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In the present work, Einstein’s vacuum field equation is investigated analytically to explore the solitary wave
solutions. This equation arises in mathematical physics, having meaningful applications in the general theory
of relativity. This concept is crucial for numerous challenging experiments and space missions. The generalized
exponential rational function and modified auxiliary equation approaches are used to obtain the exact solitary
wave solution. Various types of solutions are extracted, including exponential functions, hyperbolic functions,
trigonometric functions, and rational forms. Additionally, a stability analysis for the Einstein vacuum field

equation is conducted. Appropriate parameters are chosen to draw 3-D and corresponding contour plots of
some solutions, which clearly demonstrate the solitary wave behaviors. The obtained results support the idea
that applying these approaches is the most effective strategy for resolving any nonlinear issues that may arise in

science and technology.

1. Introduction

Nonlinear partial differential equations arise in various types of
physical problems in biological science, physics, mathematics, and en-
gineering [1,2]. In this work, we investigate Einstein’s vacuum field
equation. General relativity’s fundamental equations, known as Ein-
stein’s field equations, are essential for several space missions and
experiments. In general relativity, this model has a wide range of appli-
cations that occur in different types of phenomena. We extract the exact
solitary wave solution of this nonlinear model because the advantage of
exact solutions is that they do not contain any approximation errors
present in numerical solutions. Einstein’s field equations are of utmost
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importance in understanding various behaviors in different phenomena.
For empty space-time, Einstein’s field equations admit solutions in the
linear approximation that can be interpreted as a description of plane
gravitational waves. For further information about the exact solutions,
the reader may refer to [3]. Jyoti [4] investigated the exact non-static
solutions of Einstein’s vacuum field equations, obtaining an invariant
solution using the classical symmetry method. Kaur [5] discussed the
exact solution by means of Lie point symmetries and Painlevé analy-
sis. Quevedo [6] investigated the general static axisymmetric solution
of Einstein’s vacuum field equations. Moreover, Friedrich [7] discussed
the initial boundary value problem for Einstein’s Vacuum Field Equa-
tion. Rutz [8] described a generalization of the vacuum field equations
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in general relativity to Finsler spaces, obtaining a non-Riemannian so-
lution. Heinicke [9] discussed the Schwarzschild and Kerr solutions
of Einstein’s field equation. Hoffman [10] investigated the station-
ary non-canonical solutions of the Einstein vacuum field equations.
Vishwakarma [11] investigated a new solution of Einstein’s vacuum
field equations that describe its source of curvature, known as the
well-known Ozsvath-Schiicking solution. Corda [12] investigated the
solution of linearized Einstein field equations in vacuum, computing
the linearized Ricci tensor and Riemann tensor. The governing model
of general relativity is crucial for many large-scale investigations and
space missions. Symmetry considerations [13-16] for Einstein’s field
equations are of significant importance. In Einstein’s theory of gravita-
tion, the Riemann curvature tensor plays a crucial role. For Einstein’s
vacuum equation, Guilfoyle [17] considers the metric as

4
ds* = —(au® = 2u,)dt* +2 (%) * dx? = Qudxdt + dy?
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where a is a constant. For the metric Eq.(1), the non exiting components
of the Ricci tensor and the curvature tensor are as
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where R, is the only existing element of Ricci tensor for the metric
Eq. (1) thus the respective Einstein’s vacuum field equation for Eq. (1),
where R, =0 results the following NLPDE as

=0. 3

The physical meaning of the Ricci tensor is that it describes how much
the spacetime volume of an object changes due to gravitational tides
in general relativity. Geometrically, the Ricci tensor represents volume
changes caused by curvature, and spacetime curvature is associated
with tidal forces. Mass (which can be considered equivalent to energy)
curves spacetime, causing the spacetime around it to become curved.
Consequently, the energy required for ambitious experiments and space
missions is carried in the form of waves. These solutions are effective
for ambitious experiments and space missions to control the speed of
waves in the dimension of spacetime.

