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ARTICLE INFO ABSTRACT

Keywords: Value at Risk (VaR) and Expected Shortfall (ES) are two of the most established measures of market risk,
Tadawul yet both can lose reliability in volatile and nonlinear markets. This study examines how econometric models
GARCH compare with modern recurrent neural networks in forecasting risk for the Saudi stock market. Using 4,340
]l;fI:rSIYIFM daily closing prices of the Tadawul All Share Index (TASI) from March 2007 to July 2024, the analysis applies
GRU a sliding-window framework. Forecast accuracy is assessed through Root Mean Square Error (RMSE) and
BIiGRU information criteria, while VaR and ES forecasts are validated using unconditional and conditional coverage
VaR tests. The study makes three key contributions: (i) it systematically contrasts GARCH specifications with
ES recurrent models (LSTM, BiLSTM, GRU, BiGRU) in a long-horizon dataset, (ii) it extends backtesting of VaR

and ES across 17 years of data, and (iii) it provides practical insights for combining econometric and machine-
learning methods in emerging markets. Results show that BiGRU achieved the highest predictive accuracy,
while GRU offered the best balance between accuracy and parsimony. Heavy-tailed GARCH models produced
the most reliable tail-risk forecasts, consistently passing tests at the 95% and 99% confidence levels. Although
recurrent networks were less accurate at extreme quantiles, they effectively captured nonlinear patterns and
volatility clustering, making them a valuable complement for practical risk forecasting.

1. Introduction However, various statistical models have been employed to generate

historically simulated data for calculating VaR over a targeted risk

Financial institutions face inherent risks from daily operations, in-
cluding business activities, new ventures, mergers, and external fac-
tors like competition. These threats are broadly categorized as market
risk (e.g., fluctuations in interest or exchange rates), transaction risk

horizon, yet most of these methods struggle to capture the high volatil-
ity inherent in stock market data [4]. The Generalized Autoregressive
Conditional Heteroskedastic (GARCH) family of models is a stationary,

(e.g., dealings with counterparties), and operational risk (e.g., internal
system or human failures). Value at Risk (VaR) is the predominant mea-
sure for quantifying such risks at both individual trade and portfolio
levels. Given the complexity of financial markets, numerous statistical
and machine learning approaches have been developed to improve
forecasts of returns, volatility, and associated risk [1,2]. Hence, VaR can
be calculated either parametrically, relying on Gaussian assumptions,
or non-parametrically through historical simulation. Many practitioners
rely heavily on historical data due to its availability and the confidence
it provides in reflecting actual market behavior [3].
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nonlinear framework for fitting econometric data that is characterized
by high volatility [5]. Whereas some GARCH models may struggle to
fit markets with extreme volatility, neural networks can effectively
model nonlinear relationships by identifying complex patterns in data,
making them well-suited for financial forecasting. Several studies have
employed architectures such as long short-term memory (LSTM), Bi-
Directional LSTM (BiLSTM), and gradient boosting to predict stock
prices and market trends with high accuracy. While these methods
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show promising results, further refinement of network structures—
through experimentation with depth, layer configuration, and model
parameters—could enhance predictive performance and reliability [6,
71.

Accurately estimating VaR in volatile markets remains a central
challenge in financial risk management. Several studies have attempted
to refine volatility modeling through diverse approaches: copula—
GARCH frameworks have improved portfolio VaR accuracy compared
to traditional methods [8]; volatility adjustments via exponentially
weighted moving averages enhanced the reliability of the historically
simulated VaR in the Khartoum Stock Exchange [4]; and GARCH-family
extensions such as EGARCH and TGARCH demonstrated effectiveness
in capturing medium-, long-, and short-term volatility dynamics in the
Saudi stock market [9]. Volatility in commodity prices during crisis
periods, such as the global financial crisis and COVID-19, has further
underscored the sensitivity of these markets to negative shocks [10].
More recent research has proposed hybrid and extended econometric
frameworks, including post-selection ARCH, skewed error distribu-
tions, and GARCH-Mixed Data Sampling (GARCH-MIDAS), to address
the limitations of conventional GARCH models in handling long-term
dynamics and multi-frequency data [11-13]. Despite these advance-
ments, the accurate estimation of VaR under conditions of heightened
volatility and structural breaks continues to pose significant challenges,
motivating the need for improved methodologies that can capture both
short-term fluctuations and long-term risk drivers.

Over the past decade, methods such as Support Vector Machines
(SVMs) and Multi-Layer Perceptrons (MLPs) have been applied to
stock market data, demonstrating improved predictive performance in
markets such as the Karachi Stock Exchange and NIFTY-50 [14,15].
Similarly, the Two-stream Gated Recurrent Unit (TGRU) has also shown
robustness to market fluctuations and the ability to address market-
related risks, achieving higher average accuracy compared to LSTM
and GRU models [16]. More broadly, approaches including Recur-
rent Neural Networks (RNNs), Gradient Boosting (GBoost), Decision
Trees, Random Forests, Light Gradient Boosting Machine (LightGBM),
extreme GBoost (XGBoost), Extreme Learning Machines (ELM), and
Backpropagation Neural Networks (BPNN) have been employed to
predict financial markets, with studies reporting accuracies ranging
from 50.9% to 56.0% in binary market movement prediction [17,18].
Shah et al. [15] showed that combining CNN with LSTM improves the
prediction of NIFTY-50 stock prices compared to using LSTM alone.

