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Chapter 1

Introduction

1.1 Preliminaries

The concept of a group algebra was introduced during the study of
representation of groups. They are, however applied in numerous fields
of mathematics as well, such as homology, cohomology and algebraic
topology. It was Frobenius who first used this interesting algebraic
construction consisting of fields and groups, by the help of it he studied
representations of finite groups. The coinage group algebra comes from
Noether.

The study of group algebras started at the begining of the 30s of
the past century, mainly with the results of Frobenius, Schur, Magnus,
Noether, Higman and Jennings. The most fundamental characteriza-
tion theorems were proved during the 1960s and since then diverse
fields of research have developed. Today the major directions of re-
search include, besides the study of ring theoretical properties of the
group algebras, the examination of groups of units of group algebras
and their associated Lie algebras.

Our notation is standard. Let G be a group and F a field with
unity 1. Denote by FG the all formal sums deG agg, where only fi-
nite coefficient o, € F is not zero. Evidently, FG is a vector space over
F with basis G. The multiplication of the group G induces a multipli-
cation on FG. Then FG is an algebra over the field F which is called
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2 CHAPTER 1

group algebra. In the special case when F is a field of characteristic
p and G contains an element of order p, FG is called modular group
algebra.

Let the mapping x : FG — F be given by

x(Zagg> =)

geG geG

for any elements deG ag9 € FG. Then x is a homomorphism and
is called augmentation mapping. The kernel of y is the augmentation
ideal, which is denoted by A(FG).

If H is a normal subgroup of G then the set
I(Hy={(h—1)z | he H, € FG }

is a two-sided ideal of FG. Clearly, the ideals A(FG) and I(G) coin-
cide. The isomorphism FG/I(H) = F(G/H) is called the isomorphism
theorem of group algebra.

Now let us mention a problem originating from Higman and Thrall,
and which exerted a great influence on the study of the structure of
group algebras and their groups of units.

If the group algebras FG and FH are isomorphic as algebras over
the field F then what is the relation between the groups G and H, and
under what conditions are G and H isomorphic?

Deskins |26] gave a positive answer to this isomorphism problem
for finite abelian p-groups. Numerous authors have investigated this
question with nonabelian groups which has not been solved so far.
Baginski [3] solved the problem above for group algebras of 2-groups
of maximal class over the field of elements two. Additional results can
be found in the survey article of Sandling [42].

A large part of the theory of group algebras consists of examina-
tions of ring theoretical properties. In this field the results have been
profound for which an excellent source is books by Passman [41] and
Bovdi [22].
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The set of units U(FG) of the group algebra FG forms a group and
its subset

V(FG) = { Y ayg € UFG) ‘ S a, =1 }

geG geG

is a normal subgroup, which is called normalized group of units. It
is well known fact that U(FG) is isomorphic to the direct product
V(FG) x U(F), where U(F) is the group of units of the field F. To get
information on the group of units U(FG) it is enough to examine the
normalized group of units V(FG) instead of the examination of the
full group of units U(FG). A good survey of this theory can be found
in Artamonov and Bovdi [1| and Bovdi |11], |22].

The subject of this thesis is the examination of filtered multiplica-
tive bases and groups of units of group algebras. First of all let us
mention some general remarks which will be used throughout this
thesis. The Frattini subgroup and the center of G will be denoted
by ®(G) and ((G), respectively. It is well known that the Frattini
subgroup ®(G) coincides with G'GP for finite p-groups G, where

GP=(g"lgeC)
and G’ is the commutator subgroup of G. Let v1(G) = G and
Yi1(G) = (’Yi(G)>G)-
The series of subgroups of G with the property
1(G) 27(G) 2+ 23(G) 2

is called lower central series. Evidently, 75(G) coincides with the com-
mutator subgroup G'.

1.2 Structure of group of units

Let G be a finite p-group and F, the field of p elements. Then
the fundamental ideal A(FF,G) is nilpotent, and the normalized group
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of units V(F,G) coincides with 1 + A(F,G). Therefore, the element
dec agg of group algebra [F,GG is in the normalized group of units if
and only if deG ag = 1. That is why the order of the normalized
group of units V(F,G) is pl©-1.

After the simple groups had been described, the structure of finite
p-groups became the focus of studies on group theory, the study of
groups of units of group algebras of finite p-groups has become topical.

In the following, let G be a finite nonabelian p-group. Bovdi’s
article [11] gives a survey of the theory of the normalized group of
units V(FG). According to the results of Coleman and Passman [25]
the group V(FG) is non p-regular, and its exponent is at least p®.
Due to its complicated structure the study of the group V(FG) ne-
cessitates the use of methods borrowed from other areas of algebra,
besides means of group theory.

Bovdi and Khripta [12] applied first the Lie algebraic methods to
investigate the normalized group of units. Du [27] showed that in
the associated Lie algebra of the fundamental ideal A(F,G) the kth
member of the upper Lie central series v;(A(F,G)) determines the
kth member of the upper central series of V(F,G), which coincides
with 1+ 7, (A(F,G)). Bovdi and Polcino Milies [14] proved that Du’s
result is valid for normal subgroups of V(F,G) as well.

In the first part of this thesis we investigate the structure of V (FyG),
where G is a group of maximal class of order 2", that is, its nilpotency
class is n — 1. It is well known that the 2-groups of maximal class are
the following extensions of C' = ( a | a*" =1 ):

2n—1

Qo1 = ( a,by | a® =1, =d*" ,(a,b1) = a?) with n > 2;
Donir = { a,by | a® =1,03=1,(a,by) = a?) with n > 2;
SDQn-H = < a,bg | a2n = 1, bg = 1, ((Z, bg) = a_2+2n*1> with n > 3.

One of the main results of the thesis is the description of the structure
of the element of order two of V(F2G), and giving their numbers. Let
us denote by ©g(2) the number of the elements of order two in the
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normalized group of units V(FoG). Then

Dynia (2) = 2774071 4 22,
@SD2n+1 (2) e 22"—‘1-71—1)
O, (2) =271 — 27",

To prove of this theorem we use Jennings’s results [34] on the basis
S of the ideal A(IF,G). Then the set 1+.S forms a generator system of
V(F,G). Apart from the well-known properties of the group of units,
the individual subgroups of the group of units, just like the unitary
subgroup, play a major role.

Let us mention that the mapping x — 27 of the group algebra F,G
is called inwvolution, if

(z+y)”=2"+y°, (zy)’=y"2°, and (27)" =u.
The set
V,(F,G)={zeV({FG) | 7' =2}

is a subgroup of the group V(F,G), which is called o-unitary subgroup.
For example, the canonical mapping

x:Zagng* :Zagg’1

geG geG

is the *-involution of F,G.

During our investigations, the order of the o-unitary subgroup
V,(FyC) pertaining to the cyclic group C' = ( a | a®*" =1 ) has been
given a major role. The order of the commutative *-unitary subgroup
V,.(F,G) has been described by Bovdi and Sakach [15] for finite abelian
p-groups G. Le us note that the order of V,(IF,G) has been given by
Bovdi [20], Bovdi and Rozgonyi [21] for some nonabelian groups G.

With regard to a o-involution the set

S:(G)={zeV(F,G) | z=2"}

has great importance as well, and the elements of the set S,(G) are
called o-symmetric elements. In the case of canonical involution the
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order of the commutative unitary subgroup V.(F,G) has been deter-
mined by Bovdi and Sakach [15]| for abelian p-groups G. Let us note
that the set S,(G) is a subgroup of the group of units for finite abelian
groups G, but generally it is not true for nonabelian groups. The pa-
per of Bovdi and Kovacs [19] determines the groups G for which S, (G)
is a subgroup.

Let us denote by ® the linearly extension of the automorphism
at — a@ ' 7Vi of the group C to the group algebra FoC. This ex-
tension is also an involution of the algebra FoC. We proved that the
equation
V. (F5C)|

2

holds for the order of the unitary subgroups, belonging to the invo-
lutions * and ®. These results form the basis of the first part of the
thesis.

Ve (F2C)| =

The question raised by Berman, is called the isomorphism prob-
lem of the normalized group of units, is a more general and consider-
ably more difficult question than the isomorphism problem of modular
group algebras:

Assume that the normalized groups of units V(F,G) and V(F,H)
are isomorphic. Under which conditions are groups G and H isomor-
phic?

In 1967 Berman [9] solved this problem for finite abelian p-groups.
An interesting consequence of our results above is that the Berman’s
question is true for 2-groups of maximal class.

An other actual problem in the theory of finite p-groups is the de-
scription of the p th power structure. The results achieved during these
inquiries made it possible to prove many theorems in the theory of fi-
nite p-groups. These inquiries have not been extended to normalized
group of units V(F,G) of group algebra F,G.

Baginski [2], Shalev and Mann [39, 43] proved that the nilpotency
class of V(F,G) is equal to p if and only if the commutator subgroup
of G is of order p. Further results pertaining to nilpotency class of
group of units of group algebras can be found in Khripta’s article
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|36]. He described all group algebras with group of units of nilpotency
class two, as well as in the paper of Bovdi and Kurdics [13] those group
algebras can be found whose group of units is of nilpotency class three.

