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Abstract

The purpose of this paper is to establish several necessary and sufficient conditions to ensure
the validity of a general functional inequality in terms of generalized quasi-arithmetic means.
In particular cases, we consider Holder-, Minkowski-, and Jensen-type inequalities. Gener-
alized quasi-arithmetic means are defined by taking strictly monotone generating functions
instead of strictly monotone and continuous ones.
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1 Introduction

This paper aims to study the functional inequality of the form

Mo(@(x1,1, o X100 oo @K1 ooy X)) < ¢<M| (X115 e X 1)s oo s My (X1, ~-~7xn¢k)>a

forall Cep 1, ..o, x14)seov, (Ontsev o Xnk) € It X oo X I,

(1.1)

where n,k € N, M : IJ'? — 1 are n-variable meanson I; (j € {0, ..., k}), ¢: I} x --- X
Iy — Ip, ®: I} x --- x Iy — R (I, ..., I are subintervals of R) in the case when all
M;-s are generalized quasi-arithmetic means. More precisely, we characterize, for a given
pair (¢, ®), all sequences of generalized quasi-arithmetic means (Mo, ..., M) satisfying
this inequality.
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Furthermore, we will study its weighted counterpart, that is we involve the space of weights
Ay :=10,00)" \ {(0, ..., 0)}in the inequality (1.1) and we obtain

Mo(w(xl,h..-,ka),.-wtﬂ(Xn.l,--.,xmk);?»l,---,)»n)
< ‘1>(A711(X1,1,m,xn.1;)»1, B O N Mk(m.k,~..,xn$k;?x1,-~-,?»n)), (1.2)
forall A € Ay, and (X115 ..., X1.k)s---s (n1y v ovs Xnk) € It X -+ X I,

where all remaining parameters are the same as above except M i }? XN, — I; (j €
{0, ..., k}) which, in this case, are n-variable weighted means on suitable intervals.

Inequality (1.2) seems to be more general than (1.1) as it contains (1.1) as a special
case (when L = 1). Nevertheless, these two approaches are equivalent in view of our main
result. These inequalities generalize several known problems. For example, if ¢ = @ is the
arithmetic mean, then we get the convexity-type inequalities; if ¢ = ® is the sum, then our
problem reduces to Minkowski-type inequalities, and so on. It will turn out that ¢ = & is
generally the important subclass of these inequalities providing meaningful simplifications.
The proofs of our main results are elementary, for the verification of one of the implications
among the several equivalent conditions, we use Helly’s Theorem and also Farkas’ Lemma.

Let us also emphasize that converse inequalities can be obtained using the standard
reflection-type techniques. Roughly speaking, we consider reflected means M defined on
—1I;j as M*(x) :== —M(—x) instead of the original ones and apply natural substitutions; see
for example [15, sect. 2.2]. We skip the details for the sake of compactness.

Finally, we refer to the papers [1-3, 5-11, 13], where the reader can find results related
to the standard quasi-arithmetic setting.

2 The concept of generalized left inverse and generalized
quasi-arithmetic means

The concept of generalized quasi-arithmetic means was mentioned for the first time in [14,
Example 4.5(3)] as an important subclass of semideviation means (a large class of means
defined for the first time in [12]). Furthermore, these means are the particular cases of the
generalized Bajraktarevi¢ means introduced in [4]. The first comprehensive study of this
family was presented in the recent paper [16].

Here we recall some relevant concepts and results from the past. In the sequel, the set of
points in I, where f is continuous, will be denoted by C .

Lemma 2.1 ([4, Lemma 1]) Let f : I — R be a strictly increasing function. Then there
exists a uniquely determined increasing function fV : conv(f (1)) — I which is the left
inverse of f, i.e., forall x € I,

(Vo Hx) = x. 2.1

Furthermore, Y is continuous and (f o fVY(y) = y forall y € f(I).

For instance, if f : R — R is defined by f(x) := x + sign(x), then f is strictly
increasing and discontinuous at 0, furthermore f(R) = (—oo, —1) U {0} U (1, co). Thus
conv(f(R)) = R and
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y+1 ifye (—oo,—1),
o =10 ify e [—1,1],
y—1 ifye(,o0).

Then (2.1) holds for all x € R, the equality (f o f~D)(y) = y is satisfied forall y € f(R),
however for y € R\ f(R) = [—1, 0)U (0, 1], we have that (f o f(~1)(y) = 0, which shows
that =1 is not a right inverse for f.

