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1 Introduction

At the beginning of the XIIIth century, the Italian mathematician FI-
BONACCI (1170-12507) asked the following question. Suppose we have a
pair of early born rabbits, and after maturing they beget every month a
new pair of rabbits that becomes productive at the age of two months. As-
suming that the rabbits never die, how many pairs of rabbits are there in
the n* months?

FiBonNAccl, who was also known as LEONARDO DA PIisA, travelled
widely with his father in North Africa and Arabia, and in his book Liber
abbaci [82] he summarized the arithmetical and algebraic knowledge of that
era. Liber abbaciplayed a basic role in the spread of the Hindu-Arabic place-
valued decimal system in Europe, and among others, dealt with the rule of
divisibility by 3 and the Chinese Remainder Theorem. FIBONACCI’s other
books of major importance, Practica geometriae in 1220, contain a large col-
lection of geometry and trigonometry. Also in Liber quadratorum in 1225
he approximates a root of a cubic obtaining an answer which in decimal
notation is correct to 9 places. LEONARDO drew up the first table of prime
numbers, and proved that the zeros of the equation x? + 222 4+ 10z = 20
cannot be given in the form v/a + v/b, where a and b are rational numbers.

FiBoNaccI applied the sequence 1,1,2,3,5,8,... to solve the above
problem of rabbits. Since FIBONACCI till our days many mathematicians
have investigated this so-called FIBONACCI sequence. For example, GI-
RARD [34] showed that the terms F;, of the FIBONACCI sequence satisfy the
equality

Fo=F,1+F, 2 , (1 1)

where Fy = 0 and F; = 1. BINET [12] gave the explicit formula

1 ((1+v5) [(1-v5\"
CHE ) e

for the FiBonaccI numbers. (Reputedly, this formula was discovered by
MOIVRE in 1718 and proved ten years later by NICOLAS BERNOULLI.)
The FiBoONAcCCI sequence and the number 1+T\/5 (the golden ratio) ap-
pear in nature, in many different areas of life or sciences. Connections
exist between the FIBONACCI sequence and music, architecture, painting;
see e.g. LOWMAN [59], PREZIOSI [83], HEDIAN [44], respectively. The se-
quence F' occurs, for example, in chemistry (WLODARSKI [118]), in astron-
omy (READ [84]), in medical sciences (HUNG-SHANNON-THORNTON [46]), in
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geography (SHARP [100]), in information theory (MAGAZIN [61]), in electro-
industry (ARCE [3]), in environment science (DEININGER [28]). A huge
number of papers are devoted to convey that the FIBONACCI numbers and
(or) the golden ratio can be found in biology (e.g. DAVIES-ALTEVOGT [26]),
and in physics (e.g. DAvIS [27]).

Although much knowledge has been gathered concerning the FIBONACCI
sequence, several open problems have remained to be solved. For example,
it is not known whether the FIBONACCI sequence contains infinitely many
primes. However, GRAHAM has shown that the generalized FIBONACCI
sequence with

Go = 1786 772701 928802 632268 715130 455793
G1 = 1059 683225 053915 111058 165141 686995 (1. 3)
Gn=Gn1+Gno (n>2) and gcd(Go,G1)=1

contains no primes at all! Another unsolved problem is to establish all pure
powers in the FIBONACCI numbers, but all squares, cubes and fifth powers
have already been determinated.

By starting with initial conditions different from Fy = 0 , F; = 1,
but keeping the recursion (1. 1), one can obtain a generalization of the
F1BONACCI sequence. Another type of generalization of the FIBONACCI
sequence is the second order linear recurrences. The sequence G is called a
second order linear recurrence if

Gn=AGy_1+BGpy (n>2) (1. 4)

where A, B # 0, Gy and G are fixed rational integers (or real, or complex
numbers) with |Go|+|G1] > 0. Yet another generalization of the FIBONACCI
numbers allows more than two terms in the recursion (1. 4). In this manner
the terms of a k*" order linear recurrence are defined as the non-trivial linear
combination of the k preceding numbers with certain initial values.

In the following we write about the contents and the structure of this
dissertation. In Chapter 2 we introduce the notation which will be used
throughout the dissertation, and we recite some important definitions and
theorems of the subjects of linear recurrences and estimates of linear forms
in logarithms of algebraic numbers. In Chapters 3 and 4 nine theorems of
ours are proved; these are new results. Chapter 3 deals with the occurrence
of pure powers in the products of the terms of linear recurrences and the
occurrence of binomial coefficients in binary recurrences. Chapter 4 contains
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an effective estimation concerning common terms of products of recursive
sequences.

After a short summary of the results on figurate numbers occuring
in linear recurrences, in Section 3.2 we consider the mixed exponential-
polynomial diophantine equations

" —1)@B"—1) =2 |, (1. 5)

Q" —1)(B"—1) =2 (1. 6)

(2" —1)(6™ — 1) = 2? (1.7)
and

(a™ = 1)((a®)™ = 1) = 22 (1. 8)

in positive integers n,x as well as n,x,a > 1,k > 1. The products
(2" —1)(3" — 1), (2" — 1)(5" — 1), (2" — 1)(6™ — 1) and (a™ — 1)((a*)" — 1)
satisfy a fourth order linear recursive relation. They can also be interpreted
as products of two binary recurrences. Section 3.2 contains Theorems 1-4,
and the aim of this section is to give all squares in the four above-mentioned
sequences. In [107] and with HAJDU in [43] we solve completely the diop-
hantine equations (1. 5), (1. 6), (1. 7) and (1. 8). By a result of SHOREY and
STEWART [101], there exists no perfect powers in such sequences, provided
that their exponents are large enough. This general result gives no infor-
mation about the low exponent powers, for example squares, belonging to
linear recursive sequences of order four. Only for some classes of LEHMER se-
quences of first and second kind are there known to be similar results. They
were proved by MCDANIEL [63]. The LEHMER and ”associated” LEHMER
sequences are examined for the existence of perfect square terms and terms
which are twice a square. The author determines all solutions of the cor-
responding diophantine equations. Thus the results of Theorems 1-4 differ
from MCDANIEL’s in the view of the examined fourth order recurrences.
Section 3.3 deals with the occurrence of binomial coefficients of the form
(;) in certain binary recurrences. The problem arise from the results of
MING [69, 70] and MCDANIEL [64], who determined all the triangular num-
bers (i.e. positive integers of the form T, = w) in the FiBoNACCH,
the LUCAS and the PELL sequences. Since T, = (*3'), it is natural to ask
which terms of a binary recurrence are binomial coefficient of the form (3),

(%), .., etc. In [110] we proved that certain type of binary recurrences con-
tains finite number of binomial coefficients of the form (g?f) This problem

leads to the solution of some elliptic equations. Using the program package
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SIMATH we could find all integer points of the corresponding curves and
have all required binomial coefficients in the FIBONAcCCI, the Lucas and
the PELL sequences, for demonstrating our method. SIMATH is a computer
algebra system, especially for number theoretic purposes. These results are
presented in Theorem 5 and 6.

After this the character of the dissertation changes because the proofs of
Theorems 7-9 are based on the GEL’'FOND-BAKER method concerning linear
forms in logarithms of algebraic numbers. These theorems are contained in
Section 3.4 and Chapter 4.

Section 3.4, among others, investigates the equation

G.H, = w? (1.9)

inz, y, w > 1 and ¢, where G and H are linear recurrences having domi-
nating roots. Earlier RIBENBOIM [88] and RIBENBOIM and MCDANIEL [89]
dealt with the diophantine equation G,G, = w? in case of second order
recurrences. For general recursive sequences of order larger than two there
are fewer results. In [51] Kiss showed that, under some conditions, the
equation

GGy = w? (1. 10)

in integers x,w, q has no solution with z > n and ¢ > qg, where ¢qo is an
effective computable constant depending only on n and G. In [15] with
BRrINDzZA and LIPTAI we investigate the equation (1. 10) if the suffix n is
not fixed and the sequences are distinct. Assuming that the suffixes n and
x are not too far from each other we have an effective upper bound for ¢
if some other conditions are also fulfilled (Theorem 7). In our Theorem 8
([108]) we investigate the equation
1 v
dG ... GY) = swl (1. 11)
and give a further extension of Theorem 7.
Chapter 4 concerns the common terms of linear recurrences. After a
historical survey we study the equation
51GU) - GY) = spH[D - HIW (1.12)
inz; (t=1,...,v),y; (j=1,...,u) and s1,s2 € S, the set of all rational
integers composed of the fixed primes py,...,p;. First MIGNOTTE [67, 68]
studied the common terms of two sequences. He proved that the equation
G, = Hy has only finitely many solutions in = and y if the dominating
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zeros of the characteristic polynomials of the recurrences are multiplicatively
indipendent. Later Kiss [49] examined the equation

SlGx = SzHy s (1 13)

where s1 and sy are in a set .S, and gave effective upper bound for max{z, y}.
Our Theorem 9 gives a certain generalization of the equation (1. 13) and,
under some conditions, provides that the suffixes are bounded ([109]).

The results of our papers [15], [108] and [109] have already been appeared
and [107] has been accepted for publication. Our articles [43] and [110] are
submitted for publication.

Now I would like to express my thanks to Professor Péter Kiss, my thesis
supervisor and teacher, who made many valuable suggestions which have
helped to improve this volume. He encouraged me, surveyed the manuscript
with great care, and I am very grateful to him.

I also thank Professors Kdlman Gyory, Attila Peth6 and Béla Brindza
for the support provided when it was needed. They maintaned the re-
search climate at the Institute of Mathematics of Kossuth Lajos University
of Debrecen, when I spent time there, and inspired me to work. I am very
indebted for their help.

Thanks also due to PhD. Lajos Hajdu, Taméas Herendi and Attila Bérc-
zes, who gave me good ideas and practical advice.

I am also very grateful to Miss Hazel Perfect and Mrs. Zsuzsanna
Németh for carefully review the manuscript.

Finally I thank my parents and my wife for their tolerance and encour-
agement.

Laszl6 Szalay
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2 Notation and basic results

Now we are turning to draft some basic facts on linear recurrence sequences
and linear forms in logarithms.

2.1 Recurrence sequences

A homogeneous linear recurrence G = {G}5%L, of order k (k> 1,k € Z) is
defined by the recursion

Gn = Alanl + AQGH,Q + ...+ Aan,k (7’7, Z k‘) 5 (2 1)

where the initial values Gy,...,Gr_1 and the coefficients A;,..., Aj are
complex numbers, Ay # 0 and |Go| + ... + |Gx—1| > 0. The formula
G = G(Ay,..., A%, Go,...,Gr_1) is often used for denoting the sequence
G in (2. 1). A recurrence sequence may satisfy different relations of the
form (2. 1), but every recurrence sequence has a unique recurrence rela-
tion of minimal order. In the sequel, the order, the coefficients, etc. are
meant with respect to this unique recurrence of minimal order. The com-
panion polynomial (or characteristic polynomial ) of the sequence G is the
polynomial

glz)=af — Ayt — . — Ay . (2.2)

Denote by aj,...,q; the distinct zeros of the companion polynomial g(x),
which can there be written in the form

ga)=(x—a)® - (r—a)® . (2. 3)

The following result plays a basic role in the theory of recurrence sequences
(see e.g. [103]).

Theorem A. Let G be a sequence satisfying the relation (2. 1) with
A # 0, and g(x) its companion polynomial with distinct roots aq, ..., qy.
Denote by K the extension Q(«y, ..., A1, ..., Ak, Go,...,Gg_1) of the
field of rational numbers and let g(x) be given in the form (2. 3). Then
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there exist uniquely determined polynomials g;(x) € K[x] of degree less than
e; (i=1,...,t) such that

Gn=qnm)al +... 4+ g:(n)ay (n>0) . (2. 4)

If some zero « of the companion polynomial g(x), for instance a = ag,
has multiplicity 1 and || > |oy| for i = 2,...,t then we say that « is a
dominating zero. If a recurrence G has a dominating zero « then

la] > 1 (2. 5)
and the terms of the sequence can be expressed in the form
Gy = aa”™ + g2(n)agy ... + gi(n)af (n>0) , (2. 6)

where a € K.

