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IMPLICATIONS BETWEEN GENERALIZED CONVEXITY PROPERTIES OF
REAL FUNCTIONS

TIBOR KISS AND ZSOLT PALES

ABSTRACT. Motivated by the well-known implications among ¢-convexity properties of real functions,
analogous relations among the upper and lower M-convexity properties of real functions are established.
More precisely, having an n-tuple (M, ..., M,) of continuous two-variable means, the notion of the
descendant of these means (which is also an n-tuple (N1, ..., Ny) of two-variable means) is introduced.
In particular, when all the means M; are weighted arithmetic, then the components of their descendants
are also weighted arithmetic means. More general statements are obtained in terms of the generalized
quasi-arithmetic or Matkowski means. The main results then state that if a function f is M;-convex for
all i € {1,...,n}, then it is also N;-convex for all ¢ € {1,...,n}. Several consequences are discussed.

1. INTRODUCTION

In the theory of convex functions the notion of ¢-convexity plays an important role. For ¢t €]0, 1]
a real function f : I — R (where I is a nonempty real interval) is termed t-conver (cf. Kuhn [4],
Nikodem—Péles [7]) if, for all =,y € I, the inequality

flz+ (1 —t)y) <tf(x)+ 1 —1)f(y)

holds. The 3-convex functions are usually called Jensen convez. If a function is t-convex for all ¢ €]0, 1
then it is simply called conver. Among the many implications related to t-convexity properties we
mention the following ones:

(1) If f is Jensen convex then it is Q-convex, i.e., t-convex for all ¢t € [0,1] N Q (Kuczma [3]);

(2) If f is t-convex for some t €10, 1[, then it is Jensen convex (Daroczy—Pales [1]);

(3) If f is t-convex for some t €0, 1[, then, by a result of Kuhn [4], there exists a subfield K of R

such that
{s €]0,1[| f is s-convex} =]0,1[N K.
For more general results related to higher-order convexity notions refer to the paper by Gilanyi and
Pales [2].
We recall now the notion of second-order divided difference defined for f : I — R and pairwise distinct

elements x,y, z of I by

f(x) f(y) f(z)
+ + .
y—a)(z—x) (z-ylz-y) (@-2)(y-2)
In terms of this concept, the t-convex functions have the following easy-to-see characterization: A
function f : I — R is t-convex if and only if, for all x,y € I with x # y, we have [z, tz+(1—t)y,y; f] > 0.
In the paper Nikodem—Pales [7], t-convex functions were also characterized by the nonnegativity of a
certain second-order derivative which is analogous to the standard characterization of twice differentiable

[, y, 2 f] =1
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convex functions. In this paper, an inequality related to the second-order divided differences was also
established which turned out to be a key tool for the proofs of the main results therein.

Proposition 1.1. (Chain Inequality) Let I C R be an interval and f : I — R. Then, for all n € N,
xog < a1 <+ <Tpt1 in I, and for all i € {1,...,n}, the following inequalities hold:

min |z;_1,z:, i1 | < |xo, 25, fl < max |[xi_1,%i, Tir1; [l
1§]Sn[ J—1yLyj, j+17f] —[ 0y Ly n+17f] _ISJ%(”[ J—1yLyj, j+17f]

To demonstrate the use of this inequality, we show that ¢-convexity implies Jensen convexity for every
real function f : I — R. Assume that f : I — R is t-convex for some ¢ €]0, 5[ and let z,y € I with
x < y be arbitrary points. Set

x0 1= T, acl::tx—&—(l—t)x;—y, xQ::QU;_y, acg::tx—i_y—i—(l—t)y, T4 =Y.
Then
T :tm0+(1—t)x2, ) :txg—i-(l—t)l‘l, €3 :t$2+(1—t)$4,
whence, by the t-convexity of f, we have
[x0, 21, 25 f] >0, [x1, 22, 735 f] > 0, [x2, 23, 45 f] > 0.

In view of the Chain Inequality, this implies that [xg,x2,z4; f] > 0 also holds, which is equivalent to
the Jensen convexity of f.
The Jensen convexity property of a function is equivalent to the restricted condition

faz+3y) < 5f@) +3fly)  (wyel z<y)
On the other hand, for ¢ €]0,1[\{3}, the t-convexity property is equivalent to the condition

fltz + (1 =t)y) <tf(z)+ (1 —1)f(y)
F(1 =Dz +ty) < (1= f(2) +t£(y)
that is, the t-convexity property can be expressed in terms of two inequalities over the triangle {(z,y) €
I? | z < y}. It turns out that these two inequalities are not consequences of each other for every

¢]0,1[\{3}. In 2014, for every transcendental number ¢, Lewicki and Olbry$ [5] constructed a function
f I — R such that

fltz+ (1 =t)y) <tf(z)+ (1 —t)f(y)

F(A=t)z+ty) > (1 —1)f(z) +1f(y)
It is, however, unknown if these two inequalities are equivalent to each other for rational, or more
generally, for algebraic t. (Moreover, the particular case t = % also has not been answered yet.)

In this paper, for a given two-variable mean M : {(z,y) € I? | # < y} — R, we consider the class of
functions f : I — R satisfying the inequality

FM o)) < L0 gy 4 HED =2 4

for all z,y € I with < y. Such functions will be called M-convex. In this terminology, the t-convexity
of a function f : I — R is equivalent to its convexity with respect to the means A; and A;_;, where, for
s € [0,1], the weighted arithmetic mean A, : {(z,y) € R? | x < y} — R defined by

As(z,y) = sz + (1 - s)y.
Observe that, for z <y and 0 < s <t < 1, we have

(x,yel, z<y),

(x,yel, z<y).

€T = mln(%y) = Al(x’y) < At(l‘ay) < As(‘r’y) < Ao(SU,y) = max(m,y) =Y.

Motivated by the above-described implications among t-convexity properties, we are going to establish
analogous relations among the A;-convexity properties of real functions. More generally, we will intro-
duce and investigate the notions of upper and lower M-convexity for extended real valued functions.
The main results of the paper then establish several implications between these convexity properties.
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More precisely, having an n-tuple (My,..., M,) of continuous means, we introduce the notion of
the descendant of these means which is also an n-tuple (NVi,...,N,) of means. In several cases, we
explicitly construct the descendant of a given n tuple of means. In particular, when all the means M;
are weighted arithmetic then the components of their descendants are also weighted arithmetic means.
More general statements are also obtained in terms of the generalized quasi-arithmetic or Matkowski
means. In our main results we then prove that if a function f is M;-convex for all i € {1,...,n}, then
it is also Nj-convex for all i € {1,...,n}.

2. NOTATIONS AND TERMINOLOGY

If n,m € Z then set {k € Z | n < k and k < m} will be denoted by {n,...,m}. According to this
convention {n,...,m} =0 if m < n and {n,...,m} is the singleton {n} if n = m.

Given a subset S C R and n € N, we denote the set of increasingly and strictly increasingly ordered
n-tuples of S by SZ and SZ, i.e.,

SZi={(t1,...,tn) € " |ty < -+ <t} and ST = {(t1,...,tp) €S" | t1 <+ <tn},

respectively.
A function M : 5’% — R is called a two-variable mean on S and a two-variable strict mean on S if

r<M@y) <y ((zy)es2) and <My <y ((x,y) €S52),

respectively. We note that, two-variable means are usually defined on the Cartesian product S?, however,
in our approach the values of means on S2 := 2\ S% are irrelevant. Obviously, if 7' C S, then the
restriction M|z2 is also a mean on T'.

In the subsequent sections I always denotes a nonempty interval of R.

