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Abstract: In this paper, we discuss canonical number systems (CNSs), which are gener-
alizations of positional number systems to polynomials over the integers. We defined
the information quantity of a polynomial A € Z[x] relative to the base of the CNS and
proved that it has a strong relation with the length of the representation in the number
system. Based on this result, we showed that for every CNS polynomial P, there exists a
finite transducer automaton executing the addition operation of polynomials in canonical
representation of base P. Finally, we observed the size—i.e., the number of states—of
such automata.
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1. Introduction

In their first appearance, canonical number systems (CNSs) were natural gener-
alizations of the positional numeral systems of rational integers to algebraic integers.
D. E. Knuth, in his famous book [1] (Ch. 4), studied the history of the radix representa-
tion of integers. He described various canonical number systems, and he proved that the
complex number —1 47 is a possible base of the number system representing Gaussian
integers. His result was further generalized by I. Kétai and J. Szabé. In [2], they proved the
existence of other bases, but still in the set of Gaussian integers. Later, I. Katai and B. Kovacs
in [3], B. Kovdcs in [4], and B. Kovacs and A. Pethd in [5] and [6] extended the concept of
canonical number systems for the ring of algebraic integers and they proved their existence
in some particular cases. In [7], A. Pethd first used the notion, and S. Akiyama and A. Peth$
in [8] continued the development of results of CNSs over polynomials. A. Peth6 and P.
Varga in [9] dealt with canonical number systems over Euclidean domains.

In [4], a simple condition is given for the construction of CNSs, but in general, they
are not easy to find. A. Kovécs [10] presented a complete description of binary canonical
number systems of degrees not greater than 8. Later, P. Burcsi and A. Kovéacs [11] extended
the results for CNSs of degrees 9, 10, and 11.

The arithmetic in a canonical number system is similar to that of rational integers
within the classical digit representation. However, calculating the digits requires a more
complex reduction operation.

P. J. Grabner, P. Kirschenhofer, and H. Prodinger in [12] introduced the concept of
counting automata (increasing by 1) for Gaussian integers, which was generalized to
quadratic number fields by ]J. M. Thuswardner [13]. ]J. Allouche, K. Scheicher, and R. F.
Tichy in [14] proved the existence of addition and multiplication by a constant in algebraic
number fields. K. Scheicher and J. M. Thuswaldner in [15] introduced a fractal approach
for the detailed analysis of counting automata.
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Transducers were extensively studied by S. Eilenberg in Automata, Languages and
Machines [16], and further developed by W. Kuich and A. Salomaa in Semirings, Automata,
Languages [17].

In the present paper, we prove that for every CNS polynomial, an automaton can be
constructed to perform digit-wise addition (Theorem 5). This relies on several assertions,
which are detailed in Section 2. We implement a program for the calculation of addition
automata in binary CNSs and summarize our experiments in Section 4.

The rest of the paper is organized as follows.

In Section 2, we introduce the concepts and key results related to canonical number
systems. We also define a useful measure for the information quantity of a polynomial and
outline its fundamental properties. One of the main results of the section is Theorem 3,
which establishes a general bound on geometric sums of complex numbers « with modulus
greater than 1, under the condition that « is not a positive real number. The proof of this
statement requires some further lemmas concerning the behavior of geometric sums, which
we address in the subsequent paragraphs. Using these lemmas, we present an algorithm,
which is designed to calculate a reasonably small constant appearing in Theorem 3. In the
last part of the section, we prove Theorem 4, which discusses the relationship between the
length of a polynomial A in canonical representation and the information quantity of A.
The constants referenced in this theorem are derived using Theorem 3, and thus can be
calculated by an algorithm explained after the theorem.

In Section 3, we define the concept of finite transducer automata. In Theorem 5,
we show that for every canonical number system, there exists a transducer automaton
executing the addition operation for polynomials in canonical representation. The proof is
constructive, and the automaton produced is minimal (Theorem 6). Using arguments from
the previous results, in Theorem 7, we show that there is no finite transducer automaton
capable of performing multiplication in canonical number systems.

In the final section, we present our experimental results regarding the construction of
minimal addition automata in particular canonical number systems.

2. Definitions and Results Related to Canonical Number Systems

Definition 1. Let P € Z[x| be a monic polynomial, R = Z[x]/PZ[x] be the corresponding
quotient ring, and let ¢ : Z[x] — R be the homomorphism ¢(A) = A mod P. Furthermore, let
m>1,N ={ny,...,nu} CZ, andlet N'|x| C Z[x] be the set of polynomials with all coefficients
from N. The pair (P, N') is called a number system, if for any A € 7Z[x]| there exists a unique
B € Nx], such that (A) = ¢(B).

The number system is called canonical, and P(x) is called a CNS polynomial if
N={01,...,m—1}.

The length of the representation of A by Pis L(A) = L(A, P) = deg(B) + 1.

Example 1. Let us consider the number system corresponding to the base-3 system.

The base-3 numeration system is, in fact, isomorphic to the polynomial system based on
P(x) = x — 3 since the unique root of x — 3 is 3. In other words, the isomorphism arises because
when we substitute x = 3 into any polynomial, we recover the standard evaluation in base-3.

Let us illustrate this with the constant 16 as an example:

(a)  In the classical base-3 system, the representation of 16 is obtained by dividing 16 by 3 repeatedly:

1. 16 =3 = 5with remainder 16 —5-3 =1 = units digit is 1.
2. 5+3=1withremainder5—1-3 =2 = next digit is 2.

3. 1+3 =0withremainder 1 —0-3 =1 = highest digit is 1.
So we obtain the digits 1,2,1, i.e., 16 = 1213.
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(b)  In the polynomial system with base x — 3, we essentially perform the same 'division with
remainder’ process, but in the context of polynomials. Here, the constant 16 must be represented
by a polynomial B(x) = ayx* + ayx + ag (with a; € {0,1,2}) such that B(3) = 16.
Analogously to the integer numeration system, we repeatedly divide 16 by x — 3.

1. Tofind the last digit, we execute the "integer” division 16 + (x — 3). Actually, we solve the
equation 16 = q- (x —3) +s - x +r, where r € {0,1,2}. The only solution is g = —5,
s = 5and r = 1. Hence, the last digit is 1, and we should represent 5x in the system.

