily seen from the following
identities.

plety)=c+y+W=>@+W)+ Y+ W)=pl)+ey),
on-x)=n-z+W=n-(z+W)+W=n-p(x)+ W =nxpx).

To see that ¢ is also order reversing, observe that the following inequali-
ties of inclusions are pairwise equivalent:

twy S ycr+W s y+WCa+W & p(y) C o).

Therefore, ¢ is an order reversing and homomorphic embedding of the
quadruple (S, +, -, =y ) into (P (S), +, %, C).

Finally, let n € N, A € Py(S) and assume that W is n-divisible.
First suppose that A is n-convex. Let x1, ..., x, € A be arbitrary. Then

I1+...+xnen.Agn*A:{n-a+w|a€A,w€W}.

Therefore, there exista € Aand w € W suchthatz;+- - -+x,, = n-a+w.
By the n-divisibility of W, n=*({w}) N W is nonempty, therefore, w =
n - v for some v € W. On the other hand, a + v € A+ W C A, thus
at+ven {4+ +x,})NA

To prove the converse, assume that (1.6) is valid for all x4, ..., 2, €
A. To prove that A is n-convex, it is sufficient to show that n- A C nx A.
Let z € n - A. This means that there exist x1,...,z, € A such that
r=x1+--+x, By(1.6), forsomea € A, we have that x1+- - -+ 1z, =
n-a € nx A. Thus x € n x A, which was to be proved. O

Proposition 1.2.12. [MP21] Let (G, +) be an abelian group, W be a
wedge and let S be a uniquely divisible subsemigroup of G which contains
W. Let, for p €]0, 1],

FE(S):={f:S—10,1] | sup f > p and f is W-nondecreasing}
(1.7)
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and define the addition and the scalar multiplication in F{,(S) by

(f @ g)(x) = sup min (f(u),g(v)), (no® f)x)=f(>
v ihucd ( ) <”> (1.8)

(f,g € F(S), v € 5, neN).

Finally, let < denote the pointwise ordering in F};,(S). Then the quadru-
ple (F1,(S), ®, ®, <) is a complete cornet whose unit element is the char-
acteristic function of the wedge W. Furthermore, the mapping

O(A)i=xa (A€ Pw(S)) (1.9)

is an injective cornet-preserving mapping of (P (S),+,x, C) into the
quadruple (F},(S),®, ®, <). In addition, a function f € F4,(S) is n-
convex if and only if it is n-quasiconcave, i.e., forall x, ... x, € S,

xl—i—---—i—xn)
—)

min(f(z1), ... f(2) < f( (1.10)

Proof. Let p €]0, 1]. First we show that F}},(.5) is closed under the oper-
ation @. To see this, let f,g : S — [0, 1] be W-nondecreasing functions
with sup f,supg > p. If x € S and w € W, then

(fog)(r+w) = sup  min (f(u),g(v))

> sup min (f(u), g(¢' + )
u,v’' €S
u+v'=x

> usi}gs min (f(u), g(v")) = (f ® g)(z),

which shows that f & g is also I/ -nondecreasing. Let < p be arbitrary.
Then there exist ug, vy € S such that f(ug) > n and g(vg) > n hold.
Then we have (f @ g)(uo + vo) > min (f(uo), g(vo)) > 7, proving that
sup(f @®g) > n. Taking the limit ) — p, this implies that f ©g € F};(5).
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The commutativity of the operation & is a consequence of the com-
mutativity of the group operation + in GG. To verify the associativity, let
f,9,h € F},,(S). Then, forall z € S,

(f®g) @ h)(x) = sup min ((f D g)(u),h(v))

u,WES
utv=x

= sup min( sup min (f(ng(t)),h(v)))
u,vES s,teS
utv=x s+t=u

= sup sup min (min (f(s), g(t)), h(v)))
u,vES s,tes

utv=x s+t=u

= sup min (f(s),g(t), h(v)).

s,t,veS
st+t+v=x

A similar argument shows that

(f®(g@h))(x) = sup min(f(u),g(s),h(t)),

u,s,tes
u+ts+t=x
which results the desired equality ((f ® g) ® h)(z) = (f ® (g ® h))(z).
To see that the characteristic function yy, of WV is a unital element of
the semigroup F}j,(S), observe that xy is a W-nondecreasing function
and, forallxz € S,

(f® xw)(x) = sup min (f(u),XW(v))

u,WES
utv=x
= sup f(u) < sup flutv)= f(z).
ueS, veW ueS, veW
U+v=x u+v=x

On the other hand, by taking v = 0, we can see that the inequality

fle) < s fw)
s

holds, which finally implies the equality (f & xw)(z) = f(z).
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It is obvious that (F}},(.S), <) is a partially ordered set. We prove that
the operation & is monotone with respect to the ordering <. Indeed, if
f,9,h € Fj,,(S)and g < hon S, then, forall z € S,

(f®g)(z) = sup min (f(u),g(v))

< usvueps min (f(u), h(v)) = (f ® h)(z).

So far we have shown that (F},(S),®, <) is an ordered commutative
semigroup. In the rest of the proof, we prove that, this structure with
the operation ® forms a cornet.

First we show that n ® f € F};,(S) whenever n € Nand f € F};,(S5).
Indeed,

sup(n © f)() = sup (=) = sup f (*2) = sup 1) > p.

z€S z€S n yeS n yeS

which proves that sup(n ® f) > p. On the other hand, if x <y v,
then Z <y, £. By the I¥-nondecreasingness of f, this implies f(%) <
f(2), thatis, (n ® f)(z) < n©® f)(y). Therefore, (n ® f) is also W-
nondecreasing.

For property (i) of Definition 1.2.2, let n,mm € N and f € F},(S5).
Then, forall x € S,

() © @) = f(=) = F(F)
=mof)(2)=mome i),

which shows the expected identity (nm) ® f =n©® (m ® f).
For property (ii) of Definition 1.2.2, let n € N and f,g € F};,(S5).
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Then, for all z € S,
(no(fe )@ =(feg(>)

n

= sup min (f(u),g(v))
u,vES
utv="7
/ /
= sup_min (£(3).9(3))
u' v'eS n n
u +v'=x
= sup min ((n® f)(«), (n© g)(v))
u' v'es
u +v'=x

=((nofl)®hog) (),
which proves the equality n © (f @ g) = (n® ) ® (n ® g).
For property (iii) of Definition 1.2.2, let n,m € Nand f € FJ;,(S).
Then, for all z € S,
x
((n+m)© f)a) = f(——)

n+m

< i (1(2).1(2)

— (nof)® (m o @),

which shows the desired inequality (n +m)® f < (n® f) & (m © f).
For property (iv) of Definition 1.2.2, let n € N and f,g € Fj,(S5)
with f < g. Then, for all z € S,

mofHe) =1(5) <9(5) = mog@).

which yieldsthatn ® f <n ©®g.

The property (v), which is the equality 1 © f = f, is obvious. The
equality n ® xw = xw easily follows from the equivalence of the inclu-
sions = € W and x € WW. Thus property (vi) of Definition 1.2.2 is also
satisfied.
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We now show that (F7;,(5), <) is a complete partially ordered set. Let
F :={f, | v € I'} be a family of elements in F}},(.S) bounded from below
by g € F};,(S). Define f: S — [0,1] by f: = inf.er f,. We prove that
[ is also a member of F}},(S). By the inequality g < f., it follows that
g < fandhence p <supg < f. Letx,y € S with x <y v, that is, with
y —x € W. Then, for all v € I' the W-nondecreasingness of f, gives
fy(z) < f,(y). Taking the infimum with respect to v € I" side by side, it
follows that f(x) < f(y), which proves that f is also ¥ -nondecreasing
and hence [ € FJ;,(S). Clearly, f is the infimum of the family F and this
shows that (F(S), <) is a complete partially ordered set.

We verify that the map ® defined by (1.9) is an injective cornet-
preserving mapping of (Py/(S), +, *, C) into (Fy,(S), ®, ®, <). Clearly,
if A € Py(9), then ®(a) = x4 is W-nondecreasing and sup ®(A) =
sup xa = 1, which shows that ®(A) € F},(S). The injectivity of ® is
obvious. To prove that ® preserves the addition, let A, B € Py, (S). Then,
for x € 5, it is easy to see that

sup min(xa(u), xp(v)) =1
u,ve
u+v=x

if and only if there exist u € A, v € B such that x = u + v, that is, if
x € A+ B. This proves that, forall z € S,

(xa ® xB)(z) = US})IEPS min(xa(u), xa(v)) = xa+8(7).

As a consequence of this equality, it follows that (A + B) = &(A) &
o(B).
Let A, B € Py (S) and n € N. It is clear that

{n-alaec A} CnxA={n-a+w|ac€ A weW}. (1.11)

In fact, this inclusion is an equality. To see this, let z € .S be of the form
x =n-a+ wforsome a € Aand w € W. Then, by the divisibility
of W, we have that w/n € W. Thus, the W-invariance of A yields that
a' = a+ (w/n) € A and hence z is of the form n - ' for some element
a’ € A, which shows that it belongs to the left hand side set in (1.11).
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Using the equality (1.11), for x € .S, we have
x
XnxA(T) = XA(E) =n O xa(z),

which proves the equality ®(n x A) = n © ®(A).

If A,B € Py(S) with A C B, then x4(z) < xp(x) holds for all
x € S, which shows that ®(A) < ®(B), that is, ¢ preserves the ordering
as well.

To prove the last assertion of the proposition, assume that f € Fyy (.5)
is an n-convex element. Let x1, ..., x, € S. By the n-convexity of f, we
have thatn - f <n ® f, thatis, forall z € .S,

sup g mln(f(ul)aaf(un)):(f®@f)(aj)

<o N =f().

n
By taking z := 1 + - -+ + x,,, with uy 1= x1,...,u, = z,, it follows
that (1.10) holds. The proof of the reversed implication is analogous. []

1.3 Topological notions and boundedness in cornets

In a natural way, we can introduce the notions of nonnegative and Archi-
medean elements in a cornet with the following definition.

Definition 1.3.1. [MP21]. In a cornet (X, +,*, <) an element x €
X is said to be nonnegative if 0 < x holds. The element x is called
Archimedean, denoted by 0 < =z, if, for all u € X, there exists nyp € N
such that 0 < u + n x z for all ng < n. The set of all nonnegative and
Archimedean elements in X will be denoted by X< and X_, respectively.

The properties of nonnegative and Archimedean elements are estab-
lished in the following assertion.

Proposition 1.3.2. [MP21] Let (X,+,*,=) be a cornet. Then X~ is
contained in X< and
X+ X< CXo. (1.12)

In addition, X and X< are subcornets of (X, +, *, X).
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Proof. To show that X, C X<, let x € X_. Then, there exists ng € N
such that 0 < ng*x. Therefore, ny*0 < ng*x, which implies that 0 < x,
i.e., T € Xj.

Letz € X and y € X<. Then, for any u € X, there exists ng € N
such that 0 =< u+nx*x for all ny < n. On the other hand, 0 = nx0 <X nxy,
therefore 0 < u + n * (z + y) holds for all ng < n, which implies that
x + y is Archimedean and proves the inclusion (1.12).

If x and y are nonnegative elements, then by the axioms of cornets,
0 =y =0+y = 2+ y, which shows that X< is closed under addition.
Similarly, if € X< and m € N, then 0 = m*0 < m*x proving that X<
is closed under *-multiplication and hence (X<, +, *, =) is a subcornet of
(X, +, %, X).

By (1.12) we have that X_ + X C X_ + X< C X_, which shows
that X is closed under addition. To prove that X is also closed under
+-multiplication, let x € X_ and m € N and let u € X be arbitrary. Then
there exists ng € N such that 0 < v 4 n * x for all n > ny. In particular,
we have that 0 < u + (km) * 2 = u + k * (m * z) for all £ > "¢, which
shows that m * x is also Archimedean. Hence, (X<, +, %, <) is also a
subcornet of (X, +, x, <) ]

In what follows, we introduce the notions of continuity of the ad-
dition, boundedness and closedness with respect to a subsemigroup of
Archimedean elements. For comparison, we recall first the standard topo-
logical concepts for abelian groups.

Definition 1.3.3. [MP21]. If (G, +) is an abelian group and 7 is a Haus-
dorff topology on G, then we say that (G, T, +) is a topological group if
the (z,y) — = —y is a continuous map of G X G'into G. A subset U C GG
is said to be convex if, for all n € N,

We say that G is locally convex if every neighborhood of 0 contains a
convex neighborhood of 0. A subset H C (' is said to be topologically
bounded if, for all neighborhood U of 0, there exists n € N such that
HC{uy+-4u, | up,...,u, € U}
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Definition 1.3.4. [MP21]. Let (X, +,*, <) be a cornet and let A be a
subsemigroup of X .. We say that the addition is A-continuous if, for all
a € A, there exists b € A such that b + b < a holds.

Lemma 1.3.5. [MP21] Let (X, +, *, <) be a cornet, let A be a subsemi-
group of X~ and assume that the addition is A-continuous. Then the
7 -multiplication and the x-multiplication are A-continuous, that is, for
alla € Aandn € N, there exists b € A suchthatn-b X aandnxb < q,
respectively.

Proof. Let a € A. By the continuity of addition there exists a; € A such
that a; + a1 =< a, or in other words 2 - a; < a. Applying the continuity
of addition again for a; € A, we get that there exists ay € A such that
2 - ay = ap, which implies that 4 - as < a. Continuing this process,
we can construct a sequence a, € A such that 2% - a; < a holds for
all k € N. Now let n € N and choose £ € N so that n < 2*. Then
n-ap =mn-a,+ (2 —-n)-0 < 2¥.a, < a. Thus, n-b =< a holds
with b := a. The inequality n * b < n - b implies that n x b < a is also
valid. O

Definition 1.3.6. [MP21]. Let (X, +, %, <) be a cornet and let A be a
subsemigroup of X . We say that an element = € X is A-bounded if, for
all a € A, there exists ng € N such that x < n * a for all n > ny.

Proposition 1.3.7. [MP21] Let (X,+,*, =) be a cornet and let A be
a subsemigroup of X~ such that the addition is A-continuous. Then the
A-bounded elements form a subcornet of (X, +, *, <).

Proof. Let x,y be A-bounded elements of X and let a € A be arbitrary.
Since X is A-topological therefore there exists b € A such that b+ b < a.
Using the A-boundedness property of x,y, there exist kg, mg € N such
that

v <kxb  ifk >k,

y=m=xb if m > my.
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Thus,

r=<n%*b if n > max(ko, mo),

y=nx*b if n > max(ko, mo).
Adding the above inequalities side by side, we get
r4+y=<nx*x(b+b) Inxkxa if n > max(ko, mo),

which proves that the set of A-bounded elements is closed under addition.

To prove that the set of A-bounded elements is closed under the *-
multiplication, let + € X be A-bounded, m € N and a € A. Then,
there exist b € A such that m * b < a. Then there exists ng € N such
that x < n * b holds for all n > ny. Using the monotonicity property of
«-multiplication, for all n > ny, it follows that m * x < m % (n % b) =
(mn) xn = n* (m*b) < n«*a. This shows that the set of A-bounded
elements is closed under the *-multiplication and proves that A-bounded
elements form a subcornet of (X, +, x, <). []

Definition 1.3.8. [MP21]. Let (X, +, %, <) be a cornet and let A be a
subsemigroup of X_. Given an element z € X, we say thaty € X is
the A-closure of z if y < x + a holds for all a € A and, y is the largest
element of X with is property, i.e., if z < x + a holds for all @ € A, then
z = y. Itis clear that the A-closure of an element, if exists, is unique and
is denoted by clu (). An element x is called A-closed if x = cly(x). The
set of all elements of X which possess an A-closure will be denoted by

Cly.

Proposition 1.3.9. [MP21] Let (X, +, *, <) be a cornet and let A be a
subsemigroup of X~ such that X is A-topological. Then we have the
following assertions.

(i) If x € Cly, then x < cly(z).
(ii) If x,y € Cly and x =y, then cly(x) = cla(y).

(iii) If x € Cly, then cly(z) € Cly and cly(z) = cly(cly(z)).
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(iv) If v € Clyand x <y = cla(x), theny € Cly and cly(y) = cly(z).

(v) If z,y € Cly with x + y € Cly, then cly(x) + clu(y) € Cly and
cla(cla(x) + cla(y)) = cla(z + y).

(vi) If v € Cly, n € Nandn - x € Cly, then n - cly(x) € Cly and
cla(n - cly(x)) = cly(n - z).

(vii) If v € Cly, n € Nand n * v € Cly, then n x cly(x) € Cly and
cla(n * cly(z)) = cla(n * x).

(viii) If x € Cly is A-bounded, then cl,(x) is also A-bounded.

(ix) If n € N, z € Cly is n-convex, n x v € Cly and n * cly(z) is
A-closed, then cly(z) is also n-convex.

Proof.

(i) Let x € Cly. Clearly =< x + a holds for all a € A. This implies
that © < cly(z).

(ii) Let =,y € Cly such that z < y. By using the definition of A-
closure, for all a € A, we have that

ca(z) 2z +a=y+a,

which implies that cly (z) =< cla(y).

(iii) Let z € Cl,. We need to show that y = cl,(z) is A-closed. The
inequality y < y + a is trivial for all « € A. Assume that z < y + a holds
forall a € A. Letb € A be arbitrary. By the A-continuity of the addition,
there exist a, c € A such that a + ¢ < b. We have that y < = + ¢, hence,

z=y+a=(r+c)+a=x+0b.

Since b was arbitrary, this implies that z < cl,(z) = y, which shows that
y is the A-closure of itself.

(iv) Let z € Cly and x < y =< cla(x). We need to show that cly(x) is
the A-closure of .

On one hand, for all a € A, we have cly(z) < x+a <y + a. On
the other hand, assume that z € X satisfies 2 < y 4+ a for all a € A.
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Then z < cly(x) 4 a for all a € A, which, by property (iii) implies that
z < cly(z). This shows that cly () is the A-closure of y.