Moreover, several studies have proposed hybrid models to improve
forecasting accuracy. For instance, Dave et al. [19] combined the
integrated Autoregressive Moving Average (ARIMA) and LSTM for
housing sales in Turkey, where ARIMA captured linear patterns and
LSTM modeled nonlinearities, outperforming individual models; Siami
et al. [20] showed that BiLSTM, despite slower training, achieved
higher accuracy than LSTM and ARIMA on Yahoo Finance time series.
Binmakhashen et al. [21] compared recurrent neural networks with
traditional models such as linear regression, decision trees, and random
forests for forecasting Tadawul stock prices. They found that simpler
models generally performed better for midterm index prediction, and
that shallow LSTM architectures outperformed deeper designs. Simi-
larly, Alshammari et al. [22] integrated wavelet transforms with the
EGARCH model, demonstrating superior performance in forecasting
Tadawul volatility.

This study evaluates the performance of the GARCH model and
recurrent network structures, including LSTM, BiLSTM, GRU, and Bi-
GRU, for improving the estimation of the historically simulated VaR
and Expected Shortfall (ES). A comparative analysis was conducted
to examine the ability of these models to capture volatility cluster-
ing and nonlinear market dynamics, building on earlier evidence of
the effectiveness of GARCH-family models and RNNs in financial risk
measurement as found by Hansen and Lunde [13] and kosapattarapim
et al. [12]. The findings aim to determine the most reliable approach
for forecasting stock market volatility and enhancing the accuracy of
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risk metrics, thereby offering practical insights for investors, regulators,
and financial analysts. Besides the root mean square error (RMSE),
the Akaike (AIC) and Bayesian (BIC) information criteria have been
adopted to determine the goodness of fit of the different approaches.
Additionally, the Backtesting approaches were subsequently used to test
the accuracy of the estimated VaR. The paper is organized as follows:
Section 2 describes the dataset, methodology, and evaluation metrics;
Section 3 presents the computational analysis and results; Section 4
concludes the discussion.

2. Methodology

This section presents the framework and evaluation metrics for
estimating 1-day VaR and ES of Tadawul index daily prices, with Fig.
1 illustrating the main components of the estimation process.

In the data preparation stage, we measure stock market volatility
using returns rather than raw closing prices (x,), as returns are scale-
free and stationary under standard assumptions, and are more suitable
for statistical modeling and comparison across assets [23]. The return
at time ¢ is defined as
= (xz xr—l)’ [6))

X1

where x, and x,_, denote consecutive daily closing prices.

Hence, our target is to find a model that precisely mimics the returns
r,. The following subsections highlight the parametric statistical models
used for this task and various deep-learning models that show their
excellence in the literature. For the RNN models, the input data are
scaled before training to improve numerical stability and accelerate
convergence [24]. We apply min-max normalization, defined as

X, — min (x,)

@

scaled(x,)) = —8M
" max (x,) = min (x,)
which maps the values into the [0, 1] range, ensuring consistent magni-
tude across features.

2.1. Dataset

Tadawul is the sole stock exchange in Saudi Arabia and one of
the largest financial institutions in the Gulf Cooperation Council (GCC)
region [25]. Formally established in March 2007 as a joint stock com-
pany, its origins trace back to 1954 as an informal financial market [25,
26]. Tadawul plays a central role in the Saudi economy by providing a
platform for trading securities (e.g., stocks and bonds) in line with the
Kingdom’s Vision 2030 [27]. It is also recognized for its comprehensive
indices, most notably the Tadawul All Share Index (TASI), which tracks
the performance of listed companies. The exchange supports capital
market development and attracts foreign investment [26,27].

The dataset of Tadawul indices was obtained from Yahoo Finance
[28], covering the period from 19 March 2007 to 24 July 2024. The
dataset includes the variables Open, High, Low, Close, Adj. Close, and
Volume. The analysis focuses on the closing prices. After removing in-
complete cases, the data was divided into training (80%) and validation
(20%) sets.

The returns were computed from the closing prices and are shown in
Fig. 2. Subsequently, Fig. 3 illustrates higher positive kurtosis relative
to the normal distribution. Since kurtosis reflects the likelihood of
extreme outcomes, elevated values indicate greater risk due to heavier
tails. Descriptive statistics of closing prices and returns are reported in
Table 1, which also provides insight into normality assumptions.
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Fig. 1. Proposed methodological framework outlining the study’s workflow and key steps.
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Fig. 2. Historical closing prices of the Tadawul index and the corresponding
daily returns over the years.
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Fig. 3. Empirical density and QQ plot of standardized residuals, assessing
normality assumptions.

Table 1

Summary of descriptive statistics for Tadawul closing prices and their corre-
sponding returns over the period 19 March 2007 to 27 July 2024, providing
insight into the distribution and variability of the data.

mean sd min max skew kurt.
Returns 0.00 0.01 -0.14 0.11 -1.29 16.84
Prices 8393.85 2042.17 4130.01 13820.35 0.54 —-0.66

2.2. Value at Risk (VaR)

VaR is a quantitative risk measure that quantifies the maximum
expected loss a portfolio might encounter over a specified time horizon.
It represents a probability that the losses will not exceed that value
within a given confidence level [29]. Assuming that R is the returns,
VaR at level « is the smallest number / such that the probability that
L = —R does not exceed [ is at least (1 — «). Mathematically, VaR, (R)

represents (1 — a)-quantile of L such that
VaR, (R) = inf{/ €R : Fg(r)> a}

=F'(0-a ®3)

For any real random variable R, its cumulative distribution function Fy
is well defined.