Let G be a group with commutator subgroup G’ of order p. In this
case we examine the power structure of V(F,G). We verify that if the
nilpotency class of V(F,G) is odd p prime then V(F,G)? is a central
subgroup of the normalized group of units, consequently the further
powers can be easy determined. Moreover, if the Frattini subgroup
of G is of order p then we can describe the structure of the group
V(F,G)P. Let Cy,, C,,, ..., C,, be the all conjugacy classes of G, which

t o~ —
consists of at least two elements, and N = [[(1 + C,,), where Cj, is
i=1
the sum of all elements of Cy,. Then we can prove that

V(F,G)P =V (F,G?) x N.
The question is that, is it true the equation
G =V(F,G)PNG

is also attached to the power structure of normalized group of units.
This question can be found in Johnson’s paper [35]. Using the previous
results of the power structure, we prove that if G is a p-group with
Frattini subgroup of order p (p > 2) then the pth power of the group
G coincides with the intersection of the pth power of the normalized
group of units V(F,G) and the group G.

An other main theorem of this thesis is that the isomorphism class
of the group V(F,G) determines the isomorphism class of the group
G if G is a group of cyclic Frattini subgroup and p > 2.

The basis of proving these results is the power structure of V(F,G)
and the description of Berger, Kovacs and Newman [8] on the finite
p-groups with cyclic Frattini subgroups.

1.3 Filtered multiplicative basis

In the fourth chapter of this thesis we investigate the bases of the
group algebra over the field ' of characteristic p. In 1960s Kupisch
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introduced the concept of the filtered multiplicative basis of algebras.
Let A be a finite-dimensional algebra over a field F with the Jacobson
radical rad (A) and F-basis B. Assume that B, an F-basis, has the
following properties:

1. if u,v € B then either u-v=0o0ru-v € B;

2. BNrad(A) is an F-basis for rad (A).

Then B is called a filtered multiplicative F-basis of the algebra A.

The significance of the filtered multiplicative basis for algebras with
finitely many indecomposable representations has been given by the
research of Bautista, Gabriel, Roiter, and Salmeron |7|. They showed
that if there are only finitely many isomorphism classes of indecom-
posable A-modules over an algebraically closed field I, then A has
a filtered multiplicative F-basis. That problem when the group alge-
bra FG has a filtered multiplicative basis was raised by the paper of
Bautista, Gabriel, Roiter, and Salmeron |[7].

Higman [30] proved that the group algebra FG has only finitely
many isomorphism classes of indecomposable FG-modules if and only
if all the Sylow p-subgroups of G are cyclic.

In 1978, Landrock and Michler |38] proved that the group algebra
of the smallest Janko group over a field of characteristic 2 does not have
a filtered multiplicative F-basis. In 1987, Paris [40] gave an example
for nonabelian group algebra FG which has a filtered multiplicative
F-basis.

The systematic study of filtered multiplicative F-basis has been
begun by Bovdi [16]. In [16] the following theorem is proved: Let G
be a finite metacyclic p-group and F a field of characteristic p. Then
the group algebra FG possesses a filtered multiplicative F-basis if and
only if p = 2 and either GG is a dihedral 2-group or G is the quaternion
group of order 8 and [F contains a primitive cube root of the unity.

In [17] an explicit list of all p-groups G of order p™ with a cyclic
subgroup of order p™~? is given, such that the group algebra FG over a
field IF of characteristic p has a filtered multiplicative [F-basis. Further
Bovdi [17] proved that the group algebras of the powerful groups does
not have a filtered multiplicative [F-basis.
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In the fourth chapter we give a complete list of all p-groups G
of order less than p°, such that the group algebra FG has a filtered
multiplicative F-basis, and we give these bases as well. This result
suggests that a group algebra FG has a filtered multiplicative F-basis
only if p = 2.

Group algebras of all groups of order 2% which contain filtered
multiplicative F-basis are also described. For the inquiry we used the
computer algebra system GAP [28] and its package LAGUNA [18].
In the theorem, indices that appear in the list of groups are identical
with the GAP numbers identifying the groups. Moreover we proved
that the group algebras of the groups

G={(ab]|d" =b =1, (a,b)=¢, (a,c)=d,

(aad) = (bac) = (bvd): (Cvd) =1 >

does not have filtered multiplicative F-basis. Finally we give a filtered
multiplicative F-basis of the group algebra FG, where

G=(ab|a" =" =c=1, (a,b)=c, (a,c)=1, (bc)=1),

and n,m > 2, so we describe the algebra FG.
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Chapter 2

Units of group algebras of
2-groups of maximal class

2.1 Preliminary results

This chapter includes results of |6].

We observe some facts about abelian 2-groups and their group
algebras. Let C' = (a | a® = 1) be the cyclic group of order 2",
where n > 2. For C' the order of the unitary subgroup V,(FyC) can
be calculate from |15]:

Proposition 2.1.1 (A. Bovdi, A. Sakach [15]). The order of
V@(FQCU 18
c2[2)] - |F2‘%(IC\+\C[2}I)*1 _ 9241
Recall that for the group algebra FyC' of C' the subset
(2.1) {1,14a, (1+0a)3....,1+a)>"}

is a basis of FoC' and a normalized unit u € V(F2C') can be written as

2n—1

1+ Y ai(a+1).
=1

11
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Each ideal of the group algebra FoC has the form FoC(1+a)’. Clearly
(1 + a)® belongs to the augmentation ideal A(FoC) and by Jennings’
theorem [34]

AZ(FQC> = Ai+1<F2C) + (CL + ].)zFQ

Note that the radical of F,C' coincides with the augmentation ideal
A(F,C).

Proposition 2.1.2 (E. T. Hill [31]). Let G be a p-group and F,G
be the group ring of G over F,. If L is the exponent of the radical A
of F,G then the annihilator of A¥ is AF=w+1,

Thus the annihilator A% ~(F,C') of the element (1 + a)’ coincides
with FoC(1 + a)?" .

Corollary 2.1.3. The subgroup
S;={~eV(F.C) | Y(1+a)=(14a)}
of V(FoC) has order 2°.
Proof. 1t is easy to see that 1+ Ann((l + a)i) coincides with S;, and

according to Proposition 2.1.2 the cardinality |Ann((1 + a)’)| is 2",
0

Recall some well-known facts about a finite abelian 2-group N.
Let N[2] be the subgroup generated by the elements of order two. We
shall use the following proposition:

Proposition 2.1.4. Let N be a finite abelian 2-group.

1. If g€ ®(N) then Hy={ he N | h* =g} is a coset of N by
N[2].

2. If g ®(N) then N =( g ) x W for some subgroup W.
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2.2 Involutions and unitary subgroups

Let C = (a | a® =1) be a cyclic 2-group with n > 2. First
we review some results on involutions of FoC. Recall that the linear
extension of the automorphism a’ — a~* of G to the automorphism
x — x* of FoC' is an involution of FoC', as we have shown in Section
1.2. Moreover, for n > 3 we have another involution z — z®, which is
generated by the automorphism a’ — a@" ' =Di of order two. For the
sake of convenience we assume that o is either x — x* or x — x®.

First we observe some properties of these involutions.

Lemma 2.2.1. Forx = oy +oja+ -+ agm_1a* € FoC we have

an—lq
./L'2 = Z (Oéz + Oéi+2n71)a2i
i=0
and
2n—1-1 2n—1
rx* = x(x) + Z [ Qi0G—j  (mod Qn)] : [aﬂ + a‘f].
j=1 = i=0
Proof.  Evidently 22 = 32 ' oya® and (a?"')? = (a%)?, thus
the coefficient of a® is equal to ; + a;,9n—1. Moreover, the equality
(zz*)* = za* yields
an—l_1
" n—1 . s
rx* = Y9 + Yon1a? + Z v;i(a? +a™).
j=1

For each a’ € supp (zx*), where 0 < j < 2! — 1 the equality
@’ = a'a~"7) shows that v, = Z?:al Qi j (mod 2n)-

n

In particular, vy = Z?:al Q0 = Zfial a; = x(z) and

2m—1 2n—1—1
Yon-1 = g QO _9n—1  (mod 2n) = 2 ° g QG _9n—1  (mod 27) = 0.
i=0 =0
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We put

Q=1{0,2,4,...,2" 2 -2} y{2n-ton-t y o on-t g on-lyon=2_ 91,
P={0,24,...,2 -2}, P=P\{0,2" ' Yand R={0,2,4,...,2""1 —2},
Lemma 2.2.2. Forz = oy + a1a + - - - + qon_1a*> ~+ € FyC we have

® =0 +yad® + Z Ye(a"+a™%)+ Z YelaF +a=F+2 ),

keR\{0} kel+Q
where

Z QrOp_k  (mod 27) T Z QrQyp_f42n=1  (mod 2) for k € P;
reP rel+P
Z Qp Oyt on—1 (mod 27) + Z QpQlyp_ (mod 27) fOT kel + P7
rep rel+pP

Ve = 1

Z a, fork=2"""

rel+P
Z Q for k=0.
repP

Proof. Since (zz®) is ®-symmetric so

T= +72n,1a2"’1 t Z 'Yk(ak +a_k) + Z %(ak +a_k+2n71).
ker\{0} k€1+Q

We define the permutation p of the set { 0,1,2,...,2" — 1 } in the
following way:

_ 1 if 4 is even;
p(i) =9 . .1 e
i+ 2 (mod 2") if 7 is odd.
Using the permutation p, straightforward computations show that

z® = Zf"al a,a”" and the coefficient of a* € supp (zz®) is equal to
the trace v, = tr(r2®a~"). Evidently

2" —1 2" —1 2n—1

Yo = t?”(( Z a]aj Z Qp(i— )) = ZO Q- Qp(r—k) -
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Therefore we have for even k

2"—1
= E QrQlp(r—k) = E AprQp—k  (mod 2”)+ § ApQ&p_k42n—1  (mod 27),
=0 repP rel+pP

and for odd k

’Yk:E QGO _f49n=1  (mod 2n) T E Qi (mod 27)-
icP i€1+P

Specifically for k = 2"~! simple computations show that

’72"—122 OOi—9n=1  (mod 2n) T E o0 = E o,

ieP 1€14+P i€1+P

and

E ;0 + E Qi _on—1  (mod 2n) E (78

i€EP i€1+P i€EP

OJ

Recall that each involution o of FoC' determines a o-unitary sub-

group
Vo (F.C) = { v € V(F,0) ‘ 7 =497 }

of V(F.C).

