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Introduction

In this short thesis we summarize the most important our results which
achieved during PhD study. We present the interesting lemmas, propositions,
theorems, and corollaries based on our research which can be found with full
details in the papers [18], [19] and [17].

This dissertation is divided into three chapters. In what follows, we give a
brief description for each of them.

Chapter one is devoted to give an elementary proof for the decomposition
theorem of Maksa and Páles [10] which is an extension of the Ng theorem [12],
(Ng characterized a Wright convex function as a function which is the sum of
a convex and an additive function). Maksa and Páles [10] proved that a real
function is Wright convex of order n if and only if it is a sum of two functions:
a convex function of order n and a generalized polynomial of degree at most
n. In our proof we adopt the method of Páles [15].

The main purpose of Chapter two is to introduce various convexity no-
tions with respect to a given positive Chebyshev system ω and give relations
among them. In one of our main result, we generalize the celebrated theorem
of Bernstein–Doetsch [1] to the setting of ω-Jensen convexity. From this , we
derive that a locally bounded function is ω-Jensen affine if and only if it is
the linear combination of the members of the Chebyshev system. In section
3 of this Chapter we extend the notion of Wright convexity to the setting of
Chebyshev systems and point out that it is an intermediate convexity property
between ω-convexity and ω-Jensen convexity. We also generalize the decom-
position theorem of higher-order Wright convex function (obtained by Maksa
and Páles [10] in 2009) to certain Chebyshev systems.

The main goal of Chapter three is to show that if a real valued function
defined on a groupoid satisfies a certain Levi–Civita-type functional equation,
then it also fulfills a Cauchy–Schwarz-type functional inequality. In particular,
if the groupoid is the multiplicative structure of commutative ring, then we can
establish the existence of nontrivial additive functions satisfying inequalities
connected to the multiplicative structure.
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CHAPTER 1

Decomposition of higher-order Wright convex functions
revisited

A celebrated result of C. T. Ng [12] established a deeper connection be-
tween convexity and Wright convexity. It characterizes Wright convex func-
tions as those functions that are of the form f = g+a, where g is convex and a
is additive. The original proof of the paper [12] applied de Bruijn’s theorem [3]
which is related to functions which have continuous differences. Several sub-
sequent proofs of the result of Ng (c.f., Nikodem [13] and Kominek [8]) used
another approach, which was based on Rode’s theorem [22]. Basically, all the
previously known proofs used transfinite induction for the construction of the
additive part a of the decomposition. In a recent paper [15], Páles obtained
a new proof in which the convex summand g was first constructed in an ele-
mentary way. Therefore, there was no transfinite induction involved. In the
paper [10], Maksa and Páles extended the decomposition theorem of Ng to the
context of higher-order convexity notions. The main purpose of this Chapter
is to adopt the methods of the paper [15] and establish a new and elementary
proof for the theorem of Maksa and Páles.

1. Higher-order convex and Wright convex functions

In what follows, we are going to define several higher-order convexity con-
cepts in terms of difference operators and divided differences.

We recall that, for a fixed real number h, the operator ∆h, acting on a real
function f : I → R, is defined by

∆hf(x) := f(x+ h)− f(x) (x ∈ I ∩ (I − h)).

Given a fixed n ∈ N, a map f : I → R is said to be Jensen convex of order
n (briefly n-Jensen convex) if

(1.1) ∆n+1
h f(x) ≥ 0

(
h > 0, x ∈ I ∩ (I − (n+ 1)h)

)
.
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1. HIGHER-ORDER CONVEX AND WRIGHT CONVEX FUNCTIONS 3

A map f : I → R is said to be Wright convex of order n (briefly n-Wright
convex) if it satisfies the functional inequality

(1.2)
∆h1 · · ·∆hn+1f(x) ≥ 0(

h1, . . . , hn+1 > 0, x ∈ I ∩ (I − (h1 + · · ·+ hn+1))
)
.

In the investigation of functional inequalities (1.1) and (1.2), those maps
that fulfill these inequalities with equality play a fundamental role in the theory
of linear functional equations. Therefore, for n ∈ N, we consider the equation

∆n+1
h f(x) = 0 (h > 0, x ∈ I ∩ (I − (n+ 1)h)),

which is termed the Fréchet functional equation in this theory. It is well-
known (see [9], [24]) that f : I → R satisfies this equation if and only if it is
a polynomial function of degree at most n, i.e., it has the representation

f(x) = a0 + a1(x) + · · ·+ an(x) (x ∈ I),

where a0 ∈ R and ak is the diagonalization of some k-additive and symmet-
ric function Ak : Rk → R, that is, ak(x) = Ak(x, . . . , x), (x ∈ R, k =
1, . . . , n). Standard polynomials are exactly the continuous polynomial func-
tions. On the other hand, using Hamel bases, it is not difficult to construct
non-continuous polynomial functions (see [9]).