In practice, the historical Simulations (HS) approach uses the his-
torical returns of the portfolio over a specific horizon to estimate VaR.
It only relies on actual past performance, regardless of any particular
pattern in returns. To calculate VaR, historical data is collected, and
its returns are extracted using (1), then these returns are sorted in as-
cending or descending order, and the empirical quantile corresponding
to the desired confidence level (a) is determined and multiplied by
the volume of the portfolio [3]. Fortunately, Pérignon and Smith [30]
reported that more than three-quarters of bankers prefer this method
to calculate VaR.
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On the other hand, ES or Conditional VaR (CVaR) represents the
weighted arithmetic mean of the ‘extreme’ losses in the tail of the
distribution of returns beyond the VaR cutoff point. The estimated ES
of the portfolio with returns R and estimated VaR at significance level
« is given mathematically as follows

ES,(R) = E[RIR< -VaR,(R)|
1 —VaR(R)
=- / rf (rydr, C)]

where f (r) is the probability density of the returns
2.3. GARCH-family models

GARCH models and their variants have been thoroughly adopted
in financial econometrics to forecast volatility in financial time series.
GARCH models overcame the limitation of ARIMA models by explicitly
modeling the conditional variance of the data. Engle [31] proposed the
ARCH model to fit the conditional variance of a time series, particularly
in the presence of volatility clustering, where periods of high volatility
tend to cluster. The daily returns can be represented by the ARCH
model of order p as

— +/s52
ry = o, Z4s

p
2 _ 2
o, ay + Z aGr_;. 5)
i=1

where z, ~ D (0, 1) is a white noise error term, and D is a specified prob-
ability distribution, o is the conditional variance of the returns at time
t, and the coefficients ¢; are non-negative parameters. Subsequently,
Bollerslev [5] generalized the ARCH (i.e., GARCH) by incorporating the
past squared observations of the error term and past variances into the
conditional variance. The conditional variance of the returns at time ¢
is 62 and given by

p q
2 _ 2 2
oy =ay+ 2 or_ + Z Bio,_;» (6)
i=1 j=1

where the coefficients o; and f; are non-negative parameters. The
conditional variance of the time series in (6) is equivalent to the ARMA
model of orders p and g. The Exponential GARCH (EGARCH) model,
introduced by Nelson [32], extends the standard GARCH framework
by allowing asymmetric effects in volatility without imposing positivity
constraints on conditional variances. It captures key empirical features,
such as small positive returns exerting a stronger influence on volatility
than small negative returns, while large negative shocks have a greater
impact than large positive ones. The conditional variance in EGARCH(p,
q) model is given by

q
Ine? = a+ Za,-g (z,) +
i=1
P
piin (o2, ) @

Jj=1

g(z) =37

where «;, ;, and y are the parameters, and the function g(z,_;) allows
the sign and the magnitude of Z, to have separate effects on the
volatility. Since the logarithmic value of 2 might have a negative sign,
there will be no sign restrictions for the parameters. Glosten et al. [33]
introduced GJR-GARCH to capture the differential effects of positive
and negative shocks on volatility. The conditional variance is given by

P q
2 2 2 2
o, :a0+2a,-r1_i+yD (Tf—l)rr—l +Zﬂj0',_j. (8)
i=1 =y
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where a;, §; and y are constant parameters and D (¥,_,) is a dummy
variable that given by

D(¥_)= {(1)

The strictly positive condition of the variance is guaranteed when
p = Laga > 0,a; +y; > 0, and p; > 0. Other commonly used
GARCH variants include IGARCH, TGARCH, and APARCH [34,35].
Before applying these models, we assessed return stationarity using the
Dickey-Fuller test [36] and verified the presence of ARCH effects by
testing the null hypothesis of i.i.d. Gaussian residuals against evidence
of conditional heteroskedasticity.

if r,>0.
if r,<0

2.4. Deep learning models

RNNs have been suggested for sequential data series, leveraging
their inherent flexibility and capacity to analyze time series data, even
in the presence of nonlinear and non-stationary characteristics [37,38].
These strengths have led practitioners to adopt RNN for predicting
market returns. For example, LSTM was developed by Schmidhuber and
Hochreiter [39] and is characterized by its capacity to handle vanishing
and exploding gradient problems and capture long-term dependencies.
LSTMs are designed to address the shortcomings of conventional RNNs
in terms of retaining information over extended sequences by incor-
porating an advanced gating mechanism that consists of three gates:
input, forget, and output. The input gate controls the flow of new
information into the cell state, as shown in (9). The forget gate decides
what information to discard from the cell state, as shown in (10). The
output gate determines the output of the cell based on the current input
and the memory stored in the cell state, as shown in (11). These gates
regulate the information flow through the cell state, as illustrated in
Fig. 4 (see [40]).