Now we determine the order of the ®-unitary subgroup Vg (F2C),
which, as far as we know, has not been investigated so far.

The mapping ¢,, given by

¢o(z) =227 for x € V(Fy0),

is a homomorphism of the group V (FyC') onto some subgroup W, (C)
of the o-unitary subgroup V,(FyC') with kernel

S,(C)={zeV(FLC) | z=2"}.

The subset D of C' determines the element D = > oep g of FrC.

geD
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Lemma 2.2.3. The unit 1+ C does not belong to We(C) and 1+ C?
is not an element of the subgroup VZ(F2C).

Proof. Assume that 1+ C € Wg(C). Then 1+ C = 292! for some
x € V(FC) and

(2.2) ®=2(1+C) =2+ x(x)C=x+C.

Evidently the traces of the elements x and z® are equal, so tr(x + z®)
is zero and the equality (2.2) leads to a contradiction at characteristic
two. -

Now, suppose that 1+ C2 = 22 for some ®-unitary element z of
Ve(F2C). Since 2® = z7! and x has the form = = y; + y2a with
y; € FoC?, so

2®tz=a(1+22) =2(l+22) =C2 (X(yl) + X(yg)CL@),
and x(y1) = tr(z® + ) = 0. This shows that
yE + 41+ goa + (20)® = C2®,
which implies that y; = y¥ and
6'\2 = y2® + y2a2n_1+2.

The previous equality shows that the set supp () N supp (yza2" 2
is empty, so |[supp (v5)| = 272, thus x(y2) = 0, a contradiction.

U

We shall use the next homomorphism of V(F,C') later. Evidently,

if U, (z) = za” for x € V(F2C') then V¥, is a homomorphism of V (F,C)
with kernel V,(FoC').

Theorem 2.2.4. If C' = (a|a® = 1) withn > 3 then the order of
Ve (F2C) is 2'5 and

~

Ve (IFC) = We(C) x (14 C).
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Proof. Tt is easy to see that the lower layers of the groups Vg (F2C)
and Sg(C) coincide. To determine the 2-rank of Vg (F2C') it suffices
to find the order of the lower layer Sg(C')[2] of the group Sg(C).

Each ®-symmetric element of V (FyC') has the form

Yo 4 yon-1a® + Z Ye(a® +a %) + Z Ye(a® +aFH),
keR\{ 0} kel+Q

1]

where ; € Fy and 79 + yan-1 = 1. Therefore |Sg(C)| = 272, and

analogously |Sg(C)?| = 2'%'=1. Thus the order of the subgroups
Se(C)[2] and Vg (FC)[2] is 2'5+1. But the kernel of e is Sg(C), so

We(C)| = [V (F2C)| : |Se(C) =27 1.

Now we are ready to prove by induction on the order of C' that
C
Ve (FoC)| = 25", First let |C| = 23. According to Lemma 2.2.2, for
the unit z =Y, a;a’ we have

zx® = By + Bi(a + a’® +a® + a7) + ﬁg(aQ + a6) + (Bo + 1)a4,

because x(z) = 1.
Since g (z) = z2® and the order of I'm(vg) is 23, so the order of
Ve (FoC) is
V(F2C)| : [Im(ve)] = 2°.
Evidently 1+ C € Vg(F2C) and 1+ C ¢ We(C) by Lemma 2.2.3.
Since the subgroup ( 1 + C) x Wg(C) of Vig(F2C) has order 2, we

have
Vo (F2C) = (1 + C) x Wg(O).

Now let |C| > 23. Applying the inductive hypothesis for C?,
Ve (F2C%) = W(C?) x ( 1+ C2).

Lemma 2.2.3 asserts that ( 14 6} X We(C) is a subgroup of Vg (FyC')
and ( 1+ C?) x VZ(F,C) is a subgroup of Vg(F2C?). This shows that

[V2(F,C)| < |Va(FoC?)| : [( 1+ C2)| = [W(C?),
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SO

[C]

ValE20)| = [VAE0)]- [V o0 [2]] < [W(C) | Va(E20)2]] = 25

But ( 1+ 5> X Wg(C) is a subgroup of Vg (FoC') and its order is 2%,
therefore the order of Vg (FoC) = (1 + C) x Wg(O) is ol

Corollary 2.2.5. If C = (a | a®*" = 1) withn > 3 then

Ve (F20)| = %20)'

2.3 Units of type 1 and 2

As we have shown in Section 1.2 the generalized quaternion group,
the dihedral group and the semidihedral group are extensions of the
cyclic group C. In the following G is one of these extensions. In
V(F2G) we divide the units of order two into two classes. It is well
known that @ = 1 + 22b is a unit if and only if x(z1) + x(22) = 1.

Definition 2.3.1. Let x = x1 + x3b be a unit. If x has order two,
X(z1) = 1 and x(z2) = 0 then x is called a unit of type 1. If x has
order two, x(r1) =0 and x(z2) =1 then x is called a unit of type 2.

For a fixed non-invertible element z € FyC' the set
M?={yeV(FC) | (y+y7)2=0}

is a subgroup of V(F2C). Indeed, if y1,y> € M7 then y;2 = yJz and
Y2z = y§z. Hence y1y2z = y1y52 = yJy52z = (1192)7 2, 80 y1y2 € M7.

Lemma 2.3.2. The number of units of type 1 is equal in the two
groups V(FyDant1) and V (FyQan+1).
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Proof. A unit z1 4+ x9by € V(F3Dgn+1) has order two if and only if

{ 2] = 1wy + 1;
(

2.3
(2:3) x1 + x7)xe = 0.

Similarly, 21 + x9b; € V(FoQan+1) is a unit of order two if and only if
2?2 = woata® 4 1;
(.Il + IT).IQ =0.

Let x5 € FoC be a fixed non-invertible element. Clearly xoxh 4 1,
w2x§a2n_1 + 1 belong to the subgroup M, defined before, and the set

HMJ;S_H = { h € M;Q } h? :ZL'QJT;—F:[}

is either empty or according to Proposition 2.1.4 it constitutes a coset
of M, by M} [2]. Similarly,

a=1heM;, | B2 = moxia®  +1 1}

—1
zowha?”

is either a coset of M by M [2] or an empty set.

Let us prove that zoz5 +1 € ®(M?)) if and only if morja®" " +1 is
contained in ®(My,).
Suppose that v = zox5+1 ¢ ®(M;)) and v = zoxia® 1€ D(M,).
Then for u ¢ ®(M;,) there exists a direct decomposition

M;, = (u) xW
for some subgroup W. Of course
v? = (a:2x§a2n_l + 1) = (223)? + 1 = u?,

therefore u~'v € M [2] and v = uy for some y € M [2]. Obviously,
ve (M) = (u®) x W2, whence v = u*w? for some ¢t and w € W.
Moreover, v = uy implies that

201, 2 x 2 4t—2, 4
y=u""w* € M; 2] and 1=y =u"""w"
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This shows that u*~2 =1, so 4t = 2 (mod |u|), where |u| is the order
of u. Hence |u| = 2 and (zo25)* = 0. According to Lemma 2.2.1,
zoxhs = 2(1 4 """ for some z € FoC and

2n71

v=maia® +1=2z(1+d" )a¥  +1

=2(1+a” ) +l=mai+1=u
which is impossible.

We have shown that the cardinalities of the subsets H,,,:,1 and

H , are equal for each non-invertible element z, thus the

m2x§a2n_l+
proof of the lemma is complete.

2.4 Elements of order two in V (F,G)

A unit 1 + x9b3 € V(F3S8Dan+1) has order two if and only if

{ :17%::172:)359—1—1;
(

2.4
( ) T + l‘?)IQ =0.

For each non-invertible and nonzero element x5 there exists an ¢ such
that zo = v(1 + a)" for some v € V(FyC). The equalities (2.3) and
(2.4) yield

Towy = vy (1 + a)*a™" € FyC?,

and ' L
T9xd = (1 +a)' (1 +a* 1) € FoC2
In particular, if 7 = 2[ is even then
(1 + a)2l(1 + CL2"—171)2l _ (1 + a2)l(1 + a72>l _ (1 + a)Ql(l + afl)Ql’
and 975 = yy®(1 + a)*a~".
For each 0 <7 < 2™ we define the set

H? ={ heV(FC) | hh(1+a)'(1+a”)" € F2C? }.
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Lemma 2.4.1. The set H{ has the following properties:
1. Ifi > 2" then H? = V(F,C).

2. If i =20+ 1 is odd and i < 2" then the set His empty.

w

If i = 21 is even and i < 2" then HS is a subgroup of V (F2C).

4. For even indices i = 21 < 2" 1

H§ CHy CH] C---CH3 C-CHj1 ,=V(F0)
and the order of the subgroup HS, is 932",

Proof. 1. Since (14 a)* = (14a%)*" ', for i > 2" we have
hh? (14 a) (1 +a”) = hh? (1 +a)* (1 +a)" 2" (1 4+a%)"2" " =0,

Thus hh?(1 + a)'(1 + a°)' € FoC? for each h € V(F,C). Therefore
H? = V(F,C) for all + > 2771,

2. Let i = 2] + 1 be a fixed odd integer and i < 2" 1.
First, let us prove by induction on [ that if ¢ = 2/ + 1 then

(2.5) (a+a') Zﬂra +a™"),

r is odd

where (3, € F5. This is clear for [ = 0 and assume that

(a+a )2 = Zﬂra +a™").

r is odd

By the identity
(2.6)  (a*+a *)(d" +aF) = (" +a TR 4 (a*F o 7H)
we have

(@t a0 = S (@ ) @ ),

r is odd
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the desired assertion.