The divided difference of the function f : I → R with respect to the
pairwise distinct points x0, . . . , xn ∈ I is defined by

[x0, . . . , xn; f ] =
n∑

i=0

f(xi)∏n
j=0
j ̸=i

(xi − xj)
.

Obviously, divided differences are symmetric functions of their variables, fur-
thermore, it is easy to show that they enjoy the following recursive property

[x0, . . . , xn; f ] =
[x1, . . . , xn; f ]− [x0, . . . , xn−1; f ]

xn − x0

for all n ∈ N and pairwise distinct elements x0, . . . , xn ∈ I .
Based on the works of T. Popoviciu [20,21], given n ∈ N, a map f : I → R

is said to be convex of order n on I (shortly n-convex on I) if the inequality

[x0, x1, . . . , xn, xn+1; f ] ≥ 0

holds for all pairwise distinct elements x0, x1, . . . , xn, xn+1 ∈ I . Due to the
symmetry of divided differences, without loss of generality, we may assume
x0 < x1 < · · · < xn < xn+1 here.
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CHAPTER 1. DECOMPOSITION OF HIGHER-ORDER WRIGHT CONVEX

FUNCTIONS REVISITED

2. New proof of decomposition theorem of higher-order

In the paper [10], Maksa and Páles extended the decomposition theorem of
Ng to the context of higher-order convexity notions. They proved that a real
function is Wright convex of order n if and only if it can be decomposed as
the sum of a convex function of order n and a polynomial function of order at
most n. Their proof was again using transfinite tools in the background. We
adopt the methods of the paper [15] and establish a new and elementary proof
for the theorem of Maksa and Páles.

The following result was obtained in the book [9] and in a more general
form in the paper [4].

LEMMA. Let n ∈ N. Then every n-convex function is n-Wright convex, and
every n-Wright convex function is n-Jensen convex.

One of the main results of the paper [10] established the following gener-
alization of Ng’s decomposition theorem [12].

THEOREM. Let n ∈ N and f : I → R be an n-Wright convex function.
Then, there exist an n-convex function g : I → R and a polynomial function
P : R → R of degree at most n such that

f(x) = g(x) + P (x) (x ∈ I).

Our aim was to obtain a new and transfinite induction-free proof for this
result. To accomplish this goal, we needed the following lemma, which was
our most important tool.

LEMMA. Let n ∈ N and f : I → R be an n-Jensen convex function. Then
there exists a continuous n-convex function g : I → R such that g|I∩Q =
f |I∩Q.



CHAPTER 2

On convexity properties with respect to a Chebyshev system

The main role of Chapter two is to define the Wright convexity with respect
to Chebyshev system and generalize the decomposition theorem of Ng [12] to
a certain Chebyshev system.

The simplex of strictly ordered n-tuples of a set H ⊂ R, denoted by
σn(H), is defined by

σn(H) := {(x1, . . . , xn) ∈ Hn | x1 < · · · < xn}.

We assume that |H| ≥ n. Let ω = (ω1, . . . , ωn) : H → Rn be a vector-valued
function, and define the functional operator Φω := Φ(ω1,...,ωn) : σn(H) → R
by

Φω(x1, . . . , xn) :=

∣∣∣∣∣∣
ω1(x1) . . . ω1(xn)

... . . . ...
ωn(x1) . . . ωn(xn)

∣∣∣∣∣∣ ((x1, . . . , xn) ∈ σn(H)).

A continuous function ω is said to be an n-dimensional positive (respectively
negative) Chebyshev system over H if Φω is strictly positive (respectively,
strictly negative) over σn(H). The system ω is called an n-dimensional Cheby-
shev system over H if it is either a positive or a negative Chebyshev system
over H . If ω : R → Rn equals the n-dimensional standard or polynomial
system πn : I → Rn, which is defined by

πn(t) := (1, t, . . . , tn−1) (t ∈ R),

and turns out to be a positive Chebyshev system. More generally, if p1 <
· · · < pn are given exponents, then the system given by

R+ ∋ t 7→ (tp1 , . . . , tpn)

is also a positive Chebyshev system on R+. Important Chebyshev system
arise also related to hyperbolic and trigonometric functions. For instance, for
all n ∈ N, the systems given by

I ∋ t 7→ (cos(t), sin(t), . . . , cos(nt), sin(nt)),

I ∋ t 7→ (1, cos(t), sin(t), . . . , cos(nt), sin(nt))
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6 CHAPTER 2. ON CONVEXITY WITH RESPECT TO A CHEBYSHEV SYSTEM

are positive 2n- and (2n + 1)-dimensional Chebyshev systems over any
nonempty open interval I with length less than or equal to π and 2π, re-
spectively. (For the proof of this statements, see the introduction of the pa-
per [16].) There are analogous Chebyshev systems in terms of hyperbolic
functions as well. We give the standard examples of convex functions with
respect of Chebyshev system.

