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Introduction

This PhD dissertation consists of four chapters, which all contain new results.
These results have been published in our papers [3], [2], [1] and [5], respectively.
Before giving an overview of the contents of the chapters, we make some
introductory notes on the subject of our thesis.

In the first three chapters we deal with the numbers of solutions of various
important classes of decomposable polynomial equations. Namely, we shall be
concerned with diophantine equations of the form

Fx)=b in x=(z1,...,2m) € ZY, (0.1)
and, more generally,

F(x)=bpi'...p2* in x=(z1,...,2m,m) € Z™
and Z1y...,%5 € ZZO (02)
with (z1,...,Zm,p1...ps) =1if s > 0.

and
F(x) € bZ}s in x=(z1,...,om) € 25, (0.3)

where S = {p1,...,ps} is a finite set of s > 0 primes, Zg is the ring of S-
integers in Q, Z denotes the unit group of Zg, b is a non-zero rational integer
with (b,p1...ps) =1if s >0, and F(X) = F(Xy,...,Xm) € Zs[X1,..., Xn]
is a decomposable polynomial, that is a polynomial which factorizes into lin-
ear factors with algebraic coefficients. Equations (0.1), (0.2) and (0.3) are
called decomposable polynomial equations, and in particular (0.2) a decompos-
able polynomial equation of Mahler type. Very important is the case when
F' is homogeneous, in this case (0.1), (0.2) and (0.3) are called decompos-
able form equations. The most important classes of decomposable polynomial



equations are Thue equations, Thue-Mahler equations, norm form equations,
discriminant form equations, index form equations, resultant form equations,
and their inhomogeneous generalizations. They have many significant appli-
cations, among others in algebraic number theory. For the extremely rich
literature of these equations and their applications, here we refer to the books
(7], [19], [39], [40] and the survey papers [12], [16], [27], [28].

As is known, in case of decomposable form equations (0.2) and (0.3) are
in fact equivalent, and the number of solutions of (0.2) coincides with the
number of so-called “cosets of solutions” of (0.3) (cf. Chapters 2,3). In the
inhomogeneous case, we cannot speak about “cosets of solutions”, but the
number of solutions of (0.2) does not exceed that of (0.3). Hence, in this case
it is enough to derive bounds for the number of solutions of (0.3).

The main results of the first chapter provide explicit upper bounds for the
number of solutions of general decomposable polynomial equations of the form
(0.1) and (0.3). Some consequences are also presented to certain important
special types of decomposable polynomial equations. We note that all the
results obtained in the first chapter are valid also in the case of homogeneous
equations, but in this special situation slightly better results are known in
the literature. Hence in this chapter we shall restrict ourselves mainly to
inhomogeneous equations.

The second and third chapters are devoted to norm form, discriminant
form and index form equations, which are particularly important from the
point of view of applications. Under certain general conditions we give explicit
upper bounds for the number of solutions which are much better than the
bounds of the first chapter specialized to the homogeneous case, and provide
significant improvements of the previous bounds which were earlier obtained
on the equations under consideration.

In Chapters 1,2 and 3, we shall use several deep results from the litera-
ture to prove our theorems. We remark that some of these results have been
established by means of various recent improvements of Schmidt’s powerful
quantitative subspace theorem; for a survey on Schmidt’s theorem and its
improvements see [17].

In the fourth chapter, a problem of P. Turdn concerning irreducible poly-
nomials is investigated. The problems studied in the first three chapters are
clearly of diophantine nature. We note that the study of the irreducibility of
polynomials with integer coefficients is also a diophantine question. Indeed,
if such a polynomial is not irreducible, then it can be written as a product of



two polynomials with integer coefficients. Now regarding the coefficients of the
factors as variables, calculating the product of the two factors and comparing
the coefficients of the product with the original polynomial we get a system
of diophantine equations to be solved.

In what follows, we briefly present the contents of chapters 1,2,3 and 4,
respectively.

Decomposable form equations have been very extensively studied in the
literature. Various ineffective finiteness results have been established which
do not provide, however, any algorithm for determining the solutions. Later,
several effective theorems have also been obtained which give explicit upper
bounds for the solutions. Further, explicit upper bounds were derived for the
number of solutions which bounds are independent of the coefficients of F.
For such results we refer to the books [19], [39], [40], the survey papers [12],
[16], [26], [27], [28] and the references given there.

The first (ineffective) upper bound for the number of solutions of general in-
homogeneous decomposable polynomial equations was given by Evertse, Gaal
and Gy6ry in [10]. They provided a necessary and sufficient condition for
equation (0.1) to have only finitely many solutions for every S and b. Further,
under this finiteness condition they derived an upper bound for the numbers
of solutions of such equations. This bound was given explicitly in terms of the
numbers of solutions of some appropriate unit equations. However, when [10]
was written, no explicit upper bound was known for the number of solutions of
unit equations. It should be remarked that the results of [10] were established
in a more general situation, for the case when the ground ring is an arbitrary
finitely generated integral domain over Z.

Combining the upper bound in [10] with a recent bound of Evertse [8] on
the number of solutions of unit equations, one can now give easily an explicit
upper bound for the number of solutions of equation (0.1). However, the
bound so obtained is very large in terms of the degree of F', because it is an
exponential function of the degree of the splitting field of F'. In the first chapter
we follow a completely different approach, and under the finiteness condition of
[10] we give much better upper bounds for the the number of solutions of (0.1)
which are already polynomial in terms of the degree of F. Further, we show



that the finiteness criteria of [10] is not valid in the case of the more general
equations of the form (0.3). We also give a sufficient condition for the finiteness
of the number of solutions of equation (0.3), and under this condition we derive
an explicit upper bound for the number of solutions. Further, in the case
b =1 we give a bound for the number of solutions of (0.3) subject only to the
condition that this number is finite. Several consequences of these results are
also presented for special decomposable polynomial equations. We give among
others upper bounds for the numbers of solutions of inhomogeneous Thue
equations, discriminant polynomial equations, norm polynomial equations and
resultant polynomial equations. To prove our theorems, we utilize some deep
results of Gy6ry [23] and Evertse and Gy6ry [14] on the number of families of
solutions of decomposable form equations whose proofs depend, among other
things, on recent quantitative versions of Schmidt’s subspace theorem. The
results presented in the first chapter are joint results with my supervisor, Prof.
K. Gy6ry, and will be published in our joint paper [3].

II

In the second chapter we deal with norm form equations. A norm form is
a decomposable form of the type

F(X) = agNK/Q(Ole + -+ Olme),

where a1,...,aq,, are linearly independent elements of a number field K of
degree n over Q, and ag is a non-zero rational number which is chosen so that
F has its coefficients in Z.

Let p1,...,ps be rational primes with s > 0, and b € Z \ {0} a rational
integer which is relatively prime to pi,...,ps if s > 0. The equations of the
form

aoNkglarzy + -+ +amm) = bpi* ... p5°
in z,...,rm € Z, (04)
and z1,...,25 € Z>g .

with (z1,...,Zm,p1...ps) =1 if s >0,

are called norm form equations, and for s > 0, norm form equations of Mahler
type.



In the case s = 0, Schmidt [36] gave a criterion for (0.4) to have only finitely
many solutions for any b € Z \ {0}. In [35] Schlickewei extended Schmidt’s
result to the case s > 0. These results were proved by using Schmidt’s subspace
theorem, and thus they are ineffective.

Later, Gyéry and Papp (s = 0) and Gyéry (s > 0) derived effective finite-
ness results for a large class of norm form equations; see [19] and [20] for
references. For example, Gy6ry [20] derived explicit bounds for the solutions
under the assumption that

(i) zm # 0, a1 = 1,9,...,m—1 are Q-linearly independent and «,, has
degree at least 3 over Q(aq, ..., xn—1),
or that

(ii) the degree of «; is at least 3 over Q(ay,..., 1) fori =2,...,m.

We remark that in (i) and (ii) the conditions concerning the degrees are nec-
essary. Further, it is interesting to note that this finiteness result in the case
(i) cannot be deduced even in an ineffective form from the finiteness theorems
of Schmidt and Schlickewei. In 1985 Evertse and Gy6ry [11] gave explicit up-
per bounds for the number of solutions of norm form equations of the form
(0.4) under the hypotheses (i) and (ii). Later Gy6ry [23], Evertse [8] and Ev-
ertse and Gy6ry [14] derived general upper bounds for arbitrary norm form
equations which include the case (ii), but not the case (i). For further results
concerning norm form equations, see [39], [27] and the references given there.

In the second chapter we considerably improve the above-mentioned
bounds of [11]. Following an idea of Gyéry, we reduce equation (0.4) to a
relative Thue-Mahler equation, and then we use a result of Evertse [9] to
estimate the number of solutions of this equation. We also give a further im-
provement on the number of solutions of (0.4) which is valid for all but at
most finitely many possible values of the constant term b of the equation. Our
bound obtained under the assumption (ii) is better for almost all b than the
general bounds of [23], [8] and [14]. Further, we give an explicit upper bound
for the number of exceptional values of b. To prove this result, first we apply
Gyo6ry’s method to reduce equation (0.4) to a system of unit equations and
then we use results of Evertse, Gy6ry, Stewart and Tijdeman [15] and Evertse
and Gyo6ry [14] to derive our upper bound for the number of solutions. The
bound for the number of exceptional values is obtained by combining results
from [6], [17] and [22]. We note that in [15], [14], [17], and [22] the proofs



of the results in question involve, among other things, the Thue-Siegel-Roth-
Schmidt method and its recent quantitative versions. The results of Chapter
2 are published in our paper [2].

III

In the third chapter we present our new results concerning the number of
solutions of index form equations. An index form equation of Mahler type is
an equation of the form

I(zg,...,z,) = £Ip}" ... p%
in x9,...,xy, €7,

(0.5)
and zi1,...,25 € Z>g

with (zo,...,2n,p1...ps) =11if s >0,

where I(X) = I(Xg,...,X,) is the index form corresponding to a given inte-
gral basis of a given number field K, pq, ..., ps are rational primes with s > 0,
and [ is a rational integer which is relatively prime to pi1,...,ps if s > 0.

The first finiteness result concerning index form equations is due to Gyory
[18]. He considered the most interesting case when s = 0. He first reduced
equation (0.5) to a system of unit equations and using his effective results
on these equations he gave explicit upper bounds for the solutions of (0.5).
Gyory’s result was later generalized to Mahler type equations by Trelina [42]
and Gyéry and Papp [29].

In 1985, Evertse and Gy6ry [11] derived an explicit upper bound for the
number of solutions of equation (0.5). This bound was a consequence of their
more general result on decomposable form equations. Later, Evertse [8] and
Evertse and Gyéry [14] improved their results on decomposable form equa-
tions, and thereby also the bounds for the number of solutions of equation
(0.5). For further results concerning discriminant and index form equations
see the survey paper [28] and the references given there.

For given n > 5, almost all number fields K of degree n have the property
that the Galois group of K (more precisely, that of the normal closure of K over
Q) is triply transitive. In the important special case when the Galois group,
g, of K is triply transitive, Gy6ry [28] improved considerably the bounds
established in [11] and [8] for the number of solutions of (0.5). In the third
chapter, under the same assumptions on the Galois group G we considerably



improve the bound of Evertse and Gyéry [14] for almost all values of I, and
we also give a bound for the number of exceptional values of I. To prove
this result we use a similar method to that applied in Chapter 2 to norm
form equations. We also combine Gydry’s method on reducing decomposable
form equations to unit equations with the above-mentioned results from [15],
[14], [6], [17] and [22]. As consequences of our result, we present some results
concerning discriminant form equations and the number of elements with given
discriminant in a given number field. The results of the third chapter are
published in [1].

v

In the fourth chapter some new results are presented on a problem of P.
Turdn concerning the “distance” of polynomials to irreducible polynomials. It
is well-known that there are infinitely many irreducible polynomials in Z[x] for
each given degree, and that (cf. H.-W. Knobloch [31]) the “majority” of these
polynomials are irreducible. This suggests that the “distance” of a polynomial
to the “nearest” irreducible polynomial cannot be too large. By the “distance”
of two polynomials in Z[z] we mean the following. The sum of the absolute
values of the coefficients of a polynomial P € Z[z] is called the length of P,
and is denoted by |P|. The distance of two polynomials P,Q € Z[z] is then
defined as |P — Q)|.

P. Turdn asked the following question: Does there exist an absolute con-
stant C such that for every P(z) € Z[z] of degree n, there is a polynomial
Q(z) € Z[z] which is irreducible over Q, and satisfies the conditions that
deg(@) < nand |[P—-Q| < C?

This problem turned out to be a very hard one. The best known result in
this direction is due to Schinzel [34], who gave an affirmative answer to the
above question in the case when we omit the condition deg(Q)) < n. For a
related result see Gy6ry [25].

Using computational methods, in [4] we proved with Hajdu that for poly-
nomials of degree < 22 we have Cy < 4. This result was included in [30].

Later, we continued our work on Turdn’s problem, and the fourth chapter
contains our new results on the topic. On one hand, we refined our algorithms
and we extended our result to polynomials of degree < 24. These results have
been published in [5]. On the other hand, quite recently we have obtained some
new results concerning extreme polynomials (for a definition see Chapter 4).
These results are not published yet.






Chapter 1

On the number of solutions of
general decomposable
polynomial equations

1.1 Introduction

Let F(X) = F(X1,...,Xn) € QX1,...,X,] be a decomposable polynomial
of degree n > 3 in m > 2 variables, that is a polynomial which can be written
in the form

where [1(X), ..., 1, (X) are linear polynomials with coefficients in an algebraic
number field G. This factorization is unique up to proportional factors from
G*. Let S = {p1,...,ps} be a finite set of s > 0 rational primes, and denote
by Zg the ring of S-integers in Q. Consider the equation

F(x)=b in x=(z1,...,7m) € 2, (1.1)

where b is a given non-zero S-integer. We assume throughout the present
chapter that F' has its coefficients in Zg. Then (1.1) is called a decomposable
polynomial equation over Zg. If in particular F' is a form, (1.1) is a decom-
posable form equation.

We recall (cf. [13]) that if F is a finite set of linear forms in G[ X1, ..., Xk],
k > 2, then a non-zero Q-linear subspace V of the vector space QF is called



F-non-degenerate if F contains a subset of at least three linear forms whose
restrictions to V are linearly dependent, but pairwise linearly independent.
Otherwise V is called F-degenerate. Further, V is called F-admissible if no
form in F vanishes identically on V.

Denote by £ a maximal subset of pairwise linearly independent polynomi-

als among the linear factors lq,...,[, of F' over G. Put
Xl Xm
Lr=1{X U< X -l :lels.
{ m+1} { m <Xm+1’ ’ Xm-l-l) © }
Then L* consists of linear forms in X, ..., X;,11 with coefficients in G.

It was shown in [10], Theorem 1, that (1.1) has only finitely many solutions
for every S and b if and only if the following condition holds: (i) the linear
forms in £* have rank m+1 over GG, and every L*-admissible linear subspace of
Q™! of dimension > 3 is £*-non-degenerate. Further, under the assumption
(i), a non-explicit bound was derived (cf. [10], Theorem 2) for the number
of solutions of (1.1) which does not depend on the coefficients of F. This
bound was given explicitly in terms of the numbers of solutions of some unit
equations. However, when the paper [10] was written, no explicit upper bound
was available on the number of solutions of unit equations. On combining the
bound of [10] with an explicit upper bound of Evertse [8] on the number of
solutions of unit equations, one can easily show that under the assumption (i),
our equation (1.1) has at most

(218 ) 702 (b (0412

(1.2)
solutions. Here wg(b) denotes the number of those distinct primes p, not
contained in S, for which p|b in Zg, and g denotes the degree of the field G
over Q. If G is chosen to be the splitting field of F' over Q then g < n!, and
this bound for g cannot be diminished in general.

