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Abstract

We determine the algebraic structure of the multiplicative loops
for locally compact 2-dimensional topological connected quasifields.
In particular, our attention turns to multiplicative loops which have
either a normal subloop of positive dimension or which contain a 1-
dimensional compact subgroup. In the last section we determine ex-
plicitly the quasifields which coordinatize locally compact translation
planes of dimension 4 admitting an at least 7-dimensional Lie group
as collineation group.
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1. Introduction

Locally compact connected topological non-desarguesian translation planes
have been a popular subject of geometrical research since the seventies of
the last century ([18], [2]-[9], [13], [15]). These planes are coordinatized by
locally compact quasifields ) such that the kernel of () is either the field R
of real numbers or the field C of complex numbers (cf. [11], IX.5.5 Theorem,
p. 323). If the quasifield @ is 2-dimensional, then its kernel is R.

The classification of topological translation planes A was accomplished
by reconstructing the spreads corresponding to A from the translation com-
plement which is the stabilizer of a point in the collineation group of A. In
this way all planes A having an at least 7-dimensional collineation group
have been determined ([3]-[8], [15]).

Although any spread gives the lines through the origin and hence the
multiplication in a 2-dimensional quasifield ) coordinatizing the plane A, to
the algebraic structure of the multiplicative loop Q* of a proper quasifield @)



is not given special attention apart from the facts that the group topologi-
cally generated by the left translations of * is the connected component of
GLy(R), the group topologically generated by the right translations of Q* is
an infinite-dimensional Lie group (cf. [14], Section 29, p. 345) and any locally
compact 2-dimensional semifield is the field of complex numbers ([17]).

Since in the meantime some progress in the classification of compact
differentiable loops on the 1-sphere has been achieved (cf. [10]), we believe
that loops could have more space in the research concerning 4-dimensional
translation planes. Using the images of differentiable sections o : G/H —
G, where H = g alil ) ,a>0,b¢€ R}, we classify the C'-differentiable
multiplicative loops @* of 2-dimensional locally compact quasifields ) by
functions, the Fourier series of which are described in [10].

The multiplicative loops @Q* of 2-dimensional locally compact left quasi-
fields @@ for which the set of the left translations of @* is the product T/C
with [T NIC| < 2, where T is the set of the left translations of a 1-dimensional
compact loop and K is the set of the left translations of QQ* corresponding
to the kernel K, of (), form an important subclass of loops, that we call de-
composable loops. Namely, if Q* has a normal subloop of positive dimension
or if it contains the group SO9(R), then Q* is decomposable. Moreover, we
show that any 1-dimensional C!-differentiable compact loop is a factor of a
decomposable multiplicative loop of a locally compact connected quasifield
coordinatizing a 4-dimensional translation plane. A 2-dimensional locally
compact quasifield () is the field of complex numbers if and only if the mul-
tiplicative loop @* contains a 1-dimensional normal compact subloop.

Till now mainly those simple loops have been studied for which the group
generated by their left translations is a simple group. If the group generated
by the left translations of a loop L is simple, then L is also simple (cf.
Lemma 1.7 in [14]). The multiplicative loops Q* of 2-dimensional locally
compact quasifields show that there are many interesting 2-dimensional lo-
cally compact quasi-simple loops for which the group generated by their left
translations has a one-dimensional centre.

In the last section we use Betten’s classification to determine in our frame-
work the multiplicative loops @* of the quasifields which coordinatize the
4-dimensional non-desarguesian translation planes A admitting an at least
seven-dimensional collineation group and to study their properties. The re-
sults obtained there yield the following
Theorem Let A be a 4-dimensional locally compact non-desarquesian trans-
lation plane which admits an at least T-dimensional collineation group I'. If
the quasifield Q) coordinatizing A is constructed with respect to two lines such
that their intersection points with the line at infinity are contained in the



1-dimensional orbit of I' or contain the set of the fixed points of I, then the
multiplicative loop Q* of Q s decomposable if and only if one of the following
CASES OCCUTS:

(a) T is 8-dimensional, the translation complement C is the group GLs(R)
and acts reducibly on the translation group R*;

(b) T is 7-dimensional, the translation complement C' fizes two distinct lines
of A and leaves on one of them, one or two 1-dimensional subspaces invari-
ant;

(¢) I is 7-dimensional, the translation complement C' fizes two distinct lines
{S, W} through the origin and acts transitively on the spaces Ps and Py but
does not act transitively on the product space Ps X Py, where Ps and Py
are the sets of all 1-dimensional subspaces of S, respectively of W.

2. Preliminaries

A binary system (L, -) is called a quasigroup if for any given a,b € L the
equations a -y = b and x - a = b have unique solutions which we denote
by y = a\b and z = b/a. If a quasigroup L has an element 1 such that
x=1-2 =ux-1 holds for all x € L, then it is called a loop and 1 is the
identity element of L. The left translations A\, : L — L,z — a -z and
the right translations p, : L — L,x +— x -a, a € L, are bijections of L.
Two loops (L1, 0) and (L, %) are called isotopic if there exist three bijections
a,fB,v : L — Ly such that a(z) x S(y) = v(z o y) holds for all z,y € L;.
A binary system (K -) is called a subloop of (L,-) if K C L, for any given
a,b € K the equations a-y = b and = - a = b have unique solutions in K and
1 € K. The kernel of a homomorphism « : (L,-) — (L', %) of a loop L into a
loop L’ is a normal subloop N of L, i.e. a subloop of L such that

t-N=N-z, (x-N)-y=z-(N-y), (N-2) - y=N-(z-y) (1)

hold for all z,y € L. A loop L is called simple if {1} and L are its only
normal subloops.

A loop L is called topological, if it is a topological space and the binary op-
erations (a,b) — a-b, (a,b) — a\b, (a,b) — b/a : L x L — L are continuous.
Then the left and right translations of L are homeomorphisms of L. If L
is a connected differentiable manifold such that the loop multiplication and
the left division are continuously differentiable mappings, then we call L an
almost C!-differentiable loop. If also the right division of L is continuously
differentiable, then L is a C!-differentiable loop. A connected topological
loop is quasi-simple if it contains no normal subloop of positive dimension.
Every topological, respectively almost C!-differentiable, connected loop L
having a Lie group G as the group topologically generated by the left trans-
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lations of L corresponds to a sharply transitive continuous, respectively C*-
differentiable section o : G/H — G, where G/H = {xH|r € G} consists
of the left cosets of the stabilizer H of 1 € L such that o(H) = 1 and
o(G/H) generates G. The section o is sharply transitive if the image o(G/H)
acts sharply transitively on the factor space G/H, i.e. for given left cosets
xH, yH there exists precisely one z € o(G/H) which satisfies the equation
zeH =yH.

A (left) quasifield is an algebraic structure (@, +,-) such that (Q,+) is
an abelian group with neutral element 0, (Q \ {0}, -) is a loop with identity
element 1 and between these operations the (left) distributive law z-(y+2) =
x-y+x-z holds. A locally compact connected topological quasifield is a locally
compact connected topological space ) such that (Q,+) is a topological
group, (@ \ {0},) is a topological loop, the multiplication - : @ x Q@ — @
is continuous and the mappings A\, : © — a -2z and p, : * — z - a with
0 # a € @ are homeomorphisms of ). If for any given a,b,c € @ the
equation = -a+ x - b = ¢ with a + b # 0 has precisely one solution, then @ is
called planar. A translation plane is an affine plane with transitive group of
translations; this is coordinatized by a planar quasifield (cf. [16], Kap. 8).

The kernel K, of a (left) quasifield @ is a skewfield defined by

K,={ke@Q; (zx+y)-k=z-k+y-kand (z-y)-k =xz-(y-k) for all z,y € Q}.

In this paper we consider left quasifields (). Then @ is a right vector
space over K,. Moreover, for all a € ) the map A\, : Q — Q,x — a - x is
K,-linear. According to [12], Theorem 7.3, p. 160, every quasifield that has
finite dimension over its kernel is planar.

Let F be a skewfield and let V' be a vector space over F. A collection B
of subspaces of V' with |B| > 3 is called a spread of V' if for any two different
elements Uy, Uy € B we have V = U; @ U, and every vector of V' is contained
in an element of B.

If S and W are different subspaces of the spread B, then V' can be coor-
dinatized in such a way that S = {0} x X and W = X x {0}. Any spread of
V = X x X can be described by a collection M of linear mappings X — X
satisfying the following conditions:

(M) For any wy # wy € M the mapping w; — wy is bijective.

(Ms) For all z € X \ {0} the mapping ¢, : M — X : w — w(x) is surjective.
Namely, if M is a collection of linear mappings satisfying (M;) and (Ms),
then the sets U, = {(z,w(z)),x € X} and {0} x X yield a spread of
V = X x X. Conversely, every component U € B\ {S} of V is the graph
of a linear mapping wy : W — S and the set of wy gives a collection M of
linear mappings of X satisfying (M) and (Ms) (cf. [13], Proposition 1.11.).