A recurrence sequence is said to be degenerate if its companion polyno-
mial has two distinct zeros whose ratio is a root of unity, and non-degenerate
otherwise.

This PhD thesis examines integral recurrences, i.e. all initial terms and
coeflicients are rational integers. If the order k is equal to 2 the recurrence is
called binary. If a binary recurrence G,, = AG,,_1+BG,,_2, (n > 2) has ini-
tial values Go and G; then it is denoted by the symbol G = G(A, B, Gy, G1).
Special binary recurrences are the FIBONACCI, LUCAS, and PELL sequences:
F=F(,1,0,1), L =L(1,1,2,1) and P = P(2,1,0,1), respectively.

For other important concepts and results see e.g. SHOREY and T1-
JDEMAN [103], JARDEN [47], Lucas [60], BROUSSEAU[16], LEVEQUE [55],
PETHOG[81], TOROK [114], GEROCS [33].

2.2 Linear forms in logarithms

In the next chapters the BAKER-GEL'FOND method is sometimes used for
the proof of certain theorems. This method is based on the effective esti-
mates for linear forms in the logarithms of algebraic numbers. The purpose
of this subsection is to summarize all the required preliminaries from the
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topic of linear forms in logarithms. Moreover we mention some important
results from the history of the BAKER-GEL’FOND method to represent its
power.

Let my, 79, ..., T, and 1o, 11, ..., Mn (n > 2) be non-zero algebraic num-
bers. We examine the linear form

no + mlogmy + ... + nplogm, (2.7)

in logarithms. (Here and everywhere in this thesis the logarithms of the
complex numbers have their principal values.) In 1934 GEL’FOND [32] and
SCHNEIDER [99] showed independently that, if n =2, no = 0 and 7, /19 is
irrational, then the sum in (2. 7) never can be zero. BAKER [4, IT] generalized
the GEL’FOND-SCHNEIDER theorem to arbitrarily many logarithms. Later
BAKER [4, III] gave the inhomogeneous version of the above-mentioned
result, and in [4, IV] he established a more practicable theorem for the
rational case.

These results turned out successful in providing effective upper bounds
for the size of all solutions of certain diophantine equations, and getting
finiteness theorems. For example in [5] BAKER showed that the elliptic
equation

y? =ax® +ba? +cx+d (2. 8)

has only a finite number of solutions by giving an effective upper bound
for the absolute value of the solutions. The finiteness of the number of
solutions had been known before (MORDELL [72, 73], SIEGEL [115]), but
not in effective form.

BAKER himself, and with other authors made several versions of his
earlier works. BAKER and STARK [10] dealt with the special case, when the
height of one of the algebraic numbers is much larger (or smaller) than the
others. (Here and in the sequel the height h(7) of an algebraic number 7
means its ordinary height, i.e. h(m) is equal to the maximum of absolute
values of the coefficients of the minimal defining polynomial of 7.) This
assumption can also be found in [6, I,ILIII], where BAKER sharpened the
upper bounds for linear forms in logarithms. The following theorem is a
special case of his result in [6, II], and we will use it later.

Theorem B. Let 71,...,m, be non-zero algebraic numbers of heights
not exceeding My, ..., M,, (M, > 4), respectively. Further let by, ..., b,_1
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be rational integers with absolute values at most B and let b, be a non-
zero rational integer with absolute value at most B’ (B’ > 3). Suppose,
that "7 bjlogm; # 0. Then there exists an effectively computable constant
C=C(n,My,...,M,_1, m1,...,7) such that

n
> bilogm,| > eClosMlosE £ (2.9)
=1

where the logarithms have their principal values.

In [121], WUSTHOLZ gave a new approach to the subject of linear forms
in logarithms. In [11], BAKER and WUSTHOLZ proved the following quanti-
tative version of a theorem of BAKER [113, Chapter 1], which is fully explicit
with respect to all parameters.

Theorem C. Let my,...,m, be algebraic numbers not 0 or 1, and let
A = mlogmy + ... + nylogm,, where ny,...,n, are rational integers not
all 0. We suppose that B > max;{|n;|} and that A; > h(n;) for any w;
(j = 1,...,n). Assume that the field K generated by m1,..., 7, over the
rationals has degree at most d. If A; > e, B> e and A # 0 then

‘Al > e—ClogAlu.logAnlogB , (2. 10)

where C = (16nd)?("+2).

The application of the GEL’FOND-BAKER method to diophantine equa-
tions has become very useful in providing upper bounds for the solutions.
Here we refer, for example, to BUGEAUD and GYORy [19], [20] (S-unit equa-
tions and Thue equations), GYORyY [37] (discriminant form equations and
the index form equations), GYORY and PAPP [42] (norm form equations),
GYORY [39] (decomposable form equations), TIIDEMAN [112] (CATALAN
equation) BRINDZA [13], [14] (hyperelliptic equations). For further appli-
cations of linear forms in logarithms to diophantine equations we refer to
the books of BAKER [7] and [8], BAKER and MASSER [9], GYORY [38] and
SHOREY-TIIDEMAN [103], as well as to the references given in these works.

Finally we introduce some other notation. Throughout this dissertation
we denote by v,(k) the p-adic value of the integer k, where p is a fixed
rational prime number. As usual, ¢(k) denotes the EULER function, d(k)
denotes the number of divisors, and (k) the sum of divisors; ged(a, b) means
the greatest common divisor of the integers a and b.
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3 Pure powers in linear recurrences

3.1 Historical survey

In 1963, both MOSER and CARLITZ [74], and ROLLETT [96] posed the fol-
lowing problem. In the FIBONACCI series the first, second and twelfth terms
are squares. Are there any others?

The first result was provided, in the same year, by WUNDERLICHT [120].
He showed, by an ingenious computational method, that for 3 < n <
1 000 008, the only square F,, > 1 is F}5. The problem became very pop-
ular, and in a short time several papers dealt with it. CoHN[22, 23], and
WYLER[122], applying elementary methods, proved independently that the
only square FIBONACCI numbers are Fy =0, F; = F5, = 1 and Fjo = 144.
In 1964 BUCHANAN([17] investigated the pure powers in the FIBONACCI num-
bers and he stated that Fi9 = 144 and Fg = 8 and the trivial F; = Fy, =1
are the only terms which are powers of integers other than first degree.
In the same year he retracted his article [18] because it was not complete.
CoHN|[24] even showed that if F,, = 22 then n = 0,3 or 6 (z = 0,1 or
2). Similar results for the LuCAS numbers were obtained by ALFRED[1] and
ConN[24]: if L, = 22 then n = 1 or 3 (z = 1 or 2), and if L,, = 222 then
n=0or6 (z=1or3).

The next step concerning the investigation of powers in the FIBONACCI
and LucCAs sequences was made by LONDON and FINKELSTEIN [58]. They
established all full cube FiBoNACCI and LUCAS numbers. The problem of
determining all the p** powers in the sequences F}, (and L,,) was reduced to
solving two superelliptic equations. For p = 3 they solved those equations
and found that the only cubes in the FIBONACCI sequence F,, are Fy = 0,
Fy = F, =1 and Fg = 8, and in the LUCAS sequence L,, is L1 = 1. Thus
they have completed yet another proof of GAUSS’ conjecture on complex
quadratic fields of class number one. Diophantine equations whose solu-
tions must be FIBONACCI and LuUcAS cubes occurred in a proof of SIEGEL,
when he showed that there are exactly nine complex quadratic number fields
of class number one. Later STEINER[105] (earlier under the name FINKEL-
STEIN) showed in a more elementary proof that the equations Fj,, = 2 and
L, = 2 have only the solutions which had already been found. He also
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investigated higher powers in both sequences. LAGARIAS and WEISSER[53]
specially also gave all the FIBONACCI and LUCAS cubes by determining the
set of the FiBoNAccI and LucAs numbers of the form 2¢3%2% and 223,
respectively. PETHO[76] gave a new proof of the theorem of LONDON and
FINKELSTEIN, applying BAKER’s method and computer investigations. His
method is applicable to determine all the p*" powers in the FIBONACCI se-
quence for small primes p. He gave also the solutions of F,, = ¢z and
F,, = ¢« for infinitely many primes ¢. Later all the fifth power were found
by PETHO [77] in the FIBONACCI sequence.

Many authors have dealt with several types and forms of the FIBONAC(CI,
LucaAs and PELL numbers. For instance GRYTE, KINGSLEY and
WILLIAMS [36] used computers to find the FIBONACCI numbers F,, of the
form k? + 1, where 5 < n < 105. FINKELSTEIN[29, 30] proved that the
numbers of the form k2 + 1 are F} = F», =1, F3 = 2 and F5 = 5 in
the FIBONACCI sequence, and Ly = 2 and L; = 1 in the LUCAS sequence.
ROBBINS [92] solved the diophantine equations F,, = w? — 1, F,, = w3 £+ 1,
L, =w?—1and F,, = w?+1. He also dealt with the equation F},, = cx? [93]
with several coefficients ¢, with P,, = p2? [94], F}, = pz®+1 and F,, = pz3+1
[95], where p is a prime number. The equation L,, = pz? was also considered
by GOLDMAN [35] with p = 3,7,47 and 2207. ANTONIADIS [2] proved that
F,=322+1iff n==41,2,4£7; F, =322 - 1iff n = -2,43; L, = 32> + 1
iff n =1,3,9; and L, = 322 — 1 iff n = —1,0,5,+8. RIBENBOIM [86] has
considered the PELL sequence P, and the associated PELL sequence R,,
and determined the finitely many indices n such that Py,yq3 = 23 £ 1,
Py, =234+ 2, Rypy1 = 2 &2 and Ry, = 23 £ 6. He also showed that
for odd n P, # 2®> £ 1 (except for n = 3), P, # 2> £5 , R, # 22 £2
(except for n = 3), R,, # 2% £ 14. For even n he showed that P, # 22 £ 2,
R,, # x?+6. Earlier PETHO [78] found all the powers in the PELL sequence,
proving that the equation P, = x? has for ¢ = 2 only a non-trivial solu-
tion, namely (n,z) = (7,13). After what had gone before, one can think
that similar problems have always a finite number of solutions, but it is not
true. NEMES and PETHO [75] noted, that the equations L, = 22 + 2 and
L,, = 2% — 2 have infinitely many integer solutions n,z. In the second part
of the article they gave necessary conditions for the diophantine equation
G, = P(x) to have infinitely many integer solutions x,n, where G,, is a
second order linear recurrence sequence and P(x) € Z|x].

The k" triangular number is defined by the formula T} = w
HOGATT conjectured that Ffy = 0, F} = F, =1, Fy =3, Fg = 21
and Fig = 55 are the only triangular numbers in the FIBONACCI sequence.
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This problem was originally posed by TALLMAN [111] in the Fibonacci Quar-
terly. The first step to this direction is due to WILLIAMS [117] who made a
computer search among the first 10® terms of the sequence and confirmed
HOGATT’s conjecture. WALL [116] proved that there are no more triangular
numbers among the first billion FIBONACCI numbers. In the end, in 1989,
MiING [69] solved HOGATT’s problem completely by showing that the con-
jecture is true. The only triangular LUCAS numbers are 1, 3 and 5778 (see
[70]), and the only triangular PELL number is 1 (see [64]). MING [71] and
McDANIEL [65, 66] established independently all pronic FIBONACCI and
Lucas numbers. (Pronic is an old-fashioned term meaning the product of
two consecutive integers.)

A more general result was obtained by PETHO [77, 79], who proved that
if G, = AG,,_1+ BG,_» is a non-degenerate second order linear recurrence
with B # 0 and ged(A, B) = 1, then there exists an effectively computable
constant ¢; = ¢1(4, B, Gy, G4, S), such that any integer solution n, |z| > 1,
qg>1and we€ S of

G, = wz? (3. 1)

satisfies max{|z|, q, |w|,n} < ¢1, where S is a set of integers composed solely
of a finite number of primes. SHOREY and STEWART [101] have got a similar
result. They showed that any non-degenerate binary recurrence sequence
contains only finitely many terms which are pure powers. In the case of
linear recurrences of order larger than two, and when its characteristics
polynomial has just one root of largest absolute value, SHOREY and STEW-
ART also proved, subject to some hypotheses to avoid degeneracy, that a
term of the sequence is not a qth power for ¢ larger than ¢, where ¢ is
an effectively computable positive number. Unfortunately, this general re-
sult gives no information about low exponent powers, for example squares,
belonging to linear recursive sequences.