Now, these days, exact solitary wave solutions are very effective
in the field of nonlinear phenomena. In recent times, numerous re-
searchers worked on finding exact solitary wave solutions for NLPDEs
using various techniques. Hosseini, K. et al., have generalized a method
to solve the nonlinear Konno-Oono model [18]. Kumar, S. et al., ex-
plored the abundant different types of exact soliton solution to the
(4+1)-dimensional Fokas [19]. Xu, C., et al. explored the bifurcation
of the dynamical systems [20-22], and Igbal, M. S., worked for these
types of solutions under the effect of noise [23-26].

In this article, we have explored the exact solitary wave solu-
tions of Einstein’s vacuum field equation using the GERF approach
and MAE approach. There are various methods for finding exact so-
lutions of NLPDEs, such as the ¢® model expansion approach [27],
the auxiliary equation approach [28], the sine-cosine approach [29],
the generalized Kudryashov approach [30], the He’s semi-inverse ap-
proach [31], the exp-function approach [32], and the extended direct
algebraic approach [33]. Additionally, we have utilized the amplitude
ansatz approach [34]. In this study, the generalized exponential ratio-
nal functional (GERF) method is utilized. This method is a more general

2
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form of the modified exponential rational function method. The GERF
method provides us with a wider range of families of solutions com-
pared to the modified form. These families of solutions are presented in
the form of exponential, hyperbolic, trigonometric, and rational func-
tions. The novelty of this work lies in obtaining exact solitary wave
solutions for Einstein’s vacuum field equation, which arises in mathe-
matical physics and holds significant applications in the general theory
of relativity. This concept is crucial for numerous challenging exper-
iments and space missions, making the exact solitary wave solutions
valuable for researchers in the field of general relativity. To achieve
these exact solutions, we employ two techniques, namely the GERF
method and the MAE method. These methods provide us with dif-
ferent types of solutions, including exponential functions, hyperbolic
functions, trigonometric functions, and rational forms. Furthermore, the
stability analysis of these solutions is also presented. Additionally, we
illustrate the solutions through graphical representations in the form of
3-Dimensional and 2-Dimensional plots, along with their corresponding
contour plots. These visualizations effectively demonstrate the traveling
wave structures associated with these solutions. Consequently, GERF
method is more suitable than several other methods, and the following
section is devoted to present these solutions for the Einstein’s vacuum
field equation.

2. GERF method
In this section, to find the exact soliton solutions of Egs. (3), we

employ the transformation ¢(x,7) = u(p), where p = x + ct. By using the
above transformation, we can express Eq. (3) as follows:

c¢// _ a¢¢u _ a(d)/)z + ¢m/ =0. 4
The solution of Eq. (4) can be represented as follows [35],

N N
up)=ny+ Y, mo (P + Y ho(p)™. (5)

k=1 k=1
We get N =2 by using homogenous balance principle, then we have the

following polynomial for obtaining solutions of Eq. (4) as,

u(p) =1 +1,6(p) + 1,6(p)* + A ()™ + Ayo(p) 2, (6)
where
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Find the derivatives of Eq. (6) using Eq. (7), and substitute them into

Eq. (4), resulting in a polynomial in the form of w*?*. Set all the coef-

ficients equal to zero to obtain a system of equations. Solve this system

of equations simultaneously using M athematica to find the values of the

unknown constants, such as:

Case 1: When choosing p; =[-1,—1,1,—1] and ¢; =[1,-1,1,-1], where

i=(1,2,3,4) then a new form of Eq. (4) is obtained as,

cosh(p)

~sinh(p)

Putting Eq. (6) with Eq. (8) into Eq. (4), we have:

Set 1: By using the corresponding value, we get the solitons solution of

Eq. (3) as,
c—8

Mn=-—7"> m

o(p)= ®

0,

= m=0, 4,=0, A==,

up(x,1) = %(IZtanhz(ct+x)+c—8)‘ 9

Set 2: By using the corresponding value, we get the solitons solution of
=

Uup(x,1) = %(IZtanhz(ct +x) + 12coth?(cr + x) + ¢ — 8). (10)