The mapping wy is the zero mapping. For this reason any collection M of
linear mappings of X which satisfy (M;) and M, is called a spread set of X.
Every translation plane can be obtained from a spread set of a suitable vector
space V' = X x X (cf. [13], Theorem 1.5, p. 7, and [1]). As every translation
plane can be coordinatized by a quasifield and a quasifield contains 0 and 1,
the associated spread set contains the zero endomorphism and the identity
map. This is not true for arbitrary spread sets M, but if wy,w; € M are
distinct, then M’ = {(w — wp) (w1 — wp) ™!, w € M} is a normalized spread
set of X, i.e. a spread set which contains the zero and the identity map.
The translation planes obtained from M and M’ are isomorphic (cf. [13],
Lemma 1.15, p. 13). Let M be a normalized spread set of X, e € X \ {0}
and let ¢. : M — X be defined by ¢.(w) = w(e). Then the multiplication
0: X x X — X defined by moxz = (¢, (m))(x) yields a multiplicative loop
of a left quasifield () coordinatizing the translation plane A belonging to the
spread M of X.
If we fix a basis of ) over its kernel K, and identify X with the vector space of
pairs {(z,y)", x,y € K.}, then the set M consists of matrices C(«, 3,7,9) =
?; g ),a,,@’,%5 € K,. If e = (1,0)", then we get ¢.(C(a,3,7,9)) =
C(a, 8,7,0)(e) = (o, 7). Since M is a spread of X the set of vectors (c, )"
consists of all vectors of X. Hence if («, )" is an element of X, then there
exists a unique matrix of M having (a, )" as the first column.

We consider multiplicative loops of locally compact connected topological
quasifields ) of dimension 2 coordinatizing 4-dimensional non-desarguesian
topological translation planes. Then the kernel K, of () is isomorphic to the
field of the real numbers, (Q, +) is the vector group R? and the multiplicative
loop (Q\{0},-) is homeomorphic to R x S*, where S* is the circle.

4. Multiplicative loops of 2-dimensional quasifields

Let (@, +, *) be a real topological (left) quasifield of dimension 2. Let e; be
the identity element of the multiplicative loop @* = (@ \ {0}, *) of @, which
generates the kernel K, = R of @) as a vector space and let B = {ej, e} be a
basis of the right vector space @@ over K,. Once we fix B, we identify () with
the vector space of pairs (z,y)" € R? and K, with the subspace of pairs (z, 0)*.
The element (1,0)" is the identity element of @*. According to [14], Theorem
29.1, p. 345, the group G topologically generated by the left translations of
@Q* is the connected component of the group GL2(R). As dim @* = 2 and the
stabilizer of the identity element of Q* in G’ does not contain any non-trivial
normal subgroup of G we may replace the stabilizer of the identity by the
a

subgroup H = {( 0 alil ) ,a>0,b€ R}. The elements g of G have a
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unique decomposition as the product

_ wcost wusint ko
9=\ —usint wucost 0 k!
with suitable elements u > 0, k > 0, 1 € R, ¢t € [0,27). Hence the loop Q*
corresponds to a continuous section o : G/H — G;

wcost wsint wcost wsint a(u,t)  bu,t)
( —usint wucost ) H = ( —usint wcost ) ( 0 a t(u,t) (2)
where the pair of continuous functions a(u,t),b(u,t) : Ryg x [0,27) — R,
where R+ is the set of positive numbers, satisfies the following conditions:

a(u,t) >0, a(1,0)=1, b(1,0)=0.

As @ is a left quasifield, any (z,y)" € @* induces a linear transformation
M.,y € 0(G/H). More precisely one has

()-(3) ()-8 782) (97 ) (3) o
where x = rcos(p)a(r, p), y = —rsin(p)a(r, ¢). The kernel K, of () consists
of (0,0)" and (7 cos(km)a(r, km),0)", r > 0, k € {0, 1}, such that the matrices
corresponding to the elements (r cos(kw)a(r, km),0)" have the form

rcos(km)a(r, km)  rcos(km)b(r, kr) ) _

M (r cos(km)a(r, km),0) = ( 0 rcos(km)at(r, k)

The identity matrix I corresponds to the identity (1,0)" of @*. As to each
real number r cos(km)a(r, kw) belongs precisely one matrix

M (r cos(km)a(r, kr),0)

the functions fi(r) = ra(r,0),r > 0 and fao(r) = —ra(r,m),r > 0 are strictly
monotone. If the functions a(r,0), a(r,7) are differentiable, then for every
r > 0 the derivatives a(r,0) + ra’(r,0) and —a(r,7) — rad/(r,m) are either
always positive or negative. This is equivalent to the fact that the derivatives
[In(a(r,0))], In(a(r,n))]" are always greater or smaller than —r~!. Since the
matrix M (r cos(km)a(r, k), 0) is isomorphic to the group (R, +) the function
a(r,0) is a homomorphism and for the function b(r, 0) the identity b(ryrs,0) =
a(ry,0)b(rq, 0) + b(ry,0)a=" (s, 0) is satisfied for all 1,7y > 0.

Remark 1. The set K = {M(rcos(km)a(r, kn),0);r > 0,k € {0,1}} of the
left translations of Q* corresponding to the kernel K, of Q) is

(3 2) e

if and only if one has a(r,km) =1, b(r,kw) =0 for all v > 0, k € {0,1}.
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The section o given by (2) is sharply transitive precisely if for all pairs
(u1,t1), (ug,ta) in Rogx [0, 27) there exists precisely one (u,t) € R.gx [0, 27)
and k > 0, [ € R such that

wcost wusint a(u,t)  bu,t) upcosty  wupsinty \
—usint wcost 0 a ' (u,t) —upsint; wujcosty )

Uy COSty  UgSintg k1 (4)
—Ugsinty Uy costs 0 k' -
As the determinant of the matrices on both sides of (4) are equal we get that

u = uy uy. Therefore the system (4) of equations is uniquely solvable if and
only if for any fixed v > 0 the mapping

o cost sint 2 cost sint a(u,t)  bu,t)
“*\ —sint cost —sint cost 0  at(u,t)
determines a quasigroup F, homeomorphic to S*. One may take as the points

of F, the vectors (ua(u,t)a*(u,0)cost, —ua(u,t)a(u,0)sint)" and as the
section the mapping

e (et opeont Y (et st ) (atune o) | by

a(u,t)a=1(u,0) cost b(u,t)cost + a~t(u,t)a(u,0)sint
—a(u,t)a=(u,0)sint  —b(u,t)sint + a~*(u,t)a(u,0) cost

(5)
In this way we see that the quasigroup F, has the right identity (u,0)" since
o ( ua(u,t)a”1(u,0)cost )( u ):( ua(u,t)a”!(u,0) cost )

—ua(u,t)a"1(u,0)sint 0 —ua(u,t)a"t(u,0)sint

The quasigroup F, is a loop, i.e. (u,0)" is the left identity of F,, if and only

if
-1
()= (e )= ()= (40)

which means b(u,0) = 0 for all u > 0. The almost C'-differentiable loop
Q* belonging to the sharply transitive C!-differentiable section o given by
(2) is C'-differentiable precisely if the mapping (zH,yH) — 2z : G/H x
G/H — o(G/H) determined by zoH = yH is C'-differentiable (cf. [14],
p. 32), i.e. the solutions v > 0, t € [0,27) of the matrix equation (4) are
continuously differentiable functions of ui,us € Ry, t1,t5 € [0,27). The
function u = uj 'uy is continuously differentiable. If for each fixed u > 0 the
section o, given by (5) yields a 1-dimensional C!-differentiable compact loop,
then the function ¢(uy, ug, t1,t2) = e, uy)(t1, t2) is continuously differentiable
(cf. [14], Examples 20.3, p. 258). Indeed, the function f(,, u,)(t1,t2) is
determined implicitly by equations which depend continuously differentiably
also on the parameters u; and us. Applying the above discussion we can
prove the following:



Theorem 2. Let Q* be the Ct-differentiable multiplicative loop of a locally
compact 2-dimensional connected topological quasifield Q). Then Q* is diffeo-
morphic to ST xR and belongs to a C-differentiable sharply transitive section
o of the form

wcost wusint FT ucost wsint \ [ a(u,t)  b(u,t)

—usint wcost —usint wcost 0 at(u,t) )’
with b(u,0) = 0 for all uw > 0 if and only if for each fized u > 0 the function
a;(t) == a(u,0)a " (u,t) has the shape

u

t

a;'(t) = e'(1— /R(s)es ds)

where R(s) is a continuous function, the Fourier series of which is contained
in the set F of Definition 1 in [10] and converges uniformly to R. Moreover,
bu(t) == b(u,t) is a periodic C'-differentiable function with b,(0) = b,(27) =0
such that

2 2

bu(t) > —au(t) / (@u(8) =) 4o o ait t e (0,27).

ay(s)

Proof. The section o, given by (5) yields a 1-dimensional C!-differentiable
compact loop having the group SLy(R) as the group topologically generated
by its left translations if and only if for each fixed v > 0 the continuously
differentiable functions a(u,0)a™!(u,t) := a,(t), —b(u,t) := b,(t) satisfy the
conditions

@y (t) + bu(t)a, (t) + 0, (t)au(t) — ay(t) < 0, 0,(0) < 1—az(0)  (6)
(cf. [14], Section 18, (C), p. 238, [10], pp. 132-139). The solution of the
differential inequalities (6) is given by Theorem 6 in [10], pp. 138-139. This
proves the assertion. O

Proposition 3. Let Q* be the C'-differentiable multiplicative loop of a locally
compact 2-dimensional connected topological quasifield (). Assume that for
each fived u > 0 the function a,(t) := a='(u,0)a(u,t) is the constant function
1 and that b(u,0) = 0 is satisfied for all w > 0. Then Q* belongs to a C'-
differentiable sharply transitive section o of the form (2) if and only if for
each fixzed u > 0 one has b,(t) := b(u,t) > —t for all 0 < t < 2.