2. For the second digit, we solve 5 = q- (x —3) +s-x+r, withr € {0,1,2}. The only
solutionisq = —1,s =1,andr = 2.

3. Finally, we should solve1 = q - (x —3) +s-x +r,with r € {0,1,2}. The only solution
isq=0,5s =0,and r = 1. Since s = 0, thus there is no more carry in the computation,
so the algorithm terminates.

Thus, the polynomial representation of 16 is x* + 2x + 1, exactly as in the classical
base-3 system.

Remark 1. Note that the system in Example 1 is not a number system in the general sense of
Definition 2 since negative integers cannot be represented.

Example 2. Now, consider the base system (—3) number, which corresponds to the polynomial
P(x) = x+ 3. This system has the same digits N' = {0,1,2}, just like the base-3 system.
We may observe that in the system with base (—3), we can represent all integers, both negative
and non-negative.

Express 16 once more in this numeration system:
(a) Aguain, we execute repeated division by —3 :

1. 16 + —3 = =5 with remainder 16 — (=5) - (=3) =1 = units digit is 1.

2. =5+ -3 =2uwithremainder5—2-(—3) =1 = next digitis 1.

3. 2+ -3 =0withremainder2—0-3 =2 = highest digit is 2.

So we obtain the digits 2,1,1, i.e., 16 = 211_3.
(b)  In the polynomial system with base x 4 3, we execute similar steps to those in the previous

example. Here, the constant 16 must be represented by a polynomial B(x) = ayx* + ayx + ag
(with a; € {0,1,2}) such that B(—3) = 16.

1. Tofind the last digit, we solve the equation 16 = q- (x +3) +s-x+r, wherer € {0,1,2}.
The only solution is q = 5, s = —5 and v = 1. Hence, the last digit is 1, and we should
represent —5x in the system.

2. For the second digit, we solve —5 = q - (x +3) +s-x+r, withr € {0,1,2}. The only
solutionisq = —2,s =2,andr = 1.

3. Finally, we should solve2 = q - (x +3) +s-x +r,with r € {0,1,2}. The only solution
isq=0,5s =0,and r = 2. Since s = 0, thus there is no more carry in the computation,
so the algorithm terminates.

Thus, the polynomial representation of 16 is 2x> + x + 1.

Remark 2. The system in Example 2 is indeed a valid number system since it can represent both
positive and negative integers. For instance, —1 = 12_3.

Remark 3. If (P, N) is a number system, then the reduced homomorphism ¢ : N'[x] — R is
an isomorphism.

B. Kovaécs in [4] proved that if the coefficients of P are increasing, then there exists a
corresponding canonical number system. We reformulate it in the following theorem.
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Theorem 1. Let P € Z[x] be a monic polynomial with deg(P) = d, and P(x) = pgx® + - - -+ po
be such that 1 = pgy < pg_q1 < -+ < po with 2 < pg. If P is not divisible by a cyclotomic

polynomial, then P is a CNS polynomial.

Example 3. Let P(x) = x> + x + 3 and let a be one of its roots. By Theorem 1, (P,{0,1,2}) isa
canonical number system. The corresponding numeration system of 7|« has the base a, with digits

{0,1,2}. This polynomial defines a number system over the algebraic integers, extending the idea of

canonical number systems to the algebraic integers 7[«].

Now, we consider the only case when calculating the digits in the polynomial number system.

Again, we want to express 16 in this system.

1.

To find the last digit, we solve the equation 16 = q- (x> + x + 3) + s - x + r, where
r € {0,1,2}. The only solution is ¢ = 5, s = —5x — 5, and r = 1. Hence, the last
digit is 1, and we should represent —5x? — 5x in the system.

For the second digit, we solve —5x —5 = g+ (x> + x +3) +s-x +r, withr € {0,1,2}.
The only solutionis q = —2,s =2x —3,andr = 1.

Next, we should solve 2x —3 = q - (x> + x +3) +s-x +r, withr € {0,1,2}. The only
solutionis q = —1,s = x + 3, and r = 0. This yields that the next digit is 0.

Now, we should solve x +3 = q- (x> +x+3) +s-x+r, withr € {0,1,2}. The only
solutionis q =1,s = —x, and r = 0. Hence, the next digit is again 0.

Then, we solve —x = q - (x*> + x +3) +s-x +r, withr € {0,1,2}. The only solution is
q=0,s = —1,and r = 0. The next digit is again 0.

In the next step we solve —1 = q- (x> +x+3) +s-x+r, withr € {0,1,2}. The only
solutionis q = —1,s = x 4+ 1, and r = 2. The next digit is 2.

Now, we solve x +1 = q- (x> + x +3) +s-x +r, withr € {0,1,2}. The only solution is
q=0,s=1,andr = 1. The next digit is 1.

Finally, we should solve 1 = q - (x* +x +3) +s- x +r, with r € {0,1,2}. The only solution
isq = 0,5 = 0,and r = 1. Hence, the first digit is again 1, and the algorithm terminates.

The iterations of the algorithm are displayed in Table 1. Column N refers to the remaining

value we should represent in the system, while q, s, and r are as in the description.

Table 1. steps for decomposing the number 16 in the number system (x> + x + 3, {0,1,2}).

Iter. N q s r
1 16 5 —5x -5 1
2 —5x—5 -2 2x -3 1
3 2x -3 -1 x+3 0
4 x+3 1 —x 0
5 —Xx 0 -1 0
6 -1 -1 x+1 2
7 x+1 0 1 1
8 1 0 0 1

We obtain that the representation of 16 in the number system (x> + x + 3,{0,1,2}) is

11200011 12, o\ 5. Similarly, as before, if we set B(x) = x” + x° +2x° +-x + 1, then B(a) = 16.

The above example illustrates how numbers in this algebraic number system can be expressed

as polynomials, extending the classical notion of number systems into the realm of algebraic integers.

A. Pethd in [7] and later Akiyama et al. [18] have stated a necessary condition for

CNS polynomials.
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Theorem 2. If P(x) is a CNS polynomial, then all roots of P(x) lie outside the closed unit circle
and all real roots of P(x) are less than —1.

