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Abstract: This paper deals with queueing models, in which the number of customers is
described by a (inhomogeneous, in general) birth–death process. Depending on the choice
of the type of intensities for the arrival and service of customers, the system can either have
impatience (in which, as the queue length increases, the intensities of arrival decrease and
the intensities of service increases) or attraction (in which, on the contrary, as the queue
length increases, the intensities of the arrival of customers increase and service intensities
decrease). In this article, various types of such models are considered, and their transient
and limiting characteristics are computed. Furthermore, the rate of convergence and related
bounds are also dealt with. Several numerical examples illustrate the proposed procedures.

Keywords: inhomogeneous continuous-time Markov chains; birth–death process;
ergodicity; logarithmic norm

1. Introduction
This paper aims to show that, using (inhomogeneous) birth–death processes (BDPs)

with state-dependent intensities, one can describe and investigate simple queuing theory
models with different types of customer and server behavior.

In both the case of ergodicity and the case of null ergodicity, it is possible to obtain
explicit estimates of the rate of convergence. In the ergodic case, these estimates also allow
us to study the boundaries of perturbation and approximations using truncations and to
compute the main limiting characteristics of the corresponding model. Thus, by selecting
the model parameters, it is possible to control the queueing system.

We consider a general queueing system of type Mn(t)/Mn(t)/1, in which the inten-
sities of the arrival and service of customers characterize the corresponding behavior (of
customers and servers) in the queue.

The earliest models relate to queues where potential customers are discouraged by
queue length; see [1–4]. This is reflected in the corresponding choice of monotonically
decreasing intensities for the arrival of customers. Models with impatient customers began
to be actively studied, in which the property of impatience was most often described by an
increase in service intensities; see, for example, [5–11].
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Further, queues with encouragement or with a server that works less effectively as the
queue length increases are described by processes with increasing intensity of customer
arrivals as the queue grows, or decreasing intensity of service; see [12,13]. As a result, the
influence of the nature of the queue on the corresponding BDP can be taken into account
due to the corresponding behavior of the intensities of the arrival/service of requests.

As one can see, most studies by other authors are devoted to constructing a particular
solution at the initial stage of the system’s existence, usually for stationary systems. Often,
they simply obtain a solution using purely numerical methods—uniformity, modeling,
and Runge–Kutta methods—which, in general, do not provide useful information about
the system; therefore, unlike the listed studies, the goal of this article is to construct a
LIMIT solution, i.e., a stable solution that is practically independent of the initial state.
Without knowing the convergence rate, it is not known when the limit solution has been
reached. Comparison at the end of the period or (at constant intensities) of some interval
is not enough to know whether the limit solution has been reached. In particular (for
1−- periodicity), to achieve the limit regime, it is necessary to cut the system into the
interval [0, n] until 1−α

α ∥p(n − 1)− p(n)∥ is not less than the required accuracy. Here, α is
the convergence rate parameter. Another approach is to calculate the value of t∗ at which
the limit solution is found. A table with a series of examples comparing these approaches is
presented below. Note that, as the graphs below show, the actual value of t∗ is usually less
than the expected value. It is worth noting that a comparison of numerical methods can be
found in studies from the 1970s. Regarding relatively modern ones, we can use [14]. The
Runge–Kutta method is distinguished by its guaranteed accuracy and is therefore often
chosen as a reference in numerical experiments. In particular, in this work, we completed
our calculations using it.

The main role in this work is played by the examples of different types of BDPs
considered, describing the corresponding models; for each type of system, the derivation
of the estimates of the rate of convergence and the construction of the main limiting
characteristics are shown. Perturbation bounds and approximation errors using truncations
can then be formally obtained by the methods described in [15].

2. Model Description and Main Results
Let Mn/Mn/1 be a queueing system with arrival and service rates λn and µn, respec-

tively, and let X(t) be the corresponding queue-length process. Then, X(t) is a BDP with
infinite state space {0, 1, 2, ...}, intensity matrix Q, and transposed intensity matrix A = QT .
Then, matrix A =

(
aij

)∞
i,j=0 has the following form:

A =



−λ0 µ1 0 · · ·
λ0 −(λ1 + µ1) µ2 · · ·
0 λ1 −(λ2 + µ2) · · ·
0 0 λ2 · · ·
0 0 0 · · ·
...