M. Inc, M.S. Igbal, M.Z. Baber et al.

Case 2: When choosing p; = [i,—i,1,1] and g¢; = [i,—i,i,—i], where i =
(1,2,3,4) then a new form of Eq. (4) is obtained as,
_sin(p)

cos(p)’
Putting Eq. (6) with Eq. (11) into Eq. (4), we have:
Set 1: By using the corresponding value, we get the solitary wave solu-
tion of Eq. (3) as,

o(p) = an

c+8
Mp=—"">

=0,
2 m

=0, A =0, A,=-—7=,
m 1 277,

uz(x,t) = %(12cot2(ct+x)+c+8). (12)

Set 2: By using the corresponding value, we get the solitary wave solu-
tion of Eq. (3) as,

12

_c+8 _12
M 2’

Mo = ,
0 a

0,

m

uy(x,1) = %(IZtanz(ct +x) + 12cot®(ct + x) + ¢ + 8). 13

Case 3: When choosing p; =[1,0,1,1] and ¢; = [1,0,1,0], where i =

(1,2,3,4) then a new form of Eq. (4) is obtained as,
oP

er+1°

Putting Eq. (6) with Eq. (14) into Eq. (4), we have:

Set 1: By using the corresponding value, we get the exponential form

solution of Eq. (3) as,

o(p) = a4

__12
m=--—

12

AM=0, 4,=0, c=any—1,

=
a

2
a (ear[ot+x + et) 2 _ 12e%M0t+t+x
Mo

us(x,1) = (15)

a (ean0t+x + et) 2

Set 2: By using the corresponding value, we get the exponential form
solution of Eq. (3) as,

n =0, a=0, c=-4,

np, =0, A =-24,,

Uug(x,1) = fg + Aye 24 (e"_A" + 1)2 —22e" 7 (¥ 4 1) (16)

Case 4: When choosing p; =[1 —i,1+i,1,1] and ¢; = [i,—i,i,—i], where
i=(1,2,3,4) then a new form of Eq. (4) is obtained as,
__sin(p) + cos(p)

B cos(p)

Putting Eq. (6) with Eq. (17) into Eq. (4), we have:
Set 1: By using the corresponding value, we get the solitary wave solu-
tion of Eq. (3) as,

o(p) a7

ﬂOZ%’ m=0, nm=0, /11:—%’ /12:%’
iy (x,1) = 48 cos2(ct + x) _ 48 cos(ct + x)
a(sin(ct + x) + cos(ct +x))2  a(sin(ct + x) + cos(ct + X))
pex20 *;120. (18)

Set 2: By using the corresponding value, we get the solitary wave solu-
tion of Eq. (3) as,

c+20 24 12
= =—-—, =, A =0, A =0,
Mo 2 m P m P 1 2
c+20  12sec?(ct + x)(sin(ct + x) + cos(ct + x))>
ug(x,1) = +

_ 34 sec(ct + x)(sin(ct + x) +‘éos(ct +x)) (19)

a

Case 5: When choosing p; =[-3,-1,1,1] and ¢; =[1,—-1,1,—1], where
i=(1,2,3,4) then a new form of Eq. (4) is obtained as,
_ —sinh(p) — 2 cosh(p)

- cosh(p)

Putting Eq. (6) with Eq. (20) into Eq. (4), we have:

o(p) (20
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Set 1: By using the corresponding value, we get the solitons solution of
Eq. (3) as,

¢ +40 144 108
= , =0, =0, A=—, ==
o P m m 1 a 2 a
108 cosh?(ct + x)

Uy (X, 1) =——— >

a(—sinh(ct + x) — 2 cosh(ct + x))

+ . 144 cosh(ct + x) c+40 1)

a(—sinh(ct + x) — 2 cosh(ct + x)) a

Set 2: By using the corresponding value, we get the solitons solution of
Eq. (3) as,
_c+40 _48 _12

"o > M > M s
a a a

=0, A,=0,

c+40  12sech®(ct + x)(—sinh(ct + x) — 2 cosh(ct + x))?
uyo(x,1) = 2 +

a
+ 48sech(ct + x)(—sinh(ct + x) — 2 cosh(ct + x))
" .