Now, we define the information quantity of a polynomial. Later, at the end of this
section, we will show the relation between the information quantity and the length of
the canonical representation of a polynomial in Theorem 4. In Section 3, we will use this
definition in Theorem 5 for the proof of the existence of addition automata in canonical
number systems.

Definition 2. Let P(x) be a CNS polynomial of degree d, a1, . . ., g be the (not necessarily different)
roots of P, and let A(x) € Z[x]. We define the relative information quantity of A as

log|A(w;
I(4) =Tp(4) = 122 ig(lg|§c|l)| ’
A(w;)#0 l

In the special case of A is divisible by P, we set [(A) = 0.

Example 4. Let P(x) = x* + 2. In the paper of A. Kovdcs [10], it is proven that P is a CNS
polynomial. The roots of P are

where 1 is the imaginary unit. The modulus of the roots are identical and equal to 5

Based on the properties of the logarithm, any base of the logarithm provides the same value for the
relative information quantity; thus, for the sake of simplicity, let log be the base-2 logarithm. Then,

3 3
21 21 1 ,
- + 17 =1 (and the same is true for all the roots).

3 3
21 21 1
— +1—| =23,
2 + ‘

log

(@) Let A(x) = x3 + x + 1. Substituting the four roots to A and calculating the base-2 logarithm
of the absolute value of A(a), according to the order of the roots, we obtain the approximate
values

1.0923,1.0923,1.2851,1.2851 .

Then, we obtain
~ 12851

(4) = =74 7~ 5.1406.

(b) Let A(x) = x* + x + 1. As before, execute the same operations. We obtain the logarithms of
the absolute values of the substituted roots as

—0.2246, —0.2246,1.0171,1.0171,

whence L0171
I(A) = ~T/5 ~ 40684
(c) Let A(x) = x°+ x + 1. Then, one can see that for I( A), we obtain get exactly the same value

as in case (b).

The equality of case b) and c) can be seen if we notice that if a is one of the roots of P, then a* = —2,
whence in case b), A(a) = a — 1, while in casec) A(a) = —2-a+a—1=—a+1.

Lemma 1. Let P(x) be a CNS polynomial and A(x), B(x) € Z[x]. Then,
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i) 0<I(A);

(ii) If p(A) = @(B), then I(A) = I(B);
(iii) H(A+B)<max{ﬂ( ). 1(B)} +1(2);
(iv) T(A-B) <I(A)+1(B);

(v) T(x- A) I(A) + 1;

(vi) TI(A") =nl(A).

Proof.

(i) Let P’ be an irreducible divisor of P of degree d’, and for the sake of simplicity,
assume that ay, ..., ay are the roots of P’. Assume that A is not divisible by P’.

Since P is a CNS polynomial, by Theorem 2, |a| > 1 for any root of P and hence for
any root of P’ as well.

P! is irreducible and does not divide A, thus the roots of P’ are not roots of A, whence
A(a;) #0foralli=1,...,d".

By definition P € Z[x|, consequently, P’ € Z[x]|, whence a,...,ay are algebraic
integers. Since A € Z[x], the values A(a1), ..., A(ay) are algebraic integers as well.

The roots a1, ..., ay form a complete set of algebraic conjugates over (Q, which means
that the set A(aq),..., A(ay) is also a complete set of algebraic conjugates over Q with each
value appearing in the same number. This implies that

[T Alx) €Q. 1)

1<i<d’

The product of algebraic integers is an algebraic integer, hence, together with

0# J] Al

1<i<d’

Equation (1),

is a rational integer. If |A(a;)| < 1forall1 <i < d’, then

1> T JA)],

1<i<d’

which is a contradiction, whence at least one of the roots « of P’ is such that |A(«a)| > 1.

For this o, we have

) - loglA(@)
—  logla|

whence by definition 0 < I(A).

(ii) If (A) = ¢(B), then A(x) = B(x) mod P(x),i.e., A(x) = Q(x)P(x) + B(x) with
some Q € Z[x]. This yields that A(«) = B(a) for any root of P, which implies I(A) = I(B).

(iii) Let & be a root of P. In the general case, when we do not assume that ¢(A) = ¢(B),
we cannot state A(a) = B(a). For the sake of simplicity, assume that |A(«)| > |B(«)|. Then,
log(|4(«) + B(w)]) < log(|A(w)| + |B(@)]) < log(2lA(a)]) = log(2) + log(|A(a)]), which
implies the statement.

(iv)—(vi) These statements can be proven by similar arguments using the additive
property of the logarithm.

O

Theorem 3. Let « € Cwith 1 < ||, and assume that « is not a positive real number. Then, there
exists a constant ¢ < 1 depending only on a such that for every 0 < N € Z, and for any sequence
ag,ay, ... of integers satisfying 0 < a; < N foralli=0,1,..., we have
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k—

Zﬂﬂ(

i=0

[
<cN——— 2
N1 @

forany 1 <k € Z.

Remark 4. In Theorem 3, we assume that 2 < k, thus a natural lower bound on c can be obtained
from inequality (2) if we set k = 2. Then, we have

la+1] <c 4
lx_

which implies

o] -1
| + 1] o <c

To present this lower bound in a more expressive form, we multiply the left-hand side by
la| +1

a1 Then, we obtain

o+ 1] (laf + D) (|| = 1)

a] + 1 ]2
1 a1
W+ 1 [af?
la + 1] 1
1l-— ) <c. 3
FES! ) =© G)

Since a is not a positive real number, thus |a + 1| < |a| 4+ 1, whence the left-hand side of
inequality (3) is a product of two positive numbers both less than 1. This means that there is an
infimum of the possible values of c.

The proof of Theorem 3 is presented later in this section, and based on the proof, we will
construct an algorithm to find a proper c close to the above-mentioned infimum.

Remark 5. We consider three cases illustrating inequality (2).