...
...

. . .


, (1)

We will assume that the arrival and service intensities satisfy the following conditions:
λi > 0(i ≥ 0), µi > 0(i > 0), µ0 = 0, and supi(λi + µi) < ∞.

Denote the l1-norm by ∥ · ∥, with ∥x∥ = ∑ |xi| and ∥B∥ = supj ∑i |bij| for matrix
B = (bij).
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We consider the corresponding forward Kolmogorov system:

dp
dt

= Ap(t), (2)

as a differential equation in the space of sequences l1 with bounded operator function A.
Here, p(t) = (p0(t), p1(t), . . . )T is the vector of state probabilities for BDP X(t).

Moreover, if the queue is nonstationary, then the corresponding BDP is inhomoge-
neous and λi(t) and µi(t) are locally integrable on [0, ∞) nonnegative functions such that
supi(λi(t) + µi(t)) ≤ L < ∞ for almost all t ≥ 0. In this situation, the operator function
A(t) is also bounded and locally integrable on [0, ∞).

Recall that
A Markov chain X(t) is called null ergodic if pn(t) → 0 as t → ∞ for any n and any initial
condition p(0);

A Markov chain X(t) is called ergodic if it has a stationary distribution π such that
∥p(t)− π∥ → 0 as t → ∞ for any initial condition p(0);

An inhomogeneous Markov chain X(t) is called weakly ergodic if ∥p∗(t)− p∗∗(t)∥ → 0 as
t → ∞ for any initial conditions p∗(0) and p∗∗(0).

Also recall that the logarithmic norm γ of the operator function B(t) on l1 gives us
bounds for the rate of convergence for solutions of the corresponding linear differential
equation and can be written as γ(B(t)) = supi

(
bii(t) + ∑j ̸=i |bji(t)

)
; see all details in [15].

Consider an auxiliary “weight” sequence {dk} such that infk(dk) = d > 0 and the
corresponding upper triangular matrix D:

D =


d1 d1 d1 · · ·
0 d2 d2 · · ·
0 0 d3 · · ·
...

...
...

. . .

. (3)

We write ∥z∥1D = ∥Dz∥1 for a vector z = (z1, z2, . . . ).
Set

αi = λi + µi+1 −
di+1

di
λi+1 −

di−1

di
µi, (4)

and
β∗ = inf

i≥0
αi.

Theorem 1. Let X(t) be a homogeneous BDP with positive intensities λk and µk. Let there exist
limits λ∗ = limk→∞ λk and limk→∞ µk = µ∗. Let λ∗ < µ∗. Then, the BDP is ergodic and there
exists a sequence of positive numbers {di} such that inf dk = d > 0, β∗ = infi αi > 0, and
∥p(t)− π∥1D ≤ e−β∗t∥p(0)− π∥1D.

Proof. First, from our general scheme, we will carry out the following actions. From
equality ∑i≥0 pi = 1, we obtain p0 = 1 − ∑i≥1 pi. Hence, we have from (2) the
following equation:

dz
dt

= Bz + f, (5)
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where z = (p1, p2, . . . )T , f = (λ0, 0, 0 . . . )T and

B =


−(λ0 + λ1 + µ1) µ2 − λ0 −λ0 −λ0 · · ·

0 λ1 −(λ2 + µ2) · · ·
0 0 λ2 · · ·
0 0 0 · · ·
...

...
...

. . .

.