The most important class of two-variable means that appears in the consequences of our results is
the class of generalized quasi-arithmetic means introduced by J. Matkowski [6] in 2010: We say that
a function M : I2 — R is a generalized quasi-arithmetic mean or a Matkowski mean if there exist
continuous, strictly increasing functions f,g: I — R such that

M(z,y) =My g(z,y) == (f +9) 7 (f(x) +9(y)  ((z,y) € I2).
Under the conditions of this definition, it is obvious that My 4 is a continuous strict mean on I which
is also strictly increasing in each of its variables.
If s €]0,1] and f : I — R is a continuous strictly increasing function then the Matkowski mean
M (1-5)s 1s called a weighted quasi-arithmetic mean. We can see that

Msf,(lfs)f(xvy) = fﬁl(sf(li) + (1 - S)f(y)) ((l’,y) € I%)

For s = 1/2 this function is termed a (symmetric) quasi-arithmetic mean. Finally, observe that the
mean M, q (1-s)iq equals the weighted arithmetic mean As.

3. AUXILIARY RESULTS

Theorem 3.1. For n € N and for the vectors u = (uy,...,up),v = (vi,...,v,) € R, define the
two-diagonal matriz

0O w1 ... 0 O
vp 0 ... O O
Awo):=| o o o [ erpEXOH, (1)
O 0 ... 0 wu,
o 0 ... v, O

Then all the eigenvalues of A(u,v) are real numbers. Furthermore, the eigenvalues of A(u,v) are smaller
than 1 if and only iof wy, ..., w, >0, where w_1 :=wy :=1, and

W = Wg—1 — ULV Wk—2 (k € {1, e ,n}) (2)
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Proof. In the sequel, denote by Ij, the unit matrix of the matrix algebra R**¥ and for a square matrix

S € R¥*kdenote by Py the characteristic polynomial of S defined for A € C by Ps(\) := det(\ — S).
Let u = (u1,...,upn),v = (v1,...,v,) € R} be fixed. Define Ag(u,v) := 0 and

0O uw; ... 0 O
vp, 0 ... 0 O
Ay = = ¢ -0 [ erEXEED e ). (3)
0 0 ... 0 wu
0 0 ... v O

Then Ap(u,v) = A(u,v). Observe that Py () (A) = A and Py, (4,0)(A) = A2 — uyvy. Expanding the
determinant of the characteristic polynomial by its last row, we can easily deduce the following recursive
formula for Py, (u,0):

PAk_,,_l(u,v)()‘) = )‘PAk(u,v) ()‘) - uk-i—lvk-l-lPAk_l(u,v) ()‘) (k € {17 sy — 1}) (4)

Now, we are going to prove that, for all k € {1,...,n}, the characteristic polynomials of Ay (u,v) and

A (v/uv, /uv) are identical, where /uv := ({/u1v1, . .., /Un¥n).
We prove this statement by induction on k. For k = 0, the statement is trivial. For k = 1, we have
that

Py (u)(AN) = N —wgvr = A — uroiy/urvr = Py yaw, iy (A)-

Assume that we have established the identity Pajuw) = PAJ,( A, i) for 7 < k. By using the recursive
formula (4) twice and the inductive assumption, for k € {1,...,n — 1}, we get

Py ()N = APy, (o im) (N) = Ve 1031/ Wk V1 P, (i i) (M)

= Payrvam,yam) (A)-
This completes the proof of the identities Py, (uv) = Pa, (\/av, av)-

The matrix A, (y/uv, Juv) is symmetric with real entries, therefore its characteristic polynomial has
only real roots, whence it follows that the eigenvalues of A,,(u,v) = A(u,v) are also real. The eigenvalues
of Ay, (y/uv,/uv) are smaller than one if and only if the eigenvalues of the symmetric matrix I,41 —
Ay, (Vuv, \/uv) are positive, which is equivalent to the positive definiteness of I,,11 — A, (y/uv, \/uv).
In view of the Sylvester test, this holds if and only if all the leading principal minor determinants of

In+1 — An(Vuv, Juv) are positive, i.e., if

Py ua)() = Pay(yawyamy(1) >0 (k€{0,...,n}). (5)
By the recursive formula (4) applied for A = 1, it results that Py, (aw, ar)(1) = wi for all k € {0,...,n},
therefore, (5) is equivalent to the inequalities wy, ..., wy, > 0.

The next result offers a sufficient condition in order that the eigenvalues of the matrix A(u,v) be
smaller than 1.

Lemma 3.2. Let n € N and u = (ug,...,up),v = (v1,...,v,) € R™ be with positive components.
Assume that

v <1, max{u; + va,...,Up—1 + v} < 1, Uy, < 1. (6)
Then the system of inequalities wy, ..., wy, > 0 holds, where wy,...,wy, are defined as in Theorem 3.1.

Consequently, all the eigenvalues of the two-diagonal matriz A(u,v) defined by (1) are smaller than 1.

Proof. Observe that the positivity of ve, ..., v, and (6) yield that ui,...,u, < 1.
To show that wy, is positive for all k € {1,...,n}, we shall prove that

wg > 0 and (1 —up)wg—1 < wg < wi—1 (ke{l,....,n—1}). (7)

For k = 1, the second chain of inequalities is equivalent to 1 — u; < 1 — ujv; < 1, which easily follows
from 0 < v; <1 and 0 < uy. Hence wy; > 0 also holds.
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Assume that we have proved (7) for some k& € {1,...,n—1}. Then, using the recursion (2) and using
the right hand side inequality in (7), we get

Wht1 = Wk — Uk 1 V1 Wh—1 < Wk — U1 Vg1 W = Wk (1 — Upp1Vp41) < Wy

On the other hand, using the upper estimate for wy_1 obtained from (7), we get

Wy 1 —up — U101
Wkl = W — U1 Vg1 Wh—1 = W — U1 Vg1 1 = Wy
— Uk 1-— U
1—up—u 1—u
> Wy i k+1( k) = wk(l — uk+1) > 0,
1 — ug
which completes the proof of (7). O
Lemma 3.3. For n € N and for the vectors u = (u1,...,uy),v = (v1,...,v,) € R™ with positive

components, define the two-diagonal matriz A(u,v) by (1). Then there exists an eigenvector of A(u,v)
with positive components whose eigenvalue is also positive.

Proof. We follow the argument of the standard proof of the Perron-Frobenius Theorem. Consider the
set

Snt1 ::{(xo,...,mn)ER”H::Eg,...,anO, xo+ -+, =1}

Then S,41 is a compact convex set in R"*!. Let u,v € R" be fixed vectors with positive components
and let Ag,..., A, be the row vectors of the matrix A(u,v). Observe that

A(u,v)z = ((Ao, z), ..., (An,2)) (x € R™1), (8)

furthermore the sum (Ag, x)+- - -+ (A, x) does not vanish on S,,+1. Indeed, if for some x € S, 41 we have
(Ao, z)+- -+ (Ap,x) = 0, then, by the nonnegativity of the terms on the left hand side of this equation,
it follows that (A;,x) =0 for all ¢ € {0,...,n}. Using the positivity of the parameters u; and v;, these
equalities imply z = 0, which contradicts z € S,;1. Now consider the mapping F : S,,1 — R"*!
defined by
A(u,v)z

(Ao, ) + -+ (An, 2)
By (8), we have that F(Sp4+1) C Sp+1, and F is trivially continuous on S,41, hence, by the Brouwer
Fixed Point Theorem, there exists a fixed point ¢ € Sy, 1 of the function F'. Then we have

A(u,v)e = ((Ao, ¢) + -+ (An, ) F(c) = ({(Ao, ¢) + -+ + (An, 0))c,
which shows that ¢ is an eigenvector of A(u,v) with eigenvalue A := (Ap, ¢)+-- -+ (A, ¢) > 0. Therefore,

F(z):= (x € Spt1).

by A(u,v)e = Ac, the following system of equations hold for the coordinates (co, ..., cy):
u1cy = Ao,
Uit1Cit1 + ViCi—1 = A (ie{l,...,n—1}), (9)
UnCn-1 = ACp.

If ¢; = 0 for some i € {0,...,n}, then the nonnegativity of the terms on the left hand side of the ith

equation yields that ¢; = 0 for j € {i —1,i+ 1} N {l,...,n — 1}. This results that ¢ has to be zero,

which contradicts ¢ € Sj11- O
4. AUXILIARY RESULTS FROM FIXED POINT THEORY

For our purposes, we recall some notions and results related to fixed point theorems.