In [50] Kiss gave two generalizations of the previous result. Polynomial
values in linear recurrences were investigated by NEMES and PETHO [75].
PETHO [80] also worked out an algorithm which can compute all but possibly
one integer solutions n, z of the equation G,, = p*, where G,, is a second
order linear recursive sequence, which satisfies certain conditions, and p is
a prime.

Another type of problem was studied by RIBENBOIM [88]. Two FI-
BONACCI numbers are said to be in the same square class if there exist non-
zero integers x, y such that F,,z? = F,y2, or equivalently F},, F}, is a square.
RIBENBOIM called a square class trivial if it consists of only one number.
RIBENBOIM showed that the square class of F), is trivial if n #£ 1,2, 3,6, 12;
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and analogously the square class of L, is trivial if n # 0,1,3,6. In their
paper RIBENBOIM and MCDANIEL [89] obtained that each square class
of a non-degenerate binary recurrence sequence G = G(A, B,0,1) with
ged(A, B) = 1 and A2—4B # 0 is finite, and its elements are effectively com-
putable. Kiss [51] gained similar results on the sequences of order k, gener-
ally. Under some conditions it was shown that the equation G, G, = w? in
positive integers z, w, ¢ has no solutions with > n and ¢ > ¢qg. The proof
is a nice application of the GEL’FOND-BAKER method.

Denote by S the set of non-zero integers which have only a finite number
of fixed primes as prime factors. In [41] GYORY, Kiss and SCHINZEL showed
that

Gy, €S (3. 2)

holds for only finitely many LUCAS or LEHMER sequences G, and for finitely
many integers x. GYORY [40] improved this result giving an explicit upper
bound for  and the constants of the sequences which satisfy (3. 2).

For other details and related papers see, for example, COHN [25], SHOREY
and TIJDEMAN [102], ROBBINS [91], STEWART [106], WOLFSKILL [119],
R1BENBOIM and MCDANIEL [90], RIBENBOIM [87].

In Section 3.2 and 3.3 our new results are presented.

3.2 Resolution of some diophantine equations

There are several results which investigate the pure powers in the product
of linear recurrences, but with few exceptions they deal with effective es-
timates. In this chapter we provide explicit resolutions of the diophantine
equations

" —-1@B"—1)=2% |, (3. 3)

(2" —1)(5" - 1) = a2 (3. 4)
and

(2" —1)(6™ — 1) = 22 (3. 5)

in positive integers n and x. In [107] we proved that the first equation has no
solution, and the second one has only one solution: n =1,z = 2. Moreover
with HAJDU we showed in [43] that equation (3. 5) has no solution.
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The main idea of our proofs is to calculate the LEGENDRE symbols of
both sides of the equation. The inconsistent results of these evaluations
prove the insolubility of the given equation.

We also consider the equation

(™ —1) ((ak)n - 1) =z (3. 6)

with integers @ > 1, n > 0, £k > 1, x > 0, and prove that it has only
three solutions. This last result is based on the following two well-known
theorems.

Theorem D. (LJUNGGREN, [57]) The diophantine equation

n
:1:—1_2

=y , (n>2) (3.7)

r—1

is impossible in integers x,y (Jx| > 1), except whenn =4, x =7 andn =5,
x=3.

Theorem E. (CHAO Ko, [21]) The equation
P +1=9% (3. 8)
where p is a prime greater than 3, has no solution in integers x # 0 and y.
The terms 2" — 1, 3" — 1, 5" — 1, 6™ — 1 and (a*)" — 1 satisfy the bi-
nary recurrence relations R®(3,-2,0,1), R®)(4,-3,0,2), R®)(6,—5,0,4),
R©)(7,-6,0,5) and R(ak)(ak +1,—a”*,0,a* — 1), respectively. Also the

products (2" —1)(3" =1) , (2" = 1) (5™ — 1) and (2" — 1) (6™ — 1) satisfy
the fourth order linear recursive relations

G® (12,-47,72,-36,0,2,24,182) | (3.9)
G®) (18,-97,180, —100, 0,4, 72, 868) (3. 10)

and
G (21, -128,252, —144,0, 5,105, 1505) | (3. 11)

respectively. Similarly, the sequence (a™ — 1) (a’m — 1) may have analogu-
ous interpretation. Thus to solve the mixed exponential-polynomial diop-
hantine equation (3. 3) (or (3. 4), (3. 5), (3. 6)) is equivalent to the determi-
nation of all perfect squares in a fourth order recurrence or in the products
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of the terms of two binary sequences. This provides the equations

Ggf) =7z or Rﬁf) . RS’) =% (3.12)
G = a? oo RYP.-RY =a* | (3. 13)
GO = 2 or R -RY =a* | (3. 14)

and witha > 1, k > 1
G%“k) =22 or R R;ak) =a? . (3. 15)

In case of the fourth order recurrences only for some classes of LEHMER
sequences of first and second kind are there known to be similar results. In
[63] MCDANIEL examined the existence of perfect square terms of LEHMER
sequences and gained interesting theorems.

Our precise results are the following ones.

Theorem 1. The equation

2" —1)(3" —1)=2% | (3. 16)

has no solution in positive integers n and x.

Theorem 2. The equation
(2" —1)(5™ — 1) = 2? (3.17)

has the only solution n =1 , x = 2 in positive integers n and x.

Theorem 3. The equation
(2" —1)(6™ — 1) = 22 (3. 18)

has no solution in positive integers n and x.

Theorem 4. The equation

(a" — 1) ((ak)n - 1) =22 (3. 19)
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has the only solutions (a,n,k,z) = (2,3,2,21), (3,1,5,22) and (7,1,4,120)
in positive integers a > 1, n, k > 1 and .

We have the following immediate consequences of Theorems 1 and 2.

Corollary 1. The equation 2- o (6™) = x? has no solution, the equation
o (10™) = 22 has only the solutionn =0 , x = 1.

To prove Corollary 1 we need to use the well-known result of the summatory

ei+1
function: o(k) =[], Z)ip%_ll , where v, (k) =e; > 0.

Corollary 2. Tﬁe equation ZZJ‘:1 10) (2i . 3j) = 22 has no solution, the
equation szzl 0] (2’ . 53) = 22 has only the solutionn =1, x = 2.

These results follow from the multiplicitivity of the EULER ¢ function and
from the equality p" —1 = ¢(p") + ¢(p" 1) +...+ ¢(p) , where p is a prime
number.

It is interesting to observe, that if one replaces the EULER ¢ function by
the number of divisors function then for all primes p and ¢ the sum

n n n+tl
DA )= (+D(E+1)= <Zk> :(M> (3. 20)

i,j=1 i,j=1

is always a perfect square number.

The proofs of the theorems even require four lemmas. Lemmas 3 and 4
are very similar, so here we prove only Lemma 3. For the proofs of Lemmas
1 and 2 see e.g. [52].

Let t > 1 be an arbitrary integer and denote by (Z/tZ)* the multiplica-
tive group of the reduced residue classes modulo t.

Lemma 1. Let a > 1 be a rational integer and p be an odd prime
number. If g is a primitive root of (Z/pZ)” then

a) g is a primitive root of (Z/p*Z)* if "' #1 (mod p?), and

b) g(p+ 1) is a primitive root of (Z/p*Z)" if "1 =1 (mod p?).

Lemma 1 immediately implies the following results by the choice of
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a)p=3,g=2and g =5;
b)p=5,g=2and g =3.

Corollary of Lemma 1. If a > 1 is a rational integer then
a) the numbers 2 and 5 are primitive roots of (Z/3*Z)", and
b) the numbers 2 and 3 are primitive roots of (Z/5Z)".

Lemma 2. Let o > 2 be an integer. Then the multiplicative group
G = (Z/2°Z)" is not cyclic, but
a) the number 5 generates the subgroup G of G, where
Gi={zeGlz=1 (mod4)}, and
b) the number 3 generates the subgroup Go of G, where
Go={reGlzx=1lorz=3 (mod8)}.

Lemma 3. Let a and k be positive integers with k Z 0 (mod 5). If
n==k-4-5°1 then

vs (2" = 1)(3" — 1)) = 20n. (3. 21)

Lemma 4. Let o and k be positive integers with k £ 0 (mod 3). If
n==k-2-3%1 then

v (2" — 1)(5" — 1)) = 2a. (3. 22)

Proof of Lemma 3

Consider the congruences
2" =1 (mod 5%) and 3"=1 (mod5®) , (3. 23)

where « is a fixed positive integer, and n is unknown. According to Corollary
b) of Lemma 1 and ¢(5%) = 4-5%~1 we obtain the solutions n = k-4 -5%"1
(k=1,2,...) for both congruences. Even if £ #0 (mod 5) and (3. 23) is
fulfilled then

2" #1 (mod 5°™')  and 3" #1 (mod 5*T1). (3. 24)
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Thus v5(2" — 1) = @ = v5(3™ — 1), which proves Lemma 3. B

Proof of Theorem 1

Suppose that (n,z) is a solution of the equation (3. 3). Since 2|(3" — 1)
but 2 /(2" — 1) for every positive integer n, it follows that 2|z , 4|22 and
4|(3™ — 1). Consequently 7 is an even number, but in this case 8/(3" — 1)
so 4|z , 16|z and 16|(3™ — 1). By Lemma 2b) we know that the number 3

generates the subgroup Gy C (Z/24Z)*, son = 5%24) = 4s. Hence n must
be divisible by 4, and n can be uniquely written in the form n = k-4-5%"1,
where l <o € Zand k€ Z ,k#0 (modb5). By applying Lemma 3,
together with (3. 3) we have

2n —13"—1
P R T (3. 25)

x
o

side of (3. 25). The LEGENDRE symbol (%) = 1 because ged(zy,5) = 1.
On the other hand
271 3"—1
(5“55‘1> =A-B |, (3. 26)

by introducing the notation A and B for the LEGENDRE symbols (M)

where 1 = and the prime 5 divides neither the left nor the right hand

and (M), respectively. We shall show that the calculation of A and

B leads to a contradiction because the left side of (3. 25) is not a quadratic

residue modulo 5. More exactly, we shall prove that A = (2£) | B = (&) |

so AB = (2) = —1. It means that the equation (2" — 1)(3" — 1) = 2? has
no solution in positive integers n and x. Now we turn to the calculation of
A and B.

Let R = a — 1 and first let k = 1 (i.e. n = 4-5%). We are going to

. . 458 _ 458 _ T
compute the residues of the expressions 2 ST L and 2 ST L after dividing

them by 5.

a)IfR:Othen245—_1:353 (mod5),and?’45—_1:1651 (mod 5).
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b) If R =1 then

and

4
52 5 5 =5 5 - &%

Since Q1 = Q2 = 5 (mod 52) therefore %

24-5527153.1:3 (mod5),34.55727151'1:1 (m0d5

c) If R > 1 then we replace 2% by y in the first case and replace 3* by y
R
in the second case. Thus for both cases the expression % is equal to

W-DA+y+. +y) A+ + .+ (4 4y
5R+1 :

(3. 29)

Observe that y> =1 (mod 52), so each factor of the numerator is divisible

R
by 5, but none of them is divisible by 52, consequently % =m-1---1
(mod 5), where m = 3 if y = 2% and m = 1 if y = 3%.