For bounding the rate of convergence, we consider the respective ’homogeneous’
equation dx

dt = Bx in the corresponding space l1D.
Then,

γ(B)1D = γ
(

DBD−1
)

1
= − inf

i≥0
αi = −β∗. (6)

Now, we try to find a sequence {di} such that all αi are the same and positive. The fol-
lowing reasoning is close to that carried out in [16]. Let δi+1 =

di+1
di

. We denote δ1 = x > 0.
Hence, we set

fi+1(x) = δi+1, (7)

and from (4), we recursively obtain the inequality

0 < λi+1 fi+1(x) = λ1x − µi f−1
i (x) + ci+1, (8)

where ci+1 = λi + µi+1 − λ0 − µ1.
Note that the derivatives of the functions fi+1(x) are strictly greater than zero, and

therefore the functions fi+1(x) increase and have exactly one root. The function f1(x), x ≥ 0,
has the unique root x1 = 0. Through recursion, we obtain from (8) that the function fi+1(x)
has a unique positive root, for example, xi+1 and xi+1 > xi, i > 0.

We have δk = fk(xi) and

ak(xi) > 0, k < i > 1. (9)

Let x∗ = limt→∞ xi. From the definition of xi and the monotonicity of the functions fi,
we have fi(x) ≥ fi(x∗) > 0 for all x > x∗, i = 1, 2, ... Hence, in the case considered, the set
of solutions of αi = α0 > 0 is given by

δ∗i = fi(x) > 0,

x∗ ≤ x ≤ λ0 + µ1

λ1
= x∗, i ≥ 1.

Theorem 1 states that the sequence dk always exists and specifies the interval on which
the number x is located, using which one can construct dk and obtain an exact estimate.
Unfortunately, in the case of a countable number of states, knowledge of the interval does
not allow one to find this x, and instead, a sequence giving a rough estimate is constructed
in other ways. In the case of a finite number of states, this x can be found, and accordingly,
the sequence dk will be obtained. Moreover, it will coincide with an eigenvector for the
matrix B.

Consider now a null ergodic situation. Let there exist limits λ∗ = limk→∞ λk and
limk→∞ µk = µ∗ such that µ∗ < λ∗. Set d1 = 1, dk+1 = δkdk. Consider now the diagonal
matrix D = diag{di} and the matrix DAD−1:
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DAD−1 =


−λ0 δ−1

1 µ1 0 · · ·
δ1λ0 −

(
λ1 + µ1

)
δ−1
2 µ2 · · ·

0 δ2λ1 −
(
λ2 + µ2

)
· · ·

0 0 δλ2 · · ·
0 0 0 · · ·
.
.
.

.

.

.

.

.

.
. . .

. (10)

Denote the sum of all elements of the k-th coloumn of DAD−1 by −αk. One can see
that δ1 ∈ (0, 1) implies that α0 > 0. Moreover, if 1 − δ1 is sufficiently small, then there

exists δ2 ∈ (0, 1) such that α1 > 0, and so on. On the other hand, if we set δ∗ =
√

µ∗

λ∗ , then

we have α∗ =
(√

λ∗ −
√

µ∗
)2

> 0. Hence, for the corresponding δk, all αk are positive for
large k. Finally, we have β∗ = inf αk > 0, and all dk < 1.

Then, for the corresponding weighted norm, we have, using the logarithmic norm, the
following bound:

∥p(t)∥1D =
∞

∑
i=0

di pi(t) = ∥p(t)∥1D ≤ etγ(A)1D∥p(0)∥1D = e−β∗t
∞

∑
i=0

di pi(0).

Hence,

dn pn(t) ≤ e−β∗t
∞

∑
i=0

di pi(0) ≤ d∗e−β∗t
∞

∑
i=0

pi(0) ≤ e−β∗t, (11)

for any n, where d∗ = supk dk ≤ 1.
This implies the following statement.

Theorem 2. Let X be a homogeneous BDP with intensities λk and µk. Then, there exist limits
λ∗ = limk→∞ λk and limk→∞ µk = µ∗ such that µ∗ < λ∗. Then, the BDP is null ergodic, and
there exists a sequence of positive numbers {di} such that bound (11) holds.