Definition. We say that the function d : X x X — R is a semimetric on the set X if, for all z,y € X,
it possesses the following properties:

(1) d is positive definite, i.e., for all x,y € X, d(z,y) > 0 and d(x,y) = 0 if and only if x = y,
(2) and d is symmetric, i.e., for all z,y € X, d(z,y) = d(y, x).
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The pair (X,d) is called semimetric space.
If (X,dx) and (Y, dy) are semimetric spaces then a function f : X — Y is called L-Lipschitzian with
respect to the pair of semimetrics (dx,dy) if there exists 0 < L such that

dy (f(z), f(y)) < Ldx(z,y)  (z,y € X). (10)

The function f is said to have the Lipschitz property if there exists L > 0 such that (10) holds. The
Lipschitz modulus of f is defined by

Lip f := sup M

z,yeX dX(:t»y)
TFy

Obviously, f has the Lipschitz property if and only if Lip f is finite. If A := Lip f < 1 then f is called
a A-contraction.

It is an immediate consequence of these definitions, that for a subset D C X and a contraction
f D — X with respect to the semimetric dx, the map f can have at most one fixed point in D.
Indeed, if z and y are both fixed points of f in D, then

dx(z,y) = dx(f(x), f(y)) < Adx(z,y),

which implies dx(z,y) < 0, whence x = y follows.
The following lemma is useful to compute the Lipschitz modulus of real valued functions.

Lemma 4.1. Let f,g : I — R be differentiable functions such that the derivative of g does not vanish
on the interval I. Then, for the Lipschitz modulus of the function fog=' : g(I) — R, the following
formula holds:

f’(t)'

g'(t)
Proof. Due to the assumptions of the lemma, g : I — g¢(I) is a continuous and strictly monotone

function. Therefore g=1 : g(I) — R is well-defined. Thus, applying the Cauchy Mean Value Theorem,
we have that

Lip fog ™! = sup
tel

Lipfogte sup MoO@=Sog Wl _ 1w~ __ '<t>‘.
myes) |z —yl u,t;éel|9(U)—g(U)| et | g0
TH#Y uFEv

In what follows, we recall first the following generalization of the Tychonov Fixed Point Theorem
established by Halpern and Bergman. For the formulation of this result, we define the notion of the
inward set of a conver subset K of a locally convex space X by

inwg(zx) =2 +Ry(K—2z)={z+tly—2)|ye K, t >0} (x € K).

Observe that K C inwg (x) holds for all z € K. On the other hand, for an interior point x of K, we
have inwg (x) = X, therefore the inclusion y € inwg(x) is always trivial if x € K \ 0K, where the
notation K stands for the set of boundary points of K.

Theorem 4.2. (Halpern—-Bergman) Let X be Hausdorff locally conver space and let K C X be a
compact conver set. Let f : K — X be a continuous weakly inward map, i.e., assume that flx) €
inwg () holds for all x € OK. Then the set of fived points of f is a nonempty compact subset of K.

If f(K)C K, then f(z) € inwg (z) trivially holds for all x € 0K, therefore, in this case, the above
result reduces to the Tychonov Fixed Point Theorem.

The fixed point theorem stated below that we are going to use for the existence proofs in our main
results is consequence of the Halpern-Bergman Fixed Point Theorem. It establishes the existence of the
fixed point for continuous maps defined over a convex polyhedron.
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Theorem 4.3. Letcy,...,c; € R" and v1,...,vm € R and assume that the polyhedron K C R™ defined

by
K:={zeR"|(ck,x) <y, k€{l,...,m}} (11)
1s bounded. Let f: K — R™ be a continuous function with the following property
(e, f(x)) < for all x € K and for oll k € {1,...,m} such that {cx,z) = V. (12)

Then the set of fized points of f is a nonempty compact subset of K.

Proof. By our assumption, K is a compact convex set. It suffices to show that, for all x € K,
inwg (z) = {u € R" | (cx,u) < for all k € {1,...,m} such that (cg,z) =} (13)

because condition (12) then implies that f(x) € inwg (z) for all z € K, whence the Halpern—Bergman
Fixed Point Theorem yields the existence the fixed point of f.

Let z € K be fixed. If u € inwg (), then there exists y € K and ¢t > 0 such that u = (1 — t)x + ty.
Then, for k € {1,...,m} such that (cg,x) = vk, we have

<Ck7u> = <ck7 (1 - t>$ + ty> - (1 - t)<ck7$> + t<ckﬂy> = (1 - t)’yk + t<ckay> < (1 - t)’Yk + v = Yk,

which proves the inclusion C in (13).
For the reversed inclusion, let u € R™ be an element such that (cg,u) < ~ for all k € {1,...,m}
such that (cg,x) = ;. Choose t > 0 such that
¢ (cpyu—x)
Yk — <Ck7 Z’>
and define y € R” by y := %(u — z) + . Then, distinguishing the cases whether (¢, z) = 7 or not, for
every k € {1,...,m}, we get that

for all k € {1,...,m} such that (cx,x) < vk

(b, u —x) <ty — ek, 7))
Therefore, for every k € {1,...,m},
<Ckay> - <Ck7 %(U - I’) + [E> < (Pyk - <Ck,.T>) + <Ck7$> = Yk-

This proves that y € K. On the other hand, from the definition of y, we have that v = (1 — t)x + ty,
consequently, u € inwg (z). O

5. THE DESCENDANTS OF MEANS

Assume that we are given an n > 2 member sequence of means M, ..., M, : I2 — R. In this section,
we are going to deal with existence and uniqueness of an increasing sequence of means Ni,..., Ny :
I2 — R such that, for all (z,y) € I2, the identities

Nl(xvy) = Ml(l’,NQ(fL‘,y)),
Ni(z,y) = Mi(Ni-1(z,y), Nis1(z,y))  (i€{2,....,n—1}), (14)
Nu(2,y) = My (Nn-1(z,y),y)
hold. The " element of the sequence Ni,..., N, will be called the i** descendant of the n-tuple
(M, ..., M,) of means. Observe that (14) states that, for (z,y) € I%, the vector (N1(z,y), ..., Np(z,y)) €
[z,y]% is a fixed point of the mapping ¢, ) : [z,y]2 — R" defined by
Sp(x,y) (tl, c. ,tn) = (M1 (1‘, tg), PN ,Mi<ti_1, ti+1>, N ,Mn(tn_l, y)) (15)

The first main result of this section establishes the existence and uniqueness of the fixed points of
©(a,y); 1-€., the nonemptiness and singletonness of the set

(I)(ac,y) = {é € [x,y]’% | So(ac,y)(é.) = f} (16)
The existence and uniqueness of the fixed point is obvious if x = y, therefore, we restrict our attention
to the case x < y.
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Theorem 5.1. Let n > 2 and My, ..., M, : I% — I be means. For (z,y) € I%, define the mapping
P(z,y) and the fized point set @, ) by (15) and (16), respectively. Then, for all (z,y) € I2., the following
statements hold:

(1) If all the means My, ..., M, are continuous, then the fived point set @1,y s nonempty and
compact. If the means My, ..., My are strict, then @,y Clz,y[2.

(2) The set @, is a singleton if there ewist semimetrics dy, ..., d, : [z,y]> — Ry such that the
estimates
dy (M (z, s), My (z,v)) < bida(s,v),
di(M;(t, s), M;(u,v)) < aidi—1(t, u) + bidit1(s, v) (ie{2,....,n—1}), (17)
dn(My(t,y), Mp(u,y)) < andp—1(t,u)
hold for all t,s,u,v € [x,y] with some positive real numbers ag, ... ,a, and by,... by_1 such that
Wi, ..., Wp—1 >0, where w_1 :=wg := 1 and
W; 1= Wi;—1 —ai+1biwi_2 (l S {1,...,n— 1}) (18)

Proof. Let (z,y) € I2 be arbitrarily fixed. Then the set K := [z,y]% is a compact convex set which is
characterized by the following (n + 1) inequalities: (¢1,...,t,) € K holds if and only if

—tl1 < -7, t1 —t2 <0, . th-1—1p <0, tn < Y. (19)

Therefore, K is a polyhedron of the form (11) with m = n+ 1, suitably chosen vectors ¢y, ..., ¢,41 € R”
and scalars 71, ...,vn+1 € R. Thus, in order to show that the fixed point set of the continuous function
[ = @24 is a nonempty compact subset of K = [z, y|”, we need to verify that condition (12) is satisfied.