In this chapter we give a much better explicit upper bound for the number
of solutions of (1.1) which is already polynomial in terms of n. Further, we
extend our result to the more general equation

F(x) € bZj in x=(z1,...,2mn) € 2, (1.3)

where Z denotes the group of S-units in Zg. We point out that under the
assumption (i) this equation may have infinitely many solutions. Then we
show that (i) together with the condition that (i’) for at least one polynomial

10



I* € L* we have [*(a) # 0 for any 0 # a € Q™*!, imply already the finiteness
of the number of solutions. Further, under these assumptions we derive explicit
upper bounds for the number of solutions of (1.3). Moreover, for b = 1, we
give a similar upper bound, provided only that the number of solutions of
(1.3) is finite.

The significant improvement in our bounds is due to a new approach which
is different from that of [10]. As a generalization of Schmidt’s famous results
[37] on norm form equations, Gy6ry [23] proved that in case of homogeneous
F, the set of solutions of both (1.1) and (1.3) is the union of finitely many
so-called families of solutions. Further, he gave an explicit upper bound for
the number of these families. This bound was later improved by Evertse and
Gyéry [14]. In the proofs of our main results we first reduce equations (1.1) and
(1.3) to homogeneous decomposable polynomial equations in m + 1 unknowns.
Then we apply the above-mentioned results of [23] and [14] to derive bounds
for the numbers of solutions of (1.1) and (1.3).

We give several consequences for inhomogeneous Thue equations, discrim-
inant polynomial equations, norm polynomial equations and resultant poly-
nomial equations. In particular, our results are valid also in the homogeneous
case. However, in this case slightly better estimates are known in the literature,
hence we shall not deal here with applications of our results to decomposable
form equations.

1.2 Main new results

To state our results we need some further notation. For a prime p not contained
in S, denote by ord,(b) the greatest integer a such that p®|b in Zg. Put

s(b,n,m) = <n:r; 1>ws(b) H (ordp(Ter + m)

p prime
Pg¢S

where the product is taken over all primes p not contained in .S, and let

5(m) = ;(m 1) (m + 2)(2m + 3) — 4.

We note that d(m) < 2(m + 1)3. We also use the notation introduced in
Section 1.1.

Theorem 1.1. Suppose that

11



(i) the linear forms in L* have rank m+ 1 over G, and every L*-admissible
linear subspace of Q"L of dimension > 3 is L*-non-degenerate.

Then the number of solutions of equation (1.1) does not exceed the bounds
n (217n) " g (b, n,m) (1.4)

and

n (217n)5(m)(s+w5(b)+1) . (15)

As is easily seen, the bound (1.5) is in general much better than (1.2).
In the special case when in (1.1) F is homogeneous, the assumption (i) is
equivalent (cf. [10], Corollary 1) to the fact that every L-admissible linear
subspace of Q" of dimension > 2 is £-non-degenerate. In this case slightly
better bounds are given in [8] and [14] for the number of solutions of (1.1).

Our example given below shows that in contrast with the case of decom-
posable form equations, Theorem 1.1 cannot be generalized for decomposable
polynomial equations of the form (1.3). However, if we replace condition (i)
of Theorem 1.1 with a stronger assumption, we are able to derive a finiteness
theorem and explicit bounds for the number of solutions of (1.3).

Theorem 1.2. Suppose that the condition (i) holds, and that

(i) for at least one polynomial I* € L* we have [*(a) # 0 for any 0 # a €
Q.

Then the number of solutions of equation (1.3) does not exceed the bound
(217n) J(m)(s+w5(b)+1) . (16)

As a consequence of Theorem 1.2 we give now another finiteness condition
for the number of solutions of (1.3) which is sometimes easier to check. Let

L5 =L\ {Xmy1}.
Corollary 1.1. Suppose that

(ii") L§ has rank m + 1 over G, and that I*(a) # 0 for each I* € L§ and for
any 0 #a € Qntt.

Then the number of solutions of (1.3) does not exceed the bound (1.6).

12



We note that in the inhomogeneous case our Theorem 1.2 and Corollary 1.1
provide bounds also for the number of solutions of the corresponding Mahler
type equation of the form (0.2).

The following example shows that condition (i’) in Theorem 1.2 is also
necessary.

Example: Put S = {5, 13} and consider the polynomial F/(X;, Xs) = (4X; +
6X2—5)(X2+4)(X2+12) € Zg[X1, X3]. This polynomial satisfies the condition
(i) of Theorem 1.2, but there is no linear factor [ of F' for which the corre-
sponding linear form [*(X7, X9, X3) has the property that [*(z1,z9,23) # 0
for (0,0,0) # (21,72, 23) € Q3. It is easy to see that the equation

F(z1,22) €Z% in z1,29 € Zg
has infinitely many solutions of the form (x,1).

Theorem 1.3. Assume that rank(L*) = m+ 1 and b = 1. If the number of
solutions of (1.3) is finite, then this number does not exceed the bound

(217n)5(m)(s+1). (17)

In the next section we formulate some consequences and applications of
our Theorems 1.1 to 1.3. Following our proofs, our results could be extended
to the case when the ground ring is a ring of S-integers of an arbitrary number
field. We shall not work this out here.

1.3 Some consequences and applications

First let Fy(X) = Fo(Xq,...,Xm) € Zg[X1,...,Xm] be a decomposable form
in m > 2 variables and assume that

=1
with linear forms h;(X) € G[X1,...,Xy] for i = 1,...,n. Let £y denote a
maximal subset of pairwise non-proportional linear forms in {hy, ..., h,} over

G. Let A be the set of all n-tuples A = (\1,...,\,) € G™ for which the
decomposable polynomial

n

Fx(X) = JJ(hs(X) + X))
=1

13



has its coefficients in Zg. Clearly, Fo(X) = Fy(X), hence 0 € A. Our Theorem
1.1 implies the following.

Corollary 1.2. Suppose that
(ii) every subspace of Q™ of dimension > 2 is Lo-non-degenerate.

Then for any b € Zg \ {0} and for every fized X € A, the number of solutions
of the equation

Fyx(x)=b in x€ZY (1.8)
does not exceed the bounds occurring in (1.4) and (1.5).

In what follows, we apply Corollary 1.2 to inhomogeneous Thue equations,
discriminant polynomial equations and norm polynomial equations. In case
of equations considered over Zg, our Corollary 1.2 and Corollaries 1.3, 1.5
and 1.7 below give improved, explicit versions of Corollaries 2 to 5 of [10]
in which non-explicit bounds were given for the numbers of solutions of the
corresponding equations.

Let F(X1,Xs5) € Zg[X1, X2] be a decomposable polynomial of degree n.
Assume that

n

P(X1, Xa) = [J(ha(X1, X2) + X)) (1.9)
i1

where h;(X7, X2) is a linear form with coefficients in G and \; € G for i =
1,...,n. Let b be a non-zero S-integer.

Corollary 1.3. Suppose that

(iii) there are at least three pairwise linearly independent forms among
hi(X1, X2), ..., hn(X1, X2).

Then the number of solutions of the inhomogeneous Thue equation

F(zi,29) =b in 1,29 € Lg (1.10)
does not exceed the bounds
n (21771) . ’ z:bS(ba n, 2)

and
n (217n) 52(s+ws (b)+1) .
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From Theorem 1.2 we shall deduce the following.
Corollary 1.4. Suppose that

(iii’) there are at least three linearly independent polynomials among
hi(X1,X2) + A, hn (X1, X2) + A\, and that for some i, hi(x1,z2) &
{0, —X;} for any (0,0) # (z1,z2) € Q.

Then the number of solutions of the equation
F((L‘l,.’L‘Q) EbZ*S m  x1,Ty € Lg (1.11)

does not exceed the bound

(217’]’L) 52(S+u)5(b)+1) )

The bounds in Corollaries 1.3 and 1.4 are valid also in the case of Thue
and Thue-Mahler equations, when \; = 0 for s = 1,...,n. However, when in
(1.10) F(Xi,X>) is an irreducible binary form, Evertse [9] obtained a much
better bound for the numbers of solutions of (1.10) and (1.11).

Let M be a number field of degree n > 3, a9 = 1,1,...,qn linearly
independent elements of M over Q such that M = Q(aq,...,®,), and A an
arbitrary element of M. Let o1 = id, 09, ...,0, be the Q~isomorphisms of M
into C. For any o € M, let o = 5;(a). Put

LOX) == Xo+ ol X1 + -+ ald X,, + A0
with the convention that L(X) = L) (X). Then the decomposable polynomial

Dyjo(L(X) = [ @E9X)-LVX))?

1<i<j<n

is called a discriminant polynomial. We consider the discriminant polynomial
equation

aoDyrjglanzr + - + Ty +A) =b in z1,..., 7 € Zg, (1.12)

where ag € Q*, b € Zg \ {0}. Further, suppose that ag is chosen such that the
discriminant polynomial agDys/q(1 X1 + -+ - + @, X + A) has its coefficients
in Zg.
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Corollary 1.5. Under the above conditions, the number of solutions of equa-
tion (1.12) does not exceed the bounds (1.4) and (1.5) with n replaced by
n(n —1).

In the important special case A = 0, somewhat better bounds follow for
the number of solutions of (1.12) from the results of [8] and [14] concerning
decomposable form equations. Under some conditions on the normal closure
of M/Q, even better bounds can be found in [11], [1] and [28] for A = 0.

With the above assumptions, consider the following generalization

aoDyrjglerzy + - + Ty + A) € VLG inxy,..., Ty € Ls (1.13)
of equation (1.12). From Corollary 1.1 we shall deduce the next

Corollary 1.6. Suppose that the number field M has no proper subfield, and
that 1,aq,...,am, A are linearly independent over Q. Then the number of
solutions of the equation (1.13) does not exceed the bound (1.6) with n replaced
by n(n —1).

In the case A = 0, the results of [8] and [14] concerning decomposable
form equations provide somewhat better bounds for the number of solutions
of (1.13).

Let again M be a number field of degree n > 3, a; = 1, g, . ..,y linearly
independent elements of M over Q such that M = Q(as,...,ap), and A € M.
As above, put

LOX) =l X) + -+ o X, + A0
Then the polynomial
n
Nyolan Xy + -+ + amXm +A) = HL(i) (X)
i=1
is called a norm polynomial. Consider the norm polynomial equation

aoNarjglanmr + -+ + apy +A) =b  inx1,...,2m € Zg, (1.14)

where b € Zg \ {0}, and ap € Q* is chosen so that the norm polynomial
aoNarjglan X1 + -+ + am Xm + A) has its coefficients in Zg.

Denote by M the Z-module generated by a,...,a, in M. M is called
non-degenerate if the Q-vector space generated by M does not contain any
subspace of the form puM' where p € M* and M’ is a subfield of M such that
Q C M' C M. Otherwise M is called degenerate.
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Corollary 1.7. Suppose that
(iv) M is non-degenerate.

Then the number of solutions of the equation (1.14) does not exceed the bounds
occurring in (1.4) and (1.5).

We note that for A = 0, slightly better bounds are given in [8] and [14] for
the number of solutions of (1.14).

As a generalization of (1.14), consider now the equation
aoNarjolonmy + - + iy + A) €25 in xy,...,%y € Ls. (1.15)

It is an immediate consequence of Corollary 1.1 that if ay,...,ay, and X are
linearly independent over Q then the number of solutions of equation (1.15)
does not exceed the bound (1.6). However, the number of solutions of (1.15)
can be finite also in the case when «4,...,q, and X are linearly dependent.
The following corollary follows immediately from our Theorem 1.3.

Corollary 1.8. Suppose that for b =1 equation (1.15) has only finitely many
solutions. Then the number of these solutions does not exceed the bound (1.7).

Finally, we apply Corollary 1.2 to resultant equations. Let P € Zg[X] be
a polynomial of degree n > 3 with leading coefficient ag and without multiple
zeros. Let aq,. .., a, denote the zeros of P, and put G = Q(ay,...,a,). Fixa
positive integer m, and let A = (A1,...,A,) € G™ such that the decomposable
polynomial
n
aﬁ"H(a?LX0+a£’“1X1+---+Xm+)\Z~) (1.16)
i=1
has its coefficients in Zg. This is the case e.g. for A = 0 when the corre-
sponding decomposable form in (1.16) is just the resultant Res(P, Q) of the
polynomials P(X) and Q(X) = XoX™ + X; X™ ! + ... + X,,,. Hence in the
case A = 0 we call (1.16) a resultant form, and in general a resultant polyno-
mial. We denote this polynomial by Resy (P, Q) with the above . Consider
the resultant polynomial equation

Resy(P,Q) =b in Q € Zg[X], (1.17)
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where b is a given non-zero element of Zg.
It follows from Theorem 5 of [25] that for A =0, b € Z§ and m < n/2, the
number of solutions of (1.17) in @ € Zg[X] with degree m is at most

DD (1.18)

2 (234n2
Further, it was pointed out in [25] that the assumption m < n/2 cannot be
replaced by m < n/2 in general.
From our Corollary 1.2 we shall deduce the following.

Corollary 1.9. Let m be a positive integer with m < n/2, and suppose that
P(X) has no non-constant divisor of degree < m in Q[X]. Then the number
of solutions Q(X) of (1.17) with degree m does not exceed the bounds (1.4)
and (1.5) with m replaced by m + 1.

For A = 0 and b € Z%, our bound (1.5) provided by Corollary 1.9 can be
compared with (1.18). It is likely that Corollary 1.9 remains still valid without
the assumption that P has no non-constant factor with rational coefficients
and with degree less than m.

We note that similar results can be deduced from Theorem 1.2 and
Corollary 1.1 for the number of those polynomials @Q € Zg[X] for which
Resy (P, Q) € bZ5.

1.4 Proofs

To prove our results we shall need some lemmas. First we introduce some
further notation.

Let F‘(X) € Zg[X1,...,Xg], kK > 2, be a decomposable form of degree
r > 3, and assume that there are k linearly independent linear forms among
the linear factors of F' over Q. Let b be a non-zero element of Zg, and consider
the decomposable form equation

F(x) € bZ% in x=(z1,...,03) € ZE. (1.19)

We recall that if x is a solution of (1.19) then so is ex for each € € Z§. Such
a set of solutions is called a Z§-coset of solutions of (1.19). The form F is a
product of norm forms. More precisely, it can be written in the form

P(X) =c[] Nu, 0l(X)),
j=1
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where ¢ € Q*, My,..., M; are algebraic number fields, and [;(X) is a linear
form in X = (X1,..., X}) with coefficients in M; for j = 1,...,¢ (cf [7], pp.
77-81). Let

A=M, @ ---d M,

denote the direct Q-algebra sum of My,..., M, i.e. the cartesian product
My X -+ - x My endowed with coordinatewise addition and multiplication. Thus
A is an algebra over Q with unit element 14 = (1,...,1). Denote by A* the
multiplicative group of invertible elements in A, and by N4,g(a) the norm of
a=(aq,...,0q) € A. Then we have

NA/Q(a) = NMl/Q(al) . NMt/Q(at)-
Denote by Mg the finitely generated Zg-module
{z=((x),...,li(x) : x € Z&}
in the algebra A. Now equation (1.19) can be written in the form
¢Najg(z) €bZY in =€ Ms. (1.20)

For any algebraic number field M we denote by Oy g the integral closure
of Zg in M, and by O}, ¢ the unit group of Oy 5. Similarly, for each Q-
subalgebra B of A with 1;1 € B we denote by Op g the integral closure of Zg
in B, and by OF ¢ the unit group of Op g. The dimension of A as a Q-vector
space is r, and the @-vector space V := MgQ generated by Mg over QQ has
dimension k. Put

bs(b) = (ki1>w5<”> 1 <ordp(£)_+1k— 1)

p prime
PE€S

and
e(k) = %k(k )2k 4+1) - 2.

