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Introduction

This PhD dissertation consists of four chapters� which all contain new results�
These results have been published in our papers ���� ���� ��� and �
�� respectively�
Before giving an overview of the contents of the chapters� we make some
introductory notes on the subject of our thesis�

In the �rst three chapters we deal with the numbers of solutions of various
important classes of decomposable polynomial equations� Namely� we shall be
concerned with diophantine equations of the form

F �x� � b in x � �x�� � � � � xm� � Zm
S � �	���

and� more generally�

F �x� � bpz�� � � � pzss in x � �x�� � � � � xm� � Zm

and z�� � � � � zs � Z��

with �x�� � � � � xm� p� � � � ps� � � if s � 	�

�	���

and

F �x� � bZ�
S in x � �x�� � � � � xm� � Zm

S � �	���

where S � fp�� � � � � psg is a �nite set of s � 	 primes� ZS is the ring of S�
integers in Q � Z�

S denotes the unit group of ZS� b is a non�zero rational integer
with �b� p� � � � ps� � � if s � 	� and F �X� � F �X�� � � � �Xm� � ZS�X�� � � � �Xm�
is a decomposable polynomial� that is a polynomial which factorizes into lin�
ear factors with algebraic coe�cients� Equations �	���� �	��� and �	��� are
called decomposable polynomial equations� and in particular �	��� a decompos�

able polynomial equation of Mahler type� Very important is the case when
F is homogeneous� in this case �	���� �	��� and �	��� are called decompos�

able form equations� The most important classes of decomposable polynomial
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equations are Thue equations� Thue�Mahler equations� norm form equations�
discriminant form equations� index form equations� resultant form equations�
and their inhomogeneous generalizations� They have many signi�cant appli�
cations� among others in algebraic number theory� For the extremely rich
literature of these equations and their applications� here we refer to the books
���� ����� ����� ��	� and the survey papers ����� ����� ����� �����

As is known� in case of decomposable form equations �	��� and �	��� are
in fact equivalent� and the number of solutions of �	��� coincides with the
number of so�called �cosets of solutions� of �	��� �cf� Chapters ����� In the
inhomogeneous case� we cannot speak about �cosets of solutions�� but the
number of solutions of �	��� does not exceed that of �	���� Hence� in this case
it is enough to derive bounds for the number of solutions of �	����

The main results of the �rst chapter provide explicit upper bounds for the
number of solutions of general decomposable polynomial equations of the form
�	��� and �	���� Some consequences are also presented to certain important
special types of decomposable polynomial equations� We note that all the
results obtained in the �rst chapter are valid also in the case of homogeneous
equations� but in this special situation slightly better results are known in
the literature� Hence in this chapter we shall restrict ourselves mainly to
inhomogeneous equations�

The second and third chapters are devoted to norm form� discriminant
form and index form equations� which are particularly important from the
point of view of applications� Under certain general conditions we give explicit
upper bounds for the number of solutions which are much better than the
bounds of the �rst chapter specialized to the homogeneous case� and provide
signi�cant improvements of the previous bounds which were earlier obtained
on the equations under consideration�

In Chapters ��� and �� we shall use several deep results from the litera�
ture to prove our theorems� We remark that some of these results have been
established by means of various recent improvements of Schmidt�s powerful
quantitative subspace theorem� for a survey on Schmidt�s theorem and its
improvements see �����

In the fourth chapter� a problem of P� Tur�an concerning irreducible poly�
nomials is investigated� The problems studied in the �rst three chapters are
clearly of diophantine nature� We note that the study of the irreducibility of
polynomials with integer coe�cients is also a diophantine question� Indeed�
if such a polynomial is not irreducible� then it can be written as a product of
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two polynomials with integer coe�cients� Now regarding the coe�cients of the
factors as variables� calculating the product of the two factors and comparing
the coe�cients of the product with the original polynomial we get a system
of diophantine equations to be solved�

In what follows� we brie�y present the contents of chapters ����� and ��
respectively�

I

Decomposable form equations have been very extensively studied in the
literature� Various ine�ective �niteness results have been established which
do not provide� however� any algorithm for determining the solutions� Later�
several e�ective theorems have also been obtained which give explicit upper
bounds for the solutions� Further� explicit upper bounds were derived for the
number of solutions which bounds are independent of the coe�cients of F �
For such results we refer to the books ����� ����� ��	�� the survey papers �����
����� ����� ����� ���� and the references given there�

The �rst �ine�ective� upper bound for the number of solutions of general in�
homogeneous decomposable polynomial equations was given by Evertse� Ga�al
and Gy�ory in ��	�� They provided a necessary and su�cient condition for
equation �	��� to have only �nitely many solutions for every S and b� Further�
under this �niteness condition they derived an upper bound for the numbers
of solutions of such equations� This bound was given explicitly in terms of the
numbers of solutions of some appropriate unit equations� However� when ��	�
was written� no explicit upper bound was known for the number of solutions of
unit equations� It should be remarked that the results of ��	� were established
in a more general situation� for the case when the ground ring is an arbitrary
�nitely generated integral domain over Z�

Combining the upper bound in ��	� with a recent bound of Evertse ��� on
the number of solutions of unit equations� one can now give easily an explicit
upper bound for the number of solutions of equation �	���� However� the
bound so obtained is very large in terms of the degree of F � because it is an
exponential function of the degree of the splitting �eld of F � In the �rst chapter
we follow a completely di�erent approach� and under the �niteness condition of
��	� we give much better upper bounds for the the number of solutions of �	���
which are already polynomial in terms of the degree of F � Further� we show
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that the �niteness criteria of ��	� is not valid in the case of the more general
equations of the form �	���� We also give a su�cient condition for the �niteness
of the number of solutions of equation �	���� and under this condition we derive
an explicit upper bound for the number of solutions� Further� in the case
b � � we give a bound for the number of solutions of �	��� subject only to the
condition that this number is �nite� Several consequences of these results are
also presented for special decomposable polynomial equations� We give among
others upper bounds for the numbers of solutions of inhomogeneous Thue
equations� discriminant polynomial equations� norm polynomial equations and
resultant polynomial equations� To prove our theorems� we utilize some deep
results of Gy�ory ���� and Evertse and Gy�ory ���� on the number of families of
solutions of decomposable form equations whose proofs depend� among other
things� on recent quantitative versions of Schmidt�s subspace theorem� The
results presented in the �rst chapter are joint results with my supervisor� Prof�
K� Gy�ory� and will be published in our joint paper ����

II

In the second chapter we deal with norm form equations� A norm form is
a decomposable form of the type

F �X�  � a�NK�Q���X� ! � � �! �mXm��

where ��� � � � � �m are linearly independent elements of a number �eld K of
degree n over Q � and a� is a non�zero rational number which is chosen so that
F has its coe�cients in Z�

Let p�� � � � � ps be rational primes with s � 	� and b � Z n f	g a rational
integer which is relatively prime to p�� � � � � ps if s � 	� The equations of the
form

a�NK�Q���x� ! � � �!�mxm� � bpz�� � � � pzss

in x�� � � � � xm � Z�

and z�� � � � � zs � Z��

with �x�� � � � � xm� p� � � � ps� � � if s � 	�

�	���

are called norm form equations� and for s � 	� norm form equations of Mahler

type�
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In the case s � 	� Schmidt ���� gave a criterion for �	��� to have only �nitely
many solutions for any b � Z n f	g� In ��
� Schlickewei extended Schmidt�s
result to the case s � 	� These results were proved by using Schmidt�s subspace
theorem� and thus they are ine�ective�

Later� Gy�ory and Papp �s � 	� and Gy�ory �s � 	� derived e�ective �nite�
ness results for a large class of norm form equations� see ���� and ��	� for
references� For example� Gy�ory ��	� derived explicit bounds for the solutions
under the assumption that

�i� xm �� 	� �� � �� ��� � � � � �m�� are Q�linearly independent and �m has
degree at least � over Q��� � � � � � �m����

or that

�ii� the degree of �i is at least � over Q��� � � � � � �i��� for i � �� � � � �m�

We remark that in �i� and �ii� the conditions concerning the degrees are nec�
essary� Further� it is interesting to note that this �niteness result in the case
�i� cannot be deduced even in an ine�ective form from the �niteness theorems
of Schmidt and Schlickewei� In ���
 Evertse and Gy�ory ���� gave explicit up�
per bounds for the number of solutions of norm form equations of the form
�	��� under the hypotheses �i� and �ii�� Later Gy�ory ����� Evertse ��� and Ev�
ertse and Gy�ory ���� derived general upper bounds for arbitrary norm form
equations which include the case �ii�� but not the case �i�� For further results
concerning norm form equations� see ����� ���� and the references given there�

In the second chapter we considerably improve the above�mentioned
bounds of ����� Following an idea of Gy�ory� we reduce equation �	��� to a
relative Thue�Mahler equation� and then we use a result of Evertse ��� to
estimate the number of solutions of this equation� We also give a further im�
provement on the number of solutions of �	��� which is valid for all but at
most �nitely many possible values of the constant term b of the equation� Our
bound obtained under the assumption �ii� is better for almost all b than the
general bounds of ����� ��� and ����� Further� we give an explicit upper bound
for the number of exceptional values of b� To prove this result� �rst we apply
Gy�ory�s method to reduce equation �	��� to a system of unit equations and
then we use results of Evertse� Gy�ory� Stewart and Tijdeman ��
� and Evertse
and Gy�ory ���� to derive our upper bound for the number of solutions� The
bound for the number of exceptional values is obtained by combining results
from ���� ���� and ����� We note that in ��
�� ����� ����� and ���� the proofs






of the results in question involve� among other things� the Thue�Siegel�Roth�
Schmidt method and its recent quantitative versions� The results of Chapter
� are published in our paper ����

III

In the third chapter we present our new results concerning the number of
solutions of index form equations� An index form equation of Mahler type is
an equation of the form

I�x�� � � � � xn� � �Ipz�� � � � pzss

in x�� � � � � xn � Z�

and z�� � � � � zs � Z��

with �x�� � � � � xn� p� � � � ps� � � if s � 	�

�	�
�

where I�X� � I�X�� � � � �Xn� is the index form corresponding to a given inte�
gral basis of a given number �eld K� p�� � � � � ps are rational primes with s � 	�
and I is a rational integer which is relatively prime to p�� � � � � ps if s � 	�

The �rst �niteness result concerning index form equations is due to Gy�ory
����� He considered the most interesting case when s � 	� He �rst reduced
equation �	�
� to a system of unit equations and using his e�ective results
on these equations he gave explicit upper bounds for the solutions of �	�
��
Gy�ory�s result was later generalized to Mahler type equations by Trelina ����
and Gy�ory and Papp �����

In ���
� Evertse and Gy�ory ���� derived an explicit upper bound for the
number of solutions of equation �	�
�� This bound was a consequence of their
more general result on decomposable form equations� Later� Evertse ��� and
Evertse and Gy�ory ���� improved their results on decomposable form equa�
tions� and thereby also the bounds for the number of solutions of equation
�	�
�� For further results concerning discriminant and index form equations
see the survey paper ���� and the references given there�

For given n � 
� almost all number �elds K of degree n have the property
that the Galois group of K �more precisely� that of the normal closure of K over
Q� is triply transitive� In the important special case when the Galois group�
G� of K is triply transitive� Gy�ory ���� improved considerably the bounds
established in ���� and ��� for the number of solutions of �	�
�� In the third
chapter� under the same assumptions on the Galois group G we considerably
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improve the bound of Evertse and Gy�ory ���� for almost all values of I� and
we also give a bound for the number of exceptional values of I� To prove
this result we use a similar method to that applied in Chapter � to norm
form equations� We also combine Gy�ory�s method on reducing decomposable
form equations to unit equations with the above�mentioned results from ��
��
����� ���� ���� and ����� As consequences of our result� we present some results
concerning discriminant form equations and the number of elements with given
discriminant in a given number �eld� The results of the third chapter are
published in ����

IV

In the fourth chapter some new results are presented on a problem of P�
Tur�an concerning the �distance� of polynomials to irreducible polynomials� It
is well�known that there are in�nitely many irreducible polynomials in Z�x� for
each given degree� and that �cf� H��W� Knobloch ����� the �majority� of these
polynomials are irreducible� This suggests that the �distance� of a polynomial
to the �nearest� irreducible polynomial cannot be too large� By the �distance�
of two polynomials in Z�x� we mean the following� The sum of the absolute
values of the coe�cients of a polynomial P � Z�x� is called the length of P �
and is denoted by jP j� The distance of two polynomials P�Q � Z�x� is then
de�ned as jP �Qj�

P� Tur�an asked the following question Does there exist an absolute con�
stant C� such that for every P �x� � Z�x� of degree n� there is a polynomial
Q�x� � Z�x� which is irreducible over Q � and satis�es the conditions that
deg�Q� � n and jP �Qj � C�"

This problem turned out to be a very hard one� The best known result in
this direction is due to Schinzel ����� who gave an a�rmative answer to the
above question in the case when we omit the condition deg�Q� � n� For a
related result see Gy�ory ��
��

Using computational methods� in ��� we proved with Hajdu that for poly�
nomials of degree � �� we have C� � �� This result was included in ��	��

Later� we continued our work on Tur�an�s problem� and the fourth chapter
contains our new results on the topic� On one hand� we re�ned our algorithms
and we extended our result to polynomials of degree � ��� These results have
been published in �
�� On the other hand� quite recently we have obtained some
new results concerning extreme polynomials �for a de�nition see Chapter ���
These results are not published yet�
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Chapter �

On the number of solutions of

general decomposable

polynomial equations

��� Introduction

Let F �X� � F �X�� � � � �Xm� � Q �X� � � � � � Xm� be a decomposable polynomial
of degree n � � in m � � variables� that is a polynomial which can be written
in the form

F �X� �

nY
i��

li�X��

where l��X�� � � � � ln�X� are linear polynomials with coe�cients in an algebraic
number �eld G� This factorization is unique up to proportional factors from
G�� Let S � fp�� � � � � psg be a �nite set of s � 	 rational primes� and denote
by ZS the ring of S�integers in Q � Consider the equation

F �x� � b in x � �x�� � � � � xm� � Zm
S � �����

where b is a given non�zero S�integer� We assume throughout the present
chapter that F has its coe�cients in ZS� Then ����� is called a decomposable

polynomial equation over ZS� If in particular F is a form� ����� is a decom�
posable form equation�

We recall �cf� ����� that if F is a �nite set of linear forms in G�X�� � � � �Xk��
k � �� then a non�zero Q�linear subspace V of the vector space Qk is called
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F�non�degenerate if F contains a subset of at least three linear forms whose
restrictions to V are linearly dependent� but pairwise linearly independent�
Otherwise V is called F �degenerate� Further� V is called F�admissible if no
form in F vanishes identically on V �

Denote by L a maximal subset of pairwise linearly independent polynomi�
als among the linear factors l�� � � � � ln of F over G� Put

L� � fXm��g �

�
Xm�� � l

�
X�

Xm��
� � � � �

Xm

Xm��

�
 l � L

�
�

Then L� consists of linear forms in X�� � � � �Xm�� with coe�cients in G�
It was shown in ��	�� Theorem �� that ����� has only �nitely many solutions

for every S and b if and only if the following condition holds �i� the linear
forms in L� have rank m!� over G� and every L��admissible linear subspace of
Qm�� of dimension � � is L��non�degenerate� Further� under the assumption
�i�� a non�explicit bound was derived �cf� ��	�� Theorem �� for the number
of solutions of ����� which does not depend on the coe�cients of F � This
bound was given explicitly in terms of the numbers of solutions of some unit
equations� However� when the paper ��	� was written� no explicit upper bound
was available on the number of solutions of unit equations� On combining the
bound of ��	� with an explicit upper bound of Evertse ��� on the number of
solutions of unit equations� one can easily show that under the assumption �i��
our equation ����� has at most

n
�
���m

�g�m�����s��S�b������
�����

solutions� Here �S�b� denotes the number of those distinct primes p� not
contained in S� for which pjb in ZS� and g denotes the degree of the �eld G
over Q � If G is chosen to be the splitting �eld of F over Q then g � n#� and
this bound for g cannot be diminished in general�

In this chapter we give a much better explicit upper bound for the number
of solutions of ����� which is already polynomial in terms of n� Further� we
extend our result to the more general equation