The function (1 described in the above lemma is called the generalized left inverse
of the strictly increasing function f : I — R. It is clear that the restriction of f1 to
f(I) equals the inverse of f in the standard sense. Therefore, f (=1 is the continuous and
increasing extension of the inverse of f to the smallest interval containing the range of f.
It turns out that the generalized left inverse follows the composition principle known for the
common inverse. This property, however, requires a simple proof.

Lemma 2.2 Let I, J be nonempty open subintervals of R, and let f: 1 — J, g: J — R be
strictly increasing functions. Then (f o g)™D = gD o (=D,

Proof Note that f o g is strictly increasing. Take any yo € conv(f o g(I)), and set xp :=
(f o)V (yg). Thenforall x, x’ € I withx < xo < x’ wehave fog(x) < yo < fog(x').

Applying, side-by-side, first £~ then g"=1, and using that these functions are increas-
ing, we get x < gV o f=D(yg) < x’. Finally, upon taking the limit x 1 xo and x" | xg
we get gV o FD (o) = x9 = (f 0 9)"V(yp), which completes the proof. O

Let us now recall the easy but useful lemma.

Lemma 2.3 ([16, Lemma 2.2]) Let f : I — R be a strictly increasing function and let x € 1
and u € conv(f(I)). Then we have the following equivalences:

(i) fV () < x holds if and only ifu < f_(x).
(ii) £V (u) < x holds if and only if u < fy(x).
(i) x < £V () holds if and only if f(x) < u.
(iv) x < fV ) holds if and only if f—(x) < u.

Given a strictly increasing function f : I — R and n € N, the n-variable gener-
alized quasi-arithmetic mean A[;?] : I" — I and the n-variable weighted generalized

quasi-arithmetic mean X[}” : I" x A, — I are defined by the following formulas:

Al = oo (LERE B e, 2)
n
~ A RURE Y
A s ) o= f<—‘>( 1f(x£j: Ik”f(x”)> (x €I, A € Ay). (2.3)
co A
Clearly, for any x € I", we have that A[;'](x) = ;\‘Ef-l](x; MNifd == A,

Lemma 2.4 ([16, Proposition 3.3]) Let n € N\ {1}, let f, g : I — R be strictly increasing
functions, and let t € 1. Assume that Agfl](x) < Ag"](x) holds for all x € I". Then, we have
the following assertions:

(i) If g is lower semicontinuous at t, then so is f.
(ii) If f is upper semicontinuous at t, then so is g.
(iii) The function f is continuous at t if and only if g is continuous at t.
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3 Main results

Our main result reads as follows.

Theorem 3.1 Let k € N, let Iy, Iy, ..., Iy be nonempty open intervals and denote I =
Iy x---xIx. Forall j € {0, 1, ... k}, let f; : I; — R be strictly increasing, let ¢ : I — I
be arbitrary and let ® : I — R be separately increasing and upper semicontinuous. Assume
that the set T := d~1 (Cp) ={t €l: ®(t) € Cy}isadensesubset of I. Then the following
assertions are equivalent.

(a) Foralln € Nandforall (x1,1,...,X14)s.--s (Xn1s--., Xnk) €1,
A["](<p(x1 oo s X1 oo @1 oo Xn k)
= o(Afern s AP G x0).

(b) For all n € N, for all (x1,1,...,%X14)s---, Xn1,...,Xnk) € I, and for all
()\.1,...,)\,”) EAn,

Z%](w(xl,l,~..,X1,k),...,<p(xn,1,---,xn,k); Ayooo )
< S(AW s A A,
A[n](xl K e Xn ks AL, "'1)"11)>'

(c) For all (x1,1,....%1k)s s (Xkt1,15 > Xk+1,k) € I and for all (Ay,..., Aky1) €
Ak+1,
k41
A5f0+ J(‘P(XI,I» XLy s QT s Xk 1K) AL s Adtl)
~k+1
< <I>(A[k+ VOt e X 1 A e ke )

k+1] )
A[ (Xlk,---,xk+1,k,M,-.-,)»Hl))-

(d) Forall j € {1,...,k}, there exists a nonnegative function aj : I' — R such that for all
(xt,...,xx)€eland(t;,...,t3) €T,

k
foleer...ox0) = fo(@(tr. ... 1)) =D a1 (fi(x) — fi ().