Lemma 1.1. The set of solutions of equation (1.20) is contained in some
finite union

1105, g U UryOp, ¢ with w < (23372) k) H 1) 4 (b) (1.21)
such that fori=1,...,w, B; is a Q-subalgebra of A with 14 € B;, and z; € A*
with ©;B; C V.
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Proof. This is a special case of Theorem 1 of [14]. We note that the proof of
this theorem of [14] is based on a combination of some deep results of Gyéry
[23] and Evertse [8]. The proof of the result used from [8] depends on Evertse’s
improvement (cf. [17]) of Schmidt’s quantitative subspace theorem. O

We note that the expression ’(/35(()) appears in Lemma 4 of [14], and it is
an upper bound for the O% ¢-cosets of solutions of equation (1.20). Further,
Lemma 4 of [14] will be used also in Chapters 2 and 3. So the expressions
1s(b, n,m) occurring in Theorem 1.1, 1,,,(b) in Chapter 2 and 1 (I) in Chapter
3 are all derived from the same expression, namely from g (b).

Consider the above factorization of F' into linear factors, and let £ be a
maximal subset of pairwise linearly independent linear factors of F. By the
assumption made on the linear factors of F, L has rank k over Q. Hence the
linear mapping

: QP -V xe (L(x),...,1L(x)
gives an isomorphism between Q* and V.

Lemma 1.2. Let H be a non-zero subspace of the vector space QF. Then the
following statements are equivalent:

(a) H is L-admissible and L-degenerate;

(b) ®(H) = zB for some © € ®(H) N A* and some Q-subalgebra B of A
with 14 € B.

Proof. This is Lemma 8 of [23]. O

Lemma 1.3. Suppose that every L-admissible linear subspace of QF of di-
mension > 3 is L-non-degenerate. Then all solutions of (1.19) are contained
in a finite union

H,U---UH,

of at most two-dimensional subspaces Hy, ..., Hy, of Q% such that
w < (233,’A2)e(k)(s+1)1/35(b).

Proof. Consider equation (1.19) in the form (1.20). By Lemma 1.1, the set
of solutions of equation (1.20) is contained in some finite union of the form
(1.21) with the properties specified in Lemma 1.1.
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Now fix a coset z;0p. ¢ from (1.21). We have z;0%, s C z;iB;. Since z; B;
is a Q-linear subspace of V with 1 A € By, there exists a linear subspace H; of
Q* such that ®(H;) = z;B; and z; € ®(H;) N A*. Further, for each solution
x of (1.20) which is contained in x;B;, the corresponding solution x of (1.19)
is contained in H;, and vica versa. Moreover, by Lemma 1.2 we infer that
H; is an L-admissible and ﬁ—degenerate subspace of Q¢. However, by the
assumption of our Lemma 1.3, every L-admissible and ﬁ—degenerate subspace
of @ is of dimension < 2. This completes the proof of our lemma. U

Lemma 1.4. Suppose that equation (1.19) has only finitely many Z%-cosets
of solutions. Then this number is at most

(233T2)e(k)(s+1)¢s(b).
Proof. This is Corollary 2 in [14]. O

To prove Theorems 1.1, 1.2 and 1.3, we first introduce some notation.
Consider equations (1.1) and (1.3), where

F(X) :F(Xl,...,Xm) EZS[Xl,...,Xm]

is a decomposable polynomial of degree n > 3 in m > 2 variables. Let [, ..., [,
denote the linear factors of F over G. Put

X X
FWX“::FWXh“”Xﬁ“&M4*:Xﬁﬁ'F(X-LP-WX7;>,
m m
X1 Xom .
F(X* =X, .1 1
z( ) m+lz<Xm+1’ ’Xm—l—l)’ 7 , M

and
n1(X7) = Xpg1

Proof of Theorem 1.1. There is a one-to-one correspondence between the so-

lutions x = (z1,...,2y,) € Z% of (1.1) and the corresponding solutions
x* = (21,...,Tm, Tm+1) With 2,41 = 1 of the equation
F*(x*)=b in x*e€zZ*h (1.22)

We give an upper bound for the number of solutions of (1.22) with z,,+1 = 1.
By applying Lemma 1.3 to this equation we infer that all solutions of (1.22)
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w

are contained in a union |J H; of at most two-dimensional subspaces H; of
i=1

Q™! with

w < (23 (n +1)2)m NG Yo (b, n,m). (1.23)

If dimg H; = 1 then (1.22) can have at most one solution contained in
H; with z,.1 = 1. Hence it suffices to prove that for each two-dimensional
subspace H of Q™*!, there are at most n solutions x* = (z1,...,Tm, Tmi1)
of (1.22) with 2,41 = 1 which are contained in H. Suppose that (1.22)
has at least two such solutions, say x] and x3. Then they are Q-linearly
independent elements of H. Fix these x] and x3. Then for any solution
x* = (21, ., Tm, Tm1) of (1.22) with z,,41 = 1 which is contained in H, we
can write

X" = AX] + px; (1.24)
with suitable rational numbers A, 4. This implies that
IF(x*) = XN (x]) +pli(x3), i=1,...,n+1 (1.25)
which gives p =1 — X for i = n + 1. From (1.22) we infer that

n+1
b=F(x") = [] (7(xi —x5)A + 1 (x3)) (1.26)

=1

which is a polynomial of degree at most n in A. The assumption of Theorem 1.1
that £* has rank m + 1 over GG implies that this is not a constant polynomial
in A. Hence there are at most n possible values of A for which (1.26) and
(1.24) hold. Since 2e(m + 1) = §(m), this proves that the number of solutions
of equation (1.1) does not exceed the bound occurring in (1.4).

Next we derive the second bound (1.5) for the number of solutions. Let
S" = SU{p | p prime with p|b in Zg} and s’ the cardinality of S’. Then
s’ = s+ wg(b). Put F'(X) = F(X). Then from F(X) € Zg[X1,..., Xn],
b e Zf and S C S we deduce that F'(X) € Zg[Xy,...,Xp]. Further,
the number of solutions of equation (1.1) is not greater than the number of
solutions of the equation

F'(x)=1 in x€Z3. (1.27)
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However, the assumption (i) of our Theorem 1.1 clearly holds also for the poly-
nomial F’. Hence, by applying the above-proved statement of our Theorem
1.1 we deduce that equation (1.27) cannot have more than

n (217n)6(m)(81+1) “thgr (13 n, m)

solutions. Since g/ (1,n,m) = 1 and s’ = s+wg(b), the proof of our Theorem
1.1 is completed. O

Proof of Theorem 1.2. Let Zg be as above, and let Z%, denote the unit group
of Zg. For every solution x = (z1,...,2y,) € Z of (1.3), the corresponding
vector x* = (L1,...,Tm, Tmy1) With 2,11 = 1 is a solution of the equation

F*(x*) € Z% inx* ezt (1.28)

Further, each Z§,-coset of solutions of (1.28) contains at most one solution of
(1.3). Hence it suffices to derive an upper bound for the number of Z%,-cosets
of solutions of (1.28).

We may assume without loss of generality that the number field G is a
normal extension of Q. Let Og o denote the integral closure of Zg in G.
By Lemma 2 of [10] we may assume that the linear factors [y,...,[, of F are
chosen so that

for each solution x* € Z% ! of (1.28). Further, we may also assume that each

element o of Gal(G/Q) permutes the linear factors I7,..., [} of F*.

We first show that under the assumption of Theorem 1.2, equation (1.28)
has only finitely many 7Z,-cosets of solutions. By using Lemma 1.3 we infer
again as above that the solutions of (1.28) are contained in a finite union of
at most two-dimensional subspaces of Q*!. Each one-dimensional subspace
contains at most one Zg-coset of solutions. Hence it remains to show that
each fixed subspace H of Q! of dimension 2 contains at most finitely many
Z*-cosets of solutions.

The linear factor Iy, ; = Xy,41 is a divisor of the form F*(X*) over Zg:.
Hence (1.28) implies that each Z%,-coset of solutions of (1.28) contains exactly
one x* = (%1,...,Tm, Tm+1) With z,, 11 = 1. Such a solution x* will be called
normalized.

Suppose that H contains two distinct Zg,-cosets of solutions, say x7Z%,
and x37Z%,, where x} and x3 are normalized solutions of (1.28). Fix x} and
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x5. Then for each Z,-coset of solutions x*Z%g, C H where x* is normalized
we deduce again (1.24), (1.25) and, in place of (1.26),

n+1
T G (xi = x3)A + 15 (x5)) = F*(x*) € Z%. (1.30)

=1

In (1.24) x*,x} and x} are S'-integers and xJ, x5 are fixed. Hence using
Cramer’s rule one can easily see that there is a finite set S” of primes with
S" D S’ such that for each x* considered above, the corresponding value of A
is contained in Zgr. We show that the polynomial

n+1

P = [T 0 Ged = x5+ (x3)
=1

in A has at least two distinct zeros. Then, as is known (see e.g. [40], Ch. 10),
equation (1.30) has finitely many solutions in .

Put k; = IF (x3) /17 (x}) fori = 1,...,n. If ; € Q for some ¢, then by (1.29),
ki € QN O} ¢ = Z%, and so I} (x5 — k;x}) = 0 where 0 # x5 — k;x} € Q1.
However, by’our assumption, there is at least one [* € £* such that [*(a) # 0
for all 0 # a € @™*'. Consequently, there exists at least one 4 such that
ki € Q. But k; € G, hence there is a x; which is different from &; such that
kj = o(k;) for some o € Gal(G/Q). Then it is easy to check that

=i (3) /17 (%1 = x3) and - —15(x3) /15 (x7 — x3)

are distinct zeros of P(\). As was mentioned above, this implies that (1.30)
has only finitely many solutions A € Zg». Then also equation (1.28) has
only finitely many Z%,-cosets of solutions. We can now apply Lemma 1.4 to
equation (1.28) with the choicer =n+1, k=m+1,b=1,5 =5, and we
infer that the number of Z%,-cosets of solutions of (1.28) does not exceed the

bound
(233 (n+ 1)2)e(m+1)(s+ws(b)+1) )

Finally, as was mentioned above, this implies the bound (1.6) for the number
of solutions of (1.3).
O

Proof of Corollary 1.1. In view of Theorem 1.2 we only have to prove that
condition (ii’) implies conditions (i) and (i’). This means that we have to
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prove that under the assumption of our Corollary 1.1 every L*-admissible
subspace H of Q™! of dimension > 3 is £*-non-degenerate.

Suppose that H is £*-admissible and dimg H = ¢ > 3. By our assumption
we have rank(L§) = m + 1, and thus we get

n

X1 =Y cilf(X) (1.31)
=1

with suitable constants ¢;. The subspace H is L*-admissible and thus X, 1
does not vanish on H. Thus there exists a basis aj,...,a; of the subspace H
such that the (m + 1)th coordinate of aj is 1 and the (m + 1)th coordinates
of the vectors aj,...,a; are 0. Put

X*=Yia] +---+ Yia;.
Now X, 11 takes the form Y7 on H, and we also have
XY =Yili(@) +---+Yiili(a;), i=1,...,n

on H. Further, by (ii’) the coefficients of the forms Y7/} (a})+-- -+ Y} (a}) are
non-zero. Thus among the restrictions of the forms X,,41, I7(X*),..., 0 (X¥)
to the subspace H are at least two which are linearly independent. Further,
by (1.31) there are at least three forms among these restrictions which are
pairwise linearly independent. However, (1.31) implies that the restrictions of
Xm+1,0],...,1; to H are linearly dependent. Hence H is L£*-non-degenerate
and Corollary 1.1 follows from Theorem 1.2.

O

Proof of Theorem 1.3. Consider equation (1.3) and the corresponding equa-
tion (1.28) with b = 1. Then in (1.28) we have S’ = S. Further, for every
solution x = (z1,...,%y) of (1.3), x* = (z1,...,Zm, Tmy1) With 11 = 1 is
a solution of (1.28). Conversely, in view of b = 1 any Z%-coset of solutions of
(1.28) contains exactly one solution x* = (z1,...,Zm, Tmi1) With 41 = 1
and then x = (x1,...,2,,) is clearly a solution of (1.3). Hence the number of
solutions of (1.3) coincides with the number of Z%-cosets of solutions of (1.28).
By applying now Lemma 1.4 to equation (1.28) with r =n + 1, k = m + 1,
b =1 the assertion immediately follows.

U
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Proof of Corollary 1.2. It was proved in [10] that under the condition (ii) and
the other assumptions concerning equation (1.8), the condition (i) of our The-
orem 1.1 holds. Hence Corollary 1.2 follows at once from our Theorem 1.1. [J

Proof of Corollary 1.3. We prove that under the condition (iii), equation
(1.10) satisfies condition (ii) of our Corollary 1.2. By (iii) there are at least
three pairwise linearly independent linear forms in the set

Lo ={h1(X1,X2),...,hp(X1,X2)}.

We may suppose without loss of generality that these independent forms are
hi (X1, X5) = a; X1 4+ b; X5 for i = 1,2,3. These forms are obviously linearly
dependent. Hence Q? is Ly-non-degenerate, and so Corollary 1.3 follows at
once from Corollary 1.2. O

Proof of Corollary 1.4. It is easy to check that condition (iii’) of Corollary 1.4
implies conditions (i) and (i’) of Theorem 1.2 with m = 2. Hence Corollary
1.4 follows from Theorem 1.2. O

Proof of Corollary 1.5. We keep the notation of Corollary 1.5. Using some
ideas from the proof of Theorem 2 in [11] we prove that equation (1.12) satisfies
condition (ii) of Corollary 1.2. Put
LX) =l X) + -+ o) X,,..

Denote by £y a maximal subset of pairwise linearly independent forms among
ng) — ng), 1 <1 # j < n. Using the fact that 1,a1,...,qy are linearly
independent over Q it is easy to see that Lo has rank m. The set Lo is
spanned by the linear forms L(()l) — L(()] ), 2 < j < n. Then one can easily
show that for every subspace V of " of dimension > 2 there are at least two

(1)

forms among L, — L(()j ), 2 < 5 < n, which are linearly independent on V.
Without loss of generality we may suppose that these forms are L(()l) — Lg2) and
LY — LY. Then clearly LV — L{P, LY — Li¥ and L? — L) are pairwise
linearly independent on V' and

which implies that condition (ii) of Corollary 1.2 holds. Now Corollary 1.5 is
a simple consequence of Corollary 1.2. O
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Proof of Corollary 1.6. Keeping the above notation, put
FOX) = ol X 4+ a® X + AD X0

Denote by L a maximal subset of pairwise linearly independent forms among
0 —1*0) 1 < i < j < n. We can see as above that rank(Ly) = m + 1.
Further, if 1*() (a) — *U)(a) = 0 for some distinct i, j and some 0 # a € Q1
then /*(!) (a) cannot be a primitive element of M. However, by our assumptions
the field M is primitive, hence it follows that [*()(a) € Q which contradicts
the fact that 1,aq,...,a,, and X are linearly independent over Q. Thus the
condition (ii’) of Corollary 1.1 holds, and Corollary 1.6 follows from Corollary
1.1. O

Proof of Corollary 1.7. As was showed in [10], under the assumptions made
in Corollary 1.7, equation (1.14) satisfies the condition (ii) of our Corollary
1.2. Hence Corollary 1.7 follows immediately from Corollary 1.2. U

For any system F of linear forms with coefficients in a number field G,
denote by Vi (F) the G-vector space generated by the forms in F.