Proof. If for each fixed u > 0 the function a(u,0)a ! (u,t) = a;'(t) = a,(t)
is constant with value 1, then the section o, given by (5) yields a C!-
differentiable compact loop L if and only if for each fixed v > 0 the con-
tinuously differentiable function b,(t) := —b,(t) satisfies the differential in-
equality b/, (t) < 1 with the initial condition ¢/,(0) < 1 (cf. (6)). This is the
case precisely if one has b,(t) > —t for all 0 < ¢ < 27. O

Proposition 4. Let Q* be the Ct-differentiable multiplicative loop of a locally
compact 2-dimensional connected topological quasifield ). Assume that for
each fized uw > 0 the function b(u,t) is the constant function 0. Then Q*
belongs to a C'-differentiable sharply transitive section o of the form (2)
precisely if for each fized v > 0 one has et < a(u,t)a " (u,0) < €' for all
0<t<2m.

Proof. If for each fixed u > 0 the function b(u,t) = —b,(t) is constant with
value 0, then the section o, given by (5) determines a C!-differentiable com-
pact loop L if and only if for each fixed u > 0 the following inequalities are
satisfied:

(@,(t) — au(t))(@,(t) + au(t)) <0, 0<1-az(0),

where a,(t) = a(u,0)a ! (u,t). This is the case precisely if either one has
a (t) — a,(t) < 0 and @l (t) + a,(t) > 0 or one has a. (t) — a,(t) > 0 and
a, (t) + a,(t) < 0. Now we consider the first case. Then the function a,(t)
determines a loop if and only if for each fixed w > 0 it is a subfunction
of a differentiable function h,(t) := h(u,t) with h,(0) = 1, K2(0) = 1,
h,(t) = hy(t) and an upper function of a differentiable function I, (t) := l(u, t)
with 7,(0) = 1, I2(0) = 1, I/,(t) = —I,(t) (cf. [19], p. 66). Hence for
each fixed u > 0 the function a,(t) is a subfunction of the function e’ and
an upper function of the function e™* for all ¢ € (0,27). Therefore, any
continuously differentiable function a,(t) such that for each fixed v > 0 and
for all ¢ € (0,27) one has e < a,(t)”! < e’ determines a C'-differentiable
compact loop L.

In the second case an analogous consideration as in the first case gives
that for all fixed u > 0 the function a(u,t)a™!(u,0) must be a subfunction of
the function e~* and an upper function of the function e for all ¢ € (0, 27).
Hence in this case the function a(u,t)a"!(u,0) does not exist. O

Proposition 5. Let

u cos t usint u 0 cost sint a(l,t) b(u,t)

( —usint wcost )HH( 0w )( —sint  cost )( 0 a”l(1,t) )’“>0’t€[0’2”) ™

with b(u,0) = 0 for all w > 0 be a section belonging to a multiplicative
loop Q* of a locally compact 2-dimensional connected topological quasifield
Q. Then Q* contains for any u > 0 a 1-dimensional compact subloop.
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Proof. The image of the section (7) acts sharply transitively on the point
set R?\ {(0,0)'}. Since the subgroup {( 1(; 2 ) LU > 0} leaves any line
through (0,0)" fixed, the subset

r={(m ) (57 ) e} @

acts sharply transitively on the oriented lines through (0,0)" for any u > 0.
Therefore T corresponds to a 1-dimensional compact loop since b(u,0) = 0
for all u > 0. O

As T given by (8) is the image of a section corresponding to a 1-dimensional
compact subloop of QQ*, every element of T is elliptic.

Proposition 6. Every element of the set T given by (8) is elliptic if and
only if the following holds: a(1,km) =1 for k € {0,1}:

1) if for allt € [0,27) and v > 0 one has b(u,t) = 0, then the function a(1,t)
satisfies the inequalities:

1 — |sin(t)|
| cos(t)]

1+ |sin(t)]

sa(lt) s = S

(9)

2) if the function b(u,t) is different from the constant function 0, then for
sin(t) > 0 one has

(a(1,t) + a(1,t)71) cos(t) — 2 (a(1,t) +a(1,t)71) cos(t) + 2

sin () < blunf) < (1) . (10)
for sin(t) < 0 we have
(a(1,t) +a(1,t)71) cos(t) + 2 (a(1,t) +a(1,t)71) cos(t) — 2
sin(t) <blut) < sin(t) - (1)
Proof. Any element of (8) is elliptic if and only if the inequality
|cos(t)(a(l,t) + a(1,t)™") — sin(t)b(u,t)| < 2 (12)

holds, where the equality sign occurs only for ¢ = kn, k € {0,1}. Hence
a(1,km) = 1. If b(u, t) = 0, then inequality (12) reduces to a?(1,t)|cos(t)| —
2a(1,t) + | cos(t)| < 0 which is equivalent to inequalities (9). If b(u,t) # 0,
then inequality (12) is equivalent for all ¢ # km, k € {0, 1}, to

(a(1,t) + a(1,t) "% cos2(t) — 2(a(l,t) + a(1,t) ") sin(t) cos(t)b(u, t) + sinZ(£)b2 (u, t) < 4. (13)
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Solving the quadratic equation
(a(1,t) + a(1,t) 12 cos2(t) — 2(a(1,t) + a(1,t) ") sin(t) cos(t)z + sinZ(t)x? = 4 (14)
we get

_ 2(a(1,t) + a(1,t) ") cos(t) sin(t) £ 4sin(t)  (a(l,t) + a(1,£) ") cos(t) + 2
N 2sin2(t) - sin(t) '

Comparing (13) and (14) one obtains

(b(u’ﬂ  (a(L,t) +a(:jzt‘)1)cos(t) 72> <b(u7t) B (a(LtHa(:;E:)cos(w +2> <o

which yields inequalities (10) and (11). O

Proposition 7. Let Q* be the multiplicative loop of a locally compact quasi-
field @ of dimension 2 containing a 1-dimensional compact normal subloop.
The quasifield Q is the field C of complex numbers if and only if T is a
normal subset in the set of all left translations of Q*.

Proof. 1f @ is the field of complex numbers, then Q* is the group SO5(R) x R

and the assertion is true. If the set 7 is a normal subset in the set of the left
translations of a proper loop @*, then it is normal in the connected compo-

nent GL3 (R) of the group GLy(R) because GLJ (R) is the group topologically
generated by the left translations of Q* (cf. [14], Section 29, p. 345). If T is

normal in GLj (R), then for D = ( cosp sy

. one has that
—siny cosy

—sint cost 0 a1(1,¢)

t int _ a(l,t b(1,t t int a(l,t b(1,t
( fzisnt (Szost )D 1( (0 ) a_(l(l,)t) )D:( fZiSnt zost )( (0 ) a_(l(l,)t) )
is satisfied for all ¢ € [0,27) if and only if a(1,¢) = 1 and b(1,¢) = 0 or
equivalently 7 = SO5(R). But the compact group SO5(R) is not normal in
GL3 (R). Hence Q* is not proper and the assertion follows. O

D’l( cost  sint )DD’l( a(1,t) b(ll,t) )D:

Lemma 8. If the multiplicative loop Q* of a 2-dimensional locally com-
pact connected topological quasifield Q) is not quasi-simple, then the set K =
{M (rcos(km)a(r,km),0);r > 0,k € {0,1}} of the left translations of Q* be-
longing to the kernel K, of Q) has the form K = { 6 2 ) ,0#£71r € R},

which is a normal subgroup of the set Ao+ of all left translations of QQ*.