Remark 1. All our considerations can be generalized to the case of arbitrary intensity functions
λk(t) and µk(t). Let us consider in particular the most important case of one-periodic intensities.
We introduce the notation λ̂k =

∫ 1
0 λk(t) dt and µ̂k =

∫ 1
0 µ(t) dt. Then, the corresponding results

for weakly ergodic and null ergodic situations follow from the existence of λ̂∗ = limk→∞ λ̂k and
limk→∞ µ̂k = µ̂∗ for λ̂∗ < µ̂∗ or λ̂∗ > µ̂∗, respectively, as shown below when considering
specific models.

3. Numerical Examples
Since in real systems service requests usually arrive with variable intensities, the

intensities below are taken to be periodic functions. Consider the queue-length process for
four specific weakly ergodic models. We suppose that all intensity functions are periodic
and that the ’basic’ intensities are λ(t) = 1 + sin(2πt) and µ(t) = 1 + cos(2πt).

The intensities for the models are given below:
1. Model 1: the client gets scared when he sees the queue and does not join the

queue—the rate of arrival decreases.
2. Model 2: the client thinks that something important is being sold when he sees the

queue and joins the queue—the rate of arrival increases (a queue for Apple phones).
3. Model 3: with a large number of requests, network performance can drop

(Ethernet)—the rate of service decreases.
4. Model 4: the client gets tired of waiting in the queue and leaves it (service

intensity + escape) and the server switches to a more productive operating mode with
a large number of requests, etc.—the rate of service increases.



Computation 2025, 13, 150 6 of 13

The convergence pattern implies that over time the initial state in which the system
was ceases to be important and has almost no effect on the behavior of the system. Thus,
knowing the rate of convergence, one can find the value of t∗ after which all solutions of
the system are almost indistinguishable from each other. Therefore, one can construct a
limit solution from this t∗ using numerical methods.

For the four models, the results obtained can be combined in a table. In the examples,
δ = 3

2 . Taking this into account, the norm of the difference in solutions was obtained.
Since in the examples X(0) = 1 and X(0) = 100 were taken, ∥p(0) − π∥1D ≤

∑100
k=0

( 3
2
)k ≤ 2 · 1018.

Model 1 Model 2 Model 3 Model 4

intensities λk (t) =
λ(t)
k+1 ,

µk (t) = µ(t)

λk (t) = (1 − 1
k+2 )λ(t),

µk (t) = µ(t) + 1

λk (t) = λ(t),

µk (t) = µ(t)(1 − 1
k+1 ) + 1

λk (t) = λ(t),

µk (t) =
µ(t)
k+1 + λ(t) + 1

γ(B)1D for ’basic’ in-
tensities

−
(

µ(t)
3 − λ(t)

20

)
−
(

1
3 (µ(t) + 1)− 1

2 λ(t)
)

−
(

9
30 µ(t)− 1

2 λ(t) + 1
3

)
−
(

1
3 − 1

6 λ(t)
)

γ(B)1D − 17
60 t − 1

6 t − 2
50 t − 1

6 t

t∗ 180 300 380 300
error on
interval [t∗ , t∗ + 1]

0.0003 0.0008 0.0005 0.0008

To plot graphs and for ODE systems, we use standard libraries: Matplotlib and NumPy.
We chose numpy because this library allows us to optimize calculations and achieve a
higher execution speed for several reasons:

1. NumPy is written primarily in the C programming language, which means that most
operations are performed at the machine code level, which provides high performance
compared to pure Python code;

2. NumPy arrays are stored compactly and sequentially in RAM, which minimizes
overhead and improves processor caching. When data are located close to each
other, access to them becomes much faster, especially when processing large amounts
of data;

3. Operators and functions inside NumPy are pre-compiled and optimized for various
platforms and processor architectures. This avoids the cost of interpreting Python
code during program execution.