(i) Polynomial system: ω(x) := (1, x, . . . , xn);
(ii) exponential system: ω(x) := (1, exp(x), . . . , exp(nx));

(iii) hyperbolic system:ω(x) :=(1, cosh(x), sinh(x),. . ., cosh(nx), sinh(nx))
and

(iv) trigonometric system: ω(x) := (1, cos(x), sin(x), . . . , cos(nx), sin(nx)),

where ω : I → Rn for all items (i), (ii) and (iii), and ω :] − π
2
, π
2
[→ R for

(iv). For further standard applications of Chebyshev systems, we refer to the
monographs [2], [6] and [7].

In what follows, we recall some definitions from the paper [16] (see also
the paper [4] for these definitions in the polynomial setting). Let I ⊂ R be
a nonvoid interval, n ∈ N and let ω = (ω1, . . . , ωn) : I → Rn be an n-
dimensional positive Chebyshev system over I . For a function f : I → R, the
functional operator Φ(ω,f) : σn+1(I) → R is defined by Φ(ω,f) := Φ(ω1,...,ωn,f).

For a given vector t = (t1, . . . , tn) ∈ Rn
+, a function f : I → R is said to

be (t, ω)-convex if

(2.1) Φ(ω,f)(x, x+ t1h, . . . , x+ (t1 + · · ·+ tn)h) ≥ 0

holds for all h > 0, x ∈ I with x + (t1 + · · · + tn)h ∈ I . If T ⊆ R+ and f is
(t, ω)-convex for every t ∈ T n, then f is called (T, ω)-convex.

If t = (t1, . . . , tn) ∈ Rn
+ and (2.1) is satisfied with equality, then f is called

a (t, ω)-affine function. If T ⊆ R+ and f is (t, ω)-affine for every t ∈ T n, then
f is called (T, ω)-affine. In particular, we say that f is ω-Jensen convex if it is
({1}, ω)-convex, i.e., if

(2.2) Φ(ω,f)(x, x+ h, . . . , x+ nh) ≥ 0

holds for all h > 0, x ∈ I with x + nh ∈ I . If (2.2) is valid with equality
instead of inequality, then f is said to be ω-Jensen affine.

A function f is termed ω-convex if it is (R+, ω)-convex. It is easy to see
that f is ω-convex on I if and only if

(2.3) Φ(ω,f)(x0, x1, . . . , xn) ≥ 0 ((x0, x1, . . . , xn) ∈ σn+1(I)).

A function f is called ω-affine if (2.3) is satisfied with equality.
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We have to mention that in the case when ω = πn, then the concepts of
ω-convexity and ω-Jensen convexity, was introduced by Hopf [5] and Popovi-
ciu [21] (see also the book [9] by Kuczma) and these properties were called
convexity and Jensen convexity of order (n − 1), respectively. If a function
f : I → R is n times differentiable, then it is convex of order (n − 1), i.e.,
convex with respect to the polynomial system πn if and only if the nth deriva-
tive of f is nonnegative over I . In the particular case when n = 2, this is the
standard characterization of convexity of twice differentiable functions.

It is a nontrivial question whether or not ω-convex functions form a proper
subclass of ω-Jensen convex functions. Depending on the Chebyshev system,
the answer could be positive and negative as well. On the other hand, it is
well-known that, for all n ≥ 2, πn-convex functions form a proper subset
of πn-Jensen convex functions. By [14, Theorem 2], it follows that, for any
additive function A : R → R and n ∈ N, the function f := An−1 is Jensen
affine (and hence it is Jensen convex) of order n − 1. On the other hand, f
is convex of order n − 1 if and only if A is continuous. Therefore, if A is
discontinuous, then f cannot be convex of order n − 1. For a construction of
a Jensen convex function of order n − 1 which is not Wright convex of order
n− 1, we refer to the paper [11].

In what follows we give a short description of this Chapter. The following
result shows that, for any nonempty set T ⊆ R+, (T, ω)-convexity implies
ω-Jensen convexity.