Proof. If () is the field of complex numbers, then the assertion is true. If the
loop @* is proper and not quasi-simple, then by Lemma 1.7, p. 19, in [14],
the left translations of a normal subloop of Q* generate a normal subgroup N
of GLj (R) which is the group topologically generated by all left translations
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of @*. Hence the set A+ of the left translations of Q* must contain the
g 2 ) , 0<ue R} as a normal subgroup. It follows that
the set IC of the left translations corresponding to the elements of the kernel
K, of () contained in A+ has the form given in the assertion and K N Ag- is
a normal subgroup of Ag-. ]

group C' =

Assume that the set IC of the left translations of the loop @* having (1,0)
as identity corresponding to the elements of the kernel K, of () has the form
given in Lemma 8. According to (3) the element

ra(r,p)cose  rb(r, @) cosp +ra=t(r,p)sinp
—ra(r,¢)sing  —rb(r,¢)sing + ra='(r, ) cos

corresponds to the left translation of (ra(r, ) cos ¢, —ra(r, p)sin ), r > 0,
¢ € [0,2m). Let N* be the subgroup of @* corresponding to the normal
subgroup K of Ag~. We show that N* := {(5,0)",s € R\ {0}} is normal in
Q*. For all elements z := (cosp, —sin )", y := (u,v)" of Q* the condition
(N*xz)*xy = N*x (xxy) of (1) is satisfied if and only if we have

[(5 ) (e )=o) =% )-[C s ) (o)

for all ¢ € [0,27), (u,v) € R?\ {(0,0)} with suitable 5,8 € R\ {0} such
that § = scos(km), § = §'cos(km), where 5,8 > 0, k € {0,1}. This is the
case precisely if one has

( usa(s, p + k) cos(p + k) + vsb(s, p + k) cos(p + k) + vsa™ (s, ¢ + k=) sin(p + k7) ) _
—usa(s, p + k) sin(p + kw) — vsb(s, ¢ + k) sin(p + k7) 4+ vsa™ (s, ¢ + k) cos(p + k=) B

( s’ cos(km)(ua(l, @) cos ¢ + vb(1, @) cos ¢ + va~ (1, ) sin ) )
s’ cos(km)(—ua(l, @) sin o — vb(1, @) sin o + va~ (1, @) cos @)

or equivalently for all ¢ € [0,27), (u,v) € R?\ {(0,0)} we have
[(ua(s, p+km)+vb(s, p+km)) cos(<p+k7r)+'ua71(s, @+km)sin(e+km)]-[(—ua(l, ¢) —vb(1, )) sin Ap+'va71(1, @) cosp| =

[(—ua(s, o+ km) —vb(s, o+ km)) sin(p+ km) +va” (s, o+ k) cos(p+km)] - [(ua(l, ©) +vb(1, ) cos o +va "' (1, ) sin g].

The last equation holds if and only if one has
(a(s, @+ km)a” (1, 0) — a” (s, ¢ + km)a(l, @))uv + (b(s, ¢ + km)a™ (1, 9) —a” (s, ¢ + km)b(1, ©))v> = 0.

Therefore we obtain a(s, ¢ + km)a (1, ¢) —a(s, ¢ + kr)a(1l,9) = 0 and
b(s,p + km)a ' (1,p) —a (s, + km)b(1,) = 0. As a(s, ) is positive we
have a(s, ¢ + km) = a(1,¢), b(s,p + km) = b(1, ) for all s > 0, ¢ € [0, 27),
k € {0,1}. By (1) the group N* is a normal subgroup of Q* if and only if
for all ¢ € [0,27), (u,v) € R*\ {(0,0)} one has

(s )-Ca)l-(o)=C s )=
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( sa(l, p)a(l, ¢)cos(p + k) sa(l, p)b(1, p) cos(p + km) + ssin(p + k) ) ( u )
—sa(l, p)a(l, ¢)sin(p + kw) —sa(l, p)b(1, ) sin(e + km) + scos(p + k) v

a(l, ) cos @ b(1, @) cos p + a1 (1, p)sing s cos(km)u
—a(l,p)sing  —b(1,p)sing + a1 (1, p)cosp s cos(km)v

for suitable 5,8 € R\ {0} such that § = scos(krw), § = s cos(kw), where
s,s' >0, k€ {0,1}. This is equivalent to

( sua(l,cp)2 cos(p + km) + sv[a(l, )b(1, ) cos(¢ + km) + sin(p + k)] )
—sua(l, ¢)? sin(p + k7) 4+ sv[—a(l, p)b(1, @) sin(p + k) + cos(p + k7)]

( us’a(l, ) cos(p + km) + s’ v[b(1, @) cos(p + km) + a~ (1, @) sin(p + kx)] ) ]
—us’a(l, ) sin(p + kn) + s’v[—b(1, @) sin(p + k7) + a1 (1, p) cos(p + k)]

A direct computation yields that the above equality is true for all (u,v) €
R?\ {(0,0)}, ¢ € [0,27), k € {0,1}.

Using Proposition 7, Lemma 8 and the discussion above we have the following

Theorem 9. The multiplicative loop Q* of a locally compact 2-dimensional
quasifield Q with (1,0)" as identity of Q* 1is not quasi-simple if and only
if for all v >0, ¢ € [0,27), k € {0,1} one has a(r,kr) = 1, b(r,km) = 0,
a(r,p+km) = a(l,¢) and b(r, p+km) = b(1,p). Then Q* is a split extension
of a 1-dimensional normal subgroup N* by a subloop homeomorphic to the
1-sphere. Moreover, one has

a) N* is isomorphic to R X Zy, where Zy is the group of order 2.

b) This extension is the direct product precisely if Q) is the field C.

Proof. We have only to prove a) and b). According to Lemma 8 and the above
discussion the only possibility for a normal subloop of positive dimension is
the group N*. The intersection of a compact subloop of Q* with N* has
cardinality 2 (cf. Proposition 5 and Lemma 8). Hence the claim a) is proved.
The claim of b) follows from Proposition 7. O

From Proposition 7 and Theorem 9 it follows:

Corollary 10. The multiplicative loop Q* of a locally compact 2-dimensional
quasifield Q with (1,0)" as identity of Q* is the direct product of the group R
and a subloop homeomorphic to the 1-sphere if and only if Q) is the field of
complex numbers.

The set Ag« of the left translations of )* with a normal subloop of positive
dimension and with (1,0)" as identity can be written into the form

{( _Czlsrft jif;i > ( ua(ol’t) uzli(ll(f)t) )u > 0,t € [0,27r)} (15)

with a(1,kr) =1, b(1,kr) =0, k € {0,1}.

13



5. Decomposable multiplicative loops of 2-dimensional quasifields

Definition 1. We call the multiplicative loop Q* of a locally compact con-
nected topological 2-dimensional quasifield () decomposable, if the set of all
left translations of Q* is a product TK with |T N K| < 2, where T is the set
of all left translations of a 1-dimensional compact loop of the form (8) and
IC is the set of all left translations of Q* belonging to the kernel K, of Q.

If the loop @Q* is decomposable, then it contains compact subloops for any
u > 0 corresponding to the section (7). From now on we choose u = 1. Then
the compact loop F, of @* has identity (1,0)" and one has

costa(l,t) costb(1,t) +sinta71(1,t) rcos(km)a(r, km) rcos(km)b(r, km) 1 _
—sinta(l,t) —sintb(1,t) + costa ' (1,t) 0 rcos(km)a "t (r, k) 0 -
_ rcos(t + km)a(r,t + km) rcos(t + km)b(r, t + km) + rsin(t + kx)a" ' (r, t + k=) 1 (16)
- —rsin(t + km)a(r,t + kx)  —rsin(t + k7)b(r, t + kw) + rcos(t + km)a” L (r, t + k) 0/

Equation (16) yields that a(r,t + k7)) = a(1,t)a(r, k).
Now we give sufficient and necessary conditions for the loop Q* to be decom-
posable.

Proposition 11. The multiplicative loop Q* of a locally compact connected
topological 2-dimensional quasifield Q with (1,0) as identity of Q* is decom-
posable if and only if for allr > 0, t € [0,27), k € {0,1} one has

a(r,t +km) = a(1,t)a(r, k), b(r,t + k) = a(1,t)b(r, k) +a " (r, km)b(1,1).

Proof. The point (z,y)" is the image of the point (1,0)" under the linear
mapping M, and the set {M,,; (z,y)" € Q*} acts sharply transitively on
@*. The matrix equation

Qb Fe Tt D G ST O Gt tetnie)

_ rcos(t + km)a(r, t + km) rcos(t + km)b(r, t + kr) + rsin(t + kx)a" L (r, t + k7) ( u cos pa(u, p) an
“ \ —rsin(t 4 kn)a(r, t + kx)  —rsin(t + km)b(r, t + kx) 4+ rcos(t + kn)a " (r, t + k) —usin pa(u, p)

holds precisely if the identities of the assertion are satisfied. m

If @* is decomposable such that its compact subloop has identity (1, 0)?, then
|7 N K| =2 because one has T N K = {L ( _01 _b(_liﬂ)
the set of all left translations of Q* is a product TW with T N W = I,
where W is the set of all left translations corresponding to the connected
component of the kernel K, of Q).