(i) (This case is excluded from Theorem 3)
If a is a positive real number, then

1ak-1 1 1
zxkzlx Fa—1 a—1 oaf(a—1)’

where the last term of the right side approximates 0 as k increases and hence,

1 1 . 1
-1 ak(a—1)" a—-1"

forany ¢ <1, ifkis big enough. If ay = a1 = - - - = ax_1 = N, then inequality (2) cannot
hold for suitably large k’s.
(i)  In the opposite extremal case, when « is a negative real number, the left-hand side of inequality
(2) is maximal if we sum up the members with the same sign only.
To estimate this maximum, set by_1 = by_3 = -+ = N, by_o = bj_4 = --- = 0 and let
j=(k+1)mod?2(ie.,j=0,ifkisodd and j = 1, if k is even). Furthermore, denote by | x |
]

the integer part of x and set ¢ =
ger part of [+ 1
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Because of the alternating sign of the powers of «, we have

k-1 k-1 15 ) 2([ 5 +1) 4
] s e ] e - 2

) - k

al 2 || |
< oc]N‘ =N =cN .
N G —)(al+1) ~ Na[-1

(iii)  For the third case, when « is a nonreal complex number, we need some geometric considerations.

Jm

In Figure 1, we can see an example of the first four powers of a particular complex number.
Since |a| > 1, the modulus of the powers of w are increasing, and the arquments of the powers
are integer multiples of the argument of a (denoted by arg(w)).

05 .,

Figure 1. Powers of a complex number .

i ar%_guc)
erwise, it is uniformly distributed in the interval [0,27t[ and if arg(a") = arg(ak) then

€ Q, then the sequence arg(a®),arg(a'),arg(a?),arg(a?), . .. is periodic, oth-

n = k. It also implies that in the nonperiodic case, arg(a™) = 0 only if n = 0; in other words,
« € Rifand only if n = 0.

For the proof of Theorem 3, we study first the maximum of the left-hand side of inequality (2).
One immediate thing we find is that if the left-hand side is maximal, then the coefficient of the
largest power in the sum cannot be 0, and if a coefficient is nonzero, then it should be N (i.e.,
maximal itself). The latter means that to prove the general statement, it is enough to deal with
geometric sums with 0,1 coefficients and multiply this by N at the end.

We may geometrically depict the theorem as in Figure 2. Then, the statement can be interpreted

r . .
as & <c with some constant ¢ < 1, depending only on w.

| Im r=la+a®+a®+at|
R =lal +|a?| +|a®| + |a*|
2 r
=<c<1
R
1
. Re
ol 7 7

Figure 2. Sum of powers.

n—1 )
We will also use the observation that if we denote by M, and My, the maximum of | ) a;o
i=0
k=1 M, .
and a;a’|, respectively, then — =~ |a|*" ™.
;O 0|, respectively, then - = |a|

Finall;, the following property plays the most important role in proving the existence of the
above-mentioned constant ¢ < 1. Assume we have an arbitrary finite set of nonzero complex
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numbers A = {ay,...,0,}. Let B C A, such that | Y «| is maximal, and let p = ) _ a.

a€EB aEB

T
|arg(B) — arg(u)| = 5}. Then, B
consist of those elements of A that lie on the same side of e as y, i.e., « € B if and only if

Let e be the line with normal vector y, i.e., e = {[S

larg(a) —arg(p)| < g (see Figure 3. In the figure, y is the sum of the complex numbers

represented by solid lines. )

JIm

Figure 3. Maximum of subsum. (1) y is the sum of numbers (vectors) with solid lines. (2) ¢ is
perpendicular to ji.

Before we turn to the proof of Theorem 3, we prove some lemmas, according to our
observations of case (iii) of Remark 5.

First, we show that if we want to have a maximal value of the left-hand side of
inequality (2), then the most significant power of « cannot vanish.

Lemma 2. Let w € C, withl < |a|, 1 < N € Z, let 0 < agp,ay,...,8,-1 < N be fixed
integers, and

n—1 )
M= max{ Y bi-a'|:0<bo,by,...,byq < N,integers} .
i—0
If
n—1
E a; - ol =M ’
i—0
then a,,_1 # 0.

Proof. Contrary, if a,_1 = 0, then

M= < la] - = <M,

n—2 .
Y g
i=0

n—2 )
Y a;-o
i=0

n—1 .
i=1

which is a contradiction. [

In the next lemma and the following corollary, we prove that if M, and M,, denote the

M
possible maximum of the modulus of different length geometric sums, then —" is nearly
My,
. ']
roportional to
p p ‘ alt |

we extend it for values greater than n.

. In Lemma 2, we show this property when r < n, and in Corollary 1,



Algorithms 2025, 18, 122 10 of 22

Lemma3. Leta € C,with1 < |a|,1 < N € Z,0 < r < n be integers, and

e
M, = max{
l’f

h.0< bo,b1,...,b_1 < N,integers}

r_
M, = max{

:0<by,b1,...,b,_1 <N, mtegers}

Then, |a|"~" - M, < M,.

Proof. Let0 < ag,ay,...,a,_1 < N be integers, with

=M.

Then,

n—1

Y g o/

j=n—r

| M, = < M,.

Zal

Za an r+1|

O

Corollary 1. With the notations of Lemma 2, let 1 < k,n, withk = q-n+r, where 0 <r < mn,
and 0 <ay,...,ar_1 < N are integers. Then

Proof. Assume first that k < n. Then, by Lemma 3,

| k

|
< .
MapF < M =1

Now, let k > n. If 0 < r, then by Lemma 3,

Zaz Zﬂz

q—1
o + Z |‘X|j~n+r
j=0

n—1
Z Ajptr+i - &
i=0

q—1 .
<o "M+ |af" ¥ |2 "M
j=0
gn _ 1
ot (el a1
(1ot + o 2222
o (= 1) T e
= M-
( Wr—1 " a1
a7 — [ + (a7 Ja]
a1
aff — Jafr Jaf*
<
ar—1 =M -

If r = 0, then the proof is similar but even simpler. [

In Lemma 4, we show that the left-hand side of inequality (2) is maximal if the
nonvanishing coefficients are maximal.
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Lemmad4. Letaw € C,withl < |a|,1< N €Z,1et0<ag,a,...,a,_1 < N beintegers, and

M—max{

n—1 )
Z bl' . txl
i=0

:0<byby,...,0,1 < N,integers} .