THEOREM. Let T ⊆ R+ be a nonempty set. If a function f : I → R is (T, ω)-
convex (resp. (T, ω)-affine), then it is (Q+, ω)-convex (resp. (Q+, ω)-affine),
in particular, it is ω-Jensen convex (resp. ω-Jensen affine).

1. Results on ω-Jensen functions

If D is a subset of I and f : D → R, then f is said to be compactly
uniformly continuous if, for all compact subintervals [a, b] of I and for all
ε > 0, there exists δ > 0 such that, for all x, y ∈ [a, b] ∩D with |x − y| < δ,
we have that |f(x)− f(y)| < ε.

LEMMA. Let D be a subset of I and let f : D → R be a compactly uniformly
continuous function. Then f admits a continuous extension to I . Provided that
D is dense, the extension is unique.

THEOREM. Let n ≥ 2 and let ω = (ω1, . . . , ωn) : I → Rn be an n-
dimensional positive Chebyshev system and let K be a subfield of R. If a
function f : I → R is (K+, ω)-convex (resp. (K+, ω)-affine), then there ex-
ists a continuous ω-convex (resp. ω-affine) function g : I → R such that
g|I∩K = f |I∩K.
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(Here, and in the sequel, K+ denotes the intersection K ∩ R+.)

COROLLARY. Let n ≥ 2 and ω = (ω1, . . . , ωn) : I → Rn be an n-
dimensional positive Chebyshev system. If f : I → R is ω-convex (resp.
ω-affine), then it is continuous on I .

COROLLARY. Let n ≥ 2 and ω = (ω1, . . . , ωn) : I → Rn be an n-
dimensional positive Chebyshev system. If f : I → R is ω-Jensen convex
(resp. ω-Jensen affine), then there exists a continuous ω-convex (resp. ω-affine)
function g : I → R such that g|I∩Q = f |I∩Q.

The following statement is the extension of the celebrated Bernstein–
Doetsch theorem [1] to the setting of ω-Jensen convexity.

THEOREM. If f : I → R is ω-Jensen convex and bounded on a nonempty
open subset of I , then it is continuous on I .

THEOREM. Let f : I → R be a function which is bounded on a nonempty
open subset of I . Then it is ω-Jensen affine if and only if f = α1ω1+· · ·+αnωn

for some α1, . . . , αn ∈ R.

LEMMA. Let ω : I → Rn be a positive Chebyshev system. Assume that
there exist a positive continuous function ω0 : I → R+ and a matrix M =
(ai,j)1≤i≤n, 0≤j≤n−1 ∈ Rn×n such that

(2.4)
ωi(x) = (ai,n−1x

n−1 + · · ·+ ai,1x+ ai,0) · ω0(x)

(x ∈ I, i ∈ {1, . . . , n}).
Then det(M) > 0 and, for all (x1, . . . , xn) ∈ σn(I),

Φω(x1, . . . , xn) = ω0(x1) · · ·ω0(xn) · det(M) · Φπn(x1, . . . , xn).

Additionally, let f : I → R. Then, for all (x0, . . . , xn) ∈ σn+1(I),

Φω,f (x0, . . . , xn) = ω0(x0) · · ·ω0(xn) · det(M) · Φπn,f/ω0(x0, . . . , xn).

THEOREM. Assume that there exist a positive continuous function ω0 : I →
R+ and a matrix M = (ai,j)1≤i≤n, 0≤j≤n−1 ∈ Rn×n such that (2.4) holds. Then
f : I → R is an ω-Jensen convex (resp. ω-Jensen affine) function if and only
if f

ω0
is a πn-Jensen convex (resp. πn-Jensen affine) function.

THEOREM. A function f : I → R is πn-Jensen affine if and only if there
exist a constant A0 ∈ R, an additive function A1 : R → R, a symmetric
biadditive function A2 : R2 → R, . . . , and a symmetric (n − 1)-additive
function An−1 : Rn−1 → R such that

f(x) = An−1(x, . . . , x) + · · ·+ A2(x, x) + A1(x) + A0 (x ∈ I).
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COROLLARY. Assume that there exist a positive continuous function ω0 : I →
R+ and a matrix (ai,j)1≤i≤n, 0≤j≤n−1 ∈ Rn×n such that (2.4) holds. Then
f : I → R is an ω-Jensen affine function if and only if there exist a constant
A0 ∈ R, an additive function A1 : R → R, a symmetric biadditive function
A2 : R2 → R, . . . , and a symmetric (n− 1)-additive function An−1 : Rn−1 →
R such that

f(x) =
(
An−1(x, . . . , x) + · · ·+ A2(x, x) + A1(x) + A0

)
ω0(x)

(x ∈ I).