Now, we are going to prove that the set H; is empty. First let o be
the *-involution. By Lemma 2.2.1, for h € H} we have hh* = 1421 +29,
where

2 = Z a;(@ +a?), 2= Z ag(a” +a™"),

JER\{ 0} kel+R
and R=1{0,2,4,...,2""1 — 2}, By definition,
2.7)  hh*(a+a ) =04+ 2)(a+a ') + zn(at+at) € F0?
and since ¢ = 2/ 4+ 1 is odd it is easy to see that
(@* +a ) a+a) = (@ +aF)a+a ) (a® +a?),
so by (2.5) and (2.6) we have z3(a +a™ ')’ € FoC? and
w=(1+21)(a+a™") gFC?

if w# 0. But by (2.7) (1421)(a+a™")" = 0 and we have (a+a™1)" =0,
because 1 + z; is a unit. This is impossible for i < 2"~ 1.

Let o be the ®-involution. Lemma 2.2.2 asserts that
hh® =1+ z1 + 22, where

a=0o+ DA+ )+ Y wld+a™),
k€R\{0}

o= 3 et
ke1+Q

and
Q=1{0,24,... 2022 u{2n-ton-lygon-lp 4  on-lpon-2_9}
We remark that

hh®(1 +a)21+1(1+a2n_1*1)2l“
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_ (1+Z1+22)(a+a—1)21((1+a)2"”+(a+a—1)+(1+a)2"”a—1) € F,C2,
The identity
(ak +a—k;+2"*1)(ar +a7") = (ak—i-r + a—r—k+2"’1> + (ak—r _}_a—k+r+2"*1)
and (2.6) assert that

-

(1+,2'1)(a+(f1)21(1Jra)zn_1 +2o(a+a V) at+a N+ 2(a+a ) (1+a)? ot

belongs to FoC?, and

2n71

w=1+2z)(a+a ) +(a+a )1 +a)” 2
+a+aH?1+a)” (1+2z)a"

is not an element of FoC? if w # 0. By (2.7), w € FyC?, and this
leads again to a contradiction. Therefore

(1+z2)(a+a D" 4+ (a4 a1 +a)? (zz +(1+ zl)afl> =0.
Since 1+ 21 and e = 25(1 4 2z1) "' 4+ a! are units, it follows that

2.8 a+a V2 ((a+a )+ (1+a)? e)=0.

(2.8) (

For | = 0 we have (a4 a™') = (14 a)?" e, which is impossible,
because (a +a1)? # 0. If [ > 0 then

(a+a M1 +a)? e e AH(F,0).

Thus from (2.8) it follows that (a 4+ a~!)" € A%+2" ' (F,C) and
i < 41+ 277!, This is impossible by Jennings’ theory [34]. Thus HY
is empty, as we stated.

3. Now we shall prove that for i = 21 < 2"! the set H? is a
subgroup of V(FyC'). Using the basis (2.1), for h € H we have

2"—1

hh® =1+ Z a;(1+a),
j=1
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and
2 —2i—1
hho(1+a)* = (1+a)” + > aj(l+a)’™ € FC”.
j=1
But it follows that a; = a3 = a5 = - -+ = agn_9;_1 = 0. Consequently,

for hy,hy € HY there exist uj,uy € FoC? and vy, vy € A %(F,0)
such that

hihf =1+wu; +v1 and hohg =14 us + vs.
Clearly
huho(hihs)” = hhShahS = 1+ s + us + wrus + 2,
where 1 4+ uy + us + uguy € FoC? and
2 =01 + U1y + vy + uvy + v1vs € A TH(FL0).
Hence hihy € HY and HY is a subgroup of V(FyC').

In the next step we shall verify that HS,_, , = V(FoC'). A unit u
of FoC' can be written as

u=14+a1(1+a)+ay(l+a)*+as(l+a)® (mod A*(F,y0)).
It is easy to see that

(14+a°)=(1+a)+ (1+a)

(2.9) 5 R pnet
1+a)y+---+(1+a) (mod A% " (Fy()).

+

It follows that
u” = 1+ai(1+a)+(ar+ay) (1+a)*+(a+az)(1+a)®  (mod A*(F,C))
and

(2.10) wu’ =1 (mod A*(F,0)).
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Therefore for each h € V(F,C) and i = 2""! — 2, (2.10) says that
hho (14 a)% = hh? (14 a)@ ™ = (1 + )",

This shows that h € H,_, , and HJ,_, , = V(F,C), because h is an
arbitrary unit. This completes the proof of this assertion.

4. Now let i = 2] < 2"~ ! — 2. We shall prove that H? is a proper
subgroup of Hf ,. Clearly HY C HY , and it is sufficient to verify that
h =1+ (1+a)*~2*3) does not belong to H? and h € HZ,,.

Note that for an even ¢ the binomial coefficient (2"_2%_3) is even too
and h? = 1+ (1 +a”)¥'~(*3)_ By the binomial formula and (2.9) we
have

R =1+ (14a)*" " CF) 4 (14 a)" 2 4 (14 a)" ) 4o

where z, € A?"72(F,C). It is easy to see that 2" —4i — j > 2" — 2}
for i < 2"! —4 and j = 4,5,6. This shows that hh° can be written
as

hhe =1 + (1 + a)2”7(2i+2) + (1 + a)2"7(2i+1) + Yo

for some 1y, € A" ~%(F,C). Thus
hh(14a)* =14+ a)* + (1 +a)* 2+ (1 4+a)*

and we have h ¢ H?. But the equality hh°(1 + a)**? = (1 + a)? 2
states that h € H , and this proves that

Hf CHJ CH] C---CH] C---CHS1_,=V(F0C).

Now we shall determine the order of the group H§. The o-unitary
subgroup V,(FyC) of V(F2C) is a subgroup of HJ and we shall use
the subgroup

J?={22° | z€ V(F5C), 22° € FoC* }.

With respect to o we shall distinguish two cases. First let o be the
s-involution. We shall prove that J* = S,(C)? and its order is 22" "1,
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Indeed, if v € J* then u = zz* € F,C? for some 2z € V(F,C) and by
Lemma 2.2.1,

221
u=zz"=1+ E aj(a® + a ).
j=1

Now the *-symmetric element y = 1 + 25:12_1 a;(a? + a™) is such
that y* = u. This shows that J* is a subgroup of S,(C)?. Conversely,
if u € S,(C)? then u = u* and there exists y € S,(C) with y* = w.
Then yy* = y*> = v and u € J*, so J* = S,(C)% The equality of these
groups shows that each y € S,(C) satisfies

=21
=y =1+ ) a;(e¥ +a7) € S.(C),

j=1

hence the order of S,(C)? is 22" *~1,

The map ¢, : V(FoC) — S.(C) induces the epimorphism
. : Hj — J*, and its kernel is the sx-unitary subgroup V,(F,C') and
according to Proposition 2.1.1 V,(F,C) has order 22" '*1. Thus

|Hy| = |V(BaC)| - | = [Vu(BoC)] - [S.(C)2] = 227

Now, let o be the ®-involution. We shall show that
J® = (0¥ ) x Sg(C)2 and [Se(C)?] =27 .
For each y € Sg(C') we have
2n—2_1
=y =1+ > Bia¥+a¥)eSg(C),

j=1

and Lemma 2.2.2 says that a® ¢ Sg(C)? and |Sg(C)? =27 ' =
22" 71,
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Let u € J®. Then u = 22® € FyC? for some z € V(F,C) and
again by Lemma 2.2.2 we obtain that

u = ZZ® :(51(1 + aQnil)
2n—21

e (1 . Z 5 (a2j+2n_1 N a_(2j+2n—1)))7 5; € Fy.
=1

If 6; = 0 then we consider the ®-symmetric element
Yy = 1+ Z §; (a7 ¢ a’(j”n_zﬂn_l))
je{1,3,..,27"2-1}
+ > §(@TT a7 € 55(0),
jE{24,..,20"2-2}
which has the property

2n—2-1

i =1+ Z 0; <a2j+2n_1 + a’(2j+2"_1)> € Se(C)2.
j=1

Therefore u = a®" 32 € (a®" ') x Sg(C)2.
Now assume that §; = 1. Then the ®-symmetric element

Yg = 1+ Z 5j((lj + a_j+2n71)

+ Z §i(a? +a”7)

Jje{ 24, 2n"1-2}

is such that v =32 and u € J® C (a*") x Sg(C)2. Conversely, if
we (a2 ) x Sg(C)? then u = (a2 )id for some d € Sg(C)2. Choose
w € Sg(C) with w? = d. Then

n—1 n—1__
u = (&2 )td :atat(Z 1)w2

n—1_
—a'wa'®" Yw = dtw - (a'w)® € JC.

Consequently, J® = (a?") x Sg(C)2.
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Again, ¢g : V(F2C) — Sg(C) induces the epimorphism
Ve : HY — J® and its kernel is the ®-unitary subgroup Vi (FoC).
Using the Corollary 2.2.5 this shows that
15| = [Va(F0) - 7] = [Vo(Fa0)| - [( ") x SO = 2%

We have established

H{ C Hf C H] C --- C Hy.o1_, = V(F0O),

and |[Hg| = 22" from which it follows that [V (F,C) : HJ] = 22"~
and by the second part of this lemma, the number of different sub-

groups HY is 2"~ — 1. This is possible if and only if [Hg_, : Hg] = 2
and we get that the order of H is 232" "+ for every 21 < 2"°1.