For the sake of brevity, denote to := = and t,,1 := y. If, for some k € {2,...,n}, the kth inequality
holds with equality in (19), then t;_y = t;. Therefore, by the mean value property of the means Mj_;
and Mj, we get

Sk—1 = Mp_1(tp—2,tr) < tr =th—1 < Mi(th—1,th+1) = Sk,

which proves that the vector s satisfies the kth inequality in (19).

On the other hand, by the mean value properties of M; and M,,, we have z < Mj(z,t2) = s1 and
Sn = My(th—1,y) < y, therefore, s also satisfies the first and last inequality in (19) and thus the
verification of condition (12) is complete.

To prove the second part of the statement (1), assume that all the means M, ..., M, are strict and
let (51, R 7§n> S (I)(:c,y)' Then
Mi(2,6) =&, M2(61,63) =&, ...,  Mu(§-1,9) =& (20)

If x = & then the strict mean property of Mj and the identity M (x,&2) = & imply that & = &. Now
the strict mean property of Ms and the identity Ma(&1,E&3) = & yield that £ = &3. Continuing this
argument, it follows that §,—1 = &,. Finally, the strict mean property of M,, and M, ({,-1,y) = &,
imply that &, = y. This leads to the contradiction z = y. Hence, we may assume that © < &. Applying
the strict mean property of Mj,..., M, and the equalities in (20), we get & < &1 recursively for
ie{l,...,n—1} and finally &, < y, which proves that ({i,...,&,) €z, y[ 2.

To prove (2), assume that there exist semimetrics dy,...,d, : [x,9]*> — Ry such that the estimates
in (17) hold and let a := (ag,...,a,) and b := (by,...,b,—1) such that each members of the sequence
w1, - .., Wnp—1, defined by (18) with w_q1 := wp := 1, is positive. According to the previous lemmas,
the matrix A(a,b) has an eigenvector ¢ := (c1,...,c,) with positive components and with eigenvalue
0 < A < 1. This means that ¢ and X satisfy the following system of linear equations:

aCo = Acy,
ai+1¢i+1 + bi—1cic1 = Ag (i€{2,...,n—1}), (21)
bpn—1cn—1 = Acp.
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We show that ¢, ) is a A-contraction with respect to the semimetric D, : [z,y]" x [z,y]" — Ry
defined by
De((u1y ..y un), (vy...,0n)) = crdi(ug,v1) + - -+ + cpdn(tn, vn)
for all (u1,...,un), (v1,...,v,) € [z,y]". To prove this, let (¢1,...,t,) and (si1,...,s,) be arbitrary
elements of [x,y]%. For the sake of brevity, set t) = so = x and t, = s, = y. Using the estimates in
(17) and then the identities in (21), we obtain that

n

De(@y)(t1s -3 tn)s Pay) (515, 80)) = Zcidi (Mi(ti1,tiv1), Mi(si—1,si41))
i=1
n—1
< c1bida(ta, 52) + (Z ciaidi—1(ti—1, Si—1) + cibip1di(tiv, 3i+1)> + cnandn(tn—1, Sn—1)
i=2
= A(Cldl(tl; 51) +---+ Cndn(tna Sn)) = A-Dc((tla cee 7tn)7 (317 ceey Sn))
This results the uniqueness of the fixed point of ¢, ). O
Definition 5.2. Let n > 2 and My,..., M, : I% — R be continuous means. For ¢ € {1,...,n}, we say

that N : I2 — R is an i*" descendant of the n-tuple of means (My, ..., M,) if, for all (x,y) € I%, we
have B a

N(z,y) € U{gz | (&1,...,&n) € CI)(%y)} ifz<y and N(z,y) =z ifzx=uy, (22)

where ®(, .y is the fixed point set of the mapping ¢, ) : [z,y]2 — R" defined by (15). The class of all
such functions is denoted by D;(Mjy, ..., My).

Note that, in view of Theorem 5.1, the continuity of the means My, ..., M, implies that the descendant
functions are well-defined. As a direct consequence of the compactness of the fixed point set @, .,
we obtain that the family D;(My,..., M,) has a minimal and a maximal element in the following
sense: there exist N, , N;* € D;(My,...,M,) such that N, (z,y) < N(z,y) < N; (z,y) for all N €
Di(Ma, ..., M,) and for all z,y € I. Tt is also obvious that each element of D;(My,..., M,) is a strict
mean provided that all the means My, ..., M, are strict.

Remark 5.3. The uniqueness of the fixed point of the map ¢, ,) cannot be stated in general. For
instance, let n > 2, and let M; := max, M,, := min and M, := A fori € {2,...,n—1} over the interval
2

R. Then, for (z,y) € R%, the fixed point equation (t1,...,t,) = Pz (t1,- -, tn) is equivalent to

i1 +t3 tpo+1
(tla"'7tn):(t27 2 PR = 9 nvtn—l>'

An easy computation shows that this equality is satisfied if and only if ¢; = --- = ¢,. Therefore,
(p(w,y) = {(t17 s 7t’ﬂ) | t1=--=1ty € [%y]}

Considering Matkowski means, we obtain useful corollaries of Theorem 5.1.

Theorem 5.4. Letn > 2 and f1,..., fn,91,---,9n : I = R be continuous, strictly increasing functions.
For (z,y) € I2, define the function Py [T,Y2 = R as
P(zy) (tl, - ,tn) = (Mf1791 (:L', tg), o 7Mfi79i (ti—la ti+1), o ,Mfmgn (tn—h y)) (23)

Then, for (z,y) € I2, the fived point set D (5 defined by (16) is nonempty and compact. Furthermore,
D) 95 a singleton if

a; = Lip [fio (fic1 + gi—1) '] < 400 (ief{2,...,n}),

b :=Lip [g; o (fit1 + giv1) '] < +00 (ie{l,...,n—1}),

and if the constants wy, ..., w,—1 defined by (18) are positive.

(24)
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Proof. Because of the definition of the means My, 4,,...,My, 4., for all (z,y) € Ii, the mapping ¢ ;)
is continuous, thus, based on the Theorem 5.1, the corresponding fixed point set @, ) is a nonempty
compact subset of [z,y]%. Due to the strictness of generalized quasi-arithmetic means it also follows
that ‘I’(x7y) - ]J:‘, y[z

Now assume that (24) and wi,...,w,—1 > 0 hold and fix a point (z,y) € I2. To show that ®(, ) is

a singleton, for ¢ € {1,...,n}, define the semimetrics d; : I x I — Ry as

di(s,t) = |(fi +9:)(s) = (fi+ g)(®)] (s, t €).
Note that in our case, for all ¢ € {1,...,n}, the function d; is a metric, i.e., in addition of the properties
(1) and (2) of semimetrics, d; also satisfies the ¢riangle inequality, namely, for all ¢ € {1,...,n}, we have

di(s,t) < di(s,r)+d;(r,t) (r,s,t€l).
Let ¢, s,u,v € [x,y] be arbitrary. Then, for all i € {2,...,n — 1}, we have the following estimation:
At 5), Milu,0) = |(fi + 96) (M, (t ) — (Fi + ) (M, g, (0, 0))]

= |£i(t) + 9i(s) = fi(u) — gi(v)| < |fi(t) = filw)| + |gi(s) — gi(v)]
< Lip [fi o (fi1 + gi—1)"']di—1(t,u) + Lip [g; o (fir1 + gi+1) '] dig1(s,v)
= a;di—1(t,u) + bidit1(s,v).