2. Wright convexity with respect to Chebyshev systems

In 1954, Wright [25] introduced a concept of convexity which is stronger
than Jensen convexity and weaker than convexity. A function f : I → R is
called Wright convex if

f(tx+ (1− t)y) + f((1− t)x+ ty) ≤ f(x) + f(y) (x, y ∈ I, t ∈ [0, 1]).

One can easily see that convexity implies Wright convexity, and, by putting
t = 1

2
into the above inequality, we can see that Jensen convexity is a conse-

quence of Wright convexity.
A characterization and the ultimate understanding of Wright convexity was

established by Ng [12], who proved that f : I → R is Wright convex if and
only if it is of the form f = g + A|I , where g : I → R is convex and
A : R → R is additive. If A is discontinuous, then f will be discontinuous and
hence cannot be convex. On the other hand, if A is a discontinuous additive
function, then |A| is Jensen convex but not Wright convex.

The concept of Wright convexity is closely related to Schur convexity,
sometimes it is termed ultramodularity and has applications, for instance, in
the theory of copulas and t-norms (see [23] and the references there in).

A higher-order generalization of Wright convexity was introduced by
Gilányi and Páles [4] as follows. In this paper, a function f : I → R was
called Wright convex of order (n− 1), if

∆h1 · · ·∆hnf(x) ≥ 0

holds for all h1, . . . , hn > 0 and x ∈ I ∩ (I − (h1+ · · ·+hn)). One can easily
see that Wright convexity of order 1 is equivalent to Wright convexity in the
standard sense.

In what follows, we extend the notion of higher-order Wright convexity to
the setting of positive Chebyshev systems. Let ω = (ω1, . . . , ωn) : I → Rn

be a positive n-dimensional Chebyshev system. We say that ω : I → Rn+1 is
an extension of ω if there exists a continuous function ωn+1 : I → R such that
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ω := (ω1, . . . , ωn, ωn+1) and ω is a positive (n + 1)-dimensional Chebyshev
system.

Let ω be a positive n-dimensional Chebyshev system and ω be an arbitrar-
ily fixed extension of ω. We say that a function f : I → R is ω-Wright convex
if, for all h1, . . . , hn > 0 and x ∈ I ∩ (I − (h1 + · · ·+ hn)), the inequality∑

(i1,...,in)

Φ(ω,f)(x, x+ hi1 , . . . , x+ hi1 + · · ·+ hin)

Φω(x, x+ hi1 , . . . , x+ hi1 + · · ·+ hin)
≥ 0

holds, where the summation is taken over all permutation (i1, . . . , in) of the
elements {1, . . . , n}.

We establishes the connections between ω-convexity, ω-Wright convexity
and ω-Jensen convexity.

THEOREM. Let ω be a positive n-dimensional Chebyshev system and ω be an
extension of ω. Then every ω-convex function is ω-Wright convex and every
ω-Wright convex function is ω-Jensen convex.

The next theorem describes the connection between ω-Wright convex-
ity and Wright convexity of order (n − 1). In what follows, the symbol
[x0, x1, . . . , xn, g] denotes the standard nth-order divided difference of a func-
tion g : I → R at the pairwise distinct nodes x1, x1, . . . , xn ∈ I .

THEOREM. Assume that there exist a positive continuous function ω0 : I →
R+ and a matrix M := (ai,j)1≤i≤n, 0≤j≤n−1 ∈ Rn×n such that (2.4) holds. De-
fine ωn+1 : I → R by ωn+1(t) := tnω0(t). Then ω := (ω, ωn+1) is an extension
of the Chebyshev system ω. In addition, we have the following assertions:

(i) For all (x0, x1, . . . , xn) ∈ σn+1(I), the equality

Φ(ω,f)(x0, x1, . . . , xn)

Φω(x0, x1, . . . , xn)
= [x0, x1, . . . , xn; f/ω0]

holds. Furthermore, a function f : I → R is ω-convex if and only if f/ω0

is convex of order (n− 1).
(ii) For all h1, . . . , hn > 0 and x ∈ I ∩ (I − (h1 + · · ·+ hn)), the equality∑

(i1,...,in)

Φ(ω,f)(x, x+ hi1 , . . . , x+ hi1 + · · ·+ hin)

Φω(x, x+ hi1 , . . . , x+ hi1 + · · ·+ hin)

=
∆h1 · · ·∆hn(f/ω0)(x)

h1 · · ·hn

holds. Furthermore, a function f : I → R is ω-Wright convex if and only
if f/ω0 is Wright convex of order (n− 1).
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In the following result, we establish a characterization theorem for ω-
Wright convexity provided that the underlying Chebyshev system is strongly
related to the polynomial one. This result generalizes the decomposition the-
orem of Maksa and Páles [10] which is related to the polynomial system. An
alternative and more elementary proof of that theorem has been recently given
by the authors in [18].