These results make it possible to calculate the general case, when k is

R
an arbitrary positive integer. Since % =m (mod 5), therefore

v =14+m- 5% (mod 57+2) | (3. 30)
0
(y”)k = (L+m-5"N =14 kom 5% (mod 572) | (3.31)
and kR4
%;k-m (mod 5) . (3. 32)

The truth of the Theorem 1 follows from the congruence (3. 32). B
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Proof of Theorem 2

Suppose that (n,x) is a solution of the equation (3. 4), and distinguish two
cases.

a) First we assume that n is even. Then n can uniquely be written in
the fomn =k-2-3%"! where 1l <a € Zand k€ Z ,k#0 (mod3).
According to Lemma 4 we may transform (3. 4) into the form

2" — 15" -1
3o 3 O (3. 33)

where 1 = 3%, ged(r1,3) = 1, gcd(zg—gl,S) =1 and gcd(%ﬁ) =1 1In
this case to finish the proof we have to use the same method step by step as
we did above, during the proof of Theorem 1. We can show the insolubility
of the equation (3. 4) for even n by evaluating the LEGENDRE symbols of

both sides of (3. 33).

b) Now we suppose that n is odd.
If n=3 (mod 4) then we may write

(243 —1) %3 —1) =2 |, (k>0) , (3. 34)

and it is easy to see that 2***3 — 1 = 7 (mod 10) and 5**+3 — 1 = 4
(mod 10), from which it follows that (24**3 —1) (543 —1) =3 (mod 5).
But this contradicts to (3. 34) since (2) = —1.

Ounly the case n =1 (mod 4) remains. If 2 < n then equation (3. 4) is
equivalent to the equation

2" -1 4. +54+1) =a? | (3. 35)
where z1 = 5. The corresponding congruence modulo 4 is
22=31+...+1)=3n=3 (mod4) |, (3. 36)

which is impossible. It is easy to check that the remainding case n = 1 gives
the solution & = 2 of the equation (3. 4), and this proves Theorem 2. ®



3. Pure powers in linear recurrences 21

Proof of Theorem 3

Suppose that (n,z) is a solution of equation (3. 5). If n is odd then
(2" —1)(6™ — 1) = —1 (mod 3) which cannot be a square. Now we can
assume that n is even and distinguish two cases.

a) First put n = 4¢ with some positive integer ¢. The proof of this case
depends on the method of quadratic residues which we have already used at
the proof of Theorem 1 and Theorem 2, so here we do not go into details.

b) Now let n = 4t + 2 = 2(2¢t + 1) where ¢ is a natural number. In
this case we must investigate the equation (4% — 1)(36“ — 1) = 2?2 for odd
u = 2t + 1. This last equation is also satisfied (mod 18), hence it is easy
to verify that 3 must divide u. Then we have the equation

(64" — 1) (46656 — 1) = z* (3. 37)
to solve for odd positive integers w = %. To see the insolvability of this
equation we give two positive integers such that no term of the sequence
(64" —1)(46656™ — 1) is a quadratic residue for both the given two numbers
as moduli. For example, 17 and 97 are such numbers.

To show this, let I,, = (64*'—1)(46656"'—1). Then I, = ((—4)*—1)(8¥—
1) (mod 17). Since (—4)* = 1 (mod 17) and 8 = 1 (mod 17) it is
sufficient to examine the cases w = 1,3,5,7. Iy =16 (mod 17) and Iy = 8
(mod 17) which are quadratic residues  (mod 17). I3 =3 (mod 17) and
Is =11 (mod 17) which are not quadratic residues (mod 17).

On the other hand I,, = (64*—1)((—1)¥—1) = (64¥—1)(—2) (mod 97).
Since 64° = 1 (mod 97) we must investigate the cases w = 1,3,5,7.
I = 68 (mod97) and Iy = 5 (mod 97) are not quadratic residues
(mod 97), but I3 = 96 (mod 97) and Is = 33 (mod 97) are quadratic
residues  (mod 97). This completes the proof of the theorem. B

Proof of Theorem 4

Suppose that the four-tuple (a,n,k,z) (a > 1,k > 1) is a solution of
equation (3. 6). Let y = a”. Now we have the equality

k_
?=y-DG Ty 1) = (y— 1) (i/_f) . (3.38)
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Thus % must be a square. By Theorem D, if £ > 2 then k =4 or k = 5.
Consequently from y = a™ = 7 it follows that a = 7,n = 1, = 120 and
y=a" =3givesa =3,n =1, = 22. These two cases provide the solutions
(a,k,n,x) = (7,4,1,120) and (3,5, 1,22) of (3. 6).

Now suppose that k = 2. Then (y — 1)?(y + 1) = 2% and

y+l=a"+1 (3. 39)

must be a square. Without loss of generality we may assume that n is a
prime. If n = 2 then (3. 39) cannot be a square, and it is well known
that if n = 3 then a for positive integer a (3. 39) is a square only in case of
a = 2. Thus equation (3. 6) has one more solution: (a, k,n,z) = (2,2,3,21).
Finally, by Theorem E (3. 39) cannot be a square if n > 3. This completes
the proof of Theorem 4. R

3.3 Occurrence of the binomial coefficients of the form

g) in binary recurrences

The purpose of this section is to prove that there are finite number of
binomial coefficients of the form (g) in certain binary recurrences, and give
a simple method for the determination of these coefficients. We illustate
our method by the FIBONACCI, the LucAs and the PELL sequences. First
we transform the problem into two elliptic equations and apply a theorem
of MORDELL to them. He proved in [72, 73] that the equation Ey? =
Ax3 + Ba?> +Cx+ D (A,B,C,D,E € Z , E # 0) has only finitely many
solutions if the polynomial Ax® 4+ Bx? + Cz + D has three distinct roots.
This theorem later was generalized by SIEGEL [115]. All these results are
ineffective, that is, their proofs do not provide an algorithm for determining
the solutions. The first general effective result on the elliptic equations is
due to BAKER [5].

After showing the finiteness we use the program package SIMATH [104]
to find all the integer points on the corresponding elliptic curves. SIMATH is
a computer algebra system, especially for number theoretic purpose, and its
algorithms are based on some deep results of GEBEL, PETHO and ZIMMER
[31].
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Now we introduce some notations we need. Let the sequence {U,}2,
be defined by the initial terms Uy, U; and by the recursion

Up=AUp_ 1+ BUys (n>2) , (3. 40)

where Uy, Uy, A, B € Z with the conditions |Uy| + |U1| > 0 and AB # 0.
Moreover, let a and 8 be the roots of the polynomial

p(z)=2>—Ax - B (3. 41)

and we denote the discriminant A2 + 4B of p(z) by D. Suppose that D # 0
(i.e. a # ), and throughout this paper we assume that Uy = 0 and Uy = 1.
The sequence

V,=AV,_ 1+ BV,_5 (n > 2) s (3. 42)

with the initial values V) = 2 and V3 = A is the associate sequence of U.
The recurrences U and V satisfy the relation V.2 — DU2 = 4(—B)". Finally,
it is even assumed that |B| = 1. Then

VZ - DU2 =4(+1)" =44 . (3. 43)
The following theorems formulate precisely our results.

Theorem 5. Both the equations U, = (3) and V,, = (5) have only a finite
number of solutions (n,x) in integers n >0 and x > 3.

Theorem 6. All the integer solutions of the equation
i) Fr=(3) are ( =(1,3) and (2,3),
i) Ln = (3) are ( =(1,3) and (3,4),
iii) P, = (3) is = (1,3).

Proof of Theorem 5

Let U and V be binary recurrences specified above. We distinguish two
cases.



3. Pure powers in linear recurrences 24

a) First we deal with the equation

Un = (g) (3. 44)

in integers n and z. Applying (3. 43) together with y = V;, and z1 = 2 — 1,
we have U,, = (‘”13“) and

3 2
y2—D<x16xl> =44 | (3. 45)

Take the 36 times of the equation (3. 45). Let 3 = 2% and y; = 6y, and
using these new variables, from (3. 45) we get

y? = Dx3 — 2Dx3 + Dao 4+ 144 . (3. 46)

Multiplying by 3°D? the equation (3. 46), together with k = 33Dy, and
I =3D(3z2 — 2) it follows that

k* =13 — 27D + (54D £ 104976 D?) . (3. 47)

By the above-mentioned theorem of MORDELL it is sufficient to show
that the polynomial u(l) = I3 — 27D?] + (54D3 4 104976D?) has three
distinct roots. Suppose that the polynomial (/) has a multiple root l.
Then [ satisfies the equation u/(I) = 312 — 27D? = 0, i.e. [ = £3D. Since
uw(3D) = £104976 D? it follows that D = 0 which is impossible. Moreover,
u(—3D) = 108 D3 4104976 D? implies that D = 0 or D = +972. But D # 0
and by |B| = 1 there are no integer A for which D = A% + 4B = £972.
Consequently, u(l) has three distinct zeros.

b) The second case consists of the examination of the diophantine equa-

o V, = <§) (3. 48)

in the integers n and x. Let y = U,, and z; = x — 1. Applying the method
step by step as above in part a), it leads to the elliptic curve

k* =13 —27D% + cD? | (3. 49)

where ¢ = —104922 if n is even and ¢ = 105030 otherwise. The polynomial
v(l) = I> — 27D + ¢D? has also three distinct roots because v'(l) = 31* —
27D?% | = £3D and v(£3D) = 0 implies D = 0.
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Thus the proof of Theorem 5 is complete. B

Proof of Theorem 6

All integer points on the corresponding elliptic curves of the equations
(3. 47) and (3. 49) (which are in short WEIERSTRASS normal form) can be
found by SIMATH.

By (3. 47) and (3. 49) one can compute the coeflicients of the elliptic
curves in case of the FIBONACCI, the LUCAS and the PELL sequences. The
calculations are summarized in Table 1, as well as all the integer points
belonging to them. Every binary recurrence leads to two elliptic equations
because of the even and odd suffixes. For the FIBONACCI and LUCAS se-
quences D = 5, and for the PELL sequence D = 8.

Equation| Transformed equations All the integer solutions (I, k)

(15,1620), (—30,1620), (5199, 374868),

Fo= ()2 =5 —
(3)[% = 1% = 6750+ 2631150) 735 10050) (150, 2430), (129, 756)

)
(150,810), (555,12960), (1014, 32238),
1

— (® 2 _ 13 _ _
Fr = ()| = 1 = 6750 = 2617650 (195 5160) (451, 9424), (4011, 254016)

L, = (§) k2 = 13 — 6750 — 13115250 no solution

(375,8100), (—74,3574), (150, 4050),

= z 2 _ 3_
Ln = (3)[k* = 13 — 6750 + 13128750 (—201,2268), (2391, 116964)

(—192,0), (24, 2592), (—48,2592), (97, 2737)

Po= ()2 = 13—
n = (5)° = 18— 17281+ 6746112 (315 Gous) (564, 13608), (5208, 375840)

P, = (3)|k% = I3 — 17281 — 6690816 (240,2592), (609, 14769)

Table 1

The last step is to calculate x and y from the solutions (I, k). By the
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proof of Theorem 5 it follows that x =1+ %, Y= 16]§D in case of the

equation (3. 44) and y = 162% in case of the associate sequences. Except
some values z and y they are not integer. The exceptions (where x > 3)
provide all the solutions of the equations (3. 47) and (3. 49). Then the proof
of Theorem 6 is ended. W

3.4 Effective estimates concerning recurrences

3.4.1 Lemmas

As in section 2.1, let G be a k' order linear, recursive sequence of rational
integers. Suppose that the dominating zero of the companion polynomial
g(x) is «, then as in (2. 6), we can write

Gn =aa™ + ga(n)ag ...+ gs(n)al (n>0) . (3. 50)

In the sequel we will use the following lemmas.

Lemma 5. Let G and H be linear recurrences with dominating zeros «
and [, respectively, with

Gy =aa” + g2(z)as ...+ gs(x)of = aa® (1 +¢4) (x>0) , (3.51)

Hy =bp" + ha(y)B3 ...+ (y)B} =08 (1+en)  (y=0) . (3.52)

Suppose that ab # 0.
a) If x is sufficient large then there exist effectively computable positive
real numbers c1 and co depending only on the recurrence G for which

€T < |Gyl < e (3. 53)

b) There exists an effectively computable positive real number ¢z depend-
ing only on the recurrence G for which

log (1+¢g,)| <e =7 | 3. 54
g
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if x is sufficient large.

¢)

1+e¢
1 ) <2 .
g (1520)| <20l +lan) 3. 55)

llog (1 +¢4) (1 +en)l < 2(lgg +[enl) (3. 56)

if x and y are sufficient large.