(22)

Case 6: When choosing p; = [-1,0,1,1] and ¢; = [0,1,0,1], where i =
(1,2,3,4) then a new form of Eq. (4) is obtained as,

o(p)=— (23)

e +1°

Putting Eq. (6) with Eq. (23) into Eq. (4), we have:
Set 1: By using the corresponding value, we get the exponential form
solution of Eq. (3) as,

n =0, a=0, c=-4,

m=0, A =24,

Uy (1) =+ Ay (74 +1)7 424, (e = 1) (24)

Set 2: By using the corresponding value, we get the solitons solution of
Eq. (3) as,
12
2’

m= m=— A =0, 14,=0, c=any—1,

12 12

a<et(an0—l)+x+1) * a(et(anofl)+x+1)2. (25)

up(x,t)=mny—

Case 7: When choosing p; =[-1,1,1,1] and ¢; =[1,—1,1,—1], where i =
(1,2,3,4) then a new form of Eq. (4) is obtained as,

_ sinh(p)
cosh(p)

o(p)= (26)
Putting Eq. (6) with Eq. (26) into Eq. (4), we have:

Set 1: By using the corresponding value, we get the solitons solution of
Eq. (3) as,

12

_c=8 _12
M P

Mo = ,
0 a

m =0, A1 =0,

upy(x, 1) = %(12tanh2(ct+x)+c—8). (27)

Set 2: By using the corresponding value, we get the solitons solution of
Eq. (3) as,
_c=8 12

= ) =0, =—, 4=0, Ah=—,
Mo P m Y] P 1 2=

upg(x,1) = %(12tanh2(ct +x) + 12coth?(ct + x) + ¢ — 8). (28)

Case 8: When choosing p; =[2-i,2+1,1,1] and ¢; =[i,—i,i,—i], where
i=(1,2,3,4) then a new form of Eq. (4) is obtained as,
_sin(p) +2cos(p)

B cos(p) ’

Putting Eq. (6) with Eq. (29) into Eq. (4), we have:
Set 1: By using the corresponding value, we get the solitary wave solu-
tion of Eq. (3) as,

a(p) (29)

c+56 240 300
= —_—, =0, =0, A ——, A=,
Mo 2 m M 1 2 2 2



M. Inc, M.S. Igbal, M.Z. Baber et al.

bro(uf) = 300 cos?(ct + x) B 240cos(ct + x)
1S a(sin(ct + x) 4+ 2cos(ct + x))?  a(sin(ct + x) + 2 cos(ct + x))

Set 2: By using the corresponding value, we get the solitary wave solu-
tion of Eq. (3) as,

c+56 48 12
= —, =——, ==, 4=0, 4,=0,
Mo 2 m P M 2 1 2
c+56  12sec?(ct + x)(sin(ct + x) + 2 cos(ct + x))?
uy(x, 1) = P +

_ 48 sec(ct + x)(sin(ct + x) + ;cos(ct + X)) (1)

a

Case 9: When choosing p; =[1,2,1,1] and g¢; = [1,0,1,0], where i =
(1,2,3,4) then new form of Eq. (4) is obtained as,
el +2

e’ +1°

Putting Eq. (6) with Eq. (32) into Eq. (4), we have:
Set 1: By using the corresponding value, we get the exponential form
solution of Eq. (3) as,

o(p) = (32)

+25 7 48
m="= m=0, m=0, Ah=-=, kh=—,
a a a
48 (e 4 1)° T2(eM41) L yos 33
1) = - .
upz(x,1) 2(e 1 2) a (e +2) 2

Set 2: By using the corresponding value, we get the exponential form
solution of Eq. (3) as,

425 36 _12

flo ,om=—=, m A =0, 4,=0,
a a a
12 (4 42)% 36(e¥ +2) .05 3
1= -
ug(x,1) 2@ 1 1) a(e™ + 1) 2

Case 10: When choosing p; =[2,1,1,1] and ¢; = [1,0,1,0], where i =
(1,2,3,4) then a new form of Eq. (4) is obtained as,
_2eP+1

o= e’ +1°

Putting Eq. (6) with Eq. (35) into Eq. (4), we have:
Set 1: By using the corresponding value, we get the exponential form
solution of Eq. (3) as,

(35)