If = M, then ag,ay,...,a, 1 € {0,N}.

n—1 )
Z a; - of
i=0

n—1 )
Proof. Let 0 < j < n be such that a; # 0, and y = ) _a;-&'. Since M = |p|, thus
i=0

| — a/| < |p|. Denote by x the complex conjugate of x. Then,

uit = (i + ol ) + ol = (u—of) (5 = ) = ]V —«x]\ < PP =pn,
whence
—(y&f+ﬁaf) +oldl <o,
which implies
0<a/&l < pa + el . 4)

Assume that a; < N. By the maximality of M, [u + &/ < M. Conversely, M? >

];H—ocj‘z = (u+a)(a+a&) = pi + a/ + p&l + i) > ppi = |u> = M?, which is a
contradiction. [

We may summarize the previous results in the following corollary.

Corollary 2. With the notations of Lemma 2, there exist ag, a1, .. .,a,—1 € {0,1} such that

N =M,

n—1 )
Y ai-of
i=0

where a,_1 = 1.

Now, we turn to the proof of our last observation of case iii) of Remark 5. Namely,
if the left-hand side of inequality (2) is maximal, then the coefficient of the i*" power in this
maximal modulus sum y is nonvanishing if and only if a’ and y lie on the same side of the

normal line e of ;.. This property can be expressed by the relation |arg(u) — arg(a’)| < g
If we would like to represent this geometric property algebraically, we should observe
that if B and -y are nonzero complex numbers, then |arg(B) — arg(y)| < g if and only if

Re (f/) > 0, or with another expression, P + @ > 0. Here, Re(p) is the real part of B.

Yo

Lemma5. Leta € C,withl < |a|,1 < N € Z, and

M—max{

n—1 )
Z bl' o
i=0

:0<byby,...,0,1 < N,integers} .

Furthermore, let the coefficients ag, a1, ..., a,—1 € {0, 1} be chosen such that

n—1 )
=M, andlet p=Y a;-a'.
i=0

N

n—1 )
Z a; - o
i=0
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1 Tl
Then,a]—lzfandonlyzfaj—l-w>0.

Proof. Assume first, that a; = 1. Then, lu — W] < ||, whence by (4),

i &+ aad
ol ol ol
Now, leta; # 1. Since a; can only be either 0 or 1, this means that a; = 0. Then, |y + W] < |ul,
whence 0 < a/&@/ < —(Hlij + ﬁaj)/ and

1 i+
£+?,:M§_1.
o nl ol &)

O

Remark 6. By the proof of Lemma 5, there is no 0 < j < n for which ﬁ] + _ﬁ] = 0. In other
b
words, if y is the maximal modulus subsum, then there is no power of «, which is perpendicular

to u.

Let B,y € C{0} such that arg(p) # arg(-y). The two numbers determine two comple-
mentary sectors of the complex plane between 8 and 1y, and counterwise (see Figure 4).

Jm .
By

Re

yoB

Figure 4. Sectors of the complex plane.

Corollary 3 states that if the left-hand side of inequality (2) is the maximal modulus
sum y, then there exist two different powers a* and &/ such that all powers which are
included in y lie in the same sector defined by a* and &/, while the powers which are not
included in y lie in the other sector.

Corollary 3. With the notations of Lemma 2, let ag, ay, ..., a,—1 € {0,1} such that

N

n—1 )
Y a;- o
i=0

n—1 )
M, p=Yaed,
i=0

and denote by Im(p) be the imaginary part of B € C. Then, there exist 0 < j, k < n such that
a; = 1 if and only zfﬁm(%) > 0and jm(g—,i) <0, forall0 <i<n.

Proof. Let < be the binary relation on C \ {0}, where x < y if and only if Jm(y ) > 0.

X
According to the notation of Figure 4, this means that x < y if and only if y lies in the sector
x — —x. Then, for any p € C\ {0}, the relation < is transitive on the set

p
Cg = 0< -+
= {rost

=1

, and 76@\{0}}.
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LetCy, = {Déi :0< %—l— %, 0<i< n} C C,. Clearly, a; = 1 if and onlyifzxi € Cy. Since

C, is a finite set, by the transitivity property, there exists not necessarily unique 0 < j, k < n

such that o/ < ¥ =X ak for all v € Cy. If a; = 0, then al ¢ Cyu, and either al < of or
k i

o <ol O

Now, we have collected everything necessary to prove Theorem 3.

Proof of Theorem 3. Let 0 < n be a sufficiently large integer, and according to the notation
of Lemma 2, let

n—1 ) n—1 )
N Zaiwxl =M, and u = Zai-al.
i=0 i=0
- (= 1)
e —
— . 5
c "1 (&)

Since « is not a positive real number, by Lemma 5, at least for one i, the coefficient a; # 1,
whence ¢ < 1. By Corollary 1,

‘ k

a1 et

<M = .
= a1 | =1 [af" -1 |a| =1

k-1 .
Z bi o
i=0

O

The following corollary is an asymptotic extension of Theorem 3.

Corollary 4. Let « € Cwith1 < |
0<NE€Zand

, and assume that « is not a positive real number. Let

M, = max{

n—1 )
Z bi ot
i=0

:0<bgybq,...,b,_1 <N, integers} ,

forall 0 < n € Z. Then, there exists c < 1 depending only on « such that

. My cN
lim — =
o Tal Tl 1
Proof. By Theorem 3,
Mn ClN
o = Ja] -1’

for all 0 < n € Z with some ¢; < 1 depending only on a. By Lemma 3, |a|M,_1 < M,.

ﬁ is an increasing bounded sequence, which implies the corollary. [J

As is explained in Remark 4, there is an exact lower bound on the possible values

Hence, the sequence

of the constant ¢ in Theorem 3. Based on the previous results, we can construct a fast
algorithm to find a good approximation of the value of this constant. First, we slightly
modify the definition of the relation introduced in the proof of Corollary 1.

Definition 3. Let < be the binary relation on C\ {0}, where x < y if and only if either y = ¢ - x
with some 1 < ¢ € Ror Jm(¥) > 0.

Remark 7. Ifx,y € C\ {0}, then x < y means that either arg(x) < arg(y) < arg(x) + 7t or
arg(x) < arg(y) + 27 < arg(x) + 7. Ifarg(x) = arg(y), then |x| < |y|.
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Remark 8. This < is a total ordering on any open half-plane (the boundary line is excluded from
the plane).