On the other hand, for i = 1 and ¢ = n, we get

dy (M (z, s), My (z,v)) < bida(s,v) and dn(My(t,y), Mp(u,y)) < apdp—1(t,u).

Therefore, all the estimates in (17) are satisfied. Thus, in view of the Theorem 5.1, for all (z,y) € I2,
the fixed point set ®(, .y is indeed a singleton. O

Corollary 5.5. Let n > 2 and f1,..., fn,91,---,9n : I — R be differentiable, strictly increasing func-
tions such that (f; + g;)' does not vanish on I for all i € {1,...,n}. Assume further that

a; := sup [ (i +gim) () < 400 (i €{2,...,n}),

/ / / —1 . (25>
b = fUI; [Qz‘ - (fix1 + gig1) }(t) <+ (ie€{l,....n—1}).
€
Finally, for (z,y) € 12, define the function Play) © [T Yle — R™ as in (23). Then, for all (z,y) € 12,
the fized point set ®(, ) defined by (16) is a nonempty compact subset of [x,y|2, and, it is a singleton
if the constants wy, ..., wp—1 defined by (18) are positive.

Proof. In view of Theorem 5.4, we only need to verify that @,y is a singleton, which in turn is
obvious. Using Lemma 4.1 and the conditions in (25), one can easily see that the estimations in (24)

of Theorem 5.4 hold, i.e., the constants ao,...,a, and by,...,b,_1 are real numbers. Thus the proof is
complete. O
Theorem 5.6. Letn > 2, s1,...,8, €]0,1[, and h : I — R be a continuous, strictly increasing function.

Then, for all (x,y) € 12, the fived point set D(yy) (defined by (16)) of the mapping ¢ : [z,y]2 — R"
defined by -

Play) (1, tn) == (Mg, p, 1—s)n (s t2)s oo Mg a—siyn(tim 1, tiv1), -, Mg p (1—s)n(tn-1,4))
is the singleton {(Mmh’ (1=o)h (T Y) s Mo b (1—g )0 (7, y)) }, where

S <iﬁ15k8k>(iﬁlsk5k>l Gell,.. . n)). (26)

j=i k=1 §=0 k=1

Proof. In order to apply Theorem 5.4, let f; := s;-h and g; := (1 — ;) - h for i € {1,...,n}. Then it
immediately follows that the fixed point set ®, . is nonempty and compact for all (z,y) € I i
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To show that ®(, . is a singleton define the constants ag,...,an, b1,...,bp—1, and wy, ..., wy—1 as
in Theorem 5.4. We need to show that conditions (24) and wq,...,w,—1 > 0 hold. Observe that, for
i€ {l,...,n}, we have f; + ¢; = h and

a; =Lip [fio (fic1 + gi—1) '] =Lip[s;-hoh '] =s; (1€{2,...,n}),
b; = Lip [gi o (fit1 + gi+1) '] =Lip[(1 — ;) -hoh™!|=1—s; (te{l,....,n—1}).

Thus each of the constants as, ..., a, and by,...,b,_1 are finite, on the other hand, under the notation
(u1y...,up—1) = (ag,...,ay) and (vi,...,vp—1) := (b1,...,bn—1), they satisfy the condition (6) of
Lemma 3.2. Therefore, the inequalities wy, ..., w,—1 > 0 hold and hence @, . is a singleton.

Finally, we verify that, for all (z,y) € I2, the vector (Malm(l_gl)h(x,y), .. 7M0nh,(1—an)h(x7y)) isa
fixed point of ¢, ). For this purpose, we show first that o1, ..., 0y, fulfill the following system of linear
equations:

o1 = 81 + (1 — 81)0'2,
0; = 8;0;—1 + (1 - Si)o'i-f—l (Z S {2, e, — 1}), (27)

On = SpOn_1.
We prove the above equality for i € {2,...,n — 1}. First observe that

7 i—1 i—1 i—1 )

Sk S; Sk ( S; ) Sk Sk Sk

= i , 1 — y .
Hl—sk 1—5¢H1—sk % +1—si Hl—sk 81<H1—8k+H1—5k>
k=1 k=1 k=1 k=1 k=1

Adding this identity to the equality
n J s n J s n J s
ko k k
O | Er D o | SRR o ;
j=t+1k=1 =i+1 k=1 J=i+1k=1

side by side, we get the desired identity o; = s;0;-1 + (1 — $;)0i4+1. In the cases i = 1 and ¢ = n the
proof of (27) is completely analogous.
Using (27), after some calculation we easily get that

Malh 1-01) h(xvy) 51h 1— 31)h(x Mazh (1—02)h (x,y)),
Mo'zh (1 O'z h<x7 y) 1 Sz)h(Mdiflh, (170'7;,1)]1('1:7 y)7MU¢+1h, (170'7;+1)h(a?7 y)) (Z € {27 ttt 7” - 1})7
Manh (1—0on) h(wv y) (1— sn)h(Man_lh,(lfan_l)h(wvy)7y)7

which proves that (Malh’(l_gl)h(x, Y)s s My b (1= (T, y)) is indeed a fixed point of ¢, . O

Theorem 5.7. Letn >2,j € {l,...,n} andp,q,h1,...,hy—1 : I — R be continuous, strictly increasing
functions, and set ho := hy, := 0. For (x,y) € I2, define the mapping Play) [T, y]2 — R by (15),
where -

Mp—‘rhi_l,h” /LfZE {177]_1}7
Mi = Mp-‘rhi,hhi-‘rq 'Lf@ =D
Mhi—l:hi+q7 ifi € {]+1,,n}

Then, for (z,y) € 12, the fized point set D(yy) defined by (16) is the singleton {(&1,...,&n)}, where the
coordinates are defined by the following two-way recursion:

M, (ijl ) ’LfZE{].,,_]—].},
=My q(z,y) and &= n o (28)

hiovq(&i-1,9) ifie{j+1,...,n}
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Proof. Let (z,y) € 12 be fixed. By Theorem 5.1, the set ®(,y) is nonempty. Let (§1,...,8n) € P(py)
be arbitrary and denote &y := x and &,4+1 := y. Then, by the definition of Matkowski means, we have

(p+hi—1+ hi)(&) = (p+ hi—1)(&i—1) + hi(&it1), ifie{l,...,5—1},
(P+hict+hi +q)(&) = P+ hi—1)(&-1) + (hi + ) (1), if i = j, (29)
(hi—1 + hi + @) (&) = hi—1(&-1) + (hi + @) (1), ifie{j+1,...,n}

Adding up these inequalities for i € {1,...,n} side by side, it follows that

p(&5) + ho(&1) + hn(€n) + (&) = p(&o) + ho(&o) + hn(€nt1) + a(€nt1)-
This simplifies to
(p+9)(&) = p(x) + q(y),

which is equivalent to the equality on the left hand side of (28). This computation also shows that §;
is uniquely determined.

To prove the first equality on the right hand side of (28), assume that 1 < j—1landlet k € {1,...,j—1}
be fixed. Adding up the equalities in (29) for i € {1,...,k}, we arrive at

P(&k) + ho(&1) + hi(&k) = p(&0) + ho(&o) + Pr(&rr1),

which reduces to (p+ hi)(&x) = p(x) + hi(§k+1) proving the first equality on the right hand side of (28)
for i = k.

Analogously, to verify the second equality on the right hand side of (28), assume that j + 1 < n and
let ke {j+1,...,n} be fixed. Adding up the equalities in (29) for ¢ € {k,...,n}, we obtain

hi—1(&k) + hn(§n) + q(§) = hi—1(Er—1) + hn(§ng1) + q(Ensr).

This yields (hx—1 + ¢)(&k) = hr—1(&k—1) + q(y), which validates the second equality on the right hand
side of (28) for i = k.