The proof of Lemma 5a) mainly depends on the fact, that ¢, exponen-
tially tends to 0 as x tends to co. Moreover, to prove the parts b) and c)
use the inequality [log(1 + 2)| < 2|z| if |2| < %, and the properties of the
absolute value function.

Lemma 6. Letc; >0, ¢ >0 and0< 6 <1 be real numbers, further
let x and y be positive rational integers. If

a) x> xo, x >y and y > 0x
or

b)y >vyo, y>x and x> dy
then there exists a real number ¢ > 0 which depends on §, c1, ca, o oT Yo
such that

eTAT 42y < eme@HY) (3. 57)

Proof of Lemma 6

We deal with case a) first. It is easy to see that there are positive constants
c3 , ¢4 such that

e—Clm + e—Cz’y < e—clz +e—025£ — e—clz + e—Cgm < 26—041 — 610g2—04$ .
(3. 58)
Since x > xg, it follows that

glog2—car - o—csT _ e—¢6(2T) < e~ c@+y) (3 59)

with suitable constants c5, cg, c. The proof of case b) is very similar. B
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3.4.2 On products of the terms of linear recurrences

Let G and H be k** and I*" order linear recursive sequences of rational
integers, respectively, (see (2. 1)):

Gn = AlGn—l +...+ Aan_k (TL > k‘), (3 60)

Hy=BiHy 1+...+BH,, (n>1I). (3. 61)

Suppose that the companion polynomials g(z) and h(x) have dominating
zeros, say a and 8, respectively, then as in (2. 6), we can write that

Gn =aa™ + ga(n)ag ...+ gs(n)al (n>0) . (3. 62)

H, =b8" + ha(n)By ...+ hi(n)ay (n>0) . (3. 63)

Moreover assume that ab # 0. With BRINDZA and LipTAl, we showed in
[15] that if the product of G, and H, with z, y, which are not too far from
each other, is a g-th power then ¢ is less than a bound which is effectively
computable. More precisely, using Theorem B and BAKER’s method we
proved

Theorem 7. Let G and H be linear recursive sequences with domi-
nating zeros, which satisfy the above conditions, and let 0 be a real number
with 0 < 6 < 1. Assume that o ¢ Z or B ¢ Z. Then the equation

G, H, = w? (3. 64)

in positive integers w > 1 , x , y , q for which dx < y < %x, implies that
q < qo, where qq is an effectively computable number depending only on G,
H and ).

The idea of examination of the above problem was derived from a paper
of Kiss [51], where the author showed that the equation G, G, = w? in
positive integers x, w, ¢ has no solution with £ > n and ¢ > ¢qg. Although
in the equation (3. 64) both indices are unknown and the recurrences may
be distinct, Theorem 7 does not generalize the result of Kiss because there
are differences between the assumptions in the two theorems.
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Proof of Theorem 7

Denote by c1, co, . . . positive real numbers which are effectively computable,
and which depend on the number § and the sequences G and H. We may
assume without loss of generality that |a| > |3|, and that the terms of the
sequences G and H are positive.

In [101] SHOREY and STEWART proved that for any d the equation dH, =
w? (resp. dG, = w?) implies that ¢ < ¢o. Hence, in what follows, we may
assume that x > ng and y > ng for some ny.

Let z,y, w and g (with the given conditions) be integers satisfying (3. 64).
Then by (3. 62) and (3. 63) with 2 and y from (3. 64) we have

w! =aa” (14+¢e,)08Y (1+¢,) (3. 65)
where
€r = (gQC(Lx) (%)m o+ gssﬂ) (O;S)I) (3. 66)
and

e, = (hQIEy) (%)y T htl()y) <%>y) . (3. 67)

Since e, (and also ;) tends to zero as x (and y) tends to infinity, then there
exist real numbers 0 < 71,75 < 1 such that

lallal*[ol| B[ (1 =71)(1 = 72) <w? < allaf*[b]|3]"(1+71)(1+72) , (3. 68)

from which
cilal”[B]Y < w? < calal®|BlY (3. 69)

follows with some ¢, ¢o > 0. Using the condition |«| > || we get
loger + (z + y)log| 8] < qlogw < loges + (z + y)logla| (3. 70)

from which

+y < logw < C4x hs (3.71)

C3

with some c3,cq > 0.

We distinguish two cases. First we suppose that w? = aba® Y, moreover,
without loss of generality we may assume that, for example, a ¢ Z. Let
o' # a be any conjugate of a and let ¢ be an automorphism of @ with
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() = o'. Then () = ' is a conjugate of 8 and || < |B8], |&/| < |a].
Moreover,

abo® BY = p(ab)(p(a))* (p(B))Y . (3. 72)
a |* |elab) (@(B)\Y| _ |¢(ab)
2@ = | ) ( 5) < (ab)‘ ’ (3.73)

whence z is bounded. Using again the above-mentioned theorem of SHOREY
and STEWART in [101] we obtain the statement of the theorem.

# 0.
Applying Theorem B with n = 4, m = w, mo = ab, 713 = «a, 714 = B,
B=x+vy, B =qand My = w, it follows that

Now we can suppose that w? # aba®g¥, ie. Q = ’log%

m+y)

—C(logwlogg+ .

Q = |qlogw — logab — zloga — ylogp| > e (3. 74)

On the other hand, (3. 65) and Lemma 5c), and afterwards Lemma 6,
provides that

wi
aa®bpy

= log(1 +e,)(1+&,)| < e % e Y < emor(@ty)
(3. 75)

Q= ’10g

Combining (3. 74) and (3. 75) we obtain the inequality

+y)

cr(x +y) < C(logwlogg + xT (3. 76)

By (3. 71) it follows that % < élogw < élogwlogq, consequently
cr(x +y) < cslogwlogg . (3.77)
We now apply (3. 71) again for the left side of (3. 77), and we conclude that

Ziqlogw < cglogwlogq (3. 78)
4

and
q < cologg . (3. 79)

Hence ¢ < ¢ and Theorem 7 is proved. B

In the following we shall investigate an extended version of Theorem
7, where the number of recurrences is at least 2. In [108] we studied the
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problem of the product of a finite number of linear recurrences, and we
obtained Theorem 8.

We shall use the same notation as before, but we need to update it for
v (v € N,v > 1) variables.

Let G = {Gg)}ffzo (1 =1,2,...,v) be linear recurrences of order k;
(> 2) defined by

G0 =AVC o AGL =k . (3.80)

where the initial values ng) (j =0,1,...,k; — 1) and the coefficients Al(z)
(I =1,2,...,k;) of the sequences are rational integers. We suppose, as in
Section 2.1, that Ax_) # 0 and that there is at least one non-zero initial
value for each recurrence.

By ol” = ~;,al?, .. .,ag) we denote the distinct roots of the charac-
teristic polynomial

pi(z) = 2M — Agi)xkFl - = Agi) (3. 81)

of the sequence G, and we assume that ¢; > 1 and |y;| > |a§z)| for j > 1.
Consequently |vy;| > 1. Further suppose that the multiplicity of each roots
7; is 1. Then the terms of the sequences G(*) (i=1,2,...,v) can be written
in the form

GO = a4+ 08" (0) (o) . 400 (o)) mz0) , (3.82)

where pgv)(:v) (j =1,...,t;) are polynomials from the ring

Q (i, ozgi), .. ,ozgi))[a:] . (3. 83)

i

Assume that [];_; a; # 0.
Let d € Z be a fixed non-zero rational integer, and let py, ..., p; be given
rational primes. Denote by S the set of all rational integers composed solely

of p1,...,ps:
S={se€Z|ls==xp]*...p{", e, € N} . (3. 84)
In particular 1 € S. Let

G(z1,...,2,) =G .. .GV (3. 85)

. .
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be a function defined on the set N”. By the definitions of the sequences
GW (i =1,...,v), G takes integer values. With the given integer d let us
consider the equation

dG(z1,...,xy) = sw (3. 86)

in positive integers w > 1, ¢, z; (i=1,2,...,v) and s € S. We will show
that under some conditions for G, ¢ < qo is also fulfilled if ¢ satisfies the
equation above. More precisely, using the GEL’FOND-BAKER method, we
will prove

Theorem 8. Let G(z1,...,x,) be the function defined in (3. 85). Fur-
ther let d € Z be a fized non-zero integer, and let § < 1 be a positive
real number. Suppose that G(z1,...,x,) # [liey vy if @ > ng (i =
1,2,...,v) for some positive ng. Then every positive integer solution w, q,
S, T1,...,T, of the equation

dG(x1,...,x,) = sw? (3. 87)

withw > 1, s €S, z; > dmaxi{z;} (j = 1,2,...,v) and z; > nyg
(t=1,2,...,v) , satisfies
q9<q (3. 88)

where qo is a computable number depending on ng,d,d, S,GMV, ..., GW).

For the proof of Theorem 8 we need the following lemma, which is a
generalization of Lemma 6.

Lemma 7. Let 6 < 1,c1,...,c, and xg be positive real numbers. Further
let xq, ...,z be natural numbers with mazimum value x,, = max;{z;} (i €
{1,...,k}). If x; > 0z, is satisfied for every x; and x,, > xo for some

suitable xg € R then there exists a real number ¢ > 0, which depends on
k,d, max;{c;} and xq, for which

k
Zefc"'w"’ < eclortta) — pmer (3. 89)
i=1

where x = x1 + ...+ xk.
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Proof of Lemma 7

Using the conditions of Lemma 7 we have

k k k
Z e—CiTi < Ze—ciézm — Ze““rm , (3. 90)
i=1 i=1 i=1
where d; = d¢;. If d,,, = min;{d;} then
k
Zefdimm < ke~ dmTm — plogh—dmm (3.91)
i=1

Since x,, > xg, it follows that
elogk—dmzm < e~ dmTm — o—chTm < e (3. 92)

with a suitable constant d, and ¢ = d,i". ]

Proof of Theorem 8

By c¢g,c1,... we denote positive real numbers which are effectively com-
putable, depending on ng,d,d, S,GM, ..., G®). We may assert, without
loss of generality, that the terms of the recurrence G (i = 1,..., v) are
positive, d > 0 and that the inequalities

nlzhelz... 2w (3. 93)

also hold.
Let 21,...,2,,w,q and s € S be integers satisfying (3. 87). Further let
r =1+ ...+ x,. We may assume that s > 0 and if

s=p--pit (3. 94)
then e; < ¢, otherwise a part of s can be merged into w?. With some
positive real numbers uq, ..., u, and by Lemma 5a) we have

pe < dG(an, ..., @) < detTrte s, < guotlogd (3. 95)

where u = max;{u;} € R. Hence

e; < cox (3. 96)
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with some positive real number cg.

Observe that it is sufficient to consider the case z; > ng (i = 1,2,...,v).
Otherwise, if we suppose that some z; <ng (j € {1,2,...,v}) then z,, =
max;{z;} cannot be arbitrarily large because of the assertion x; > dxy,.
Whence we have finitely many possibilities to choose v-tuples (z1,...,z,),
and the range of G(z1,...,2,) is finite. Thus if the equality (3. 87) is
satisfied with a fixed d then ¢ must be bounded. In the sequel we suppose

that z; >ng (i =1,2,...,v), (i.e. > vng).
Using (3. 82) with n = x4, ...,x,, we can re-write (3. 87) in the form
swi =d[Janf (1+e) (3. 97)
i=1
where

o 0\ (1) (. (0)\
= py (i) (%) +.. 4 & <%> . (3. 98)

a; Vi Qi Vi
Since lim &; = 0 then there exist real constants 0 < 7,...,7, < 1 such
X;—>00
that
v 1%
d] [ laillvil 11 = 7l < sw? < d ][ laillvl" 1 + 7] (3. 99)
i=1 1=1
and by collecting the constants in (3. 99)
v v
1 H 7% < sw? < ¢g H |7y | ¥ (3. 100)
i=1 i=1

is established. Let # = x1 + ... + z, and apply (3. 93) for both sides of
(3. 100) to conclude that ¢1]v,|* < sw? < ca]y1|*. Taking logarithms, we
obtain

log ¢1 + zlogly,| < log s+ glog w < log co + xlog|y1| . (3.101)

Since e; < ¢, we have

log s + glog w < ¢3q + qlog w < glog w (1—1— 1032> ) (3.102)
0og
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and so by (3. 101) we can find positive constants ¢4 and ¢5 such that
ey < glog w < csx (3. 103)

if z is large enough. But it may be assumed otherwise there are only finitely
many possibilities for z1,...,z, and g is bounded.
By (3. 103), it follows that

cq < logw < c5 L (3. 104)
q q
By (3. 97),
H (1+e) (3. 105)
d H a7yt =1
i=1

and taking the absolute value of the logarithms of both sides of (3. 105) we

have
=llog || (1+¢e)
de 1 aiy, z H

By combining Lemma 5b) and the right side of (3. 106), we establish

Q= l|log——— (3. 106)

Q< flog(l+e) <> e | (3. 107)
i=1 i=1
where ¢} is a suitable positive constant (i = 1,2,...,v). Applying Lemma

7 and using the notation x = x; + ... z,, we conclude that
Q < e colmrttm) — gmeor (3. 108)

On the other hand

Q = |log s + qlog w —log d — log [ [ la| — x1logly| — ... — :cylogI%I‘ ,

i=1
(3. 109)
where log s = ejlog p1 + ... + elog p: (see (3 94)).