THEOREM. Assume that there exist a positive continuous function ω0 : I →
R+ and a matrix M := (ai,j)1≤i≤n, 0≤j≤n−1 ∈ Rn×n such that (2.4) holds.
Define ωn+1 : I → R by ωn+1(t) := tnω0(t) and set ω := (ω, ωn+1). Then a
function f : I → R is ω-Wright convex if and only if there exist an ω-convex
function F : I → R and, for each k ∈ {1, . . . , n− 1}, a symmetric k-additive
mapping Ak : Rk → R and a real constant A0 such that, for all x ∈ I ,

f(x) = F (x) + (A0 + A1(x) + · · ·+ An−1(x, . . . , x))ω0(x).

In our subsequent result we will prove that if the extension of the two di-
mensional polynomial system is not a polynomial of at most second degree,
then the convexity with respect to the two dimensional polynomial system
(i.e., standard convexity) is equivalent to Wright convexity with respect to this
extension. For the proof of this result, we will need the following characteri-
zation of a polynomial of at most second degree.

LEMMA. Let ρ : I → R be a continuous function which satisfies the functional
equation

ρ(z)− ρ(y)

z − y
=
ρ(z + u)− ρ(y − u)

(z + u)− (y − u)
,

u ≥ 0, y, z ∈ (I + u) ∩ (I − u), z + u ≥ y.

Then ρ is a polynomial of at most second degree over I .

THEOREM. Assume that there exist a positive continuous function ω0 : I →
R+ and a matrix M := (ai,j)1≤i≤2, 0≤j≤1 ∈ R2×2 such that (2.4) holds for
n = 2. Assume that ω3 : I → R is a continuous function such that ω =
(ω1, ω2, ω3) is an extension of ω = (ω1, ω2) and ω3/ω0 is not a polynomial of
at most second degree. Then every ω-Wright convex function is ω-convex, i.e.,
ω-Wright convexity is equivalent to ω-convexity.



CHAPTER 3

Cauchy–Schwarz-type inequalities for solutions of
Levi–Civita-type functional equations

Let (G, ∗) be a groupoid. (Recall that a pair (G, ∗) is said to be a groupoid
if · is a binary operation on G, i.e., · : G × G → G.) Let A : G → R be a
function such that there exist functions f1, . . . , fn, g1, . . . , gn : G → R such
that the functional equation

A(x ∗ y) = f1(x)g1(y) + · · ·+ fn(x)gn(y) (x, y ∈ G)

is fulfilled. Under certain assumptions on n and on the functions
f1, . . . , fn, g1, . . . , gn, we are going to prove that for all x, y ∈ G the func-
tion A will satisfy either the inequality A(x ∗ y)2 ≤ A(x ∗ x)A(y ∗ y) or the
reversed one A(x ∗ x)A(y ∗ y) ≤ A(x ∗ y)2. In the important particular case
when the groupoid is the multiplicative structure of a commutative ring and
A is additive, we will establish the existence of nontrivial additive functions
which satisfy one of the above mentioned inequalities.

1. The inequality A(x ∗ y)2 ≤ A(x ∗ x)A(y ∗ y)

In our first result we assume that the function A satisfies a Levi–Civita-type
functional equation over a groupoid.

PROPOSITION. Let (G, ∗) be a groupoid and let A : G → R be a function.
Assume that there exist n ∈ N and functions f1, . . . , fn : G → R such that A
satisfies the Levi–Civita-type functional equation

A(x ∗ y) = f1(x)f1(y) + · · ·+ fn(x)fn(y)

for all x, y ∈ G. Then, A fulfills the functional inequality

A(x ∗ y)2 ≤ A(x ∗ x)A(y ∗ y)

for all x, y ∈ G.

If the groupoid is the multiplicative semigroup of a commutative ring
(R,+, ·) and A is additive, then we can establish a characterization of the

12
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corresponding inequality. Recall that in a ring, the product x · y of the ele-
ments x, y ∈ R is simply denoted by xy, and x2 is defined to be the product
x · x.