In view of the uniqueness of £; and the recursive system of equalities on the right hand side of (28),
we can see that, for i # j, the value of &; is also uniquely determined. O

6. UPPER AND LOWER SECOND-ORDER DIVIDED DIFFERENCES

Consider the following binary operations on the extended real line R := R U {—o0, +o0}: for two
extended real numbers x, y, their upper and lower sums are defined by

. x+y, if max{x,y} < +o0, x+vy, if min{z,y} > —o0,
T+y:i= . T+yi= e
+oo, if max{z,y} = +oo, : —o00, if min{z,y} = —o0,

respectively. It is easy to see, that the pairs (R, +) and (R, +) are commutative semigroups. Apart
from the standard cases, the only difference between these operations is that

(—00) + (+00) = (+00) +(—00) =400 and  (—00) 4 (+00) = (+00) + (—00) = —o0.

Furthermore, the both of the operations + and + restricted to pairs of real numbers are the same as
the standard addition of the reals. As direct consequences of the definitions, for all z,y € R, we have
the following easy-to-see properties:

rty<zty and  —(z+y)=(-2)+(-v), (30)
furthermore, we have the following equivalences:
0<zty & —-x<y and 0<z+y & (—oo<min{:n,y}and—:p§y),

. 31
r4+y<0 & z<—y and z+y<0 & (max{z,y} <+ooandz < —y). (81
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Definition 6.1. Let D C R and f : D — R. The upper second-order divided difference of f at three
distinct points z,y, 2z of D is an extended real number defined by

1 R () N (N
(y—z)(z—2) (z—y)z-y) (z—2)(y—2)
Similarly, the lower second-order divided difference of f at the distinct points x,y, z of D is
LR 1) N (C N
—2)(z—x)  (-ylz—y)  (z-2)y—2)
Obviously, the above second-order divided differences are symmetric functions of (x,y, z). Observe
that if the inequalities x < y < z hold, then the coefficients of f(z) and f(z) are positive and the

coefficient to f(z) is negative.
As a direct consequence of the above definition and (30) we obtain

[z,y,2; f] =

lz,y, 2 f] =

Proposition 6.2. Let D CR and f: D — R. Then, for all distinct points x < y < z of D,

vayaZ;fJ§($ayvz;f-| and —Lx,y,z;fj:[x,y,z;—ﬂ.
Proposition 6.3. (Extended Chain Inequality) Let D C R and f : D — R. Then, for all n € N and
o< x1 <+ < xpy1 i D and for alli € {1,...,n} the following inequalities hold:

min |1, 25,2415 f] < [@0, 2i, Tag1; £l < (@0, % 2pg1; f1 < max (x50, 25, w5005 .
1<j<n 1<j<n

Proof. We only need to prove the first inequality, because the second one is trivial and the last one is

the consequence of the first and Proposition 6.2.

The statement is trivial for n = 1, therefore we may assume that n > 2. Let g < 21 < -+ < Tpy1
be arbitrary elements of D and i € {1,...,n}. If either the left hand side of the first inequality equals
—oo or the right hand side equals +o0o, then there is nothing to prove. In the remaining case, for all
j€{1,...,n}, we have that |x;_1,2;,2;41; f] > —oo and |xo, xi, Tnt1; f] < +00. The first inequality
implies, for all j € {1,...,n} that

min{f(z;-1), —f(x;), f(xj+1)} > —oo.

In view of n > 2, the set {1,...,n} contains at least two elements, therefore, for all j € {1,...,n},
we obtain that f(z;) € R and min{f(xo), f(zn+1)} > —oo. Thus, f(z;) € R and hence the inequality
|0, Ti, Tny1; [ < +oo yields max{f(xo), f(znt+1)} < 400, which proves that, for all j € {0,...,n+1},
we have f(x;) € R. In this case, the first inequality is a consequence of |7, Corollary 1]. O

7. UPPER AND LOWER M-CONVEXITY

Definition 7.1. For a fixed strict mean M : I% — R, we say that the function f : I — R is lower
M -convez if

e, M(z,9), 5] 20 ((,y) € I2) (32)
holds. On the other hand, the function f is called upper M -convex if
[, M(x,y),y: f1 >0 (33)

holds on the same domain.

Note that, due to Proposition 6.2, if f is lower M-convex, then it is also upper M-convex.

The lower and upper M -concavity of functions can be also interpreted, namely we may consider (32)
and (33) with the reverse inequality. It is easy to check, that these definitions are equivalent to the
upper and lower M-convexity of the function — f, respectively.

Lemma 7.2. Let M : I% — R be a strict mean and f: I — R. Then the following statements hold.
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(a) The function f is lower M-convez if and only if f(u) > —oo for all u € I and, for all (z,y) € I2,
the inequalities f(M(x,y)) < +o00 and

- M M _
F () < LD gy MED 22 5 (59
hold.
(b) The function f is upper M-convez if and only if, for all (z,y) € I, the inequality
P y)) < LD g MED 22 5 (35)

holds.

Proof. First we prove the statement (b). Suppose that f is an upper M-convex function meaning that
[z, M(x,y),y; f]1 > 0 for all (z,y) € I2. Due to the first property of upper addition in (31), this
inequality is equivalent to

f(M(z,y)) < f(z) i f(y)

(M(z,y) =)y — M(z,y)) — (M(z,y) —z)(y—2) (z—-y)(M(2,y) —y)’
where (z,y) € I2. Using that (M (z,y) —z)(y — M(x,y)) is positive, we obtain, for all (z,y) € I2, that
(35) is valid.

To prove the reverse implication of (b), suppose that (35) holds on the domain indicated. Then (36)
is also valid and, in view of the first property of upper addition in (31), this implies (35).

In the second step we prove the statement (a). Suppose that f is lower M-convex, i.e., we have
|z, M(x,y),y; f] > 0 for all (z,y) € IZ. Due to the first property of lower addition in (31), it follows
that, (z,y) € 12, we have —oo < min{f(z), —f(M(z,y)), f(y)} and

f(M(z,y)) < f(x) n f(y)
(M(z,y) —2)(y — M(z,y)) — (M(z,y) —2)(y —z) * (z—y)(M(z,y) —y)
Thus, for all u € I, we get —oco < f(u) and, by the positivity of (M(z,y) — z)(y — M(z,y)), (37) is
equivalent to (34) and f(M(z,y)) < +o00 on the domain indicated.
To prove the reversed implication of the statement (a), suppose that f(M(z,y)) < +oo and (34) hold
for all (z,y) € I2 and we have —oo < f(u) for all u € I. Then (37) is also valid and, in view of the first
property of lower addition in (31), this implies (34). O

(36)

(37)

In the following proposition we show that, for certain rational numbers ¢, there exists an upper A4
convex extended real valued function f, which is not upper Aj_;-convex. Therefore, f is not t-convex. It
is an open problem if there exists a real-valued function f with these properties. This result is analogous
to that of Lewicki and Olbrys [5] (which works for transcendental values of t).

Proposition 7.3. Denote by Qo and Q1 the following subsets of the rationals:

Q0:2{2n2ﬁl 2k_1‘k:€Z,n€N}.

Then Qg and Q1 are disjoint subsets of Q and
Qo + Qo < Qo, Qo + Q1 € Qy, Q1 + Q1 € Qo,

QoQo € Qo, QoQ1 € Qo, Q:Q1 € Q1.

Let T C R be an interval such that a :=supl € INQy. Let h: I — R be an arbitrary convex function
and define the function f: I — R by

‘kEZ,nEN} and Ql::{Qn—

(38)
h(z) ifz € (INQy)U{a},

+oo  ifx eI\ (QoU{a}).
Then, for all t €]0,1[NQy, the function f is upper Ai-convexr and is not upper Aq_;-convex.

flz) =
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Proof. The inclusions in (38) follow from elementary calculation with rational fractions.
Let z,y € I with x < y and ¢t €]0,1[NQ; be arbitrarily fixed. Then 1 —t € Qp. We need to check
that (33) is satisfied with A; for the function f, which is equivalent to the validity of the inequality

fltr 4+ (1 =t)y) <tf(zx)+(1—1)f(y). (39)
If max{f(x), f(y)} = 400, then the right hand side of (39) is equal to +oo, thus, we can suppose that
the right hand side is finite, that is f(x) = h(z) and f(y) = h(y). Now we have that z € Qg and
y € Qo UQq. Then, using (38), it follows that tx 4+ (1 — t)y € Q. Therefore, applying the convexity of
h, we get
[tz + (1 =t)y) = h(tz + (1 = t)y) < th(z) + (1 = h(y) = tf(z) + (1 - 1) f(y).