(e) There exists a separately increasing concave function ¥ : conv(fi(l1)) x --- X
conv( fx(Ix)) — R such that, for all (x1,...,x) € 1,
foleGxr, ..o x) < W(fitx), ..., fulx)) (3.1)
and, forall (t1,...,1) €T,
fo(®@r. ..., 00)) = V(fi(t), ..., filtr). (3.2)

Remark In general, we cannot remove the density assumption about the set I' defined in the
above theorem. However, we show that this condition is satisfied under very natural (and
less technical) assumptions. For instance, if we suppose that the function ® : I — R is
strictly increasing in one of its variables, then the set ' = ®~!(Cy,) is dense in /. Indeed,
assume that @ is strictly increasing in its kth variable. Let (¢1, ..., #—1) € I X -+ X Ir_1
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be arbitrary. Then the map #x — ¢ (1, ..., t%—1, #) is an injective mapping of I; into Io.
Therefore, the inverse image by this map of the set of discontinuity points of fy which is
countable is also countable. Therefore, the inverse image by this map of the set of continuity
points of fy is co-countable and hence it is dense in /. This proves that I" is dense in /.

Proof of Theorem 3.1 The proof of implication (a¢) = (b) is standard, it is based on the
continuity of generalized quasi-arithmetic means with respect to weights and the upper semi-
continuity of ®.

Applying assertion (b) for n = k + 1, we can see that (b) implies (c).

To verify the implication (¢) = (d), assume that the assertion (c) is valid. To prove the
existence of nonnegative functions described in assertion (d) it is sufficient to show that, for
all fixed 7 := (¢4, ..., fx) € I, there exists (i, . .., ar) € [0, c0)¥ such that

k
fole@) = fo(@®) = a;(fi(x)) — fi ()
j=1

holds for all x = (x1, ..., xx) € I. To see this, we prove that the intersection of the family
of closed convex sets {H (x): x € I} is not empty, where

H(x) = {(al,...,ak) € [0, 00)k: fo(p(x)) — fo(@ (1)) Zaj JiCxep) — fi@)) )} xel

j=1
First we show that there exists a finite (in fact a k-element) subset of I over which the
intersection is bounded and hence it is compact.

Letey, ..., ex denote the standard basis for R¥. Choose & > 0 so that 7 — gej € I be valid
forall j € {1,...,k}. Then

H(t —eej) = {(al,m,ak) € [0, 00)": fo(p(t —eej)) — fo(®®) <a;(f;(t; —e) — fj(tj))},

which, by the strict monotonicity of f;, shows that, for (ai, ..., ar) € H(t — €e;), we have

. [0 fo(sﬂ(t—sej))—fo(d’(t))}
! T fitg—e = fitp) ]

Therefore,

fole(t —eej)) — fo(q>(t)):|
H((t — .
ﬂ 4 ge])Cl_[[ fiti —e)— fi))

According to an infinite variant of Helly’s Theorem, if the intersection (),.; H(x) were
empty, then would there exists a (k + 1)-member subfamily whose intersection is also empty.
That is, there exist (x1,1,...,X1,k)s ..o, (Xk+1,1, .-, Xk+1,k) € I such that the following
system of linear inequalities

k
foloGin, - oxin) = fo(@O) <Y ai(fiGi ) = i) Gell,... . k+1)
Jj=1
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has no solution for (a1, . . ., ax) € [0, co)*. Using a standard version of the celebrated Farkas
Lemma, it follows that there exists A = (A1, ..., Ak4+1) € Ag+1 such that

k+1
D ni(fiGip) = fi@p) <0 (Gefl.....k) and (3.3)
i=1
k+1

D hi(fole@in, ... xip) = fo(@®)) > 0. (3.4)

i=1
For j € {1, ..., k}, the inequality (3.3) implies that
Yt hifii ) B
St T
which then yields that

k41 -1 ~1
A&-j. ](xl,j,---,xk+1,j§)»l,---v)tk+1):f; )< )s_f; )(fj(tj)):tj.