0 =0 (Wl + Q"D +1,) ©
£O =0 (Wyut; +0h0 4 by ) 10)
o =o‘<VVau;J +Qah("”+b0) an

In these equations, W, W;, and W, are weight matrices for the
current input data, “;,j- On the other hand, Q;, O Iz and Q, are weight
matrices for the current hidden state, h*~D. ¢ denotes the sigmoid
activation function, and b;, by, and b, are bias terms. Each LSTM cell
receives a candidate cell state from the previous LSTM cell:

& = tanh (WEu; O bc) 12)

Then the memory cell state, ¢, and the final hidden state, 2", are
updated as follows:

(D = £ D 4 0 g 50 (13)

h? = 0 © tanh(c®) (14

The proposed architecture enables LSTMs to selectively remember
or forget information at each time step, which makes LSTM an efficient
approach with sequential data, such as time series prediction, speech
recognition, and natural language processing (NLP). Consequently, the
network has been widely used in various applications, such as speech
recognition, machine translation, and time series forecasting [41].
Moreover, BiLSTM extends the capabilities of LSTM by processing input
sequences in two directions, forward and backward [42]. It captures
contextual information from both past and future time steps, enabling
them to better understand the context and dependencies within the
sequence. Obtaining gradient information from both directions during
training resulted in more stable and effective training processes for
BiLSTM. Hence, it is an incredibly efficient neural network for various
NLP tasks [43].
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multiplication and sigmoid functions, respectively.

Moreover, GRU was proposed by [44] as a simplified version of
LSTM, utilizing fewer parameters and achieving faster training times.
Consequently, GRUs can handle long-term dependencies in sequential
data with efficient computational power. This efficiency is inherent due
to their structure, which consists of update and reset gates, as shown
in Fig. 5. The update gate controls the flow of past information that
should be kept for future time steps, as shown in (15).

=g (qu;J +0,hD 4 bz> (15)

In this equation, W, is a weight matrix for the current input, Q, is
a weight matrix for the last hidden state, h(~", & denotes the sigmoid
activation function, and b, is a bias term. The reset gate decides what
information to forget at the current time step, as shown in (16).

ROJ. (W,u; SO+ b,) (16)

In this equation, W, is a weight matrix for the current input, Q, is
a weight matrix for the last hidden state, h(~D, & denotes the sigmoid
activation function, and b, is a bias term.

The candidate hidden state is calculated as follows in (17):

WO = tanh (Wl + 10 © Oh“D + ) a7
Finally, the new hidden state is updated as shown in (18):
W =200 a0+ (1-20)0 @ 18)

GRU has been widely adopted in NLP, speech recognition, and
time series analysis due to its effectiveness and efficiency in modeling
sequential data. Additionally, the network is capable of handling larger
and nonlinear datasets [44,45].

BiGRU was built on the architecture of GRUs by combining the
strengths of bidirectional processing and gated recurrent units to en-
hance sequential data modeling. BiGRU merges the hidden states from
both directions, similar to BiLSTMs, to produce a more thorough rep-
resentation of the input sequence. Owing to their ability to process in
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both directions, BiGRUs are particularly useful for tasks such as ma-
chine translation, named entity identification, and sentiment analysis,
as they excel at capturing context and long-term dependencies.

2.5. Evaluation metrics

To evaluate model performance, the complete dataset was parti-
tioned into 80% as a training set and 20% for validation. In addition,
the accuracy of the prediction models is evaluated using a range of
metrics, with RMSE being the most widely adopted. Practically, RMSE
is calculated as

RMSE =

where y is a tensor of the target values, and j is a tensor of the
predictions and » is the length of the tensors.

Moreover, AIC and BIC are used to estimate the prediction error
and report the goodness of fit of the model relying on the maximum
likelihood estimate (MLE). Considering the targeted model has MLE L
with k estimated parameters, the AIC/BIC are given as follows

AIC = 2k —2In(L)
BIC = 2kIn(n)—21n(L)

where n is the size of our training set. Backtesting methods are adopted
to evaluate the accuracy of the estimated VaR. Daily returns are as-
sumed to be independent and identically distributed (i.i.d.) from the
Bernoulli distribution. It is given by the indicator function as follows

1
Ia,t+l = 0

where r,,; is the daily return at time ¢ + 1.

From the definition of the indicator function {I,,}, let the process
of success/failure be defined by the random variable X, ,, and it will
follow a Binomial distribution with parameters » and a.

The most commonly used Backtesting method is the Kupiec test
(Unconditional Coverage) [46], the method considers the estimated
VaR to be accurate when the observed frequency of returns exceed-
ing the VaR threshold matches the expected frequency based on the
assumed binomial distribution with a success probability equal to the
VaR significance level. The test statistic for the method is given as

(1 -11,

)’
exp exp
" (1= IT,,,)m

obs

if ry <-VaR,,,

otherwise.

LR, =

e ~ 22D a9
given that n, = n—n,, where n represents the number of the training set,
n; presents the frequency of returns exceeding VaR,,. In addition, 17, =
"7', I,,, = a. The null hypothesis of LR, states that the observed
failure rate is consistent with the expected failure rate (i.e., the VaR
model is accurate).

Later, Christoffersen [47] proposed the Independence test, which
considers an estimated VaR to be accurate if a VaR violation on a given
day is independent of whether a violation occurred on the previous day.
The test statistic is given by

ny
LR;, = Tt (1~ o)

g (1= 1) mi' (1 - 11,)"

~ 22 (20)

n;; is the number of returns with indicator i followed by indicator j,

“0L_ " and

noo+ngy ’

ij
given that i, j = 0,1. ny = nyg + ngg, ny = nyy +ngy, Iy =
I, = ny
U= gty . .
To Jomtfy test the correct success/failure rate and the independence
of exceedances, the combined test statistic is calculated as the sum of
the Kupiec and Independence test statistics. This new test is referred to

as the Conditional Coverage test, and it is given as follows

LR, = LR, + LRy ~ 7> (2)

uc



A.B.A. Dawod et al.

Table 2
Results of the ARCH effect tests, indicating the presence of conditional het-
eroskedasticity in the series.