For 0 <17 < 2" the set
L] ={heV(FO)2 | (h+hr)1+a)=0}

is a subgroup of

(2.11) -
vEo)2 = { ( Z ajal ) (1+0)* ™ € V(F,C) ‘ o €T, }.

Indeed, each hy, € LY is such that hy(1+ a)* = h{(1 4+ a)’, so
hihy(14a)' = hih(1 +a)' = hSh(1 + a)' = (hihy) (1 + a)’,

and L? is a subgroup. Moreover, easy calculations show that h® = h*
for each h € V(FyC)[2]. Therefore,

(2.12) L® =L

Consequently it is sufficient to investigate the properties of L.
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Lemma 2.4.2. The subgroup L} has the following properties:
1. L} = V(F,C)[2] fori > 2"t
2. For even indices i = 21 < 2" the subgroups L}, satisfy
LyCcLyCLyC---CLy C--- C Lo = V(F0)[2],
and the order of L%, is 22" 11,

3. For odd index i = 21 + 1 < 2"~ the subgroup L}, coincides with

Loy
Proof. First let 1 > 2"~! — 2. By (2.11) each h € V(F,C)[2] can be
represented in the form
h=14agm1(1+a)® " +amaiy(1+a)? ' 4u
for some u € A% t2(F,C). Formula (2.9) asserts
W=1+am1(14+a)” +agmi1(1+a)* 4o

for some v € A¥" ' F2(F,C) and h + h* = u+ v € A*"+2(F,C). But
A?H(FLC) € Ann((1 + a)?) for all i > 277! — 2, and we conclude
that (h+ h*)(1 +a)® = 0. Therefore L; = V(FoC)[2] for all i > 2"!
ori=2""1—-2

Each *-symmetric unit A € Lj can be written as

=21
h=1+ (Oz(] + 042n_2a2n_2 4 Z a; (aj + a*j+2"_1)> (1 + a)Z"—l,
j=1

where «; € Fy. This shows that A has 2"=2 1 1 independent coeffi-
cients, thus the order of Lf is 22" +1.
Now we verify that L3, is a proper subgroup of LZ(M) for all indices

21 < 2"~ — 2. According to (2.9), for u = 1+ (1 +a)?"~?*3) we have

u* — 1 4 (1 + a)2n7(2l+3) + (1 + a)2n7(21+2) + 2,
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where z € A?"~CHU(F,(C). This shows that
wtut = (14+a)2" =@ |

SO
(u+u)1+a)=14a)* 2+ 1 +a)?z#0,

and u & Lo But (u+ u*)(1+4a)?™ = (14 a)?" =0, and this means
that u € L3, and L3, is a proper subgroup of L, ,.

Clearly |V (Fo0)[2]| = 22" and [V (F,0)[2] : Li] = 22" "~ As we
saw above the number of different subgroups L3, is 272 — 1. The only
possibility is that [L5, : L] = 2 and L3 has order 22" +'* for all
20 < 271,

Finally, we use again the element u = 1+ (1+a)?"~+3) We note
that

(u+u)(1+a)* = (1+a)” 1 #£0,

sou & Ly, but uw € L3 ,. It is easy to see that Ly, C L5, C L3,
and (L3, : Ly] = 2, so L} coincides with L3, ;.

O
It is now possible for us to prove the main theorem of this chapter.

Theorem 2.4.3. Let G be a 2-group of mazimal class and let ©¢(2)
be the number of elements of order two in V(FyG). Then

Op,... (2) =221+ 2%
6SDQn-t,q (2) = 22”+n—1;

@Q2n+1 (2) = ¥in=t 92",

Proof.  We divide the proof into three parts. We begin with the
dihedral group. Let us determine the number of the units x; + z2bs of
type 1in V(FyDgn+1), where 2o = 0 or 73 = v(1+a)’, 7 is a unit and
1> 0.

If 25 = 0 then by (2.3) we have 22 = 1. Therefore the number of
units of type 1 with 25 = 0 coincides with the order of V(F,C)[2].
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Now let 0 < i < 2" ! and 29 = v(1 + a)’. Then

(2.13) i =1y (a+a™) +1;

(2.14) (1 +23)(1+a)" =0.

By (2.13) the element yy*(a+a~")" belongs to FoC?, further according
to Lemma 2.4.1 the number ¢ = 2[ is even and

Hy={~v€V(EFC) | v (a+a ) €F.C?}
is a subgroup of V(F,C).
For fixed v and ¢ we determine the number of units x1+x2bs of type

1, which satisfy the conditions (2.13) and (2.14). If the unit 2z} + z2b
is also of type 1 then o/2;! is a unit of order two and

(i + (22 ) ) (1 + ) = 2 (27 + (7)) (1 + ) = 0.
Therefore

ghart € Ly ={heV(EFC)2] | (h+hr)(1+a)* =0},

so ) € xy - L3; and the number of different elements 2 is |L}|.

Finally, we shall determine the number of elements zo = v(1 + a)’
for a fixed i, where v € V(FoC'). This number coincides with the
cardinality of the set

Ky ={y(1+a)" | y€V(F0), 1 (a+a )" €F20% }.

Clearly Ky coincides with H;(1 + a)?. But 7(1 —i— a)zl =7'(1+ a)”
if and only if v 19/ (1 + a)* = (1 +a)*, so v !9 € Sy. We have
established the equality ‘KQZ| g’j “ Hence the number of units of
type 1 of the form x; + xby for a fixed 0 < 21 < 2"~ is equal to

| H3|
18]

Ly =22
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Now consider the case when 27! <4 < 2" Then (a +a™')" =0,
and (2.13) implies that the unit z; + 22, is such that 21 € V(F2C)[2]
and (2.14) is always satisfied. Thus z5 € V(F2C)(1+a)" and there are

V(F,C
M |V (F.0)[2]]
|54
different units of type 1 in V(IFy Dan+1). We obtain that in V(FyDgn+1)
the number of units of type 1 is equal to

on— 2 -1 |H*|
V)2 + X
22n—1 1 ZJQ -2_1 22n+1 4 22n_1 22 ;} ) 22"*12—3‘ — 22" (2n—l . 1)

Now let us consider the number of units of type 2 in V(FyDgn+1).
If x1 + 2909 is a unit of type 2 then x5 is a unit and according to
(2.4) we have z; = 2} and zxy = (1 + z1)%. Evidently 1 + z; is a
*-symmetric unit and zozj € V(FoC?). By the first part of Lemma

2.2.1, for a fixed unit x, the set

*
L2l

ST M )

{1421 €8.(C) | (1+21)* =91} }

is a coset of S.(C) by S.(C)[2]. Therefore the number of the different
a1 is [S.(C)[2]]. Clearly Lj coincides with S,(C)[2], so for a fixed z;
the number of the different :1;1 is |L*‘

Since Hj = { h € V(F,C | hh* € V(F,C?) } the number of the
different x5 coincides with |Hg|. This shows that in V(FyDgn+1) the
number of the units of type 2 is

‘H* _ 23.2"*2+2"*2+1 _ 22"+1
0 = =

|G

and
Op,.,(2) = 224771 427",

Now let us consider the generalized quaternion group. Let x1+x2b;
be a unit of type 2. Similarly to the previous case, x; is *-symmetric

and
2n—1

2 x on—1 * *
T] + Ta2x5a = I1T] + TaTya =1
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-1

Since 1 & supp (z12}) and 1 € supp (zex5a® ), by Lemma 2.2.1
this equality is impossible. Therefore, there is no unit of type 2 in
V(FaQan+1).

By Lemma 2.3.2, in V(FyQgn+1) the number of units of type 1 is
(271 —1)22" and

@Q2n+1 (2) — 22”+n—1 - 22”.

Finally, let us consider the semidihedral group. According to (2.12)
and Lemma 2.4.1, we have |Hi®| = ‘Hj and |L§-’B| = ‘L;" for each
index ¢ < 2". Thus in V(F3SDgn+1) the number of units of type 1
is (27! — 1)22" as in the group of units V(FyDgnt1) for the dihedral
group.

We shall determine the number of units 1 + z2b3 € V(F25Dan+1)
of type 2. Then x5 is a unit and from equation (2.4) it follows that
191y = (11 + 1)2 € V(FoC?) and (21 + 2P)zo = 0. Since x5 is a unit
we get that x; is a ®-symmetric, so 1 + z; is a ®-symmetric unit as
well. Evidently 257y = (1 + 2;1)? € Sg(C)% We have seen that

Jo = { 2225 | 22 € V(F20), z02§ € FoC? } = (") x Su(0)?,
thus the number of different x5, is
]{ 13 € V(FC) | 222§ € So(C)? }‘

®

= [Vo(FC)| - |Se(C)?| = |Ve(FC)| - el = Hal,

2 2

For a fixed unit x5 the set { 1421 € Sp(C) | (14 21)? = 2225 }
is a coset of Sg(C') by Sg(C)[2] as the first part of Proposition 2.1.4
asserts. Clearly, LY coincides with Sg(C)[2], so for a fixed zy the
number of the different z; is ‘L?‘. We obtain that the number of
units of type 2 is

|HG | ‘L®} _ 9327724 9n % _ gon
2 0l — -

and Ogp,_,,, (2) = 2", the proof is done.
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O

Using this theorem we can solve the isomorphism problem of the

normalized group of units for group algebra of 2-group of maximal
class over the field of element two.