+25 72 48
m="= m=0, m=0, A=-=, kh=—,
a a a
48 (e +1)° T2(eM41) L yos 6
)= -
uyo(x,1) 2o+ 1 aet 1) 2

Set 2: By using the corresponding value, we get the exponential form
solution of Eq. (3) as,

+25 36 12
m="" m=-=, m==—, =0, i=0,
a a a
12 (2¢% +1)° 3626 +1) o425 -
1) = - .
U (X, 1) 2@ 1 1) a(e™ + 1) 2

Case 11: When choosing p; =[1,1,1,1] and ¢; =[0,0,1,—1], where i =
(1,2,3,4) then a new form of equation (4) is obtained as,

2
e’ +er’
Putting Eq. (6) with Eq. (38) into Eq. (4), we have:
Set 1: By using the corresponding value, we get the exponential form
solution of Eq. (3) as,

o(p) = (38)

c+4 12
n=——-01., m=0, m=-—, 4,=0, 14,=0,
a a
u2|(x,t)=c+4—$. (39)
a a(e—cr—x + ect+x)2
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Set 2: By using the corresponding value, we get the exponential form
solution of Eq. (3) as,

c+196 24 192
=—, =0, =-=, 1,=0, A=——=,
"o 2 m m 2 1 2 2
2
48 efctfx + ect+x
ey = -3 ) 9 c+196 o
22 5
a a(e=C=X 4 ect+x)

3. Modified auxiliary equation method

In this section, the modified auxiliary equation (MAE) method is
applied to find the exact solitary wave solutions. The MAE method as-
sumes the general solution of Eq. (4) in the form of a polynomial, such
as:

N

B(p)=by+ Y (bw @k + = Pk)
k=1

(41)

where b, b, and ¢, are constants, and z’(p) satisfies the auxiliary equa-
tion such that

ay + ;07O +ve*®
log(w)

where aj, ; and v are arbitrary constants with z> 0, z # 1. Putting the
value N =2 in Eq. (41) such as,

. (42)

Z(p)=

B(p) = by + by + byw?®) + ¢ w™HO) 4 ¢, w20, (43)

Finding the derivatives of Eq. (43) by using the Eq. (42) and putting in
Eq. (4), resulting in a polynomial in the form of w*»*, Setting all the
coefficients equal to zero to obtain a system of equations. Then, solving
this system of equations simultaneously using M athematica to find the
values of the unknown constants, such as:

2
_ Bajv+ag+c 5

by =
0 a ol a

12 2
_ Ofov’b _ 12v

h ,¢1=0,c,=0.

Putting these constants in the Eq. (43) and by the help of general so-
lutions of MAE method, we obtain different solitary wave solutions of
Eq. (3) such as:

Case 1: When ag —4a;v<0 and v#0, we gain the solitary wave solu-
tions such as,

2
Bayv+aj+ec

uy3(x,1) =
6a 1/
+T<\/4a1v—a§tan<§ 4a,v—a§(x—ct)>—a0)
+3 \/dayv — a2t l\/4 —aX(x—ct) ) —ay )2 (44)
. @y —agtan | 54/4a v —agx—c ap ) °,
8a1v+a§+c

upy(x, ) = ———

60

<a0+\/4a]v—a(2)cot (%y/4a,v—a§(x—ct)>>
3 2 1 2 2
+ 2 <a0+\/4a]v—aocot <§\/4a]v—a0(x—ct)>> . (45)

Case 2: When ag —4a,v>0 and v # 0, we gain the shock and singular
soliton solutions such as,

2
Bajv+ag+ec

ups(x,1) =
6
_ 2% <a0+ \/ @3 —4a;vtanh <%‘/a§ —4a1v(x—cl)>>
+ 3 <a0+ \/(12 —4avtanh <l\/a2 —4a1v(x—ct)>> 2 (46)
a 0 2V0
8a1v+a§+c
Upg(x,1) = ————————
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T

Fig. 1. The physical behavior of u,(x,#) and its contour is depicted by choosing parameters as ¢ =1.9 and a =5.2.
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Fig. 3. The physical behavior of u,(x,#) and its contour is depicted by choosing parameters as ¢ =—0.9 and a =5.5.