Lemma 1.5. Let F(XO,XI, .oy Xk) (k> 1) be a decomposable form of degree
n with coefficients in Q which factorizes into linear factors over a number field
G. Suppose that any k + 1 linear factors in the factorization ofF are linearly
independent. Denote by L a mazimal subset of pairwise linearly independent
forms among the linear factors of F. Then for each proper non-empty subset

L1 of L we have
(vg(cl) N Ve (c \ cl)) N L #0.
Proof. This is proved in the proof of Theorem 3 in [24]. O

Lemma 1.6. Under the assumptions of Lemma 1.5 the following two state-
ments are equivalent:

(a) Every L-admissible subspace of GE*Y of dimension > 2 is L-non-
degenerate;

(b) The forms in L have rank k + 1 over G and for each proper non-empty
subset L1 of L we have

(VG(ﬁl) NVa (ﬁ \ ﬁl)) aps # 0.

27



Proof. This is the Proposition in [13]. O

Proof of Corollary 1.9. For convenience, we denote by Fy(Xy,...,X,,) the
resultant polynomial occurring in (1.16). Then for each solution Q(X) =
o X™ + -+ 4z, of (1.17), z9, ..., Ty is a solution of the equation

Fx(zo,...,xm) =b in xg,..., 2, € Zs. (1.32)
Let Ly denote the set of linear forms
hi(X) =a"Xg+ o Xy + o+ Xy, i=1,...,m.

It is clear that any m + 1 forms in Ly are linearly independent over G, the
splitting field of Fy over Q.

By our assumptions, P(X) has no non-constant factor of degree < m in
Q[X]. This implies that for given ¢ with 1 < i < n, there are no linearly
independent vectors aj,as in Q7! such that h;(a;) = h;(ag) = 0. This
means that every linear subspace of Q" *! of dimension > 2 is £y-admissible.

We now show that every linear subspace V of Q! of dimension > 2 is
Lo-non-degenerate. Our equation (1.32) satisfies the conditions of Lemma 1.5.
Hence we have

Va(L£1) NVa (Lo \ L1)) N Lo # 0

for each proper non-empty subset £; of £y. By Lemma 1.6, this statement
is equivalent to the fact that every Ly-admissible G-linear subspace of G !
of dimension > 2 is Lj-non-degenerate. However, this implies that every
Lo-admissible linear subspace V of Q™! of dimension > 2 is also L£g-non-
degenerate. This proves our claim above. Therefore condition (ii) of Corollary
1.2 holds for equation (1.32), and Corollary 1.9 follows from Corollary 1.2 with
the choice m + 1 in place of m. O
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Chapter 2

On the number of solutions of
norm form equations

2.1 Introduction

Let a1 = 1,a9,...,a;, be linearly independent algebraic numbers over
and put K := Q(aq,...,qy,). Denote by n the degree [K : Q] of the field
K over the rationals and let oy = id,09,...,0, be the Q-isomorphisms of
K into C. For any o € K, put o) = o;(a). Consider the linear forms
10(X) = agi)Xl + -+ agfl)Xm for i = 1,...,n. We can choose a non-zero

rational integer ay such that the norm form
n .
F(X) := agNg (a1 X1 + -+ + anXp) = ag Hl(z) (X)
i=1

has its coefficients in Z. Let S = {p1,...,ps} be a set of s > 0 rational primes,
and b € Z \ {0} a rational integer which is relatively prime to pi,...,ps if
s > 0. The equation
aONK/Q(alxl + .- +C¥m$m) = bp'il .. .pis
in x1,...,2,m € Z, 2.1)
and z,...,25 € ZZO
with (z1,...,Zm,p1...ps) =1if s >0
is called a norm form equation, more precisely, for s > 0, a norm form equation
of Mahler type. We note that the well-known Thue equations and Thue-Mahler
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equations are special cases of equation (2.1).

Throughout this chapter we identify solutions x = (1,...,Zm), 21, .-, 2s
and x' = (#,...,2,,),2],..., 2, of equation (2.2) if x' = +x.

Denote by M = {ai,...,an,} the Z-module generated by a,...,ay, in
K. In the case when M is degenerate there is a b € Z\ {0} for which (2.1)
has infinitely many solutions for s = 0. Using his subspace theorem, Schmidt
[36] in the case s = 0 showed that if M is non-degenerate then (2.1) has only
finitely many solutions for every b € Z \ {0}. This result was generalized to
the case s > 0 by Schlickewei [35]. Later Schmidt [37] proved that for s = 0,
the set of solutions of (2.1) is the union of finitely many so-called “families
of solutions”. This theorem was generalized to equation (2.1) by Schlickewei
[35], to the so-called finitely generated case by Laurent [32], and to arbitrary
decomposable form equations by Gy6ry [23].

The results mentioned above are all ineffective. For a large class of norm
form equations, effective finiteness results were established by Gy6ry and Papp
and Gydry; for references see [19] and [20]. In [20] Gyéry proved in an effective
form that if «,, has degree at least 3 over the field Q(aq,...,@n—1) then
equation (2.1) has only finitely many solutions with z,, # 0. In this theorem
Zm 7 0 and the condition concerning the degree of o, are necessary. Further,
in this finiteness assertion it can happen that M is degenerate. Hence this
result of Gyory does not follow from the theorems of Schmidt and Schlickewei.
Evertse and Gyéry [11] proved in 1985 that under the assumption of Gyéry’s
theorem the number of solutions of (2.1) with z,, # 0 does not exceed

(4 . 79Cs+20(b)43)ym—1 (2.2)

where g denotes the degree of the normal closure of K over Q, and w(b) denotes
the number of distinct prime factors of b. As a consequence, they obtained a
similar bound for the number of all solutions, subject to the condition that
the degree of «; is at least 3 over Q(aq,...,q;—1) fori=2,... . m.

For non-degenerate M and s = 0, Schmidt ([38], see also [39]) derived
an explicit upper bound for the number of solutions of (2.1), which depends
only on n,m and the total number Q(b) of prime factors of b. In the proof
Schmidt used his quantitative subspace theorem. As a consequence of a more
general theorem concerning decomposable form equations, Gyéry [23] derived
an explicit upper bound for the number of families of solutions of (2.1). In par-
ticular, this gave an explicit upper bound for the number of solutions, which
depends only on n,m, s and Q(b), provided that the number of solutions is fi-
nite. Under this assumption, Evertse [8] derived later the bound (233,2)™"(s+1)
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for the number of solutions when b = 1. Under the same assumption, Evertse
and Gy®6ry [14] have recently established the bound

(233n2)e(m)(s+1) . wm(b) (23)

for the number of solutions, where e(m) = $m(m + 1)(2m + 1) — 2 and

=) M)

p prime
Further, they gave the upper bound

(233n2)e(m)(s+w(b)+1) (2.4)

in the non-degenerate case.

Our Corollaries 1.7 and 1.8 in Chapter 1 provide bounds also for the num-
ber of solutions of norm form equations, but these bounds are slightly weaker
than the above-mentioned bounds of Evertse and Gy6ry [14].

In this chapter we give significant improvements of the earlier bounds under
the assumptions considered in Gydry [20] and Evertse and Gyéry [11].

2.2 New results

Keeping the notation of Section 2.1, let again a; = 1, ao, ..., ay, be linearly
independent algebraic numbers over Q, let K = Q(av, ..., ay), and let ag # 0
be a rational integer such that the norm form agNg g(a1 X1 + -+ + amXm)
has its coefficients in Z. Let S = {p1,...,ps} be a set of s > 0 rational primes,
denote by Zg the ring of S-integers and by Zg the group of S-units in Q, and
let b be a non-zero rational integer which is relatively prime to pi,...,ps if
5> 0.

Theorem 2.1. Under the above assumptions, let L = Q(aq,...,0m—1), d =
[K : L] and f =[L:Q]. Suppose that d > 3. Then the number of solutions of
equation (2.1) with z, # 0 is at most

(5 - 108q)(s+w®)+ DI (2.5)
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The bound (2.5) is a significant improvement of the bound (2.2), since
it does not depend on the degree of the normal closure of K. It is likely
that the factor f is unnecessary in the exponent of our bound. In our case
f > m —1 holds. When e(m) > f, (2.5) is better than (2.4). However, in the
non-degenerate case (2.4) is valid for all solutions, including the case z,, = 0.

We note that under the conditions of Theorem 2.1, equation (2.1) can
have infinitely many solutions with z,, = 0 if the Z-module {a1,..., a1}
is degenerate. Hence the above-mentioned results of [38], [23], [8] and [14]
cannot be applied to our situation.

Following a standard argument from [20] or [11], our Theorem 2.1 could
be applied to the situation when «; has degree d > 3 over Q(a,...,q;—1) for
i =2,...,m. Then, with the notation f = [Q(a1,...,amn_1) : Q], Theorem 2.1
would give essentially the same bound as in (2.5) for the number of solutions
of (2.1). But in this case we have f > 3™~! hence (2.4) gives in general a
better bound for the number of solutions.

If s > 0 and the equation

aoNgglonwy + -+ + amzy,) € bZs in xy1,...,%y € Ls (2.6)
possesses a solution, then clearly it has infinitely many solutions. Indeed, if
X = (21,...,2m) € ZT is a solution of equation (2.6) then each element of the
set

xZs :={(ex1,...,6xm) 1 € € Zg}

is also a solution of equation (2.6). Such a set is called a Z§-coset of solutions
of the equation (2.6). Further, for any solution x, z1,..., 25 of equation (2.1)
x7Z% is a coset of solutions of equation (2.6), and conversely, in each coset of
solutions of equation (2.6) there exists exactly one solution of equation (2.1).
Thus Theorem 2.1 implies the following corollary.

Corollary 2.1. Under the assumptions of Theorem 2.1 the number of Zg-
cosets of solutions of the equation (2.6) does not exceed the bound in (2.5).

Let 1, (b) denote the expression defined in Section 2.1.

Theorem 2.2. Let the assumptions be the same as in Theorem 2.1, and let
n =[K :Q]. Then apart from finitely many values of b, equation (2.1) has at
most

2tpm () (2.7)
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solutions with x,, # 0. Further, the number of exceptional b’s is at most

33020 (n(s+1)+1) (2.8)

When b is not exceptional and ord,(b) is small for all prime divisors p of b,
(2.7) gives a considerable improvement of (2.2) As a consequence of Theorem
2.2, we get the following:

Corollary 2.2. Suppose that in (2.1) «; has degree at least 3 over the field
Qlar, ..., ai—1) fori=2,...,m. Then apart from finitely many values of b,
equation (2.1) has at most

- <Z> w(b) 1 (ordp(frz ir aln - 1) (2.9)

plb

p prime

solutions. Here r = [n/2] is the integer part of n/2. Further, the number of
the exceptional b’s is at most

.3020
me330 (n(s+1)+1).

In the case when b is not exceptional and ord,(b) is small for each prime
p|b, our Corollary 2.2 considerably improves Theorem 8 of Evertse and Gy6ry
[11] over Q. Furthermore, under the assumptions of the Corollary 2.2 our
bound (2.9) is much better then the general bound in (2.3).

Applying the results of our Theorem 2.2 to the case of equation (2.6) we
get the following corollary.

Corollary 2.3. Let the assumptions be the same as in Theorem 2.2. Apart
from finitely many values of b, the number of Z-cosets of solutions of equation
(2.6) does not exceed the bound in (2.7), and the number of exceptional values
of b is bounded from above by the expression in (2.8).

We note that Corollary 2.2 can also be applied similarly to equation (2.6).

Our Theorems 2.1 and 2.2 are valid for m = 2, i.e. for the Thue-Mahler
equation as well. However, in this special case much better bounds have been
established by Evertse [9] and Stewart [41], respectively.
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2.3 Auxiliary results

Let F' be a number field and let U denote a finite set of places of F', containing
all infinite places. Denote the set of U-integers and U-units in F' by Oy and
Op;, respectively. Let f(z,y) denote a form of degree r > 3 with coefficients
from O and suppose that f is irreducible over F'. Then the equation

f(z,y) € Oy in (z,y) € 0 (2.10)

is called a Thue-Mahler equation. A coset of solutions of (2.10) is a set
{n(z,y) : n € O}, where (z,y) is a solution of (2.10).

Lemma 2.1. The number of cosets of solutions of equation (2.10) is at most
(5-1057)%,
where u denotes the cardinality of U.

Proof. This is Theorem 1 in Evertse [9] O

Lemma 2.2. Let G be a finitely generated subgroup of (C*)? with rank r.
Then the number of solutions of the equation

z+y=1 in(z,y) €G (2.11)
is bounded by 2878,

Proof. This is a special case of Theorem 1.1 of [6]. O

Let G C C* be a finitely generated subgroup of the multiplicative group
C*, and let a, b, a’, b’ be non-zero complex numbers. Then the equations

ar+by=1 inz,yedG (2.12)
and
dr' +by' =1 ina',y eqd
are called equivalent if a/a’ € G and b/b' € G. Equivalent equations have

obviously the same number of solutions.
The number of solutions of the equation

$1++$n:1 in xl,...,$n€G

with Zmz # 0 for each non-empty subset I of {1,...,n} (2.13)
el

is finite. Denote by v, = v, ¢ this number.

34



Lemma 2.3. The number of equivalence classes of equations of the form
(2.12) which have more than two solutions is at most

vs + 12v3 + 30V22.

Proof. See [22]. This lemma is a quantitative version of the main result of
[15]; see also [16]. O

Lemma 2.4. Let G be a finitely generated subgroup of C* with rank r. Then
equation (2.13) has at most

(r+2)(6n)"

solutions.
Proof. Lemma 2.4 is a special case of Theorem 2 of [17]. O
Lemmas 2.3 and 2.4 give the following

Lemma 2.5. The number of equivalence classes of equations (2.12) having
more than two solutions is at most

2e(r+2)3020 )

Let T = {qi,...,q:} be a set of ¢ > 0 rational primes. Let Zr denote
the ring of T-integers, and Z7 the group of T-units in Q. For any algebraic
number field L, denote by O;, the ring of integers and by O7 the group of
units in L. Further, denote by My, the set of all places of L, and by T}, the
subset of M, consisting of all infinite places of L and of those finite places of
L which correspond to prime ideals of Oy, lying above rational primes from T'.
Consider the ring of Ty -integers O, r and the group of T -units O}:,T in L.

Suppose that L is of degree [ over Q. Let M denote a finitely generated
Zp-module in L. By the dimension of M we mean the dimension of the Q-
vector space MQ. Assume that M has dimension k over Q. Let aq,...,qp,
be a set of generators of M and let I(X) := oy X1 + -+ + @, X;,. Then
M = {z =I(x) : x € Z}}. Fix an element ¢ € Q* for which cNy(I(X)) has
its coefficients in Zp. Consider the equation

cNpjo(z) €1-Z1 in z €M, (2.14)

where I denotes a fixed positive rational integer which is relatively prime to
qi, ... qp if t > 0.
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Lemma 2.6. The set of solutions of (2.14) is contained in some union
QUIOZ,T u---u erE,T: where

< (k i 1>w(1). H <Ordp(1?_+1k_ 1)

pl!
p prime
and where x1,. .., T, are solutions of (2.14).
Proof. This is a special case of Lemma 4 of [14]. O

The statement of Lemma 2.6 is similar to that of our Lemma 1.1 which is
a special case of Theorem 1 of [14]. However, Lemma 1.1 gives a more precise
description of the set of solutions. On the other hand, in the proofs below the
use of our Lemma 2.6 will yield better bounds for the numbers of solutions.
We remark that Lemma 4 of [14] was an intermediate step in the proof of
Theorem 1 of [14].