. In this case

Theorem 12. If the multiplicative loop Q* of a locally compact connected
topological 2-dimensional quasifield Q with (1,0)" as identity of Q* is not
quasi-simple, then QQ* is decomposable.

14



Proof. By Theorem 9 the loop Q* is not quasi-simple if and only if for all
r>0,tel0,2m), k € {0,1} one has a(r, kr) = 1, b(r,kr) = 0, a(r,t + km) =
a(1,t) and b(r,t+km) = b(1,t). Therefore the identities given in the assertion
of Proposition 11 are satisfied. ]

Proposition 13. The C!-differentiable multiplicative loop Q* of a locally
compact connected topological 2-dimensional quasifield Q with (1,0)" as iden-
tity of Q* is decomposable precisely if for the inverse function a(l,t) =
a=Y(1,t) and for b(1,t) = —b(1,t) the differential inequalities

a?(1,t) +b(1,t)a'(1,t) + V'(1,t)a(1,t) — a*(1,t) <0, b'(1,0) <1 —a*(1,0)
(18)
are satisfied.

Proof. If Q* is a Cl-differentiable multiplicative loop of a quasifield @ with
(1,0)" as identity, then for « = 1 the continuously differentiable functions
ay(t) := a(u,0)a " (u,t), b,(t) := —b(u,t) satisfy the conditions in (6). The
set of all left translations of Q* is a product 7K if and only if one has a(u, t+
km) = a(u, km)a(1,t) and b(u,t + kn) = a(1,t)b(u, kw) + a*(u, k7)b(1,t) for
all u>0,t € [0,2m), k € {0,1} (cf. Proposition 11). Putting this into (6)
we get for u =1

a?(1,t) +b(1,t)a'(1,t)a*(1,t) — b'(1,t)a’*(1,t) — a*(1,t) < 0 and

V'(1,0) > a”(1,0) — 1 (19)
since a(1,km) =1, k € {0, 1}. Inequalities (19) are equivalent to the inequal-
ities (18) with a(1,t) = a=!(1,¢) and b(1,t) = —b(1,1). O

Corollary 14. Let T be any 1-dimensional Ct-differentiable connected com-
pact loop such that the set T of its left translations has the form (8) and let
IC be any set of matrices of the form

. {( ucos(lmrga(u, k) utégs(sl%;lj(féuk% > u> 0,k € {0, 1}} ,

where a(u, k) > 0 and b(u, km) are continuously differentiable functions such
that ua(u,0), —ua(u, ) are strictly monotone. Then the product TK is the
set of all left translations of a C'-differentiable decomposable multiplicative
loop Q* of a 2-dimensional locally compact connected quasifield QQ with (1,0)
as identity of Q*.

Proof. Since one has

( cost  sint )( a(l,t)  b(1,t) )( wcos(km)a(u, kr)  wcos(km)b(u, k) ):

—sint cost 0 a(l,t)” ! 0 ucos(km)a™ ! (u, kr)
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( cos(t + k) sin(t + k) ) ( wa(u, km)a(l,t)  ub(u, kw)a(l,t) + ub(l, t)a™ (u, k=) ) _
—sin(t + k)  cos(t + k) 0 wa" Y (u, km)a(1,t) "1 -
( cos(t + k) sin(t + k) ) ( ua(u,t + k) ub(u, t + k)
—sin(t + kmw)  cos(t + k) 0 ua” Y (u, t + k7) ’

for the continuously differentiable functions a(1,t), b(1,t¢) the inequalities
(19) hold and a(1,kn) =1, k € {0,1}, for u = 1 the continuously differen-
tiable functions a, (t+kw) = a(u, 0)a (u, t+km) = a(u,0)a " (u, km)a (1, 1),
bu(t + km) = —b(u,t + kr) = —b(u, km)a(1,t) — b(1,t)a ' (u, k) satisfy in-
equalities (6). Hence the product TK given in the assertion is the image of
a Cl-differentiable section of a multiplicative loop Q* of a quasifield Q. [

Proposition 15. The set Ao« of all left translations of the multiplicative
loop QQ* for a locally compact connected topological 2-dimensional quasifield
Q with (1,0)" as identity of Q* contains the group SO2(R) if and only if Ag-
has the form

o= (Tt ) () )Y )

—sint cost ua~"(u, 0
(20)

where a(u,0), b(u,0) are arbitrary continuous functions with a(u,0) > 0 such
that ua(u,0) is strictly monotone. In this case Q* is decomposable.

Proof. If the set Ag+ contains the group SO2(R), then for each fixed v > 0 the
function a(u,t) is constant with value 1 and the function b(u,t) is constant
with value 0. So the functions a(u,t) = a(u,0), b(u,t) = b(u,0) do not
depend on the variable t. Hence the identities in Proposition 11 are satisfied
and the set Ag~ has the form 7V as in the assertion.

Conversely, if ua(u,0) is a strictly monotone continuous function, then
for arbitrary continuous functions a(u,0),b(u,0) with a(u,0) > 0 the set
given by (20) is the set Ag- of all left translations of the multiplicative loop
Q* of a locally compact quasifield such that Ag- contains the group SO2(R)
and Q* has identity (1,0)". Hence Q* is decomposable and the assertion is
proved. O]

6. Betten’s classification of 4-dimensional translation planes

Using 2-dimensional spreads, Betten in [3], [4], [5], [6], [7], [8], see also [13]
and [15], has classified all locally compact 4-dimensional translation planes
which admit an at least 7-dimensional collineation group. His normalized 2-
dimensional spreads are images of sharply transitive sections o’ : G/H' — G,
where G is the connected component of the group GLy(R), H' is the subgroup

{( (1) CCZ ) ,d>0,ce R} (cf. [2], [3]) and ¢’ (G /H') consists of the elements

cost sint ra(r,t) 0 1 b(r,t)a *(r,t)
—sint cost 0 r~ta=t(r,t) 0 r? '
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b
g 0l ) ,a>0,b€ R} the sharply
transitive section ¢’ transforms into a sharply transitive section o : G/H — G
given by (2), because the elements of o’'(G/H') coincide with

(e ) G (5 )

Proposition 16. Let A be a 4-dimensional non-desarguesian translation
plane admitting an 8-dimensional collineation group such that A is coordina-
tized by the locally compact topological quasifield Q). Then the multiplicative
loop Q* can be given by one of the following sets Ao+ of the left translations
of Q*:

a) Ao+ has the form (15) with a(1,t) = 1 and b(1,t) =0 for 0 <t < m,
a(l,t) = 1/4/cos?t + %Qt and b(1,t) = a(1,t)=%sint cost for m < t < 2.
The quasifields Q.,, w > 1, correspond to a one-parameter family of planes

Ay

With respect to the stabilizer H = {

b) Ao+ is the range of the section given by (2) such that for o > _‘152
one has a(r,t) = vaaj;f? and b(r,t) = '8(;% ﬂl_i with rcos(t) = a—a—;i;?,

rsin(t) = —5—‘”52

,352 o a2+432 o a2+4p2 Ba
For a < =5 we have a(r,t) = 3/ 5= and b(r,t) = 1/ *=5 +3\/a2(a2+/82)

with rcos(t) = %’/#262’ rsin(t) = —g #262 The quasifield Q) coordina-

tizes a single plane.

c) Ao+ is the range of the section given by (2) such that a(r,t) = /%,

3
— S s34 su .
J— 3
b(/r'7 t) - \/(%+52v+v2)(52+v2) thh

4 54
5+ 520 4 02 S+ s2u 02
rcos(t) = v\| =—————, rsin(t) = —s| =—7F———.
52 + 02 52 1 o2

The quasifield () coordinatizes a single plane.

In case a) the multiplicative loop Q7 is decomposable and a split extension
of the normal subgroup N* = R corresponding to the connected component of

K = {( g S ) 0#£re ]R} with a subloop homeomorphic to the 1-sphere.

In case c) the set KC of the left translations of Q* corresponding to the kernel
K, of the quasifield Q has the form KC. In case b) the set KC has the form

(R R (R RE
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In cases b) and c) the multiplicative loops Q* are not decomposable and quasi-
simple.

Proof. 1f the translation complement of A is the group GLy(R) and acts
reducibly on R*, then one obtains the one-parameter family A, w > 1,
of the non-desarguesian translation planes corresponding to the following
spreads:

{S}U{(Z _SU>,S,U€R,UZO}U{(2 ?),S,UER,’U<O},

w > 1 (cf. [3], Satz 5, p. 144). Any such spread coincides with the set
Ao+ in (15) with a(1,t) and b(1,t) as in assertion a). By Theorem 9 the
multiplicative loop ()}, is a split extension of a normal subgroup N* with a
1-dimensional compact loop. By Theorem 12 the loop @)} is decomposable.