(v) Let 2,y € X be arbitrary. First we show that cly(x) 4 cly(y) <
x + y + a holds for all a € A. Indeed, if a € A, then there exist b,c € A
such that b + ¢ = a and we get

ca(x) +caly) < (@+b)+ (y+c) 2z +y+a.

This inequality and property (i) imply that = + y =< cly(z) + cla(y) =
cla(z + y). Applying properties (iii) and (iv), it follows that cly(z) +
cla(y) € Cly and cla(cla(x) + cla(y)) = cla(x + y), which was to be
proved.

(vi) Let x € Clg, n € Nwithn -z € Cly. First we show that
n-cly(r) < n-x+ aholds for all a € A. Indeed, if a € A, then there
exist b € A such that n - b < a. Therefore, the inequality cls(x) <z + b
implies that

n-cla(z) n-(x+b)=n-z+n-b<n-z+a.

In view of property (i) and this inequality, we get that n -z < n-cly(z) =<
cla(n-x). Applying properties (iii) and (iv), it follows that n-cly (z) € Cly
and cla(n - cly(z)) = cla(n - z), which yields the statement.

(vii) Let z € Cly, n € N with n x x € Cly. First we show that
n*cly(xz) < n*x+ aholds for all a € A. Indeed, if a € A, then there
exist b € A such that n x b < a. Therefore, the inequality cly(z) <z +b
implies that

nxcly(x) <n*x(x+b)=nxx+nxb<nxz+a.

In view of property (i) and this inequality, we get that nxz < nxcly(z) <
cla(n = ). Applying properties (iii) and (iv), it follows that n * cl4(z) €
Cly and cly(n * clg(x)) = cla(n * ), which yields the statement.

(viii) Let x € X be an A-bounded element and let a € A be arbitrary.
Then, for some b, ¢ € A, we have that b + ¢ < a. By the A-boundedness
of x, there exists nyg € N such that z < n % b holds for all n > ng. On the
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other hand, ¢ € X, hence n * ¢ € X for all n € N. Consequently, for
all n > ng, we have that

cy(z) x4+ nxcInkxb+nxc=nx(b+c) In*a,

which shows that cl4 () is also an A-bounded element of X.

(ix) Let 2 € X be n-convex such that n * z € Cly and n * cly(z) is
A-closed. Then, the equality n - x = n x x yields that n - © € Cly and
properties (i), (ii), (v) and (vi), (vii) imply that

n-cla(z) S cla(n-cly(z)) =cla(n-x) = cla(nxx) = cla(n * cla(z)).
Using that n * cly(z) is A-closed, this inequality implies n - cly(z)

nxclg(x). The reversed inequality holds automatically, hence n-cly (z)
n * cly (), which proves the n-convexity of ¢l ().

IR

In what follows, we investigate the connection among the notions of
boundedness, closedness and convexity.

In the subsequent propositions, we consider the cornets that were in-
troduced in Proposition 1.2.10, 1.2.11, 2.3.4 and we determine all bounded,
closed and Archimedean elements in these structures.

Proposition 1.3.10. [MP21] Let (G, +) be a topological abelian group
such that there is no proper open subgroup of G. Let W C G be a wedge
with W° # () and let S be a subsemigroup of G containing W. Then we
have the following claims:

(i) In the cornet (S,+,-, <w) the set of nonnegative elements equals
w.

(ii) The set W° is a subsemigroup of the Archimedean elements.
(iii) Every element of S is W °-bounded.

(iv) If, in addition, G is locally convex and W is topologically closed
and W° = W?° + W¢, then every element of S is also W °-closed.
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Proof. (i) The nonnegativity of an element z € S with respect to the
ordering <y, by definition, means that + = x — 0 € W. This proves that
W equals the set of nonnegative elements.

(i1)) We have that W° +W° C W + W C W and W° + W° is also
open, therefore, W° + WW° C W° showing that ° is a subsemigroup of
G.

To show that every element of WW° is Archimedean, let x € TW° be
arbitrary and define

T,=JW°—n-2)n(n-z—W°). (1.13)

neN

We show that 7}, is an open subgroup of GG. The opennes of 7}, is obvious.
Let y, z € T,.. Then there exist n,m € N and vy, v9, w1, wy € W° such
that

Y=V —N-T="n-T— Uy, Z=wW;—Mm-T=m- T — Wy.
Therefore,
y—z=(w+wy)—(n+m)-z=Mnm+m) z— (vo+wy),
and hence
y—zeW°—=(mn+m)-z)Nn((n+m)-x—W°) CT,,

which proves that T, is an open subgroup of GG. Thus, T}, cannot be proper,
in other words, T), = G.

Let u € S be arbitrary. Then S C T, implies that there exists ng € N
such thatu € W° —mng-z. If n > ng, then (n —ng) -z € (n—ngp) - W° C
We. Therefore,

ut+n-r=u+ng-x+(n—mng)-z
e(W°—mng-z)+ng-x+W°CW°CW,

i.e., 0 = u+n-z, which proves that any element of 1//° is Archimedean.
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(ii1) Now we are going to show that every element of S is 11/ °-bounded.
Let u € S be fixed and x € W*° be arbitrary. As we have seen above, the
set T, defined by (1.13), covers S, therefore, there exists ny € N such that
u€mng-x— W Ifn > ng, then (n —ng) - € (n—ng) - W C We.
Thus,

n-x—u=Mm-—ng)-x+ng-r—ueW +W°CW°CW,

which shows that © <y n - z holds for all n > ng. This proves that u is
W°-bounded.

(iv) Finally, assume that W is topologically closed. We are going to
verify that every element u of S is WW°-closed, that is, u is the greatest
lower bound of the set {u + = | z € W°}. It is clear that u is a lower
bound. Assume that v € S is a lower bound for {u + z | x € W°}, that
is,u—v+x € W holds forall x € W°. Letx € W° be fixed and n € N.

Assume that W° = W° 4+ W*°. Then

We=Ax1+-+x, | x1,...,2, € W}

Therefore, there exist x1,...,x, € W°suchthatx = 21+ - - -+ x,,. This
implies that

n-(u—v)+x=@w—-v+z)+ - +u—v+mz,) €W

If u—v & W,thenu—v € G\ W. Then there exists an open convex
and symmetric neighborhood of 0 such that u —v+U C G\ W. Consider
the set S defined by

= U{yl+"'+yn|y1,...,yneU},
n=1

Then S is an open subgroup of GG, hence S = G, which yields that x € S.
This implies that, for some n € N and v, ...,y, € U the equality x =
Y1 + - -+ + y, holds. By the convexity of U, it follows that there exists
y € U, such that x = n - y. Thus

n-(u—v+y)=n-(u—v)+zewW,
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which yields that u — v +y € W contradictingu —v+y cu—v+U C
G \ W. This contradiction shows that u — v € T must be valid, i.e.,
v <w u holds. ]

Proposition 1.3.11. [MP21] Let (G,+) be a topological abelian group
such that there is no proper open subgroup of G. Let W be a wedge and let
S be a subsemigroup of G containing W. Let Py (.S) denote the collection
of all nonempty W -invariant subsets of S. Define the operations + and *
by (1.4). Then the following statements hold:

(i) The set of nonnegative elements of the cornet (Py (S), +, *, C) con-
sists of those W -invariant subsets of S that contain O (which denotes
the neutral element of G).

(ii) The collection A of those W -invariant subsets which contain an
open convex neighborhood C' € Py (S) of 0 is a subsemigroup of
the Archimedean elements.

(iii) An element of Py (S) is A-bounded if it is the sum of a topologically
bounded subset of S and W .

(iv) If, in addition, G is locally convex, then any topologically closed el-
ement of Py (S) is also A-closed and the addition is A-continuous.

Proof. (i) The unit element of (P (S), +, %, C) is the set W. Now, an el-
ement A € Py (S) is nonnegative if W C A. This inclusion is equivalent
to the condition 0 € A because A is WW-invariant.

(ii) Let A, B € A. Then there exist open convex sets C, D € Py (.S)
suchthat 0 € C C Aand 0 € D C B, Then, by Lemma 1.2.5, the
set C' + D is convex and also open, furthermore 0 € C'+ D C A + B.
Therefore, A + B € A, which proves that (A, +) is a semigroup.

To prove that the elements of A are Archimedean, let A € A. Then
there exists an open and convex C' € Py (.S) suchthat 0 € C' C A. Define

To = J(nxC)n(—nxC). (1.14)

neN
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We prove that T is a subgroup of GG. Let z,y € 1. Then there there
existn, m € Nsuchthatz € (nxC)N(—n*xC)andy € (m*xC)N(—mx*
(). Using the definition of the * multiplication, it follows that there exist
ai,as, by, by € C and vy, vo, wy, ws € W such that

T=n-a1+v=-—Nn-a — Vs, y=m- by +w; = —m-by — ws.

By the (n + m)-convexity of C, it follows that here exist ¢;, co € C and
uy, ug € W such that

n-a+m-by=(n+m)-c +u,
n-ag+m-by = (n+m)-co+ us.
Then
+(U1+w2)
Cn+m)-cs+u+WC (n+m)=C,
y—x=(n-ay+m-by)+ (v2 + wy)
Cn+m)-cat+ug+WC(n+m)xC.

r—y=(n-a+m-by)

Therefore, x — y € T, which proves that T is a subgroup of G. The
openness of C' implies that n - C' is open for every n € N. Thus, by the
convexity of C, we have that nxC'is open for every n € N. Consequently,
T¢ is open and hence, by our assumption, 7¢ is equal to G.

Before proving the further assertions, we show that n « C' C m x C'if
n < m. Indeed, let w € n x C'. Then, for some ¢ € C and w € W, we
have u = n-c+w. If n < m, then, the m-convexity of C'and 0 € C' yield
that there exist d € C'and v € W suchthatn-c+ (m—n)-0=n-d+v.
Thus

u=n-c+(m—-n)-0+w=m-d+v+w=mxC,

which verifies n x C C m x C.

Let U € Py (S) be arbitrary and choose a fixed element v € U. The
inclusion u € T yields, for some ng € N, that —u € ng* C. For n > ny,
this implies that —u € nx C' C nx A. Hence 0 € U + n % A holds for all
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n > ng which, according to the the first assertion, means that U + n x A
is nonnegative for all n > ng. This proves that A is Archimedean.

(iii) Let B € Py (.5) be the sum of a topologically bounded set D C .S
and W. Let A € A be fixed. Then there exists an open convex set
C € Py (S)suchthat0 € C C A.

By the topological boundedness of D, we can find a number n, such
that D C ng - C. Since 0 € C), this implies that D C n - C' for all n > n,.
By the convexity of (), this yields that D C n * C'. Consequently

B=D+WCn«C+W=nxCCnxA,

which proves that B is A-bounded.

(iv) In this part of the proof, we assume that GG is a locally convex
topological group. Let D € Py (S) be a topologically closed set. We
need to show that D is the A-closure of itself. The inclusion D C D + A
trivially holds for all A € A because 0 € A. Assume now that, for some
E € Py (S), the inclusion £ C D + A holds for all A € A. We need to
show that £ C D.

Let e € E be arbitray and assume thate &€ D, i.e., 0 € e — D. Using
that D is topologically closed, we have that e — D is closed. Hence 0
is an interior point of its complement. Thus there exists an open convex
neighborhood Cj of zero such that Cy N (e — D) = (). We show that
then (Cy + W) N (e — D) = (). Indeed, if this not true, then there exist
c € Cop,w € W and d € D such that c + w = e — d. Then, by the
W -invariance of D, we get ¢ = e — (d + w) € e — D which contradicts
CoN(e— D) = 1. Then A := Cy + W is an open convex ¥ -invariant
neighborhood of zero which is disjoint from e — D. This implies that
e € A+ D which contradicts that £ C D + A holds forall A € A

Finally, we prove that the addition is A-continuous. Let A € A. We
need to show that there exists B € A such that B + B C A.

By A € A, there exists a convex neighborhood C' € Py, (S) of 0
such that C' C A. By the continuity of the addition in G, there exists a
neighborhood D of 0 such that D 4+ D C C'. Using the local convexity of
the topology of (G, we may assume that D convex. Define B as D + V.
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Then B is a WW-invariant convex neighborhood of 0, hence B € A, and
B+B=(D+W)+(D+W)CC+WCCCA. O

Proposition 1.3.12. [MP21] Let (G, +) be a topological abelian group
such that there is no proper open subgroup of G. Let W be a wedge and
let S be a uniquely divisible subsemigroup of G containing W. Let, for
p €10, 1], the set F};,(S) be defined by (1.7) and define the operations &
and ® by (1.8). Then, the following statements hold.

(i) The set of nonnegative elements of the cornets (F};(S),®,®, <)
consists of those W -invariant functions f such that f(0) = 1 (here
0 denotes the neutral element of G).

(ii) The cornet (F}j,(S), ®,®, <) has no Archimedean elements for p €
10,1[. On the other hand, the collection A of those a € Fp(S)
or which there exists an open convex neighborhood C' of 0 such
that a|lc = 1 is a subsemigroup of the Archimedean elements of

(Fw(9),®,0,<).

(iii) An element f of F}\(S) is A-bounded if supp(f) = {u € S |
f(u) > 0} is covered by the sum of a topologically bounded subset
of S and W.

(iv) If, in addition, G is locally convex, then any upper semicontinu-
ous element of F}\/(S) is also A-closed and the addition & is A-
continuous.

Proof. (i) Let p €]0,1]. The unit element of (F},(S),®,®, <) is the
characteristic function of . Therefore, by definition, an element f &€
Fl,(S) is nonnegative if xir < f which implies that 1 = xw (0) < f(0),
whence f(0) = 1 follows. On the other hand, if f(0) = 1, then W-
nondecreasingness implies of f implies that 1 = f(0) < f(w). Thus
xw < f holds.

(i) Let p €]0,1[. Assume that g € F};,(S) is an Archimedean ele-
ment of F}j,(S). Let f: S — [0, 1] be a constant function with a value
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p < f(0) < 1. Then f € F},(S), on the other hand, for all n € N,

(f®(n©g)(0) = sup min (f(u),(n® g)(v)) < f(0) <1

u,vES
u+v=0

According to the first assertion of this theorem, f @ (n ® g) is not non-
negative for all n € N, which shows that g cannot be Archimedean.

Let f, g € A. Then there exist open convex neighborhoods C, D of 0
such that f|c = 1 and g|p = 1. Then, for x € C' 4+ D, we get

(f®g)(x) = sup min (f(u),g(v)) = sup min (f(u),g(v)) = 1.
u,VES ueCweD
u+v=x u+v=x
On the other hand, C'+ D is an open convex neighborhood of 0 on which
f & g = 1. Therefore, f & g € A.

In what follows we show that every element of A are Archimedean
in (FL(9),®,®,<). Let f € Aand g € F(S) be arbitrary. We need
to show that there exists ng € N such that (¢ ® (n ® f))(0) = 1 holds
foralln € N. Let 0 < n < 1 be arbitrary and choose vy € .S such that
g(up) > n. Then

(9@ (n® f))(0) = sup min (g(u), (n © f)(v))

u,veES
u+v=0

> min (g(u0)> (7’L © f)<_u0)) > min (777 f(_%))

(1.15)
There exists an open convex neighborhood C' of 0 such that f|o = 1.
Define the set 7> by (1.14), where the operation * is given by (1.4). Then,
as we have seen it in the proof of Proposition 1.3.11, T = G and nxC C
m x C holds for n < m. Therefore, there exists ng € N such that —ug €
no* C C nxC for all n > ny. This means that for all n > ng there exists
c € C'and w € W such that —ug = n - ¢+ w. Thus —* = ¢+ %, which
implies that f(—*2) = f(c+ %) > f(c) = 1. Therefore, f(—=2) = 1 for
n > ng. Combining this with the inequality (1.15), we obtain

(9@ (n® £))(0) >min (n, f(-=2)) =n  (n>ng).
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Since 7 was arbitrary, this inequality implies that (¢ & (n © f))(0) = 1,
for all n > ng. According to the first assertion of this theorem, this yields
that @ (n ® f) is a nonnegative element of the cornet (F}},(.5), @, ®, <).
This proves that f is Archimedean in (F}},(S), &, ®, <).

(iii) Let f be in F}},(S) such that the support of f is covered by the
sum of a topologically bounded subset D C S and W. Leta € A be
fixed. We need to show that there exists ny € N such that f < n ©® a if
n > ng.

By a € A, there exists an open convex neighborhood C' of 0 such that
alc = 1. In view of the topological boundedness of D, we can find a
number ng such that D C ng - C. By the convexity of C' and 0 € C, this
implies that D C n - C'. Consequently,

supp(f) CD+W Cn-C+W.

Therefore, if v € supp(f), then * € C' + W for all n > ny. The W-
nondecreasingness of a and a|c = 1 now yield that a(%) = 1 for all
n > no. This implies that f(u) < a(%) = (n ® a)(u) holds for all
u € supp(f) and n > ng. This inequality is obvious for v € S\ supp(f),
i.e., if f(u) = 0. Thus, we have proved that f < n ® a holds for all
n > ng, which shows that f is A-bounded.

(iv) in this part of the proof, we assume that GG is a locally convex
topological group. Let f € F}j,(S) be an upper semicontinuous element.
To prove that f is A-closed, we need to show that if g € Fy}},(S) satisfies
g< f@daforalla € A,theng < f.