2.4 Proofs

Proof of Theorem 2.1. We keep the notation introduced in the previous sec-
tions. Further, a1,...,am, K,L,d and f have the same meaning as in the
statement of Theorem 2.1.

Putn=[K:Q, I(X)=a1 X1+ +anXyand ((X) =an Xy +--- +
m—1Xm_1. Suppose that K = Q(¢) and denote by ¢ = (1) ¢@) ()
the conjugates of £. Let S" = {p1,...,Ds,Ps11, .- s Ds+w(b) }» Where the primes
Ps+1y- - s Psyw(b) are the prime factors of b. As in the previous section, denote
by Zg and Z%, the ring of S’-integers and the group of S’-units in Q, respec-
tively. Further, we also adopt the notation Or, ¢+ and Oj o from the previous
section. ’

Every solution of equation (2.1) is also a solution of the equation

aoNgo(l(x)) € Zg in x € Zg. (2.15)

If equation (2.1) has no solution, then Theorem 2.1 is true. Thus we may
suppose that (2.1) has at least one solution. Let xg be a solution of (2.1).
Thus x satisfies also equation (2.15) and we get agNg/g(l(x0)) € Z. Hence
equation (2.15) can be written into the form

Nio(l(x)/l(x0)) € Zg-
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Further, the form Ng q(l(X)/l(x0)) has its coefficients in Zg. Thus we get
the equation

ah N1 (1(x)) € O g (2.16)

where ay = 1/Ng/1,(I(x0)) € L and the form ag N 7,(1(X)) has its coefficients
in Op, gr. Setting y = lo(x) € Oy, for any solution of equation (2.16) we get a
solution (y, z,,) of the equation

agNi/L(y + amzm) € Op g In Y,z € Op g, With 2, # 0. (2.17)

Further, for such a solution we have z,, € Q. Equation (2.17) is in fact a
relative Thue-Mahler equation of the form (2.10). Indeed, [K : L] > 3 and ay,
is a primitive element of K over L. Thus we can apply Lemma 2.1, and we get
the following: there are at most N = (5-108d)5+<®)+D pairs (§, &) € O%,S,
such that any solution (y, z,,) of equation (2.17) can be written in the form

y=n9, Tm=nim, 1€O0Lg. (2.18)

Each pair (g, Z) € (’)%7 ¢ can be chosen such that &, € Q.

Now fix such a pair (7, Z,,). Consider an arbitrary solution z1, ..., x,, of
(2.1) with 2, # 0 for which y = a121 4+ - + @m—1Tm—1 = 7Y, Ty = NI, with
n € O g~ Then

Tm—1

=Y, = Tm-

T
op—+ -+ ap
n Ui

This implies that n € Z%,. If now z,..., ], is another solution of (2.1) with
z), # 0 such that y = a1z} + -+ + am_12),_, = 0’9, z, = n'&m with some
n' € OZ’S,, then we infer that z} = %xi, 1 =1,...,m. But, by assumption,
(1, Zmyp1-..ps) = 1 if s > 0. Hence it follows from the equation (2.1)
that ' = £n. This altogether shows that the number of solutions of equation
(2.1) does not exceed the number of pairs (i, Z,,). This means that equation
(2.1) has at most N solutions, and this was to be proved.

O

Proof of Theorem 2.2. We shall use the previously introduced notation:
a1y ..., 0m, K, L dand n have the same meaning as in the statement of The-
orem 2.2, and we also use the earlier notation f(i),l(X),lg(X),Zs,Z*S, Ok.s
and O 5, where § = {p1,...,ps}
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Each solution x of equation (2.1) yields a solution of the equation
aoNg/g(l(x)) €b-Zs in I(x) (2.19)

and we can use Lemma 2.6 to see that the set of solutions /(x) of (2.19) is
contained in a union 6;0% ¢ U -+ U §,0% g, where g < 1),(b), with 1, (b)
introduced in Section 2.1. ’

Consider now those solutions x, 21, . .., 25 of (2.1) for which the correspond-
ing I(x) belong to the same coset, say 6,0} g. This means that I(x) = d¢,
with a suitable ¢ € O . Having [K : L] >'3, the field K has at least 3 Q-
isomorphisms, say o1 : €1 = €D gy €D 5 €@ and o3 : €D — ¢B3) which
act on L as the identity map. This means that l(()l)(x) = 182) (x) = l((]?’) (x) =
y € L, and thus we have the identity

(af) — SO0 + (@) — af NV (0) + (@ff) — al)P(x) 0.

This yields

AVx) 1P (x)
e el —aly x _ oy —ab) —
with p] = =" and pj = “#—>%;. Further, we have I(x) = 01 where
Ay’ — 0Oy, Q" —Qm

e € Ok g- Thus (2.20) can be written in the form

(D) £(2) . 091
P13y + P23y = (2.21)
s 52 : : . -
where p; = 5}—3),0’{ and py = ﬁp; Equation (2.21) is a unit equation in the
1 1
variables (i—;;, i—;;) Let {€1,...,e:} be a system of fundamental Sy (s)-units

for the field K®) := Q(¢(®)). Then t < n(s+ 1) — 1 and
eB) = Oelt ... et

where 6 is a root of unity in K®). Now let ¢ and x be Q-isomorphisms of
K®) such that o(e®)) = e and x(e®) = ¢?). Then (2.21) takes the form
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Now suppose that equation (2.1) has two different solutions x, z1,..., 2
and x’,2},..., 2. (both corresponding to d1) for which the corresponding so-

)
. 1) £(2) (1) 1(2) .. .
lutions <E(—3), Z(—3)> and (iwwﬁ) of (2.21) coincide, that is

e@ /(D) 1 e® (2
B a3 Ml T o)

This, using the notation g := s = 5,% leads to the relation

which means that L(3) is a proper subfield of the field K. From § = %
we get [(x) — Bl(x") = 0, that is (lo(x) — Blo(X')) + am(Tm — Bz'm) = 0. If
Tm — Br'm # 0 we have oy, = —(lo(x) — Blo(x))/(zm — Bz'm), which means
that «,, € L(f3), which contradicts the fact that L(3) is a proper subfield of
the field K = L(a,,). Thus we get z,, — fz'y, = 0, and s0o 3 = &= € Q
Hence 3 € Z%. Further, ly(x) = Bly(x). The last equality yields "

(r1 — B'1)ar + -+ (Tm-1 — B2 m—1)m—1 = 0.

By assumption a1 = 1,a9,...,a,_1 are linearly independent over Q, hence
this implies that z; = pz) for « = 1,...,m — 1. This together with the
conditions (z1,...,%Tm,p1...ps) = 1 and (2],...,2,,,p1...ps) = 1 leads to

the conclusion 5 = +1. This proves that distinct solutions of equation (2.1)
which correspond to the same ¢, lead to distinct solutions of equation (2.21).

Now suppose that equation (2.1) has more than two solutions correspond-
ing to the same d;. Then equation (2.21) has also at least 3 solutions. But
equation (2.21) is of the type (2.12), where the generators of G are

{¢(9) ple1) pler) x(0) x(e1) X(5t)}.

g ey 9 3 ge ey

0 ’ €1 €t 0 €1 Et

This means that the number of generators of GG is at most 2¢ + 2 and we can
use Lemma 2.5. Thus there exists a finite set C; of pairs (k1,k2) € (C*)2,
which is independent of b, such that

p1=r1m and py = Kano

with (k1,k2) € C; and with some fixed 71,172 € G. Furthermore, by Lemma
2.5

020

#C) < 2 P30T . 0 (1),
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For the moment fix (k1,k2) € (C*)2. Then (ng—g,mi—z;) will be a solu-
tion of the equation
kKiu+ kv =1 inu,veG. (2.22)

Equation (2.22) can be transformed into an equation of type (2.11). More
precisely it can be written in the form

o +0' =1 in (W) ed, (2.23)

where G’ is the subgroup of (C*)? generated by

{(m,l), (@,1) : (“0(;11),1> (@,1) :
(0., (10 (12,
(1, K2) , (1, @) : (1, ‘piil)> (1, wii”) :

By Lemma 2.2 equation (2.23) has at most

28(4t+6)+8 —. 02(t)

solutions. Thus for a fixed pair (k1, ko) € (C*)?, (mmi—;;, D) ZE—;;) can take
at most ¢y () different values. Now if (K1, k2) runs through the set C;, we see
that mm% can take at most ¢y (t)ca(t) different values. Further,

1>

c1(t)ea(t) < 33070 (t+1) < 3307 (nls+1)+1) ., c(n, s).
This means that mmi—;; can take at most c(n,s) different values. Further,
we have
e e . 5%1) e
Hﬂh@ = le = P1@m

where p] is fixed. Thus we get

(5§1)6(1) = udg?’)e(?’) (2.24)
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where p can take at most ¢(n, s) different values. Put K07 := KO KU and
take the norm of both sides of (2.24) with respect to K(13)/Q. Then from
(2.24) and (2.19) we get

(b/GO)lZE = NK(1a3)/Q(5§1)6(1)) = NK(1a3)/Q(:u5§3))NK(1,3)/Q(5(3))

where | := [K(13) : K], NK(I,S)/Q(8(3)) is an S-unit and NK(I,S)/Q(M(5§3))
can take at most ¢(n,s) values. Thus also b can take at most ¢(n,s) values,
provided that equation (2.1) has more than two solutions corresponding to the
same 0.

Otherwise, if b is different from these “exceptional” values, then (using
that oy, ..., a,, are linearly independent over Q) we find, that equation (2.1)
has at most 2 solutions corresponding to the same §. Thus in this case (2.1)
has at most

2pm ()

solutions, and this completes the proof of Theorem 2.2.
O

Proof of Corollary 2.2. Let N := 3307 (n(s+1)+1) | First we prove by induction
on m that, under the assumptions of the Corollary 2.2, there is a set B(m)
of cardinality < mN, such that for b ¢ B(m), the number of solutions of
equation (2.1) is at most Ay, (b) := 2(1;, (b) + -+ - +1p2(b)) + 1. For m = 1 this
is obviously true. Suppose that it is true for m = k —1 where &k > 2. Consider
(2.1) with m = k. By restricting to the solutions with z; = 0 we get a similar
equation with the same hypotheses on «; but with m = k — 1. So by the
induction hypothesis, there is a finite set B(k — 1) of cardinality < (k — 1)N
such that for b ¢ B(k — 1), the number of solutions of (2.1) with z = 0 is
at most Ay _1(b). By Theorem 2.2, there is a finite set C(k) of cardinality
< N such that for b ¢ C(k) equation (2.1) has at most 21 (b) solutions with
zr # 0. This implies that for b ¢ B(k) := B(b— 1) U C(k), equation (2.1)
has altogether at most Ay _1(b) + 24, (b) = Ag(b) solutions. This completes
the induction step. However, A,,(b) < 2m (?)w(b) IT »e (Ord” (b)+1m_1), which

. m—
p prime

concludes the proof of Corollary 2.2. O
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Chapter 3

On the number of solutions of
index form and discriminant
form equations

3.1 Introduction and new results

Let K be an algebraic number field of degree n > 3 with discriminant D and
ring of integers Ok . Let 01 = id, 09, ..., 0, denote the Q-isomorphisms of K in
C. For any a € K, put a9 = g;(a). Consider an integral basis {1, g, ..., a,}
in Ok, and the linear forms {() (X) = XH—aél)Xg—{—- . -+ag)Xn fori=1,...,n,
with the convention that (") (X) = I(X). Putting [;;(X) = 1()(X) — 1)(X),

Dgpo((X) = [[ #X) (3.1)

1<i<5<n
is a decomposable form with coefficients in Z, which is called the discriminant
form corresponding to the basis {1, as,...,a,}. It can be written in the form
Dgo((X)) = (I(X))* D, (3.2)

where I(X) = I(Xa,...,X,) is a decomposable form of degree n(n — 1)/2
with coefficients in Z. If « is a primitive integral element of K and a =
1 + xoe + -+ + oy, with zy, ..., z, € Z, then |I(z9,...,x,)| is precisely
the index I(«) of a, i.e. the index of the subgroup Z*[a] in the additive group
Of of Ok. Hence I(X) is called the index form of the basis {1,aq,...,ay,}.
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Let I denote a positive rational integer, and S = {p1,...,ps} a finite set
of s > 0 distinct rational primes. Consider the indez form equation

I(zo,...,zn) = £Ipi ... pZ

in x9,...,xy, €7,

(3.3)
and 2z1,...,2z5 € ZZU
with (zo,...,%n,p1...ps) =1if s > 0.
We may and shall assume that I is relatively prime to pi,...,ps. For s =0,
the assumption (z,...,Zp,p1...ps) = 1 is omitted. We identify the solutions
X = (T2,...,&n),21,...,2s and x' = (z,...,2)),2],..., 2, of (3.3) if x' = +x.

In the most interesting case when s = 0, Gy6ry [18] proved that (3.3)
has only finitely many solutions, and gave an effective upper bound for the
solutions. Later, this theorem was extended to the case s > 0 by Trelina [42]
and Gy6ry and Papp [29]. For surveys presenting further generalizations, we
refer to [19], [21], [17].

The first explicit upper bound for the number of solutions of (3.3) was
derived by Evertse and Gyéry [11]. They showed as a consequence of a more
general result that (3.3) has at most

(4 . 7g(25+2w(])+3))n—2 (3.4)
solutions. Here w(I) denotes the number of distinct prime factors of I, and g
is the degree of the normal closure of K over Q. Hence n < g < nl.

It follows from a result of Evertse [8] on decomposable form equations that
the number of solutions of (3.3) does not exceed

(23372)(n=1>(sw(D)+1), (3.5)

where r = n(n —1)/2. When n is large and g is large with respect to n, this
bound is better than (3.4).
We recall some notation from Chapters 1 and 2. Put

=) I ()

pl!
p prime

with » = n(n —1)/2, where the product is taken over all distinct prime factors
of I and ord,(I) denotes the greatest rational integer a for which p® divides I
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in Z. As a consequence of a more general theorem concerning decomposable
form equations, Evertse and Gyéry [14] derived in 1997 the upper bound

(233T2)e(n)(s+1),¢)(I) (36)

for the number of solutions of (3.3). Here e(n) = §(n — 1)n(2n — 1) — 2. The
bound (3.6) is better than (3.5) when all the exponents ord,(I) are small.

Our Corollaries 1.5 and 1.6 in Chapter 1 provide bounds also for the num-
ber of solutions of index form and discriminant form equations, but these
bounds are slightly weaker than the above-mentioned bounds of Evertse and
Gyéry [14].

An important special case is when the Galois group, G, of the normal
closure of K over QQ is triply transitive. In other words, for any ordered
subsets {i1,42,43} and {i},4},i5} of {1,...,n} there is a 0 € G such that if
o € K then o(ol®)) = o) for k = 1,2,3. For example, G is triply transitive
ifn>5and G =G5, or A,. It is important to note that for given n, the
Galois group G is triply transitive for almost all number fields of degree n.
Under this assumption concerning G, Gy6ry [28] has recently showed that for
s =0*, equation (3.3) has at most

24n(n71)(w(1)+1)+8

solutions. This is a considerable improvement of (3.4) and (3.5) for s = 0. In
this chapter we improve (3.6) under the same assumption concerning G.

Theorem 3.1. Suppose that the Galois group G is triply transitive. Then
apart from finitely many values of I, equation (3.3) has at most

29(1)
solutions. Further, the number of the exceptional I’s is at most

63020n2(s+1).

This means that under the assumption of Theorem 3.1 and apart from
finitely many values of I, the factor (233r2)¢(™(+1) in (3.6) can be replaced
by 2.