Hence N* has the form as in the assertion.
If the translation complement GLy(R) acts irreducibly on R*, then one ob-

tains a single plane A generated by the spread

a —apB - g8 —3p2 a Lap —382
{S}u{(ﬁ R ),a,ﬁeR,az ot G | SIS IEEEL EEE o S

(cf. [5], Satz, p. 553).
If the translation complement is solvable, then one gets a single plane A
generated by the spread

{S}U{(z 82__??]),8,1)61&}, (22)

(cf. [4], Satz 2 (b), p. 331).

The spread (21), respectively (22) coincides with the image of the section o
in (2) with the well defined functions a(r,t) and b(r,t) given in assertion b),
respectively c¢). In case ¢) one has a(r,kr) = 1, b(r,km) = 0, for all » > 0,
k € {0,1} hence Remark 1 gives the form K of the assertion. In case b) we
have a(r,0) =1, a(r,m) = 3, b(r,lr) =0, for all » > 0, 1 € {0,1}. These give
the form C of the assertion.

For decomposable Q*, the identity a(r,t + k7) = a(1,t)a(r, km) holds for all
r>0,te0,2m), k € {0,1} (cf. Proposition 11). In case b) for -3 < a <1
one has a(1l,t) = va? — a + 1 which yields a contradiction. In case c) we

have a(r, § + k) = ﬁ, s € R\ {0} and the condition a(r,§ + k7) =
Y

a(1, %) gives a contradiction. Hence in both cases Q* is not decomposable
and therefore quasi-simple (cf. Theorem 12). O

ol
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If the translation complement of a 4-dimensional topological plane A has
dimension 3, then the point oo of the line S = {(0,0, u,v),u,v € R} is fixed
under the seven-dimensional collineation group I' of A.

Proposition 17. Let () be a 2-dimensional quasifield coordinatizing a 4-
dimensional locally compact translation plane A such that the 7-dimensional
collineation group T' of A acts transitively on the points of W\ {00}, where
W is the translation axis of A and the kernel of the action of the translation
complement on the line S has dimension 1. Then the multiplicative loop Q*
can be given by one of the following sets Ag- of the left translations of QQ*:

a) Ao+ is the range of the section (2) such that

$2 + 2 g3 — s
a(r,t):\/ 5 5 end b(r,t) = 3
sPv+ v+ 5+ \/(s%—i—v?—i—%—i—s?)(s?—i—vﬂ

4 4
. s2v+v2 4 52 . s2vtv2 45 452 .
with 7 cos(t) = v\[ —— 73—, rsin(t) = —s\/| —— 37— The quasifield

Q) corresponds to a single plane.
b) Ag- is the range of the section given by (2) such that

and

(1) = v2 4+ u2 4+ 292(1 — cos(u)) — 2vvy sin(u) — 2yu cos(u) + 2yu
o= v2 + u2 — 242 + 242 cos(u)

b(r ) —2u7ysinu 4 2vycosu — 2v7y
T, =
V2 4 u2 +272(1 — cosu) — 2uysinu — 2yu cos u + 2yuy/v2 + uZ — 242(1 — cos u)

with

v2 +u2 — 272 4+ 242 cosu

reos(t) = (v = sin(u))\/vz + u2 + 272(1 — cos(u)) — 2vy sin(u) — 2yu cos(u) + 2yu

v2 4+ u2 — 242 4+ 292 cosu
v2 4+ u2 4 2v2(1 — cos(u)) — 2vysin(u) — 2vu cos(u) + 2yu

rsin(t) = (u — vy(cos(u) — 1))\/

The quasifields @~ coordinatize a one-parameter family of planes A,,0 <
[y < 1.

In all cases the multiplicative loop Q* is not decomposable and quasi-simple.
The set K of the left translations of Q* corresponding to the kernel of the
quasifield Q) has the form {( 6 2 ) ,0#71r € R}.

Proof. 1f the translation complement C' leaves a 1-dimensional subspace of
S invariant, then one obtains a single plane A which corresponds to the

following spread:
_sd
{S}u{("; 823+U3),S,UGR} (23)
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(cf. [18], 73.10., [4], pp. 330-331).

If the translation complement acts transitively on the 1-dimensional sub-
spaces of S, then one gets a one-parameter family E.,0 < || < 1, of planes
which are generated by the normalized spread

{S}U{(W(U_PYSinu u+’y(cosu—1))7u’U€R}’ (24)

cosu—1)—u v+ ysinu

([8], Satz, p. 128, [13], Proposition 5.8). The spread (23), respectively
(24) coincides with the image of the section ¢ in (2) such that the well
defined functions a(r,t) and b(r,t) are given in assertion a), respectively
b). Since in both cases one has a(r,km) = 1,b(r,kr) = 0, for all r > 0,
k € {0,1}, Remark 1 gives the form of L. Moreover, in case a) one has

a(r,§ +km) = 2+v2+£, v € R\ {0}. In case b) for v =1 we get
3

14+ u2 4+ 292(1 — cosu) — 2ysinu — 2yu cos u + 2yu
a(rj,t;) =

a(l,t;) = 1.
14+ u2 — 292 + 292 cosu @ ])

For decomposable Q* one has a(r,t+k7) = a(1,t)a(r, kr) for all r € R\ {0},
t €10,2m), k € {0,1} (cf. Proposition 11) which yields a contradiction. Thus
in both cases Q* is not decomposable and hence quasi-simple (cf. Theorem

12). O

Proposition 18. Let ) be a 2-dimensional quasifield coordinatizing a 4-
dimensional locally compact translation plane A such that the translation
complement C' of the 7-dimensional collineation group I of A has an orbit
of dimension 1 on W\ {0}, C leaves in the set of lines through the origin
only S fixed and the kernel of its action on S has positive dimension. Then
the multiplicative loop QQ* can be given by one of the following sets Ag- of the
left translations of Q*:

a) Ao+ is the range of the section (2) such that for 5 > 0 one has

1—s 2
a2 t 32 waB1Ts +aﬁ+zﬁlii
a(r,t) = 1 57— and b(r,t) =
Tro = 2
a? + zaBT+s — wB1+s /a2+ﬁ2\/a2+za,81j‘5 — wBT+s

1 2 1 2
a? 4+ zaBT+s — wpTHs a? + zaBT+s — wBT+s
rsin(t) = -8

with rcos(t) = a
a? 4 2 a? + 2

For 8 <0 one gets

1-s 2+s
' 1) = \J a2 + B2 and b(e' ) = pa(—B)TFs +aB — q(—p) 1+s
= 1 2 v =
a? +ga(=p) 1+ +p(=p) 1+ Va2 + 2\ a? + qa(—ﬂ)ﬁ +p(—ﬁ)ﬁ

with

1 2 1 2
/ a® +qa(=p) 1+s +p(=p) 1+= - a? + qa(=p) 1+5 +p(=B) T+
r’ cos(t) = aJ o2 52 and v’ sin(t) = —8 o2 1 32 .
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The quasifields Qs . pq coordinatize a family of planes As , - pq Such that the
parameters s, w, z,p, q satisfy the conditions 0 < s < 1, 2% + 4w(1 — s?) <0,
q* —4p(1 — s*) <0.

b) Ag- is the range of the section (2) such that for f > 0 we have

1) = o? + 2 d
U = S aB —wh? 208 B+ 2P f 4 A2 "

(w+ 1)aB + 282 — zaBIn B — aB(InB)? +28%1n 8

b(r,t) =
) Va2 +82\/a? ¥ zaf + 20fIn B — whZ + B2 1In B + 2 (In B)2

with

’

Wﬂ + za8 — wp2 + 2af1n B + 262 1n B + $2(In B)2
rcos(t) = o
a2 + B2

i a? 4+ zaf — wP?2 + 2aBInB + z2B21n B + B2(In B)2
rsin(t) = —8 o2 1 32 .

For g < 0 we obtain

( ’ t) \/ a? + [‘32 d
a(r , = - an.
a? — qaB + pp2 + (2a8 — ¢B2) In(—B) + B2(In(—p))2

(1 — p)aB — ¢B% + (267 + qaf) In(—B) — aB(In(—B))?

b(r',t) =
) = T 57 /a? —qaB + 057 T (208 — aB%) In(=B) + F2(n(—B))”

with

, \/a2 —gaB + pB2 + (2aB — ¢B2) In(—B) + B2(In(—pB))2
r' cos(t) = a ,
a? + g2

/s a? — qaf + pB? + (208 — ¢B?) In(—B) + B2(In(-H))?
rsin(t) = =8 o2 52 .