THEOREM. Let (R,+, ·) be a commutative ring and let A : R → R be an
additive function. Then A satisfies the inequality

A(xy)2 ≤ A(x2)A(y2)

for all x, y ∈ R if and only if at least one of the following conditions hold
(i) A(x2) ≥ 0 for all x ∈ R,

(ii) A(x2) ≤ 0 for all x ∈ R.

2. The inequality A(x ∗ x)A(y ∗ y) ≤ A(x ∗ y)2

In the subsequent two propositions, we present two Levi–Civita-type func-
tional equations which imply the reversed inequality for A.

PROPOSITION. Let (G, ∗) be a groupoid and A : G → R be a function.
Assume that there exist two functions f, g : G → R such that the Levi–Civita-
type functional equation

A(x ∗ y) = f(x)f(y)− g(x)g(y)

holds for all x, y ∈ G. Then A satisfies the functional inequality

(3.1) A(x ∗ x)A(y ∗ y) ≤ A(x ∗ y)2

for all x, y ∈ G.

PROPOSITION. Let (G, ∗) be a groupoid. Let A : R → R be a function.
Assume that there exist f, g : R → R such that the Levi–Civita-type functional
equation

A(x ∗ y) = f(x)g(y) + g(x)f(y)

holds for all x, y ∈ G. Then, for all x, y ∈ G, A satisfies the functional
inequality (3.1).

COROLLARY. Assume that A : R → R satisfies the Leibniz Rule with respect
to multiplication, i.e.,

A(xy) = xA(y) + A(x)y (x, y ∈ R).

Then, for all x, y ∈ R, the inequality

(3.2) A(x2)A(y2) ≤ A(xy)2

holds.
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In particular, if A : R → R is a derivation (i.e., A is additive and satis-
fies the Leibniz Rule with respect to multiplication), then the above corollary
implies that it fulfills the inequality (3.2).

If the groupoid is the multiplicative semigroup of a commutative ring
(R,+, ·) and A is additive, then we can establish a characterization of the
inequality (3.1) over a particular subset of the ring.

THEOREM. Let (R,+, ·) be a commutative ring with a multiplicative unit el-
ement e and A : R → R be an additive function with A(e) ̸= 0. Let the subset
RA ⊆ R be defined by

RA := {x ∈ R | 0 ≤ A(x2)A(e)}.

Then e ∈ RA and A satisfies functional inequality

(3.3) A(x2)A(y2) ≤ A(xy)2

for all x, y ∈ RA if and only if

(3.4) A(x2)A(e) ≤ A(x)2

for all x ∈ RA.

In the following example we show that the additivity of the function A in
this theorem is necessary.

EXAMPLE. Let q ∈ (0, 1) and let f : R → R be a function defined by

f(x) =

{
x x ̸= 1,

q x = 1.

Clearly, f is not additive. Therefore, for x ̸∈ {1,−1}, we have that

f(x2)f(1) = qx2 ≤ x2 = f(x)2

for x = ±1,

f(12)f(1) = q2 = f(1)2, f((−1)2)f(1) = q2 < 1 = f(−1)2,

which shows that (3.4) is satisfied for all x ∈ R. On the other hand, for
x, y ∈ R \ {1,−1} with xy = 1, we can conclude that

f(x2)f(y2) = x2y2 = 1 > q2 = f(xy)2,

which shows that the above theorem is not satisfied.

The next example shows that if the function A in the above theorem is
non-additive, continuous and satisfies A(e) = 0, then the conclusion of this
theorem may not be valid.
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EXAMPLE. Let A : R → R be defined as A(x) = |x − 1|. Note that A is
continuous and not additive. Since A(1) = 0 this implies that

A(x2)A(1) = 0 ≤ (x− 1)2 = A(x)2.

Thus the inequality (3.4) holds for all x ∈ R. On the other hand we have that

A(x2)A(y2) = |x2 − 1||y2 − 1| and A(xy)2 = (xy − 1)2.

Hence for x = 2 and y = 1
2

we have that A(x2)A(y2) = 9
4

but A(xy)2 = 0,
therefore the inequality (3.3) does not hold.

3. Consequences of systems of Levi–Civita-type functional equations

THEOREM. Let (G, ∗) be a groupoid and A,B : G → R be functions. Assume
that there exist f, g : G → R such that A and B satisfy the following system
of Levi–Civita-type functional equations

(3.5)
A(x ∗ y) = f(x)f(y)− g(x)g(y) and

B(x ∗ y) = f(x)g(y) + g(x)f(y)

for all x, y ∈ G. Then the inequalities

(3.6) −B(x ∗ y)2 ≤ A(x ∗ x)A(y ∗ y) ≤ A(x ∗ y)2

and

(3.7) −A(x ∗ y)2 ≤ B(x ∗ x)B(y ∗ y) ≤ B(x ∗ y)2

hold for all x, y ∈ G.