*For simplicity, this result was proved in [28] for s = 0 only, but the same arguments
work for s > 0 as well and give the same upper bound with w(I) + s instead of w(I).
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Denote by Zg the ring of S-integers, and by Z% the group of S-units in Z,
respectively. The equation

I(zo,...,zy) € IZG in z9,...,x, € Lg (3.7)

clearly has infinitely many solutions, provided that it has at least one solution.
Indeed, if x = (za,...,7,) € Z% ! is a solution of equation (3.7) then each
element of the set

xZs = {(exa,...,expn) 1 € € Z5}

is also a solution of equation (3.7). Such a set is called a Z§-coset of solutions
of (3.7). Further, for any solution x, z1,..., zs of equation (3.3) xZ% is a Z¢-
coset of solutions of equation (3.7), and conversely, in each coset of solutions
of equation (3.7) there exists exactly one solution of equation (3.3). Thus
Theorem 3.1 implies the following corollary.

Corollary 3.1. Let the assumptions be the same as Theorem 8.1. For all but
finitely many values of I the number of Z.%-cosets of solutions of equation (3.7)
is at most 2¢p(I). Further, the number of the exceptional values of I is at most
£3070n%(s+1)

In view of (3.2) equation (3.7) is equivalent to the discriminant form equa-
tion

Dk jo(l(x)) € DZ§ in zo,...,Ty € Ls, (3.8)

provided that e.g. D = I’?Dg. We may assume that D is an integer with
(D,p1...ps) =1if s > 0. Denote by D} the S-free part of the discriminant
Dg of the field K. Then (3.8) can have a solution only if I := /|D/Dj3.| is a
rational integer. From Theorem 3.1 we get the following corollary.

Corollary 3.2. Under the assumptions of Theorem 3.1, for all but finitely
many values of D, the number of cosets of solutions of the discriminant form

equation (3.8) is at most 2¢(I) with I :== \/|D /D3| € Z. Further, the number

of exceptional values of D is at most 307'n(s+1)

Applying Theorem 3.1 to equation (3.3) in the case s = 0, we obtain as a
special case the following result for the equation

I(zo,...,2p) =+I in zo,...,2, € Z. (3.9)
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Theorem 3.2. Suppose again that the Galois group G is triply transitive.
Then apart from at most €3°°"" values of I, equation (3.9) has at most 2¢(I)
solutions.

Theorem 3.2 implies e.g. results concerning the numbers of elements of
given discriminant. If in K there exists at least one element with discriminant
D then I := +/|D/Dg]| is a rational integer. Further, if the element o € O
takes the form

a=1x1 + 209 + -+ Tpay,

in the integral basis 1, ag,...,a, with some z1,...,7, € Z then Dy g(z1 +
Tog + + - + Ty, is just the discriminant of a. Two elements o, 8 € Ok are
called equivalent if a—( is a rational integer. Clearly, equivalent elements have
the same discriminant. It follows from the above-mentioned result of Evertse
and Gyéry [14] on the number of solutions of (3.3) that for given 0 # D € Z
for which I = /|D/Dg| € Z, the number of pairwise inequivalent elements
in Ok having discriminant D does not exceed the bound (3.6) with the choice
s = 0. Our Theorem 3.2 implies that this bound can be considerably improved
for almost all D, provided that the Galois group of K is triply transitive.

Corollary 3.3. Suppose that the Galois group G is triply transitive. Then for
all but finitely many integer values of D, the number of pairwise inequivalent
elements of Ok having discriminant D is at most 4 (I) with I = \/|D/Dk| €

3020n2

Z., and the number of exceptional values of D is at most e

3.2 Proof of Theorem 3.1

In the proof of Theorem 3.1 we shall combine some methods from [19] and [28]
with some recent results from [22], [6], [14] and [17].

To prove Theorem 3.1 we will use Lemma 2.2, Lemma 2.5 and Lemma 2.6
from the previous chapter. We shall also need the following result.

Lemma 3.1. Suppose that K is an algebraic number field and L = K(§) is
a finite extension of K of degree n. Further, suppose that the Galois group G
of the normal closure of L over K is doubly transitive. Then L is a primitive
extension of K.

Proof. The above lemma and its proof is well-known in the literature. For
convenience of the reader, we present here a short proof of the lemma.

47



For o € L denote by o) = @, ..., a™ the conjugates of a with respect to
the extension L/K. Suppose that there is an element o € L\ K such that it
has at least two conjugates over K which are equal. We may assume without
loss of generality that o) = o). By the doubly transitivity of G we infer
that there exist ¢o,...,¢, € G such that ¢;(a) = oY) and ¢;(a®) = a®
for i = 2,...,n. This means that oY) = a® = ... = o(" and thus o € K
follows, which is a contradiction. This completes the proof of Lemma 3.1. [J

We shall use Lemma 2.6 and Gy6ry’s method (see e.g. [19], Ch. IV and
[28], Section 5) to reduce equation (3.3) to an appropriate system of unit
equations. Then we shall apply Lemmas 2.2 and 2.5 concerning unit equations.

First we introduce some further notation and make some preliminary ob-
servations. Let & be a primitive integral element of K. Denote by d the index
of £ in Og. Then Dg/g(¢) = d* - Dg. In view of (3.1) and (3.2) it follows
that each solution x € Z"1, z1,..., 25 € Z>q of (3.3) satisfies

H l?j(x) = D I*p? ... p2*,

1<i<j<n
whence
d-lii(x) o
1<i<j<n

7n(n71)
where ¢ = d' 2.

Let KO := Q(¢W) for i = 1,...,n. For any distinct 4,5 in {1,...,n}
consider the subfield K;; = Q(&) + ¢0) £@) . ¢0)) of the field KW KU). By
our assumption on G, the Galois group of the normal closure of K over QQ
is triply transitive. Hence the field KD K(U) is of degree n(n — 1) over Q.
Each o0 € G permutes the elements of {1,...,n} where o(i) is defined by
o (@) = ¢7() This implies a Galois action on the ordered pairs (i,j). Each
o € G for which o(i, j) = (j,¢) leaves the elements of K;; fixed. Therefore K;;
is a proper subfield of KWK, The numbers £¢® and £U) are zeros of the
quadratic polynomial

X2 — (€9 4 eONX 4 Mgl

which has its coefficients in Kj;;. This implies that K K () is a quadratic
extension of Kj;, and hence Kj; is of degree n(n — 1)/2 over Q. Denote by
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A7) the conjugate of any A = A(1?) € K , corresponding to £ +£0) ¢@¢0)
(1 <i< j<mn) and for simplicity let A7) = \(:2),
Since dOg C Z[{] it follows that for every @ € Ok and each different 4, j

(@) (@) . .
from {1,...,n}, ?(z) ;&; ) is an integer in K;;. Denote by M the Zg-module

in K o, generated by the coefficients of the linear form g(gi(g)(% The module

M is of rank at most n — 1. For any solution x, z1,. .., zs of (3.3), put

d-112(x)
_ (1,2) 1,2
V=0T = e

Then 6 € K, and the numbers 61) = 6(” (28) are the conjugates of § with

respect to K1 2/Q. Hence equation (3.10) leads to the equation
cNg, ,/0(0) € IZg in § € M. (3.11)

By Lemma 2.6 we deduce that there are solutions d1,...,d, of (3.11) such that
any solution § of (3.11) is contained in 6; 0%, , ¢ U--- U §,O0%, , ¢ and that
q < 1(I) with the 4(I) introduced in Section 3.1. ’

Consider now those solutions x, 21, . . ., 25 of (3.3) for which the correspond-
ing ¢ belong to the same coset, say d; 0}1,275. Let 1, j, k be arbitrary, but fixed

and pairwise distinct elements of {1,...,n}. Then we have
lij(x) + Lig(x) + lki(x) = 0 (3.12)
for any solution x, z1,...,2s under consideration. We can write § = 5(12) —

651’2)5(1’2) with an appropriate e(1:2) € Ok, ,,s- Now we infer from (3.12) that

(i) (d:k)
le+ﬂ2m =1 (3.13)

where

o () — )
§UE) (£6i) — g(k))

o) (e — ¢
5Lk (£) — g)

and pg =

p1 =

Observe that (3.13) is a unit equation in the unknowns e(d) , 2D, For
5(%"') g(lsk)

given i, k, let {e1,...,c;} be a fundamental system of Sk, -units in the field
Kik- Then
—1
t< %(s +1).

49



Further, we have
glik) — 05({1 ek

where 0 is a root of unity of K, and by,...,b; are rational integers. As g(iJ)
and k) are conjugates of (k) there exist Q-isomorphisms w and x of Ky
such that (%) = (*)) and eU*) = y(*)). Then (3.13) can be written in
the form

Now suppose that equation (3.3) has two different solutions x, z1, ..., zs and

’7s

1(i,3)  o1(3,k) .. .
(;(1—.,,6), Z’(T’“)) of (3.13) coincide, that is

. . . (1,5) (k)
x',2z],...,z, for which the corresponding solutions (i(:,i),z(?k)) and

whence
e(6:7) (ki) e(d:k)

g!(0d) — gr(ka) T (k)

Put 09 = 2225 Then 39 is an Sk, -unit in the field K;;. Since G is triply
transitive, KO K() has a Q-isomorphism which leaves ¢! fixed and moves
¢U) to €W for arbitrary [ € {1,2,...,n}\ {i}. Among the conjugates of 5+
there are at least two, namely $(»7) = g0 which are equal. But 3“9 and
B0 are conjugates over K () t00. Furthermore, G being triply transitive, the
Galois group of the normal closure of KWK U) over K is doubly transitive,
and thus by Lemma 3.1 it follows that K (® K() is a primitive extension of K®.
Together with 407) = 859 this means that all conjugates of 3(+9) over K(?)
are equal. Thus 8(») € K and similarly 8¢9 e K®) But gl = gk,
hence we get B e KO n K®) | Tt follows from the triply transitivity of
G that [KOK®) . KO = n — 1 and thus K& # K®*). Further, because of
the doubly transitivity of G, by Lemma 3.1 we see that K is a primitive
extension of Q. Hence we get KV N K*) = Q and so 8+ € Q. But 309 is
an Sk, -unit, thus we get Bl e 7.

The above arguments lead us to the conclusion that € = ne’, with some

n € Zg, where € = (6(i’j)) and € = (5’(i’j)> . Thus l;j(x) =

Lsizjsn 1<i#j<n
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nlij(x') for 1 <i,j <n with i # j and so

(s — al)(wy — nzh) + - + (an — ) (@, — naly) = 0.

Since K is a primitive extension of Q and ao,...,a, are Qlinearly inde-
pendent, it follows that oy — a§2),...,an — an2 are also Q-linearly inde-
pendent. Hence we infer that x = nx’ with n € Z%. But by assumption
(z2y ..., Tn,p1...ps) =L and (z),...,20,p1...ps) =1, hence n = £1 follows.
Thus we have shown that different solutions of (3.3) correspond to different
solutions of the unit equation (3.13).

Now suppose that equation (3.3) has more than two solutions correspond-
ing to the same ;. Then for every fixed i, 7, k, equation (3.13) has also at
least three solutions. Equation (3.13) can be considered as an equation of the
type (2.12), where G is the subgroup of C* generated by

{¢(9) ple1) pler) x(0) x(e1) X(5t)}.

9 ’ 81 P 8t ? 0 ’ 81 6t

Thus by Lemma 2.5 there exists a finite set C; of pairs (k1, k2) € (C*)? which
is independent of I such that

p1=kK1m and p = Kan

with (k1,k2) € C; and with some fixed 71,172 € G. Furthermore, by Lemma
2.5

40 < 2- e(2t+4)3020 <2. e(n(nfl)(s+1)+4)3020 =:¢1(n, 3).

7 .k . .
For the moment fix (k1,%2) € (C*)2. Then (771%’"2%) is a solution

of the equation
kiu' 4+ ko' =1 inu v €G. (3.14)
However, this equation leads to

o' +0" =1 in (W' V") eq (3.15)
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where G' is the subgroup of (C*)? generated by

{(m,l), (@,1) : (‘ﬁ”,l) (“’St)@) :
(£0.). (51,). 1)
(1, k2) , <1, %) : <1, ‘piil)> (1, wii”) :
() (222)" 22

Then (mm%, 5277228;—’2) is a solution of equation (3.15), which by Lemma

2.2 has at most

9B(414+6)+8  98(2n(n—1)(s+1)+6)+8

=:cy(n, s)

. . (4,5) (i,5)
solutions. Thus, allowing now (k1, k2) to vary thI‘O}lgh Cq, ,012(19—,1-) = 517715.(19—,1-)
can assume at most c(n,s) := c1(n, s) - c2(n, s) different values and so does
s G
6519,1) E(k,z)

Taking k£ = 1, this yields that for every distinct i, 7,
6£z’,j)€(i,j) _ uij5§1’i)5(1’i)’

where p;; can assume at most ¢(n,s) values. Put ¢ := 2, j := 3, L :=
KOK®KG) and 1 :=[L: Ky3]. Taking the L/Qnorm of the above equation
and using (3.11) we have

(/) 2 3 Npjg (87 e®¥) = Npg(61") - Nijo () - Ny o p2,3)-

However, ¢ and d; are fixed and Ny, /g(p2,3) can take at most c(n,s) distinct
values. So it follows that apart from a factor from Z%, I can assume also at
most ¢(n, s) distinct values. Now a simple calculation proves the bound for
the number of exceptional I’s, given in Theorem 3.1.

If I does not take any of these values, then the number of solutions of (3.3)
is at most the product of the number of solutions of (3.13) and the number
of the possibilities for ;. Because of the choice of I (3.13) has at most 2
solutions. Further, by Lemma 2.6 we have at most ¢(I) choices for d;. This
completes the proof of Theorem 3.1.

O
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Chapter 4

On a problem of P. Turan
concerning irreducible
polynomials

4.1 Introduction

Many important and interesting problems of mathematics are related to the
distribution of irreducible elements in various special structures. It is well-
known that the number of primes in N is infinite. However, the set of prime
numbers is of density zero and the gap between two consecutive primes can
be arbitrarily large. In Z[z] there are infinitely many irreducible polynomi-
als. Nevertheless, it seems that there are only few common properties of the
distribution of irreducible elements in Z and in Z[z]. Indeed, if we denote by
P(N) resp. R(N) the number of polynomials resp. irreducible polynomials in
Z|z] of given degree and of height at most N, then we have (cf. [31])

R(N)
m%l as N — oo.

In other words ’almost all’ polynomials in Z[z] are irreducible.

The above result suggests that the 'gap’ between 'neighbouring’ irreducible
polynomials in Z[z] cannot be too large. These facts led P. Turdn in 1962 to
propose the following interesting problem. To formulate his problem, we need
the concept of the length | P| of a polynomial P(z) = apz"+...4+a1z+ay € Z|z]
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which is defined by the expression

n
Pl=>lax| .
k=0

By the distance of P,Q) € Z[x] we mean |P — Q|. It follows easily from
Eisenstein’s theorem that for given P € Z[z] of degree n there is an irreducible
polynomial @ € Z[z] of degree n such that |P — Q| < n + 2. P. Turdn asked
the following (cf.[33]):

Does there exist an absolute constant C; such that for every P(z) € Z|z]
of degree n, there is a polynomial Q(z) € Z[z] irreducible over Q, satisfying
deg(Q) < nand |P—-Q| < Cy?