The quasifields Q. pq coordinatize a family of planes A, »p 4 such that for
the parameters w, z,p, q the relations (%)2 < —w-—1, (%)2 <p-—1 hold.
c) Ao+ is the range of the section given by (2) such that a(r,km) = 1 and

b(r,km) =0, k € {0,1} with r = |f|.
ForueR, g >0, we get

(rn8) = \/u2 + sin2 (1) (w2 4 2zu + 22) + cos2(l) — (2uw + 2u + 22) sin(l) cos(l)

u2+uz—w

cos? (1) (2uw 4 2u 4 2z) + sin(l) cos(1)(1 — w? — 22 — 2uz) — (u + z + uw)
(u? + sin2(l) (w2 + 2zu + 22) + cos2(l) — (2uw + 2u + 22) sin(l) cos(l)) (u2 + uz — w)

b(r, t) =

with

u2+usz

u? + sin2 (1) (w2 + 2zu + 22) + cos2(l) — (2uw + 2u + 2z) sin(l) cos(1) ’

rcos(t) = (u — (w + 1) sin(l) cos(l) + zsinZ(l)) \/

u2+usz

u? + sin2 (1) (w2 + 2zu + 22) + cos2(l) — (2uw + 2u + 2z) sin(l) cos(1) ’

rsin(t) = 8 (w sinZ(l) + zsin(l) cos(l) — cos2(l)) \/

where | = %lnﬁ. Foru e R, g <0 one obtains

a(’,‘/ t/) _ \/u2 +sin2(11)(g2 + 2qu + p2) + cos2(l1) + (2u + 2q — 2up) sin(l1) cos(l1)
’ u? +ug+p
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sin(l1) cos(l1)(1 — 2uq — p% — %) + sin?(11)(2q + 2u — 2up) + (up — q — u)
(u? +sin2(11) (a2 + 2qu + p2) + cos2(I1) + (2¢ + 2u — 2up) sin(l1) cos(l1)) (u? + uq + p)

b(r', t') =

with

r’ cos(t') = B ((p — 1) sin(ly) cos(l1) — qsin2(l1) — u) .

u? +ug+p
w2 + sin2(11)(q2 + 2qu + p2) + cos2(l1) + (2u + 2q — 2up) sin(l1) cos(l1)

r'sin(t’) = -8 (cosz(ll) + gsin(ly) cos(l1) + psinz(ll)) .

u? +ug+p
u? +sin2(11) (g2 + 2qu + p2) + cos2(l1) + (2u + 2q — 2up) sin(ly) cos(l1) ’

where Iy = + In(—f).

The quasifields Q.- p,q coordinatize a family of planes Ay .. pq Such that for
the parameters k,w, z,p,q one has k # 0, (4+k?)(2*+(w+1)?) < k*(1—w)?,
4+ E)(¢*+ (p—1)%) < k(p+1)% (w,2,p,9) # (-1,0,1,0).

In all cases QQ* is not decomposable and quasi-simple. The set of the left trans-

lations of Q* belonging to the kernel of Q) is K = {( g 2 ) ,0#1re R}.

Proof. If the translation complement C' fixes two 1-dimensional subspaces
of S, then we have a family of translation planes A, .,, such that the
normalized spreads belonging to these planes are given as follows:

1-s 1—s
{s}u{( o white ),aéR,BZO}U{( o p=A) I ),aER,B<O}, (25)
B zB1ts +a B a(=p)1Fs +a

(cf. [6], Satz 1, pp. 411-412).

If the translation complement C' fixes only one 1-dimensional subspace of S,
then there is a family of translation planes A, ., , such that the correspond-
ing normalized spreads have the form:

spo{((g WPLAme AW ) aerpzobu{( g TN LA ) acrp <<Z(}j)

(cf. Satz 2, [6], pp. 418-419).

If the translation complement C' acts transitively on the 1-dimensional sub-
spaces of .S, then we have a family of translation planes Ay ,, ., , such that
the normalized spreads belonging to these planes have the form

syofe( 5 7). perfu

u — (w4 1) sin(l) cos(l) + zsin?(1)  wcos?(l) — zsin(l) cos(l) — sin? (1) u
{ ( cos2(l) — zsin(l) cos(l) — wsin2(l) zcosz(l) + (w + 1) sin(l) cos(l) + v ) ,u €R, B> 0} U
(p — 1)sin(ly) cos(ly) — qsin2(l1) —u gsin(ly)cos(ly) — pcosQ(ll) — sin2(l1)
QT R ST B s et b er s el UL E TR SICL

where [ = %ln B, = %ln(—ﬁ) (cf. [15], Proposition 4.1, p. 6, and [6], Satz 3,
pp. 422-423). The spreads (25), respectively (26), respectively (27) coincide
with the image of the section ¢ in (2) such that the well defined functions
a(r,t) and b(r,t) are given in assertion a), respectively b), respectively c).
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Since in all three cases we have a(r,km) = 1, b(r,kr) = 0, r > 0, k €
{0,1}, Remark 1 shows that IC has the form as in the assertion. In case a),

respectively b) for 3 > 0 one gets a(r, 7 +7) = 7 Bﬁf poes respectively
—Zz s —w S

a(r,j +m) = \/1—z—w—21nﬁiz1nﬁ+(1n6)2' In case ¢) for u =0, 8 > 0 we get
that a(1,t;) is constant. These relations give a contradiction to the condition
a(r,t + kn) = a(1,t), r > 0, t € [0,27), k € {0,1} of Proposition 11. Hence
in all cases @Q* is not decomposable and quasi-simple (cf. Theorem 12). [

Proposition 19. Let ) be a 2-dimensional quasifield coordinatizing a 4-
dimensional locally compact translation plane A such that the translation
complement C' of the 7-dimensional collineation group I of A has an orbit
of dimension 1 on W \ {0}, C leaves only S in the set of lines through the
origin fixed and the kernel of its action on S is zero-dimensional. Then the
set Ao+ of all left translations of the multiplicative loop QQ* is given by the

range of the section (2) defined as follows: For o > —%2 one has

a2 + B2

a(r,t) =
«B2 4 2 _1 2
%+§—q+(a+ﬁ2)(a+%ﬁ2)—%(a+%>

3
2 3 3 3 3
Iq) ( ﬁ2>2 Z( : BQ) 1qqﬂ 2 a6[31 62& gq ﬁ2 B

3
VT 8 (0 ) (o 50) - 82 (ag 2)
with

3
32 34 32 -1 3 32\ 2
%Jr[s*ﬂr(‘”%) (‘”%52)—%(‘”%)
rcos(t) = « 5

a2 + B2

rsin(t) = -8

3
B2 4 2 1 2\ 2
J2‘24—@(}4—(&-&-"2)(&4—‘7(};32)—1’;3(&4_32)

a2 4 g2

For a < —%2 we get

a(r,t) = -
g2 | p* 2 (z+1)82 8 822
O‘T;*W*(‘”%) (%*% e T

3
B2 2 2 2
sa(a- ) g ()
b(r,t) =
2

with

3

B2 | B4 B2 (z41)82 wp B2\ 2
J%*m(”‘*z Tt o7 )T e 7

rcos(t) = a s

a? + B2

3

2 4 82 (z+1)p2 8 822
%*E*(‘”T)(%*% R G

rsin(t) = -8 .

a? + g2
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The quasifields Qu . pq coordinatize a family of planes Ay, ., 4 Such that the
parameters w, z,p, q satisfy (3w)? < —162(z + 1), (3p)? < 16¢(q — 1), ¢ > 0,
2z <0 and (w, z,p,q) # (0, —%,0,3).

The multiplicative loops Qy, ., , of the quasifields Q. p, are not decom-

posable and quasi-simple. The left translations of Q7, ,,, corresponding to

the kernel of Q. zpq have the form < g 2 ) ,0 # r € R, if and only if
w=p=0,qg=—2z=1.

Proof. By Satz 5 in [6], the planes A,, ., , are determined by the normalized
spreads which have the form

- 82 a-a) 82 83
{s}u{(a Tp‘”%(C”T) s a+2>3‘1),ﬁ611§,a>—ﬁ22}u
B

These spreads coincide with the image of the section o in (2) such that the
well defined functions a(r,t) and b(r,t) are given in the assertion. One gets
that a(r,0) = 1 and a(r,m) = /=% for all r > 0.

For g > 2 we obtain

V28

3 :
4 3 w 2\ 2 2 z z
T (5*%> *(5*%>(§1’32*%)

The loop @7, ., , is not decomposable since we have a contradiction to the
condition a(r, § + km) = a(1, §)a(r,km), r > 0, k € {0,1} (cf. Proposition
11). Hence Qy, ., , is quasi-simple (cf. Theorem 12). As a(r,k7) = 1 and
b(r,km) =0, r >0, k € {0,1} holds precisely if w =p =0, ¢ = —z = 1 the
last assertion follows. H

a(r,4+w)\/

Proposition 20. Let ) be a 2-dimensional quasifield coordinatizing a 4-
dimensional locally compact translation plane A such that the translation
complement C' of the 7-dimensional collineation group A fizes two distinct
lines {S, W} through the origin and leaves on S one or two 1-dimensional
subspaces invariant. Then the multiplicative loop Q* can be given by one of
the following sets Ao+ of the left translations of Q* having the form (20):

a)

a(r,0) = T%, b(r,0) =c¢ <rﬁ — T%> ,
with r = szH, s >0, t = —p, where s and ¢ are variables of the spreads
(28). The quasifields Q. coordinatize a family of planes A, . such that for

the parameters w # 1, ¢ one has 0 < w and (w — 1)%c* < 4w.
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b)
1
a(r,0) =1, b(r,0) = %,
with r = €°, t = —¢, where s and ¢ are variables of the spreads (29). The
quasifields QQq coordinatize a one-parameter family of planes Ay such that
4d? > 1.