Zk+1 A
From the inequality (3.4) it follows that
Zk+] )“ fO QD(X | I ,X',k)
(kH’ i) > fo(®(0)).
Zi:l Ai
Therefore, using that ®(¢) € Cy,, we get
A[,{Z)+l](</7(xl,l,~--vxl,k)s-~~,(P(xk+l,1y~~-vxk+1,k)§)\lv-~~s)\k+l)
k+1
: A‘l [ BRI i
oo (B 0)) g
Soili A

~h+1 ~h+1
> Q(Agc]Jr ](Xl,l, XL A e Ak D)y AE; ](Xl,k, cees Xk1k5 AL .u,)»k+1)),

which contradicts assumption (c). The contradiction so obtained shows that the intersection

M,e; H(x) is not empty.
In the next step, we show that assertion (d) implies (e). Assume that (d) holds and, for

(t1, ..., t) €T, define the affine function ¥, _, : R¥ — R by
Wiy s ug) = fo(P, .. ) + Za (tr 1) (ug = £ ().
Due to the nonnegativity of ai (t1, ..., %), ..., ax(t1, ..., t), it follows that ¥, . is sep-
arately increasing. According to condition (d), for all (xy, ..., xx) € I, we also have that
fole@r, ..o x0) < Wy (A1) L fi(x) (3.5)
and
Jo(®@r, ..., 00)) =Yy o (A1), ..., fi(). (3.6)
Now we define W : conv(f1(I1)) x --- x conv(fx(Ilx)) — [—o0, 0o] as follows
Wy, ... ug) = inf Wy Uy, ..., ug).
[ el
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Then W is concave and separately increasing because it is the pointwise infimum of affine (and
hence also concave) separately increasing functions. For any fixed (xp, ..., xx) € I, taking
the infimum of the right-hand side in inequality (3.5) with respectto (#1, ..., fx) € I, we can
see that (3.1) holds. Itis obvious that W (1) < ooforallu € conv(fi(11))x---xconv(fi(Ix)).
By the inequality (3.5), we have that W (1) > —ooforallu € fi(I1) x- -+ x fx(Ix). Using the
concavity of W, it follows that the inequality W (#) > —oo is true for all # belonging to the
convex hull of the set f1(11) x - - - X fi (Ix), which equals conv( f1 (1)) X - - - x conv( fi (Ix)).
Hence, the function W takes only finite values over its domain. The equality (3.6) and the

inequality W;, ., > W show that the inequality (3.2) is valid for all (#1,...,#%) € I'.
Finally, assume that (e) holds. To show that (a) is valid,letn € N,andlet (x; 1, ..., x; %) €
Iforie{l,...,n}.Let(t],..., 1) €I be arbitrary such that the inequality
AP gy <ty (el k) 3.7)

be valid. This implies that

1 n
=~ Fiti) < £ G el kD, (3.8)

i=1
On the other hand, by inequality (3.1), we have
foleGin, ..o xi) V(A1) ..., filxin) i€{l,....n}

Therefore, using the concavity first, then the separate increasingness of W together with the
inequalities in (3.8), finally applying the inequality (3.2), we conclude that

IA

1 « L
;;fo(‘ﬂ(xl‘,h...,xi,k)) ;;“p(fl(xi,l)a~--,fk(x,',k))

1 <& 1<
\IJ(; ; A, ; fk<xi,k>)
SY(A), . i) < fo(R@, ... 100).

Thus, we have proved that, for all (¢, ..., #x) € I' which satisfies the inequalities in (3.7),

IA

1 n
. Z foleit, ..., xi) < fo(®@r, ..., 10).
i=1
Hence, it follows that

1 n

-1

A[f?)](ﬁﬂ(xl,l, XL e Pl X)) = fo( )<; E fo(e(xit, .. -,xz',k)))
i=1

<O, ).

Finally, we apply that the set I" is dense in / and ® is upper semicontinuous on this product
set. Hence, we can take the upper limit as

P > (AP v AP G )

in the above inequality, we obtain that assertion (a) is valid. O
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Theorem3.2 Let k € N, let Iy, Iy, ..., Iy be nonempty open intervals and denote I =
Iy x -« x Iy. Forall j € {0,1,...,k}, let f; : I; — R be strictly increasing and let
¢ : I — Iy be separately strictly increasing. Assume, for some n € N\ {1}, that for all