Let z € S be fixed and ¢ > 0 be arbitrary. Then, by the upper
semicontinuity of f at x, there exists a neighborhood U of z such that
f(u) < f(z)+eforallu € SNU. Observing that x—U is a neighborhood
of 0, the local convexity of GG implies that there exists a convex neighbor-
hood C' of O such that C' C z — U, ie.,,x — C C U. Leta := xciw.
Then a is W-nondecreasing and a|c = 1, hence a € A. Therefore, we
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have g < f & a, which implies

g9(x) < (f ®a)(x)
= sup min (f(u),a(v)) = sup f(u)

u,VES ueS,veC+W
ut+v=x ut+v=zx

= sup  f(u)< sup  f(u) < sup f(u) < fz) +e.
ueSN(z—C—-W) ueSN(U—-W) ueSNU

Upon taking the limit ¢ — 0, the above inequality yields f(z) < g(z),
which was to be proved.

Finally, we prove the A-continuity of the operation . Let a € A.
Then there exists a ¥/ -invariant convex neighborhood C' of 0 such that
alc = 1. Therefore, yo < a. As we have seen it in the proof of Proposi-
tion 1.3.11, there exists a W -invariant convex neighborhood B of 0 such
that B+ B C C'. Then

X5 ®xp = P(B) @ ®(B)=2(B+B)=xp+5 < Xc < a.

On the other hand y g € A. This completes the proof of the A-continuity
of &. ]

1.4 Main results

The following result is the extension of the Radstrom Cancellation Theo-
rem to the setting of cornets.

Theorem 1.4.1. [MP21] Let (X, +,*,=) be a cornet and let A be a
subsemigroup of X - such that the addition is A-continuous. Let x,y, z €
X such that z is A-bounded and y is A-closed and m-convex for some
m > 2. If

r+zxy+z (1.16)

holds, then we have © < y.

Proof. Let x,y,z € X such that (1.16) holds. First, for all n € N, we
show that
n-r+z3n-y+z. (1.17)
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For n = 1, the inequality is equivalent to (1.16). Assume that (1.17) holds
for n = k € N. Then

(k+1) - 24+z2=k-x+z+=z
=k-yt+tr+zk-y+ty+z=(Fk+1)-y+z,

which proves that the inequality (1.17) holds for n = k + 1. This, by
the principle of mathematical induction, completes the proof (1.17) for
alln € N.

The m-convexity of the element y implies that m € C,, which is
closed under multiplication by Lemma 1.2.5. Thus, for all £ € N, mk e
Cy. Using this and the inequality (1.2), we obtain that

mFsx<mF-z and mF.-y=mFxy. (1.18)

Combining inequalities (1.17) and (1.18), it follows that for all £ € N,

mk*x+zjmk*y+z. (1.19)

In the final step, assuming the A-boundedness of z, we show that (1.19)
implies x < y 4+ a forall a € A.

Let a € A. Then, using that the addition is A-continuous, we can
find b,c¢ € A such that b + ¢ < a. Then there exists n; € N such that
0 =< z 4+ n * b holds for all n; < n. The element z is A-bounded, thus we
can find ny € N such that z < n * ¢ holds for all ny < n. By choosing &
so that max(n, ny) < m* is satisfied, it follows that

0<z+mfxb and z=<m'=xc.

then we have
mk*mjmk*x+z+mk*bjmk*y~l—z+mk*b
<mFxy+mFrctmPsb=m"x(y+c+b) <m"*(y+a).
This inequality implies that
r=y+a

for all a € A. Now, using that y is A-closed, we can conclude that z < v,
which is what we wanted to prove. [
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In what follows, we present several applications of the above theo-
rem in the particular cornets described in Proposition 1.2.10, Proposi-
tion 1.2.11, and Proposition 2.3.4.

Corollary 1.4.2. [MP21] Let (G,+) be a locally convex topological
abelian group such that there is no proper open subgroup of G. Let W be
a wedge and let S be a subsemigroup of G containing W. Let Py (S) de-
note the collection of W -invariant subsets of S and define the operations
+ and x by (1.4). Let A, B,C € Py (S) such that B is covered by the sum
of a topologically bounded subset of S and W and C' is a topologically
closed m-convex subset of S for some m > 2. Assume that

A+BCC+B (1.20)
holds. Then A C C.

Proof. In view of Proposition 2.3.4, (Py (S), +, *, C) is a cornet and the
m-convexity of C' implies that C' is an m-convex element of this cornet.

Let A denote the collection of those W -invariant subsets which con-
tain an open convex neighborhood of 0. Then, by assertion (ii) of Propo-
sition 1.3.11, A is a subsemigroup of the Archimedean elements of the
quadruple (P (S),+,*,C). By assertion (iii) of this proposition, we
have that B is A-bounded and by the assertion (iv), we obtain that the
element C' is A-closed and the addition is A-continuous.

Therefore, we can apply Theorem 2.5.1, which shows that the inclu-
sion (1.20) implies A C C. ]

Corollary 1.4.3. [MP21] Let (G,+) be a locally convex topological
abelian group such that there is no proper open subgroup of G. Let W be
a wedge and let S be a uniquely divisible subsemigroup of G containing
W. Let the set F}\,(S) be defined by (1.7) and define the operations &
and ® by (1.8). Let f,g,h € F}(S) such that supp(h) is covered by
the sum of a topologically bounded subset of S and W and g is upper
semicontinuous and m-quasiconcave for some m > 2. Assume that

foh<gah (1.21)
holds. Then f < g.
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Proof. In view of Proposition 2.3.4, (F}}(S),®,®, <) is a cornet and
the m-quasiconcavity of g implies that g is an m-convex element of this
cornet.

Let A denote the collection of those a € F}j,(S) for which there exists
an open convex neighborhood C of 0 such that a|c = 1. Then, by asser-
tion (ii) of Proposition 1.3.12, A is a subsemigroup of the Archimedean
elements of (F}},(S), ®, ®, <). By assertion (iii) of this proposition, we
have that h is A-bounded and by the assertion (iv), we obtain that the
element g is A-closed and the addition @ is A-continuous.

Therefore, we can apply Theorem 2.5.1, which shows that the inequal-
ity (1.21) implies f < g. ]



Chapter 2

On convex and concave sequences and their
applications

2.1 Introduction to the second chapter

In the theory of convexity, the investigation of convex functions play a
fundamental role. We refer to the following monographs for the details:
Hardy-Littlewood—Pdlya [HLP34], Kuczma [K85], Mitrinovi¢ [M70],
Mitrinovi¢-Pecari¢-Fink [MPF91, MPF93], Niculescu—Persson [NP06],
Popoviciu [P44], and Roberts—Varberg [RV73]. The investigation of con-
vex sequences probably started in the book Mitrinovi¢ [M70]. This sub-
field is still very active, some recent results and applications have been ob-
tained by Krasniqi [K16], Niezgoda [N11,N17a,N17b], Sofonoea—Tincu—
Acu [STA18], Tabor—Tabor—Zoldak [TTZ12], Wu—Debnath [WDO07], Y1l-
diz [Y18]. In this chapter we introduce the notions of g-convex, g-affine
and g-concave sequences and some basic results on them are also pre-
sented. Then we establish their surprising connection to Chebyshev poly-
nomials of the first and of the second kind. Finally, an application of them
to fixed point theory is presented.

Given n,m € Z with 2 < m — n, let 8(n|m) denote the linear

p: {n,...,m} — R. It is natural to define the notions of concavity,
convexity and affinity for the elements of S(n|m). A sequence p =

39
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(Pny -y Pm) € 8(n|m) is called convex if, foralli € {n+1,...,m—1},
2pi < pic1 + Pig1 (2.1)

If, forall: € {n+1,...,m — 1}, the reversed inequality holds in (2.1),
then the sequence is termed concave. Finally, if a sequence is simulta-
neously convex and concave, then it is said to be affine. If the inequality
(2.1) holds with strict inequality sign, then we speak about strict convexity
and concavity, respectively.

In what follows, we extend the above definitions and introduce the
notions of g-convex, g-concave, and g-affine sequences with respect to
a positive number ¢. A sequence p = (pn,...,Pm) € S(n|m) is called
g-convex if, foralli € {n+1,...,m — 1},

2qpi < pi—1 + Piy1- (2.2)

If, forall: € {n+1,...,m — 1}, the reversed inequality holds in (2.2),
then the sequence is termed g-concave. If a sequence is simultaneously
g-convex and g-concave, then it is said to be g-affine.

We can easily see that the strict convexity of a positive (or negative)
sequence implies its g-convexity for some ¢. Indeed, if p € §(n|m) is a

positive strictly convex sequence then, foralli € {n + 1,...,m — 1},
1 < Pim1 +pi+1.
2p;
Therefore,
| < qi= min Di-1 +pi+17
ie{n+1,..,m—1} 2p;

which implies that p is g-convex with a number ¢ > 1. Analogously, if
p € 8(n|m) is a negative strictly convex sequence, then it is g-convex
with a number 0 < ¢ < 1.

The subclasses of g-convex and g-concave sequences in 8(n|m) will
be denoted by C;(n|m) and C['(n|m), respectively. Finally, A, (n|m) will
stand for the subclass of g-affine sequences, that is,

Aq(n|m) == €/ (n|m) N € (n|m).



On convex and concave sequences and their applications 41

It is easy to see that A,(n|m) is a linear subspace of $(n|m), and both
C;(nJm) and C}'(n|m) are convex cones in §(n|m), i.e., they are closed
with respect to linear combinations with nonnegative coefficients.

2.2 Auxiliary results for Chebyshev polynomials

For k € Z,let T,: R — R and Uy: R — R denote the Chebyshev
polynomials of the first and of the second kind of order k, which are
defined by the system of equations for £ € Z

() =z, Tp1(x)+ Ty (z) = 22Tk (2),

' h (2.3)
Uo(:t) = 1, Ul(x) = 2%, kal(l’) + Uk+1<I) = 2Z‘Uk(l’), ’

respectively. The last equalities in (2.3) rewritten as
Tii1(z) = 22Ty (x) — T (), Uppar(z) = 22Uk (x) — Ug_1(2),

can be used to compute 7}, and Uy for k£ > 2 recursively. If we rewrite
them as

Ti-1(x) = 22Ty (2) — Ter1 (), Uk—i1(z) = 22Uk(x) — Uy (),

then 7}, and Uy, can be determined for £ < —1. One can easily prove that,
fork € Z,
T_k = Tk and U_k = _Uk_Q.

In particular, U_; = 0. It is clear that, for £ > 0, the degree of T}, and Uy,
equals to k. It is well-known that these polynomials satisfy, for all u € R
and k£ € Z, the equalities

Ti(cos(u)) = cos(ku) and Ty(cosh(u)) = cosh(ku) (2.4)

and

_sin((k + 1)u)

Uk (cos(u)) = sinh((k + l)u)

sinh(u)
(2.5)

and Ug(cosh(u)) =

sin(u)
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From these representations it easily follows that the roots of 7}, (for k # 0)
and Uy_; (for k ¢ {—1,0,1}) are given by

{COS(Q’;Q;%) |¢e{1,...,|k|}} and
{cos(%}r> |z‘e{1,...,|k|—1}},

respectively. Therefore, the largest root of T} (for £ # 0) and Uy_; (for
k& {—1,0,1}) are given by

. ™ d ™
COS ok an COS 2 s

Lemma 2.2.1. [MP22] For 0 < x < 1, the sequence (Tk(x))z(:xl) is
strictly decreasing, where T(x) :=

respectively.

LLJ For x > 1, the sequence

arccos(z)
(T ()52, is strictly increasing.

Proof. If x > 1, then there exists « > 0 such that x = cosh(u). Thus, in
view of the second formula in (2.4), we have

Ty(x) = Ty(cosh(u)) = cosh(ku) (ke NU{0}),

which by the strict monotonicity of the cosh function implies that the right
hand side is a strictly increasing function of k.

If 0 < 2 < 1, then there exists u €0, 5] such that x = cos(u). In
view of the first formula in (2.4), we have

Ti(x) = Ty(cos(u)) = cos(ku) (ke NU{0}),

which, using that cos is strictly decreasing on [0, ], implies that T} (z) is
strictly decreasing for k € {0,..., | Z]|}. O

u
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Lemma 2.2.2. [MP22] Let n > 3 be an odd number. Then, for all

x1,..., %, € R with the notation x;.,, := x; (i € {1,...,n}), we have
n n—1
Zsin (Z(—l)jmiﬂ) sin(z;) =0 and
= - (2.6)
Z sin (Z :L’HJ) cos(z;) = 0.
7=1

Proof. Letx,...,x, € R and denote

Yi ‘= i(—l)j$i+]’ (Z € {1,...,71— 1})

j=1

Then, by the well-known product-to-sum identities

—_

2sin <n_1 (—1)%@“) sin(z;) = 2sin(x;) sin(y;)

<.
I

= cos(x; — y;) — cos(x; + v;),

“

2 sin (n 1(—1)jxi+j> cos(z;) = 2 cos(x;) sin(y;)

7j=1
= sin(z; + y;) — sin(z; — y;).

Observe that, by the equality z; = z;, and by the oddness of n, we have

n—1 n—1
—Yi =T — g (=1 @iy = i + i1 + E )Y iy
j=1 7j=2

=21 + (=1)" @i, + Z(—l)jxiﬂﬂ = Tiy1 + Yit1-
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Therefore

n—1
2sin (Z(—l)jxm) sin(z;) = cos(Ti1 + Yir1) — cos(w; + y;),

j=1
n—1
2sin (Z(—l)jxiﬂ) cos(z;) = sin(z; + y;) — sin(@ip1 + Yir1)-
j=1
Summing up these equalities side by side fori € {1,...,n}, respectively,
we can see that the right hand sides are telescopic sums which are equal
to zero, hence both equalities in (2.6) hold true. ]

Lemma 2.2.3. [MP22] For all i, 5,k € Z, we have

Up—jUy + Uj—i Uy = Up—;1U;  and

2.7)
Up—j 1Ty + Uj—i 1Ty = Up—i 1 T;.
Furthermore, for i, j € 7Z, we also have
Ui_j + Ui+j = QITJUZ and ﬂ_j + T;-i-j = QET; (28)

Proof. In the particular case n = 3, with 1 := z, x5 := y and z3 = 2,
the identities in (2.6) yield
sin(z — y) sin(x) + sin(y — ) sin(z) = sin(z — z) sin(y), 2.9
sin(z — y) cos(x) + sin(y — ) cos(z) = sin(z — x) cos(y). '
Let ¢ €] — 1,1 be arbitrary, let u := arccos(q) and let i, j,k € Z.
With the substitutions (x,y,z) = ((¢ + Du, (j + 1)u, (k + 1)u) and
(x,y, z) := (iu, ju, ku), the first and second identities in (2.9) imply

sin((k — j)u)sin(( + Du)  sin((j — 9)u) sin((k + 1)u)
sin(u) sin(u) sin(u) sin(u)
_ sin((k — i)u) sin((j + 1)u)
sin(u) sin(u)
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sin((k — j)u)

sin(u)

sin((7 — i)u) cos(ku
sin(u) (ku)
_ sin((k —1i)u)

sin(u)

cos(iu) +
cos(ju).

In view of (2.4), from these equalities we can easily obtain that

Uk—j-1(QUi(q) + Uj—i-1(¢)Uk(q) = Ur—i-1(a)U;(q),
Un—j—1(0)Ti(q) + Uj—i—1(9)Ti(q) = Ur—i-1(q)T;(q)

hold for all ¢ €] —1, 1] and hence for all ¢ € R. This completes the proof
of the equalities in (2.7).

To prove (2.8), let ¢ €| — 1, 1] be arbitrary, let u := arccos(q) and
1,7 € Z. Using (2.4) and the addition formula for the sine and cosine
functions, we obtain

Uij(q) + Uirj(q) = Ui—j(cos(u)) 4 Uiy j(cos(u))
_ sin((i —j+ u)  sin((i 45+ 1)u)
sin(u) sin(u)
~sin((d + Lu) cos( i
=2 sin(u) (ju)

= 2U;(cos(u))Tj(cos(u)) = 2U;(q)T;(q)

and
Ti5(q) + Tiy(q) = Tivj(cos(u)) + Tiy;(cos(u))
= cos((i — 7)u) + cos((i + j)u)
= 2 cos(1u) cos(ju)
— 9T, (cos(u)) T (cos(u)) = 2T3()T}(q).
This completes the proof of (2.8). L

Observe that, in the particular case 7 = 1, the equalities in (2.8) reduce
to the recursive formulas in (2.3)
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Remark 2.2.4. For the difference of two Chebyshev polynomials of the
second kind, using the equality —U, = U_j_o, we can deduce the follow-
ing identity:
Ui '—Ui_':UZ‘ +U—z i
+3j J +j +j-2 (2.10)
= Uj—1)+@+1) + Ug—1)—+1) = 2151 U1

On the other hand, to compute the difference of two Chebyshev polyno-
mials of the first kind, the following equality can be established:

Tj-i(q) — Tj+i(q) = 2(1 — QQ)Uj—l(Q)Ui—1<Q)' (2.11)

To prove this, let ¢ € | —1, 1| be arbitrary, let u := arccos(q) and i, j € Z.
Using (2.4) and the addition formula for the cosine function, we get

2U;1(0)Ui1(a) = 20y (cos(w)) Ui (cos(w)) = 2 o (1)

sin(u) sin(u)
_ cos((j —i)u) — cos((j +i)u)

sin?(u)
_ T_i(q) — Tj1i(q) _ Tj—i(q) — Tj1i(q)
1 — cos?(u) 1—g? .

From here, (2.11) directly follows.

2.3 ¢-concave, g-convex and ¢-affine sequences

The next proposition shows that A,(n|m) is a two dimensional subspace
of 8(n|m).