This problem is very difficult. It turns to be somewhat easier if one removes
the condition deg(Q) < n. In 1970, A. Schinzel [34] proved the following deep
theorem:

Theorem A. (A. Schinzel [34]) For any nonzero integers a,b and any poly-
nomial P with integral coefficients, such that P(0) # 0 and P(1) # —a — b,
there exist infinitely many irreducible polynomials az™ + bz™ + P(x) with
n > m > deg(P). One of them satisfies

n < exp{(5deg(P) + 2log|ab| + 7)(||P|| + a* + b*)},
where ||P|| denotes the sum of the squares of the coefficients of P.

As a consequence of this theorem Schinzel showed that for every P € Z|x]
of degree n there are infinitely many irreducible ) € Z[z] such that

2 if P(0) #0,
3 otherwise.

IP—QIS{

Further, one of these irreducible polynomials ) satisfies
deg(Q) < eBn+T)(|P1+3)

This result gives a partial answer to Turdn’s question.
For the sake of completeness, now we present another, similar problem,
which was proposed in 1984 by M. Szegedy (cf. [25]). He asked the following:
Does there exist a constant Cy depending only on n such that for any
P € Z|z] of degree n, P(z) + b is irreducible over Q for some b € Z with
|b] < Ca?
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This seems also to be a very hard question. In 1994, Gy6ry [25] succeeded
to give an affirmative answer to Szegedy’s problem in case of monic polyno-
mials. This is a consequence of his following theorem.

Theorem B. (K. Gyéry [25]) Let P € Z[z] be a polynomial of degree n with
leading coefficient ag. There exist an effectively computable constant C3 de-
pending only on n and w(ag), and b € Z with |b| < Cs for which P(z) + b is
irreducible over Q. (Here w(ag) denotes the number of distinct prime divisors

of ag.)
We remark that in [25] C is given explicitly.

In our paper [4] we gave upper bounds for the Turdn constant C for monic
polynomials P of degree not greater than 22. In fact we could prove that for
such polynomials C'y = 4 can be chosen. Slightly improving our algorithms,
in [5] we extended our result to polynomials of degree at most 24.

4.2 New results

For a positive integer n, denote by ¢, the smallest integer with the property
that for any monic polynomial P € Z[z] of degree n one can choose an irre-
ducible monic polynomial @ € Z[x] of degree n, such that |P — Q| < ¢,. One
can verify easily that for every positive n, ¢, exists. Using this notation, our
result in [4] says that

cn <4 for every positive integer n < 22.

We prove the following extension.

Theorem 4.1. For every positive integer n < 24 and for every monic poly-
nomial P € Z[x] of degree n there exists an irreducible monic polynomial
Q € Z[z] of degree n such that

P - Q| <4

For smaller degrees, our computations imply a slightly better result. In
fact we could prove that ¢ =0, co =1, ¢, = 2 for 3 <n <6, ¢, < 3 for
7<n <12, and ¢, <4 for 13 < n < 24 (see also Table 1). Summarizing these
assertions, we can state that for any positive integer n < 24, we have ¢, < 4.
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To make clear the main idea behind the proof we need some further nota-
tion. Denote by Zjp[x] the residue class ring Z[z] (mod p). For any polynomial
R € Z[z] denote by R, the image of R under the natural homomorphism from
Zlz] to Zplz]. Each polynomial P € Z[z] has a representative which has its
coefficients in the interval ] — &, Z]. The sum of the absolute values of the co-
efficients of the representative of this type of a polynomial P € Z,[z] is called
the p-length of P and it is denoted by |P|,. By the (mod p) distance of two
polynomials P, () € Z[z] we mean the p-length of the polynomial (P — Q),.
Similarly, by the (mod p) distance of two polynomials P, Q € Z,[z] we mean
the p-length of the polynomial P — Q.

For every positive integer n let us denote by c¢,(p) the smallest integer
with the property that for each monic polynomial P € Z,[z] of degree n
there exists an irreducible monic polynomial @ € Z,[z] of degree n for which
P = Ql, < calp).

The main idea of the proof is based on the fact that ¢, > c¢,(p) for any
prime number p. Indeed, by the definition of ¢, (p), for an arbitrary but fixed
polynomial P € Z[z] there exists an irreducible monic polynomial R € Z,[z]
such that |P, — R|, < ¢,(p). Now it is easy to prove that there exists a monic
polynomial @ € Z[z] such that |P — Q| = |P, — R|p, < ¢y(p) and Q, = R.
Finally, this last equality, together with the assumption that R is irreducible
in Zy[z] shows that @ is irreducible in Z[z].

Thus it is enough to give upper bounds for ¢, (p) for each 1 < n < 24 with
at least one prime p. But then, for fixed n, the polynomials in Z,[z] of degree
at most n are finite in number. This makes it possible to use computational
methods in order to obtain bounds for ¢,(p). In fact we have investigated
the case p = 2 in the range 1 < n < 24 and the case p = 3 in the range
1 < n < 12. The case 1 < n < 22 was included in our paper [4]. Our
algorithms are exponential in n, and thus we were not able to use them for
large values of n. However, later we have slightly refined our algorithms,
slightly decreasing the time of computation and so we managed to investigate
the case p = 2 in the range 1 < n < 24. We summarized our results in Table
1, below.
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Table 1: ¢,(2), ¢, (3), and bounds for ¢,
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4.3 Description of the algorithm

In view of the previous section we have to prove the validity of the values of
cn(2) for 1 < n <24 and ¢,(3) for 1 < n < 12 contained in Table 1. To do
80, it is enough to check that for each monic polynomial P of degree n with
coefficients in Z, and with P(0) # 0 we can find a monic irreducible polynomial
Q € Zy|z] such that |P — Q|, < ¢,(p) — 1. This is the computational part of
our proof. Now we present a short description of the algorithms we used for
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obtaining Table 1. In fact we implemented three algorithms. Two of them, A)
and B) below, were included also in [4], thus here we only mention them. The
third algorithm, i.e. C) below, is a refined version of one of the algorithms
used in [4], thus we give a more detailed description of it.

A)

The first algorithm was used to check the case p = 2 for the degrees 1 <
n < 13. In this part we used the ’compare everything with everything’
method. However, the computations for the case n = 13 took several
hours, thus we decided to use some filter conditions for higher degrees.

The second algorithm was used for the case p = 3 and it is the same as
in [4], and the 'compare everything with everything’ method is refined
only by a very simple idea (see [4]).

This algorithm, used in the case p = 2, 14 < n < 24 is as follows. For a
fixed n we have to check whether for each monic polynomial P of degree
n with coefficients in Zs and with P(0) # 0 we could find an irreducible
monic polynomial @) € Zs[z] such that the 2-distance of P and @ is at
most é,(2), where é,(2) is defined by é,(2) := ¢, (2) — 1.

Denote by P, the set of all monic polynomials P of degree n with coef-
ficients in Zy and with P(0) # 0, and by D,gk) the set of all polynomials
of degree at most n with coefficients in Z9 and with |D|s < k.

To check whether ¢,(2) < k, it is enough to check the following for each

monic polynomial P € P,: add a polynomial D &€ D,(@k) to P and check
whether P + D is irreducible. If not, take the following D € ng). If for
at least one polynomial P € Py, does not exist a polynomial D € ng),
such that P+ D is irreducible, then we get é,(2) > k, and we have to do
the same procedure for k + 1. If for each P € P, we find a polynomial
D e Dék), such that P + D is irreducible, then we have proved the
statement ¢,(2) < k. We start with & = 2. When for a fixed value
of k we get ¢,(2) > k, then we increase k with 1. The first value of
k for which we find that for each P € P, there exists a polynomial
D € D) is clearly k = ¢,(2). When working with & = ¢,(2) — 1, we
get some polynomials P € P, for which does not exist a polynomial
D € ng) such that P + D is irreducible. We call these polynomials
extreme polynomials. The existence of extreme polynomials shows that
for every 2 < n < 24 the corresponding value of ¢, (2) is sharp. In fact,
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for every fixed 14 < n < 24 we got kK < 3 and k > 2, and this proves
cn(2) =4 for 14 <n < 24.

In the third column of Table 2 we list for each 2 < n < 24 the number
ea(n) of extreme polynomials of minimal 2-length. We note that if P(z)
is an extreme polynomial of minimal length then so does

P*(z) = 2" (P (é) + 1) ~ 1.

Further we have (P*)* = P. In the fourth column of Table 2 we list all
extreme polynomials of minimal length except that for pairs P, P* we
list only one of them. It is interesting to note that it may happen that
P(xz) = P*(x). Thus ey(n) may take odd values, too.

We also note that the results concerning extreme polynomials of minimal
length have not yet been published, they are not contained neither in [4]
nor in [5].

Table 2: Extreme polynomials

n | cn(2) | ea(n) All extreme polynomials of
minimal 2-length
2 2 1 z?
3 2 1 z3
4 3 1 zt + 22
5 3 2 0+
6 3 2 2% + 2
71 3 2 o'+
8 4 1 8
9 3 4 ¥ +
z? + 23
10 4 1 g0+ 28+ 27 + 28 + 2t 4+ 2% + 22
11 4 2 e+ 2%+ 28 27+ 2P
12 4 2 2P+t + 2%+
13 4 1 z!3
14| 4 3 gt 4 210 4 2*
14 gl 4 g2
5] 4 12 P+t + 3+
215 4+ 210 4 27 4 6 4 gt
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Table 2: (continued)

ez(n)

All extreme polynomials of
minimal 2-length

e+ 4o’ a2t
$15+$11+$10+$9+$2
e+ a2 +aT o
e A o e o A

16

$16

17

11

$17+$10+$8+$5+$3
e A
$17+$11+$10+$4+$
' 4ot 420 4 4
$17+$13+$7+$6+$4
o i o e o i

18

21 4zt 4 22
28 4 1 4 gt

19

$19

20

20 + 28 4 22
220 + 29 4 26
220 4 13 4 26
220 4 14 4 22
220 4 14 4 26

21

22! + 2% 4 2?
22 210 4 28
22+ 21?2 4 2t
22+ 21?2 4 2?
22l 4 13 4 28
22 + 220 + ¢

22

10

222 4+ 28 + 2*
222 4 10 4 22
22 + 210 4 28
2 + 2% 4 23
22?2 4 218 4 22
222 4 720 4 42

23

68

$23+$11+$9+$3+$2
A A e o A

60




Table 2: (continued)

n | cn(2) | ea(n)

All extreme polynomials of
minimal 2-length

o+ 2"+ 2% 4 o?
$23+I13+5E12+ZE10+I7
i s A L
$23+$14+I13+$8+I
2?4+ o' 4 2" 4 B 4 4
I23+I15+I14+I8+I3
$23+I16+5E12+ZE10+I3
e + 3 4 2% 4
1723—{—:1716—{—]714—{—]78—{—:173
2% + 20 4 g 4 ! 23
e+ ' ot
e 4o+ ot o
3323—{—:1717—{—]716—{—]710—{—:173
o+ o' + 20 " 4 o
I23+I18+I15+I5+I4
22 + 28 4+ o7 4 13 4 22
2+ 4 o' o’ 4 a?
e+ 4o ot
2?4 o' + 210 4 ot 4 4
I23+$20+$5+I2+I
2® + 1% + 27 + 2% 4 2?
$23+:1720—{—338+$5+:172
o+ 2 + o' 2 4 a?
I23+I20+I13+I9+I3
e o e o
I23+I20+I15+$9+I
o+ ot + 2% + 27 4 2?
ZE23+ZE21+I16+$4+I
$23+$21+$16+$6+$2
e® 4ot a2
$23+$21+I18+$8+I
i o i ol i o

24

22t 4 2%+ 2P
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Table 2: (continued)

n | cn(2) | e2(n) All extreme polynomials of
minimal 2-length
22 4+ 2% 4 ot
22+ 4 27
2 422 4z
22+ 1?2 4 2t
224 4 212 4 20
22t 1% 4 28
224 4 12 4 g1l
224 4 213 4 20
22t 1 4 2t
224 4 216 4 22
24 4 16 4 48
2 4218 4z
224 4 18 4 gt
224 4 220 4 22
22t + 2% 4 22

The function
fa: Zoz] = N,  fo(P) := P(2)

gives a bijection between the polynomials of Zs[z] and the natural num-
bers. Coding the polynomials in this simple manner as natural numbers
we included some filter conditions in this algorithm. (When in this para-
graph we speak about correspondence between polynomials and natural
numbers we always mean the correspondence given by fs.)

Denote by L; and Lo the list of all natural numbers corresponding to
polynomials of degree < 12 with nonzero constant term in Zsg[z] whose
2-length is even and odd, respectively. These lists can be constructed
recursively, as follows. Suppose that for 0 < h < 12, Lgh) (resp. Lgh))
denotes the set of numbers corresponding to those polynomials which

are in Ly (resp. Ls) and are of degree < h. Put
MY = o +1 | ne LMy and M"Y = 2n+1 | ne LM}
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Then we clearly have
LMY — Wy ptt and LY = LW U MR,

and finally L; = L{'® and L, = L{'?).

Let T be a list of 277 !? elements containing zeros and ones, the kth
element of T" being 0 if the 2-length of the polynomial corresponding to
the number 2" + (k —1)2'2 is even, and 1 otherwise. To build this list we
use the following recursion: T'(1) = 1,T(2) = 0, T'(2*+1) = a;+1(mod 2)
for all k € Nand 1 <[ < 2,

Fori=0,1,2,3 let Al(n) be the set of all polynomials D € Zs[z] of degree
< n — 1, with the properties D(0) = 0 and |D|s = 1.

For any polynomial P of degree n, the parity of the 2-length of P can be
determined easily with the help of the lists Ly, Lo, and T'. Now we have

to add to P either the polynomials D € A™ U A{™ or D € AT U A",

When we checked the irreducibility of a polynomial we stored the infor-
mations in a list I. More precisely we started with an empty list I and
when checking the irreducibility of a polynomial (e.g. the polynomial
corresponding to the natural number j), we put as the jth element of I
the value ’true’ if it was irreducible and ’false’ otherwise. This way we
had to check the irreducibility of a polynomial only once. This was one
of the improvements which reduced slightly the running time and made
it possible to extend our bounds for n = 23, 24. However, while improv-
ing the running time, this change also increased the needed memory, and
thus for n > 25 we run out of memory, and were not able to continue
the calculations.

Our algorithms were written in MAPLE, and the running time for the
case p = 2 and n = 24 was 250 hours on a SUN Sparcstation 10.
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Summary

This dissertation consists of four chapters.

The first chapter contains results concerning the number of solutions of
general decomposable polynomial equations. In 1989 Evertse, Gadl and Gyory
[10] gave a necessary and sufficient condition for the finiteness of the number of
solutions of the general decomposable polynomial equation (0.1) in S-integers.
Under this condition they gave a non-explicit upper bound for the number
of solutions, which bound was given explicitly in terms of the numbers of
solutions of appropriate unit equations. Since then explicit upper bounds
have been obtained for the number of solutions of unit equations, thus the
bound of Evertse, Gadl and Gyo6ry can be made completely explicit. Following
a different approach, in the first chapter we significantly improve this bound.
Further, we prove that the finiteness condition mentioned above does not imply
the finiteness of the number of solutions of the corresponding more general
decomposable polynomial equation (0.3). We give a sufficient condition for
the finiteness of the number of solutions of (0.3), and subject to this condition
we derive an explicit upper bound for the number of solutions. Moreover, we
derive a similar upper bound for the number of solutions, provided only that
the number of solutions is finite.

In the first chapter several consequences and applications are also pre-
sented. We obtaine upper bounds for the numbers of solutions of decompos-
able polynomial equations of special types, namely for inhomogeneous Thue
equations, discriminant polynomial equations, norm polynomial equations and
resultant polynomial equations. The results of this chapter have been estab-
lished jointly with my supervisor, Prof. K. Gy6ry. They will be published in
our joint paper [3].