6

<a0+\/a§—4alvc0th(%\/a§—4a1v(x—ct)>>
+§ o +\/¢x2—4a vcoth l\/¢1r2—4oz vix—ct) ) )2 (47)
a 0 0 1 2 0 1 .

Case 3: When ag —4a,v=0 and v # 0, we gain the plane wave solution
such as,

8a1v+a3+c 60 (ao(x—ct)+2) 3(0{0()(—ct)+2)2

a(x — ct)? - (48)

iy (%, 1) = a(x — ct)

4. Stability analysis

In this section, the stability analysis of Eq. (4) is investigated and
explored. For this, suppose that the perturbed solution as follows [35]

190

w(x,t) =P+ ew(x,t), (49)

where P represent any steady state solution of Eq. (4). Now, by plugging
Eq. (49) into Eq. (4), we get

—aPewyy — aew)zc — QWEP Wy + €Wy + €Wy = 0. (50)
Linearizing Eq. (50), we obtain

—aPewyy + €Wy + €Wy =0. (61
Suppose that Eq. (51) has solution in the following form

w= yei(kx+o't). (52)

Normalized wave numbers are represented by k and dispersion relations
represented by ¢ = o(k). Plugging Eq. (52) into Eq. (51), we get
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Fig. 4. The physical behavior of us(x,7) and its contour is depicted by choosing parameters as #,
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ayk>Pe + yk*e — ykoe =0. (53)
Solve the above equation for ¢, we get
o(k)=akP +k>. (54)

From Eq. (53) any superposition of the solutions will appear as decay if
the real portion is found to be negative for all values of k. Because of
this, the dispersion is stable.

5. Results and discussions

In this section, we discuss the physical behavior of the results suc-
cessfully obtained for Einstein’s vacuum field equation. These results
represent solitary wave solutions achieved using two well-known ap-
proaches, namely the GERF and MAE methods. These solutions have
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physical applicability in the field of general relativity. They are ex-
pressed in the form of exponential functions, hyperbolic functions,
trigonometric functions, and rational functions. In general relativity
(GR), Einstein’s field equations (EFEs) play a crucial role, serving as
essential equations for space missions and pioneering experiments. As
famously quoted by Wheeler, “Space tells matter how to shift. Mat-
ter tells space how to curve.” This mutual influence is determined by
the combination of Einstein’s equation and the dynamical equations of
the matter present. Physically, these exact solitary wave solutions may
enable scientists to control spaceships and conduct pioneering exper-
iments. Fig. 1 illustrates the soliton behavior, while Figs. 2, 3, and 5
display the solitary waves. Fig. 4 represents the dark soliton solution,
and Figs. 6 and 7 depict the singular and dark solitons. Additionally,
Figs. 8, 9, 10, 11, and 12 provide us with different forms of soliton
solutions. These solutions are highly effective and valuable for further
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Fig. 9. The physical behavior of u,(x,) and its contour is depicted by choosing parameters as ¢ = 0.5 and a = —6.5.

dynamical studies of Einstein’s vacuum field equations and for analyti-
cal comparisons of the solutions.

6. Conclusion

In this manuscript, we investigated the solitary wave solutions for
Einstein’s vacuum field equation. This equation arises in mathematical
physics, and it has meaningful applications in the general theory of rel-
ativity. Different families of solitary wave structures were constructed
using the generalized exponential rational function (GERF) method and
the modified auxiliary equation (MAE) method. These solutions were
obtained in the form of exponential functions, hyperbolic functions,
trigonometric functions, and rational functions. Moreover, the stabil-
ity analysis of Einstein’s vacuum field equation was also presented. 3-D
and corresponding contour plots of some solutions were constructed,
clearly showing the solitary wave behaviors. These plots illustrate the

192

physical behavior of our results, demonstrating dark, singular, solitary
wave, and some mixed types of wave solutions. The obtained results
confirm that the proposed method is the best tool for solving any non-
linear problems arising in science and technology. These results are very
fruitful for further studies of nonlinear dynamics to gain different types
of soliton solutions and explore their applications in the general theory
of relativity.
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