Testing method Statistics P-value
Q test 810.7 2.2e-16
Lagrange multiplier (LM) test 478.97 2.2e-16

Table 3
Selection criteria for GARCH models, used to identify the most appropriate
model specification for the data.

Model AIC BIC SIC Hannan
norm - sGARCH(1, 1) -6.22 -6.21 -6.22 -6.22
snorm - SGARCH(1, 1) —-6.24 -6.23 -6.24 —-6.23
std - sGARCH(1, 1) —6.44 —6.43 —6.44 -6.44
sstd - sGARCH(1, 1) —6.44 -6.43 —6.44 —-6.44
norm - eGARCH(1, 1) -6.23 —-6.22 -6.23 -6.23
snorm - eGARCH(1, 1) —6.24 —-6.23 —6.24 -6.23
std - eGARCH(1, 1) —6.46 —6.45 —6.46 —6.45
sstd - eGARCH(1, 1) —6.46 —6.45 —6.46 —6.45
norm - gjrGARCH(1, 1) —6.25 —-6.24 —-6.25 -6.24
snorm - gjirGARCH(1, 1) —6.26 —6.25 —6.26 —6.26
std - gjrGARCH(1, 1) —6.46 —6.45 —6.46 —6.45
sstd - gjrGARCH(1, 1) —6.46 —-6.45 —6.46 —6.45
norm - iGARCH(1, 1) —6.22 —6.21 —6.22 -6.22
snorm - iGARCH(1, 1) -6.23 -6.23 -6.23 -6.23
std - iGARCH(1, 1) —6.44 —6.44 —6.44 —-6.44
sstd - iGARCH(1, 1) —-6.44 —-6.44 —6.44 —6.44

3. Result analysis

In financial time series, the actual prices have neither a constant
mean nor a constant variance, which violates the modeling assumptions
(see Fig. 2). The transformation described in (1) extracts returns from
the actual data, which is the percentage change in price. The Dickey-
Fuller test has been used to check the stationarity; the test showed
that our returns fulfill the stationarity assumption. In addition, the
normality of returns has been checked by conducting the Jarque-Bera
test; the null hypothesis that the returns are not normally distributed
is rejected. The ARCH effect has been investigated using the Ljung—
Box test on square returns (Q test) and the Lagrange Multiplier test
(ARCH-LM). The results reported in Table 2 reject the null hypothesis
of independence in the given time series.

The following subsections discuss the results of each modeling
approach and their impact on VaR and ES estimation.

3.1. GARCH family models

Table 3 shows the best candidates of the GARCH-family models with
different distributional assumptions. The selection process depends on
AIC, BIC, SIC, and Hannan criteria. Consequently, EGARCH(1,1) with
Skewed Student-t distribution represents the best-fitting model for our
training set. The estimated parameters, all of which were significant,
are presented in Table 8. This suggests that incorporating asymmetry
and heavy-tailed error distributions improves the ability of the models
to capture volatility dynamics. Overall, the results highlight the im-
portance of both model structure and distributional assumptions when
selecting the most suitable GARCH specification.

In addition, various diagnostic plots were investigated to examine
the validity of the selected model in fitting the volatility of Tadawul
exchange prices. The diagnostic plots of Skwed-student-t-EGARCH(1,1)
are illustrated as follows

+ Fig. 3 depicts the empirical density of our returns’ standard-
ized residuals and QQ plots. The empirical density demonstrates
that the standardized residuals are approximately normally dis-
tributed. In addition, the distribution of our returns compared
with the theoretical distribution in the QQ plot shows that the
standardized residuals are approximately normally distributed.
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Fig. 6. Autocorrelation and cross-correlation functions of raw, squared, and
absolute observations for dependence analysis.
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Fig. 7. Autocorrelation functions of standardized residuals and their squares
for dependence diagnostics.

+ Fig. 6 illustrates the autocorrelation function (ACF). It shows the
ACF of our returns, which reveals weak autocorrelation and is
a good indicator for our chosen GARCH model. It also shows
the ACF of squared observations and the absolute returns with
the interest of removing the sign from our returns, focusing on
volatility. Both ACFs exhibit a weak autocorrelation, which is
consistent with the results of our model. In addition, we highlight
the positive cross-correlation between the squared returns and the
squared lagged returns. This finding demonstrates that periods
of high volatility are likely to be preceded by periods of high
volatility.

The ACFs of Standardized Residuals and Squared Standardized
Residuals are shown in Fig. 7, both ACFs indicate the existence of
weak autocorrelation in the standardized residuals of the squared
standardized residuals, which is also a good sign for the validity
of our selected model.

The diagnostic plots show the adequacy of our GARCH model for fitting
the volatility of Tadawul exchange prices.

3.2. RNN

Python 3.8 was implemented on Windows 11 Education N system
with an Intel Core i7-9750H processor at 2.60 GHz and 16 GB of
RAM. The number of epochs and batch size were set to 16 and 32,
respectively; these values are fixed across all models. The shape of
the output and number of parameters (trainable and non-trainable) of
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Table 4

Key parameters of the LSTM model used for forecasting.

Table 6
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Key parameters of the BILSTM model used for forecasting.

Vector output technique

Vector output technique

Layer type

Output shape

Param #

Layer type

Output shape

Param #

LSTM
Dense

(None, 50)
(None, 1)

10400
51

BiLSTM
Dense

(None, 100)
(None, 1)

20800
101

LSTM trainable params: 10,451.
Non-trainable params: 0.

Table 5

Key parameters of the GRU model used for forecasting.

BiLSTM trainable parameters: 20 901.