Corollary 2.4.4. Let Fy be the field of two elements, and let G and
H be finite 2-groups of mazimal class. Then V (F2G) is isomorphic to
V(FyH) if and only if G and H are isomorphic.

Proof. This follows immediately from the previous theorem.

OJ
We note that the previous corollary is a generalization of Baginski’s
result [3].



Chapter 3

Structure of group of units
with class p

3.1 Preliminary results

This chapter includes results of [5].

We begin with the description of the center ¢ (V (F,G)) of V (F,G),
where G is a finite p-group with commutator subgroup G’ of order p
and p > 2. Let Cg,...,C, be all the different conjugacy classes

of G which contain at least two elements. It is easy to check that
+ = 1GI=K@)
p Y

Cop = giG',  CpCp=0 (1<i,j<t)

and G’ is a central element with square 0. -

Clearly, the set of all elements of the form 25:1 a;Cy, is an ideal of
the center ((F,G). It follows that every central unit z € ((V(F,G))
can be written as

t t t
=1 =1 =1

where z € V(F,((G)) and oy, 3 € F,. Also it is easy to check that
V(F,0(G)| = p I,

35
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[Gl+(p=DI|(D]|=p

(3:2) C(VEG)|[=p 7 :
and according to (3.1) we get

(3.3) C(V(FPG)> - V(FPC(G» x N,

t —
where N = [[(1+4C,,) is an elementary abelian subgroup of V(F,G).
i=1

Further, the commutator subgroup V(F,G)" has exponent p be-
cause it is a subgroup of 1+ I(G’) and I(G’)? = 0, where I(G’) is the
ideal generated by the elements of the form h — 1 with h € G'.

We shall need the following results:

Proposition 3.1.1 (Huppert [32], Lemma II1.9.6). Let U(F,) be
the group of units of F), with odd prime p. Then

Z k’"—{ 0for 1<r<p-—2;

heUEy) p—1for r=p—1

Proposition 3.1.2 (Hall [29], Theorem 12.4.2). A finite p-group
G is regular if and only if, for any x,y in G we have

Py = 2y,
with d in the commutator subgroup of the group generated by x and y.

Denote by [F,G,F,G] the span of all ring commutators zy — yz
with =,y € F,G, which is called the commutator subspace of F,G.

Proposition 3.1.3 (Brauer [23]). An element }_ . ayg belongs to
the commutator subspace [F,G,F,G] if and only if ) .o, g =0 for
every conjugacy class Cy of G. Moreover

(z+yP =2 +y" (mod [FpGa FPG])

for any z,y € F,G.
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Definition 3.1.4. We say that G is a central product G ¥ Gy of
its subgroups Gy and Gs if the elements of Gi and Gy commute and

together generate G, and G1 N Go is the center of one of the factors
Gy, Gs.

Proposition 3.1.5 (Berger, Kovacs and Newman [8]). Every
finite p-group (p > 2) with cyclic Frattini subgroup has the following
representation:

(3.4) G=EX(GoyGyYy--YGy),

where E is elementary abelian, G1,--- ,G4 are nonabelian of order
p®, of exponent p, while |G0‘ > 1 if }E‘ > 1, and Gy has one of the
following types: cyclic Cpn = ( ag | a) = 1), or nonabelian with
cyclic mazimal subgroup

My = { ag,by | @ =0 =1,(ag,bo) =a} ),
and for 1 >0

Gi = < ai,bi | aip = bip = 1, (ai,bi) = C, (CLZ‘,C> = (bz‘,C> =1 >
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3.2 pth powers of normalized group of units

We begin to investigate the pth powers of normalized group of
units V(F,G).

Theorem 3.2.1. Let G be a finite p-group with commutator sub-
group G' of order p > 2. Then V(F,G)? is a subgroup of the center

((V(F,G)).

Proof.  Let H be the subgroup of V(F,G) generated by = and y,
where x € V(F,G), g € G, and y = g~ 'zg. Evidently,

(z,y) =2 (g, 2)x(z, )
= (z,(z,9)) € 13(V(F,G)),

so the factor group Hvs(V (F,G)) /s (V(F,G)) is abelian. Thus H’ is
contained in 73 (V(IFPG)) and the nilpotency class of H is less than p.
Then H is a regular p-group and so, according to Proposition 3.1.2,
we have

o Py = (a7 Y = (x,g)"d"
for some element d of the commutator subgroup of V(F,G). But
V(F,G)" has exponent p, so x Py? =1 and 2 = g 'aPg for all g € G.
Thus z? is central, as asserted.

O

Lemma 3.2.2. Let H be a group generated by two elements a,b, and
suppose that its commutator subgroup H' is central of prime order p.
In any group ring of H,

p—1
1 —
(3.5) (a+b)P =a’ + 1 + E - (p) a"bP~"H'.
p\r
r=1

Proof. As a first step, observe that ((H) = (a?,b") H' has index p?,
and that the centralizer of any non-central element h is (h)((H). For
k,re{l,2,...,p—1}and ¢1,...,¢, € {a,b} with ¢, ---¢, € a"P""H’,
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it follows that no element of the coset a"b?~"H' can commute with the
product ¢; - - - ¢, and so

Ck:—‘rl“'cpcl"'ck:(Cl"'ck)_l(cl"'Cp)(cl"'ck‘) ?écl”'cp'

Next, consider the set of all words z125---%2, of length p in the
alphabet {x,y}, as elements of the free semigroup S freely generated
by {z,y}. The group of order p acts on this set by cyclically permuting
the letters of a word. It is easy to see that there are only two words
fixed under this action, 2P and y”. Since p is prime, the length of
each non-singleton orbit is p. There are precisely (f) words in which
x occurs r times and y occurs p — r times, and we conclude that these
are permuted in %(f ) orbits.

Let o : S — H be the homomorphism defined by z +— a, y — b.
The images of the orbits we counted all lie in the coset a"b?~"H'. The
point of the first step of our argument was to show that the restriction
of o to each of these orbits is one-to-one. Since each orbit has length
p and this is also the number of elements in the coset, it follows that
each element of a"b?~"H' is the image of precisely %(f) of the words
under consideration.

OJ

Let © = > ;a49 € V(F,G). From Proposition 3.1.3, we know

that ¥ =y + u, where y = > - a,¢” and u € [F,G,F,G]. Lemma

3.2.1 tells us that 2 and the g” are central in F,G; therefore so is

y, and then also u. By Lemma 3.1.3 again, the support of v cannot

contain any element of ((G), so u must be a linear combination of the
C/';.. Thus u? = 0, and then

(3.6) 2P = (y+u) =y = <Z aggp>p = Zaggp2,

geG geG

because each g” is central. We have proved that V(F,G)?" = V(F,G?") .
When exp G > p, this shows that the exponents of the groups V (F,G)
and G coincide. Consider next the case exp(G) = p. Choose a,b € G
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Then a + b —1 € V(F,G) and by (3.5) we have

with (a,b) # 1.
= (a+b)? — 1 # 1. Tt follows that

(a+b—1)

exp(G) if exp(G) > p;
(3.7) exp (V(F,G)) = ) (G) _ (G)
D if  exp(G) = p.
Theorem 3.2.3. Let G be a finite nonabelwnp group with |®(G)| = p.

Then V (F,G)* = V (F,GP) x N, where N = H(l + C'g)

=

Proof.  First we shall prove that N C V(F,G)?. Let v € U(F,),
g € G\ ((G) and h € G such that (g,h) # 1. The commutator
subgroup of (h, g 'h) coincides with G’ and

(3.8) Gh?=G,  ((g7'hy -1)G =0,

because h?, (g~'h)P € G'.
Clearly, for each v € U(F,) the element u, = h+ (g 'h — 1) is a
unit in F,G. By (3.5) and (3.8)
uh = ((h+797'h) = 7)" = (h+7g7 h)? — "

=" +~((g"'h —1+Z (") (vg R)PT G

It follows that, with v ranging over U(F,),

[T (wh) =1+ ( 3 7) (g h)? — 1)

veU(Fp) ’YGU(]FP)
+ Z (>

and here, by Proposition 3.1.1, all summands with » > 1 vanish, leav-
ing

7“’”) (g th)r G

veU(Fp)

[T @h)=1-hgh)c".

yeU(Fp)
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Since (g7 'h)PG' = G’ by (3.8), we have h(g~— k)~ (g 'R)PG" = ¢G'
and - .
[ @h™)=1-9G"=(1+9G)"
veU (Fp)

Thus 1 + ¢G' = <H76U(Fp)(u§h’p)> e V(F,G)P. Since the

elements of the form 1 + gG’ constitute a generator system of N,
we have proved that N C V(F,G)?, as required.

Let G? be a nontrivial subgroup of G. Since ®(G) is cyclic, then
GP = (gP) for some g € G and

V(Fy(g”)) € V(Fp(g))” € V(E,G)".

Thus we have proved that V (F,G?) x N C V(F,G)".
Finally, the relation V(F,G)? C V(F,G?) x N follows from (3.6)
and the prove is complete.

O

The following question: for which nonabelian p-group G is it true

that G NV (F,G)? = GP, is due to Johnson [35]. The previous lemma
can be applied to conclude the following

Corollary 3.2.4. Let G be a finite p-group such that |®(G)| = p > 2.
Then
GNV(F,GP = GP.

Proof. By Lemma 3.2.3 we get V(F,G)? = V (F,G?) x N, and so
GNV(F,G)P =GNV (F,G") =GP
0

Now we can prove that the normalized group of units V(F,G)
determines the nonabelian p-group G if G has cyclic Frattini subgroup.
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Theorem 3.2.5. Let G and H be finite nonabelian p-groups with
cyclic Frattini subgroup and p > 2. Then V(F,G) is isomorphic to
V(F,H) if and only if G and H are isomorphic.