Proposition 2.3.1. [MP22] A sequence p € $(n|m) is q-affine if and only
if there exist a,b € R such that

pi = alU;_n(q) + VT;_,(q) (i € {n,...,m}). (2.12)
In addition, if p € A,(n|m), then, foralli,j, k € {n,...,m},

Ur—j—1(@)pi + Uj—i1(@)pr = Up—i—1(q)p;- (2.13)
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In particular, fori € {n,...,m}and j € {1,... ,min(i —n,m —1i)},
pij + piv; = 2T5(q)p. (2.14)

Proof. First assume that p = (p,, . .., pm) is g-affine. Define

— Do+t ns b:=2p, — Pnt1
q

We prove the equality (2.12) by induction with respect to . Observe that
pn = a+b=aly(q) +bTy(q) and p,1 = a(2q) +bq = alUy(q) + 0T (q),
which show that (2.12) holds for ¢ = n and « = n + 1. Assume that we
have proved (2.12) for : < ¢, where n + 1 < ¢ < m — 1. Then, applying
the g-affinity of the sequence, the inductive hypothesis and finally the
recursive property of Chebyshev polynomials, we obtain

Pe1 = 2qpe — pe—1
= 2q(aUr—n(q) + bTy-n(q)) — (aUr-1-n(q) + 0Ti-1-4(q))
= a(2qUe—n(q) — Ur—1-n(q)) + 0(2¢T1-n(q) — Ti-1-n(q))
= aUp1-n(q) + bT11-n(q).

This shows the validity of (2.12) fori = ¢ 4 1.

For the sufficiency part of our assertion, assume that (2.12) holds for
some a,b € R. Then, by the recursive property of Chebyshev polynomi-
als, fori € {n+1,...,m — 1}, we have that

piv1 = aUsp1-n(q) +0Ti41-n(q)
= a(2qUi7n( ) - 1 1— n( )) + b(2qT‘zfn(Q) - T‘iflfn((ﬁ)
= 2¢(aUi-n(q) + bTi-n(q)) — (aUi1-n(q) + bTi-1-n(q))
= 2qpi — pi-1,
which proves that p is a ¢g-affine sequence.

To verify the last two assertions let p € A,(n|m). Then, as we have
seen it, (2.12) holds for some a, b € R.
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Let firsti, j, k € {n,...,m} be arbitrary. Then, applying Lemma 2.2.3,
we get

Uk—j—1(QUi—n(q) + Uj—i—1(@)Up—n(q) = Up—i=1(q)Uj—n(q) and
Up—j—1(@Q) T (q) + Uj—ic1(q) Th—n(q) = U—i—1Tj—n(q).

Multiplying the first and second equalities by a and b, respectively, and
then adding them up side by side, we obtain

Uk—j-1(0)(aUi—n(q) + 0Ti-n(q)) + Uj—i-1(q)(aUr—n(q) + bTx—n(q))
= Uy—i-1(q)(aU;-n(q) + 0T;-1(q)),

which, in view of (2.12), shows that (2.13) holds.
Finally, leti € {n,...,m}and j € {1,...,min(i —n,m —i)}. In
view of (2.8), we have that

Ui—j-n(q) + Uiyjnlq) = 2T5(q)Ui—n(q),
Tij-n(q) + Tiyj-n(q) = 2T5(q)Ti-n(q)-

Multiplying the first and second equalities by a and b, respectively, and
then adding them up side by side, we obtain

Pij + Pitj = (aUimj—n(q) + bTi—j—n(q)) + (aUiyj—n(q) + 0Tisjn(q))
= 2T;(q)(aUi-n(q) + bTi-n(q)) = 2T(q)p;-

This completes the proof of (2.14). 0

In the following statement, we establish some properties of the class
of g-concave (and hence of g-convex) sequences.

Proposition 2.3.2. [MP22] The cone C(n|m) is closed with respect to
the pointwise minimum and the cone C;(n|m) is closed with respect to
the pointwise maximum.

Proof. To prove the statement for C['(n|m), let p,r € C['(n|m) be ar-
bitrary and denote s := min(p,r) (i.e., s; := min(p;,r;) for all i €
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{n,...,m}). Leti € {n+1,...,m — 1}. Then, by the g-concavity
of p and r, we have

Si—1 + Sit1 S Pic1 T Pip1 < gp; and s+ si41 S rimg +1ripn < gy
Therefore,
8i—1 + sip1 < min(gp;, gri) = qmin(p;, r;) = gs;,

which shows that s is also g-concave. The proof of the statement for
€, (n|m) is analogous. O

As g-affine sequences are g-concave and also g-convex, we obtain that
the pointwise minimum and maximum of a finite family of g-affine se-
quences are g-concave and also g-convex, respectively.

Proposition 2.3.3. [MP22] Let i,j,k € {n,...,m} withi < j < k.

Assume that
T
> ) 2.15
4= (max(j—z',k;—j)) (215)

Then, for all p € C{'(n|m),

Ur—j—1(@)pi + Uj—i1(@)pe < U—i—1(q)p;- (2.16)
In particular, ifi € {n+1,... , m—1}andj € {1,... min(i—n,m—i)}
and
77
q > cos (—), 2.17)
J
then
Pij + Divj < 2T5(q)ps- (2.18)

Proof. We shall verify (2.16) by induction on ¢ := k — 7. If / = 2, that
is, j —1 =k — j = 1, then (2.16) is equivalent to the g-concavity of p,
because Up(q) = 1 and Uy(q) = 2q.

Assume that we have verified (2.16) forall i < j < kwithk —¢ < 7,
where ¢ > 2. Suppose that k — i = ¢+ 1 > 3 and (2.15) holds. Then
max(j — i,k — j) > 2. We now distinguish two cases.
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The first the case is when j — ¢ > 2. Then k — (i + 1) = ¢ and
j—1<k—1—1</and,using (2.15), it follows that

q > cos ( : ,W : ) and
max(j — (i + 1),k — j)

42 cos (max((i +1) —Wi,j —(i+ 1)))'

Thus, applying the inductive hypotheses for the triplets i +1 < j < k and
for: <141 < j, we obtain

Uk—j-1(@)pit1 + Uj—i—2(@)pr < Ur—i—2(q)py,
Uj-i—2(@)pi + Uo(@)p; < Uj—i-1(@)pit1-
The inequality (2.15) shows that ¢ is nonsmaller than the largest roots of
U;—i—1 and Uy_;j_41, hence U;_;_1(¢q) > 0 and Ui_;_1(q) > 0. Multiply-

ing the first inequality by U,_;_1(g), the second one by U;_;_1(q), and
adding up the inequalities so obtained side by side, we get

Ur—j—1(@)Uj—i—2(q)pi + Uj—i—1())Uj—i—2(q)px
< (Uj—i1(Q)Ur—i-2(q) — Ur—j-1(0)Uo()) p;-

On the other hand, applying Lemma 2.2.3 for the numbers k — j — 1 <
k—1—2<k—1— 1, we have that

Uj—i—1(Q)Ug—i—2(q) = Uo(q)Us—;j-1(q) + Uj—i—2(q) Ur—i-1(q).

Therefore, the above inequality can be rewritten as

Ui—j—1(@)Uj—i—2(@)pi + Uj—imai (QUj—i—2(q@)pr < Uj—i—2(q)Uk—i—1(q)p;-

By (2.15), ¢ is strictly bigger than cos (57— ), which is the largest root
of Uj_;_o if j —i > 2, therefore U;_;_2(q) > 0. If i — j = 2, then
U;—i—2(q) = Up(q¢) = 1 > 0. Now dividing the last inequality by this
positive value side by side, we arrive at the desired inequality (2.16).

The proof in the second case when k —j > 2 is completely analogous,
therefore it is omitted.
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Finally,leti € {n+1,...,m—1}andj € {1,... , min(i—n,m—1i)}
and assume that (2.17) is satisfied. We apply the previous statement to the
triplet (¢ — j, 4,4 + j). Then, also using identity (2.8), we get

Ui—1(Q)pi—j + Uj—1(Q)pirj < Uzjo1(@)pi = 2U;21(¢)T3(q)pi-  (2.19)

In view of (2.17), we have that ¢ is bigger than the largest root of U;_;
if 7 > 2, hence U;_1(¢) > 0. This inequality is obviously true if j = 1.
Thus, after dividing (2.19) by U;_;(¢) side by side, this inequality implies
(2.18). O

Proposition 2.3.4. [MP22] Let j, k € {n,...,m} with j < k. In addition,
assume that

q>cos(k7ij). (2.20)

Let p € C](n|m) and define
kjlh,j,l(q) 1),0%4471(Q)
Uk—j-1(a) " Ur—j-1(a)

Then, r = (Tp, ..., Tm) is a g-affine sequence and, fori € {n,...,m},

Ty ‘=

(ie{n,...,m}).

>p; ifi<jork <i.
<pi if j<i<k.

Proof. Itk —j =1,then Uy_;_1(q) = Up(q) =1 > 0. If k — j > 2, then
q is bigger than the largest root of Uj_;_1. Therefore Uj_;_1(¢) > 0 and
hence the sequence (;) is well-defined. From the recursive formula (2.3)
of Chebyshev polynomials of the second kind, fori € {n+1,...,m—1},
it follows that

Uii—1)—j— 1(q) + Ulit1)—j— 1(q) = 2qUi—;-1(q),
Uk—(i-1)-1(q) + Ur—(iv1)- (Q) = quk*ifl(Q)'

Multiplying theses equalities by o] and by i ( , respectively,

and then adding them up side by s1de We obtain that n 1+ T = 2qry,
which shows that (r;) is a g-affine sequence.
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If i = j, ori = k, then, by U_; = 0, we can see that r; = p, and
rr = pg. Suppose first that j < ¢ < k. From the equality (2.13) of the
second assertion of Proposition 2.3.1 applied to the g-affine sequence (7;),
we get

Up—j—1(@)ri = Up—im1 (@)1 + Uimj—r (@)1

On the other hand, applying inequality (2.16) of Proposition 2.3.3 for the
g-concave sequence (p;), we get

U—i-1(0)p;j + Uimj—1(@)pr < Uk—j—1(q)pi
Using that r; = p; and r;, = py, it follows that
Ur—j—1(@)ri = Up—i—1(@)1j + Ui j—1(@)7%
= Up—i-1(@)pj + Uirj—1(@)px < U—j-1(q)pi,

which, by Ui_;_1(q) > 0 simplifies to the inequality r; < p;.
For the remaining inequalities, suppose first that : < j. By the ¢
affinity of (), the second assertion of Proposition 2.3.1 implies

Uk—ic1(@)ry = Uk—j—1(@)ri + Uj—i—1 (@)1
and hence
U—j—1(q)ri = Up—i1(q)r5 — Uj—ima(@)7-

On the other hand, applying inequality (2.16) of Proposition 2.3.3 for the
g-concave sequence (p;), we get

Up—j—1(@)pi + Uj—i—1(@)pr < Up—i—1(q)p;

and hence

Uk—i—1(@)p; — Uj—iza(@)pk > Uk—j—1(q)pi-

Combining these inequalities and using r; = p; and r;, = p;, we can
conclude that

U—j—1(q)ri = Up—i—1(q)r; — Uj—ima(@)7,
= Up—i—1(Q)p; — Uj—i1(Q)pr > Us—j—1(q)pi-
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This inequality, by Uy_;_1(q) > 0, is equivalent to r; > p; as desired.
The proof of r; > p; in the case k < i is completely similar and
therefore omitted. L

In the following proposition, we establish a characterization of g¢-
concave sequences.

Proposition 2.3.5. [MP22] Let p € 8(n|m). Then p is q-concave if and
only if, forall j € {n,...,m — 1}, there exists r € A,(n|m) such that

pj =Tj, Pi+1="j+1, and p;<r; for i€{n,...,m}. (2.21)

Proof. Assume first that p is g-concave and let j € {n,...,m—1}. Then,
with £ = j + 1, we can see that (2.20) holds, therefore applying Proposi-
tion 2.3.4, the sequence r € 8(n|m) defined by

ri = pir1Uij1(q) + p;Uj—i(q)

is g-affine and satisfies all the conditions in (2.21).

To prove the sufficiency part of the assertion, let us assume that for
j € {n,...,m — 1}, there exists g-affine sequence 1/ € A,(n|m) such
that

g | J ;
pj =7} Ppiy1 =715, and p; <r] for i€ {n,...,m}.

Then, it follows that

pi= min 7,
n<j<m—1

which shows that p is the pointwise minimum of finitely many (in fact,
m — n) g-affine sequences. Thus, by Proposition 2.3.2, it follows that p is
g-concave. O]

2.4 A minimax-type problem

Throughout this section, n, m are integers with 2 < m — n and we con-
sider the following minimum problem: Let M: R7""' — R, be an
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(m — n — 1)-variable mean. Our aim is to find the largest nonnega-
tive constant C'; such that, for all p € 8(n|m) with p,,p,, > 0 and
pn+17 ceoy Pm—1 > 09

Oy < M(pn +pn+2’.”7pi71 +pi+1’.“’pmf2 +pm)'
2D 41 2p; 2Pm—1

By taking p as a constant sequence, one can see that the right hand side of
this inequality then equals 1, hence it follows that C'y; < 1. As we shall
see below, this estimate can be essentially improved for several concrete
means.

In the case when M is the (m — n — 1)-variable arithmetic mean
Ayu_n_1, we can obtain the following result.

Proposition 2.4.1. [MP22] C'y = 2:2:?, that is, for all p € 8(n|m) with
pn7pm Z 0 andpn+17 ... 7pm71 > 0)

m—1
—n—2 1 i i
m—n < Z Di—1 + Dit1 (2.22)

and the constant on the left hand side is the best possible.

Proof. If m —n = 2, that is, m = n + 2, then the left hand side of
(2.22) equals zero, thus, the inequality is trivial. On the other hand, for
(Pns Pns1s Pri2) = (0,1,0) equality holds in (2.22). Thus, in the rest of
the proof, we may assume that m —n > 2.

To prove (2.22), letp € S(n|m) with p,,, p,, > 0and ppi1, ..., Pm_1 >
0. Then (using the arithmetic-geometric mean inequality in the last step),
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we obtain

Z Pi—1 +Pz+1 _ Dn + pn+2 Z Pi—1 + Di+1 mez + Pm

i=n+1 2pn+1 i=n-+2 2pm71
pn+2 Pi—1 pz-l—l Pm—2
> Dot 5 ( >+2
n+1 i=n+2 Pm—1
m—2 1 i i m—2
=Y (e )z Y
i=n+1 pi Pi+1 i=n+1
=m-n—2.

Dividing the above obtained inequality by m —n — 1 side by side, we can
see that (2.22) holds. On the other hand, for (p,, Pni1, - -« Pm—1, Pm) =
(0,1,...,1,0) equality holds in (2.22), therefore, the left hand side of
(2.22) is the largest possible, indeed. L

In order to reach a higher level of generality, for r» € [—o0, 00| and
k € N, we define the k-variable rth power mean (or Holder mean) of the
variables uy, ..., u; € R, by

(

min(zy, ..., xx) if r = —o0,
1
u’{—i—..._i_uz)r .
S ifre R\ {0},
Hr,k(ula---,uk) = ( k \{}
VU1 U ifr =0,
\max(xl,...,xk) if r = oco.

Obviously, the mean H j equals the k-variable arithmetic mean A;, and
Hy 1, equals the k-variable geometric mean G/ It is well known that, for
all k € Nand —oo < r < s < oo, the comparison inequality H, < H,,
holds. In particular, G}, < Ay, which is the celebrated inequality between
the geometric and arithmetic means.

For the investigation of the more general problem in terms of power
means, for » € R and k£ € N, we introduce the function F ; : Ri — R,
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1
Frp(ug, ... up —U1{+Z< +Uz+1> +J-
k

Lemma 2.4.2. [MP22] Let r > 0 and k € N. Then

2 ifk=1,
Fop>42% 4+ (k—2)2" +2"% ifk>2r<1, (2.23)
YRR 4 (k-2)+27) ifk>2,r>1,

and the estimates are sharp if k € {1,2} or v = 1. Furthermore, for all
keN
Fop > k25 (2.24)

which is also sharp if k € {1,2} orr = 1. In the particular case when k
is odd, we also have that

Fop>k+1, (2.25)
which is sharp if k = 1 and which is sharper than (2.23) and (2.24) if r is

a sufficiently small positive number.

Proof. 1f k = 1 then, by the arithmetic-geometric mean inequality, for all
uy € Ry, we easily get

1 1 1 1
F’"yl(ul) = u71" + — = 2A2 (Ug, _r> Z 2G2 <U7£, _r> =2 ’LL’{ = 2.
uy Uy uf \/ u

Observe that F,;(1) = 2, hence the lower estimate 2 is best possible in
this case.

Now assume that » < 1 and & > 2, and let uy,...,ux € R, be
arbitrary. Then, by the comparison inequality H, o < H; 5 = A,, for all
ie{l,...,k—1}, we get

1/1
—<— + Uz‘+1> A2< Uz+1>
2 \u; U;

K3 (2

) - (3 + )’

)
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Using this inequality and the arithmetic-geometric mean inequality at the
last step, we obtain

/11 |
Frop(ug, .. ug) == uj + 2" (— <— + Uz‘+1>> +—
! ; 2 \u; (s

2o 1
> o7 or_ (_ ; 7“> -
_u1+i§21 5 u£+(u+1) +u£
k—1
1 1 1
=up+2 — 4y 2! (7 + u) + 27wy + —
1 Pl 1 1
=2, (uf, 27 ) D2 A () 24 (2 g, )
uy prs u; U,
1 "l 1
Z 2G2 (u{, 2T—1—T> + 2TG2(—T, U’z) + 2G2 (2T_1uk, —>

This proves the assertion when » < 1 and k£ > 2. Finally, by arithmetic-
geometric mean inequality again, we get

Fr,k(“lu"wuk) > 2%1 + (k_ 2)27.—’_2%1

= kA (275,27, 27,27F)
> kGL(27,27,...,27,2°F)
1—r

)

_ k(z(k—Q)r—i-r—&—l)% — kOt

which shows that (2.24) is also valid.