Non-trainable parameters: 0.

Table 7

Key parameters of the BIGRU model used for forecasting.

Vector output technique

Vector output technique

Layer type

Output shape

Param #

Layer type

Output shape

Param #

GRU
Dense

(None, 50)

7950

BiGRU
Dense

(None, 100)

15900

(None, 1) 51

(None, 1) 101

GRU trainable params: 8001.
Non-trainable params: 0.

the trained RNN structures are listed in Tables 4-7. It is clear that as
we move from LSTM to BiGRU, the structure becomes more intricate
and the number of parameters rapidly increases. We then compare the
actual prices in the last financial year to the forecasted prices for the
same period using the GARCH model, LSTM, BiLSTM, GRU, and BiGRU,
as shown in Figs. 8 and 9. Consequently, Table 9 presents a comparative
evaluation of the GARCH family against recurrent structures (LSTM,
GRU, BiLSTM, and BiGRU) using RMSE, AIC, and BIC metrics. The
results clearly highlight the superior predictive performance of the
BiGRU model, which achieves the lowest RMSE (0.01135), indicating a
higher degree of accuracy in tracking volatility dynamics compared to
both the GARCH model (0.0185) and the other recurrent architectures.
GRU also performs competitively with an RMSE (0.01815) compara-
ble to GARCH, suggesting its ability to effectively capture temporal
dependencies with a relatively simple design.

In terms of information criteria, GRU stands out with the lowest
AIC (16,002) and BIC (64,058.95), underscoring its efficiency in bal-
ancing model complexity with predictive capability. Although BiGRU
yields the best accuracy based on RMSE, its information criteria values
are higher, reflecting the trade-off between predictive precision and
model parsimony. LSTM and BiLSTM, by contrast, exhibit relatively
weaker performance, as indicated by higher RMSE values (0.04640
and 0.04417, respectively) and substantially larger AIC and BIC scores,
suggesting over-parameterization relative to their predictive gains.

These findings reinforce the evidence from recent studies showing
that GRU and BiGRU structures often outperform both traditional
econometric approaches and other recurrent designs in volatility fore-
casting. For instance, SHEN et al. [48] and Umezuruike et al. [49]
demonstrated the robustness of GRU in financial prediction tasks,
attributing its effectiveness to computational efficiency and its ability to
capture nonlinear dynamics. Furthermore, Shaikh and Ramadass [50]
highlighted the advantages of bidirectional extensions, such as BiGRU,
in handling abrupt market fluctuations by integrating forward- and
backward-looking information. Consistent with BinMakhashen et al.
[21], which found that simpler models generally provide better midterm
forecasts for the Tadawul index, the present results indicate that while
BiGRU achieves the highest accuracy, GRU offers a more parsimonious
balance between accuracy and complexity, making it well-suited for
practical forecasting.

3.3. VaR/ES and backtesting results

The numerical results of VaR and ES under different significance
levels and different modeling methods are shown in Table 10. There
is no doubt that VaR and ES are correlated negatively with the sig-
nificance levels, indicating a higher risk as the confidence levels in-
crease. Also, HS and Gaussian methods provide relatively moderate es-
timates across different thresholds, though the Gaussian method tends

BiGRU trainable parameters: 16 001.
Non-trainable parameters: 0.
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Fig. 8. Comparative analysis of Tadawul Exchange volatility forecasts from
the GARCH(1,1) model with skewed Student-t distribution against validation
data.
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Fig. 9. Comparison of actual closing prices and forecasts from four RNN
structures over the last 250 trading days.

to underestimate tail risk, particularly at more extreme quantiles. The
Cornish-Fisher expansion shows instability, producing unrealistically
large losses at the 1% and 0.5% levels, which reflects its sensitivity
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to higher-order moments. Monte Carlo simulation offers more stable
outcomes, though its estimates remain conservative compared with
heavy-tailed GARCH specifications.

Moreover, within the GARCH family, models incorporating Student-
t and skewed Student-t distributions (t-EGARCH and skewed-t-
EGARCH) generate deeper quantile losses, highlighting their ability to
accommodate fat tails and asymmetry. In contrast, the GED-EGARCH
specification produces extreme estimates at lower quantiles, which
suggests numerical instability or poor tail calibration. The recurrent
structures (LSTM, BiLSTM, GRU, and BiGRU) deliver estimates that
are close to HS benchmarks, with BiGRU slightly deeper in the tails,
consistent with its stronger predictive performance shown in prior
accuracy comparisons.

Backtesting results at the 90% and 95% confidence levels (Table
11) reveal important differences in model adequacy. The HS approach
passes at the 90% level under the unconditional coverage test (LR,.),
but fails the conditional coverage (LR,.), indicating clustering of vi-
olations. Gaussian and Cornish-Fisher methods fail decisively at both
coverage levels, confirming their inability to model fat-tailed returns.
Monte Carlo simulation shows some improvement but remains statis-
tically rejected. Among GARCH variants, Gaussian-EGARCH demon-
strates acceptable coverage at 95%, while skewed and heavy-tailed
EGARCH specifications yield mixed results, with skewed-t-EGARCH
performing best. Recurrent structures (particularly BIGRU) show low
test statistics compared with LSTM, but the null of correct coverage is
generally rejected, reflecting room for improvement in tail calibration.