Proof. 1t follows from Proposition 3.1.5 that, when p > 2, every finite
nonabelian p-group G with cyclic Frattini subgroup may be written as

(3.9) G=Ex(KvylL),

where F is elementary abelian, K is either of order p or an extraspecial
group of exponent p, and L is either nontrivial cyclic or nonabelian
with a cyclic maximal subgroup, that is, L is either Cpn = (a|a?" = 1)
with n > 1 or

n—1 n—2

My =(ab|ad” =0=1 (a,b)=d" ") with n > 3.

It is obvious that L is cyclic if and only if exp(G) = exp (C(G));
in this case, ‘L| = exp(G) and |K‘ =p- }G : C(G)|, and otherwise
L] = p-exp(G) and |L| = p~* - |G : ((G)|. Consequently, the
isomorphism type of such a group is determined by the orders and
exponents of the group and its center.

The nontrivial part of the proof of the theorem is the claim that
these four invariants of G are recognizable from the isomorphism type
of V(F,G).

First, |G| is recognizable from |V(IFPG)‘, and then {C(GM can be
computed from |¢(V(F,G))| and (3.2). Using (3.1), it is not hard to
see that

exp(¢(G)) = exp (C(V(IFPG))>.

It remains to show that the exponent of G is also recognizable. By
(3.7) if exp (V(F,G)) > p? then exp (V(F,G)) = exp(G) and so we
only have an issue when exp (V(F,G)) = p*.

In this outstanding case exp(G) < p?, so we obtain that |®(G)| is
equals to p. Indeed, it is clearly for the group G with exp(G) = p. If
exp(G) is equal to p? then by (3.9) exp(G) = exp(L) = p?. Clearly
®(G) = ®(L) and from the fact that L is isomorphic to either C2 or
M, follows that the subgroup ®(G) has order p.
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Then with respect to Lemma 3.2.3 V(F,G)? = V (F,G?) x N, where

1GI-1¢(G)
‘N‘ =p » . Therefore we can determine whether ’G”’ is either 1

or p. We have proved that the exponent of G is also recognizable, as

required.
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Chapter 4

Filtered multiplicative basis

4.1 Preliminary results

This chapter includes results of [4].

In this chapter we shall investigate the existence of filtered multi-
plicative basis of group algebras. Assume that B is a filtered multi-
plicative [F-basis for a finite-dimensional F-algebra A. In the proof of
the main results we shall use the following simple properties of B.

Proposition 4.1.1 (V. Bovdi [16]). B Nrad(A)" is an F-basis of
rad(A)"™ for all n > 1.

Proposition 4.1.2 (V. Bovdi [16]). If u,v € B\rad(A)* andu = v
(mod rad(A)*) then u = v.

Recall that the Frattini subalgebra ®(A) of A is defined as the
intersection of all maximal subalgebras of A if those exist, and as A
otherwise. If A is a nilpotent algebra over a field F then ®(A) = A?
by [24]. This implies

Proposition 4.1.3 (V. Bovdi [16]). If B is a filtered multiplicative

F-basis of A and if B\ {1} C rad(A) then all elements of B\ rad(A)?
are generators of A over F.

45
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Proposition 4.1.4 (V. Bovdi [16]). Let G be a finite metacyclic
p-group and F a field of characteristic p. Then the group algebra FG
possesses a filtered multiplicative F-basis if and only if p = 2 and
exactly one of the following conditions holds:

1. G is a dihedral group;

2. F contains a primitive cube root of the unity and G is the quater-
nion group Qg of order 8.

Proposition 4.1.5 (V. Bovdi [17]). Let F be a field of characteristic
p and let G satisfy one of the following conditions:

1. G is a nonabelian powerful p-group;

2. pisodd, and G is a 2-generated nonabelian p-group with a central
cyclic commutator subgroup.

Then the group algebra FG does not have a filtered multiplicative F-
basis.

Proposition 4.1.6 (V. Bovdi [17]). Let F be a field of characteristic
p and let G be a nonabelian p-group with a cyclic subgroup of index p°.
Then the group algebra FG possesses a filtered multiplicative F-basis
if and only if p =2 and one of the following conditions is satisfied:

1. G s either the dihedral 2-group or Dom X Cs or the central product
Dg Y 04 Of Dg with 04,'

2. F contains a primitive cube root of the unity and G 1is either

Qs x Cy or Qs;

3. G is one of the following groups:
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Gs={ a,c,d | 2" == =1,

(d,a) = (d,c) =1, (c,a) =d ), withm > 4;
Gis={(acd | " =F=d=1,

(d,a) = (d,c) =1, (c,a) = a’d = ), with m > 5;
G =( a,c,d | & =dr=1, 2=d"""",

(d,a) = (d,c) =1, (¢,a) = a*d ), with m > 5;
Gir=(acd | " = ==1,

(d,a) = a?" (d,c)=1, (c,a)=d ),m >5;
Gis=(acd | " =d=1, &=,

(d,a) =a®" ", (c,a) =a’d ), withm > 4;

Goy = ( a,c,d | 2T 2 g2 = , (dya) =1,

~—~ Q

d,c) = ", (c,a) = 2y ), with m > 6;
Gy =(a,cd | = =d=1, (da)=1,

(d,c) =a®"", (¢c,a)=a>?""d ), withm > 6;
Goy = ( a,c,d | == =1, (d,c) =1,=

(d,a) =a®"", (¢c,a) = a®> " ‘d ), with m > 6;
Gys=(acd | & =d=1, c=a>"", (dc)=1,

(d,a)=ad*""", (c,a) =a> 2" 'd ), withm > 5.
Proposition 4.1.7 (V. Bovdi [16]). Let G be the group
Hg={(ac|a'=0*=c=1, (a,b) =1, (a,c) =b, (bc)=1)

and F a field of characteristic 2. Then the group algebra FG possesses
a filtered multiplicative F-basis.

Proposition 4.1.8 (B. Huppert [32]). Let G be a group of order
p* and p > 2. Then G is one of the following groups:

L (ab]|a’ =w=1, (a,b)=0a" );



w
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abe| @ == =1, (a,b) = (a,c) =1, (b¢)=a );

abe| a’ =W=c=1, (a,b)=(bc)=1, (a,¢)=a?, );
a,c | b’ =P =1, (a,b) = (b,c) =1, (a,c) =0, );
a,c | b =P =1, (a,b) =a?, (a,c)=0b, (byc)=1);
a) forp=3{( a,c| a®=1, =a3 (ab)=ad

(a,c) =071, (bye)=1);
b) forp>3(ac|a’ ==1, (a,b)=ar,

(a,c):b, (b,C):ap >;'

a) forp=3(a,c| a®=1 =a3 (ab)=a

(a,c) =b71, (bye)=1);

b) forp>3(ac|a’ =c=1, (a,b)=ar,
<a7c):b7 <b7c):aap >7’

and a 18 any nonresidue modulo p;

(a,c| a?=c"=1, (a,c) =d,(c,d) = (a,d)=1)

X( h|h"=1);

. forp>3

(a,c| ad?=c=1, (a,¢) =d,(d,c) = f,
(a,d) = (a, f) = (¢, [) = (d, ) = 1);

forp=3{(abc|ad®=0¥=3=1, (a,b) =1,

(a,c) =b, (bc)=a3).
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4.2 Lazard-Jennings series

We define the Lazard-Jennings series M;(G) of a finite p-group G
by induction. Put

M(G)=G  and  My(G) = ( (Mi1(G), G), M[3(G) ),

where

. [i] is the smallest integer not less than %;
o« (Ma(G).G) = ( (wv) | weM(G), ve G );

e M?(G) is the subgroup generated by the p-powers of the elements

Evidently,
M(G) 2 My(G) 2 --- 2 My(G) = 1.

Let F be a field of characteristic p. Since G is a finite p-group,
A(FG) is nilpotent, and

A(FG) D A*(FG) D --- D A%(FG) D ATH(FG) = 0.

Then the subgroup D,(G) = { g € G | g—1¢€ A"FG) } is
called the nth dimensional subgroup of FG. It is well known fact that
for a finite p-group G, M;(G) coincides with ®;(G) for all 1.

Let I={ieN | DG) # Di1(G) }. For i €I, let p% be the
order of the elementary abelian p-group

d;

Di(G)/Di1(G) = [ [(uijDi11(G)).

j=1
Hence each g € G can be written uniquely in the form

_ 011, Q12 A1dy a1 2dy Qi1 Qid; - as1 |, Qsds
g = Uy Upp™ »r - Uyg Upp w oo Ugg,™ - Uy~ Uyg, = m Uy Usdy
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where the indices are in lexicographic order, i € I, 0 < a;; < p, and s
is defined as above.

Let w =[], (HZ;l(ulk —1)vr) € A(FG), where 0 <y, < p and
the indices of the factors are in lexicographic order. Then w is called
a regular element of weight pu(w) = >, (ZZl:1 lyi;). By Jennings’
theory [34] the regular elements with weight not less than ¢ constitute
an F-basis for the ideal A*(FG). Clearly,

{ (w; = 1)+ A*(FG) | j=1,...,d1 }

is an F-basis of A(FG)/A%(FG). Note that D4(G) coincides with the
Frattini subgroup of G, so the set {un,um, e ,uldl} is a minimal
generator system of G.

Suppose that B; = {1} U {bl, by, ..., b|G|,1} is a filtered multiplica-
tive F-basis for FG. Then B = B; \ {1} is a filtered multiplicative
F-basis of A(FG) and contains |G| — 1 elements.