The second chapter is devoted to the study of the number of solutions of
norm form equations. Let pi,...,ps be primes with s > 0, and b € Z\ {0}
which is relatively prime to p1,...,ps if s > 0. In 1985 Evertse and Gy6ry [11]
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gave explicit upper bounds for the number of solutions of norm form equations
of the form

aoNg ooz + -+ + aptyy) = bpi' .. p5° in z1,...,2p € Z,
and z1,...,2s EZZO (04:)
with (z1,...,Zm,p1...ps) =1if s >0

under the hypotheses that (i) z,, #0, aq = 1, g, ..., o, are Q-linearly inde-
pendent elements of K and «,,, has degree at least 3 over Q(«y, ...,y 1) or
that (ii) the degree of «; is at least 3 over Q(«y, ..., a;—1) fori =2,...,m. Un-
der the same assumptions we considerably improve the bounds of [11]. Using
an idea of Gydry, we reduce equation (0.4) to a relative Thue-Mahler equation
and then we use a result of Evertse [9] to estimate the number of solutions of
this equation. In the second chapter we also give a further improvement on
the number of solutions of (0.4) which is valid for all but at most finitely many
possible values of the constant term b of the equation. Our bound obtained
under the assumption (ii) is better for almost all b than the general bounds
of [20], [8] and [14]. Further, we give an explicit upper bound for the number
of the exceptional values of b. To prove this result we use Gy6ry’s method to
reduce equation (0.4) to a system of unit equations and then we use results of
Evertse, Gyéry, Stewart and Tijdeman [15] and Evertse and Gy6ry [14] to de-
rive our upper bound for the number of solutions. The bound for the number
of exceptional values of b is obtained by combining results from [6], [17] and
[22]. Our results presented in this chapter are published in [2].

In the third chapter we are concerned with the number of solutions of in-
dex form equations. In Evertse and Gy6ry [11], [14] and Evertse [8] explicit
upper bounds have been established for the number of solutions of index form
equations. Recently, in the case when the Galois group of the splitting field
of the index form is triply transitive, Gy6ry [28] has considerably improved
the bounds of [11] and [8]. Under the same assumption concerning the Ga-
lois group, we give a significant improvement of the bound in [14], which is
valid for all but at most finitely many possible values of the constant term
of the equation. To prove this result we use a similar method to that ap-
plied in Chapter 2 to norm form equations. We also combine Gy6ry’s method
on reducing decomposable form equations to unit equations with the above-
mentioned results from [15], [14], [6], [17] and [22]. Our results presented in
Chapter 3 are published in [1].

In the fourth chapter some new results are established on a problem of P.
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Turdn concerning irreducible polynomials. The distance of two polynomials
with integer coefficients is defined as the sum of the absolute values of the
coefficients of the difference polynomial. P. Turdn asked the following: Does
there exist an absolute constant C' such that for every polynomial with integer
coefficients and of degree n, there exists an irreducible polynomial with integer
coefficients and of degree at most n, such that their distance is not greater
than C7 First we reduce the problem in Z[z] to that in the residue class ring
Z[z] (mod p), where p = 2 or 3. Then we apply computational methods to
prove that C < 4 for all polynomials of degree not greater than 24. We give
a description of our method and some related results. The results presented
in Chapter 4 have been obtained jointly with Hajdu. Most of our results have
been published in [5]. The remaining part is still unpublished.
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ésszefoglalé

A disszertacié négy fejezetbol &ll.

Az els6 fejezetben altaldnos szétesd polinom egyenletek megoldasszama-
ra adunk korldtokat. Legyen F(X) = F(X1,...,X,) € QX1,...,X,,] egy
szétesé polinom, S = {pi1,...,ps} raciondlis primek egy véges halmaza, és

jelolje Zg a Q-beli S-egészek gytiriijét. Evertse, Gaal és Gy6ry [10] 1989-ben
sziikséges és elégséges feltételt adott arra, hogy az

F(x)=b X = (Z1,...,%m) € ZY, (1)

szétes6 polinom egyenletnek véges sok megoldasa legyen minden S és minden
b € Z\ {0} esetén. Ugyanezen feltétel mellett az egyenlet megolddsszdmara
korlatot is adtak, amely bizonyos kapcsolédd egységegyenletek megoldassza-
manak fiiggvényében explicit médon volt megadva. Abban az idében még nem
volt ismert explicit korlat egységegyenletek megoldasszamara. fgy a [10]-ben
szerepld korldt nem volt explicit. Evertse [8] azdta sziiletett eredményét és a
[10]-ben szerepl korlatot felhaszndlva ma mar konnyen explicit korldt adhaté
szétes6 polinom egyenletek megolddsszamara. Ebben a fejezetben lényegesen
megjavitjuk az igy nyerhet6 korlatot. Megmutatjuk tovabbd, hogy ugyanezen
feltételek mellett a megfelel6 altalanosabb

F(x) € bZ% x = (z1,...,%m) € Zg, (2)

egyenletnek akar végtelen sok megoldésa is lehet. Megadunk egy elégséges
feltételt, melynek teljesiilése esetén a (2) egyenletnek csak véges sok megoldésa
van. S6t, a b = 1 esetben egy jéval gyengébb, mar sziikséges feltétel mellett is
sikeriilt hasonlé alaku fels6 korldtot adnunk a megoldasszamra, feltéve, hogy
a megoldasok szdma véges.
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A felsorolt eredményeknek kilenc kovetkezményét adjuk, amelyeket az em-
litett eredmények specidlis esetekben valé alkalmazisa tutjan nyertiink. fgy
korlatot adunk inhomogén Thue egyenletek, diszkrimindns polinom, norma
polinom és rezultans polinom egyenletek megolddsszamara is. Az ebben a fe-
jezetben kozolt eredmények témavezetémmel, Dr. Gyéry Kalmannal kézosen
elért eredmények, melyeket a [3] k6z0s cikk formdjaban kivinunk megjelen-
tetni.

A masodik fejezet norma forma egyenletek megoldasszaméval kapcso-
latos eredményeket tartalmaz. Tegytk fel, hogy oy = 1,9, ..., an egy K al-
gebrai szamtest Q felett linedrisan fiiggetlen elemei. Legyen S = {p1,...,ps}
primszdmok egy véges halmaza és b az S elemeihez relativ prim raciondlis
egész szam. A miasodik fejezetben

GONK/Q(Oq:El + .- +Oém.’L‘m) = bpil .. .pzs

verey T €T,
I I'm (3)

21y ey Zs GZZU

(1, s Tm,p1...ps) =1 has>0

alaki norma forma egyenletek megolddsszamara vonatkozé felsé becsléseket
adunk. Ttt ap-t ugy valasztjuk meg, hogy (3) baloldala z1,...,z, egész
egyiitthatés polinomja legyen. Nem tesziink kiilonbséget (3) azon x =
(1o Tm), 21,525 68 X' = (2f,...,2],),2],...,2, megolddsai kozott,
melyekre x' = +x teljesiil. Gy&ry [20]-ban effektiv formdban bebizonyitotta,
hogy amennyiben az oy, foka a Q(aq, ..., anm—1) test felett legalabb 3, akkor a
(3) egyenletnek csak véges sok olyan megolddsa lehet, melyre z,, # 0 teljesiil.
Ugyanezen feltételek mellett Evertse és Gy6ry [14]-ben explicit korlatot adott a
megoldasszamra. Megjegyezzik, hogy a fenti feltételek mellett a norma forma
elfajul6 is lehet, és akdr végtelen sok z,, = 0 feltételt teljesité megoldasa
is létezhet. Ezért az ilyen tipusit eredmények még ineffektiv formaban sem
kovetkeznek Schmidt és Schlickevei kordbbi, nem-elfajulé norma forma egyen-
letekre vonatkozo ineffektiv végességi eredményeibdl. KésObb a nem-elfajuld
esetben Schmidt [39], Gy6ry [23], b = 1 esetén Evertse [8], mig dltaldban Ev-
ertse és Gy6ry [14] ugyan adtak explicit korldtokat a megolddsszamra, de mint
mér emlitettiik, ezekb6l nem kovetkezik 1ij korlat a fenti esetre, amely [20]-ban
és [14]-ben szerepelt.

Norma forma egyenletekkel kapcsolatos tovabbi eredmények taldlhatok a
[27] attekinté dolgoztaban, a [39] konyvben és az ezekben idézett dolgozatok-
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ban.

A maésodik fejezetben a [20]-ban és [14]-ben tekintett feltételek mellett
lényegesen javitjuk a megoldasszamra adott korldtot. Ennek bizonyitdsahoz
Gyory egy otletét felhasznilva a norma forma egyenletet visszavezetjilk egy re-
lativ Thue-Mahler egyenletre, majd ennek megolddsszdmat becsiiljik Evertse
egy eredményét [9] felhaszndlva. Ugyanezen feltételek mellett egy még jobb
korlatot is levezetiink, amelyet azonban csak véges sok b értéktol eltekintve
tudunk bizonyitani. A kivételes b értékek szamdra szintén adunk egy fels6
becslést. Ezen eredményiink bizonyitdsdban Gy6ry mddszerét felhasznilva az
eredeti egyenletet alkalmas egységegyenletekbdl 4ll6 egyenletrendszerre vezet-
jik vissza, majd Evertse és Gy6ry [14] valamint Evertse, Gyéry, Stewart és
Tijdeman [15] eredményeinek felhasznaldsdval kapjuk a korlatot a megoldés-
szamra. A kivételek szdmdra Gy6ry [22], Beukers és Schlickewei [6] valamint
Evertse és Schlickewei [17] eredményeit felhaszndlva adédik a korldt. Az ebben
a fejezetben feldolgozott eredményeink a [2] cikkiinkben fognak megjelenni.

A harmadik fejezetben index forma egyenletek megolddsszamara vonat-
kozé eredmények szerepelnek. Legyen K egy algebrai szamtest és tegyuk fel,
hogy {1, aq,...,a,} egész bazis K algebrai egészeinek gytiriijében. Jelolje Dg
a K test diszkrimindnsat és I(Xs,...,X,) az {1,a9,...,a,} egész bézishoz
tartoz6 index formét. Legyen S = {p1,...,ps} raciondlis primek egy halmaza
és I egy S elemeihez relativ prim raciondlis egész szam. Tekintsiik az

I(z2,...,xn) = £Ipi'...pZ=
Z9,...,Ty € 7L,

(4)

21,...,ZSEZ20
(2. Tp,p1-.-ps) =1 ha s> 0.

index forma egyenletet. Itt sem fogunk kiilonbséget tenni a (4) egyenlet x =
(T2 ooy X))y 21, .- ,25 68 X' = (2h,...,20),2],..., 2, megolddsai kozott, ha
x' = £x teljesil.

Az s = 0 esetben Gy6ry [18]-ban bebizonyitotta, hogy a (4) egyenlet-
nek csak véges sok megoldédsa lehet, s explicit korlatot adott a megoldasokra.
Gyéry eredményét Trelina [42], illetve Gyéry és Papp [29] egymadstdl fiigget-
lentil terjesztették ki az s > 0 esetre. Az elsd, aw, ..., a,-t6] figgetlen korlat
a megoldasszamra Evertse és Gy6ry [11] nevéhez fiiz6dik. Késébb Evertse
[8] illetve Evertse és Gyéry [14] javitottdk ezt a korldtot. Diszkrimindns és
index forma egyenletekkel kapcsolatos tovabbi eredmények taldlhatok a [28]
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attekint6é dolgozatban és az ott idézett cikkekben.

Nemrég Gy6ry [28] lényegesen javitotta a megoldasszamra vonatkozé [11]-
beli korlatot abban a fontos specidlis esetben, amikor a K test Q feletti
normélis lezartjainak G Galois csoportja haromszorosan tranzitiv.

A harmadik fejezetben ugyanezen feltétel mellett lényegesen javitjuk a
megolddsszamra vonatkozé [14]-beli korldtot, azzal a megszoritdssal, hogy az
igy kapott korlit csak véges sok I értéktél eltekintve lesz érvényes. KEzen
feliil korldtot adunk a kivételes I értékek szamara is. Eredményiink kovetkez-
ményeként korlatot adunk diszkriminans forma egyenletek megoldasszamara,
tovdbba adott diszkrimindnsi elemek szamadra is. A tétel igazoldsa a norma
forma egyeneletekre vonatkozé hasonlé erdmény bizonyitasahoz hasonléan tor-
ténik, és szintén Gy6ry mdédszerén és a [14], [15], [22] [17], [6] eredményeinek
alkalmazisdn milik. A fejezet 1 eredményeit az [1] dolgozat tartalmazza.

A negyedik fejezetben Turian P&l egy irreducibilis polinomokkal kap-
csolatos probléméjanak vizsgdlatdra keril sor. Itt meg kell jegyezni, hogy
egész egyiitthatds polinomok irreducibilitdsanak a vizsgalata diofantikus prob-
lémara vezet. Valdban, ha egy egész egyutthatds polinom felbomlik két egész
egyiitthatds polinom szorzatdra, akkor a két tényez6 egyiitthatéit ismeretlen-
nek tekintve, és a szorzat egyilitthatéit dsszevetve az eredeti polinom egyiitt-
hatéival, egy diofantikus egyenletrendszert kapunk.

Egy P € Z|x] polinom | P| hosszin a polinom egyiitthat6i abszolit értékei-
nek az 0sszegét értjiikk. Két egész egyutthatds polinom tavolsagan killonbséguk
hosszat szokas érteni.

Turdn P&l a kovetkez6 problémat vetette fel: Létezik-e olyan C' abszolit
konstans, hogy minden n-ed foki P(z) € Z[z] polinomhoz taldlhat6 legyen
olyan Q(x) € Z[z] irreducibilis polinom, melyre deg(Q) < nés |P - Q| < C
teljesiil. A probléma igen nehéznek bizonyult. A legjobb eredményt Schinzel
érte el, aki a kovetkez6t bizonyitotta: Barmely P € Z[X] polinomhoz 1étezik
végtelen sok @ € Z[z] irreeducibilis polinom, melyekre

2 ha P(0) #0,

— <
Lalv) _{ 3 egyébként.

Ezen kiviil legaldbb egy ilyen @ polinom teljesiti a kovetkezd feltételt is:
deg(Q) < (5 deg(P)+7)(IP|>+3)

A Hajdu Lajossal kozos [4] cikkiinkben beldttuk, hogy 22-nél nem maga-
sabb foki polinomok esetén C vilaszthatd 4-nek.
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A negyedik fejezetben megmutatjuk, hogy C' < 4 a legfeljebb 24-ed foki
polinomok esetén is igaz. A mddszer alapitlete megegyezik azzal, amit [4]-
ben alkalmaztunk, azaz a problémat véges testek felett kezeljuk, igy adott
fokszam esetén a problémat végessé tessziik, majd szamitégép segitségével
ellendrizzik az allitdst. Az erre vonatkozé része a fejezetnek a Hajdu Lajossal
kozos [5] cikkiinkben jelent meg. A negyedik fejezet ugyanakkor tartalmaz
mindezidiig még nem kozolt eredményeket (tablazatokat) az dltalunk vizsgélt
un. extremalis polinomokkal kapcsolatban. Ezeket szintén Hajdu Lajossal
kozosen végzett vizsgalataink sordn nyertiik.
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Appendix C

As was mentioned on page 17, in (1.15) the linear independence of oy, . .., am,
A over Q implies that the number of solutions of equation (1.15) does not
exceed the bound (1.6). This is a special case of our Corollary 1.1. This
special case was proved independently by J.-H. Evertse, C.L. Stewart and R.
Tijdeman (private communication).
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