In the case » > 1 and k& > 2, using the comparison inequality A, =
Hyon > Hi 2% and the 2-variable arithmetic-geometric mean inequality,
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we obtain
k—1
r /1 r 1
Fop(ug, .o ug) = up + ;_1 2- §<U_z + Ui+1> + u_’];

1,1 171 r 1
:2]€A2k(u§,,§<u—+ul+1> ,§<u—+u,+1> ,F)
1 k

(2

1/1 r1/1 r 1
> QkHi’Qk(uL’§<u_+uz+l> ,§<E+Ui+1> ,u—r)
i k

7

1 | 1\’
:216' —_— U1+ 22 T<—+Ui+1>+—
2k — u; Uy,

> (2k)T(2- 27 +2(k—2)2'F +2.2% )
1—r

=K 4 (k-2)+27)

This proves the assertion when > 1 and k£ > 2. Finally, by arithmetic-
geometric mean inequality again, we get

Frp(ug, . ou) > 2K (2% + (k—2)+27 )
— PkA(27 1, 1,27 )
> 2kGL (27 ,1,..., 1,25 )
= V2 =kt
which shows that (2.24) is also valid.

If £ = 2, then the lower estimates (2.23) and (2.24) simplify to the
inequality

347

Fr,2222 .

On the other hand, with u; := 2% and Ug 1= 2%, one can see that

1 T 1 . i )
Fatunu =i+ (o) + & 2% v %
Uy Us
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which proves that the lower estimate 2% is sharp.
If » = 1, then all the lower estimates simplify to the inequality

Fl,k 2 Qk,

which is attained at vy = --- = wu; = 1. This proves that the lower
estimate 2k is sharp in this case.

Finally, we prove that (2.25) holds. This inequality is a consequence
of (2.23) in the case k& = 1. Thus, we may assume that £ > 3 is odd.
Then, for uq,...,ur € Ry, we get

F,ﬂ,k(ul, Ca ,Uk)
. 1 r k—2 1 r r
:U1+<_+U2> + <—+ul+1> +< +uk> + —
Uy i—y Wi Uk—1 k
k—3
1 2 T 1 r
>u§—i——r+ <<—+UQ]+1> +< +U23+2) )—l—ui—i——r
| Iy j U2j+1 U
Egg
T T T 1
>’U/1+F+Z<u2j+1+ - >+uk+_7‘
k-1 k=1
2 1 2
= <§j+1+r—)2 2=k+1
e Ugj41 =0

If r tends to zero in (2.23), then the limit of the lower estimate is 22 +
k — 2, which is smaller than k£ + 1, showing that (2.25) provides a better
lower estimate than (2.23) for small positive values of 7. ]

Proposition 2.4.3. [MP22] Let v > 0. Then

3 ifm=n+3,
1—r 1-r\ 1
e e ifm>n+dr<l,
1 -7 1—r
()T - s fmzn+d1sr

(2.26)
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and the constant on the left hand side is the best possible if either m &
{n+3,n+4} orr = 1. In addition, if m — n is odd, then

CHyponr = = (2.27)

Proof. If m —n = 2, that is, m = n + 2, then the left hand side of
(2.22) equals zero, thus, the inequality is trivial. On the other hand, for
(Pns Pns1s Pra2) = (0,1,0) equality holds in (2.22). Thus, in the rest of
the proof, we may assume that m —n > 2.

To prove (2.22), let p € 8(n|m) with p,, p, > 0and ppi1,- .+, Pm_1 >
0. Then

m—1
Pi—1 + Div1\"
r Y (P
i=n+1 2pi
m—2
n+ n r — + 7 r m— + m\"
:<p p+2> +Z (P 1 P+1) +(p 2 TP )
Pr+1 Fa— bi Pm—1
> <pn+2> 4 Z (pi—l +217z'+1> . <pm—2>
Pn+1 et Pi Di Pm—1
_ 2(pn+2 pm—3>
rm—n pn+1’ 7pm_2
Therefore,
m—1 1
1 Z (pi—l +pz‘+1>r r
m—n—1 2p;

i=n+1

1
1 n m— r
2 ( FT,m—n—2 <p +2 bR p 3)) *
2r(m —n —1) Prt1 Dm—2

If m = n + 3, then, by the k£ = 1 case of Lemma 2.4.2, we get
n+2

1
1 Pi-1 +pz’+1>T 1
- Fiml T Pitl > 2
(52 > ;

i=n+1 2pi
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Applying Lemma 2.4.2, fork :=m —n—2>2and 0 <r < 1, we get

m— l
1 Zl (Pi—1 +pi+1>r v
m—n—1 2p;

i=n+1
S 215T—i—(m—n—4)+21? .
- m—n—1 '

Similarly, for k :=m —n — 2 > 2 and r > 1, it follows that

m—1 1
1 Z <p¢,1 +pi+1>T T
m—-—n-—1 2p;

1=n+1

S <m—n—2>i 212;rr+(m—n—4)_|_2%
“\m—-n-1 m-—n—2 ’

To prove (2.27), assume that m — n is odd. Then, applying the inequality
(2.25) for k =m —n — 2, we get

m—1 1
1 Z (piq +pz’+1>7“ r
m-—n—1 2p;

i=n-+1

v

(m—n—-—2)+1 G 1
2rm—-n—1) ) 2
which was to be shown. ]

In the case when M is the (m —n — 1)-variable geometric mean G, we
can establish the following result in which we will get an exact formula
for the constant Cg

m—n—1"°

Proposition 2.4.4. [MP22] Cq, ., = 0" shar s, for all se-
quences p € 8(n|m) with p,, pm > 0and ppi1, ..., Pm—1 > 0,

m—n— m—1

i=n—+1

and the constant on the left hand side is the best possible.
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Proof. Assume first that m — n is even. Then the left hand side of (2.28)
equals zero, thus, the inequality is trivial. To show that the left hand side
is optimal, define the sequence p € §(n|m) by

Pnt2i = € (Z S {0, N m2—n}) and DPn+2i+1 ' = 1,

where ¢ € {0,...,2=2=2} and ¢ > 0 is an arbitrary positive number.
Then, using that m — n is even, we can obtain that

m—1 m—1
H Pi-1+Piv1 H O I
i=n+1 2pi i=n+1

Therefore, the rights hand side of (2.28) equals m*"*\l/E, which can be
arbitrarily small. Hence, in this case, we obtain that C; = 0.

Consider now the case when m — n is odd and m —n > 3. Using that
the product has an even number of factors, we get

m—n—3

m—1 2
H Di-1 + Diy1 DPn+2j T Pnt2425  Pnt1+2j + Pnt3+2j
Pt 2p; =0 2Dn+142; 2Dn+2+42;
m—n—3
2 1
Pnt2+2;  Pntiy2j

o 2ni142j 2Pnior2; 2l
Taking the (m — n — 1)th root of this inequality side by side, we obtain
that (2.28) is also true in the case when m — n is odd and m — n > 3.

To verify the sharpness of the left hand side of (2.28), let ¢ > 0 be
arbitrary and, for i € {n, ..., m}, define

€ 2 if © — n is even,

—n—1 . . .
) if 1 — n is odd.
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Then
m—n—3
m—1 2
H Di—1 +Dit1 Dn+2j T Pn+2+2j  Pnt1+2i T Pn+3+2j
Pt 2p; 0 2Dny 1425 2Dny2+42;
m—n—3 . .
P} 5M7n§2J71 + 6m7n52j73 5] + 5]_"_1
= 9e ’ m-—n—2j-3
=0 2e7 2
m—n—3

e+l 1+e\ [l+e monl
2 2 )\ 2 '
By taking ¢ arbitrarily small, we can see that the right hand side of the

above equality can be arbitrarily close to Qm_%, which shows that the
left hand side of (2.28) is a sharp lower bound for the right hand side. []
a ), that is, for all se-

Proposition 2.4.5. [MP22] Cy = cos (==
quences p € 8(n|m) with p,, pm > 0and ppi1, ..., Pm—1 > 0,

I
.
I E“
o

oco,m—n—1

cos< T >< max M (2.29)

m—n/ = nti<i<m—1 2p;

Moreover, with p; := sin ( in 7r), the inequality (2.29) holds with equal-

iry.
Proof. Let
S + Dit1
= L He% 2p;

Then, using the positivity of py, ..., p,, it follows that the sequence p is
g-concave.
In the first part of the proof, we show that, for k € {n,...,m — 1},

0 < Uk-n(q) and Ui—n-1(0)Pr+1 < Up—n(qQ) Dk (2.30)

These inequalities are obvious for £ = n because Uy(¢) = land U_1(q) =
0 < p,. Assume that we have proved (2.30) for some k € {n,...,m—2}.
Then, by the g-concavity of p, we have that

Dk + Prt2 < 2qDk+1
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Multiplying this inequality by Uy_,(¢) > 0 and adding it to the second
inequality in (2.30) side by side, we get

Uk—n-1(@)Prr1 + Ur—n(@)Prr2 < 2qUx—n(q)Prs1,
which, by applying (2.3), implies

Uk—n(@)Prr2 < (2qUr—n(q) = Up—n-1(0))Prs1 = Uk—ns1(@)Drs1-

This inequality shows that Uy._,,,1(¢) is nonnegative and the second in-
equality in (2.30) is valid for £ + 1 (instead of k).

Based on the first inequality in (2.30), for £ € {n,...,m — 1}, we
now show that

cos </<;—|—71T——n> <gq. (2.31)

This is obvious if k& = n, since ¢ is nonnegative. If £ = n + 1, then (2.30)
gives that 0 < U;(q) = 2¢ and hence ¢ > 0 = cos (g) which proves
(2.31) in this case.

Now assume that (2.31) holds for some k& € {n+1,...,m —2}. The
two largest zeroes of U1, are cos (7 o —) and cos (WL_”), further-
more Uy1-,(t) < 0 if cos (2 7—) and Upyq-n(t) >

) <t < COS(k+2_
2
0ift > cos2( s ) T < 733—,- There-
s

k+27n) < oS (k+1+n) < cos (Mﬁ) If ¢ were smaller
), then, by the inductive assumption, cos (Mﬁ) <g<
ML_H) and hence Uyy1_,(q) < 0, which contradicts (2.30) (if it is
applied for £+ 1 instead of k. Thus must be nonsmaller than cos (
which shows that (2.31) is valid for k& + 1.

Finally, applying (2.31) for k = m—1, we can see that cos (—"—) < g,
which proves that (2.29) holds.

To verify that (2.29) is sharp, let p; := sin (

k+2
Observe that <

v
k+1—n

fore, cos (
than cos (

T
k+2—n
COS(

o)

L) fori € {n,...,m}.

Then, fori € {n+1,. — 1},
Di—1 + Div1 sin (Zl—" ) + sin (z;l )
2pi B 2sin (m 7;7?)

28111( )cos(m ")—cos< T )
N 28111(%7‘() N m—n/’
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which shows that (2.29) holds with equality for this particular sequence
- [

As a curiosity, we can obtain the following inequality for the cosine
function.

Corollary 2.4.6. [MP22] For m > 3,

m-Atva +2ﬁ <cos (1), (2.32)

m — m
and equality holds if m = 4.
Proof. 1f m = 3, then the inequality is equivalent to V2-1< %, which
is obviously true.

If m > 4 and » > 1, then, in view of Proposition 2.4.3, for all se-

quences p € 8(0|m) with po,p,, > 0 and py,...,pn_1 > 0, we have
that

(m—2>i 2% 4+ (m —4) 4+ 2%

m—1 m — 2
+ 11— + 7 m— + m
SC,H”nl(po p27.”’p 1 p+17‘”7p 2 p)
’ 2p1 2p; 2Pm—1
+ — + 7 m— + m
SCHoom_l(pO pQ,...,p 1 p+17“.7p 2 p>
' 2py 2p; 2Pm—1
Pi—1 + Dit1
= max ——.
1<i<m—1 2p;

By taking the limit » — oo, it follows that
m—4—i—\/§< Di—1 + Pit1
—— < max ——.
m— 2 1<i<m—1 2p;
In particular, with p; := sin (%7‘(‘), we get that

m—4++2

T
< cos <—>,
m— 2 m
which was to be shown.

For m = 4, both sides of the inequality are equal to ‘/75 and hence

equality holds in (2.32). ]
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2.5 An application of g-concave sequences

In this section, we consider a selfmap of the space R™ which originates
from the investigation of approximately convex real functions. Our main
aim here is to prove that it has a unique fixed point.

In what follows, we will adopt the following convention: For an ar-
bitrary sequence a € 8(1|n), let a be extended to be in $(0|n + 1) by
setting ap := 0 and a,.; := 0. For n € N and for a vector v =
(71, e ’VL%J) € RL"27), we define the map T, : R" — R" by

. Qi i+ Qi
S CSELN |

1<j<min(i,n+1—i 2

wherea € R"and i € {1,...,n}).

In order to make the map 7., a contraction with respect to a suitable
norm on R", we construct new norms in terms of positive sequences. Let
| + |o denote the maximum norm on R™, which is defined as |a|o, :=
maxi<;<n |a;|. If p € 8(1|n) is a sequence with positive members, then
we define || - ||, : R* — R by

lally == max p;*lai| = p~lalee  (a €RT).
It is easy to check that || - ||, is a norm, and hence R" is a Banach space

with respect to || - || ..

Theorem 2.5.1. [MP22] Let p € 8(1|n) be a sequence with positive mem-
bers and define

Pi—1+ Pit1 . Jua ifqg <1,
—_— and q = '
Tinsay(q) ifqg>1.
(2.33)
n+1

Then, forall v € R the mapping T, is ¢*-Lipschitzian on the normed
space (R, || - ||p). In particular, if p is strictly concave, then T, is a
contraction on the normed space (R", || - ||,).
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Proof. Firstofall, forall k € N, we prove that the function min: R¥ — R
is Lipschitzian with respect to the maximum norm | - |, with Lipschitz
modulus L. = 1. Indeed, if x,y € R”, then

; — < , i , _
min(z) lrglgkx lriuglk (yi + |z — wi]) < min (y; + |2 — ylw)

< min gi + |2~ yloo = min(y) + |2 — ylec.
Interchanging the roles of x and y in the above argument and then com-
bining the two inequalities so obtained, we get that

! min(x) — min(y)‘ < |2 = Yoo,

which proves our statement.
The definition of the number ¢ in (2.33) implies that p € 8(0[n+1) is

a g-concave sequence, and according to Proposition 2.4.5, ¢ > cos ( +1>

Then, g > cos ( ) forall j € {1,...,n}. Therefore, applying the last
inequality of Proposmon 2.3.3, we obtain that, foralli € {1,...,n} and
j€{l,...,min(i,n+1—14)}, (2.18) holds. Hence, on the same domain,

i—j T Ditj
P P < Tifa), (2.34)

Ifi € {1,...,n}, thenmin(i,n+1—1) < w = "L which shows
that the max1ma1 value of 7 is L”T“J Therefore (2.34) 1mphes that, for
alli e {1,...,n}and j € {1,... ,min(i,n +1 — 1)},

Pi—j T Pitj
#SmaX{Tl(Q),...,TLnT-HJ(Q)}. (2.35)

In what follows, we show that the right hand side of this inequality equals

If cos (n+1) < g < 1, then 0 < arccos(q) < -7+ Therefore, ac-
cording to the first part of Lemma 2.2.1, the sequence 7}(q) is decreasing
for j € {0,...,n + 1} and hence T;(q) < Ti(q) = ¢ = ¢* for all
je{l,...,|®L]}. If ¢ = 1, then Tj(¢q) = 1 = ¢* forall j € N. On
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the other hand, 1 < ¢, then according to the second part of Lemma 2.2.1,
the sequence (7;(q)):2, is increasing and hence 7}(q) < Tnga, (¢) = ¢*

holds forall j € {1,..., |2}

Observe that, by the definition of the norm || - ||,, for every a € R",
we have that |a;| < p;||al|, is valid for i € {0,1,...,n,n + 1}. Now let
i € {1,...,n} be fixed. Using the Lipschitz property of the minimum
function with k& := min(i,n + 1 — 4) and the inequality (2.35), for all

a,b € R", we get
p;1|(77(a))i - (T’Y(b))i|

. Ai—j T Gitj "’ az+3
min +;
1<j<min(i,n+1—3)

-1
)

— min
1<j<min(i,n+1—14)

(bz it bzﬂ )

(52t ) - (P )

|a;—j — H’! + [air; — byl

<p;* max
1<j<min(i,n+1—1%)

< max
1<j<min(i,n+1—1) 2p;
< max MHG —b||,
1<j<min(i,n+1—1) 2p;
< T; - bll, < q*lla — bl,.
< omax  Ti(@)la = bl < g%l = b,
Now, upon taking the maximum with respectto i € {1,...,n}, we arrive

at
|7 (a) - TV(b)Hp < q*lla = blly,

which completes the proof of the ¢*-Lipschitz property of 7., on the space
(R, |- II,)-

If the sequence p is strictly concave, then it is g-concave with some
q < 1. Therefore, the g-Lipschitz property of T, shows that the map 7T, is
a g-contraction on (R™, || - [[,,). O

Corollary 2.5.2. [MP22] For all v € RLU"3, the mapping T, : R" — R"
has a unique fixed point in R™.
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Proof. Let p; == i(n+ 1 — i) for i € {0,...,n + 1}. Then, by the

. . . . . 2
geometric mean-arithmetic mean inequality, we have that p; < (%)”.

Thus, foralli € {1,...,n}and j € {1,..., min(i,n + 1 — )}, we have

Picjtpiy _ (=g)nt1—-it+ i)+ (+7)n+1-i—J)

2p: 2i(n+1—1i)
C2in+1) =22 =22 i(n+1) —i% — 2
2i(n+1—1)  dn+1-1)
in+1—i)—1 p—1

~ din+1—4) p

NG ‘o1 w242 -3 (n-1(n+3)

- ("71)2 S n242n+1 0 (n+1)?