X1 e s X1k - oo (1, - oo Xn k) € 1, the inequality
A%]((P(xl,l, e XL e 9Ly X))
[n] [n] 3.9)
=< §0<Af1 (1t X 1)y oo A (X1 - .,xn,k))
holds. Then, for all j € {1, ..., k}, the function f; is continuous on I and fy is continuous
on ¢(1). Furthermore, ¢ is also continuous on 1I.
Proof Fix ¢ € {1, ..., k} arbitrarily. We show that fy: Iy — R is continuous. For a given
vector z = (21, ..., 2x) € I let us define a function ¥, ,: I, — Iy by
Voo (X) = @(Z1, s Z0—15 X, 20415 -+ -5 Th),

that is, x appears at the £-th coordinate of the argument of ¢. Since ¢ is separately strictly
increasing, the function v, ¢ is strictly increasing on Iy (for all z € I). In particular, ¥, ¢

possesses an increasing left inverse Wz(;l)i conv (Y ¢(Ig)) — I¢. For an arbitrary y € 1}/
let us substitute

Vi for (i, j) € {1,...,n} x {{}
zj  for (i, j)e{l,....n} x ({1,....k)\{€})

into (3.9). Then, for j e ({l,...,k} \ {€}, we have that A[f';](xl,j,...,x,,,j) =

Xij =

A[;:](Zj, ..., Zj) = z;, hence (3.9) simplifies to

AR WD Ve O) < Ve A Gy G €17 (310)

)

. (-1 . . . . . (1) .
Therefore, since 1//2, ¢ 1s an increasing function with 1//17 ¢ °o Ve =id, we get

v o Al e ) = AR n ) O € 0

In view of Lemma 2.2 we get know that wz(j) o 0(_1) = (fo o ¥,.0)Y, and therefore

A o =AY GL ) ) € I

Therefore, in view of Lemma 2.4, we get that C 7,0y, , = Cy, holds forall z € 1.
Now assume, to the contrary, that f is not continuous at a certain point xo € I;. Then fo
is not continuous at all points belonging to the set

S:={Ye(x0):ze I} ={p1,...,20-1,X0, 20415 ---,2k): 2 € I}.

Since z +— ¥, ¢(xp) is separately strictly increasing on I except with respect to the £th
variable, we find that S is an uncountable set, i.e. fj is not continuous at uncountably many
points, which is impossible as fy was assumed to be strictly increasing. This contradiction
shows that f; must be continuous on /, and hence Cy, = I,. Consequently, C oy, , = I¢,
which shows that f o ¥, ; is continuous on I for all z € /. Having in mind that fy, ¥, ¢
are strictly increasing on their domains, it follows that v, ;, is continuous on I, and fj is
continuous on the open interval v, ¢(,) for all z € I. Therefore, f is continuous over the
union
U vec o) = o).

zel
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Finally, using that ¥, ¢ is continuous on Iy for all £ € {1,...,k} and z € I, we show
that ¢ is continuous on /. Let (py, ..., px) € I be a point at which we want to verify the
continuity of ¢. Let & > 0 be arbitrary. Let e, ..., ex be the standard basis in R¥. We will
recursively construct the positive numbers 41, ...,y > 0 as follows: Let £ € {1, ..., k} and
assume that §; has been constructed for j € {1, ..., £ — 1}. Then the map

-1
Ip — pe>x = Y e(pe+x) = §0<P + Z!Sjej +xee>
Jj=1

(where 7 = p + Zf;ll 8je;) is continuous and strictly increasing on Iy — p¢, which is a
neighbourhood of 0. Therefore, there exists §; > 0 such that

14 -1
€
@(p + Zaiej) — (,0([7 + ZSJ-e‘/) < E
j=1 j=1
Adding up these inequalities side by side for £ € {1, ..., k}, it follows that

k
w(p + Zéje,-> —o(p) <e.
=1

Analogously, we can construct 87, ..., 8, > 0 such that
k
9(p) — w(p - ZS}ej) <e.
j=1
Therefore, since ¢ is separately strictly increasing, for all x = (x1,...,x;) € Hﬁ:l (pe —

8y, pe + 8¢), we have

k k
p(p) —¢e < w(p - Z&’,-e,) =oM) = <p<p + Z&;e,,-) <o¢(p) +e,

j=1 j=1
and hence
lp(x) —p(p)| <e,

which shows that ¢ is continuous at p. O

Corollary3.3 Letk € N, let f; : Ry — R be strictly increasing for j € {0, 1, ..., k}. Then
the following conditions are equivalent.