F �x� � bZ�
S in x � �x�� � � � � xm� � Zm

S � �����

where Z�
S denotes the group of S�units in ZS� We point out that under the

assumption �i� this equation may have in�nitely many solutions� Then we
show that �i� together with the condition that �i�� for at least one polynomial
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l� � L� we have l��a� �� 	 for any � �� a � Qm�� � imply already the �niteness
of the number of solutions� Further� under these assumptions we derive explicit
upper bounds for the number of solutions of ������ Moreover� for b � �� we
give a similar upper bound� provided only that the number of solutions of
����� is �nite�

The signi�cant improvement in our bounds is due to a new approach which
is di�erent from that of ��	�� As a generalization of Schmidt�s famous results
���� on norm form equations� Gy�ory ���� proved that in case of homogeneous
F � the set of solutions of both ����� and ����� is the union of �nitely many
so�called families of solutions� Further� he gave an explicit upper bound for
the number of these families� This bound was later improved by Evertse and
Gy�ory ����� In the proofs of our main results we �rst reduce equations ����� and
����� to homogeneous decomposable polynomial equations in m!� unknowns�
Then we apply the above�mentioned results of ���� and ���� to derive bounds
for the numbers of solutions of ����� and ������

We give several consequences for inhomogeneous Thue equations� discrim�
inant polynomial equations� norm polynomial equations and resultant poly�
nomial equations� In particular� our results are valid also in the homogeneous
case� However� in this case slightly better estimates are known in the literature�
hence we shall not deal here with applications of our results to decomposable
form equations�

��� Main new results

To state our results we need some further notation� For a prime p not contained
in S� denote by ordp�b� the greatest integer a such that pajb in ZS� Put

�S�b� n�m� �

�
n! �

m

��S�b� Y
p prime
p��S

�
ordp�b� ! m

m

�

where the product is taken over all primes p not contained in S� and let

��m� �
�

�
�m ! ���m ! ����m ! ��� ��

We note that ��m� � ��m ! ��	� We also use the notation introduced in
Section ����

Theorem ���� Suppose that

��



�i� the linear forms in L� have rank m! � over G� and every L��admissible

linear subspace of Qm�� of dimension � � is L��non�degenerate�

Then the number of solutions of equation ����� does not exceed the bounds

n
�
��
n

���m��s���
� �S�b� n�m� �����

and

n
�
��
n

���m��s��S�b����
� ���
�

As is easily seen� the bound ���
� is in general much better than ������
In the special case when in ����� F is homogeneous� the assumption �i� is
equivalent �cf� ��	�� Corollary �� to the fact that every L�admissible linear
subspace of Qm of dimension � � is L�non�degenerate� In this case slightly
better bounds are given in ��� and ���� for the number of solutions of ������

Our example given below shows that in contrast with the case of decom�
posable form equations� Theorem ��� cannot be generalized for decomposable
polynomial equations of the form ������ However� if we replace condition �i�
of Theorem ��� with a stronger assumption� we are able to derive a �niteness
theorem and explicit bounds for the number of solutions of ������

Theorem ���� Suppose that the condition �i� holds� and that

�i�� for at least one polynomial l� � L� we have l��a� �� 	 for any � �� a �
Qm�� �

Then the number of solutions of equation ����� does not exceed the bound

�
��
n

���m��s��S�b����
� �����

As a consequence of Theorem ��� we give now another �niteness condition
for the number of solutions of ����� which is sometimes easier to check� Let
L�� � L� n fXm��g�

Corollary ���� Suppose that

�ii�� L�� has rank m ! � over G� and that l��a� �� 	 for each l� � L�� and for

any � �� a � Qm�� �

Then the number of solutions of ����� does not exceed the bound ������

��



We note that in the inhomogeneous case our Theorem ��� and Corollary ���
provide bounds also for the number of solutions of the corresponding Mahler
type equation of the form �	����

The following example shows that condition �i�� in Theorem ��� is also
necessary�

Example� Put S � f
� ��g and consider the polynomial F �X��X�� � ��X� !
�X��
��X�!���X�!��� � ZS�X�� X��� This polynomial satis�es the condition
�i� of Theorem ���� but there is no linear factor l of F for which the corre�
sponding linear form l��X��X��X	� has the property that l��x�� x�� x	� �� 	
for �	� 	� 	� �� �x�� x�� x	� � Q

	 � It is easy to see that the equation

F �x�� x�� � Z
�
S in x�� x� � ZS

has in�nitely many solutions of the form �x�� ���

Theorem ���� Assume that rank�L�� � m ! � and b � �� If the number of

solutions of ����� is �nite� then this number does not exceed the bound

���
n���m��s���� �����

In the next section we formulate some consequences and applications of
our Theorems ��� to ���� Following our proofs� our results could be extended
to the case when the ground ring is a ring of S�integers of an arbitrary number
�eld� We shall not work this out here�

��� Some consequences and applications

First let F��X� � F��X�� � � � �Xm� � ZS�X�� � � � �Xm� be a decomposable form

in m � � variables and assume that

F��X� �

nY
i��

hi�X�

with linear forms hi�X� � G�X�� � � � � Xm� for i � �� � � � � n� Let L� denote a
maximal subset of pairwise non�proportional linear forms in fh�� � � � � hng over
G� Let $ be the set of all n�tuples � � ���� � � � � �n� � Gn for which the
decomposable polynomial

F��X� �
nY
i��

�hi�X� ! �i�

��



has its coe�cients in ZS� Clearly� F��X� � F��X�� hence � � $� Our Theorem
��� implies the following�

Corollary ���� Suppose that

�ii� every subspace of Qm of dimension � � is L��non�degenerate�

Then for any b � ZS n f	g and for every �xed � � $� the number of solutions

of the equation

F��x� � b in x � Zm
S �����

does not exceed the bounds occurring in ����� and ���
��

In what follows� we apply Corollary ��� to inhomogeneous Thue equations�
discriminant polynomial equations and norm polynomial equations� In case
of equations considered over ZS� our Corollary ��� and Corollaries ���� ��

and ��� below give improved� explicit versions of Corollaries � to 
 of ��	�
in which non�explicit bounds were given for the numbers of solutions of the
corresponding equations�

Let F �X��X�� � ZS�X��X�� be a decomposable polynomial of degree n�
Assume that

F �X��X�� �

nY
i��

�hi�X��X�� ! �i� �����

where hi�X�� X�� is a linear form with coe�cients in G and �i � G for i �
�� � � � � n� Let b be a non�zero S�integer�

Corollary ���� Suppose that

�iii� there are at least three pairwise linearly independent forms among

h��X��X��� � � � � hn�X��X���

Then the number of solutions of the inhomogeneous Thue equation

F �x�� x�� � b in x�� x� � ZS ����	�

does not exceed the bounds

n
�
��
n

����s���
� �S�b� n� ��

and

n
�
��
n

����s��S�b����
�

��



From Theorem ��� we shall deduce the following�

Corollary ���� Suppose that

�iii�� there are at least three linearly independent polynomials among

h��X�� X�� ! ��� � � � � hn�X��X�� ! �n� and that for some i� hi�x�� x�� ��
f	���ig for any �	� 	� �� �x�� x�� � Q

� �

Then the number of solutions of the equation

F �x�� x�� � bZ�
S in x�� x� � ZS ������

does not exceed the bound

�
��
n

����s��S�b����
�

The bounds in Corollaries ��� and ��� are valid also in the case of Thue
and Thue�Mahler equations� when �i � 	 for i � �� � � � � n� However� when in
����	� F �X��X�� is an irreducible binary form� Evertse ��� obtained a much
better bound for the numbers of solutions of ����	� and �������

Let M be a number �eld of degree n � �� �� � �� ��� � � � � �m linearly
independent elements of M over Q such that M � Q��� � � � � � �m�� and � an
arbitrary element of M � Let 	� � id� 	�� � � � � 	n be the Q�isomorphisms of M
into C � For any � �M � let ��i� � 	i���� Put

L�i��X�  � X� ! �
�i�
� X� ! � � �! ��i�mXm ! ��i�

with the convention that L�X� � L����X�� Then the decomposable polynomial

DM�Q�L�X��  �
Y

��i�j�n

�L�i��X�� L�j��X���

is called a discriminant polynomial� We consider the discriminant polynomial

equation

a�DM�Q���x� ! � � �! �mxm ! �� � b in x�� � � � � xm � ZS� ������

where a� � Q
� � b � ZS n f	g� Further� suppose that a� is chosen such that the

discriminant polynomial a�DM�Q���X� ! � � �!�mXm !�� has its coe�cients
in ZS�

�




Corollary ��	� Under the above conditions� the number of solutions of equa�

tion ������ does not exceed the bounds ����� and ���
� with n replaced by

n�n� ���

In the important special case � � 	� somewhat better bounds follow for
the number of solutions of ������ from the results of ��� and ���� concerning
decomposable form equations� Under some conditions on the normal closure
of M
Q � even better bounds can be found in ����� ��� and ���� for � � 	�

With the above assumptions� consider the following generalization

a�DM�Q���x� ! � � � ! �mxm ! �� � bZ�
S in x�� � � � � xm � ZS ������

of equation ������� From Corollary ��� we shall deduce the next

Corollary ��
� Suppose that the number �eld M has no proper sub�eld� and

that �� ��� � � � � �m� � are linearly independent over Q � Then the number of

solutions of the equation ������ does not exceed the bound ����� with n replaced

by n�n� ���

In the case � � 	� the results of ��� and ���� concerning decomposable
form equations provide somewhat better bounds for the number of solutions
of �������

Let again M be a number �eld of degree n � �� �� � �� ��� � � � � �m linearly
independent elements of M over Q such that M � Q��� � � � � � �m�� and � �M �
As above� put

L�i��X�  � �
�i�
� X� ! � � �! ��i�mXm ! ��i��

Then the polynomial

NM�Q���X� ! � � �! �mXm ! �� �

nY
i��

L�i��X�

is called a norm polynomial� Consider the norm polynomial equation

a�NM�Q���x� ! � � �! �mxm ! �� � b in x�� � � � � xm � ZS� ������

where b � ZS n f	g� and a� � Q� is chosen so that the norm polynomial
a�NM�Q���X� ! � � �! �mXm ! �� has its coe�cients in ZS�

Denote by M the Z�module generated by ��� � � � � �m in M � M is called
non�degenerate if the Q�vector space generated by M does not contain any
subspace of the form �M � where � �M� and M � is a sub�eld of M such that
Q �M � 	M � Otherwise M is called degenerate�

��



Corollary ���� Suppose that

�iv� M is non�degenerate�

Then the number of solutions of the equation ������ does not exceed the bounds

occurring in ����� and ���
��

We note that for � � 	� slightly better bounds are given in ��� and ���� for
the number of solutions of �������

As a generalization of ������� consider now the equation

a�NM�Q���x� ! � � �! �mxm ! �� � bZ�
S in x�� � � � � xm � ZS� ����
�

It is an immediate consequence of Corollary ��� that if ��� � � � � �m and � are
linearly independent over Q then the number of solutions of equation ����
�
does not exceed the bound ������ However� the number of solutions of ����
�
can be �nite also in the case when ��� � � � � �m and � are linearly dependent�
The following corollary follows immediately from our Theorem ����

Corollary ���� Suppose that for b � � equation ����
� has only �nitely many

solutions� Then the number of these solutions does not exceed the bound ������

Finally� we apply Corollary ��� to resultant equations� Let P � ZS�X� be
a polynomial of degree n � � with leading coe�cient a� and without multiple
zeros� Let ��� � � � � �n denote the zeros of P � and put G � Q��� � � � � � �n�� Fix a
positive integer m� and let � � ���� � � � � �n� � Gn such that the decomposable
polynomial

am�

nY
i��

�
�mi X� ! �m��

i X� ! � � � ! Xm ! �i
�

������

has its coe�cients in ZS� This is the case e�g� for � � � when the corre�
sponding decomposable form in ������ is just the resultant Res�P�Q� of the
polynomials P �X� and Q�X� � X�X

m ! X�X
m�� ! � � � ! Xm� Hence in the

case � � � we call ������ a resultant form� and in general a resultant polyno�

mial� We denote this polynomial by Res��P�Q� with the above Q� Consider
the resultant polynomial equation

Res��P�Q� � b in Q � ZS�X�� ������

��



where b is a given non�zero element of ZS�
It follows from Theorem 
 of ��
� that for � � �� b � Z�

S and m � n
�� the
number of solutions of ������ in Q � ZS�X� with degree m is at most

�
�
�	�n�

��m�����s���
� ������

Further� it was pointed out in ��
� that the assumption m � n
� cannot be
replaced by m � n
� in general�

From our Corollary ��� we shall deduce the following�

Corollary ���� Let m be a positive integer with m � n
�� and suppose that

P �X� has no non�constant divisor of degree � m in Q �X �� Then the number

of solutions Q�X� of ������ with degree m does not exceed the bounds �����
and ���
� with m replaced by m ! ��

For � � � and b � Z�
S� our bound ���
� provided by Corollary ��� can be

compared with ������� It is likely that Corollary ��� remains still valid without
the assumption that P has no non�constant factor with rational coe�cients
and with degree less than m�

We note that similar results can be deduced from Theorem ��� and
Corollary ��� for the number of those polynomials Q � ZS�X� for which
Res��P�Q� � bZ�

S�

��� Proofs

To prove our results we shall need some lemmas� First we introduce some
further notation�

Let %F �X� � ZS�X�� � � � �Xk�� k � �� be a decomposable form of degree
r � �� and assume that there are k linearly independent linear forms among
the linear factors of %F over Q � Let b be a non�zero element of ZS� and consider
the decomposable form equation

%F �x� � bZ�
S in x � �x�� � � � � xk� � Zk

S� ������

We recall that if x is a solution of ������ then so is 
x for each 
 � Z�
S� Such

a set of solutions is called a Z�
S�coset of solutions of ������� The form %F is a

product of norm forms� More precisely� it can be written in the form

%F �X� � c
tY

j��

NMj�Q�lj�X���

��



where c � Q� � M�� � � � �Mt are algebraic number �elds� and lj�X� is a linear
form in X � �X�� � � � �Xk� with coe�cients in Mj for j � �� � � � � t �cf ���� pp�
������� Let

A � M� 
 � � � 
Mt

denote the direct Q�algebra sum of M�� � � � �Mt� i�e� the cartesian product
M��� � ��Mt endowed with coordinatewise addition and multiplication� Thus
A is an algebra over Q with unit element �A � ��� � � � � ��� Denote by A� the
multiplicative group of invertible elements in A� and by NA�Q�a� the norm of
a � ���� � � � � �t� � A� Then we have

NA�Q�a� � NM��Q���� � � � NMt�Q��t��

Denote by MS the �nitely generated ZS�module

fx � �l��x�� � � � � lt�x��  x � Zk
Sg

in the algebra A� Now equation ������ can be written in the form

cNA�Q�x� � bZ�
S in x �MS � ����	�

For any algebraic number �eld M we denote by OM�S the integral closure
of ZS in M � and by O�

M�S the unit group of OM�S� Similarly� for each Q�
subalgebra B of A with �A � B we denote by OB�S the integral closure of ZS

in B� and by O�
B�S the unit group of OB�S � The dimension of A as a Q�vector

space is r� and the Q�vector space V  � MSQ generated by MS over Q has
dimension k� Put

%�S�b� �

�
r

k � �

��S�b� Y
p prime
p��S

�
ordp�b� ! k � �

k � �

�

and

e�k� �
�

�
k�k ! ����k ! ��� ��

Lemma ���� The set of solutions of equation ����	� is contained in some

�nite union

x�O
�
B� �S � � � � � xwO

�
Bw�S with w � ��		r��e�k��s��� %�S�b� ������

such that for i � �� � � � � w� Bi is a Q�subalgebra of A with �A � Bi� and xi � A�

with xiBi � V �

��



Proof� This is a special case of Theorem � of ����� We note that the proof of
this theorem of ���� is based on a combination of some deep results of Gy�ory
���� and Evertse ���� The proof of the result used from ��� depends on Evertse�s
improvement �cf� ����� of Schmidt�s quantitative subspace theorem�

We note that the expression %�S�b� appears in Lemma � of ����� and it is
an upper bound for the O�

A�S�cosets of solutions of equation ����	�� Further�
Lemma � of ���� will be used also in Chapters � and �� So the expressions
�S�b� n�m� occurring in Theorem ���� �m�b� in Chapter � and ��I� in Chapter
� are all derived from the same expression� namely from %�S�b��

Consider the above factorization of %F into linear factors� and let %L be a
maximal subset of pairwise linearly independent linear factors of %F � By the
assumption made on the linear factors of %F � %L has rank k over Q � Hence the
linear mapping

& Qk 
 V  x �
 �l��x�� � � � � lt�x��

gives an isomorphism between Qk and V �

Lemma ���� Let H be a non�zero subspace of the vector space Qk � Then the

following statements are equivalent�

�a� H is %L�admissible and %L�degenerate�

�b� &�H� � xB for some x � &�H� � A� and some Q�subalgebra B of A
with �A � B�

Proof� This is Lemma � of �����

Lemma ���� Suppose that every %L�admissible linear subspace of Qk of di�

mension � � is %L�non�degenerate� Then all solutions of ������ are contained

in a �nite union

H� � � � � �Hw

of at most two�dimensional subspaces H�� � � � �Hw of Qk such that

w � ��		r��e�k��s��� %�S�b��

Proof� Consider equation ������ in the form ����	�� By Lemma ���� the set
of solutions of equation ����	� is contained in some �nite union of the form
������ with the properties speci�ed in Lemma ����

�	



Now �x a coset xiO
�
Bi�S

from ������� We have xiO
�
Bi�S

� xiBi� Since xiBi

is a Q�linear subspace of V with �A � Bi� there exists a linear subspace Hi of
Qk such that &�Hi� � xiBi and xi � &�Hi� � A�� Further� for each solution
x of ����	� which is contained in xiBi� the corresponding solution x of ������
is contained in Hi� and vica versa� Moreover� by Lemma ��� we infer that
Hi is an %L�admissible and %L�degenerate subspace of Qk � However� by the
assumption of our Lemma ���� every %L�admissible and %L�degenerate subspace
of Qk is of dimension � �� This completes the proof of our lemma�

Lemma ���� Suppose that equation ������ has only �nitely many Z�
S�cosets

of solutions� Then this number is at most

��		r��e�k��s��� %�S�b��

Proof� This is Corollary � in �����

To prove Theorems ���� ��� and ���� we �rst introduce some notation�
Consider equations ����� and ������ where

F �X� � F �X�� � � � � Xm� � ZS�X�� � � � � Xm�

is a decomposable polynomial of degree n � � in m � � variables� Let l�� � � � � ln
denote the linear factors of F over G� Put

F ��X�� � F ��X�� � � � �Xm�Xm��� � Xn��
m�� � F

�
X�

Xm��
� � � � �

Xm

Xm��

�
�

l�i �X�� � Xm��li

�
X�

Xm��
� � � � �

Xm

Xm��

�
� i � �� � � � � n

and

l�n���X
�� � Xm���

Proof of Theorem ���� There is a one�to�one correspondence between the so�
lutions x � �x�� � � � � xm� � Zm

S of ����� and the corresponding solutions
x� � �x�� � � � � xm� xm��� with xm�� � � of the equation

F ��x�� � b in x� � Zm��
S � ������

We give an upper bound for the number of solutions of ������ with xm�� � ��
By applying Lemma ��� to this equation we infer that all solutions of ������

��



are contained in a union
wS
i��

Hi of at most two�dimensional subspaces Hi of

Qm�� with

w � ��		�n ! ����e�m����s����S�b� n�m�� ������

If dimQ Hi � � then ������ can have at most one solution contained in
Hi with xm�� � �� Hence it su�ces to prove that for each two�dimensional
subspace H of Qm�� � there are at most n solutions x� � �x�� � � � � xm� xm���
of ������ with xm�� � � which are contained in H� Suppose that ������
has at least two such solutions� say x�� and x��� Then they are Q�linearly
independent elements of H� Fix these x�� and x��� Then for any solution
x� � �x�� � � � � xm� xm��� of ������ with xm�� � � which is contained in H� we
can write

x� � �x�� ! �x�� ������

with suitable rational numbers �� �� This implies that

l�i �x�� � �l�i �x
�
�� ! �l�i �x

�
��� i � �� � � � � n ! � ����
�

which gives � � �� � for i � n ! �� From ������ we infer that

b � F ��x�� �
n��Y
i��

�l�i �x�� � x���� ! l�i �x
�
��� ������

which is a polynomial of degree at most n in �� The assumption of Theorem ���
that L� has rank m! � over G implies that this is not a constant polynomial
in �� Hence there are at most n possible values of � for which ������ and
������ hold� Since �e�m! �� � ��m�� this proves that the number of solutions
of equation ����� does not exceed the bound occurring in ������

Next we derive the second bound ���
� for the number of solutions� Let
S� � S � fp j p prime with pjb in ZSg and s� the cardinality of S�� Then
s� � s ! �S�b�� Put F ��X� � �

bF �X�� Then from F �X� � ZS�X�� � � � �Xm��
b � Z�

S� and S � S� we deduce that F ��X� � ZS��X�� � � � �Xm�� Further�
the number of solutions of equation ����� is not greater than the number of
solutions of the equation

F ��x� � � in x � Zm
S�� ������

��



However� the assumption �i� of our Theorem ��� clearly holds also for the poly�
nomial F �� Hence� by applying the above�proved statement of our Theorem
��� we deduce that equation ������ cannot have more than

n
�
��
n

���m��s����
� �S���� n�m�

solutions� Since �S���� n�m� � � and s� � s!�S�b�� the proof of our Theorem
��� is completed�

Proof of Theorem ���� Let ZS� be as above� and let Z�
S� denote the unit group

of ZS�� For every solution x � �x�� � � � � xm� � Zm
S of ������ the corresponding

vector x� � �x�� � � � � xm� xm��� with xm�� � � is a solution of the equation

F ��x�� � Z�
S� in x� � Zm��

S� � ������

Further� each Z�
S��coset of solutions of ������ contains at most one solution of

������ Hence it su�ces to derive an upper bound for the number of Z�
S��cosets

of solutions of �������
We may assume without loss of generality that the number �eld G is a

normal extension of Q � Let OG�S� denote the integral closure of ZS� in G�
By Lemma � of ��	� we may assume that the linear factors l�� � � � � ln of F are
chosen so that

l�i �x
�� � O�

G�S� i � �� � � � � n ������

for each solution x� � Zm��
S� of ������� Further� we may also assume that each

element 	 of Gal�G
Q� permutes the linear factors l��� � � � � l
�
n of F ��

We �rst show that under the assumption of Theorem ���� equation ������
has only �nitely many Z�

S��cosets of solutions� By using Lemma ��� we infer
again as above that the solutions of ������ are contained in a �nite union of
at most two�dimensional subspaces of Qm�� � Each one�dimensional subspace
contains at most one Z�

S��coset of solutions� Hence it remains to show that
each �xed subspace H of Qm�� of dimension � contains at most �nitely many
Z�
S��cosets of solutions�

The linear factor l�n�� � Xm�� is a divisor of the form F ��X�� over ZS��
Hence ������ implies that each Z�

S��coset of solutions of ������ contains exactly
one x� � �x�� � � � � xm� xm��� with xm�� � �� Such a solution x� will be called
normalized�

Suppose that H contains two distinct Z�
S��cosets of solutions� say x��Z

�
S�

and x��Z
�
S�� where x�� and x�� are normalized solutions of ������� Fix x�� and

��



x��� Then for each Z�
S��coset of solutions x�Z�

S� � H where x� is normalized
we deduce again ������� ����
� and� in place of �������

n��Y
i��

�l�i �x
�
� � x���� ! l�i �x���� � F ��x�� � Z�

S�� ����	�

In ������ x��x�� and x�� are S��integers and x���x
�
� are �xed� Hence using

Cramer�s rule one can easily see that there is a �nite set S�� of primes with
S�� � S� such that for each x� considered above� the corresponding value of �
is contained in ZS�� � We show that the polynomial

P ��� �

n��Y
i��

�l�i �x�� � x���� ! l�i �x
�
���

in � has at least two distinct zeros� Then� as is known �see e�g� ��	�� Ch� �	��
equation ����	� has �nitely many solutions in ��

Put �i � l�i �x���
l
�
i �x��� for i � �� � � � � n� If �i � Q for some i� then by �������

�i � Q �O
�
G�S� � Z�

S�� and so l�i �x
�
� � �ix

�
�� � 	 where � �� x�� � �ix

�
� � Q

m�� �
However� by our assumption� there is at least one l� � L� such that l��a� �� 	
for all � �� a � Qm�� � Consequently� there exists at least one i such that
�i �� Q � But �i � G� hence there is a �j which is di�erent from �i such that
�j � 	��i� for some 	 � Gal�G
Q�� Then it is easy to check that

�l�i �x
�
��
l

�
i �x�� � x��� and � l�j �x

�
��
l

�
j �x�� � x���

are distinct zeros of P ���� As was mentioned above� this implies that ����	�
has only �nitely many solutions � � ZS�� � Then also equation ������ has
only �nitely many Z�

S��cosets of solutions� We can now apply Lemma ��� to
equation ������ with the choice r � n ! �� k � m ! �� b � �� S � S�� and we
infer that the number of Z�

S��cosets of solutions of ������ does not exceed the
bound

��		�n ! ����e�m����s��S�b�����

Finally� as was mentioned above� this implies the bound ����� for the number
of solutions of ������

Proof of Corollary ���� In view of Theorem ��� we only have to prove that
condition �ii�� implies conditions �i� and �i��� This means that we have to

��



prove that under the assumption of our Corollary ��� every L��admissible
subspace H of Qm�� of dimension � � is L��non�degenerate�

Suppose that H is L��admissible and dimQ H � t � �� By our assumption
we have rank�L��� � m ! �� and thus we get

Xm�� �

nX
i��

cil
�
i �X

�� ������

with suitable constants ci� The subspace H is L��admissible and thus Xm��

does not vanish on H� Thus there exists a basis a��� � � � �a
�
t of the subspace H

such that the �m ! ��th coordinate of a�� is � and the �m ! ��th coordinates
of the vectors a��� � � � �a

�
t are 	� Put

X� � Y�a
�
� ! � � � ! Yta

�
t �

Now Xm�� takes the form Y� on H� and we also have

l�i �X
�� � Y�l

�
i �a

�
�� ! � � �! Ytl

�
i �a

�
t �� i � �� � � � � n

on H� Further� by �ii�� the coe�cients of the forms Y�l
�
i �a

�
��! � � �!Ytl

�
i �a�t � are

non�zero� Thus among the restrictions of the forms Xm��� l
�
��X��� � � � � l�n�X��

to the subspace H are at least two which are linearly independent� Further�
by ������ there are at least three forms among these restrictions which are
pairwise linearly independent� However� ������ implies that the restrictions of
Xm��� l

�
�� � � � � l

�
n to H are linearly dependent� Hence H is L��non�degenerate

and Corollary ��� follows from Theorem ����

Proof of Theorem ��	� Consider equation ����� and the corresponding equa�
tion ������ with b � �� Then in ������ we have S� � S� Further� for every
solution x � �x�� � � � � xm� of ������ x� � �x�� � � � � xm� xm��� with xm�� � � is
a solution of ������� Conversely� in view of b � � any Z�

S�coset of solutions of
������ contains exactly one solution x� � �x�� � � � � xm� xm��� with xm�� � �
and then x � �x�� � � � � xm� is clearly a solution of ������ Hence the number of
solutions of ����� coincides with the number of Z�

S�cosets of solutions of �������
By applying now Lemma ��� to equation ������ with r � n ! �� k � m ! ��
b � � the assertion immediately follows�

�




Proof of Corollary ���� It was proved in ��	� that under the condition �ii� and
the other assumptions concerning equation ������ the condition �i� of our The�
orem ��� holds� Hence Corollary ��� follows at once from our Theorem ����

Proof of Corollary ��	� We prove that under the condition �iii�� equation
����	� satis�es condition �ii� of our Corollary ���� By �iii� there are at least
three pairwise linearly independent linear forms in the set

L� � fh��X��X��� � � � � hn�X��X��g�

We may suppose without loss of generality that these independent forms are
hi�X��X�� � aiX� ! biX� for i � �� �� �� These forms are obviously linearly
dependent� Hence Q� is L��non�degenerate� and so Corollary ��� follows at
once from Corollary ����

Proof of Corollary ��
� It is easy to check that condition �iii�� of Corollary ���
implies conditions �i� and �i�� of Theorem ��� with m � �� Hence Corollary
��� follows from Theorem ����

Proof of Corollary ���� We keep the notation of Corollary ��
� Using some
ideas from the proof of Theorem � in ���� we prove that equation ������ satis�es
condition �ii� of Corollary ���� Put

L
�i�
� �X�  � �

�i�
� X� ! � � �! ��i�mXm�

Denote by L� a maximal subset of pairwise linearly independent forms among

L
�i�
� � L

�j�
� � � � i �� j � n� Using the fact that �� ��� � � � � �m are linearly

independent over Q it is easy to see that L� has rank m� The set L� is

spanned by the linear forms L
���
� � L

�j�
� � � � j � n� Then one can easily

show that for every subspace V of Qm of dimension � � there are at least two

forms among L
���
� � L

�j�
� � � � j � n� which are linearly independent on V �

Without loss of generality we may suppose that these forms are L
���
� �L

���
� and

L
���
� � L

�	�
� � Then clearly L

���
� � L

���
� � L

���
� � L

�	�
� and L

���
� � L

�	�
� are pairwise

linearly independent on V and

�L
���
� � L

���
� �� �L

���
� � L

�	�
� � ! �L

���
� � L

�	�
� � � 	

which implies that condition �ii� of Corollary ��� holds� Now Corollary ��
 is
a simple consequence of Corollary ����

��



Proof of Corollary ���� Keeping the above notation� put

l��i��X�  � �
�i�
� X� ! � � �! ��i�mXm ! ��i�Xm���

Denote by L�� a maximal subset of pairwise linearly independent forms among
l��i� � l��j�� � � i � j � n� We can see as above that rank�L��� � m ! ��
Further� if l��i��a�� l��j��a� � 	 for some distinct i� j and some � �� a � Qm�� �
then l��i��a� cannot be a primitive element of M � However� by our assumptions
the �eld M is primitive� hence it follows that l��i��a� � Q which contradicts
the fact that �� ��� � � � � �m and � are linearly independent over Q � Thus the
condition �ii�� of Corollary ��� holds� and Corollary ��� follows from Corollary
����

Proof of Corollary ��
� As was showed in ��	�� under the assumptions made
in Corollary ���� equation ������ satis�es the condition �ii� of our Corollary
���� Hence Corollary ��� follows immediately from Corollary ����

For any system F of linear forms with coe�cients in a number �eld G�
denote by VG�F� the G�vector space generated by the forms in F �

Lemma ��	� Let %F �X��X�� � � � � Xk� �k � �� be a decomposable form of degree

n with coe�cients in Q which factorizes into linear factors over a number �eld

G� Suppose that any k ! � linear factors in the factorization of %F are linearly

independent� Denote by %L a maximal subset of pairwise linearly independent

forms among the linear factors of %F � Then for each proper non�empty subset
%L� of %L we have �

VG� %L�� � VG
�

%L n %L�

��
� %L �� ��

Proof� This is proved in the proof of Theorem � in �����

Lemma ��
� Under the assumptions of Lemma ��� the following two state�

ments are equivalent�

�a� Every %L�admissible subspace of Gk�� of dimension � � is %L�non�
degenerate�

�b� The forms in %L have rank k ! � over G and for each proper non�empty

subset %L� of %L we have

�
VG� %L�� � VG

�
%L n %L�

��
� %L �� ��

��



Proof� This is the Proposition in �����

Proof of Corollary ���� For convenience� we denote by F��X�� � � � � Xm� the
resultant polynomial occurring in ������� Then for each solution Q�X� �
x�X

m ! � � �! xm of ������� x�� � � � � xm is a solution of the equation

F��x�� � � � � xm� � b in x�� � � � � xm � ZS� ������

Let L� denote the set of linear forms

hi�X� � �mi X� ! �m��
i X� ! � � �! Xm� i � �� � � � � n�

It is clear that any m ! � forms in L� are linearly independent over G� the
splitting �eld of F� over Q �

By our assumptions� P �X� has no non�constant factor of degree � m in
Q �X �� This implies that for given i with � � i � n� there are no linearly
independent vectors a��a� in Qm�� such that hi�a�� � hi�a�� � 	� This
means that every linear subspace of Qm�� of dimension � � is L��admissible�

We now show that every linear subspace V of Qm�� of dimension � � is
L��non�degenerate� Our equation ������ satis�es the conditions of Lemma ��
�
Hence we have

�VG�L�� � VG �L� n L��� � L� �� �

for each proper non�empty subset L� of L�� By Lemma ���� this statement
is equivalent to the fact that every L��admissible G�linear subspace of Gm��

of dimension � � is L��non�degenerate� However� this implies that every
L��admissible linear subspace V of Qm�� of dimension � � is also L��non�
degenerate� This proves our claim above� Therefore condition �ii� of Corollary
��� holds for equation ������� and Corollary ��� follows from Corollary ��� with
the choice m ! � in place of m�

��



Chapter �

On the number of solutions of

norm form equations

��� Introduction

Let �� � �� ��� � � � � �m be linearly independent algebraic numbers over Q

and put K  � Q��� � � � � � �m�� Denote by n the degree �K  Q � of the �eld
K over the rationals and let 	� � id� 	�� � � � � 	n be the Q�isomorphisms of
K into C � For any � � K� put ��i� � 	i���� Consider the linear forms

l�i��X� � �
�i�
� X� ! � � � ! �

�i�
mXm for i � �� � � � � n� We can choose a non�zero

rational integer a� such that the norm form

F �X�  � a�NK�Q���X� ! � � �! �mXm� � a�

nY
i��

l�i��X�

has its coe�cients in Z� Let S � fp�� � � � � psg be a set of s � 	 rational primes�
and b � Z n f	g a rational integer which is relatively prime to p�� � � � � ps if
s � 	� The equation

a�NK�Q���x� ! � � �!�mxm� � bpz�� � � � pzss

in x�� � � � � xm � Z�

and z�� � � � � zs � Z��

with �x�� � � � � xm� p� � � � ps� � � if s � 	

�����

is called a norm form equation� more precisely� for s � 	� a norm form equation

of Mahler type� We note that the well�known Thue equations and Thue�Mahler

��



equations are special cases of equation ������
Throughout this chapter we identify solutions x � �x�� � � � � xm�� z�� � � � � zs

and x� � �x��� � � � � x
�
m�� z��� � � � � z

�
s of equation ����� if x� � �x�

Denote by M � f��� � � � � �mg the Z�module generated by ��� � � � � �m in
K� In the case when M is degenerate there is a b � Z n f	g for which �����
has in�nitely many solutions for s � 	� Using his subspace theorem� Schmidt
���� in the case s � 	 showed that if M is non�degenerate then ����� has only
�nitely many solutions for every b � Z n f	g� This result was generalized to
the case s � 	 by Schlickewei ��
�� Later Schmidt ���� proved that for s � 	�
the set of solutions of ����� is the union of �nitely many so�called �families
of solutions�� This theorem was generalized to equation ����� by Schlickewei
��
�� to the so�called �nitely generated case by Laurent ����� and to arbitrary
decomposable form equations by Gy�ory �����

The results mentioned above are all ine�ective� For a large class of norm
form equations� e�ective �niteness results were established by Gy�ory and Papp
and Gy�ory� for references see ���� and ��	�� In ��	� Gy�ory proved in an e�ective
form that if �m has degree at least � over the �eld Q��� � � � � � �m��� then
equation ����� has only �nitely many solutions with xm �� 	� In this theorem
xm �� 	 and the condition concerning the degree of �m are necessary� Further�
in this �niteness assertion it can happen that M is degenerate� Hence this
result of Gy�ory does not follow from the theorems of Schmidt and Schlickewei�
Evertse and Gy�ory ���� proved in ���
 that under the assumption of Gy�ory�s
theorem the number of solutions of ����� with xm �� 	 does not exceed

�� � �g��s����b��	��m��� �����

where g denotes the degree of the normal closure of K over Q � and ��b� denotes
the number of distinct prime factors of b� As a consequence� they obtained a
similar bound for the number of all solutions� subject to the condition that
the degree of �i is at least � over Q��� � � � � � �i��� for i � �� � � � �m�

For non�degenerate M and s � 	� Schmidt ������ see also ����� derived
an explicit upper bound for the number of solutions of ������ which depends
only on n�m and the total number '�b� of prime factors of b� In the proof
Schmidt used his quantitative subspace theorem� As a consequence of a more
general theorem concerning decomposable form equations� Gy�ory ���� derived
an explicit upper bound for the number of families of solutions of ������ In par�
ticular� this gave an explicit upper bound for the number of solutions� which
depends only on n�m� s and '�b�� provided that the number of solutions is ��
nite� Under this assumption� Evertse ��� derived later the bound ��		n��m

��s���

�	



for the number of solutions when b � �� Under the same assumption� Evertse
and Gy�ory ���� have recently established the bound

��		n��e�m��s��� � �m�b� �����

for the number of solutions� where e�m� � �
	m�m ! ����m ! ��� � and

�m�b� �

�
n

m� �

���b� Y
pjb

p prime

�
ordp�b� ! m� �

m� �

�
�

Further� they gave the upper bound

��		n��e�m��s���b���� �����

in the non�degenerate case�

Our Corollaries ��� and ��� in Chapter � provide bounds also for the num�
ber of solutions of norm form equations� but these bounds are slightly weaker
than the above�mentioned bounds of Evertse and Gy�ory �����

In this chapter we give signi�cant improvements of the earlier bounds under
the assumptions considered in Gy�ory ��	� and Evertse and Gy�ory �����

��� New results

Keeping the notation of Section ���� let again �� � �� ��� � � � � �m be linearly
independent algebraic numbers over Q � let K � Q��� � � � � � �m�� and let a� �� 	
be a rational integer such that the norm form a�NK�Q���X� ! � � � ! �mXm�
has its coe�cients in Z� Let S � fp�� � � � � psg be a set of s � 	 rational primes�
denote by ZS the ring of S�integers and by Z�

S the group of S�units in Q � and
let b be a non�zero rational integer which is relatively prime to p�� � � � � ps if
s � 	�

Theorem ���� Under the above assumptions� let L � Q��� � � � � � �m���� d �
�K  L� and f � �L  Q �� Suppose that d � �� Then the number of solutions of

equation ����� with xm �� 	 is at most

�
 � �	
d��s���b����f � ���
�

��



The bound ���
� is a signi�cant improvement of the bound ������ since
it does not depend on the degree of the normal closure of K� It is likely
that the factor f is unnecessary in the exponent of our bound� In our case
f � m� � holds� When e�m� � f � ���
� is better than ������ However� in the
non�degenerate case ����� is valid for all solutions� including the case xm � 	�

We note that under the conditions of Theorem ���� equation ����� can
have in�nitely many solutions with xm � 	 if the Z�module f��� � � � � �m��g
is degenerate� Hence the above�mentioned results of ����� ����� ��� and ����
cannot be applied to our situation�

Following a standard argument from ��	� or ����� our Theorem ��� could
be applied to the situation when �i has degree d � � over Q��� � � � � � �i��� for
i � �� � � � �m� Then� with the notation f � �Q��� � � � � � �m���  Q �� Theorem ���
would give essentially the same bound as in ���
� for the number of solutions
of ������ But in this case we have f � �m��� hence ����� gives in general a
better bound for the number of solutions�

If s � 	 and the equation

a�NK�Q���x� ! � � �! �mxm� � bZ�
S in x�� � � � � xm � ZS �����

possesses a solution� then clearly it has in�nitely many solutions� Indeed� if
x � �x�� � � � � xm� � Zm

S is a solution of equation ����� then each element of the
set

xZ�
S  � f�
x�� � � � � 
xm�  
 � Z�

Sg

is also a solution of equation ������ Such a set is called a Z�
S�coset of solutions

of the equation ������ Further� for any solution x� z�� � � � � zs of equation �����
xZ�

S is a coset of solutions of equation ������ and conversely� in each coset of
solutions of equation ����� there exists exactly one solution of equation ������
Thus Theorem ��� implies the following corollary�

Corollary ���� Under the assumptions of Theorem ��� the number of Z�
S�

cosets of solutions of the equation ����� does not exceed the bound in ���
��

Let �m�b� denote the expression de�ned in Section ����

Theorem ���� Let the assumptions be the same as in Theorem ���� and let

n � �K  Q �� Then apart from �nitely many values of b� equation ����� has at

most

��m�b� �����

��



solutions with xm �� 	� Further� the number of exceptional b�s is at most

e	�	�
���n�s������� �����

When b is not exceptional and ordp�b� is small for all prime divisors p of b�
����� gives a considerable improvement of ����� As a consequence of Theorem
���� we get the following 

Corollary ���� Suppose that in ����� �i has degree at least � over the �eld

Q��� � � � � � �i��� for i � �� � � � �m� Then apart from �nitely many values of b�
equation ����� has at most

�m

�
n

r

���b� Y
pjb

p prime

�
ordp�b� ! m� �

m� �

�
�����

solutions� Here r � �n
�� is the integer part of n
�� Further� the number of

the exceptional b�s is at most

me	�	�
���n�s�������

In the case when b is not exceptional and ordp�b� is small for each prime
pjb� our Corollary ��� considerably improves Theorem � of Evertse and Gy�ory
���� over Q � Furthermore� under the assumptions of the Corollary ��� our
bound ����� is much better then the general bound in ������

Applying the results of our Theorem ��� to the case of equation ����� we
get the following corollary�

Corollary ���� Let the assumptions be the same as in Theorem ���� Apart

from �nitely many values of b� the number of Z�
S�cosets of solutions of equation

����� does not exceed the bound in ������ and the number of exceptional values

of b is bounded from above by the expression in ������

We note that Corollary ��� can also be applied similarly to equation ������

Our Theorems ��� and ��� are valid for m � �� i�e� for the Thue�Mahler
equation as well� However� in this special case much better bounds have been
established by Evertse ��� and Stewart ����� respectively�

��



��� Auxiliary results

Let F be a number �eld and let U denote a �nite set of places of F � containing
all in�nite places� Denote the set of U �integers and U �units in F by OU and
O�
U � respectively� Let f�x� y� denote a form of degree r � � with coe�cients

from OU and suppose that f is irreducible over F � Then the equation

f�x� y� � O�
U in �x� y� � O�

U ����	�

is called a Thue�Mahler equation� A coset of solutions of ����	� is a set
f��x� y�  � � O�

Ug� where �x� y� is a solution of ����	��

Lemma ���� The number of cosets of solutions of equation ����	� is at most

�
 � �	
r�u�

where u denotes the cardinality of U �

Proof� This is Theorem � in Evertse ���

Lemma ���� Let G be a �nitely generated subgroup of �C � �� with rank r�
Then the number of solutions of the equation

x ! y � � in �x� y� � G ������

is bounded by ��r���

Proof� This is a special case of Theorem ��� of ����

Let G � C � be a �nitely generated subgroup of the multiplicative group
C � � and let a� b� a�� b� be non�zero complex numbers� Then the equations

ax ! by � � in x� y � G ������

and

a�x� ! b�y� � � in x�� y� � G

are called equivalent if a
a� � G and b
b� � G� Equivalent equations have
obviously the same number of solutions�

The number of solutions of the equation

x� ! � � �! xn � � in x�� � � � � xn � G

with
X
i�I

xi �� 	 for each non�empty subset I of f�� � � � � ng ������

is �nite� Denote by �n � �n�G this number�

��



Lemma ���� The number of equivalence classes of equations of the form

������ which have more than two solutions is at most

�� ! ���	 ! �	��� �

Proof� See ����� This lemma is a quantitative version of the main result of
��
�� see also �����

Lemma ���� Let G be a �nitely generated subgroup of C � with rank r� Then
equation ������ has at most

e�r����
n��n

solutions�

Proof� Lemma ��� is a special case of Theorem � of �����

Lemmas ��� and ��� give the following

Lemma ��	� The number of equivalence classes of equations ������ having

more than two solutions is at most

�e�r���	��� �

Let T � fq�� � � � � qtg be a set of t � 	 rational primes� Let ZT denote
the ring of T �integers� and Z�

T the group of T �units in Q � For any algebraic
number �eld L� denote by OL the ring of integers and by O�

L the group of
units in L� Further� denote by ML the set of all places of L� and by TL the
subset of ML consisting of all in�nite places of L and of those �nite places of
L which correspond to prime ideals of OL lying above rational primes from T �
Consider the ring of TL�integers OL�T and the group of TL�units O�

L�T in L�
Suppose that L is of degree l over Q � Let M denote a �nitely generated

ZT�module in L� By the dimension of M we mean the dimension of the Q�
vector space MQ � Assume that M has dimension k over Q � Let ��� � � � � �m
be a set of generators of M and let l�X�  � ��X� ! � � � ! �mXm� Then
M � fx � l�x�  x � Zm

T g� Fix an element c � Q� for which cNL�Q�l�X�� has
its coe�cients in ZT � Consider the equation

cNL�Q�x� � I � Z�
T in x �M� ������

where I denotes a �xed positive rational integer which is relatively prime to
q�� � � � � qt if t � 	�

�




Lemma ��
� The set of solutions of ������ is contained in some union

x�O
�
L�T � � � � � xrO

�
L�T � where

r �

�
l

k � �

���I�
�
Y
pjI

p prime

�
ordp�I� ! k � �

k � �

�

and where x�� � � � � xr are solutions of �������

Proof� This is a special case of Lemma � of �����

The statement of Lemma ��� is similar to that of our Lemma ��� which is
a special case of Theorem � of ����� However� Lemma ��� gives a more precise
description of the set of solutions� On the other hand� in the proofs below the
use of our Lemma ��� will yield better bounds for the numbers of solutions�
We remark that Lemma � of ���� was an intermediate step in the proof of
Theorem � of �����

��� Proofs

Proof of Theorem ���� We keep the notation introduced in the previous sec�
tions� Further� ��� � � � � �m� K�L� d and f have the same meaning as in the
statement of Theorem ����

Put n � �K  Q �� l�X� � ��X� ! � � � ! �mXm and l��X� � ��X� ! � � � !
�m��Xm��� Suppose that K � Q��� and denote by � � ����� ����� � � � � ��n�

the conjugates of �� Let S� � fp�� � � � � ps� ps��� � � � � ps���b�g� where the primes
ps��� � � � � ps���b� are the prime factors of b� As in the previous section� denote
by ZS� and Z�

S� the ring of S��integers and the group of S��units in Q � respec�
tively� Further� we also adopt the notation OL�S� and O�

L�S� from the previous
section�

Every solution of equation ����� is also a solution of the equation

a�NK�Q�l�x�� � Z�
S� in x � Zm

S�� ����
�

If equation ����� has no solution� then Theorem ��� is true� Thus we may
suppose that ����� has at least one solution� Let x� be a solution of ������
Thus x� satis�es also equation ����
� and we get a�NK�Q�l�x��� � Z

�
S�� Hence

equation ����
� can be written into the form

NK�Q�l�x�
l�x��� � Z
�
S��

��



Further� the form NK�Q�l�X�
l�x��� has its coe�cients in ZS�� Thus we get
the equation

a��NK�L�l�x�� � O�
L�S� ������

where a�� � �
NK�L�l�x��� � L and the form a��NK�L�l�X�� has its coe�cients
in OL�S� � Setting y � l��x� � OL� for any solution of equation ������ we get a
solution �y� xm� of the equation

a��NK�L�y ! �mxm� � O�
L�S� in y� xm � OL�S� � with xm �� 	� ������

Further� for such a solution we have xm � Q � Equation ������ is in fact a
relative Thue�Mahler equation of the form ����	�� Indeed� �K  L� � � and �m
is a primitive element of K over L� Thus we can apply Lemma ���� and we get
the following there are at most N � �
 ��	
d��s���b����f pairs �%y� %xm� � O�

L�S�

such that any solution �y� xm� of equation ������ can be written in the form

y � �%y� xm � �%xm� � � O�
L�S� � ������

Each pair �%y� %xm� � O�
L�S� can be chosen such that %xm � Q �

Now �x such a pair �%y� %xm�� Consider an arbitrary solution x�� � � � � xm of
����� with xm �� 	 for which y � ��x� ! � � �!�m��xm�� � �%y� xm � �%xm with
� � O�

L�S� � Then

��
x�
�

! � � �! �m��
xm��

�
� %y�

xm
�

� %xm�

This implies that � � Z�
S�� If now x��� � � � � x

�
m is another solution of ����� with

x�m �� 	 such that y � ��x
�
� ! � � � ! �m��x

�
m�� � ��%y� x�m � ��%xm with some

�� � O�
L�S� � then we infer that x�i � ��

� xi� i � �� � � � �m� But� by assumption�
�x�� � � � � xm� p� � � � ps� � � if s � 	� Hence it follows from the equation �����
that �� � ��� This altogether shows that the number of solutions of equation
����� does not exceed the number of pairs �%y� %xm�� This means that equation
����� has at most N solutions� and this was to be proved�

Proof of Theorem ���� We shall use the previously introduced notation 
��� � � � � �m� K�L� d and n have the same meaning as in the statement of The�
orem ���� and we also use the earlier notation ��i�� l�X�� l��X��ZS�Z

�
S�OK�S

and O�
K�S� where S � fp�� � � � � psg�

��



Each solution x of equation ����� yields a solution of the equation

a�NK�Q�l�x�� � b � Z�
S in l�x� ������

and we can use Lemma ��� to see that the set of solutions l�x� of ������ is
contained in a union ��O

�
K�S � � � � � �qO

�
K�S� where q � �m�b�� with �m�b�

introduced in Section ����
Consider now those solutions x� z�� � � � � zs of ����� for which the correspond�

ing l�x� belong to the same coset� say ��O
�
K�S� This means that l�x� � ��
�

with a suitable 
 � O�
K�S� Having �K  L� � �� the �eld K has at least � Q�

isomorphisms� say 	�  ���� �
 ����� 	�  ���� �
 ���� and 		  ���� �
 ��	� which

act on L as the identity map� This means that l
���
� �x� � l

���
� �x� � l

�	�
� �x� �

y � L� and thus we have the identity

�����m � ����m �l�	��x� ! �����m � ��	�m �l����x� ! ���	�m � ����m �l����x� � 	�

This yields

���
l����x�

l�	��x�
! ���

l����x�

l�	��x�
� � ����	�

with ��� � �
���
m ��

���
m

�
���
m ��

���
m

and ��� � �
���
m ��

���
m

�
���
m ��

���
m

� Further� we have l�x� � ��
 where


 � O�
K�S� Thus ����	� can be written in the form

��

���


�	�
! ��


���


�	�
� � ������

where �� �
�
���
�

�
���
�

��� and �� �
�
���
�

�
���
�

���� Equation ������ is a unit equation in the

variables
�
����

����
� �

���

����

�
� Let f
�� � � � � 
tg be a system of fundamental SK����units

for the �eld K�	�  � Q���	� �� Then t � n�s ! ��� � and


�	� � �
a�� � � � 
att

where � is a root of unity in K�	�� Now let � and � be Q�isomorphisms of
K�	� such that ��
�	�� � 
��� and ��
�	�� � 
���� Then ������ takes the form

��
����

�

�
��
��


�

�a�
� � �

�
��
t�


t

�at
! ��

����

�

�
��
��


�

�a�
� � �

�
��
t�


t

�at
� ��

��



Now suppose that equation ����� has two di�erent solutions x� z�� � � � � zs
and x�� z��� � � � � z

�
s �both corresponding to ��� for which the corresponding so�

lutions
�
����

����
� �

���

����

�
and

�
�����

�����
� �

����

�����

�
of ������ coincide� that is


���


�	�
�

����


��	�
and


���


�	�
�

����


��	�
�

This� using the notation �  � ����  � ����

�����
leads to the relation

���� � ���� � ��	��

which means that L��� is a proper sub�eld of the �eld K� From � � l�x�
l�x��

we get l�x� � �l�x�� � 	� that is �l��x� � �l��x
��� ! �m�xm � �x�m� � 	� If

xm � �x�m �� 	 we have �m � ��l��x� � �l��x
���
�xm � �x�m�� which means

that �m � L���� which contradicts the fact that L��� is a proper sub�eld of
the �eld K � L��m�� Thus we get xm � �x�m � 	� and so � � xm

x�m
� Q �

Hence � � Z�
S� Further� l��x� � �l��x

��� The last equality yields

�x� � �x����� ! � � � ! �xm�� � �x�m����m�� � 	�

By assumption �� � �� ��� � � � � �m�� are linearly independent over Q � hence
this implies that xi � �x�i for i � �� � � � �m � �� This together with the
conditions �x�� � � � � xm� p� � � � ps� � � and �x��� � � � � x

�
m� p� � � � ps� � � leads to

the conclusion � � ��� This proves that distinct solutions of equation �����
which correspond to the same �� lead to distinct solutions of equation �������

Now suppose that equation ����� has more than two solutions correspond�
ing to the same ��� Then equation ������ has also at least � solutions� But
equation ������ is of the type ������� where the generators of G are�

����

�
�
��
��


�
� � � � �

��
t�


t
�
����

�
�
��
��


�
� � � � �

��
t�


t

�
�

This means that the number of generators of G is at most �t ! � and we can
use Lemma ��
� Thus there exists a �nite set C� of pairs ���� ��� � �C � ���
which is independent of b� such that

�� � ���� and �� � ����

with ���� ��� � C� and with some �xed ��� �� � G� Furthermore� by Lemma
��


(C� � � � e��t�	�	��� � c��t��

��



For the moment �x ���� ��� � �C ���� Then
�
��

����

����
� ��

����

����

�
will be a solu�

tion of the equation

��u ! ��v � � in u� v � G� ������

Equation ������ can be transformed into an equation of type ������� More
precisely it can be written in the form

u� ! v� � � in �u�� v�� � G�� ������

where G� is the subgroup of �C ��� generated by

�
���� �� �

�
����

�
� �

�
�

�
��
��


�
� �

�
� � � � �

�
��
t�


t
� �

�
�

�
����

�
� �

�
�

�
��
��


�
� �

�
� � � � �

�
��
t�


t
� �

�
�

��� ��� �

�
��
����

�

�
�

�
��
��
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�

�
� � � � �

�
��
��
t�


t

�
�

�
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�

�
�

�
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��


�

�
� � � � �

�
��
��
t�


t

��
�

By Lemma ��� equation ������ has at most

����t�
��� � c��t�

solutions� Thus for a �xed pair ���� ��� � �C ����
�
����

����

����
� ����

����

����

�
can take

at most c��t� di�erent values� Now if ���� ��� runs through the set C�� we see

that ����
����

����
can take at most c��t�c��t� di�erent values� Further�

c��t�c��t� � e	�	�
���t��� � e	�	�

���n�s������ � c�n� s��

This means that ����
����

����
can take at most c�n� s� di�erent values� Further�

we have

����

���


�	�
� ��


���


�	�
� ���

�
���
�

�
�	�
�


���


�	�

where ��� is �xed� Thus we get

�
���
� 
��� � ��

�	�
� 
�	� ������

�	



where � can take at most c�n� s� di�erent values� Put K�ij�  � K�i�K�j�� and
take the norm of both sides of ������ with respect to K���	�
Q � Then from
������ and ������ we get

�b
a��lZ�
S � NK������Q��

���
� 
���� � NK������Q���

�	�
� �NK������Q�
�	��

where l  � �K���	�  K����� NK������Q�
�	�� is an S�unit and NK������Q���
�	�
� �

can take at most c�n� s� values� Thus also b can take at most c�n� s� values�
provided that equation ����� has more than two solutions corresponding to the
same ���

Otherwise� if b is di�erent from these �exceptional� values� then �using
that ��� � � � � �m are linearly independent over Q� we �nd� that equation �����
has at most � solutions corresponding to the same �� Thus in this case �����
has at most

��m�b�

solutions� and this completes the proof of Theorem ����

Proof of Corollary ���� Let N  � e	�	�
���n�s������� First we prove by induction

on m that� under the assumptions of the Corollary ���� there is a set B�m�
of cardinality � mN � such that for b �� B�m�� the number of solutions of
equation ����� is at most Am�b�  � ���m�b� ! � � �!���b�� ! �� For m � � this
is obviously true� Suppose that it is true for m � k�� where k � �� Consider
����� with m � k� By restricting to the solutions with xk � 	 we get a similar
equation with the same hypotheses on �i but with m � k � �� So by the
induction hypothesis� there is a �nite set B�k � �� of cardinality � �k � ��N
such that for b �� B�k � ��� the number of solutions of ����� with xk � 	 is
at most Ak���b�� By Theorem ���� there is a �nite set C�k� of cardinality
� N such that for b �� C�k� equation ����� has at most ��k�b� solutions with
xk �� 	� This implies that for b �� B�k�  � B�b � �� � C�k�� equation �����
has altogether at most Ak���b� ! ��k�b� � Ak�b� solutions� This completes

the induction step� However� Am�b� � �m
�n
r

���b�Q
pjb

p prime

�ordp�b��m��
m��

�
� which

concludes the proof of Corollary ����

��





Chapter �

On the number of solutions of

index form and discriminant

form equations

��� Introduction and new results

Let K be an algebraic number �eld of degree n � � with discriminant DK and
ring of integers OK � Let 	� � id� 	�� � � � � 	n denote the Q�isomorphisms of K in
C � For any � � K� put ��i� � 	i���� Consider an integral basis f�� ��� � � � � �ng

inOK � and the linear forms l�i��X� � X�!�
�i�
� X�!� � �!�

�i�
n Xn for i � �� � � � � n�

with the convention that l����X� � l�X�� Putting lij�X� � l�i��X�� l�j��X��

DK�Q�l�X��  �
Y

��i�j�n

l�ij�X� �����

is a decomposable form with coe�cients in Z� which is called the discriminant

form corresponding to the basis f�� ��� � � � � �ng� It can be written in the form

DK�Q�l�X�� � �I�X���DK � �����

where I�X� � I�X�� � � � �Xn� is a decomposable form of degree n�n � ��
�
with coe�cients in Z� If � is a primitive integral element of K and � �
x� ! x��� ! � � � ! xn�n with x�� � � � � xn � Z� then jI�x�� � � � � xn�j is precisely
the index I��� of �� i�e� the index of the subgroup Z���� in the additive group
O�
K of OK � Hence I�X� is called the index form of the basis f�� ��� � � � � �ng�

��



Let I denote a positive rational integer� and S � fp�� � � � � psg a �nite set
of s � 	 distinct rational primes� Consider the index form equation

I�x�� � � � � xn� � �Ipz�� � � � pzss

in x�� � � � � xn � Z�

and z�� � � � � zs � Z��

with �x�� � � � � xn� p� � � � ps� � � if s � 	�

�����

We may and shall assume that I is relatively prime to p�� � � � � ps� For s � 	�
the assumption �x�� � � � � xn� p� � � � ps� � � is omitted� We identify the solutions
x � �x�� � � � � xn�� z�� � � � � zs and x� � �x��� � � � � x

�
n�� z��� � � � � z

�
s of ����� if x� � �x�

In the most interesting case when s � 	� Gy�ory ���� proved that �����
has only �nitely many solutions� and gave an e�ective upper bound for the
solutions� Later� this theorem was extended to the case s � 	 by Trelina ����
and Gy�ory and Papp ����� For surveys presenting further generalizations� we
refer to ����� ����� �����

The �rst explicit upper bound for the number of solutions of ����� was
derived by Evertse and Gy�ory ����� They showed as a consequence of a more
general result that ����� has at most

�� � �g��s����I��	��n�� �����

solutions� Here ��I� denotes the number of distinct prime factors of I� and g
is the degree of the normal closure of K over Q � Hence n � g � n#�

It follows from a result of Evertse ��� on decomposable form equations that
the number of solutions of ����� does not exceed

��		r���n�����s���I����� ���
�

where r � n�n� ��
�� When n is large and g is large with respect to n� this
bound is better than ������

We recall some notation from Chapters � and �� Put

��I� �

�
r

n� �

���I� Y
pjI

p prime

�
ordp�I� ! n� �

n� �

�

with r � n�n���
�� where the product is taken over all distinct prime factors
of I and ordp�I� denotes the greatest rational integer a for which pa divides I

��



in Z� As a consequence of a more general theorem concerning decomposable
form equations� Evertse and Gy�ory ���� derived in ���� the upper bound

��		r��e�n��s�����I� �����

for the number of solutions of ������ Here e�n� � �
	 �n� ��n��n� ��� �� The

bound ����� is better than ���
� when all the exponents ordp�I� are small�

Our Corollaries ��
 and ��� in Chapter � provide bounds also for the num�
ber of solutions of index form and discriminant form equations� but these
bounds are slightly weaker than the above�mentioned bounds of Evertse and
Gy�ory �����

An important special case is when the Galois group� G� of the normal
closure of K over Q is triply transitive� In other words� for any ordered
subsets fi�� i�� i	g and fi��� i

�
�� i

�
	g of f�� � � � � ng there is a 	 � G such that if

� � K then 	���ik�� � ��i
�
k
� for k � �� �� �� For example� G is triply transitive

if n � 
 and G � Sn or An� It is important to note that for given n� the
Galois group G is triply transitive for almost all number �elds of degree n�
Under this assumption concerning G� Gy�ory ���� has recently showed that for
s � 	 �� equation ����� has at most

��n�n������I������

solutions� This is a considerable improvement of ����� and ���
� for s � 	� In
this chapter we improve ����� under the same assumption concerning G�

Theorem ���� Suppose that the Galois group G is triply transitive� Then
apart from �nitely many values of I� equation ����� has at most

���I�

solutions� Further� the number of the exceptional I�s is at most

e	�
��n��s����

This means that under the assumption of Theorem ��� and apart from
�nitely many values of I� the factor ��		r��e�n��s��� in ����� can be replaced
by ��

�For simplicity� this result was proved in ���� for s � � only� but the same arguments
work for s � � as well and give the same upper bound with ��I	 
 s instead of ��I	�

�




Denote by ZS the ring of S�integers� and by Z�
S the group of S�units in Z�

respectively� The equation

I�x�� � � � � xn� � IZ�
S in x�� � � � � xn � ZS �����

clearly has in�nitely many solutions� provided that it has at least one solution�
Indeed� if x � �x�� � � � � xn� � Zn��

S is a solution of equation ����� then each
element of the set

xZ�
S  � f�
x�� � � � � 
xn�  
 � Z�

Sg

is also a solution of equation ������ Such a set is called a Z�
S�coset of solutions

of ������ Further� for any solution x� z�� � � � � zs of equation ����� xZ�
S is a Z�

S�
coset of solutions of equation ������ and conversely� in each coset of solutions
of equation ����� there exists exactly one solution of equation ������ Thus
Theorem ��� implies the following corollary�

Corollary ���� Let the assumptions be the same as Theorem 	��� For all but

�nitely many values of I the number of Z�
S�cosets of solutions of equation �����

is at most ���I�� Further� the number of the exceptional values of I is at most

e	�
��n��s����

In view of ����� equation ����� is equivalent to the discriminant form equa�
tion

DK�Q�l�x�� � DZ�
S in x�� � � � � xm � ZS� �����

provided that e�g� D � I�DK � We may assume that D is an integer with
�D� p� � � � ps� � � if s � 	� Denote by D�

K the S�free part of the discriminant
DK of the �eld K� Then ����� can have a solution only if I  �

p
jD
D�

K j is a
rational integer� From Theorem ��� we get the following corollary�

Corollary ���� Under the assumptions of Theorem 	��� for all but �nitely

many values of D� the number of cosets of solutions of the discriminant form
equation ����� is at most ���I� with I  �

p
jD
D�

K j � Z� Further� the number

of exceptional values of D is at most e	�
��n��s����

Applying Theorem ��� to equation ����� in the case s � 	� we obtain as a
special case the following result for the equation

I�x�� � � � � xn� � �I in x�� � � � � xn � Z� �����

��



Theorem ���� Suppose again that the Galois group G is triply transitive�

Then apart from at most e	�
��n� values of I� equation ����� has at most ���I�

solutions�

Theorem ��� implies e�g� results concerning the numbers of elements of
given discriminant� If in K there exists at least one element with discriminant
D then I  �

p
jD
DK j is a rational integer� Further� if the element � � OK

takes the form

� � x� ! x��� ! � � �! xn�n

in the integral basis �� ��� � � � � �n with some x�� � � � � xn � Z then DK�Q�x� !
x��� ! � � �! xn�n� is just the discriminant of �� Two elements �� � � OK are
called equivalent if ��� is a rational integer� Clearly� equivalent elements have
the same discriminant� It follows from the above�mentioned result of Evertse
and Gy�ory ���� on the number of solutions of ����� that for given 	 �� D � Z

for which I �
p
jD
DK j � Z� the number of pairwise inequivalent elements

in OK having discriminant D does not exceed the bound ����� with the choice
s � 	� Our Theorem ��� implies that this bound can be considerably improved
for almost all D� provided that the Galois group of K is triply transitive�

Corollary ���� Suppose that the Galois group G is triply transitive� Then for

all but �nitely many integer values of D� the number of pairwise inequivalent

elements of OK having discriminant D is at most ���I� with I �
p
jD
DK j �

Z� and the number of exceptional values of D is at most e	�
��n� �

��� Proof of Theorem ���

In the proof of Theorem ��� we shall combine some methods from ���� and ����
with some recent results from ����� ���� ���� and �����

To prove Theorem ��� we will use Lemma ���� Lemma ��
 and Lemma ���
from the previous chapter� We shall also need the following result�

Lemma ���� Suppose that K is an algebraic number �eld and L � K��� is

a �nite extension of K of degree n� Further� suppose that the Galois group G
of the normal closure of L over K is doubly transitive� Then L is a primitive

extension of K�

Proof� The above lemma and its proof is well�known in the literature� For
convenience of the reader� we present here a short proof of the lemma�

��



For � � L denote by ���� � �� � � � � ��n� the conjugates of � with respect to
the extension L
K� Suppose that there is an element � � L nK such that it
has at least two conjugates over K which are equal� We may assume without
loss of generality that ���� � ����� By the doubly transitivity of G we infer
that there exist ��� � � � � �n � G such that �i��

���� � ���� and �i��
���� � ��i�

for i � �� � � � � n� This means that ���� � ���� � � � � � ��n� and thus � � K
follows� which is a contradiction� This completes the proof of Lemma ����

We shall use Lemma ��� and Gy�ory�s method �see e�g� ����� Ch� IV and
����� Section 
� to reduce equation ����� to an appropriate system of unit
equations� Then we shall apply Lemmas ��� and ��
 concerning unit equations�

First we introduce some further notation and make some preliminary ob�
servations� Let � be a primitive integral element of K� Denote by d the index
of � in OK � Then DK�Q��� � d� � DK � In view of ����� and ����� it follows
that each solution x � Zn��� z�� � � � � zs � Z�� of ����� satis�es

Y
��i�j�n

l�ij�x� � DKI
�p�z�� � � � p�zss �

whence

c
Y

��i�j�n

d � lij�x�

��i� � ��j�
� �Ipz�� � � � pzss ����	�

where c � d��
n�n���

� �
Let K�i�  � Q���i� � for i � �� � � � � n� For any distinct i� j in f�� � � � � ng

consider the sub�eld Kij � Q���i� ! ��j�� ��i� � ��j�� of the �eld K�i�K�j�� By
our assumption on G� the Galois group of the normal closure of K over Q
is triply transitive� Hence the �eld K�i�K�j� is of degree n�n � �� over Q �
Each 	 � G permutes the elements of f�� � � � � ng where 	�i� is de�ned by
	���i�� � �	�i�� This implies a Galois action on the ordered pairs �i� j�� Each
	 � G for which 	�i� j� � �j� i� leaves the elements of Kij �xed� Therefore Kij

is a proper sub�eld of K�i�K�j�� The numbers ��i� and ��j� are zeros of the
quadratic polynomial

X� � ���i� ! ��j��X ! ��i���j��

which has its coe�cients in Kij� This implies that K�i�K�j� is a quadratic
extension of Kij � and hence Kij is of degree n�n � ��
� over Q � Denote by

��



��i�j� the conjugate of any � � ������ � K��� corresponding to ��i� !��j�� ��i���j�

�� � i � j � n� and for simplicity let ��i�j� � ��j�i��
Since dOK 	 Z���� it follows that for every � � OK and each di�erent i� j

from f�� � � � � ng� d���i����j��


�i��
�j�
is an integer in Kij � Denote by M the ZS�module

in K���� generated by the coe�cients of the linear form
d�l����X�


����
���
� The module

M is of rank at most n� �� For any solution x� z�� � � � � zs of ������ put

� � ������ �
d � l����x�

���� � ����
�

Then � � K���� and the numbers ��i�j� �
d�lij�x�


�i��
�j�
are the conjugates of � with

respect to K���
Q � Hence equation ����	� leads to the equation

cNK����Q��� � IZ�
S in � �M� ������

By Lemma ��� we deduce that there are solutions ��� � � � � �q of ������ such that
any solution � of ������ is contained in ��O

�
K����S

� � � � � �qO
�
K����S

and that

q � ��I� with the ��I� introduced in Section ����
Consider now those solutions x� z�� � � � � zs of ����� for which the correspond�

ing � belong to the same coset� say ��O
�
K����S

� Let i� j� k be arbitrary� but �xed

and pairwise distinct elements of f�� � � � � ng� Then we have

lij�x� ! ljk�x� ! lki�x� � 	 ������

for any solution x� z�� � � � � zs under consideration� We can write � � ������ �

�
�����
� 
����� with an appropriate 
����� � O�

K����S
� Now we infer from ������ that

��

�i�j�


�i�k�
! ��


�j�k�


�i�k�
� � ������

where

�� �
�
�i�j�
� ���i� � ��j��

�
�i�k�
� ���i� � ��k��

and �� �
�
�j�k�
� ���j� � ��k��

�
�i�k�
� ���i� � ��k��

�

Observe that ������ is a unit equation in the unknowns
�
��i�j�

��i�k�
� �

�j�k�

��i�k�

�
� For

given i� k� let f
�� � � � � 
tg be a fundamental system of SKik
�units in the �eld

Kik� Then

t �
n�n� ��

�
�s ! ���

��



Further� we have


�i�k� � �
b�� � � � 
btt �

where � is a root of unity of Kik and b�� � � � � bt are rational integers� As 
�i�j�

and 
�j�k� are conjugates of 
�i�k�� there exist Q�isomorphisms � and � of Kik

such that 
�i�j� � ��
�i�k�� and 
�j�k� � ��
�i�k��� Then ������ can be written in
the form

��
����

�

�
��
��


�

�b�
� � �

�
��
t�


t

�bt
! ��

����

�

�
��
��


�

�b�
� � �

�
��
t�


t

�bt
� ��

Now suppose that equation ����� has two di�erent solutions x� z�� � � � � zs and

x�� z��� � � � � z
�
s for which the corresponding solutions

�
��i�j�

��i�k�
� �

�j�k�

��i�k�

�
and�

���i�j�

���i�k�
� �

��j�k�

���i�k�

�
of ������ coincide� that is


�i�j�


�i�k�
�


��i�j�


��i�k�
and


�j�k�


�i�k�
�

��j�k�


��i�k�
�

whence

�i�j�


��i�j�
�


�k�i�


��k�i�
�


�j�k�


��j�k�
�

Put ��i�j� � ��i�j�

���i�j�
� Then ��i�j� is an SKij

�unit in the �eld Kij � Since G is triply

transitive� K�i�K�j� has a Q�isomorphism which leaves ��i� �xed and moves
��j� to ��l� for arbitrary l � f�� �� � � � � ng n fig� Among the conjugates of ��i�j�

there are at least two� namely ��i�j� � ��k�i�� which are equal� But ��i�j� and
��k�i� are conjugates over K�i�� too� Furthermore� G being triply transitive� the
Galois group of the normal closure of K�i�K�j� over K�i� is doubly transitive�
and thus by Lemma ��� it follows that K�i�K�j� is a primitive extension of K�i��
Together with ��i�j� � ��k�i� this means that all conjugates of ��i�j� over K�i�

are equal� Thus ��i�j� � K�i�� and similarly ��k�i� � K�k�� But ��i�j� � ��k�i��
hence we get ��i�j� � K�i� � K�k�� It follows from the triply transitivity of
G that �K�i�K�k�  K�i�� � n � � and thus K�i� �� K�k�� Further� because of
the doubly transitivity of G� by Lemma ��� we see that K�i� is a primitive
extension of Q � Hence we get K�i� �K�k� � Q and so ��i�j� � Q � But ��i�j� is
an SKij

�unit� thus we get ��i�j� � Z�
S�

The above arguments lead us to the conclusion that � � ���� with some

� � Z�
S� where � �

�

�i�j�

�
��i��j�n

and �
� �

�

��i�j�

�
��i��j�n

� Thus lij�x� �


	



�lij�x
�� for � � i� j � n with i �� j and so

��� � �
���
� ��x� � �x��� ! � � �! ��n � ����n ��xn � �x�n� � 	�

Since K is a primitive extension of Q and ��� � � � � �n are Q�linearly inde�

pendent� it follows that �� � �
���
� � � � � � �n � �

���
n are also Q�linearly inde�

pendent� Hence we infer that x � �x� with � � Z�
S� But by assumption

�x�� � � � � xn� p� � � � ps� � � and �x��� � � � � x
�
n� p� � � � ps� � �� hence � � �� follows�

Thus we have shown that di�erent solutions of ����� correspond to di�erent
solutions of the unit equation �������

Now suppose that equation ����� has more than two solutions correspond�
ing to the same ��� Then for every �xed i� j� k� equation ������ has also at
least three solutions� Equation ������ can be considered as an equation of the
type ������� where G is the subgroup of C � generated by

�
����

�
�
��
��


�
� � � � �

��
t�


t
�
����

�
�
��
��


�
� � � � �

��
t�


t

�
�

Thus by Lemma ��
 there exists a �nite set C� of pairs ���� ��� � �C ��� which
is independent of I such that

�� � ���� and �� � ����

with ���� ��� � C� and with some �xed ��� �� � G� Furthermore� by Lemma
��


(C� � � � e��t���	��� � � � e�n�n����s������	��� � c��n� s��

For the moment �x ���� ��� � �C ���� Then
�
��

��i�j�

��k�i�
� ��

��j�k�

��k�i�

�
is a solution

of the equation

��u
� ! ��v

� � � in u�� v� � G� ������

However� this equation leads to

u�� ! v�� � � in �u��� v��� � G� ����
�


�



where G� is the subgroup of �C ��� generated by

�
���� �� �

�
����

�
� �

�
�

�
��
��


�
� �

�
� � � � �

�
��
t�


t
� �

�
�

�
����

�
� �

�
�

�
��
��


�
� �

�
� � � � �

�
��
t�


t
� �

�
�

��� ��� �

�
��
����

�

�
�

�
��
��
��


�

�
� � � � �

�
��
��
t�


t

�
�

�
��
����

�

�
�

�
��
��
��


�

�
� � � � �

�
��
��
t�


t

��
�

Then
�
����

��i�j�

��k�i�
� ����

��j�k�

��k�i�

�
is a solution of equation ����
�� which by Lemma

��� has at most

����t�
��� � ����n�n����s����
��� � c��n� s�

solutions� Thus� allowing now ���� ��� to vary through C�� ��
��i�j�

��k�i�
� ����

��i�j�

��k�i�

can assume at most c�n� s�  � c��n� s� � c��n� s� di�erent values and so does
�
�i�j�
�

�
�k�i�
�

� �
�i�j�

��k�i�
�

Taking k � �� this yields that for every distinct i� j�

�
�i�j�
� 
�i�j� � �ij�

���i�
� 
���i��

where �i�j can assume at most c�n� s� values� Put i  � �� j  � �� L  �
K���K���K�	� and l  � �L  K��	�� Taking the L
Q �norm of the above equation
and using ������ we have

�I
c�l Z�
S � NL�Q��

���	�
� 
���	�� � NL�Q��

�����
� � �NL�Q�
������ �NL�Q����	��

However� c and �� are �xed and NL�Q����	� can take at most c�n� s� distinct
values� So it follows that apart from a factor from Z�

S� I can assume also at
most c�n� s� distinct values� Now a simple calculation proves the bound for
the number of exceptional I�s� given in Theorem ����

If I does not take any of these values� then the number of solutions of �����
is at most the product of the number of solutions of ������ and the number
of the possibilities for ��� Because of the choice of I ������ has at most �
solutions� Further� by Lemma ��� we have at most ��I� choices for ��� This
completes the proof of Theorem ����


�



Chapter �

On a problem of P� Tur�an

concerning irreducible

polynomials

��� Introduction

Many important and interesting problems of mathematics are related to the
distribution of irreducible elements in various special structures� It is well�
known that the number of primes in N is in�nite� However� the set of prime
numbers is of density zero and the gap between two consecutive primes can
be arbitrarily large� In Z�x� there are in�nitely many irreducible polynomi�
als� Nevertheless� it seems that there are only few common properties of the
distribution of irreducible elements in Z and in Z�x�� Indeed� if we denote by
P �N� resp� R�N� the number of polynomials resp� irreducible polynomials in
Z�x� of given degree and of height at most N � then we have �cf� �����

R�N�

P �N�

 � as N 
��

In other words �almost all� polynomials in Z�x� are irreducible�

The above result suggests that the �gap� between �neighbouring� irreducible
polynomials in Z�x� cannot be too large� These facts led P� Tur�an in ���� to
propose the following interesting problem� To formulate his problem� we need
the concept of the length jP j of a polynomial P �x� � anx

n!���!a�x!a� � Z�x�


�



which is de�ned by the expression

jP j �
nX

k��

jakj �

By the distance of P�Q � Z�x� we mean jP � Qj� It follows easily from
Eisenstein�s theorem that for given P � Z�x� of degree n there is an irreducible
polynomial Q � Z�x� of degree n such that jP �Qj � n ! �� P� Tur�an asked
the following �cf������ 

Does there exist an absolute constant C� such that for every P �x� � Z�x�
of degree n� there is a polynomial Q�x� � Z�x� irreducible over Q � satisfying
deg�Q� � n and jP �Qj � C�"

This problem is very di�cult� It turns to be somewhat easier if one removes
the condition deg�Q� � n� In ���	� A� Schinzel ���� proved the following deep
theorem 

Theorem A� �A� Schinzel ����� For any nonzero integers a� b and any poly�

nomial P with integral coe�cients� such that P �	� �� 	 and P ��� �� �a � b�
there exist in�nitely many irreducible polynomials axn ! bxm ! P �x� with

n � m � deg�P �� One of them satis�es

n � expf�
 deg�P � ! � log jabj! ���jjP jj ! a� ! b��g�

where jjP jj denotes the sum of the squares of the coe�cients of P �

As a consequence of this theorem Schinzel showed that for every P � Z�x�
of degree n there are in�nitely many irreducible Q � Z�x� such that

jP �Qj �

�
� if P �	� �� 	�
� otherwise�

Further� one of these irreducible polynomials Q satis�es

deg�Q� � e��n�
��jP j��	��

This result gives a partial answer to Tur�an�s question�
For the sake of completeness� now we present another� similar problem�

which was proposed in ���� by M� Szegedy �cf� ��
��� He asked the following 
Does there exist a constant C� depending only on n such that for any

P � Z�x� of degree n� P �x� ! b is irreducible over Q for some b � Z with
jbj � C�"


�



This seems also to be a very hard question� In ����� Gy�ory ��
� succeeded
to give an a�rmative answer to Szegedy�s problem in case of monic polyno�
mials� This is a consequence of his following theorem�

Theorem B� �K� Gy�ory ��
�� Let P � Z�x� be a polynomial of degree n with

leading coe�cient a�� There exist an e�ectively computable constant C	 de�

pending only on n and ��a��� and b � Z with jbj � C	 for which P �x� ! b is

irreducible over Q � �Here ��a�� denotes the number of distinct prime divisors

of a���

We remark that in ��
� C	 is given explicitly�

In our paper ��� we gave upper bounds for the Tur�an constant C� for monic
polynomials P of degree not greater than ��� In fact we could prove that for
such polynomials C� � � can be chosen� Slightly improving our algorithms�
in �
� we extended our result to polynomials of degree at most ���

��� New results

For a positive integer n� denote by cn the smallest integer with the property
that for any monic polynomial P � Z�x� of degree n one can choose an irre�
ducible monic polynomial Q � Z�x� of degree n� such that jP �Qj � cn� One
can verify easily that for every positive n� cn exists� Using this notation� our
result in ��� says that

cn � � for every positive integer n � ���

We prove the following extension�

Theorem ���� For every positive integer n � �� and for every monic poly�

nomial P � Z�x� of degree n there exists an irreducible monic polynomial
Q � Z�x� of degree n such that

jP �Qj � ��

For smaller degrees� our computations imply a slightly better result� In
fact we could prove that c� � 	� c� � �� cn � � for � � n � �� cn � � for
� � n � ��� and cn � � for �� � n � �� �see also Table ��� Summarizing these
assertions� we can state that for any positive integer n � ��� we have cn � ��







To make clear the main idea behind the proof we need some further nota�
tion� Denote by Zp�x� the residue class ring Z�x� �mod p�� For any polynomial
R � Z�x� denote by Rp the image of R under the natural homomorphism from
Z�x� to Zp�x�� Each polynomial P � Z�x� has a representative which has its
coe�cients in the interval �� p

� �
p
� �� The sum of the absolute values of the co�

e�cients of the representative of this type of a polynomial P � Zp�x� is called
the p�length of P and it is denoted by jP jp� By the �mod p� distance of two
polynomials P�Q � Z�x� we mean the p�length of the polynomial �P � Q�p�
Similarly� by the �mod p� distance of two polynomials P�Q � Zp�x� we mean
the p�length of the polynomial P �Q�

For every positive integer n let us denote by cn�p� the smallest integer
with the property that for each monic polynomial P � Zp�x� of degree n
there exists an irreducible monic polynomial Q � Zp�x� of degree n for which
jP �Qjp � cn�p��

The main idea of the proof is based on the fact that cn � cn�p� for any
prime number p� Indeed� by the de�nition of cn�p�� for an arbitrary but �xed
polynomial P � Z�x� there exists an irreducible monic polynomial R � Zp�x�
such that jPp�Rjp � cn�p�� Now it is easy to prove that there exists a monic
polynomial Q � Z�x� such that jP � Qj � jPp � Rjp � cn�p� and Qp � R�
Finally� this last equality� together with the assumption that R is irreducible
in Zp�x� shows that Q is irreducible in Z�x��

Thus it is enough to give upper bounds for cn�p� for each � � n � �� with
at least one prime p� But then� for �xed n� the polynomials in Zp�x� of degree
at most n are �nite in number� This makes it possible to use computational
methods in order to obtain bounds for cn�p�� In fact we have investigated
the case p � � in the range � � n � �� and the case p � � in the range
� � n � ��� The case � � n � �� was included in our paper ���� Our
algorithms are exponential in n� and thus we were not able to use them for
large values of n� However� later we have slightly re�ned our algorithms�
slightly decreasing the time of computation and so we managed to investigate
the case p � � in the range � � n � ��� We summarized our results in Table
�� below�
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Table � cn���� cn���� and bounds for cn

Degree n cn��� cn��� Bound for cn

� 	 	 	

� � � �

� � � �

� � � �


 � � �

� � � �

� � � �

� � � �

� � � �

�	 � � �

�� � � �

�� � � �

�� � � �

�� � � �

�
 � � �

�� � � �

�� � � �

�� � � �

�� � � �

�	 � � �

�� � � �

�� � � �

�� � � �

�� � � �

��� Description of the algorithm

In view of the previous section we have to prove the validity of the values of
cn��� for � � n � �� and cn��� for � � n � �� contained in Table �� To do
so� it is enough to check that for each monic polynomial P of degree n with
coe�cients in Zp and with P �	� �� 	 we can �nd a monic irreducible polynomial
Q � Zp�x� such that jP � Qjp � cn�p�� �� This is the computational part of
our proof� Now we present a short description of the algorithms we used for
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obtaining Table �� In fact we implemented three algorithms� Two of them� A�
and B� below� were included also in ���� thus here we only mention them� The
third algorithm� i�e� C� below� is a re�ned version of one of the algorithms
used in ���� thus we give a more detailed description of it�

A� The �rst algorithm was used to check the case p � � for the degrees � �
n � ��� In this part we used the �compare everything with everything�
method� However� the computations for the case n � �� took several
hours� thus we decided to use some �lter conditions for higher degrees�

B� The second algorithm was used for the case p � � and it is the same as
in ���� and the �compare everything with everything� method is re�ned
only by a very simple idea �see �����

C� This algorithm� used in the case p � �� �� � n � �� is as follows� For a
�xed n we have to check whether for each monic polynomial P of degree
n with coe�cients in Z� and with P �	� �� 	 we could �nd an irreducible
monic polynomial Q � Z��x� such that the ��distance of P and Q is at
most %cn���� where %cn��� is de�ned by %cn���  � cn���� ��

Denote by Pn the set of all monic polynomials P of degree n with coef�

�cients in Z� and with P �	� �� 	� and by D
�k�
n the set of all polynomials

of degree at most n with coe�cients in Z� and with jDj� � k�

To check whether %cn��� � k� it is enough to check the following for each

monic polynomial P � Pn add a polynomial D � D
�k�
n to P and check

whether P !D is irreducible� If not� take the following D � D
�k�
n � If for

at least one polynomial P � Pn does not exist a polynomial D � D
�k�
n �

such that P !D is irreducible� then we get %cn��� � k� and we have to do
the same procedure for k ! �� If for each P � Pn we �nd a polynomial

D � D
�k�
n � such that P ! D is irreducible� then we have proved the

statement %cn��� � k� We start with k � �� When for a �xed value
of k we get %cn��� � k� then we increase k with �� The �rst value of
k for which we �nd that for each P � Pn there exists a polynomial

D � D
�k�
n is clearly k � %cn���� When working with k � %cn��� � �� we

get some polynomials P � Pn for which does not exist a polynomial

D � D
�k�
n such that P ! D is irreducible� We call these polynomials

extreme polynomials� The existence of extreme polynomials shows that
for every � � n � �� the corresponding value of cn��� is sharp� In fact�


�



for every �xed �� � n � �� we got k � � and k � �� and this proves
cn��� � � for �� � n � ���

In the third column of Table � we list for each � � n � �� the number
e��n� of extreme polynomials of minimal ��length� We note that if P �x�
is an extreme polynomial of minimal length then so does

P ��x� � xn
�
P

�
�

x

�
! �

�
� ��

Further we have �P ��� � P � In the fourth column of Table � we list all
extreme polynomials of minimal length except that for pairs P� P � we
list only one of them� It is interesting to note that it may happen that
P �x� � P ��x�� Thus e��n� may take odd values� too�

We also note that the results concerning extreme polynomials of minimal
length have not yet been published� they are not contained neither in ���
nor in �
��

Table � Extreme polynomials

n cn��� e��n� All extreme polynomials of
minimal ��length

� � � x�

� � � x	

� � � x� ! x�


 � � x� ! x

� � � x
 ! x�

� � � x
 ! x�

� � � x�

� � � x� ! x�

x� ! x	

�	 � � x�� ! x� ! x
 ! x
 ! x� ! x	 ! x�

�� � � x�� ! x� ! x� ! x
 ! x�

�� � � x�� ! x� ! x
 ! x� ! x

�� � � x�	

�� � � x�� ! x�� ! x�

x�� ! x�� ! x�

�
 � �� x�� ! x
 ! x� ! x	 ! x
x�� ! x�� ! x
 ! x
 ! x�
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Table � �continued�

n cn��� e��n� All extreme polynomials of
minimal ��length

x�� ! x�� ! x� ! x� ! x
x�� ! x�� ! x�� ! x� ! x�

x�� ! x�	 ! x� ! x
 ! x
x�� ! x�� ! x� ! x	 ! x

�� � � x�


�� � �� x�
 ! x�� ! x� ! x� ! x	

x�
 ! x�� ! x� ! x
 ! x�

x�
 ! x�� ! x�� ! x� ! x
x�
 ! x�� ! x�� ! x� ! x	

x�
 ! x�	 ! x
 ! x
 ! x�

x�
 ! x�� ! x�� ! x	 ! x�

�� � � x�� ! x� ! x�

x�� ! x�� ! x�

�� � � x��

�	 � � x�� ! x� ! x�

x�� ! x� ! x


x�� ! x�	 ! x


x�� ! x�� ! x�

x�� ! x�� ! x


�� � � x�� ! x� ! x�

x�� ! x�� ! x�

x�� ! x�� ! x�

x�� ! x�� ! x�

x�� ! x�	 ! x�

x�� ! x�� ! x

�� � �	 x�� ! x
 ! x�

x�� ! x�� ! x�

x�� ! x�� ! x�

x�� ! x�� ! x	

x�� ! x�� ! x�

x�� ! x�� ! x�

�� � �� x�	 ! x�� ! x� ! x	 ! x�

x�	 ! x�� ! x�� ! x
 ! x�

�	



Table � �continued�

n cn��� e��n� All extreme polynomials of
minimal ��length

x�	 ! x�� ! x
 ! x	 ! x�

x�	 ! x�	 ! x�� ! x�� ! x


x�	 ! x�� ! x�� ! x� ! x


x�	 ! x�� ! x�	 ! x� ! x
x�	 ! x�� ! x�	 ! x� ! x


x�	 ! x�� ! x�� ! x� ! x	

x�	 ! x�
 ! x�� ! x�� ! x	

x�	 ! x�
 ! x�	 ! x� ! x
x�	 ! x�
 ! x�� ! x� ! x	

x�	 ! x�
 ! x�� ! x�� ! x	

x�	 ! x�
 ! x�� ! x� ! x
x�	 ! x�
 ! x�	 ! x� ! x
x�	 ! x�
 ! x�
 ! x�� ! x	

x�	 ! x�� ! x�� ! x
 ! x	

x�	 ! x�� ! x�� ! x� ! x�

x�	 ! x�� ! x�
 ! x�	 ! x�

x�	 ! x�� ! x�� ! x
 ! x�

x�	 ! x�� ! x�� ! x� ! x
x�	 ! x�� ! x�
 ! x� ! x�

x�	 ! x�� ! x� ! x� ! x
x�	 ! x�� ! x
 ! x
 ! x	

x�	 ! x�� ! x� ! x� ! x�

x�	 ! x�� ! x�� ! x� ! x�

x�	 ! x�� ! x�	 ! x� ! x	

x�	 ! x�� ! x�� ! x�	 ! x
x�	 ! x�� ! x�� ! x� ! x
x�	 ! x�� ! x� ! x
 ! x�

x�	 ! x�� ! x�
 ! x� ! x
x�	 ! x�� ! x�
 ! x
 ! x�

x�	 ! x�� ! x�
 ! x� ! x
x�	 ! x�� ! x�� ! x� ! x
x�	 ! x�� ! x�� ! x� ! x

�� � �� x�� ! x
 ! x�

��



Table � �continued�

n cn��� e��n� All extreme polynomials of
minimal ��length

x�� ! x� ! x�

x�� ! x�� ! x


x�� ! x�� ! x
x�� ! x�� ! x�

x�� ! x�� ! x�

x�� ! x�� ! x�

x�� ! x�� ! x��

x�� ! x�	 ! x�

x�� ! x�� ! x�

x�� ! x�
 ! x�

x�� ! x�
 ! x�

x�� ! x�� ! x
x�� ! x�� ! x�

x�� ! x�� ! x�

x�� ! x�� ! x�

The function

f�  Z��x� �
 N� f��P �  � P ���

gives a bijection between the polynomials of Z��x� and the natural num�
bers� Coding the polynomials in this simple manner as natural numbers
we included some �lter conditions in this algorithm� �When in this para�
graph we speak about correspondence between polynomials and natural
numbers we always mean the correspondence given by f���

Denote by L� and L� the list of all natural numbers corresponding to
polynomials of degree � �� with nonzero constant term in Z��x� whose
��length is even and odd� respectively� These lists can be constructed

recursively� as follows� Suppose that for 	 � h � ��� L
�h�
� �resp� L

�h�
� �

denotes the set of numbers corresponding to those polynomials which
are in L� �resp� L�� and are of degree � h� Put

M
�h���
�  � f�n ! � j n � L

�h�
� g and M

�h���
�  � f�n ! � j n � L

�h�
� g�

��



Then we clearly have

L
�h���
� � L

�h�
� �Mh��

� and L
�h���
� � L

�h�
� �Mh��

� �

and �nally L� � L
����
� and L� � L

����
� �

Let T be a list of �n��� elements containing zeros and ones� the kth
element of T being 	 if the ��length of the polynomial corresponding to
the number �n!�k������ is even� and � otherwise� To build this list we
use the following recursion T ��� � �� T ��� � 	� T ��k!l� � al!��mod ��
for all k � N and � � l � �k�

For i � 	� �� �� � let A
�n�
i be the set of all polynomials D � Z��x� of degree

� n� �� with the properties D�	� � 	 and jDj� � i�

For any polynomial P of degree n� the parity of the ��length of P can be
determined easily with the help of the lists L�� L�� and T � Now we have

to add to P either the polynomials D � A
�n�
� �A

�n�
	 or D � A

�n�
� �A

�n�
� �

When we checked the irreducibility of a polynomial we stored the infor�
mations in a list I� More precisely we started with an empty list I and
when checking the irreducibility of a polynomial �e�g� the polynomial
corresponding to the natural number j�� we put as the jth element of I
the value �true� if it was irreducible and �false� otherwise� This way we
had to check the irreducibility of a polynomial only once� This was one
of the improvements which reduced slightly the running time and made
it possible to extend our bounds for n � ��� ��� However� while improv�
ing the running time� this change also increased the needed memory� and
thus for n � �
 we run out of memory� and were not able to continue
the calculations�

Our algorithms were written in MAPLE� and the running time for the
case p � � and n � �� was �
	 hours on a SUN Sparcstation �	�
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Summary

This dissertation consists of four chapters�
The �rst chapter contains results concerning the number of solutions of

general decomposable polynomial equations� In ���� Evertse� Ga�al and Gy�ory
��	� gave a necessary and su�cient condition for the �niteness of the number of
solutions of the general decomposable polynomial equation �	��� in S�integers�
Under this condition they gave a non�explicit upper bound for the number
of solutions� which bound was given explicitly in terms of the numbers of
solutions of appropriate unit equations� Since then explicit upper bounds
have been obtained for the number of solutions of unit equations� thus the
bound of Evertse� Ga�al and Gy�ory can be made completely explicit� Following
a di�erent approach� in the �rst chapter we signi�cantly improve this bound�
Further� we prove that the �niteness condition mentioned above does not imply
the �niteness of the number of solutions of the corresponding more general
decomposable polynomial equation �	���� We give a su�cient condition for
the �niteness of the number of solutions of �	���� and subject to this condition
we derive an explicit upper bound for the number of solutions� Moreover� we
derive a similar upper bound for the number of solutions� provided only that
the number of solutions is �nite�

In the �rst chapter several consequences and applications are also pre�
sented� We obtaine upper bounds for the numbers of solutions of decompos�
able polynomial equations of special types� namely for inhomogeneous Thue
equations� discriminant polynomial equations� norm polynomial equations and
resultant polynomial equations� The results of this chapter have been estab�
lished jointly with my supervisor� Prof� K� Gy�ory� They will be published in
our joint paper ����

The second chapter is devoted to the study of the number of solutions of
norm form equations� Let p�� � � � � ps be primes with s � 	� and b � Z n f	g
which is relatively prime to p�� � � � � ps if s � 	� In ���
 Evertse and Gy�ory ����

�




gave explicit upper bounds for the number of solutions of norm form equations
of the form

a�NK�Q���x� ! � � �! �mxm� � bpz�� � � � pzss in x�� � � � � xm � Z�

and z�� � � � � zs � Z��

with �x�� � � � � xm� p� � � � ps� � � if s � 	

�	���

under the hypotheses that �i� xm �� 	� �� � �� ��� � � � � �m are Q�linearly inde�
pendent elements of K and �m has degree at least � over Q��� � � � � � �m��� or
that �ii� the degree of �i is at least � over Q��� � � � � � �i��� for i � �� � � � �m� Un�
der the same assumptions we considerably improve the bounds of ����� Using
an idea of Gy�ory� we reduce equation �	��� to a relative Thue�Mahler equation
and then we use a result of Evertse ��� to estimate the number of solutions of
this equation� In the second chapter we also give a further improvement on
the number of solutions of �	��� which is valid for all but at most �nitely many
possible values of the constant term b of the equation� Our bound obtained
under the assumption �ii� is better for almost all b than the general bounds
of ��	�� ��� and ����� Further� we give an explicit upper bound for the number
of the exceptional values of b� To prove this result we use Gy�ory�s method to
reduce equation �	��� to a system of unit equations and then we use results of
Evertse� Gy�ory� Stewart and Tijdeman ��
� and Evertse and Gy�ory ���� to de�
rive our upper bound for the number of solutions� The bound for the number
of exceptional values of b is obtained by combining results from ���� ���� and
����� Our results presented in this chapter are published in ����

In the third chapter we are concerned with the number of solutions of in�
dex form equations� In Evertse and Gy�ory ����� ���� and Evertse ��� explicit
upper bounds have been established for the number of solutions of index form
equations� Recently� in the case when the Galois group of the splitting �eld
of the index form is triply transitive� Gy�ory ���� has considerably improved
the bounds of ���� and ���� Under the same assumption concerning the Ga�
lois group� we give a signi�cant improvement of the bound in ����� which is
valid for all but at most �nitely many possible values of the constant term
of the equation� To prove this result we use a similar method to that ap�
plied in Chapter � to norm form equations� We also combine Gy�ory�s method
on reducing decomposable form equations to unit equations with the above�
mentioned results from ��
�� ����� ���� ���� and ����� Our results presented in
Chapter � are published in ����

In the fourth chapter some new results are established on a problem of P�

��



Tur�an concerning irreducible polynomials� The distance of two polynomials
with integer coe�cients is de�ned as the sum of the absolute values of the
coe�cients of the di�erence polynomial� P� Tur�an asked the following Does
there exist an absolute constant C such that for every polynomial with integer
coe�cients and of degree n� there exists an irreducible polynomial with integer
coe�cients and of degree at most n� such that their distance is not greater
than C" First we reduce the problem in Z�x� to that in the residue class ring
Z�x� �mod p�� where p � � or �� Then we apply computational methods to
prove that C � � for all polynomials of degree not greater than ��� We give
a description of our method and some related results� The results presented
in Chapter � have been obtained jointly with Hajdu� Most of our results have
been published in �
�� The remaining part is still unpublished�

��





�Osszefoglal�o

A disszert�aci�o n�egy fejezetb�ol �all�

Az els�o fejezetben �altal�anos sz�etes�o polinom egyenletek megold�assz�am�a�
ra adunk korl�atokat� Legyen F �X� � F �X�� � � � �Xm� � Q �X� � � � � �Xm� egy
sz�etes�o polinom� S � fp�� � � � � psg racion�alis pr��mek egy v�eges halmaza� �es
jel
olje ZS a Q �beli S�eg�eszek gy�ur�uj�et� Evertse� Ga�al �es Gy�ory ��	� �����ben
sz
uks�eges �es el�egs�eges felt�etelt adott arra� hogy az

F �x� � b x � �x�� � � � � xm� � Zm
S � ���

sz�etes�o polinom egyenletnek v�eges sok megold�asa legyen minden S �es minden
b � Z n f	g eset�en� Ugyanezen felt�etel mellett az egyenlet megold�assz�am�ara
korl�atot is adtak� amely bizonyos kapcsol�od�o egys�egegyenletek megold�assz�a�
m�anak f
uggv�eny�eben explicit m�odon volt megadva� Abban az id�oben m�eg nem
volt ismert explicit korl�at egys�egegyenletek megold�assz�am�ara� �Igy a ��	��ben
szerepl�o korl�at nem volt explicit� Evertse ��� az�ota sz
uletett eredm�eny�et �es a
��	��ben szerepl�o korl�atot felhaszn�alva ma m�ar k
onnyen explicit korl�at adhat�o
sz�etes�o polinom egyenletek megold�assz�am�ara� Ebben a fejezetben l�enyegesen
megjav��tjuk az ��gy nyerhet�o korl�atot� Megmutatjuk tov�abb�a� hogy ugyanezen
felt�etelek mellett a megfelel�o �altal�anosabb

F �x� � bZ�
S x � �x�� � � � � xm� � Zm

S � ���

egyenletnek ak�ar v�egtelen sok megold�asa is lehet� Megadunk egy el�egs�eges
felt�etelt� melynek teljes
ul�ese eset�en a ��� egyenletnek csak v�eges sok megold�asa
van� S�ot� a b � � esetben egy j�oval gyeng�ebb� m�ar sz
uks�eges felt�etel mellett is
siker
ult hasonl�o alak�u fels�o korl�atot adnunk a megold�assz�amra� felt�eve� hogy
a megold�asok sz�ama v�eges�

��



A felsorolt eredm�enyeknek kilenc k
ovetkezm�eny�et adjuk� amelyeket az em�
l��tett eredm�enyek speci�alis esetekben val�o alkalmaz�asa �utj�an nyert
unk� �Igy
korl�atot adunk inhomog�en Thue egyenletek� diszkrimin�ans polinom� norma
polinom �es rezult�ans polinom egyenletek megold�assz�am�ara is� Az ebben a fe�
jezetben k
oz
olt eredm�enyek t�emavezet�ommel� Dr� Gy�ory K�alm�annal k
oz
osen
el�ert eredm�enyek� melyeket a ��� k
oz
os cikk form�aj�aban k��v�anunk megjelen�
tetni�

A m�asodik fejezet norma forma egyenletek megold�assz�am�aval kapcso�
latos eredm�enyeket tartalmaz� Tegy
uk fel� hogy �� � �� ��� � � � � �m egy K al�
gebrai sz�amtest Q felett line�arisan f
uggetlen elemei� Legyen S � fp�� � � � � psg
pr��msz�amok egy v�eges halmaza �es b az S elemeihez relat��v pr��m racion�alis
eg�esz sz�am� A m�asodik fejezetben

a�NK�Q���x� ! � � �!�mxm� � bpz�� � � � pzss

x�� � � � � xm � Z�

z�� � � � � zs � Z��

�x�� � � � � xm� p� � � � ps� � � ha s � 	

���

alak�u norma forma egyenletek megold�assz�am�ara vonatkoz�o fels�o becsl�eseket
adunk� Itt a��t �ugy v�alasztjuk meg� hogy ��� baloldala x�� � � � � xm eg�esz
egy
utthat�os polinomja legyen� Nem tesz
unk k
ul
onbs�eget ��� azon x �
�x�� � � � � xm�� z�� � � � � zs �es x� � �x��� � � � � x

�
m�� z��� � � � � z

�
s megold�asai k
oz
ott�

melyekre x� � �x teljes
ul� Gy�ory ��	��ban e�ekt��v form�aban bebizony��totta�
hogy amennyiben az �m foka a Q��� � � � � � �m��� test felett legal�abb �� akkor a
��� egyenletnek csak v�eges sok olyan megold�asa lehet� melyre xm �� 	 teljes
ul�
Ugyanezen felt�etelek mellett Evertse �es Gy�ory �����ben explicit korl�atot adott a
megold�assz�amra� Megjegyezz
uk� hogy a fenti felt�etelek mellett a norma forma
elfajul�o is lehet� �es ak�ar v�egtelen sok xm � 	 felt�etelt teljes��t�o megold�asa
is l�etezhet� Ez�ert az ilyen t��pus�u eredm�enyek m�eg ine�ekt��v form�aban sem
k
ovetkeznek Schmidt �es Schlickevei kor�abbi� nem�elfajul�o norma forma egyen�
letekre vonatkoz�o ine�ekt��v v�egess�egi eredm�enyeib�ol� K�es�obb a nem�elfajul�o
esetben Schmidt ����� Gy�ory ����� b � � eset�en Evertse ���� m��g �altal�aban Ev�
ertse �es Gy�ory ���� ugyan adtak explicit korl�atokat a megold�assz�amra� de mint
m�ar eml��tett
uk� ezekb�ol nem k
ovetkezik �uj korl�at a fenti esetre� amely ��	��ban
�es �����ben szerepelt�

Norma forma egyenletekkel kapcsolatos tov�abbi eredm�enyek tal�alhat�ok a
���� �attekint�o dolgoztaban� a ���� k
onyvben �es az ezekben id�ezett dolgozatok�

�	



ban�

A m�asodik fejezetben a ��	��ban �es �����ben tekintett felt�etelek mellett
l�enyegesen jav��tjuk a megold�assz�amra adott korl�atot� Ennek bizony��t�as�ahoz
Gy�ory egy 
otlet�et felhaszn�alva a norma forma egyenletet visszavezetj
uk egy re�
lat��v Thue�Mahler egyenletre� majd ennek megold�assz�am�at becs
ulj
uk Evertse
egy eredm�eny�et ��� felhaszn�alva� Ugyanezen felt�etelek mellett egy m�eg jobb
korl�atot is levezet
unk� amelyet azonban csak v�eges sok b �ert�ekt�ol eltekintve
tudunk bizony��tani� A kiv�eteles b �ert�ekek sz�am�ara szint�en adunk egy fels�o
becsl�est� Ezen eredm�eny
unk bizony��t�as�aban Gy�ory m�odszer�et felhaszn�alva az
eredeti egyenletet alkalmas egys�egegyenletekb�ol �all�o egyenletrendszerre vezet�
j
uk vissza� majd Evertse �es Gy�ory ���� valamint Evertse� Gy�ory� Stewart �es
Tijdeman ��
� eredm�enyeinek felhaszn�al�as�aval kapjuk a korl�atot a megold�as�
sz�amra� A kiv�etelek sz�am�ara Gy�ory ����� Beukers �es Schlickewei ��� valamint
Evertse �es Schlickewei ���� eredm�enyeit felhaszn�alva ad�odik a korl�at� Az ebben
a fejezetben feldolgozott eredm�enyeink a ��� cikk
unkben fognak megjelenni�

A harmadik fejezetben index forma egyenletek megold�assz�am�ara vonat�
koz�o eredm�enyek szerepelnek� Legyen K egy algebrai sz�amtest �es tegy
uk fel�
hogy f�� ��� � � � � �ng eg�esz b�azis K algebrai eg�eszeinek gy�ur�uj�eben� Jel
olje DK

a K test diszkrimin�ans�at �es I�X�� � � � �Xn� az f�� ��� � � � � �ng eg�esz b�azishoz
tartoz�o index form�at� Legyen S � fp�� � � � � psg racion�alis pr��mek egy halmaza
�es I egy S elemeihez relat��v pr��m racion�alis eg�esz sz�am� Tekints
uk az

I�x�� � � � � xn� � �Ipz�� � � � pzss

x�� � � � � xn � Z�

z�� � � � � zs � Z��

�x�� � � � � xn� p� � � � ps� � � ha s � 	�

���

index forma egyenletet� Itt sem fogunk k
ul
onbs�eget tenni a ��� egyenlet x �
�x�� � � � � xn�� z�� � � � � zs �es x� � �x��� � � � � x

�
n�� z��� � � � � z

�
s megold�asai k
oz
ott� ha

x� � �x teljes
ul�
Az s � 	 esetben Gy�ory �����ban bebizony��totta� hogy a ��� egyenlet�

nek csak v�eges sok megold�asa lehet� s explicit korl�atot adott a megold�asokra�
Gy�ory eredm�eny�et Trelina ����� illetve Gy�ory �es Papp ���� egym�ast�ol f
ugget�
len
ul terjesztett�ek ki az s � 	 esetre� Az els�o� ��� � � � � �n�t�ol f
uggetlen korl�at
a megold�assz�amra Evertse �es Gy�ory ���� nev�ehez f�uz�odik� K�es�obb Evertse
��� illetve Evertse �es Gy�ory ���� jav��tott�ak ezt a korl�atot� Diszkrimin�ans �es
index forma egyenletekkel kapcsolatos tov�abbi eredm�enyek tal�alhat�ok a ����

��



�attekint�o dolgozatban �es az ott id�ezett cikkekben�
Nemr�eg Gy�ory ���� l�enyegesen jav��totta a megold�assz�amra vonatkoz�o �����

beli korl�atot abban a fontos speci�alis esetben� amikor a K test Q feletti
norm�alis lez�artj�anak G Galois csoportja h�aromszorosan tranzit��v�

A harmadik fejezetben ugyanezen felt�etel mellett l�enyegesen jav��tjuk a
megold�assz�amra vonatkoz�o �����beli korl�atot� azzal a megszor��t�assal� hogy az
��gy kapott korl�at csak v�eges sok I �ert�ekt�ol eltekintve lesz �erv�enyes� Ezen
fel
ul korl�atot adunk a kiv�eteles I �ert�ekek sz�am�ara is� Eredm�eny
unk k
ovetkez�
m�enyek�ent korl�atot adunk diszkrimin�ans forma egyenletek megold�assz�am�ara�
tov�abb�a adott diszkrimin�ans�u elemek sz�am�ara is� A t�etel igazol�asa a norma
forma egyeneletekre vonatkoz�o hasonl�o erdm�eny bizony��t�as�ahoz hasonl�oan t
or�
t�enik� �es szint�en Gy�ory m�odszer�en �es a ����� ��
�� ���� ����� ��� eredm�enyeinek
alkalmaz�as�an m�ulik� A fejezet �uj eredm�enyeit az ��� dolgozat tartalmazza�

A negyedik fejezetben Tur�an P�al egy irreducibilis polinomokkal kap�
csolatos probl�em�aj�anak vizsg�alat�ara ker
ul sor� Itt meg kell jegyezni� hogy
eg�esz egy
utthat�os polinomok irreducibilit�as�anak a vizsg�alata diofantikus prob�
l�em�ara vezet� Val�oban� ha egy eg�esz egy
utthat�os polinom felbomlik k�et eg�esz
egy
utthat�os polinom szorzat�ara� akkor a k�et t�enyez�o egy
utthat�oit ismeretlen�
nek tekintve� �es a szorzat egy
utthat�oit 
osszevetve az eredeti polinom egy
utt�
hat�oival� egy diofantikus egyenletrendszert kapunk�

Egy P � Z�x� polinom jP j hossz�an a polinom egy
utthat�oi abszol�ut �ert�ekei�
nek az 
osszeg�et �ertj
uk� K�et eg�esz egy
utthat�os polinom t�avols�ag�an k
ul
onbs�eg
uk
hossz�at szok�as �erteni�

Tur�an P�al a k
ovetkez�o probl�em�at vetette fel L�etezik�e olyan C abszol�ut
konstans� hogy minden n�ed fok�u P �x� � Z�x� polinomhoz tal�alhat�o legyen
olyan Q�x� � Z�x� irreducibilis polinom� melyre deg�Q� � n �es jP �Qj � C
teljes
ul� A probl�ema igen neh�eznek bizonyult� A legjobb eredm�enyt Schinzel
�erte el� aki a k
ovetkez�ot bizony��totta B�armely P � Z�X� polinomhoz l�etezik
v�egtelen sok Q � Z�x� irreeducibilis polinom� melyekre

jP �Qj �

�
� ha P �	� �� 	�
� egy�ebk�ent�

Ezen k��v
ul legal�abb egy ilyen Q polinom teljes��ti a k
ovetkez�o felt�etelt is 

deg�Q� � e�� deg�P ��
��jP j��	��

A Hajdu Lajossal k
oz
os ��� cikk
unkben bel�attuk� hogy ���n�el nem maga�
sabb fok�u polinomok eset�en C v�alaszthat�o ��nek�

��



A negyedik fejezetben megmutatjuk� hogy C � � a legfeljebb ���ed fok�u
polinomok eset�en is igaz� A m�odszer alap
otlete megegyezik azzal� amit ����
ben alkalmaztunk� azaz a probl�em�at v�eges testek felett kezelj
uk� ��gy adott
foksz�am eset�en a probl�em�at v�egess�e tessz
uk� majd sz�am��t�og�ep seg��ts�eg�evel
ellen�orizz
uk az �all��t�ast� Az erre vonatkoz�o r�esze a fejezetnek a Hajdu Lajossal
k
oz
os �
� cikk
unkben jelent meg� A negyedik fejezet ugyanakkor tartalmaz
mindezid�aig m�eg nem k
oz
olt eredm�enyeket �t�abl�azatokat� az �altalunk vizsg�alt
�un� extrem�alis polinomokkal kapcsolatban� Ezeket szint�en Hajdu Lajossal
k
oz
osen v�egzett vizsg�alataink sor�an nyert
uk�

��
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Appendix C

As was mentioned on page ��� in ����
� the linear independence of ��� � � � � �m�
� over Q implies that the number of solutions of equation ����
� does not
exceed the bound ������ This is a special case of our Corollary ���� This
special case was proved independently by J��H� Evertse� C�L� Stewart and R�
Tijdeman �private communication��
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