Since sw? = G(x1,... xl,) # ljari if o >ng (i = 1,2,...,v),
it follows that []_;(1 4+ ;) # 1 and consequently @ # 0. Accordingly,
Theorem B can be applied with the condition n = v + ¢ 4+ 3. The ordi-
nary heights of p; (j = 1,2,...,¢), d, [[;_,a; and v; (i = 1,2,...,v) are
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constants. So m, = w = M, and B’ = ¢q. Recalling that e; < cgz and
examining the absolute values of the integer coefficients of the logarithms in
(3.109), B = cx := max{x, cox} is a good choice. By (3. 109) and Theorem
B, it follows that

Q > e crllogwlogat<) (3. 110)

Now combine (3. 108) and (3. 110) to obtain the inequality
cx
cex < cr(logwlogg + —) (3.111)
q
which together with (3. 104) implies that

cex < cr(logwlogg + £logw) < cglogwloggq (3. 112)
Ca

with some ¢g > 0. Applying (3. 104) again, we conclude that éqlogw <z
Futher, by (3. 112),
coq < logq . (3. 113)

Finally (3. 113) implies that ¢ < go, which proves the theorem. B
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4 Common terms of linear recurrences

4.1 Historical survey

In this section we recite some interesting and important results on common
terms of linear recurrences. At the start our main purpose is to investigate

the diophantine equation
G, =H, (4. 1)

in non-negative integers x and y, where G and H are linear recurrences.

First, binary recurrences are treated. Let A and B be arbitrarily fixed
non-zero integers, G = G(A, B, Gy, G1) and H = H(A, B, Hy, Hy) be second
order linear recursive sequences for which both |Go|+|G1| and |Ho|+|H; | are
positive. The sequences G and H are called equivalent if there exist integers
k and [ such that G,y = Hpyy or Gpar = —H,4y for every integer n > 0.

It follows from a theorem of REVUZ [85] that the equation (4. 1) has
at most only finite number of solutions if G and H are non-equivalents.
Obviously, equivalent recurrences G and H have infinitely many common
terms. In the case of A =1 and B = 1 (generalized FIBONACCI sequence)
HirscH [45] proved the following. If G and H are not equivalent sequences
then all common terms of them are less than (v/5 — 1) - max{|G1G3 —
G3|,|H Hs — H3|}.

This effective result was generalized by Kiss [48]. Denote the roots of
polynomial 22 — Az — B by a and 8. Suppose that % is not a root of unity,

a| > |B| and the discriminant D = A2 4 4B > 0. Then G,, = M and
a—p

H, = %7 where a = G — GoB3, b = G1 — Goa, ¢ = Hy — Hy3 and
d = Hy — Hpa. Kiss showed for non-equivalent sequences that if || < 1

then (4. 1) has no solutions with the condition

_ |
log]B % 2 max{|b], d}

z,y>14+mng , mng (4. 2)

He also proved that the equation G, = H, has no solutions with

|G| = 6 - max {|Gol, |G1l, [Hol, [H[} - max{[b], [d]} - [ B[ (4. 3)
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if B < 0 and |B| < 1. Furthermore if ac # 0 then the equation (4. 1) has no
solutions for which

logs—log|§| 10g5—10g|‘i|} (4. )

x,y > max ,

{ logl?| log]Z]
with some €. A counterexample shows that the last statement is not true if
the assumption ac # 0 is given up.

Explicit upper bounds for the solutions of the equation (4. 1) were pro-
vided by MATYAS [62] in the case of various coefficients A and B. LIPTAI
[56] gained an ineffective finiteness result for the sequences G(2ug,1,0,1)
and H(2vg,1,0,1), where 1 # ug < vy are integers.

Several results are known concerning linear recurrences of higher order.
MIGNOTTE [67, 68] studied the equation (4. 1) if the companion polynomials
of G and H have multiplicatively independent dominating zeros, and proved
that the above equation has only finitely many integer solutions x,y. He also
showed that if (4. 1) has infinitely many solutions then the two dominating
zeros are multiplicatively dependent, and the set of the solutions is the union
of a finite set and a finite number of arithmetical progressions.

Let S be the set of integers which can be written in the form +p{* ... pSs,
where p; are fixed primes and ¢; >0, (i =1,...,s). The following theorem
is due to Kiss [49]. Under certain conditions, if

SlGI = SQHy (4 5)

with s1,s2 € S then max{x,y} is less than an explicitely computable cons-
tant. In [109] we investigated a generalization of this statement. In [50]
Kiss gave a lower bound for the values of ||s1Gg| — |s2Hy|| too.

In [54] LAURENT obtained conditions for two linear recurrences to have
a finite number of common terms. In [97, 98] SCHLICKEWEL and SCHMIDT
reformulated LAURENT’s Theorem 3 of [54], and they gave new conditions
for the finiteness and infiniteness of the number of the common terms. In
addition, in certain cases their theorems provide the indices of the common
terms.
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4.2 Theorem on the products of recurrences

Let GO = {GSP};’LO:O (¢ = 1,2,...,v) be linear recurrences of orders k;
(> 2) defined by the recursions
GO =APG0 .+ AVGY, (> k), (4. 6)
where the initial values Gy) (j =0,1,...,k; — 1) and the coefficients Al(i)
(1 =1,2,...,k;) of the sequences are rational integers. We suppose, that
A,(C? # 0 and there is at least one non-zero initial value for any of the
recurrences. o o
7 7

By agi) = Y,05 ,...,q; we denote the distinct roots of the charac-
teristic polynomial

pi(x) = ki — A§i)xk7"_1 e A,(fi) (4. 7)

of the sequence G, and we assume that ¢; > 1 and |y;| > |a§-l)| for j > 1.
Consequently |y;| > 1. Suppose that the multiplicities of the roots 7; are
1. Tt is known that the terms of the sequences G(?) (i=1,2,...,v) can be
written in the form

GO = ayn +pgi)(n) (agi)) +... +p§f)(n) (as)) (n>0), (4.38)

where a; # 0 are fixed numbers and py)(x) (j =1,2...,t;) are polynomials
in _ _
Q (i, ozg), . 7ozgl_))[ac] . (4. 9)

Similarly, we define the linear recursive sequences H) = {Hff )}%‘;0 (=
1,2,...,n) of orders [; (> 2) given by

B =BPHY +.. +BYHY,  (n>1)), (4. 10)

n—t;

where the conditions for the initial values and coefficients of H) are the
same as in the case of G, Let [39), éj),...,@(fj) be the zeros of the
characteristic polynomials

gi(z) =2l —BYgh=1—  —BY (j=1,...p). (4. 11)

J

We assume, that there is a dominating zero, say the first, among them
and for simplicity it is denoted by 6;, that is |6;] > |5¢(])| for 2 < i < wy.
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Suppose also that the multiplicities of the roots ¢; (j = 1,2,...,u) are 1.
Consequently

HY) = bo? + a5 (n) (59) +.. 449 (n) (51(31)) (n=0), (4.12)

where |6;| > 1 and ql(])(z) (¢ =2,...,u;) are polynomials. Further, assume
that b; #0 (j=1,...,p).

In the sequel we give an extension of the equation (4. 5). As in (3. 84),
denote by S the set of all rational integers composed solely of certain primes.
Let G(x1,...,2,) = chll) e G;VV) be a function defined on the set N, as in
(3. 85). Let the function H be defined on the set N* by

Hyr, ..o yp) = HSYD - HP (4. 13)
Then we examine the equation
51G(x1, ... x0) = SoH (Y1, -, Yu) (4. 14)

in s1,80 € Sand x;,y; € N (1 = 1,2,...,v;5 = 1,2,...,p0). It will be
proved that if the sequences satisfy certain conditions then the solutions x;
and y; of (4. 14) are bounded. More precisely, we shall prove

Theorem 9. Let G(x1,...,x,) and H(yi,...,y.) be the functions de-
fined in (3. 85) and (4. 13). Futherletd < 1 and ny be positive real numbers.

Suppose that Gl(j) #ay Hlii) # bﬂfj and

v [
S1 H al’yfl 7é S9 H bJ(SfJ (4 15)
i=1 j=1

forlik; >ny (i=1,2,...,v;5 =1,2,...,u) and for any integer s1, sz € S.
If
51G(x1,. ., 20) = saH (Y1, -, Yu) (4. 16)

is satisfied with s1,s2 € S and positive integers x1,...,Ty,Y1,...,Yu for
which min; j{x;,y;} > 0 - max; j{x;,y;} then max; j{z;,y;} < na, where
ng is an effectively computable constant depending only on § , n1 and the
functions G and H.



4. Common terms of linear recurrences 41

Proof of Theorem 9

The proof depends on Theorem C and Lemma 7. Suppose that the equation
(4. 16) holds for some s; = pS'...pS*, so = pi' .. .pl* (s1,s0 € S) and
z;,y; € N. We may assume that gcd(s1, s2) = 1. Without loss of generality,
we may suppose that the terms of the recurrences are positive and sy, s9 > 0.

Since the sequences G and HU) have dominating zeros, by Lemma
5a), we find that

GO <ecimt H < ehivi (4. 17)

with suitable positive constants ¢} and dj.

By the estimations (4. 17) it follows that there exist positive constants
c¢1 and d; such that

G(z1,...,2,) =G . GY) < e1® (4. 18)
and
H(ys, .. oy) = HSY - HJD < ehv (4. 19)

wherex =21 +...+2z, andy=y1 +... +yu.
By (4. 16), pi* divides H(y1,...,y,) and p;’ divides G(z1,...,x,), and
together with (4. 18) and (4. 19) this implies that
Pt < e and pi <e?® (i,j=1,2,...,t) . (4. 20)
Consequently
e; <doy and f; <cox (4. 21)

with some positive real numbers co and ds.
Transform the equality (4. 16) into the form

silligai ()™ _ (L&) - (1+&) (4. 22)

S2 H?:1 b; ((5j)yj (14+e1)---(1+e,)

i i\ (i) () ™
(B ()l ()) g
Qi Vi a; i

_ s A s
6 = &5 (y;) (85 L ¢ (y;) (B (4. 24)
’ b, dj bj dj

where

and
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(i=1,...,v, j=1,...,u). It was earlier mentioned that
les] < e % and |¢;] < e %Y (4. 25)

for x;,y; > n3, with some ¢, d; > 0.
Take the logarithm of the right side of (4. 22), and consider the following

inequalities:

m v
Q= Zlog(l +¢&5) - Zlog(l +&;)
=1 i=1

IN

(4. 26)

N

n
Z log(1 +¢&;) |+Z|log (14 ¢)]
j=1 =1

7 v
DG el ] <
j=1 i=1

m v
Z e_d;yj + Z 6—0211 < 26—03(11"1‘2;) < 6_04($+y)

where z+y = Z T+ Z y;. Here the first inequality is a consequence of the
i=1 1
properties of the absélute value function, the second one follows from the
well-known inequality [log(z + 1)| < 2|z|, holding for any complex number
z satisfying |z| < %, the third one comes from (4. 25). The next inequality
is a consequence of Lemma 7, and the fifth one is easy to see.
Taking the logarithm of the left side of (4. 22), we have

Q = |logs; — logsy + log (H’ 1 1) + szlog% Zyjlog(S

(4. 27)
By the condition (4. 15) in Theorem 9 it follows that the left side of
(4. 22) is not equal to 1, i.e. @ # 0. Hence we can apply Theorem C to
(4. 27). The decomposition logs; —logss = (e1—f1)log p1+. . .4+(er— fi)log p:
shows that the ordinary heights of all arguments of the logarithms in (4. 27)
are constant numbers, therefore Hj logA; = c5. The coefficients of the
logarithms, together with (4. 21), gives B = ¢g(x + y). Now we apply
Theorem C to obtain the estimation

Q> e~ Ceslogles(z4y)) - p—erlog(z+y) (4. 28)
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To derive the inequality
ca(z +y) <crlog(z +y) (4. 29)

(4. 27) and (4. 28) have to be compared. The proof of the theorem is
complete, because (4. 29) is valid only if z + y < no. B
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Summary

The dissertation deals with some types of diophantine equations concerning
linear recurrences.