Choose a sufficiently large 7 and let

C1 :{ai:OSai+Eci,0§i<n}, and
c,lz{al’:o>ai+ai,ogi<n}.

Sort C; and C_; by < and glue them at both ends. Then, we obtain a cyclically sorted
set Bo, ..., Bu_1 0f a%,...,a""1, where the next of B, 1 is B, = Bo. The property that
Bo, - - -, Bn—1 is sorted means that for a given B; the ;1 is such that 0 < arg(B;+1) — arg(B;)
is the smallest possible, i.e., the ;s are in increasing order by their argument. (If they have
the same argument, then they are sorted by their modulus.)

If we want to have better constants, then we have to find an n such that Jm(a") is as
small as it is possible.

To find ¢, we can use Algorithm 1 with O(n) operations on complex numbers.
The idea of the algorithm is the following:

(1) In the outer while loop for a given i, we compute the sum of the consecutive f’s
which are contained in the open half-plane started from ;. Let us denote this subsum
by y;. By Lemma 5, the maximal modulus subsum of the set of f’s will be one of
Ko, Bn—1-

(2) In the inner while loop, we rotate the half plane, and compute y;,1 from yu; by
accumulating new f’s at the end and eliminating ; from the front.

Algorithm 1: Calculating a proper constant ¢ of Theorem 3

Data: By, ..., Bn-1 // Input: & sorted according to =
Result: ¢ // Output: an approximation of the constant in Theorem 3
max < 0 // max: the largest modulus subsum of f’s
u<+0 // p: the sum of B’s in a given half-plane
i<0,j«0
while i < n do // Calculating y in the half-plane starting from f5;
while Cim(?) > 0do // rotating the half-plane
1
B pt B // New B’s in the front are added to y
j+j+1 modn
if max < |p| then // max is replaced by the new largest u
| max - [y
end
end
U pu—Bi // Exceeded fB; at the end is eliminated from u
i+—i+1
end
la| =1 . . .
c <—max~wni_1 // c¢: the constant defined in Equation (5)
return ¢

In the following theorem, we prove a relation between the relative information quantity
described in Definition 2 and the length of a polynomial in a CNS representation explained
in Definition 1. For the calculations of the constants c1, c;, we use estimates on geometric
sums of complex numbers, where Theorem 3 plays an important role. Theorem 4 will be
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used in Section 3 for the proof of the existence of an addition automaton in a canonical
number system.

Theorem 4. Let P(x) = x¥ + py_1x?~1 + - + po be a CNS polynomial. Then, there exist
effectively computable constants c1, cp such that

[(A) —e1 < L(A) <I(A) + 2 6)
holds for every A(x) € Z|x].

Proof. The proof is based on the idea of [6]. The new theorem is a more generalized
form of the previous result, and its proof introduces a refined method for calculating
the constants ¢; and cp. This refinement allows for more precise constants compared to
earlier approaches.

Specifically, we have extended the theorem by B. Kovacs and A. Pethd, offering a new
method for calculating these constants with greater accuracy. The key contribution of this
work is the development of an improved algorithm for determining c; and ¢, leading to
more exact results in the context of canonical number systems.

Let (P, ') be a CNS, with N = |A| and A(x) € Z[x] with canonical representation

B(x) =bp qx" 1+ +bg € N[x],

where L = L(A) = L(B) = deg(B) + 1. Then, ¢(A) = ¢(B), which means I(A) = I(B).
Assume that « is a root of P(x). Then, by Theorem 3,

IBa)| = |bp_qa™ + by pal"2 4 4 by

alt el

<c-(N-1 p
<e(N=Dpr= o] 1

where 0 < ¢ < 1 depends only on «.
By Theorem 2,0 < |a| — 1 validates the last inequality and makes it possible to take
the logarithm of both sides. Then, we obtain

log(|B()[) <log(c) +1og(N) + Llog(|a[) —log(la| —1).
Again by Theorem 2, we may have

log(IB(a)]) _, , log(<) +1og(N)  log(la] ~ 1)

and
log(|«) log([al)
log(|B(a)|) _ log(c) +log(N) —log(a| =1) _
log(al) log(|a[)
which can be effectively bounded from below by some c;:
log(|B(w)])
—————=—-—c <L.
log(ja)

Taking the maximum on all roots of P, we obtain the first inequality of (6).

I(A) —c; < L(A).
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For the proof of the second inequality, set k = [I(A)], which denotes the upper integer
part of I(A), and let B(x) = x*By(x) + Bo(x), where By, By € N[x] and deg(By) < k.
Assume that « is a root of P. Then,
B(a) — Bo()

Bi(a) = — & and

|Bl(lX)| < |B(D‘)| =+ |BO(0‘)|

o o[
_B@I a1
o el (Ja] = 1)
[Bla)] N
< .
CIETE
. co' N . .
e fraction ——— can be bounde an effectively computable constant dependin
The fract =1 be bounded by ffectively putabl tant depending
[Bla)] _ |A(w)]

only on P, and by the definition of k,

ok T < 1. Hence, |By(a)| < c wherecisa
« it

constant depending only on P. Since there exist only finitely many polynomials A e Zx]
with deg(A") < d satisfying A’ («) < c and these polynomials are effectively computable,
we can determine

= max{deg(B/) B € /\/[x],q)(Bl) = go(A/),deg(A,) <d, Aa) < C} +1.
Letcy =1+ max cy;- Then

L(A) =deg(B)+1=k+deg(By) +1<k+c, <I(A)+c;.
O

3. Automata and Canonical Number Systems

As we have seen before, adding and multiplying by a constant are implementable
with automata in CNSs. In this section, we prove that an automaton exists that executes
the digit-wise addition. The existence of such an automaton is not obvious since the length
of the sum of two algebraic integers represented in the canonical number system may have
a shorter length than the summands’.

Definition 4. The 6-tuple A = (k,S,X,Y,s,0) is called a finite transducer automaton with k
input tape if

keZt;

S is a finite, non-empty set of states;

X is a finite set of at least two elements (the input alphabet);

Y is a finite set of at least two elements (the output alphabet);

s € S is the initial state;

6:8x XK — S x Y is a unique mapping.