An interesting consequence of the functional equations in (3.5) is that A
and B satisfy the following identity:

B(x ∗ y)2 + A(x ∗ x)A(y ∗ y) = A(x ∗ y)2 +B(x ∗ x)B(y ∗ y), (x, y ∈ G).

Therefore, the inequalities (3.6) and (3.7) can be expressed as the following
chain of inequalities

0 ≤ A(x ∗ x)A(y ∗ y) + (B(x ∗ y))2

= B(x ∗ x)B(y ∗ y) + A(x ∗ y)2 ≤ A(x ∗ y)2 +B(x ∗ y)2 (x, y ∈ G).

The following result is probably well-known, but we could not find an exact
reference for it.

COROLLARY. For all x, y ∈ R, we have

− sin(x+ y)2 ≤ cos(2x) cos(2y) ≤ cos(x+ y)2 and

− cos(x+ y)2 ≤ sin(2x) sin(2y) ≤ sin(x+ y)2.
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COROLLARY. Let (G, ∗) be a groupoid and let φ : G → C be a homomor-
phism into the multiplicative semigroup of complex numbers. Define A := ℜφ
and B := ℑφ. Then, for all x, y ∈ G, the inequalities (3.6) and (3.7) hold.

COROLLARY. Let φ : C → C be an automorphism of the field C. Define
A := ℜφ and B := ℑφ. Then A : C → R and B : C → R are additive
mappings, furthermore, for all x, y ∈ C,

−B(xy)2 ≤ A(x2)A(y2) ≤ A(xy)2 and

− A(xy)2 ≤ B(x2)B(y2) ≤ B(xy)2.

THEOREM. Let (G, ∗) be a groupoid and A,B : G → R be functions. Assume
that there exist f, g : G → R such that A and B satisfy the following Levi–
Civita-type functional equations

A(x ∗ y) = f(x)f(y) + g(x)g(y) and

B(x ∗ y) = f(x)g(y) + g(x)f(y)

for all x, y ∈ G. Then the inequalities

B(x ∗ x)B(y ∗ y) ≤ A(x ∗ y)2 ≤ A(x ∗ x)A(y ∗ y)

and
B(x ∗ x)B(y ∗ y) ≤ B(x ∗ y)2 ≤ A(x ∗ x)A(y ∗ y).

hold for all x, y ∈ G.

An interesting consequence of the functional equations in (3.5) is that A
and B satisfy the following identity:

B(x ∗ x)B(y ∗ y) + A(x ∗ x)A(y ∗ y) = A(x ∗ y)2 +B(x ∗ y)2 (x, y ∈ G).

The following result is probably also well-known, but we could not find a
reference for it.

COROLLARY. For all x, y ∈ R, we have

sinh(2x) sinh(2y) ≤ sinh(x+ y)2 < cosh(x+ y)2 ≤ cosh(2x) cosh(2y)

To formulate the next result, let p be a square free positive integer and let
Q(

√
p) denote the subfield of R generated by

√
p. Then, one can see that

Q(
√
p) = {a + b

√
p : a, b ∈ Q}. In what follows, we equip Q(

√
p) with the

topology inherited from R.

THEOREM. Let p be a square free positive integer. Then there exist two dis-
continuous additive functions A : Q(

√
p) → R and B : Q(

√
p) → R such
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that the functions A and B fulfill the inequalities

(3.8)
B(x2)B(y2) ≤ A(xy)2 ≤ A(x2)A(y2),

B(x2)B(y2) ≤ B(xy)2 ≤ A(x2)A(y2)

for all x, y ∈ Q(
√
p).

We note that there does not exist a discontinuous additive function A :
R → R such that the inequality A(xy)2 ≤ A(x2)A(y2) be valid for all real
numbers x, y. Indeed, if A is a discontinuous additive function satisfying
this inequality, then A(u) is not zero for some u > 0. With the substitu-
tion y :=

√
u, the inequality shows that A is either nonnegative (if A(u) > 0)

or nonpositive (if A(u) < 0) on the set of positive numbers. This, by classical
results on additive functions (see [9]), implies that A(x) = ax for some a ∈ R,
and hence A is continuous.

Motivated by the above remark, we could formulate the following open
problem: Find a description or characterization of those maximal subrings (or
subfields) of R such that system of inequalities in (3.8) holds for a discontin-
uous pair (A,B) of additive functions which are defined on this subring (or
subfield).
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