At higher confidence levels (99% and 99.5%), presented in Table
12, the differences become sharper. Gaussian, Monte Carlo, and HS
exhibit mixed adequacy, often underestimating tail risk. The skewed-
t-EGARCH and t-EGARCH models perform markedly better, frequently
passing both unconditional and conditional coverage tests, confirm-
ing their robustness in capturing extreme events. In contrast, LSTM-
based models fail substantially, with excessively large test statistics that
point to systematic underestimation of tail probabilities. BiIGRU and
GRU achieve relatively lower rejection statistics among the recurrent
architectures, though they do not consistently pass all tests.

While the GRU models were more suitable for the Tadawul Ex-
change data, Fig. 9 shows that, in the case of RNN models (LSTM/
BiLSTM), there is a noticeable gap between in-sample and backtesting
performance, which suggests potential overfitting. This occurs because
these neural models have high capacity, while our dataset is of mod-
erate size. As a result, they may capture noise or idiosyncrasies in
the training set rather than robust patterns. However, as an important
direction for future work, we intend to investigate the applicability of
the LSTM family to achieve better results on the Tadawul Exchange
data. We also plan to apply overfitting mitigation techniques, such as
dropout, weight regularization, early stopping, or synthetic data aug-
mentation. For example, Agarwal et al. [51] demonstrates a CTGAN-
based augmentation strategy that reduces overfitting in intrusion de-
tection models for power systems, leading to improved adaptability
against unseen attacks.

Taken together, these findings highlight that while recurrent struc-
tures provide stable and economically plausible VaR and ES estimates,
particularly at moderate quantiles, their statistical adequacy in extreme
tail regions lags behind well-specified heavy-tailed GARCH models.
This is consistent with earlier studies that emphasize the superiority
of fat-tailed conditional volatility models in risk management contexts
(e.g., [52]). Nonetheless, the recurrent structures—especially BIGRU—
show promise as complementary approaches, offering competitive per-
formance in forecasting but requiring further refinement for extreme
quantile calibration.

Subsequently, based on the given results, VaR, ES, and backtesting
indicate that GARCH-family models effectively capture volatility dy-
namics in Tadawul exchange prices. Conversely, RNN variants demon-
strate superior performance in modeling the nonlinear characteristics
of clustered closing prices on the same exchange (see Fig. 10).
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Table 8
Estimated parameters of the skewed-Student-t GARCH(1,1) model based on
Tadawul exchange returns from the training dataset.

Parameter Estimate Std. error t-value Pr(> |t])
mu 0.0006 0.0002 3.6418 0.0003
omega —0.2251 0.0166 —13.581 0.000
alphal -0.1166 0.0254 —4.587 0.000
betal 0.9723 0.0020 486.72 0.000
gammal 0.2446 0.0487 5.0279 0.000
skew 0.9807 0.0187 52.515 0.000
shape 2.3487 0.1457 16.123 0.000
e Bar Chart for Error Scores
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Fig. 10. Comparison of RNN model error scores, highlighting differences in
forecasting accuracy.

Table 9
Comparison of forecasting accuracy between the proposed RNN networks and
the GARCH model.

Metrics GARCH LSTM GRU BiLSTM BiGRU
RMSE 0.0185 0.04640 0.01815 0.04417 0.01135
AIC 19069.98 20902 16002 41802 32002

BIC 19033.95 83674.55 64 058.95 167 341.09 128109.89

4. Conclusion

This study investigated the performance of statistical non-linear
models, such as GARCH, and various deep learning architectures, in-
cluding LSTM, BiLSTM, GRU, and BiGRU, in modeling volatility and
forecasting market risk, with particular emphasis on VaR and ES. Over-
all, the results showed that several models improve forecasting accu-
racy and can serve as important references for future machine-learning
applications in predicting stock market volatility.

The results demonstrated that while classical models such as GARCH
remain competitive, especially when specified with heavy-tailed distri-
butions, recurrent structures—most notably GRU and BiGRU—exhibit
strong predictive accuracy with lower error measures. The GRU model
provided the most favorable trade-off between accuracy and parsimony,
whereas BiGRU delivered the most precise volatility forecasts, albeit
with higher complexity.

In the context of risk forecasting, heavy-tailed GARCH specifications
such as the skewed-t-EGARCH consistently outperformed Gaussian-
based models, particularly in capturing extreme tail behavior. Backtest-
ing further confirmed their adequacy at higher confidence levels, where
recurrent models showed limitations. While RNN-based approaches
yielded stable VaR and ES estimates aligned with historical simulation
benchmarks, they struggled with extreme quantile calibration, often
failing coverage tests at the 99% and 99.5% levels. Taken together,
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Table 10

1-day ahead Value-at-Risk (VaR,) expressed as a percentage under various significance levels.
Method VaR, ES,

0.1 0.05 0.01 0.005 0.1 0.05 0.01 0.005

HS -1.151 -1.876 —-4.476 —5.860 —2.532 -3.604 —6.723 —8.406
Gaussian -1.708 -2.195 -3.107 —3.442 —2.342 -2.754 -3.561 -3.865
Cornish-Fisher —0.394 -2.189 -8.815 -12.549 -1.369 -5.911 —-8.815 -12.549
Monte Carlo simulations —-1.648 —-2.146 —2.988 -3.341 —-2.502 —2.968 -3.659 -3.816
Gaussian-EGARCH(1,1) -1.780 -2.670 —-5.510 —-8.148 -2.326 -3.532 —7.598 —9.994
Skewed-Gaussian-EGARCH(1,1) -1.806 -2.731 -5.677 —-8.227 -2.338 -3.578 -7.741 —10.169
t-EGARCH(1,1) -1.431 —-2.398 -7.144 -11.849 —-1.852 -3.150 -9.575 -14.320
Skewed-t-EGARCH(1,1) -1.478 -2.480 -7.367 -12.220 —-1.903 -3.265 -9.885 —14.790
GED-EGARCH(1,1) -1.561 —3.462 —-35.607 —77.694 -2.109 -5.122 —42.772 —85.980
LSTM -1.168 -1.919 -4.328 -5.252 —2.450 —3.425 -6.220 -7.737
Bi-LSTM —-1.158 —1.883 —-4.370 -5.233 —2.463 —3.460 —6.296 —7.848
GRU -1.157 —-1.855 —4.354 —-5.420 —2.452 -3.459 -6.314 —7.889
Bi-GRU -1.150 -1.862 —4.325 —-5.567 —2.473 —3.498 -6.417 -8.015