This proves that f is upper A;-convex for all ¢t €]0, 1[N Q.

To show that f is not upper A;_;-convex, let y := a € Q; and let x € I N Qg be an arbitrary point.
It follows from (38) that the convex combination (1 —t)x + ty belongs to Qq and it is also different from
a. Therefore we have f((1 —t)x +ty) = +oo and (1 —t)f(x) +tf(y) = (1 — t)h(z) + th(y) € R, which
means that (39) cannot be satisfied. O

Definition 7.4. For a function f : I — R, define the following two classes of means:
My = {M : I% — R | M is a strict mean and f is lower M-convex},

My :={M : I% — R | M is a strict mean and f is upper M-convex}.

Note, that, due to the strictness of the means in the definition, the above sets can be also empty.
The following proposition shows a certain algebraic closedness property of the classes M, and My.

Proposition 7.5. For a function f: I — R, the following statements hold:
(a) if M, N1, N2 € My (7’62. M,Ny,Ny € Mf) and N1 < Ny on the set I2, then M o (N1, Np) € M,
(resp. M o (N1, N2) € My), and

(b) z’f]\i,N € My (resp. M,N € My), then M o (min, N) and M o (N, max) also belong to M (resp.
to Mf)

Proof. We verify the statements for the class M; only. The proof in the other case is completely
analogous and also based on Lemma 7.2.

Let (z,y) € I2 be arbitrarily fixed, furthermore consider the points p; := Ni(z,y) and pe := Na(z, y).
(Obviously, under the conditions of (a), it follows that p; < ps.) Using these notations, in view of
Lemma 7.2, we need to show, that

y — M(p1,p2 . M(p1,p2) —
FOU(pr. o)) < Lo MO iy MDD Z 2y (40)
y—x y—x
holds. By applying the M- and then the Ni- and Na-convexity of f, we have the following calculation:
f(M(p1,p2))

< b2 — M(pl’pZ)f(pl) + M(plap2) _plf(

p2)
P2 —p1 P2 —P
_ p2 — M(p1,p2) . M(p1,p2) — p1
= PR (N (o) 2L (o)
< D2 —M_(phpz) (y —_plf(x)J-rm_— xf(y)) +M(p1,1i2) —p1 (y —_pr(x)_-sz_— xf(y))
P2 —p1 y—x y—x P2 —p1 y—x y—x
Y- M_(plapz)f(x)J-r M(Plain) - xf(y).
y—x Yy—x

Thus the inequality (40) is satisfied, which means the statement (a) is true.
A completely similar calculation shows that the statement (b) is also valid. g
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Corollary 7.6. For a function f : I — R, the classes
M5 = {M € M, | M is separately continuous in both variables},

ﬂ; = {M € My | M is separately continuous in both variables}

have no isolated points with respect to the pointwise convergence, namely for all M € M’} (resp. M € ﬁ;)
there exist sequences of means (Ly), (Un) € M} (resp. (Ly), (Un) C ﬁ}), such that L, < M < U, for
all n € N, furthermore L, — M and U, — M pointwise on Ii as n — oo.

Proof. We prove the statement only for the class M;‘c

Let M € M5 be an arbitrarily fixed mean. We show only that the sequence (Uy) exists, because the
existence of (L,) can be proved similarly.

Let Uy = max and, for n > 1, let U, := M o (M,U,_1). In the first step we show that the sequence
(Uy,) belongs to M;‘c To see this, we prove, by induction, that M < U,, < U,_1 for all n € N on Ii. Let
(z,y) € I2 be fixed. For n = 1, using that M is a strict mean, we get

Ui(z,y) = M(M(z,y),Uo(z,y)) = M(M(z,y),y) €M (z,y),y[=|M(z,y), Uo(z,y)!.
Assume that M < U, < U,_1 hold on Iz for some n > 2. Using this assumption, for n + 1, we obtain
that
Unti1(z,y) = M(M(z,y), Un(z,y)) €M (z,y), Up(z,y)].
Hence M(z,y) < Ups1(z,y) < Upn(x,y) follows for all (z,y) € I2, which completes the proof of the
induction. Thus, due to Proposition 7.5, it follows that (U,) C M. Moreover, by the definition, U, is
a strict mean and separately continuous in both variables for all n € N, hence (Uy,) C M.

In the second step we show, that U, | M pointwise on Iz as n — oco. Let (x,y) € Ii be arbitrarily

fixed again. Obviously, the sequence (U, (x,y)) C]z,y| is convergent, because it is monotone decreasing

and bounded from below by M (x,y). Denote lim,,_, Uy (x,y) by U*(z,y) which, of course, cannot be
smaller than M (x,y). Upon taking the limit n — oo in the identity

Un(z, y) = M(M(x’ y)v Un—l(x7y))v

we get that
U*<$7y) = M(M(x,y),U*(m,y)).

The inequality M (z,y) < U*(x,y) would contradict the strictness of M, therefore, U*(x,y) = M(x,y)
must be valid. 0

The following theorem is one of the main results of this paper. Roughly speaking, it states that the
lower M-convexity property is inherited by the descendants.

Theorem 7.7. Let f : [ — R,n>2and My,..., M, € Mf be continuous strict means. Then, for all
i €{1,...,n}, we have D;(M, ..., M,) C M.

Proof. Let i € {1,...,n} and N € D;(M,...,M,) be arbitrarily fixed. We have already seen that,
under our conditions, N is a strict mean. If (x,y) € I2, then there exists k € {1,...,n} and
(€1,---,&n) € Py, such that N(z,y) = &, furthermore, with §y := z and §,41 := y, we have

M;(§-1,8+1) =& (G €{1,...,n}).
Using this and, for all j € {1,...,n}, the lower Mj-convexity of the function f, we obtain
0<[§-1.&: &+ ] (Gef{l,...,n}).
Now, applying the Extended Chain Inequality, we get that
0< min 1§01, 80 f) < o8y fl = Lo N2, y) ys 1.

This means, by the definition, that f is lower N-convex, that is N € M. O
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Corollary 7.8. Let f : I - R, n > 2, s1,...,8, €]0,1[, and let h : I — R be a continuous, strictly
increasing function. Assume that My, (1—s,)n € My for all i € {1,...,n}. Then, for alli € {1,...,n},
the Matkowski mean Mg, (1-g,)n also belongs to My, where

0 1= (ZHl_ k>< T )_1 (ie{l,...,n}). (41)

7=t k=1 k=1

Proof. For (x,y) € I%, define the mapping Play) © [7,y]2 — R™ as in Theorem 5.6. In view of this
theorem, it follows that, for all (z,y) € I2, the fixed point set ®(,y) is the singleton {(&1,...,8n)},
where & = M5 (1—0,)n(®,y). Thus, for i € {1,...,n}, the function My (1-4,)s is the it descendant
of the n-tuple of means (M, 1, (1—s;)hs - - - » Mg, h, (1—s,)n)- Therefore, due to Theorem 7.7, we obtain that
Mo, p, (1—o)n € My for all i € {1,...,n}. O

Corollary 7.9. Let n > 2, p,q,h1,...,hn—1 : I — R be continuous, strictly increasing functions and
f: I — R. Set further hy := hy, :== 0 and assume that there exists j € {1,...,n} such that

{MP"!‘hi_l,hi | 1 < i < j - 1} U {Mp-ﬁ-hj_l,q—i-hj} U {Mhi_l,q-i-hi ‘ ]+ 1 < { < TL} c Mf
Then Nu, ..., Ny € Mg, where, for all (z,y) € I%,
MP7 (.1‘ Nl-‘—l(x y)) ZfZ € {17 7j - 1}a
M, 1, q¢(Nic1(z,y),y) ifie{j+1,...,n}.