Remark 9. We follow the convention for extending the transducer automaton to operate on words
of the input alphabet and having the result as a word of the output alphabet.

In the following, if @ = (ag...a,-1) € N* is a finite word, then we will use the
notation Q,(x) = a,_1x" 1 + - - - 4 ag for the corresponding polynomial.
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Theorem 5. Let (P, N') be a CNS. Then, there exists a finite transducer automaton A with two
input tapes, such that ¢ = A(a,b) forall a,b,c € N* if p(Qc) = ¢(Qa + Qp)-

Remark 10. In Theorem 5, we assume that the length of the words a,b, ¢ are equal. If not, we
extend them with the necessary amount of Os on the right.

Remark 11. In [19], there is a similar result, but the proof there is not constructive. Furthermore,
based on our proof, we can state the minimality of our construction, as it is done in Theorem 6.

Proof of Theorem 5. We prove the statement by constructing the addition automaton
A=1(2,5X,Y,s,6), where X =Y = N. We will define S C N[x] and ¢ in an appropriate
way, and we will prove that S is finite. Assume that N = [V].

Let S be the smallest set such that
1. 0¢€S;
2. ifA €S Be Nxl,b e N,and 0 < a < 2N — 1 such that ¢(xB(x) +b) =

¢(A(x) +a)then B € S.

We define the transition function § : S x N'2 — S x N by §(A,a1,a2) = (B,b),
if p(xB(x) +b) = ¢(A(x) + a1 + az).

Leta, b € N*, Ag = 0,and Qp = Q, + Qp. If 0 < i, let A; 1 be defined by 6(A;, a;,b;) =
(Aiy1,¢:),and Qi q(x) = Qi(x) + (c; — a; — b;)x'. By the definition of 5, we have

9( Qi1 () + A1 (1) = (Qilx) + Ai(x)xT) = 9(Qu + Q) ,

forall0 <i.
Let n = 1+ max{deg(Q,),deg(Qp)} and k = 1+ deg(A;). Then, deg(Q,) < n,

Qc = Quik = Qu + Apx" € Nx],and ¢(Qc) = ¢(Qa + Qp)-
Hence, by Theorem 4, and by Lemma 1(iii),

n+k=deg(Q.)+1=L(Q)
<I(Qc) + G
< max{I(Qa), [(Qs}) + 1(2) + C2
=n+1(2)+C,

where C; is the constant ¢, in Theorem 4.
This yields that
deg(Ai) <k< H(Z) +Cy.

Since S is defined to be the smallest set satisfying (1) and (2), every A € S may appear as
the last carry A,. Thus, forall A € S C N[x], deg(A) < I(2) + C,, which implies that S is
finite. O

Remark 12. Observe now the properties of the states defined in the proof of Theorem 5. Let
A(x) = apxk + ag_1x5 1 -+ ag, where ay # 0and A(x) € S. Assume that the automaton
is in state A, and there are no more digits arriving from the input. Then, by the definition of the
transition function J, the output of the automaton starting from this state is the sequence apay . . . a.
This means that different states represent different tail releases of the output, i.e., if the automaton is
state B # A, then the output without input is different to apa; . . . a.

Theorem 6. The addition automaton, constructed in the proof of Theorem 5, is minimal.
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Proof. In the definition of A in the proof of the previous theorem, S is the smallest possible
set satisfying the given properties. This means that for any A € S, there exist proper inputs
a,b such that A(a, b) terminates in state A.

LetS = {Ay,Ay,..., Ay} and ay,d,...,d,, by, bs, ..., by, are such that A(a;, b;) termi-
nates in state A; foralli € {1,...,n}.

Assume that there exists an automaton A’, which executes the same addition as
A, but |S'| < |S|, i.e., A’ has strictly fewer states. Then, by the pigeonhole principle,
there exist 1 < i < j < n such that A'(a;,b;) and A’(a;, b;) terminates in the same states.
By Remark 12, automaton A continues with different tail releases from the states A; and A jr
but A’ continues in the same way if there are no more input digits. This is a contradiction
because we assumed that A and A’ execute the same operation. Hence, the assumption of
the existence of A" is wrong. [

Although we can not be sure there is no linear time algorithm for multiplication, we
have the following.

Theorem 7. Let (P, N') be a CNS. Then, there are no finite transducer automaton S with two
input tapes, such that ¢ = S(a,b) forall a,b,c € N* if p(Qc) = ¢(Qa - Qp)-

Proof. On the contrary, assume that 4 = (2,5, N, N,s,6) executes the multiplication,
and N = |NV|.
Let 7,¢ € N'* satisfying ¢(Qc) = ¢(Q3). Then by Lemma 1(vi), and by Theorem 4,

deg(Qc) =L(Qc) —1>1(Q;) —C1 —1=2[(Q,) —C; — 1
> 2(L(Qq) — Co) — Cy = 2deg(Qa) —2C, — Cy +1.

Setn = 1+ deg(Q,), and Q; = c;x' +--- 4o forall 0 < i. (If deg(Q.) < i, then
Q; = Qc.) Since the automaton executes the multiplication, there exist s¢,s1,- - - € S such
that sy = s, and 6(s;, a;,a;) = (s;y1,¢;), forall 0 < .

If n <i thena; =0,and Q.. (x) = L}W
deg(Qcn) > n —2Cy — c1 + 1, there are infinitely many different Q. ,, whence there are
infinitely many different corresponding states. However, this is a contradiction since we

is determined purely by s,,. Since

assumed that A is a finite automaton. [

4. Estimation of the Number of States of an Addition Automaton

In this section, we show an example of how to execute addition and how to construct
the addition automaton based on the addition algorithm in a given polynomial CNS. We
also provide the result of an experiment where we determined the addition automata for
different CNSs.

4.1. Example of the Computation in the Number System (x> + x +2,{0,1
p P Y

Let x? + x + 2 be the base polynomial and {0, 1} is the digit set. By Theorem 1, we
know that this is a CNS.

Let 71 = 110101 and 7 = 101111 be 6-bit long binary 'numbers’ in the above CNS,
and let v = 77 + 72. The calculation of the digits of  is similar to the usual binary
arithmetic, but the carry propagation is a bit more advanced. In the classical binary system,
we use the fact that 1(—2), = 1-2' 4+ (—2) - 20 = 0 (i.e., we use the x — 2 polynomial as the
base). In the present system, according to this observation, 1122, ,, = 0.