Here is an example of a code listing that allows a system of differential equations
to be solved:

import numpy as np
from sc ipy . i n t e g r a t e import solve_ivp
def func t ion ( t , y ) :
return fA ( t ) . dot ( y )
def main_calc_rk ( i n i t _ v e c t o r , t _ l i s t , funct ion ) :
return solve_ivp ( funct ion , t _ l i s t , np . r a v e l ( i n i t _ v e c t o r ) ,
method= ’RK45 ’ , a t o l =1e −12 , r t o l =1e −12)
t_per iod = [ 0 , t_end + 1]
i n i t _ v e c t o r = np . zeros ( ( n , 1 ) )
i n i t _ v e c t o r [ 0 ] = 1
s o l u t i o n 1 = main_calc_rk ( i n i t _ v e c t o r , t_period , funct ion )
i n i t _ v e c t o r = np . zeros ( ( n , 1 ) )
i n i t _ v e c t o r [ −1] = 1
s o l u t i o n 2 = main_calc_rk ( i n i t _ v e c t o r , t_period , funct ion )
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1. Let λk(t) =
λ(t)
k+1 and µk(t) = µ(t); this is a model for the queue with discouragement.

Hence, we obtain γ(B(t))1D = − inf
k≥0

αk(t):

αk =



µ(t) + λ(t)
(

1 − δ
2

)
, k = 0;

λ(t)
2 + µ(t)

(
1 − δ−1)− λ(t)

2 , k = 1;
λ(t)

3 + µ(t)− 3λ(t)
8 − 2µ(t)

3 , k = 2;
λ(t)

4 + µ(t)− 3λ(t)
10 − 2µ(t)

3 , k = 3.

· · ·
λn(t) + µn+1(t)− δλn+1(t)− δ−1µn(t), k = n.

· · ·

= (12)

=



µ(t) + λ(t)
4 , k = 0;

µ(t)
3 , k = 1;

µ(t)
3 − λ(t)

24 , k = 2;
µ(t)

3 − λ(t)
20 , k = 3.

· · ·
λn(t) + µn+1(t)− δλn+1(t)− δ−1µ(t), k = n.

· · ·

(13)

γ(B)1D ≤ −
(

µ(t)
3

− λ(t)
20

)
, (14)

∥p(t)− π∥1D ≤ 2e−
17
60 t∥p(0)− π∥1D. (15)

Detailed considerations (see [15]) show that it is sufficient to limit ourselves to a
truncated BDP with states from 0 to 100. The corresponding graphs are presented in
Figure 1.

2. Let λk(t) = (1 − 1
k+2 )λ(t) and µk(t) = µ(t) + 1; this is a model for the queue with

encouragement. Hence, we obtain

αk =



µ(t) + 1 − 1
2 λ(t), k = 0;

1
3 (µ(t) + 1)− 1

2 λ(t), k = 1;

· · ·
λn(t) + µn+1(t)− δλn+1(t)− δ−1µn(t), k = n.

· · ·

(16)

γ(B)1D ≤ −
(

1
3
(µ(t) + 1)− 1

2
λ(t)

)
, (17)

∥p(t)− π∥1D ≤ 2e−
1
6 t∥p(0)− π∥1D. (18)

The corresponding graphs are shown in Figure 2.
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(a) (b)

(c) (d)

(e) (f)

Figure 1. (a) convergence of the probability p0(t) under the two different initial conditions:
X100(0) = 0, X100(0) = 100; (b) limiting version of the probability p0(t) under the two different
initial conditions: X100(0) = 0 and X100(0) = 100; (c) the mean EN(t, 0) on the interval t ∈ [0, 140],
where N = 100; (d) the limiting mean on the interval t ∈ [140, 141], where N = 100; (e) the
probability p0(t) + p1(t) + p2(t) on the interval t ∈ [0, 140]; (f) limiting version of the probability
p0(t) + p1(t) + p2(t) on the interval t ∈ [140, 141].