Proof. The method of the proof is the same as that of Corollary 7.8. For (z,y) € Ii, define the mapping
@(z,y) 38 in (15) by the using the means My, ..., M,, where

Mp"l‘hi—l:hi ifiG{l,...,j—l},

N](Sﬂ,y) :an(xvy) and Nz(x’y) =

Mi = A Mpin, \ hitq Hi=],
Mhi717hi+q ifi € {j—i—l,...,n}.

Due to Theorem 5.7, it follows that, for all (z,y) € Ii, the fixed point set ®(,,) is the singleton
{(&,...,&n)}, where we have

M, p,(2,641)  ifie{l,...,5—1},
My, , qo(Cio1,y) ifie{j+1,...,n}

Thus, for i € {1,...,n}, the function N; : I% — R, N;(z,y) := & is the i*" descendant of the n-tuple of
means (M ng nys - Mpih;_y hjtgs - M}, | ho.tq)- Hence, by Theorem 7.7, it follows that N; € M,
foralli € {1,...,n}. O

& =M, q4(x,y) and & =

8. Ay-CONVEXITY OF EXTENDED REAL VALUED FUNCTIONS

In this section we investigate a special subclass of My and ﬂf, respectively. For an extended real
valued function f : I — R consider the sets €; and Cy defined by
Cri={0<t<1] forall (z,y) € I2 ¢ |2, Az, y),y; f] > 01,
and
Cr={0<t<1]| forall (z,y) € I2 : [z, Ay(x,y),y; ] > 0}.
If f is real-valued, then clearly these two sets are the same, therefore, we will simply denote them by Cy.
Note that, by the definitions, both sets can also be empty. On the other hand, these sets can be easily

identified with the subclass of weighted arithmetic means in M, and Mf respectively, more precisely we
have the following identifications

tEQf <~ At’[% er and tEEf <~ At|[% Eﬁf
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The motivation for our investigations is a well known result, which is due to N. Kuhn [4], and which

is about the structure of the set of parameters for which a given real valued function is convex. The

theorem says that if f: I — R is an arbitrary function and
C:=CrN(1—-Cf)={0<t<1]fissimultaneously As-convex and A;_;-convex on I},

then we have that either C% = ) or €3 = KNJ0,1[, where K is a subfield of R. Moreover, the reverse
of this statement is also valid: if K C R is a given subfield, then there exists a function f: I — R such
that €} equals to the intersection K]0, 1.

The following results are about such algebraical closedness properties of the sets €; and éf.

Theorem 8.1. Given a function f: I — R, the following statements hold for S € {Qf,éf}:
(1) if t,s1,s2 € S with s1 < sg, then tso + (1 —t)sy € S,

(2) ift,s €S, thents and 1 — (1 —t)(1 — s) belong to S, and
(8) S is dense in the open unit interval, provided that it is not empty.

Proof. We verify only the statements about S = C;. The proof for S = éf is analogous.

Let t,51,59 € Qf with s; < s2. Then the means A;, A;, and A, belong to Mf and, because of
s1 < S2, we have Ay, < Ay, on Ii. Using Proposition 7.5 for M := A;, Ny := Ay, and Ny := Ay, we
obtain that A¢ o (As,,As;) € My. On the other hand, for (z,y) € I2, we have

Apo(Asy, Agy)(@,y) = Ar(Asy (2, 1), Asy (2,9)) = Ar(s2z + (1 — s2)y, s12 4 (1 — 51)y)
= (tsg + (1= t)s1)x + (1 — (ts2 + (L = 1)51))y = Assy(1-1)s, (T, 1),
consequently tsg + (1 —t)s1 € Cf, which proves (1).

To prove (2), observe that, under our notation, min = A; and max = Ag on I2. Thus, according to
the second statement of Proposition 7.5, the means A; o (A1, A) and A; o (A, Ag) belong to M;. Then
the same calculation yields that 1 — (1 —#)(1 — s) and ts belong to €, respectively.

To verify (3) assume that C; is not empty and indirectly suppose that C; is not dense in |0, 1[, that
is there exist a < 8 in [0, 1] such that C;N]a, B[ is empty. We may assume that the interval |a, 8] is
maximal, or equivalently, for all € > 0, the intersection C; N]a — e, B + €[ is not empty. Observe that,
due to the second assertion of the theorem, it easily follows that 0 < a and § < 1. Indeed, if t € C;
is arbitrary, then, due to the fact that €y is closed under the multiplication, for all k£ € N, the value th
belongs again to C;. Thus any open neighborhood of zero contains an element from €y, which means
0 < a. Similarly, using the closedness of C; under the operation (t,s) — 1 — (1 —¢)(1 —s), we get that
B < 1. Thus we obtained that [, 8] C]0,1[. Now, let ¢t € C; be arbitrarily fixed and (7,,), (sn) C Cf be
sequences such that r,  a and s, \( 8 as n — oo. Then, in view of the first assertion of the theorem,
tsp+ (1 —1t)r, € Cy for all n € N and ts, + (1 —t)r, = tB+ (1 —t)a €], B[ as n — co. Therefore, for
sufficiently large n, we get that ts, + (1 —t)r, €], B[, which contradicts the emptiness of C;N]a, B
and hence €; must be dense in ]0, 1[. O

Remark 8.2. The result stated in Theorem 8.1 is not analogous to that of Kuhn [4]. In general, the
set éf is not of the form 0, 1[NK, where K is a subfield of R. To see this, it is sufficient to construct a
function f : I — R such that the set éf is not closed under the addition of their elements.

Indeed, let f : I — R U {400} be the function defined in Proposition 7.3. For arbitrarily fixed
parameters s,t €]0,1[NQ; C € with s+t < 1, in view of (38), the sum s + ¢ belongs to Qp. To prove
that s+t & @f, we construct < y in I such that

fls+t)z+ 1= (s+1)y) > (s +1)f(x) + (1 = (s +))f(y)- (42)

Let x € I N Qp be arbitrarily fixed and set y := a. Then, using again (38), the convex combination
u:= (s+t)x+(1—(s+1t))y belongs to INQ; and it is also different from a. Consequently f(u) = +oo,
on the other hand

(s+6)f(x) + (1= (s+1)f(y) = (s +)h(x) + (1 = (s +1))h(y) € R,
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thus (42) is satisfied.

Corollary 8.3. Let I C R be an interval, f : I — R, n>2 and s1,...,5, € Cs. Then o; € Cy for all
i€ {l,...,n}, where

(S0 )

Proof. Apply Corollary 7.8 under h := id. (|
Corollary 8.4. For a function f : I — R the following statements hold:
(1) if 1/2 € € then r € Cf for all 7 € QN]0, 1],
(2) if £/m € Cy for some {,m € N with £ < m and £ # m/2, then, for all n > 2 and for all
i€ {l,...,n}, the fraction

o £n+1 _ ei(m _ g)n+17i
Ti = fn+1 _ (m _ g)n-s-l

belongs to Cy.

Proof. To prove (1), assume that 1/2 € C; and let p, ¢ € N be arbitrarily fixed numbers such that ¢ > 1
and p < q. For ¢ = 2, the statement (1) is trivial, thus we may assume that ¢ > 2. Now set n:= ¢ — 1
and 79 := ¢—p. Then n > 2 and ip € {1,...,n}, thus, using Corollary 8.3 for sy :=--- = s, := 1/2, we
get that
o ~n—dg+1 g¢g-1-(¢g—p)+1 p
O n+1 g—1+1 g

This means that QN]0,1[C C;.
To prove (2), assume that {/m € C; for some £, m € N, where £ < m and 2¢ # m. Let further n > 2

be arbitrarily fixed and set s; := -+ = s, := ¢/m. Then a simple calculation shows that o; = r; for all
i €{1,...,n}. Due to Corollary 8.3, we get that r; € C; for all 7 € {1,...,n}, O
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