The addition process works as follows:
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1.  Initialization
The two numbers, 1 and 77, are digit-wise added without any further computations.
The result is o/ = 211212.

2. Reduction
Starting from the least significant digit on the right, we reduce the augmented digits,
which are not in the digit set {0,1}. In this CNS, this is the only value 2. However,
as in the classical binary systems, we have to take into account the possible carries,
arriving from lower digits. How can we calculate this carry?
In the case of the last digit, we assume that there is no carry; more precisely, the value
of the carry is 0. To eliminate the last digit 2, we should subtract 112. The result is
(—1)(—1) 0, which is split into two parts: the calculated digit at the given position and
the carry for the next position. In our case, the digit is 0, while the carry is (—1)(—1).
For the next digit, we add the carry arriving from the right to the value given at the
position: 1+ (—1)(—1) = (—1)0. Since 0 is a valid digit, we do not need any further
operation at this position. The carry for the next position is (—1).
The next augmented digit is 2. Adding the carry, we obtain 2 + (—1) = 1, so the next
calculated digit is 1, and the carry is 0.
We continue the iteration until ' is completely processed and the carry becomes 0.

The algorithm described above can be visualized by Table 2.

Table 2. Computation in the binary number system.

~' 2 1 1 2 1 2
¢ 0 1 10 -1-1 0 0 0 -1 -1-1 0
C+q 1 10 -1-1 2 1 1 1 10 2
mod 0 0 +(112) —(112) 0 0 0 0 —(112)
70 1 10 101 —1-10 1 1 1 —10 —-1-10
5 1 0 1 0 1 1 1 0 0

Based on the algorithm for calculating the sum, we may construct the corresponding
addition automaton. The states of the automaton are the possible carries during the
computation. We start from the carry 0 and calculate the transition according to the possible
inputs (augmented digit). The value of the transition is a pair (€,d), where € is the next
carry and 4 is the output digit. The new carries are added to the automaton, and until we
have unexplained transitions, we continue the construction of the automaton.

The process generates the transition function of the automaton, as illustrated in Table 3.

Table 3. State transition table.

State 0 -1-1 10 -1 1 11 —10 —1-2
3 0 0,0) (10,1) (1,00 (11,1) 0, 1) (1,1 (-1,0) (10, 0)
= 1 0, 1) (-1,0 (1,1 0,00 (-1-1,0) (-10,0) (-1,1) (10, 1)
- 2 (-1-1,00 (-1,1) (10,00 (0,1) (-1-1,1) (-10,1) (-1-2,0)0 (-1,0)

The values of the cells in the table contain pairs: the next state (carry) and the output
(digit), according to the present state (carry) and the input (augmented digit). If a new
unexplored carry appears in the transition value, then a new column is added to the table.
We continue to fill out the table until no new carry appears. By Theorem 5, the algorithm
will terminate in finitely many steps.
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4.2. Analysis of Binary Polynomial CNS’s

As we have observed before, the states of the addition automaton may represent
the possible carries. According to construction, these are polynomials in NV [x]. Since the
degrees of the state polynomials are bounded by the constant ¢ = I(2) + ¢, of Theorem 4,
we may state the following simple result.

Theorem 8. Let (P, N') be a CNS, and A be the minimal automaton implementing the addition.
Then, the number of states of A is bounded by |N'|.

We have made an experiment on the construction of addition automata for different
CNS polynomials. We determined and counted the number of states for binary Kovécs-
type CNS polynomials of different degrees. (i.e., the coefficients of P have the property
1=p; <piq1 < < po=2) A. Kovdcs in [10] listed the canonical polynomials of
binary number systems until degree 8. According to this result, we know, for instance,
that the only binary CNS polynomials of degree 3 satisfying the conditions of Theorem 1,
are x> +2,x% + x% + x + 2, and x° + 2x? + 2x + 2. Using the construction of the proof of
Theorem 5, we implemented a computer program to calculate the addition automaton
for a given CNS polynomial. We determined all different CNS polynomials of degrees
from 3 to 10 in the form given in Theorem 1, and constructed the corresponding addition
automaton. We collected the size of these automata, which are expressed by the number of
states. The results are summarized in Table 4. The table contains the size (number of states)
of the smallest and largest automata for different degree CNS polynomials.

Table 4. Number of states of addition automata.

Deg Min. NoS Max. NoS
3 62 125
4 239 1195
5 1185 13,037
6 6248 155,765
7 33,387 2,041,141
8 185,695 27,270,180
9 1,074,944 370,005,950
10 6,419,041 >380,278,058

As we advanced to higher degree CNS polynomials, the experiment ran into memory
limitations. When we computed the transition function of the automaton in question, we
had to store the states and the effect of the input digits. To save some space, we did not care
about the output, and we just represented the state transitions. Since the number of states
was increasing exponentially with the degree of the CNS polynomials, even for degree 10,
we ran out of memory during the tests. The experiment was executed on a computer with
an Intel Core 19-9900K CPU on 3.60GHz equipped with 64 GB of RAM. The running time
did not limit the computation since it took only some hours.

5. Conclusions

The presented research demonstrates the feasibility of constructing finite transducer
automata for digit-wise addition of polynomials in canonical number systems (Theorem 5).
The constructive proof provided also establishes that the resulting automata are minimal
(Theorem 6). The proof of Theorem 5 is based on the relation between the length of a
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polynomial A in canonical representation and the information quantity of A (Theorem 4),
as well as on the additive property of the information quantity (Lemma 1(iii) ). For practical
applications, it is reasonable to compute the constants appearing in Theorem 4 with a
reasonably good approximation of the possible minimum values. To achieve this, we
developed Algorithm 1, which is based on an improved upper bound for geometric sums
(Theorem 3).

The study also exposed a fundamental limitation: as is proven in Theorem 7, no finite
transducer automaton can be created for the multiplication of polynomials in canonical
representation. At present, we do not know whether an algorithm exists that can execute
the multiplication of n digit numbers (or analogously degree n polynomials) in O(#n) time;
however, based on the above result, we cannot do this with constant memory usage.
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