Therefore, the sequence p € $(0|n+1) is g-concave with ¢ = % <

1. According to Theorem 2.5.1, the mapping 7T, is a g-contraction on
(R™,]| - ||)- Therefore, by the Banach Fixed Point theorem, it possesses
a unique fixed point. ]






Summary

Summary of Chapter 1

An extension of the Radstrom cancellation
theorem to cornets

Introduction

In the theory of convex sets, a basic Cancellation Principle was discovered
by Radstrom [R52b] in 1952. The Lemma 2 of his paper states that the
inclusion

A+BCC+B

implies A C C provided that A, B, C' are nonempty subsets of a normed
space X, C'is closed and convex and B is bounded.

This lemma turned out to be a basic tool in various fields and hun-
dreds of papers have used it by now. For instance, in nonsmooth analysis
[CGT10,GGM16,GM18,HN17,D15], optimization theory [CKR 14], the-
ory of convex sets and functions [DMM11, GKKU14, GPPU12,GPU10a,
GP15,GU14,VN12,VN15,K14], set-valued analysis [CT13,KPR15,K19],
[LMNS14,P09,017,P13], set-valued differential equations [BG09,PS14,
M15], set-valued functional equations [BMP18,M12,S13,S19], iteration
theory [AN16, AGMM10,SS12,XNZ11,G12], etc.

71
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Cornets and convexity properties in cornets

Definition 1.1. [MP21]. An ordered triplet (X, +, <) is called an ordered
commutative semigroup if

(i) (X,+) is a commutative unital semigroup with a unit element 0;

(il) (X, =) is a partially ordered set, that is, < is a reflexive, antisym-
metric and transitive binary relation on X;

(iii) Forall z,y, z € X with z < y, the inequality x + z =< y + 2 holds.

If the partially ordered set (X, <) is complete, i.e., every nonempty lower
bounded subset of X has a greatest lower bound, then (X, +, <) is called
a complete ordered commutative semigroup.

In a semigroup (X, +), we naturally have the multiplication by natural
numbers which is defined recursively by

l-z:=u, nm+1)-z:=n-z+z (n € N).

If the semigroup is unital, then we also define 0 - z := 0.
In the next definition we present the central concept of our paper.

Definition 1.2. [MP21]. An ordered quadruple (X, +, *, <) is called
a cornet if (X, +,=) is an ordered commutative semigroup and “x” is
a multiplication of the elements of X by positive integers such that the
following conditions hold:

(i) Foralln,m € Nand z € X, (nm) * x = n * (m * x);
(ii)) Forallmn e Nand z,y € X, n* (x +y) =n*xz +nx*y;
(iii) Forallm,m € Nandz € X, (n+m) xx X nxx + m * x;

(iv) Foralln € Nand z,y € X, the inequality x < y holds if and only
ifnxxr < nxy;

W) 1xx=ux;
(vi) nx0=0.
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If the partially ordered set (X, <) is complete, then (X, +, x, <) is called
a complete cornet. A unital subsemigroup (.5, +) of a cornet (X, +, *, <)
which is also closed with respect to the multiplication * is called a sub-
cornet of (X, +, *, <) with the ordering restricted to .S.

It is obvious that if (X, +) is a commutative unital semigroup such
that, for all n € N, the mapping n — n - x is injective, then (X, +, -, =)
is a cornet.

Definition 1.3. [MP21]. Let (X, +,*, <) be a cornet and n € N. An
element v € X will be called n-convex if it fulfills the equality n x x =
n - z. For fixed elements z € X and n € N, we introduce the notations

C,:={n € N|zisn-convex} and C":={z € X |xisn-convex},

respectively. If C, = N, i.e., if z is n-convex for all n € N, then we
say that x is convex. The n-convex hull of an element x € X, denoted as
conv,(z), is an element y € C™ such that < y and, whenever x < z €
C",theny =< z.

In general, the n-convex hull of an element may not exist, but if it
exists, then it is unique. In order to formulate conditions which are suf-
ficient for the existence, we say that the *-multiplication in a complete
cornet (X, +, x, <) is n-continuous (with respect to the ordering "<") if,
for all nonempty lower bounded subsets H C X, we have

inf(n « H) = n*inf(H).

Proposition 1.4. [MP21]. Let n € N and let (X, +, x, %) be a complete
cornet in which the x-multiplication is n-continuous. Then (C™,+, %, <)
is a complete subcornet of the cornet (X, +, x, X). Furthermore, for every
element v € X, x admits an n-convex hull if and only if it has an n-convex
majorant.

In a cornet (X, +, %, <), let K™ denote the collection of those ele-
ments which have an n-convex hull and let M"™ denote the set of those
elements that have an n-convex majorant. Obviously, we have C" C
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K™ C M™. Using this terminology, the previous proposition asserts that
if (X, +,%*, <) is a complete cornet in which the x-multiplication is n-
continuous, then K™ = M™.

To illustrate the rich applicability of the above concepts, we provide
the most basic examples for cornets in the subsequent three propositions.
For these definitions, we introduce the notion of wedge in abelian group
setting.

Definition 1.5. [MP21]. If (G, +) is an abelian semigroup and n € N,
then for a subset S C G, define

n(S):={reG|n xS}

A subsemigroup S of the group (G, +) is said to be n-divisible if, for all
z € S, the set n~'({z}) N S is nonempty. If this set is a singleton, then
S is called uniquely n-divisible and its unique element will be denoted by

In a unital abelian semigroup (7, a subset W C G is called a wedge if
the following properties are satisfied:

(i) W is a unital subsemigroup of G.
(i1) If u,v € W suchthat u +v = 0, then u = v = 0.

(iii) For all n € N, the inverse image n~' (W) is contained in W.

In terms of a wedge W C G, we can define a partial order <y in the
following way: For x,y € G, we say that x <y yify € o +W. It
immediately follows that <y is a reflexive, and transitive relation on G.
If, in addition, G is cancellative (which is always the case if G is group),
then <y is antisymmetric and hence it is a partial order on G.

Proposition 1.6. [MP21]. Let (G, +) be an abelian group and let W C G
be a wedge. Then, for a subsemigroup S of G containing W, the quadru-
ple (S,+, -, 2w) is a cornet in which every element is n-convex for all
n € N. In particular, by taking W := {0}, it follows that (G,+,-,=) is a
cornet.
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Proposition 1.7. [MP21]. Let (G, +) be an abelian group, W be a wedge
and let S be a subsemigroup of G containing W. Let Py (S) denote the
collection of all nonempty W -invariant subsets A of S, which means that
A+ W C A holds. Define the operations + and * by:

A+B:={a+blac A be B} (A, B € Py(9)), (D
nxA={n-a+w|lac A weW} (AePy(S),neN).

Then (Pw(S),+,*,C) is a complete cornet with the unit element W.
Furthermore, the mapping

olx) =x+W (x€9)

is an injective order reversing homomorphic mapping of (S,+,, 2w)
into the cornet (Py (S),+,*,C). In addition, if n € N and W is n-
divisible, then A € Py (S) is n-convex if and only if, for all x1, ..., x, €
A, we have

nM{zy ) NAED.

Proposition 1.8. [MP21]. Let (G, +) be an abelian group, W be a wedge
and let S be a uniquely divisible subsemigroup of G which contains W .
Let, for p €10, 1],

Fi(S):={f:5—10,1] | sup f > p and f is W-nondecreasing}
(1.2)
and define the addition and the scalar multiplication in F};,(S) by

(f ® g)(z) :== sup min (f(u),g(v)),

u,WES

“*”:; (1.3)
(o f) =1 () (f.g € FI.(S), z € S, n € N).

Finally, let < denote the pointwise ordering in F};,(S). Then the quadru-
ple (F},(S), ®, ®, <) is a complete cornet whose unit element is the char-
acteristic function of the wedge W. Furthermore, the mapping
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is an injective cornet-preserving mapping of (Pw(S),+, *, C) into the
quadruple (F},(S),®,®,<). In addition, a function f € F&,(S) is n-
convex if and only if it is n-quasiconcave, i.e., forall x1, ..., x, € S,

x1++xn>
—n .

min(f(x1), ..., f(a)) < £

Topological notions and boundedness in cornets

In a natural way, we can introduce the notions of nonnegative and Archi-
medean elements in a cornet with the following definition.

Definition 1.9. [MP21].  In a cornet (X, +,*, <) an element x €
X is said to be nonnegative if 0 < x holds. The element x is called
Archimedean, denoted by 0 < z, if, for all u € X, there exists ng € N
such that 0 < u + n * z for all ng < n. The set of all nonnegative and
Archimedean elements in X will be denoted by X< and X_, respectively.

The properties of nonnegative and Archimedean elements are estab-
lished in the following assertion.

Proposition 1.10. [MP21]. Let (X, +,*, <) be a cornet. Then X_ is
contained in X< and

In addition, X - and X< are subcornets of (X, +, *, X).

In what follows, we introduce the notions of continuity of the ad-
dition, boundedness and closedness with respect to a subsemigroup of
Archimedean elements. For comparison, we recall first the standard topo-
logical concepts for abelian groups.

Definition 1.11. [MP21]. If (G, +) is an abelian group and 7 is a Haus-
dorff topology on G, then we say that (G, T, +) is a topological group if
the (z,y) — = —y is a continuous map of G x G into G. A subset U C G
is said to be convex if, for all n € N,

{44 un |ug, .. up €Uy ={n-u|ueU}.
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We say that G is locally convex if every neighborhood of 0 contains a
convex neighborhood of 0. A subset H C G is said to be topologically
bounded if, for all neighborhood U of 0, there exists n € N such that
Hg {u1+---+un|u1,...,un6 U}

Definition 1.12. [MP21]. Let (X, +,*, <) be a cornet and let A be a
subsemigroup of X _. We say that the addition is A-continuous if, for all
a € A, there exists b € A such that b + b =< a holds. We say that an
element x € X is A-bounded if, for all a € A, there exists ng € N such
that © < n *x a for all n > ny.

Proposition 1.13. [MP21]. Let (X, +,*, <) be a cornet and let A be
a subsemigroup of X such that the addition is A-continuous. Then the
A-bounded elements form a subcornet of (X, +, *, <).

Definition 1.14. [MP21]. Let (X, +, %, <) be a cornet and let A be a
subsemigroup of X .. Given an element x € X, we say that y € X is
the A-closure of z if y < x + a holds for all @ € A and, y is the largest
element of X with is property, i.e., if z < x + a holds for all @ € A, then
z = y. It is clear that the A-closure of an element, if exists, is unique and
is denoted by cl4(x). An element z is called A-closed if v = cly(z). The
set of all elements of X which has an A-closure will be denoted by Cly.

In the subsequent propositions, we consider the cornets that were in-
troduced in Propositions 1.6, 1.7 and 1.8, and we determine all bounded,
closed and Archimedean elements in these structures.

Proposition 1.15. [MP21]. Let (G,+) be a topological abelian group
such that there is no proper open subgroup of G. Let W C G be a wedge
with W° # () and let S be a subsemigroup of G containing W. Then we
have the following claims:

(i) In the cornet (S,+, -, 2w ) the set of nonnegative elements is W.
(ii) The set W° is a subsemigroup of the Archimedean elements.
(iii) Every element of S is W °-bounded.

(iv) If, in addition, G is locally convex and W is topologically closed
and W° = W*° + W?°, then every element of S is also W°-closed.
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Proposition 1.16. [MP21]. Ler (G,+) be a topological abelian group
such that there is no proper open subgroup of G. Let W be a wedge and let
S be a subsemigroup of G containing W. Let Py (S) denote the collection
of all nonempty W -invariant subsets of S. Define the operations + and *
by (1.1). Then the following statements hold:

(i) The set of nonnegative elements of the cornet (Py (S), +, *, C) con-
sists of those W -invariant subsets of S that contain 0 (which denotes
the neutral element of G).

(ii) The collection A of those W -invariant subsets which contain an
open convex neighborhood C € Py (S) of 0 is a subsemigroup of
the Archimedean elements.

(iii) An element of Py (S) is A-bounded if it is the sum of a topologically
bounded subset of S and W'

(iv) If, in addition, G is locally convex, then any topologically closed el-

ement of Py (S) is also A-closed and the addition is A-continuous.

Proposition 1.17. [MP21]. Let (G,+) be a topological abelian group
such that there is no proper open subgroup of G. Let W be a wedge and
let S be a uniquely divisible subsemigroup of G containing W. Let, for
p €10, 1], the set F};,(S) be defined by (1.2) and define the operations &
and ® by (1.3). Then, the following statements hold.

(i) The set of nonnegative elements of the cornets (F};,(S),®,®, <)
consists of those W -invariant functions f such that f(0) = 1 (here
0 denotes the neutral element of G).

(ii) The cornet (Fy}j,(S), ®, ®, <) has no Archimedean elements for p €
10, 1[. On the other hand, the set A of those a € Fyi,(S) or which
there exists an open convex neighborhood C of 0 such that a|c = 1is
a subsemigroup of the Archimedean elements of (F}},(S), ®, ®, <).

(iii) Any f € F}\/(S) is A-bounded if supp(f) := {u € S| f(u) > 0}
is covered by the sum of a topologically bounded subset of S and
w.

(iv) If, in addition, G is locally convex, then any upper semicontinu-
ous element of F}\,(S) is also A-closed and the addition & is A-
continuous.
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Main results

We now present the extension of the Radstrom Cancellation Theorem.

Theorem 1.18. [MP21]. Let (X, +,*, =) be a cornet and let A be a
subsemigroup of X < such that the addition is A-continuous. Let x,y,z €
X such that z is A-bounded and y is A-closed and m-convex for some
m > 2. If

r+z=y+z

holds, then we have v < y.

Corollary 1.19. [MP21]. Let (G,+) be a locally convex topological
abelian group such that there is no proper open subgroup of G. Let W be
a wedge and let S be a subsemigroup of G containing W. Let Py (S) de-
note the collection of W -invariant subsets of S and define the operations
+ and x by (1.1). Let A, B,C € Py (S) such that B is covered by the sum
of a topologically bounded subset of S and W and C' is a topologically
closed m-convex subset of S for some m > 2. If

A+BCC+B
holds, then A C C.

Corollary 1.20. [MP21]. Let (G,+) be a locally convex topological
abelian group such that there is no proper open subgroup of G. Let W be
a wedge and let S be a uniquely divisible subsemigroup of G containing
W. Let the set F}},(S) be defined by (1.2) and define the operations &
and ® by (1.3). Let f,g,h € F},(S) such that supp(h) is covered by
the sum of a topologically bounded subset of S and W and g is upper
semicontinuous and m-quasiconcave for some m > 2. If

f@oh<gdh

holds, then f < g.
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On convex and concave sequences and their
applications

Introduction

In the theory of convexity, the investigation of convex functions play a
fundamental role. We refer to the following monographs for the details:
Hardy-Littlewood—P6lya [HLP34], Kuczma [K85], Mitrinovi¢ [M70],
Mitrinovi¢-Pecari¢-Fink [MPF91, MPF93], Niculescu—Persson [NP06],
Popoviciu [P44], and Roberts—Varberg [RV73]. The investigation of con-
vex sequences probably started in the book Mitrinovi¢ [M70]. This sub-
field is still very active, some recent results and applications have been ob-
tained by Krasniqi [K16], Niezgoda [N11,N17a,N17b], Sofonoea—Tincu—
Acu [STA18], Tabor—Tabor—Zoldak [TTZ12], Wu—Debnath [WD07], Y1l-
diz [Y18]. In this chapter we introduce the notions of g-convex, g-affine
and g-concave sequences and some basic results on them are also pre-
sented. Then we establish their surprising connection to Chebyshev poly-
nomials of the first and of the second kind. Finally, an application of them
to fixed point theory is presented.

Given n,m € Z with 2 < m — n, let 8§(n|m) denote the linear

p : {n,...,m} — R. It is natural to define the notions of concav-
ity, convexity and affinity for the elements of 8(n|m). A sequence p =
(P -+, Dm) € 8(n|m) is called convex if, forall i € {n+1,...,m—1},

2p; < pi-1 + pita- 2.1

81
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If, forall: € {n+1,...,m — 1}, the reversed inequality holds in (2.1),
then the sequence is termed concave. Finally, if a sequence is simulta-
neously convex and concave, then it is said to be affine. If the inequality
(2.1) holds with strict inequality sign, then we speak about strict convexity
and concavity, respectively.

In what follows, a sequence p = (pp,...,pm) € S(njm) is called
q-convex if, foralli € {n +1,...,m — 1},
2qpi < pi—1 + piv1- (2.2)

If, forall: € {n+1,...,m — 1}, the reversed inequality holds in (2.2),
then the sequence is termed ¢-concave. If a sequence is simultaneously
g-convex and g-concave, then it is said to be g-affine.

We can easily see that the strict convexity of a positive (or negative)
sequence implies its g-convexity for some g. Analogously, p € 8(n|m) is
a negative strictly convex sequence, then it is g-convex with 0 < ¢ < 1.

The subclasses of g-convex and g-concave sequences in 8(n|m) will
be denoted C;/(n|m) and C['(n|m), respectively. Finally, A,(n|m) will
stand for the subclass of g-affine sequences, that is,

Aq(n|m) == €7 (n|m) N € (n|m).

It is easy to see that A,(n|m) is a linear subspace of §(n|m), and both
€, (nJm) and C('(n|m) are convex cones in §(n|m), i.e., they are closed
with respect to linear combinations with nonnegative coefficients.

Auxiliary results for Chebyshev polynomials

For k € Z,let T),: R — R and Uy: R — R denote the Chebyshev
polynomials of the first and of the second kind of order %k, which are
defined by the system of equations for k € Z

To(x) =1, Ti(z) =z, Ti1(z)+ Tpii(x)=22T(x),
Up(z) =1, Ui(z):=2x, Up_1(x)+ Ups1(x) = 22U(x),
respectively. The last equalities in (2.3) rewritten as

Ti1(z) = 22T (2) — T (), Upsr(z) = 22Uk(x) — Up—1(2),

(2.3)
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can be used to compute 7}, and Uy for k > 2 recursively. If we rewrite
them as

Ti1(z) = 22Ty (x) — T (), Up_1(z) = 22Uk(x) — Ugsa(2),

then 7}, and Uy, can be determined for £ < —1. One can easily prove that,
for k € Z,

T,k = Tk and U,k = —Uk,Q.