(a) Foralln € Nandforall (x1.1,...,X1.4)» ., Xn.1s. .., Xnx) € RE,
A%](xm o Xk X+ X))
< AE‘r'i](xl’l’""x”’1)+"'+A[f’i](xl,k,--.,xn,k),

(b) For all n € N, for all (x1,1,...,X14)s.--, (Xn1,..., Xnk) € ]Rli, and for all
()\.1,...,)\.”) GAn,

X[;:)J(xl’l+"'+x1’k""’x"~1+"‘+Xn,1<;)»1,..,,)\n)
< Z%](xm,...,xn,1;)»1,...,)\n)+.”
+X[f’l’{](x1,k,...,xn,k;kl,...,xn)_
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(c) Forall (xi,...,xk), (¥1, ..., y) € RE,

A[fzo](xl +o Xy ) < A%](XI,YI) +~-~+A[f2k](xk,yk)~

(d) The functions fy, f1, ..., fx are continuous and the function ¥ : fi(Ry) x -+ x
fx(Ry) — R defined by

W, ..o = fo(f7 @) + -+ £ o)

is concave.

Proof Applying Theorem 3.1 with
O, e xg) =X, . X)) =X Xk (X1, ..., xx € RY), 3.11)

we can see that assertions (a) and (b) are equivalent to each other. In view of this theorem
we also have that (d) implies (a).

By taking A| := A2 := l and A := 0 for j > 2 in assertion (b), we get that assertion (c)
holds (with an obvious substitution).

Now assume that assertion (c) is valid. Then, applying Theorem 3.2 with n = 2 and
@ defined by (3.11), it follows that f; is continuous for all j € {0, 1,...,k}. Then the
generalized left inverse of each of these functions is just their standard inverse and their

range is convex. Using this, the inequality in (d), with the substitutions x; = ffl(ul-),
Vi = fl._] (v;) yields that the function W defined in assertion (d) is Jensen concave. Due to
its continuity, it follows that it is concave. Therefore assertion (d) follows. ]

In a completely analogous manner, we can obtain the a result for Holder-type inequalities.

Corollary3.4 Letk € N, let f; : Ry — R be strictly increasing for j € {0, 1, ..., k}. Then
the following conditions are equivalent.

(a) Foralln € Nandforall (x11,...,X14)s---s Xn,15..., Xnk) € R,
A[;(l)](xl,l XDk X X k) < A%](xl,la e Xn,1) --A%](xuc, e X k)

(b) For all n € N, for all (x1.1,...,X14)s--+, Xn1s---,Xnk) € Rﬁ_, and for all
()‘lmw,)\n)e[\n;

[n] .
Ap (xl,l S XDk s Xnyl "'xn,ks)\lvuw)hn)

< AP X A A AR Xk A ).
() Forall (x1, ..., x), (1, .., yi) € RE,

A[;O](xl ce Xk, V1t yk) < A%](xl’ yl) .. .A%](.Xky Yk)

(d) The functions fy, f1, ..., frx are continuous and the function ¥ : fi(Ry) x --- %
fr(Ry) — R defined by

W, . .ou) = fo(fy @) - 7 )

is concave.

In our final corollary we characterize the Jensen convexity of generalized quasi-arithmetic
means.
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Corollary3.5 Let f : I — R be strictly increasing. Then the following conditions are
equivalent.

(a) Foralln € N and for all (xy,...,xp), V1,...,yn) € 1",

X1+ Xn+y 1
A[fn]( 2 9ty n2 n)SE(AF;l](xl?"’!xn)+A[;l](yl7"'7yﬂ))'

(b) Foralln €N, forall (x1,...,x,), V1,-..,Yn) € 1", and for all (71, ..., Ap) € Ay,

X[n](xl + )1 Xn +)’n.
f 2 LR ) 2 ’

1/~ ~
= E(A[;l](xly e X A ~--,)»n)+A5?](y17 e Y A "'5)\‘}1))'

kl,...,k,,>

(c) Forall (x1,x2), (1, y2) € I?,

X1+yr X2+ 1
AP 22 = S (AP + AP0 ).

(d) The function f is continuous and the function W : f(I)?> — R defined by

f‘(u)+f‘(v)>

U(u,v) = f< >

is concave.
(e) f is twice continuously differentiable with a positive first derivative and either f” = 0

,
on I or f" is positive and % is concave.

Proof By taking k = 2 and functions ¢, ® : I?> — I defined as

x+
px,y) = d(x,y) = Ty

the equivalence of the first four assertions follows from Theorem 3.1 and Theorem 3.2 in
the same manner as for the equivalence of the analogous conditions for Minkowski-type
inequalities.

The equivalence of assertions (a) and (e) was obtained by the authors in [15]. ]
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