In both cases Q* is decomposable and contains the group SOq(R).

Proof. 1f the group C' fixes two 1-dimensional subspaces of S, respectively
only one 1-dimensional subspace of S, then one obtains a family of translation
planes corresponding to the normalized spreads

o (e ) (547 ) L pemano) @

sinp  cos S

(cf. [7], Satz 1 and [9], p. 15), respectively

cosp —singp et e3
{S’W}U{(singp cos >(O e’ )’S’SOER}’ (29)

(cf. [7], Satz 2 and [9], p. 15). In both cases these spreads coincide with
the set A = SO4(R)/C given in (20) such that the set K corresponding to the
kernel K, of @ is determined by the functions a(r,0), b(r,0) as in assertion
a), respectively b). O

Remark 21. In [2] D. Betten constructed 4-dimensional locally compact

non-desarguesian planes Ay corresponding to continuous, non-linear, strictly

monotone functions f defined for 0 < u € R with f(0) =0 and lim f(u) =
uU— 00

0o. The planes Ay are determined by the normalized spreads

flu)sing
U COS o)
yu>0, e 0,27 .
{( U sin fu)eomep ) el )}

f)

These spreads coincide with the set A = SO(R)IC given in (20) such that the
set KC corresponding to the kernel K, of the quasifield Q) coordinatizing Ay

is determined by the functions a(r,0) = \/%S)), b(r,0) = 0 with r = “Jf(%),

t=—p, u#0. For f(u) = f(1)u™ these planes are planes in Proposition
20 a) with ¢ =0 and a(r,0) = rixu . Otherwise the full collineation group of
the planes Ay has dimension 6.

Proposition 22. Let ) be a 2-dimensional quasifield coordinatizing a 4-
dimensional locally compact translation plane A such that the translation
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complement C of the T-dimensional collineation group of A fixes two distinct
lines {S, W} through the origin and acts transitively on the spaces Ps and
Py of all 1-dimensional subspaces of S, respectively W. Then the multiplica-
tive loop Q* of Q@ can be given by one of the following sets Ag- of the left
translations of Q*:

a) Ao+ is the range of the section (2) with

(ryw) ap
a(r,u) = ,
de2(at—ps) 4 de2qm 4 eat—ps+arw (2dcos scost + (c2 + 1 + d?2)sin s sin t)

e2(qt—ps) [(—02 — 14 d?)costsint — ¢(c® + 1 + d?) sin? t]

b(r,u) = +
\/dD {d(e%‘l"*ps) + e247) + eat—Ps+a7™ (2d cos s cost + (d2 + c¢2 + 1) sin s sin t)]
n edt—pstam (cosscost + dsinssint 4+ ccos ssint)
\/dD [d(eZ(qt*w) 1 €247 4 eat—ps+am(2d cos s cost + (d2 + ¢2 + 1) sin s sin t)]
such that
eqt*ps(cosscost + csintcoss + dsintsins) + e9™
rcosu = a” " (r,u),
1+ edm

e "PS(dcosssint — sinscost — csinssint) _q
a
1+ ed™

(ryu),

rsinu = —
D = ez(qt_ps) ((CDS t + csin t)2 + d2 sin? t) + e2am + 2edt—pstar (cosscost + ccosssint + dsinssint).

The quasifields @Qpq.ca coordinatize a family of planes A, qcq such that the
parameters p, q, c,d satisfy the conditions

p=qg>0 and —-1<d<0,
a>0,p=%Tfqk=1,2,3,- and d>0,
d—1)2 42 d+1)2 2
—(q+p)2A+(q—p)2B—4ABZO, whemA:% andB:(:7d4

The multiplicative loops Q* of the quasifields (QQpqca are not decomposable
and quasi-simple.
b) Ao+ has the form (15) with

sinntcosnt(d? — 1 — c2) — esin® nt(d? + 1 + c2)
d+/(cosnt + csinnt)2 + d2 sin2 nt

a(l,u) = \/(cosnt + csinnt)?2 + d2 sin2 nt, b(1,u) =

such that
s(cos nt cos mt + csin nt cos mt + d sin nt sin mt) X s(dsinnt cos mt — cos nt sin mt — csin nt sin mt)
TCosu = y TSInu =
V/(cosnt + csinnt)? + d2 sin2 nt (cosnt + csinnt)? + d2 sin2 nt
and s > 0.

The quasifields Qmoncd coordinatize a family of planes Ay, pca Such that the
parameters m,n € Z, (m,n) =1, ¢,d € R satisfy the conditions

m=n=1 and —1<d<0
m=1,2,3,--- n=m-+1 and d >0
m=1,3,5,--- n=m+42 and d >0
2 2 2 2
(n — m)QB >(n+ m)2A, where A = u and B = w
4d 4d
The loops Qr, . .q are split extensions of the normal subgroup N* = R
. u 0 :
corresponding to the connected component of 0 u ) 0#ueR,y with

a subloop homeomorphic to the 1-sphere.
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Proof. 1f the translation complement C' acts transitively on the product space
Ps x P, then there is a family of translation planes corresponding to the
normalized spreads

a(s,t)+el™ ~(s,t)—co(s,t)
1+ed™ d(14e97™
{57 W} U BJ(rs,t) 6(3,7&)f(cBJr(s,t)zrdeq7r ENAS R

1+ed™ d(1+ed™)

such that a(s,t) = e?"P5(cos scost + csint cos s + dsintsin s),

B(s,t) = e?"P5(dcos ssint — sin s cost — csin ssint),

v(s,t) = e P5(dcostsins — sint cos s + ccost cos s),

§(s,t) = e P5(dcostcoss + sintsins — ccostsins) (cf. [7], Satz 3, pp.
135-136). These spreads coincide with the image of the section ¢ in (2) with
the well defined functions a(r,u) and b(r,u) as in assertion a). For s = 0 we
get a contradiction to the condition a(r;,u;) = a(r;,0)a(1l,u;) which must
hold for decomposable Q*. It follows that QQ* is not decomposable and hence
quasi-simple (cf. Theorem 12).

If the translation complement C' does not act transitively on the product
space Ps x Py, then there is a family of translation planes which correspond
to the normalized spreads

(5, W) U{( (3) S ) ( ai(t) —gau(t) + jan(t) ) s>0.te R}

alg(t) —galg(t) + é&gg(t)

with ay;(t) = cosnt cosmt + csinnt cosmt + dsin nt sin mt,

a12(t) = dsinnt cosmt — cosnt sinmt — csinnt sin mt,

a1 (t) = dcosnt sinmt — sinnt cos mt + ¢ cos nt sin mt,

asn(t) = dcosnt cosmt + sinntsinmt — ccosntsinmt (cf. [7], Satz 4, pp.
142-144). These spreads coincide with the set Ag+ in (15) such that the
periodic functions a(1,t) and b(1,¢) are given in assertion b). As in the proof
of Proposition 16 a) it follows that the loop @7, ,, . 4 is a split extension as in
the assertion. ]

Corollary 23. Let A be a 4-dimensional locally compact non-desarguesian
topological plane which admits an at least 7T-dimensional collineation group
['. If the quasifield Q) coordinatizing A is constructed with respect to two lines
such that their intersection points with the line at infinity are contained in
the 1-dimensional orbit of I' or contain the set of the fized points of I', then
for the multiplicative loop Q* of Q@ one of the following holds:

a) Q* is quasi-simple and not decomposable. Such quasifields Q) are described
by Propositions 16 b), 16 ¢), 17), 18), 19) and in Proposition 22 a).

b) Q* is quasi-simple but decomposable and it is a product SOo(R)B, where
B is a 1-dimensional loop homeomorphic to R. The quasifields ) of this type
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are described in Proposition 20. .

c) Q* is a split extension of the group N* = R with a loop homeomorphic to
the 1-sphere. The quasifields of this type are described in Propositions 16 a)
and 22 b).

Proof. A locally compact topological quasifield coordinatizing the translation
plane A and constructed with respect to two lines satifying the assumptions
is isotopic to a quasifield given in Betten’s classification (cf. [11], p. 321,
[3] Satz 5). For isotopic loops @QF and Q3 the following holds: The group
generated by their left translations, every subgroup and all nuclei of them are
isomorphic (cf. [14], Lemmata 1.9, 1.10, p. 20). From these facts we get: If
(21 is quasisimple and not decomposable, then also ()5 is quasisimple and not
decomposable. If ¢); contains the subgroup SO,(R), then also Q)2 contains

the group SO(R). If @ is a split extension of N* with a 1-dimensional
compact loop, then the same holds for ()s. O
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