After the preface (Chapter 1), in Chapter 2 we introduce some notation
which will be used throughout the dissertation, and we recite some impor-
tant definitions and theorems of the subjects of linear recurrences and the
estimates of linear forms in logarithms of algebraic numbers.

Section 3.1 is a short account of the results on the figurate numbers in
linear recurrences. The new results begin in Section 3.2, where we consider
the mixed exponential-polynomial diophantine equations

@"-npE"-1) =2, (1)

Q" —1)(B"—1) =2 (2)

(2" —1)(6™ — 1) = 2? (3)
and

(@ =1)((a")" = 1) = 2 (4)

in positive integers n,x as well as n,x,a > 1,k > 1. The products
(2" —1)(3" —1), (2" —1)(5" — 1), (2" — 1)(6™ — 1) and (a™ — 1)((a*)" — 1)
satisfy a fourth order linear recursive relation. They can also be interpreted
as products of two binary recurrences. In [107] and with HAJDU in [43]
we solve completely the diophantine equations (1), (2), (3) and (4). By a
result of SHOREY and STEWART [101], there exists no perfect powers in such
sequences, provided that their exponents are large enough. This general
result gives no information about the low exponent powers, for example
squares, belonging to linear recursive sequences of order four. Only for
some classes of LEHMER sequences of first and second kind are there known
to be similar results, which were proved by MCDANIEL [63].

Section 3.3 deals with the occurrence of binomial coefficients of the form
(;) in certain binary recurrences. The problem arise from the results of
MING [69, 70] and MCDANIEL [64], who determined all the triangular num-
bers (i.e. positive integers of the form T, = w) in the FiBoNACCH,
the LUCAS and the PELL sequences. Since T, = (*3'), it is natural to ask
which terms of a binary recurrence are binomial coefficient of the form (3),
(%),-.., etc. In [110] we proved that a certain type of the binary recur-
rences contains finite number of binomial coefficients of the form ("?f) This
problem leads to the solution of some elliptic equations. Using the program
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package SIMATH we could find all integer points of the corresponding curves
and have all required binomial coefficients, for example, in the FIBONACCI,
the LUCAS and the PELL sequences.

Section 3.4, among others, investigates the equation

G H, = w? (5)

in z, y, w > 1 and g, where G and H are linear recurrences having domi-
nating roots. Earlier RIBENBOIM [88] and RIBENBOIM and MCDANIEL [89]
dealt with the diophantine equation G,G, = w? in case of second order
recurrences. For general recursive sequences of order larger than two there
are fewer results. In [51] Kiss showed that, under some conditions, the
equation

GGy = w? (6)

in integers =, w, ¢ has no solution with x > n and g > qo, where ¢ is an
effective computable constant depending only on n and G. In [15] with
BRINDZA and LIPTAI we examine the equation (6) if the suffix n is not
fixed and the sequences are distinct. Assuming that the suffixes n and z
are not too far from each other we have an effective upper bound for ¢ if
some other conditions are also fulfilled. Later in [108] G)’s (i = 1,...,v)
are given recurrences with dominating zeros, d is a fixed integer, and we
investigate the equation

dG) ... GV = sut (7)
in integers w, ¢ > 1, z; (i = 1,...,v) and s € S, the set of all rational
integers composed of the fixed primes p1, . .., ps, and give a further extension

of the previous theorem.
Chapter 4 concerns the common terms of linear recurrences. After a
historical survey we study the equation
s1GV -G = s, HY - HW (8)

Yu

inz, i=1,...,v),y; (j=1,...,n) and s1,s2 € S. First MIGNOTTE [67,
68] studied the common terms of two sequences. Later Kiss [49] examined
the equation

sle = SzHy 5 (9)

where x and y are integers, s; and so are in a set S, and gave effective
upper bound for max{z,y}. Our theorem gives a certain generalization of
the equation (9) and, under some conditions, provides that the suffixes are
bounded ([109]).



Osszefoglalé 46

(")sszefoglalo'

El6zmények, vizsgalati modszerek és
1j eredmények attekintése

Az értekezés négy egymashoz kapcsolddd fejezetbél all. Az 4j eredmé-
nyeket a 3. és a 4. fejezet tartalmazza. Az el6készitd részek utan kovetkezd
3. fejezet a linedris rekurziv sorozatokban el6forduld teljes hatvanyokkal
ill. bizonyos bindris rekurziv sorozatokban el6fordulé (g) alakd binomidlis
egyutthatokkal foglalkozik. A révidebb 1élegzetvételii 4. fejezet egy a
linedris rekurziv sorozatok kozos elemeivel kapcsolatos eredményt, valamint
annak el6zményeit mutatja be.

A 60-as években — foleg a Fibonacci Quarterly folybirat megjelenése
utan — kezdett elétérbe keriilni a kiilonb6z6 alakt szamok keresése rekurziv
sorozatokban. 1964-ben COHN[22, 23] and WYLER[122] egymdstdl fliggetleniil
bizonyitottak, hogy a Fibonacci sorozatban csak az Fy =0, F} = Fy =1 és
F1o = 144 tagok négyzetszamok. Sok matematikus tevékenysége nyoman
véltak ismertté a Fibonacci- ill. Lucas-sorozatban pl. az sszes 222, 22 £1,
322+ 1, 2(x + 1), @, 23, 23 £1, ... stb. alakd szdmok. M4s soroza-
tokat is vizsgéltak, pl. PETHO[78] megadta az Osszes teljes hatvanyt a
Pell-sorozatban.

A megoldédsi mddszerek eleinte jobbéra elemiek voltak, de egyre gyak-
rabban alkalmaztak az tin. Baker-mddszert, amely algebrai szamok logarit-
musainak linedris formadira nyert becsléseken alapszik.

SHOREY és STEWART[101], valamint PETHO[79, 77| munkéi — szintén a
Baker-moddszert alkalmazva — dltalanosabb eredményeket hoztak. Belattak,
hogy egy nem-degeneralt rekurziv sorozatban nem fordulhat el6 tetszolege-
sen nagy kitevdji teljes hatvany, ha a sorozat karakterisztikus polinomjanak
van egy egyszeres multiplicitasti legnagyobb abszolit érték{i in. dominans
gyOke. Ezen eredmények effektivek, azaz meg lehet adni egy, a kitevére
vonatkozd, a sorozat paramétereitol fligg6 felsé korlatot. Sajnos az el6z6
tételek nem szolgdltatnak informaciot a kis kitevajii hatvanyokrol, igy pl.
a négyzetszamokrdl sem. A négyzetszamokkal kapcsolatban méasodrendii
rekurziv sorozatok esetében tobb fontos eredmény sziiletett, de negyedrendii
sorozatokndl csak a Lehmer-sorozatokra van néhdny érdekes tétel (Mc-
DANIEL [63]).



Osszefoglalé 47

A 3.2. fejezetben az 1-4. Tételben megadjuk bizonyos (nem Lehmer
tipusii) negyedrend{i linedris rekurziv sorozatokban az eléfordulé teljes négy-
zeteket. Az 1-4. Tételben szerepld diofantikus egyenletek értelmezheték gy
is, hogy két masodrendii rekurziv sorozat szorzatdban keressiik a négyzet-
szamokat.

A 3.3 fejezet bizonyos tipusi bindris rekurzidkban eléforduld (g) alaku
binomialis egyiitthatokkal foglakozik. MORDELL egy tételét felhaszndlva

bizonyitjuk, hogy a
G,=AG,_1£Gp—2 , Go=0 , G =1 (1)

rekurziéval megadott masodrendii sorozatok, valamint ezek asszocidltjai
véges sok (g) alakd binomidlis egyiitthatét tartalmaznak (5. tétel). A
bizonyitas soran elliptikus egyenletekre vezetjik vissza a problémat, igy
lehet6ség nyilik arra, hogy a SIMATH szamitogépes programcsomagot fel-
hasznalva — rogzitett sorozat esetén — megkeressiik a megoldasokat. Min-
dezek demonstralasara a Fibonacci, a Lucas ill. a Pell sorozatokban megad-
juk a fenti alakd binomidlis egylitthatékat. (6. tétel) Ezen eredményeket
[110] tartalmazza.

[15]-ben BRINDZAval és LipTAalval kozosen beldttuk, hogy bizonyos fel-
tételek mellett két sorozat tagjainak szorzata sem lehet tetszolegesen nagy
kitev8jl teljes hatvany (7. Tétel). Kordbban Kiss [51] bizonyitott ha-
sonldkat, de 6 egy adott sorozat két tagjdval foglalkozik. Az 7. Tételnél
szigoribb feltételrendszer mellett [108]-ben megmutattuk, hogy ha véges
sok linearis rekurzi6 tagjai szorzatdnak konstansszorosa sw? alaku, akkor g
kisebb egy fels6 korlatnal, ahol s egy olyan egész szamot jelol, amelynek a
primfaktorizaciéjdban csak rogzitett primek lehetnek (8. Tétel).

MIGNOTTE [67, 68] vetette fel, és bizonyitotta, hogy ha két sorozat
karakterisztikus polinomjainak domindns gyokei multiplikativ értelemben
fliggetlenek, akkor a széban forgd sorozatoknak csak véges sok kozos eleme
lehet. Kiss [49] vizsgélta az

SlG:c = SgHy (2)

egyenletet, ahol G és H rekurziv sorozatok és so, sy olyan egész szamok,
amelyek primfaktorizdcidéjadban rogzitett primek vannak. A szerzé meg-
mutatta, hogy bizonyos feltételek teljesiilése esetén az (2) egyenlet z,y
megolddsaira max{x,y} kisebb egy explicite meghatdrozhaté konstansnél.
A 9. Tétel az (2) egyenlethez hasonlé problémdval foglalkozik azzal a
kiilonbséggel, hogy az egyenlet bal- és jobb oldaldn is tetszbleges sok , de
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véges szamu rekurziv sorozat tagjainak szorzata all. A kapott eredmény
[109]-ben jelent meg, és analég Kiss eldbb emlitett tételével.

A 7-9. Tételek bizonyitdsaiban a BAKER-mddszert alkalmaztuk.

A disszertéacié kilenc tételébdl hat tarsszerzd nélkiil elért eredmény. A
kilenc tétel hat cikkben jelent ill. jelenik meg, és a doktori iskola alatt, ill.
az abszolutérium megszerzése utan késziiltek.

A kovetkezd fejezetben bevezetiink néhany sziikséges jelolést, majd az-
utan részletesen ismertetjiik a fent vazolt eredményeket.

