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Abstract 

We consider binomial Thue equations of type 1±=− nn myx  in 

., Z∈yx  Optimizing the method of Pethő [7] we perform an 

extensive calculation by a high performance computer to determine all 

solutions with ( ) 50010,max <yx  of binomial Thue equations for 

710<m  for exponents .29,23,19,17,13,11,7,5,4,3=n  

1. Introduction 

The method of Pethő [7] (see also [4]) gives a fast algorithm to calculate 
“small” solutions of Thue equations. The method is based on the continued 
fraction algorithm. By “small” solutions we mean those with absolute values 
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less than, say .10500  Nobody believes that such equations have larger 
solutions. 

All our experiences show that such equations usually only have a few 
very small solutions. 

In this paper, we make this algorithm more efficient in order to calculate 
“small” solutions of a special type of Thue equations, the binomial Thue 
equations of type 

1±=− nn myx  in ., Z∈yx  (1) 

Using sharp estimates and utilizing the specialties of these equations                
we perform an extensive calculation by a high performance computer to 

determine solutions with ( ) 50010,max <yx  of binomial Thue equations 

for 7101 << m  (assuming that the left hand side is irreducible) for the 
exponents ,3=n  4, 5, 7, 11, 13, 17, 19, 23, 29. Our data contains all 
solutions of these equations with high probability. These results complete 
several results on the solutions of binomial Thue equations [2], [1], [6]. 

2. Sharper Estimates 

Let n be one of 3, 5, 7, 11, 13, 17, 19, 23, 29, in fact our arguments are 
valid for any odd primes (the case 4=n  we shall deal with later). Assume 
that for m the left hand side of (1) is irreducible (we skip those m for which 
the left hand side of (1) is reducible). Our purpose is to determine all 
solutions Z∈yx,  of (1) with ( ) .,max Cyx <  We shall perform our 

calculation with .10500=C  

Let ( ).2exp niπ=ζ  Let x, y be an arbitrary solution of (1). Set 

ymx nj
j

1−ζ−=β  

for ,...,,1 nj =  then equation (1) can be written as 

.11 ±=ββ n  (2) 
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We may assume 0≥y  since on the right side we have 1±  in our 

equation. Also, for 0=y  we only have the trivial solution .1±=x  

Therefore in the following let .1≥y  

For 4≠n  the nββ ...,,2  are complex, therefore 

( ) ymymx njnj
j

11 Im −− ζ≥ζ−=β  

for ....,,1 nj =  This yields that 

1
1

1
1
−≤−=β n

n

yc
ymx  

that is 

n
n

ycy
xm

1

1≤−  (3) 

with 

( ) ,2
1

1 cmc nn −=  where ( )∏
=

−ζ=
n

j

jc
2

1
2 .Im  

Thus, we arrived at the crucial point of the method of [7]. Obviously 
( ) .1, =yx  If the upper estimate on the right hand side of (3) satisfies 

2
1 2

11
yyc n <  

that is 

( ) ( ),2 21
1

−> ncy  (4) 

then (3) implies 

22
1
yy

xmn <−  
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and appling Legenre’s theorem we confer that yx  is a convergent jj kh  to 

,n m  that is ., jj kyhx ==  For the corresponding partial quotients ja  it is 

well known that 

( )
.

2
1

2
1

y
xm

ka
n

jj
−<

++
 

Let ,max1 isi aA ≤≤=  where sk  is the first denominator of a partial 

quotient exceeding C. Combining the above estimate with (3) we get 

( ) n
j

n

j kcy
xm

kA 1
2

1
2

1 ≤−<
+

 

whence we obtain 

( )( ) .2 2
13

−+=<= n
j Accky  

We calculate all denominators of partial quotients up to C, we take their 

maximum, calculate the above bound and check all possible ,jhx =  jky =  

for 3ck j <  running again the continued fraction algorithm. 

Now we return to the validity of (4). Simple calculation shows that (4) is 
satisfied if 

( ) .2 2
1

2
1

2
−
−−−

⎟
⎠
⎞⎜

⎝
⎛> nn

n
n mcy  (5) 

If m is large enough, then condition (5) is satisfied for .1≥y  Some 

small values of y must be tested for the following values of m: 
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n  

3 42 ≤≤ m  

5 102 ≤≤ m  

7 292 ≤≤ m  

11 3142 ≤≤ m  

13 10782 ≤≤ m  

17 134892 ≤≤ m  

19 486992 ≤≤ m  

23 6527982 ≤≤ m  

29 79602102 ≤≤ m  

For all these values of m we have to test all y with 

( ) .2 2
1

2
1

2
−
−−−

⎟
⎠
⎞⎜

⎝
⎛≤ nn

n
n mcy  

Easy calculation shows that this merely yields testing 1=y  for the 

values of m contained in the table. This can be done very fast. 

Remark. The case 4=n  was considered in [5]. Remark that in that case 
we may assume ,0>x  .0>y  We have 

,,1 444 ymymixymx ≥±≤−  

therefore 

ymymymx 444 12 ≥−≥+  

whence 

( )
,

2
111

2434
4

yymy
xm <≤−  

where the last inequality is valid for all .1≥y  
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3. Computational Aspects 

We were executing the algorithm of [7] with 50010=C  for ,3=n  4, 5, 

7, 11, 13, 17, 19, 23, 29 (the case 4=n  was dealt with in [5]) using the 
above sharp estimates that made the procedure for binomial Thue equations 
much more efficient. This efficient algorithm allowed us to perform the 

calculations for all those 7102 ≤≤ m  for which the left side of (1) is 
irreducible. 

The procedure was implemented in Maple [3], we used 1200 digits 

accuracy. For each exponent this calculation involved almost 710  binomial 
Thue equations. The routines were running on the supercomputer (high 
performance computer) network situated in Debrecen-Budapest-Pécs-Szeged 
in Hungary under Linux. For each exponent the total running time was about 
120-200 hours calculated for a single node which yields a few hours using 
parallel computing with a couple of nodes. 

4. Solutions 

In this chapter, we list the results of our computation. The triples 
( )yxm ,,  in our table mean that for the m there is a solution x, y of equation 

(1). The trivial solution ( ) ( )0,1,,, myxm =  is not listed. The solutions                    

are displayed up to sign, that is we include only one of ( )yxm ,,  and 

( ).,, yxm −−  

For each exponent m, we list the solutions with 

( ) 50010,max <yx  

of all equations with 7102 ≤≤ m  for which the left hand side of equation 
(1) is irreducible. 
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4.1. Solutions for 3=n  
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4.2. Solutions for 4=n  
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4.3. Solutions for 5=n  

 

4.4. Solutions for 7=n  
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4.5. Solutions for 11=n  

 

4.6. Solutions for 13=n  

m x y 

2 1 1 

8191 2 1 

8193 2 1 

1594322 3 1 

1594324 3 1 

4.7. Solutions for 17=n  

m x y 

2 1 1 

131071 2 1 

131073 2 1 

4.8. Solutions for 19=n  

m x y 

2 1 1 

524287 2 1 

524289 2 1 
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4.9. Solutions for 23=n  

m x y 

2 1 1 

8388607 2 1 

8388609 2 1 

4.10. Solutions for 29=n  

m x y 

2 1 1 
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