In particular, U_; = 0. It is clear that, for £ > 0, the degree of T}, and U},
equals k. It is well-known that these polynomials satisfy, for all v € R
and k € Z, the equalities

Ti(cos(u)) = cos(ku), T (cosh(u)) = cosh(ku)

and

Up(cos(u)) = SMEH DO = ooh(u)) =

sin(u)

sinh((k + 1)u)
sinh(u)

From these representations it easily follows that the roots of 7}, (for k& # 0)
and Uy_; (for k ¢ {—1,0,1}) are given by

{Cos(2i2;17r> |ie{1,...,]k!}} and
{cos(%r) ]ie{l,...,|k\—1}},

respectively. Therefore, the largest root of T} (for £ # 0) and Uy_; (for
k & {—1,0,1}) are given by cos (4) and cos () respectively.

g-concave, g-convex and ¢-affine sequences

The next proposition shows that A, (n|m) is a two dimensional subspace
of 8(n|m).
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Proposition 2.1. [MP22]. A sequence p € 8(n|m) is q-affine if and only
if there exist a,b € R such that

pi = alin(q) +0Tin(q) (i€ {n,...,m}).
In addition, if p € A (n|m), then, foralli,j, k € {n,...,m},
Ur—j—1(@)pi + Uj—i-1(0)p = Ur—i-1(q)p;-
In particular, fori € {n,...,m}and j € {1,...,min(i —n,m — i)},
Pi—j + pir; = 2T5(q)ps.

In the following statement, we establish some properties of the class
of g-concave (and hence of g-convex) sequences.

Proposition 2.2. [MP22]. The cone C/(n|m) is closed with respect to the
pointwise minimum and the cone C;(n|m) is closed with respect to the
pointwise maximum.

As g-affine sequences are g-concave and also g-convex, we obtain that
the pointwise minimum and maximum of a finite family of g-affine se-
quences are g-concave and also g-convex, respectively.

Proposition 2.3. [MP22]. Let i,j,k € {n,...,m} withi < j < k.

Assume that
T
> COoS .
1= (max(j —ik —j))

Then, for all p € C)(n|m),

Ur—j—1(@)pi + Uj—i-1(@)pr < Up—i—1(q)p;-

In particular, ifi € {n+1,... m—1}andj € {1,... , min(i—n,m—i)}

and
()
qg>cos|—]),
J

Pi—j + Pivj < 2T;5(q)pi.

then
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Proposition 2.4. [MP22]. Let j, k € {n,...,m} with j < k. In addition,

assume that .
> COS )
1 (k; — )

Let p € C"(n|m) and define

Ui—j-1(q) Us—i-1(q) .
T =D + p; 1LEMN,...,Mg).
kUk—j—l(q) ’ Us—j-1(q) it )
Then, r = (ry, ..., ) is a q-affine sequence and, fori € {n,...,m},

>p; ifi<jork<i.
<pi Iifj<i<k.

In the following proposition, we establish a characterization of g¢-
concave sequences.

Proposition 2.5. [MP22]. Let p € 8(n|m). Then p is q-concave if and
only if, forall j € {n,...,m — 1}, there exists r € A,(n|m) such that

p; =T, Pi+1=Tjy1, and p;<r; for 1€ {n,...,m}.

An application of ¢g-concave sequences

In what follows, we will adopt the following convention: For an arbitrary
sequence a € 8(1|n), let a be extended to be in 8(0|n+1) by setting ag :=
0 and a,,41 := 0. For n € N and for a vector 7 = (fyl, e 7’}/LnT+1J> €

n+1

R, we define the map Jy: R" — R" by

. Aj—j + Qitj
T (a)). = min (— + )
( a ))Z 1<j<min(i,n+1—) 2 i)

where a € R"andi € {1,...,n}).
In order to make the map 7T, a contraction with respect to a suitable
norm on R", we construct new norms in terms of positive sequences. Let
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| - | denote the maximum norm on R™. If p € §(1|n) is a sequence with
positive members, then we define || - ||,: R" — R by

lally == max p e = [p~ale (e €RY).
Then || - ||, is a norm and R” is a Banach space with respect to || - ||,,.

Theorem 2.6. [MP22]. Let p € 8(1|n) be a sequence with positive mem-
bers and define

q ‘= max

Pi—1+ Div1 . {q ifq <1,
—_ and q =
1<i<n 2p;

Tingay(q) ifg>1.

Then, forall v € RL2, the mapping T, is ¢*-Lipschitzian on the normed
space (R",|| - ||,). In particular, if p is strictly concave, then T., is a
contraction on the normed space (R", || - ||,).

Corollary 2.7. [MP22]. Forall v € R, the mapping T, : R" — R"
has a unique fixed point in R".



Osszefoglalé

Az 1. Fejezet osszefoglaldja

A Radstrom-féle egyszeriisitési szabaly
kiterjesztése tolcsérekre

Bevezetés

A konvex halmazok elméletéhez tartozé Egyszer(sitési Szabalyt Radst-
rom [R52b] fedezte fel 1952-ben. Az eredeti cikkében a masodik Lemma
szerint az

A+BCC+B

tartalmazasbol kovetkezik, hogy A C C, feltéve, hogy az A, B, C' nem-
ires halmazok részhalmazai egy X normadlt térnek, C' zért, konvex és B
pedig korlétos.

Kés6bb ez a lemma alapvetd eszkoz lett a matematika kiilonféle te-
riiletein, €s mdra cikkek szdzai felhaszndltdk ezt az eredményt. Példa-
ul nemsima analizis [CGT10, GGM16, GM18, HN17, D15], optimaliza-
las [CKR14], konvex halmazok és fiiggvények elmélete [DMM11, GK-
KU14,GPPU12,GPU10a, GP15,GU14, VN12, VN15, K14], halmazérté-
ki analizis [CT13, KPR15,LMNS14,P09,K19,017,P13], halmazértékd
differencidlegyenletek [BG09,PS14,M15], halmazértékd fiiggvényegyen-
letek [BMP18,M12, S13, S19], iteracidelmélet [AN16, AGMM10, SS12,
XNZ11,G12], stb.
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Tolcsérek és konvexitasi tulajdonsagok tolcsérekben

1.1. Definicié. [MP21]. Az (X, +, =) rendezett hdrmast rendezett kom-
mutativ félcsoportmak nevezzik, ha

(i) (X,+) egy kommutativ egységelemes félcsoport, aminek az egy-
ségeleme a 0;
(ii) (X, =) egy részbenrendezett halmaz, azaz < egy reflexiv, antiszim-
metrikus és tranzitiv relacié X -en;
(iii) Béarmely x,y,2z € X ésx < yeseténaz x+2 < y+z egyenlbtlenség
fennall.

Ha az (X, <) részbenrendezett halmaz teljes, azaz X barmely nemiires
alulrdl korlatos részhalmazéanak létezik pontos felsd korlatja, akkor az
(X, 4, X) hdrmast teljes rendezett kommutativ félcsoportnak hivjuk.

Egy (X, +) félcsoportban természetes tton definidlhatd a természetes
szdmokkal val6 szorzds az aldbbi rekurziv médon

l-z:=ux, n+1)-z:=n-x+x (n € N).

Ha a félcsoport egységelemes, akkor definidljuk tovabba az egységgel va-
16 szorzastis: 0 - x := 0.

A kovetkezd definici6 jelen fejezetnek a kdzponti fogalma.
1.2. Definicié. [MP21]. Egy rendezett (X, +, %, <) négyest tdlcsérnek

7

neveziink, ha (X, +, <) egy rendezett kommutativ félcsoport és "x" az X
halmaz elemeinek pozitiv egész szdmokkal vald szorzasat jelenti, amely
teljesiti az alabbi feltételeket:

(i) Barmely n,m € Nésxz € X esetén (nm) * x = n * (m * x);
(ii) Barmelyn € Nésx,y € X eseténn (x +y) =n*x +n*y;
(iii) Barmely n,m € Nész € X esetén (n 4+ m) xx X nxx + m * x;

(iv) Barmely n € Nés z,y € X esetén az v < y egyenlStlenség ponto-
san akkor teljestil, han x z < n xy;

V) 1xz=ux;
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(vi) nx0=0.

Ha az (X, <) részbenrendezett halmaz teljes, akkor az (X, +, %, <) né-
gyest teljes tolcsérnek nevezziik. Egy (S, +) egységelemes részfélcso-
portjat az (X, +, %, X) tolcsérnek, amely zdrt a "«" miiveletre nézve az
(X, +, %, ) tolcsér résztolesériének hivjuk, ahol a rendezés alatt a ren-
dezés S halmazra val6 lesziikitését értjiik.

Vilagos, hogy ha (X, +) egy olyan kommutativ egységelemes félcso-
port, hogy barmely n € N esetén az n — n - x leképezés injektiv, akkor
az (X, +, -, =) négyes tolcsér.

1.3. Definicié. [MP21]. Legyen (X, +, %, <) egy tolcsér és n € N. Az
x € X elemet n-konvexnek nevezziik, han x z = n - x. Rogzitett x € X
és n € N esetén, bevezetjiik az alabbi jeloléseket:

C,:={n € N|zn-konvex} és C":={x € X |z n-konvex}.

Ha C, = N, azaz ha x n-konvex barmely n € N esetén, akkor azt mond-
juk, hogy x konvex. Az x € X elem n-convex burka egy olyan y € C"
elem, hogy © < y, tovibbd ha x < z € C™, akkor y = z. Az x elem
konvex burkat conv,, (x)-szel jeloljiik

Altaldban egy elem n-konvex burka nem feltétleniil 1étezik. Ha vi-
szont létezik az n-convex burok, akkor az egyértelmt. A létezés biz-
tositdsdhoz tovabbi feltételekre van sziikségiink. Azt mondjuk, hogy a
x-szorzéas miivelet egy (X, +, %, <) teljes tolcséreben n-folytonos (a "=<"
rendezésre nézve), ha barmely nemiires alulrdl korldtos H C X részhal-
maz esetén fennall, hogy

inf(n x H) = n*inf(H).

1.4. Allitas. [MP21]. Legyen n € N és (X, +, %, =) egy teljes tolcsér,
amiben a * szorzds n-folytonos. Ekkor (C™,+,*, <) egy teljes résztil-
csére az (X, +,*,R) tolcsérnek. Tovdbbd bdarmely x € X esetén egy x
elemnek pontosan akkor létezik az n-konvex burka, ha van n-konvex ma-
jordnsa.
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Egy (X, +, *, <) tolcsérben jelolje K™ azon elemek halmazat, ame-
lyeknek 1étezik n-konvex burka és jelolje M™ azon elemek halmazat,
amelyeknek 1étezik n-konvex majordnsa. Ekkor vildgos, hogy C" C
K™ C M". Ezen jelolésekkel az el6z§ éllitas szerint, ha (X, +, *, <)
egy teljes tolcsér, amiben a x-szorzds n-folytonos, akkor K™ = M™.

A fenti fogalmak alkalmazhatésaganak illusztrdldsdra a kovetkez6 ha-
rom allitdsban alapvetd példdkat mutatunk tdlcsérekre. Ehhez elobb be-
vezetjiik az €k fogalmat Abel-csoportokban.

1.5. Definicié. [MP21]. Legyen (G, +) egy Abel-félcsoport, S C G és
n € N. Definidljuk

n(S):={r€G|n xS}

Egy S részfélcsoportjat (G, +)-nak n-oszthaténak nevezziik, ha barmely
r € Sesetén az n~!({x}) NS nemiires. Ha ez a halmaz egyelemd, akkor
S-t egyértelmiien n-oszthatonak nevezziik és ezt az egyértelmi elemet
x/n-nel jeldljik. Egy G egységelemes Abel-félcsoportban egy W C G
részhalmazt éknek hivjuk, ha az aldbbi tulajdonsagok teljesiilnek:

(1) W egy egységelemes részfélcsoportja GG-nek.
(i) Ha u,v € W olyan, hogy u + v = 0, akkor u = v = 0.

(iii) Barmely n € N esetén, az n~! (W) Gsképet tartalmazza V.

Egy W C G ék esetén definidlhatunk egy részbenrendezést, <y, -t, az
alabbi médon: Az x,y € G elemek esetén azt mondjuk, hogy x <y v, ha
y € x+W. Azonnal lathatd, hogy <y egy reflexiv és tranzitiv relacié G-
n. Ha még G rdaddsul kancellativ is (ami mindig teljesiil, ha G csoport),
akkor <y antiszimmetrikus is, tehat részbenrendezés G-n.

1.6. Allitas. [MP21]. Legyen (G, +) egy Abel-csoport és W C G egy ék.
Ekkor, ha S olyan részfélcsoportia G-nek, amely tartalmazza W -t, akkor
az (S, +, -, 2w ) négyes tilcsér, amelyben minden elem n-konvex bdarmely
n € N esetén. Specidlisan az W .= {0} vdlasztdssal (G, +, -, =) tlcsér.
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1.7. Allitas. [MP21]. Legyen (G,+) egy Abel-félcsoport, W egy ék, és
legyen S részfélcsoportia G-nek. Jelolje Py (S) az S halmaz dsszes W -
invaridns A részhalmazdt, azaz az olyan halmazokat, amelyekre A+W C
A fenndll. Definidljuk a + és * miiveleteket az aldbbi médon:

A+B:={a+bla€ A be B} (A, B € Py(9)),

1.1
nxA:={n-at+wl|lac A weW} (AecPy(S),neN). (-1)

Ekkor (Py (S), +, %, C) egy teljes tolcsér, amelynek egységeleme W .
Tovdbbd az

olx) =+ W (x € f)
leképezés egy injektiv rendezésvdlté homomorf leképezése (S, +,-, <w
)-nek a (Py(S),+,*, Q) tolcsérbe. Ha még rdaddsul W n-oszthatd,
ha n € N, akkor A € Py (S) pontosan akkor n-konvex, ha bdrmely
X1,...,%, € Aesetén

n{x + o a})NAED.

1.8. Allitas. [MP21]. Legyen (G, +) egy Abel-csoport, W egy ék, és S egy
W -t tartalmzao, egyértelmiien oszthato részfélcsoportja G-nek. Legyen,
p €10, 1] esetén,

Fi(S):={f:S—[0,1 | sup f > p és f W-nemcsokkens} (1.2)
és definidljuk az dsszeaddst és a szammal valé szorzdst Fj,(S)-ben a
kovetkezdoképp:

(f ® g)() = sup min (f(u),g(v)),

u,vES

whos (1.3)
(no f)(z) ::f<ﬁ) (f,g € Fi,(S), z€ S, neN).

Jelolje < a pontonkénti rendezést F},(S)-ben. Ekkor (F},(S),®,®, <)
egy teljes tolcsér, aminek az egységeleme a W ék karakterisztikus fiiggvé-

nye. Tovdbbd a
®(A):=xa (A€ Pw(9))
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mddon adott leképezés injektiv télcsértarto leképezése (Py (S), +, %, C)-
nek (F}i,(S),®,®, <)-be. Rdaddsul az [ € F&,(S) fiiggvény pontosan
akkor n-konvex, ha n-kvdzikonkdv, azaz bdarmely x4, ..., x, € S esetén

min(f(z1),. .., f(zn)) < f(u>

n

Topologikus fogalmak és korlatossag tolcsérekben

A nemnegativ és Archimedesi elemek természetes modon vezetkezdk be
tolcsérekben a kovetkezd definicidval.

1.9. Definicio. [MP21]. Legyen (X, +, *, <) egy tolcsér. Azt mondjuk,
hogy az x € X elem nemnegativ, ha 0 =< x fenndll. Az x elemet Ar-
chimedesinek mondjuk és 0 < x-szel jeloljiik, ha barmely © € X esetén
van olyan ng € N, hogy ha ny < n, akkor 0 < u + n * x teljesiil. Az
X halmaz nemnegativ €s Archimedesi elemeinek halmazat rendre X< és
X -szel jeloljik.

A kovetkez0 4llitds a nemnegativ €s Archimedesi elemek tulajdonsa-
gait mutatja meg.

1.10. Allitas. [MP21]. Legyen (X, +, %, =) egy tolcsér. Ekkor X< tar-
talmazza X ;-et és
X_< “I'_ Xj g X_<.

Rdaddsul, X . és X< résztolcsérei (X, +, *, <)-nek.

A kovetkezOkben bevezetjiik az 6sszeadds folytonossdganak fogal-
mat, valamint Archimedesi elemeket tartalmazé részfélcsoport korlatos-
sagat és zartsdgat. Osszehasonlitdsul el8szor idézziik fel a klasszikus to-
pologikus fogalmakat Abel-csoportokra.

1.11. Definici6. [MP21]. Ha (G, +) egy Abel-csoport és T Hausdorff-
topol6gia G-n, akkor azt mondjuk, hogy (G, T, +) egy topologikus cso-
port, ha (z,y) — x — y egy folytonos leképezése G x G-nek G-be. Egy
U C G halmazt konvexnek neveziink, ha barmely n € N esetén

{44 un |ug, .. up €Uy ={n-u|ueU}.
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Azt mondjuk, hogy G lokdlisan konvex, ha a 0 barmely kornyezete tartal-
maz konvex kornyezetét O-nak. A H C G részhalmazt topologikusan kor-
ldtosnak nevezziik, ha 0 barmely U kornyezete esetén van olyan n € N,
hogy H C {uy + -+ 4+ uy, | ur,...,u, € U}

1.12. Definicié. [MP21]. Legyen (X, +, *, <) egy tolcsér és A részfélcso-
portja X . -nek. Azt mondjuk, hogy az 6sszeadas A-folytonos, ha barmely
a € Aesetén van olyan b € A, hogy b +b = a. Azx € X elemet
A-zdrmak nevezziik, ha barmely a € A esetén van olyan ny € N, hogy
ha n > ng, akkor £ < n % a fennall.