Computation 2025, 13, 150 9 of 13

(a) (b)

(c) (d)

(e) (f)

Figure 2. (a) Convergence of the probability p0(t) under the two different initial conditions:
X100(0) = 0 and X100(0) = 100; (b) limiting version of the probability p0(t) under the two dif-
ferent initial conditions: X100(0) = 0 and X100(0) = 100; (c) the mean EN(t, 0) on the interval
t ∈ [0, 180], where N = 100; (d) the limiting mean on the interval t ∈ [180, 181], where N = 100;
(e) the probability p0(t) + p1(t) + p2(t) on the interval t ∈ [0, 180]; (f) the limiting version of the
probability p0(t) + p1(t) + p2(t) on the interval t ∈ [180, 181].
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3. Let λk(t) = λ(t) and µk(t) = µ(t)(1 − 1
k+1 ) + 1; this is a model for the queue with

impatience. Hence, we obtain

αk =



1
2 µ(t)− 1

2 λ(t) + 1, k = 0;

· · ·
9

30 (µ(t) + 1)− 1
2 λ(t) + 1

3 , k = 4;

· · ·
λn(t) + µn+1(t)− δλn+1(t)− δ−1µn(t), k = n.

· · ·

(19)

γ(B)1D ≤ −
(

9
30

µ(t)− 1
2

λ(t) +
1
3

)
, (20)

∥p(t)− π∥1D ≤ 2e−
2
15 t∥p(0)− π∥1D. (21)

The corresponding graphs are shown in Figure 3.

(a) (b)

(c) (d)

Figure 3. Cont.
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(e) (f)

Figure 3. (a) Convergence of the probability p0(t) under the two different initial conditions:
X100(0) = 0 and X100(0) = 100; (b) limiting version of the probability p0(t) under the two dif-
ferent initial conditions: X100(0) = 0 and X100(0) = 100; (c) the mean EN(t, 0) on the interval
t ∈ [0, 220], where N = 100; (d) the limiting mean on the interval t ∈ [220, 221], where N = 100;
(e) the probability p0(t) + p1(t) + p2(t) on the interval t ∈ [0, 220]; (f) the limiting version of the
probability p0(t) + p1(t) + p2(t) on the interval t ∈ [220, 221].

4. Let λk(t) = λ(t) and µk(t) =
µ(t)
k+1 + λ(t) + 1; this is a model with a server that works

less effectively as the queue length increases. Hence, we obtain

αk =



1
2 λ(t) + 1

2 µ(t) + 1, k = 0;
1
3 − 1

6 λ(t), k = 1;

· · ·
λ(t)(1 − δ) + (λ(t) + 1)

(
1 − δ−1)+ (

µ(t)
n+2 − µ(t)

δ(n+1)

)
, k = n

· · ·

(22)

γ(B)1D ≤ −
(

1
3
− 1

6
λ(t)

)
, (23)

∥p(t)− π∥1D ≤ 2e−
1
6 t∥p(0)− π∥1D. (24)

The corresponding graphs are shown in Figure 4.

(a) (b)

Figure 4. Cont.
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(c) (d)

(e) (f)

Figure 4. (a) Convergence of the probability p0(t) under the two different initial conditions:
X100(0) = 0 and X100(0) = 100; (b) limiting version of the probability p0(t) under the two dif-
ferent initial conditions: X100(0) = 0 and X100(0) = 100; (c) the mean EN(t, 0) on the interval
t ∈ [0, 220], where N = 100; (d) the limiting mean on the interval t ∈ [220, 221], where N = 100;
(e) the probability p0(t) + p1(t) + p2(t) on the interval t ∈ [0, 220]; (f) the limiting version of the
probability p0(t) + p1(t) + p2(t) on the interval t ∈ [220, 221].

4. Conclusions
Possible variants of the simplest models of queueing systems of the Mn(t)/Mn(t)/1

type are considered. The queue-length process in such systems is described by a BDP, in
which the rates of birth (arrivals) and death (servicing) depend on the behavior of customers
and the server. For each queue type, the corresponding specific nonstationary system is
considered in the weakly ergodic case. Estimates of the rate of convergence to the limiting
regime were obtained. The presence of such estimates provides a guaranteed opportunity
to compute the limiting characteristics of the system, and therefore, from [15], we can
obtain the corresponding estimates of perturbations and approximations via truncations.
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