Jelolések, elnevezések

Legyen G = {G}52, egy k-adrendl (k > 1,k € Z) homogén linedris
rekurziv sorozat, amelyet a

Gn=A1Gp_1+AG_ o+ ...+ AGp_i (n > k’) (3)

Osszefliggés definidl, ahol az A;, As, ..., A paraméterek (A; # 0) és a nem
mind nulla Gg, Gy, ...,Gr_1 kezdbelemek rogzitett egészek. A G sorozat
jelolésére gyakran hasznéljuk a G = G(44,..., Ak, Go,...,Gr_1) alakot,
tovabba v szamu linedris rekurziv sorozat tagjainak Gg}l) . G&VV) szorzatat
pedig jelolje a

g(l‘h"-,l‘y) (4)

szimbd6lum.
A G sorozat karakterisztikus polinomjanak nevezziik a

glz) =a* — Ayzh=t — .. — 4, (5)

polinomot, amelynek kiilonb6z6 gyokei legyenek aq, . .., a;, multiplicitasuk
legyen rendre eq, ..., e;. A rekurziv sorozatok alaptétele szerint a G sorozat
tagjai explicit modon eléallithatok

Gn=gi(n)ay + ...+ gi(n)a  (n=0) (6)

forméaban, ahol g;(x) egy legfeljebb (e; —1)-edfoki polinom, melynek egytitt-
hatéi a @(a, ..., q) szémtest elemei.

Ha a G sorozat g(x) karakterisztikus polinomjanak van olyan egyszeres
multiplicitdsi « = a; gyoke amelyre |a| > |a;] (i = 2,...,t) akkor az «
gyokot domindns gyoknek mondjuk. Ebben az esetben az (6) el6allitds

Gn = aa” + ga(n)ay ...+ gi(n)ay  (n>0) (7)
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alakra mddosul. A tovabbiakban feltessziik, hogy domindn gyok esetén
az a szadm (vagy az a-t helyettesité, mds betiivel jelolt érték) nem zérus,
valamint hogy G nem degeneralt, azaz a karakterisztikus polinomja bér-
mely két gyokének hanyadosa nem egységgyok.

A késébbiekben sziikségiink lesz még az aldbbi halmaz bevezetésére.
Rogzitett p1,...,pm primszamok esetén legyen

S={se€eZ|s==xp}"...00" u; € Z,u; >0} . (8)
Végil, a vp(n) szimbdélum egy n egész szdm p-adikus értékelését jeloli
valamely p primszam esetén.

Az 1ij eredmények ismertetése

A disszertacié 3.2 fejezetében a

2" -1 3" -1) =22 , (9)
" -1 (" —-1)=2a? (10)
(2" —1)(6" — 1) = 22 (11)
o (" —1) (@™ - 1) = 2? (12)

egyenletek egész megolddsait keressiik az n és x, valamint (12) esetén még
az a és k ismeretlenekben. Legyenek

G® (12,-47,72,-36,0,2,24,182) | (13)
G®) (18,-97,180, —100, 0,4, 72, 868) (14)

és
GO (21,128,252, —144,0, 5, 105, 1505) (15)

negyedrendii linedris rekurzidk. Hasonlé médon értelmezheté a G (@) sorozat
is. Legyenek tovabbsa R()(3,-2,0,1), R (4,-3,0,2),

R©)(6,-5,0,4), R©)(7,-6,0,5) valamint R (a*+1, —a*,0, a¥—1) linesris
masodrendii rekurziv sorozatok. Konnyen lathaté, hogy

GY=RP-RY=@2"-1)(3"-1) , (16)
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GO — R® . RO) — (27 1) (5" — 1) (17)
G516) _ R;Q) . Rglﬁ) (2n (6" —1) (18)
G(a R(a) R(a ) — ( - ) . (19)

Tehét a (2" — 1) (3" — 1) = 22, a(2"—1)(5"—1)::62, a
(2" — 1) (6™ — 1) = 22, valamint az (a™ — 1) ((ak)" — 1) = 22 polinomialis-
exponencialis egyenleteket megoldani ugyanazt jelenti mint rendre megk-

(
(

eresni a G®), GO, GO) & G negyedrendli sorozatokban a négyzet-

szamokat, vagy masképp fogalmazva megkeresni az RrRY . R(?’) RY. ;5),

k
RnQ) . R%ﬁ) és Rna) . Rna ) szorzatokban a teljes négyzeteket. A kdvetkezd
tételek az eldbbiekben felvetett problémak megoldasat adjak.

1. Tétel.(SzaLAY[107]) A
2" —1)(3" —1) = 22 (20)

diofantikus egyenlet nem oldhaté meg pozitiv egészekben.

2. Tétel.(SzaLAY[107]) A
(2" = 1) (5" — 1) = 2? (21)

diofantikus egyenletnek azn = 1,x = 2 az egyetlen pozitiv egész megolddsa.

3. Tétel.(HAIDU-SzALAY[43]) A
(2" —1)(6" —1) = 22 (22)

diofantikus egyenletnek nincs pozitiv egész megolddsa.

4. Tétel.(HAIDU-SzZALAY[43]) Az

( ) x2 (23)

diofantikus egyenletnek k > 1, a > 1 esetén csak az aldbbi a pozitiv egész

megolddsai vannak: (a,n,k,z) = (2,3,2,21), (3,1,5,22) és (7,1,4,120).
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Az 1-2. Tételek bizonyitdsdhoz — tobbek kozott — sziikség van az alabbi
lemmakra.

3. Lemma(SzALAY[107]) Ha o és k pozitiv egész szamok, k # 0
(mod 5), ésn=k-4-5"1 akkor

vs (2" — 1)(3" — 1)) = 2an. (24)

4. Lemma(SzALAY[107)) Ha « és k pozitiv egész szdmok, k # 0
(mod 3), ésn =k 231 akkor

v (2" — 1)(5" — 1)) = 2an. (25)

Az 1-3. Tételek bizonyitdsa sordn lényegében azt latjuk be, hogy
(2" —-1)(3"—1), (2" —1)(6™ —1) és egy kivételtdl eltekintve (2™ —1)(5"™ — 1)
nem lehet kvadratikus maradék alkalmasan megvalasztott modulusokra.

A 4. Tétel bizonyitdsa LIUNGGREN [57] és CHAO KO [21] egy-egy tételén
alapszik.

A 3.3 fejezetben belatjuk, hogy bizonyos tipust bindris rekurziv soroza-
tokban az (%) alakt binomidlis egyiitthatok csak véges sokszor fordulhatnak
el6 (5. Tétel). A bizonyitds soran hasznalt atalakitdsok lehetévé tették,
hogy egy konkrét rekurziv sorozat esetén a SIMATH szamitogépes algebrai
rendszert felhasznalva megkeressiik a fenti tipusu binomidlis egyiitthatokat
bizonyos sorozatokban. Az eredeti probléma elliptikus egyenletek megolda-
séra vezet, amely sikeresen kezelhet6 a SIMATH-tal. A mddszer demonstra-
lasdra a Fibonacci- (F},), a Lucas- (L) ill. a Pell-sorozat (P,,) esetén adjuk
meg az emlitett binomidlis egytitthatékat (6. Tétel). A pontos eredmények

a kovetkezoek. Legyen
U,=AU,-1+BU,—2 (n>2) (26)

egy mésodrendli rekurziv sorozat, ahol Uy = 0 és Uy = 1, A # 0 egész
egyltthat6, és |B| = 1. Legyen tovdbbd a V sorozat az U asszocidlt
sorozata. Ekkor igaz az

5. Tétel.(SzaLAY[110]) Az U, = (3) és V,, = (3) diofantikus egyen-

leteknek csak véges sok n > 0, x > 3 egész megolddsa van.
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A nevezetes sorozatokra az alabbi tételt nyertiik.

6. Tétel.(SzaLAY[110]) Az

i) F, = (3) egyenlet megolddsai: (n,z) = (1,3), (2,3);
ii) Ly, = (3) egyenlet megolddsai: (n,z) = ( (3,4)
i) P, = (g) egyenlet egyetlen megolddsa: (n,x) = (1,3) .

A 3.4 fejezettol fogva az eredmények jellege megvaltozik, a tételek ef-
fektiv becslésekkel foglalkoznak és a BAKER-mddszerrel igazoltuk 6ket. Le-
gyenek

G=G(A,...,A;,Go,...,Gr_1) (27)

valamint
H=H(By,...,B,,Hy,...,H_1) (28)

rendre k-adrendd ill. [-edrendii linearis rekurzidk, amelyek karakterisztikus
polinomjai rendre g(x) ill. h(x), rendre a ill. 8 dominédns gyokokkel. Tegyiik
fel, hogy (7)-ben G esetén a # 0 és H esetén b # 0. Az aldbbi tétel szerint
ha nem tul tdvol esé = és y indexekre a G, H, szorzat egy g-adik hatvany,
akkor a g kitevé nem lehet tetszoleges nagy.

7. Tétel.(BRINDzA, LIPTAI, SZALAY[15]) Legyenek G és H az el6z6
bekezdésben meghatdrozott linedris rekurziv sorozatok, valamint legyen §
olyan valds szam, amelyre 0 < § < 1. Tegyiik fel, hogy az a vagy B domindns
gyokok valamelyike nem egész. Ekkor a

G.H, = w? (29)

azon pozitiv egész w > 1 , x , y , q megolddsaira, amelyekre dx < y < %x,
kovetkezik, hogy q < qo, ahol qo = qo(G, H,0) egy effektive kiszdmithato
konstans.

A kovetkezd tétel kapesolddik a (29) egyenlethez, de a bal oldalon sz-
ereplé két sorozat helyett tetszOleges szdmu sorozat tagjainak szorzatat
vizsgélja az el6z6t6] kiilonbozo feltétellel. Jelolje v; a G sorozat karakter-
isztikus polinomjanak dominans gyokét, a; pedig v; nem-nulla egyiitthatojat
G explicit eléallitasiban. A pontos allités a kovetkezd.
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8. Tétel.(SzALAY[108]) Legyen G(x1,...,x,) a (3. 85)-ben definidlt v
valtozds fligguény, d egy mem nulla egész szam. Legyen tovabbd § pozitiv
valds szdm a 6 < 1 feltétellel. Tegyiik fel, hogy G(z1,...,x,) # [z @i
ha x; > ng (i = 1,2,...,v) valamely ng esetén. Ha az x1,...,T,,8,Ww,q
egész szamok megolddsai a

dG(z1,...,z,) = sw? (30)

egyenletnek, gy hogy w > 1, s € S és x; > dmax{z;} (j = 1,2,...,v),
akkor

4<4q (31)
ahol qo eqy effektive kiszamithatd ng-tdl, 5-tol, d-tél, S-tél és G-tél fiiggd
konstans.

A 4. fejezetben linedris rekurziv sorozatok kozos tagjaival foglalkozunk.
Legyenek G(z1,...,x,) és H(yi,...,yu) (4) alapjan definialt fiiggvények.
Az

Slg(xlv"'vxv) :SQH(ylv"'7y#) (32)

diofantikus egyenletet vizsgaljuk, ahol s, so € S. Jelolje a vizsgalt G ill.
HU) rekurziv sorozatok karakterisztikus polinomjainak dominéns gyokeit
rendre «y; ill. J;, azok egyiitthatdit a sorozatok explicit eldéllitasdban rendre
a; ill. b;. A kovetkezo effektiv tétel a vizsgalt egyenlettel kapcsolatos.

9. Tétel.(SzALAY[109]) Legyenek G(x1,...,2,) €s H(yi,...,yu) az
elébb értelmezett fligguények. Legyen tovdbbd § < 1 pozitiv valds szdm,
valamint ny olyan pozitiv valds szam, amelyre Gz(:) #+ aifyé"’ , H,gi) =+ bj5fj
és barmely s1,s2 € S esetén

s1 f[ aiv; # 5o ﬁ b0y’ (33)
i=1 j=1
halyky >ny (1=1,2,...,v;5=1,2,...,n). Ha
51G(x1,. .., 20) = saMH (Y1, -+, Yu) (34)
teljesiil olyan s1,50 € S, ésx1,..., %y, Y1,-..,Y, pozitiv egészekre, amelyek-

re min; j{z;, y;} > 0 - max; j{x;,y;}, akkor maz, ;{x;,y;} < na, ahol ny
eqy effektiv konstans.



Osszefoglalé 54

A 4-7. Tételek az algebrai szamok logaritmusainak linedris kombinécidira
adott alsé becslések segitségével igazolhatdk.

Az értekezés eredményei elméleti jellegliek, ezért a felhasznaldsuk az
alapkutatasban, a matematikan beliil lehetséges.
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