1.13. Allitas. [MP21]. Legyen (X, +, %, %) egy tolcsér és legyen A olyan
részfélcsoportia X <-nek, amelyben az osszeadds A-folytonos. Ekkor az
A-korldtos elemek résztolcsért alkotnak (X, +, *, <)-ben.

1.14. Definicié. [MP21].  Legyen (X, +,*, <) egy tolcsér és A egy
részfélcsoportja X_-nek. Adott x € X esetén azt mondjuk, hogy y € X
az x elem A-lezdrtja, ha y < x + a teljesiil minden a € A esetén, és y a
legnagyobb ilyen tulajdonsagu elem X-ben, azaz ha z < = + a barmely
a € A esetén, akkor z =< y. Vildgos, hogy ha egy elemnek 1étezik az
A-lezértja, akkor az egyértelmid. Ezt az elemet cly(x)-val jeloljik. Egy
x elemet A-zdrtmak neveziink, ha x = cly(z). Az 6sszes A-lezdrhaté
elemek halmazét Cl,-val jeloljiik.

A soron kovetkez§ allitdsokban megvizsgiljuk az 1.6, 1.7 és 1.8 Al-
litdsokban bemutatott tolcséreket €s megkeressiik az 6sszes korlatos, zart
és Archimedesi elemeket ezekben a struktirakban.

1.15. Allitas. [MP21]. Legyen (G, +) egy olyan topologikus Abel-csoport,
amelynek nincs valodi nyilt részcsoportja. Legyen W C G egy olyan ék,
amelyre W° £ (), és legyen S egy W -t tartalmazé részfélcsoportja G-nek.
Ekkor az aldbbiak teljesiilnek:

(i) Az (S, 4+, -, 2w ) tolcsér nemnegativ elemeinek halmaza W.
(ii) Az W° halmaz részfélcsoportja az Archimedesi elemek halmazdnak.
(iii) S minden eleme W °-korldtos.
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(iv) Ha még rdaddsul G lokdlisan konvex, W topologikusan zdrt és W° =
We + We, akkor S minden eleme egyidejiileg W °-zdrt.

1.16. Allitas. [MP21].  Legyen (G, +) egy olyan topologikus Abel-
csoport, amelynek nincs valodi nyilt részcsoportja. Legyen W egy ék és
S egy W-t tartalmazo részfélcsoportia G-nek. Jelolje Py (S) az S hal-
maz W -invaridns részhalmazait és defindljuk a + és x miiveleteket (1.1)
szerint. Ekkor az alabbi dllitdsok teljesiilnek.

(i) A (Pw(S),+,*, Q) tolcsér nemnegativ elemei S azon W -invaridns
részhalmazaibdl dll, amelyek tartalmazzdk a 0 elemet (ami G neut-
rdlis eleme).

(ii) Azon W -invaridns részhalmazok A csalddja, amelyek tartalmaznak
nyilt konvex kornyezetét 0-nak, részfélcsoportjat alkotjak az Archi-
medesi elemeknek.

(iii) A Py (S) halmaz egy eleme pontosan akkor A-korldtos, ha elédll S
és W topologikusan korldtos részhalmazai dsszegeként.

(iv) Ha még rdaddsul G lokdlisan konvex, akkor Py (S) bdrmely topo-
logikusan zdrt eleme A-zdrt is, valamint az 0sszeadds A-folytonos.

1.17. Allitas. [MP21]. Legyen (G,+) egy olyan topologikus Abel-
csoport, amelynek nincs valodi nyilt részcsoportja. Legyen W egy ék és
S egy W -t tartalmazo egyértelmiien oszthato részfélcsoportja G-nek. De-
finidljuk p €0, 1] esetén az Fy,(S) halmazt (1.2) alapjdn, a miiveleteket
pedig (1.3) szerint. Ekkor teljesiilnek az aldbbi dllitdsok.

(i) Az (F,(S), ®, ©, <) tolcsér nemnegativ elemei azok a W -invaridns
f fiiggvények, amelyekre f(0) = 1 (ahol 0 jeloli G neutrdlis elemét).
(ii) Az (F1,(S), ®, ®, <) tolcsérnek nincs Archimedesi eleme p €10, 1]
esetén. Mdsrészt az olyan a € Fy,(S) elemek A halmaza, ame-
lyekhez létezik a 0-nak, C-vel jelolt, nyilt konvex kornyezete, hogy
ale = 1, részfélcsoportjdt alkotja az (F}y,(S), ®, ®, <) tolcsér Ar-
chimedesi elemeinek.
(iii) Egy [ € FL.(S) elem A-zdrt, ha supp(f) := {u € S| f(u) > 0}
lefedhet S és W topologikusan zdrt részhalmazdnak dsszegével.
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(iv) Ha még rdaddsul G lokdlisan konvex, akkor bdrmely feliilrdl félig
folytonos eleme F},(S)-nek A-zdrt is, az & 0sszeadds miivelet pedig
A-folytonos.

F6 eredmények

Ebben a részben kimondjuk a Radstrom-féle Egyszer(sitési Szabaly élta-
lanositasat tolcsérekre.

1.18. Tétel. [MP21]. Legyen (X, +,*, =) egy tolcsér és A olyan rész-
félcsoportja X <-nek, hogy benne az dsszeadds A-folytonos. Legyenek
tovdabbd x,y,z € X olyanok, hogy z A-korldtos, y A-zdrt és m-konvex,
valamely m > 2-re. Ekkor, ha

r+zy+z
teljesiil, akkor x =< y.

1.19. Kovetkezmény. [MP21]. Legyen (G, +) egy olyan lokdlisan kon-
vex Abel-csoport, amelynek nincs valodi nyilt részcsoportja. Legyen W
egy ék és S egy W -t tartalmazo részfélcsoportia G-nek. Jelolje Py (S) az
S halmaz W -invaridns részhalmazait és defindljuk a + és * miiveleteket
(1.1) szerint. Legyen A, B,C € Py (S) olyan, hogy B lefedhetd S és W
topologikusan korldtos részhalmazainak osszegével, C' pedig topologiku-
san zdrt m-konvex részhalmaza S-nek, valamely m > 2 esetén. Ekkor,
ha

A+BCC+B
teljesiil, akkor A C C.

1.20. Kovetkezmény. [MP21].  Legyen (G, +) egy olyan topologikus
Abel-csoport, amelynek nincs valodi nyilt részcsoportja. Legyen W egy ék
és S egy W-t tartalmazo egyértelmiien oszthato részfélcsoportia G-nek.
Definidljuk p €10, 1] esetén az F}\,(S) halmazt (1.2) alapjdn, a miivelete-
ket pedig (1.3) szerint. Legyenek f, g, h € F}\(S) olyanok, hogy supp(h)
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lefedhetd S és W topologikusan korldtos részhalmazainak dsszegével, va-
lamint g pedig feliilrdl félig folytonos és m-kvdzikonkdv valamely m > 2
esetén. Ekkor, ha

feoh<gadh

teljesiil, akkor f < g.
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Konvex és konkav sorozatokrol és
alkalmazasaikrol

Bevezetés

A konvexitds elméletében a konvex fiiggvények alapvetd szerepet jatsza-
nak. A téma tovabbi tanulmédnyozéisdhoz az aldbbi monogrifokat java-
soljuk: Hardy-Littlewood—P6lya [HLP34], Kuczma [K85], Mitrinovié
[M70], Mitrinovi¢—Pecari¢-Fink [MPF91, MPF93], Niculescu—Persson
[NPO6], Popoviciu [P44], és Roberts—Varberg [RV73]. A konvex so-
rozatok vizsgdlata valészintileg Mitrinovi¢ [M70] konyvével kezd6dott.
A matematika ezen dga még most is nagyon aktiv. Néhany friss ered-
mény taldlhaté a kovetkezOkben: Krasniqi [K16], Niezgoda [N11,N17a,
N17b], Sofonoea-Tincu—Acu [STA18], Tabor-Tabor-Zoldak [TTZ12],
Wu-Debnath [WDO07], Yildiz [Y18]. Ebben a fejezetben bevezetjiik a
q-konvex, g-affin és g-konkédv konkav sorozatok fogalmét €s néhéany alap-
vetd eredményt mutatunk be réluk. Tovabbd megmutatjuk a meglepd kap-
csolatukat az els6- és masodfaju Csebisev-polinomokkal. Végiil egy al-
kalmazdst mutatunk a fixponttételek elméletében.

Legyenek n, m € Z olyanok, hogy 2 < m — n és jelolje 8(n|m) az n-
edik indextdl az m-edik indexig tarté valds sorozatok linedris terét, azaz
az 0sszes p : {n,...,m} — R fiiggvényt. A konkdavitds, konvexitds és
affinitas fogalmak természetes médon definidlhatok az §(n|m) halmazon.
Azt mondjuk, hogy egy p = (pn, ..., pm) € 8(n|m) konvex, ha barmely

97
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ie{n+1,...,m— 1} esetén
2p; < pic1 + Piva- (2.1)

Hamindeni € {n+1,...,m—1} esetén a forditott irdnyd egyenlStlenség
teljesiil (2.1)-ben, akkor a sorozatot konkdvnak mondjuk. Végiil, ha egy
sorozat egyidejiileg konvex és konkdv, akkor affinnak nevezziik. Ha az
(2.1) egyenldtlenség szigoru, akkor rendre szigordan konvex és szigorian
konkav sorozatrdl beszéliink.

Ebben a részben egy p = (pn, - - -, Pm) € S(n|m) sorozatra a g-konvex
elnevezést fogjuk haszndlni, ha minden i € {n +1,...,m — 1} esetén
2qp; < pi—1 + pit1.- (2.2)

Habarmely i € {n+1, ..., m—1} esetén (2.2)-ben forditott irdnyd egyen-
16tlenség teljesiil, akkor azt mondjuk, hogy a sorozat q-konkdv. Ha egy
sorozat egyidejlileg g-konvex és g-konkdv, akkor a sorozatot g-affinnak
nevezziik.

Konnyen belathato, hogy egy pozitiv (vagy negativ) tagui sorozat szi-
goru konvexitdsdbol kovetkezik a g-konvexitdsa, valamilyen g-ra. Hason-
16an, ha p € 8(n|m) egy negativ tagd, szigorian konvex sorozat, akkor p
g-konvex valamely 0 < ¢ < 1 esetén.

A g-konvex, illetve g-konkdv sorozatok halmazat 8(n|m)-ben rendre
C; (njm) és C'(n|m) jeldli. Végiil a g-affin sorozatok halmazat A, (n|m)-
mel jeloljiik, azaz

Aqg(nm) := CJ(n|m) N € (nm).

Konnyen lathatd, hogy A, (n|m) linedris altere 8(n|m)-nek, tovdbbad hogy
C; (njm) és € (n|m) konvex kipok 8(n|m)-ben, azaz zirtak a linedris
kombindacié képzésre nemnegativ egyiitthatékkal.

Segéderedemények Csebisev-polinomokrol

Jelolje £ € Z esetén Tj,: R — R az elsdfaji-, Up: R — R pedig a ma-
sodfaji k-adrendii Csebisev-polinomok halmazat, amelyek rendre a ko-
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vetkez6 egyenletrendszerekkel definidlhatok:

To(z):=1, Ti(x) =z, Tp1(x)+ Tp(z) = 22T)(x), 23)
Uo(z) =1, Uy(x):=2x, Up_1(x)+ Ups1(z) = 22Uk(2). '

Az utols6 egyenldségeket (2.3)-ban étirva, felhasznalhatok 7}, és Uy (k >
2) kiszamitasara:

Tii1(z) = 22Ty (x) — Tp1 (),  Ugpi(z) = 22Ux(x) — Up—1(z).
Atirva a fenti egyenleteket
Ti1(z) = 22Ty (x) — T (), Up_1(z) = 22Ux(x) — Ugsa(2),

alakba T, és Uy kiszamithaté £ < —1 esetén. Konnyen igazolhatd, hogy
ha k € Z, akkor

T,k = Tk és U,k = —Uk,Q.

Specidlisan U_; = 0. Vilagos, hogy ha k£ > 0, akkor 7}, és Uy, is k-adfokd.
Jol ismert, hogy ezek a polinomok eleget tesznek barmely u € Rés k € Z
esetén az alabbi egyenleteknek:

Ty(cos(u)) = cos(ku), Ty (cosh(u)) = cosh(ku)

sin((k + 1)u) sinh((k + 1)u)

sin(u) sinh(u)
Ezekbdl az alakokbdl jol lathatd, hogy Ty (ha k # 0) és Uy (ha k &
{—1,0,1}) gyokei rendre megadhatdk az aldbbiak szerint:

{COS(QZ;{%) |ie{1,...,|k|}} és
{cos@w) |z'e{1,...,|k:|—1}}.

Tehat T), (hak # 0) és Uy (hak ¢ {—1,0, 1}) legnagyobb gyoke rendre

cos () és cos (T) alakban adhaté meg.

Uk(cos(u)) = ,  Ug(cosh(u)) =
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g-konkav, g-konvex és g-affin sorozatok

A kovetkez6 allitds szerint az affin sorozatok A,(n|m) halmaza kétdi-
menzids alterét alkotja S(n|m)-nek.

2.1. Allitas. [MP22]. Egy p € 8(n|m) sorozat pontosan akkor q-affin, ha
léteznek olyan a,b € R valds szamok, hogy

pi :=alU;_n(q) + bT;—(q) (1€ {n,...,m}).

Tovdbbd, ha p € A,(n|m), akkor bdarmely i, j,k € {n,...,m} esetén
Up—j=1(@Q)pi + Uj—im1(@)pr = U—i—1(q)p;.
Specidlisan, hai € {n,...,m} ésj € {1,..., min(i —n,m — i)}, akkor
pi—j + pivj = 2T5(q)pi-

A kovetkez6 allitdsban meghatarozzuk a g-konkav (és ezzel egyiitt a
g-konvex) sorozatok néhany tulajdonsagat.

2.2. Allitas. [MP22]. A C}(n|m) kidp zdrt a pontonkénti minimumképzés-
re, a C/(n|m) kiip pedig zdrt a pontonkénti maximumképzésre.

Mivel a g-affin sorozatok egyidejiileg g-konkdvak és g-konvexek, ezért
azt is kapjuk, hogy g¢-affin sorozatok véges csalddjanak pontonkénti mi-
nimuma ¢-konkdv, a pontonkénti maximuma pedig g-konvex.

2.3. Allitas. [MP22]. Legyenek i,j,k € {n,...,m} olyanok, hogy i <
J < k és tegyiik fel, hogy

™
> .
4= <max(j —ik —j))

Ekkor bdrmely p € C[)(n|m) esetén

Uk—j—1(Q)pi + Uj—iz1(@)pr < Ug—i—1(q)p;-
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Specidlisan, hai € {n+1,... ., m—1}ésj e {l,... ,min(i—n,m—1i)},

valamint
(5)
qg>cos|—],
J

Pi—j + ity < 2T5(q)p;.

akkor

2.4. Allitas. [MP22]. Legyenek j, k € {n,...,m} olyanok, hogy j < k.
Tovabba tegyiik fel, hogy

cos :
Legyen p € C"(n|m) és tekintsiik a kovetkezd kifejezést

- Uij-1(q) 'Uk—i—l(Q) e fn "
Ti -= pkUk—j—l(Q) +Dj Ur 51 (q) (ie{n,...,m}).

Ekkorr = (1p,...,Tm) egy q-affin sorozat ési € {n, ..., m} esetén

>p; ha it < jvagyk <.
r; S =p;, haic {j,k’}
<p; ha j<i<k.

A soron kovetkezd éllitdsban megfogalmazzuk a g-konkdv sorozatok
egy karakterizacigjat.

2.5. Allitas. [MP22]. A p € 8(n|m) sorozat pontosan akkor q-konkdv, ha
bdarmely j € {n,...,m — 1} esetén van olyan r € A,(n|m), hogy

pi=T7j Pi1=rjs, € pi<ri  (i€{n,...,m}).

A ¢-konkav sorozatok egy alkalmazasa

A kovetkezSkben egy tetszGleges a € S(1|n) sorozatot kiterjeszthetiink
tgy, hogy 8(0|n + 1)-beli legyen, ha ag := 0 és a,, 41 := 0. Tetszleges
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n € Nésvy = ('yl,...,fyLnTHJ) € RL"#) vektor esetén definidljuk a
T, R" — R" leképezést az alabbi médon

. Qi—j + Qjyj
(T7<a>)i = 1§j§m1ilr’11(111,1n+17i) ( : 2 =+ %>’
ahola € R"ési e {1,...,n}).

Azt szeretnénk megmutatni, hogy fenti T, leképezés kontrakci6 egy
megfelel R"-beli normdban. Ehhez jelolje | - |, a maximumnormat R"-
ben. Legyen, egy p € 8(1|n) pozitiv tagi sorozat esetén, || - ||,: R* — R
a kovetkez6képpen definidlva

—1 -1
lally = max p;tai| = [p~'ale  (a €RT).

Ekkor || - ||, norma R™-ben, s6t ezzel a normédval R” Banach-tér.

2.6. Tétel. [MP22]. Legyen p € 8(1|n) egy pozitiv tagii sorozat, valamint

. Pi—1 + Pit1 , « )4 ha q <1,
¢:= max ———— és q =
I<isn  2p; Ting (q) hagq>1.
Ekkor a T., leképezés q*-Lipschitz az (R",|| - ||,) normdlt téren (v €

RL" ). Specidlisan, ha p szigorian konkav, akkor T, kontrakcio.

2.7. Kovetkezmény. [MP22]. Bdrmely v € RL"z) esetén a T,: R" —
R"™ leképezésnek egyértelmiien létezik fixpontja R™-ben.
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