Table 11

Backtesting results of the model’s VaR predictions at 90% and 95% confidence levels, evaluating

forecasts against observed returns.

the accuracy of risk

Method 90% CL 95% CL

LRMC LRCC LRML‘ LRCU
HS 3.1226(0.07) 9.9705(0.0068)* 11.6913(0.001)° 18.3602(0.00)
Gaussian 51.2127(0.00)" 58.9097(0.000)* 18.2767(0.000)° 22.8784(0.00)°

Cornish-Fisher

Monte Carlo simulations
Gaussian-EGARCH(1,1)
Skewed-Gaussian-EGARCH(1,1)
t-EGARCH(1,1)
Skewed-t-EGARCH(1,1)
GED-EGARCH(1,1)

181.0982(0.00)*
40.0867(0.00)*
Inf(0)*
24.236(0)*

NaN

NaN

NaN

202.4017(0.000)"
45.1316(0.000)*
Inf(0)*
32.758(0)*

NaN

NaN

NaN

18.2767(0.000)*
24.6259(0.000)"
0.097(0.755)
3.397(0.065)
7.52(0.01)*
1.344(0.246)
2.502(0.114)

22.8784(0.00)*
26.4245(0.00)*
4.251(0.119)
6.311(0.043)°
15.468(0)"
9.455(0.009)*
18.765(0)"

LSTM 902.8770(0.00)* 923.3082(0.000)* 1427.0199(0.000)* 1447.451(0.00)*
BiLSTM 7.5774(0.00)* 7.5909(0.000)* 8.0479(0.000)* 8.0564(0.00)*
GRU 7.5704(0.00)* 7.5841(0.000)* 8.0421(0.000)* 8.0506(0.00)*
BiGRU 7.4690(0.00)* 7.4762(0.000)* 7.9583(0.000)* 7.9627(0.00)*

2 Reject H,.

Table 12

Backtesting results of the model’s VaR forecasts at 99%

risk predictions against observed returns.

and 99.5% confidence levels, assessing the accuracy of extreme

Method 99% CL 99.5% CL

LRNC LR{‘C LRu(‘ LRCC
HS 5.7684(0.0163) 5.7791(0.0556) 3.1226(0.0772) 9.9705(0.0068)*
Gaussian 3.5416(0.0598) 3.5657(0.1682) 51.2127(0.000)° 58.9097(0.000)°

Cornish-Fisher
Monte Carlo simulations

NaN
3.5416(0.0599)

NaN
3.5657(0.1682)

NaN
0.1639(0.685585)

NaN
0.1880(0.9103)

Gaussian-EGARCH(1,1) 20.117(0)* 22.623(0)* 33.161(0)* 34.341(0)*
Skewed-Gaussian-EGARCH(1,1) 10.442(0.001)* 14.371(0.001)* 23.052(0)* 23.954(0)*
t-EGARCH(1,1) 1.439(0.23) 2.29(0.318) 0.235(0.628) 0.34(0.843)
Skewed-t-EGARCH(1,1) 0.43(0.512) 1.137(0.567) 1.139(0.286) 1.212(0.546)
GED-EGARCH(1,1) 0.085(0.77) 0.582(0.748) 0.11(0.74) 0.275(0.872)
LSTM 2702.2069(0.000)* 2722.6381(0.000)" 3260.1801(0.000)" 3280.6113(0.000)"
BiLSTM 8.6985(0.000)* 8.7029(0.000)* 8.8887(0.000)" 8.8924(0.000)*
GRU 8.6938(0.000)* 8.6982(0.000)* 8.8843(0.000)* 8.8879(0.000)*
BiGRU 8.6265(0.000)" 8.6287(0.000)" 8.8203(0.000)* 8.8221(0.000)"

2 Reject H,.

the findings underscore the complementary strengths of the two mod-
eling paradigms. Traditional heavy-tailed GARCH models remain the
benchmark for regulatory risk management due to their superior tail
calibration, while recurrent structures offer valuable improvements in
forecasting accuracy and flexibility for practical applications.
Nevertheless, several limitations should be acknowledged. Although
the dataset covers 17 years, the effective sample size for training recur-
rent models is relatively modest, which may constrain generalizability,
particularly for broader GCC markets. Moreover, signs of overfitting
in LSTM and BiLSTM highlight the need for further methodological
refinement. Future research should consider hybrid approaches that

combine the statistical rigor of GARCH with the predictive flexibility
of recurrent networks, integrate sentiment and macroeconomic indica-
tors, validate models across different markets, and apply regularization
strategies such as dropout, early stopping, or ensemble methods. These
extensions would strengthen the robustness and practical relevance of
risk forecasting in emerging financial markets.
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