Let B\ (B N AQ(]FG)) = {bl, by, ..., bn}. Evidently, n = d; and

(4.1) by = Zaki<u1i —1) (mod A*(FG)),

where ay; € F and A = det(ay;) # 0. For units x,y of FG we have
y—De-)=[r-Dy-D+@@-1)+y-D](z-1)
+@ -y -1+ (-1),

where z = (y,x). Since zj; = (u1;,u1;) € D2(G) and z;;, — 1 € A%(FG),
using (4.2) we obtain that

(w; — D(wy; — 1) = (w1 — )(ug; — 1) + (2, — 1)  (mod A3 (FQ)).

Thus simple computations give that

(4.2)

bkbs = Za;ﬁ-asi(uu — 1)2 -+ Z (Oé]m'Oésj + Ozkjasi)(uu — 1)(u1j — 1)

i=1 =1
+ Z akjasi<zji - 1) (HlOd As(FG))v

4,j=1
i<j

where k,s =1,...,n.
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4.3 On filtered multiplicative F-basis

Denote by 2 the set of those groups which belong to one of the
following types of nonabelian p-groups:

1. either metacyclic or powerful groups;
2. p-groups with cyclic subgroup of index p?;

3. two generated p-groups (p # 2) with central cyclic commutator
subgroup.

Note that if By and By are filtered multiplicative F-bases of FG,
and FGo, respectively, then By X Bs is a filtered multiplicative F-basis
of the group algebra F[G; x G3].

Theorem 4.3.1. Let FG be the group algebra of a finite nonabelian
p-group G of order p" over a field F of characteristic p, where n < 5.
Then FG possesses a filtered multiplicative F-basis if and only if p = 2
and G 1s one of the following groups:

1. dihedral group D,, of order n, where n equals either 8 or 16;

2. either the quaternion group Qg of order 8 or Qg x Cs, and F
contains a primitive cube root of the unity;

3. either Dg x Cy, or the central product Dg ¥y Cy of Dg with the
cyclic group Cy of order 4;

Hg={(arc|a'=bt"=c=1, (a,b) =1, (a,c) = b,
(b,c) =1 ).
Proof.  Let F be a field of characteristic p (p is odd) and G a p-

group of order p*. The classification of these groups can be found in
Proposition 4.1.8. According to Propositions 4.1.4, 4.1.5 and 4.1.6 if
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G belongs to A then G has no filtered multiplicative F-basis. If G does
not belong to 2 then it is one of the following two groups:

H =(ac|ad?="=1, (a,c)=d,(d,c) = f,
(a,d) = (a, f) = (¢, [) = (d, [) = 1), with p>3;
and

Hy={(a,c| a®=c=1,(a,c)=d,(c,d)=(a,d)=1)
X {( h|h =1), with p > 3.

It is easy to check that in both group algebras FH; and FHj:
(43) (c—1Da—-1)=(a—1)(c—1)—(d—1) (mod A*(FGQ)).

Let us consider the following cases:
Case 1. Let G = H,. Since

M(G) =G, My(G) = (G, G") = (d, [),
Ms(G) = (({d, [), G), G*) = (f),

we have that u(d) = 2 and u(f) = 3, where p is the weight of these
elements. Let

by =ai(a—1)+ay(c—1) (mod A*(FG))

and
by = Bi(a— 1)+ Bolc—1) (mod A*(FQ))

as in (4.1). Using (4.3) and
(d=1D(c=1)=(c—1)(d-1)+(f—-1) (mod AYFQ)),

let us compute by, b;,b;, modulo A*(FG), where (iy = 1,2). The re-
sult of our computations will be written in a table, consisting of the
coefficients of the decomposition b;, b;,b;, with respect to the basis

{(a=1) (c=1)2(d— 1) (f = 1) | ji+ j2+ 23+ 3js = 3;
j1>j2 20717273; j37j4 =0,1 }
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of the ideal A3(FG)/A*(FG). We shall divide the table into two parts
(the second part written below the first part). The coefficients corre-
sponding to the first four basis elements will be in the first part of the

table, while the next three will be in the second one. Thus

(-1 | (a-1%c-1) | (a-D@d-1) | (a—1)(c—1)?
b1b2by aip 2010031 + aff | —20102B1 — 3B | 2010002 + a3
b1b3 a1 33 2000102 + 287 | =207 — a1B1fB2 | 2026182 + o1 53
bab? 36 2010002 + 0361 | =203 02 — aranf | 2010002 + a3
babiby | o f3f 2015102 + a8 | =201 6102 — a2} | 2003132 + a1 53
b3 af 3aian —3alay 3aia3
biby aif 2010001 + o B —3arasfr 2010002 + a3
b3b, Bt | 2006102 + 253 =311 62 20231 82 + o1 33
b3 Jiis 30162 3016, 36103
(c—1)(d—1) G- [(e—1y
bibobi | —20n 0982 — 0301 | —a3f1 —araofe | a3fe
b1b3 —3a231 52 —20951 B2 o33
bob? =3 —2010232 o332
babiby | —2006102 — a1f85 | —cu 35 — aofif | @233
b3 —3a103 —20103 ol
biby | —20301 — araefs | —aiaefs — a3 o33
b3by | —20103 — asfif | —2fife —a1fs | aof33
b3 —3032033 —26133 B3

We have obtained 8 elements, but the F-dimension of the factor
algebra A3(FG)/A*(FG) equals 7. From (4.2) the determinant A is
%i a; . Since A # 0, we see that one of these products
bi, bi, b, either equals zero modulo the ideal A*(FG) or coincides with
another one.

It is easy to see that none of the lines is equal to zero. Indeed, for
example, if b1bob; = 0 (mod A*(FG)) then from the second column of
the first part and the fourth column of the second part of the table we
get that a2 = 0 and o383, = 0. Since A # 0, this case is impossible
by the third and fifth column of the first part of this table. In a similar
manner we can prove this statement for all lines.

If we assume that two of the lines are equal then we also get a
contradiction. For instance, if bjbsby = 0102 (mod A*(FG)) then from

equal to
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the second column of the first part and the fourth column of the second
part of the table it follows that

04151(% - 51) =0 and CY252(042 - 52) =0.

Since A # 0, the third column of the first part of the table leads to a
contradiction.

Similar calculations for any two lines also lead to a contradiction,
so we have got that FG has no filtered multiplicative basis.

Case 2. Let G = H,. Using (4.3) let us compute b;,b;, modulo
A3(FG) where (i, = 1,2,3). The result of our computations will
be written in the following table, consisting of the coefficients of the
decomposition b;, b;, with respect to the basis

{ (=1 (c=1)2(h=1)"(d=1)" | j1+ja+Jjs+2js=2;
i gasds = 0,1,2; jy=0,1}
of the ideal A*(FG)/A3(FG):

(a—12 | (a—D(c—1) | (a=1D)(h—-1) | (c=1D2 | c=D)h—-1) | (h—12 | d—-1)
biba o161 a1 B2 + a1 o183 + azf1 B2 azf3 + azfa a3f3 —a2f
baby o161 a1 B2 + a1 o183 + azfi az B2 azf3 + azf2 a3f3 —a1 62
b1b3 Y1 a1v2 + a2y a1v3 + azvi 272 a2v3 + azy2 373 —a271
b3by Y1 a1v2 + a7 o173 + azv 272 a2y3 + azy2 373 —a172
babg Bim B1v2 + B271 B1vs + P31 Bav2 B2v3 + B3z B33 —B271
bzba Bim B1v2 + B271 B1vs + P31 B2z B27v3 + B3z B3vs —B172

bi ai 2a1 g 21 a3 a§ 2apa3 a; —aa
b% ﬁ§ 23182 28103 ﬁ% 28203 ﬁg —B1B2
b3 i 27172 27173 3 27273 3 —7172

We have obtained 9 elements, but the F-dimension of factor algebra
A%(FG)/A3(FG) equals 7, so we conclude that some lines of the table
either are equal to zero modulo the ideal A3(FG) or coincide with some
other lines.

Denote the determinant of the coefficients of b; (i = 1,2,3) by A
as in (4.1). Since A # 0, simple computations show that

b? 20 (mod A*(FG)) and bib; Z0 (mod A*(FG)).

According to the last three lines of the table, if b7 = b7 (mod A*(F@))
then either b; = b; (mod A3(FG)) or b; = —b; (mod A*(FG)), so we
have that

bibo = boby  (mod A*(FG)),  bibs =bsby  (mod A*(FG)),
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beg 7_é b3b2 (IIlOd A3 (FG)),

because the other cases are symmetric to this one.

Simple computations show that if either a; # 0 or 5y # 0 then FG
is a commutative algebra which is a contradiction, so we can assume
that a; = $; = 0. From the 8th column we have asy; = 0. Since
A # 0 we conclude that as = 0 and we have the following basis of

A(FG)/A2(FG):

by =(h—1) (mod A*(FG));
by = (c— 1)+ fB3(h— 1) (mod A*(FG));
bs=(a—1)+v(c—1)+v3(h—1) (mod A*(FQG)).

Let us compute b;,b;,b;, modulo A*(FG) where i, = 1,2,3 with
respect to the basis
{(@=D"(c=12(h=1)"(d = 1" | ji+ja2 +js + 2js = 3;
j17j2aj3 = 07 1a2a3a j4 = 07 1 }
of the ideal A3(FG)/A*(FQG).

Assume that p = 3. Since the dimension of A*(FG)/A*(FQG) is 10,
we conclude that

b2by = byb3, b2bs = bsb?, b2by = b3bobs, b =0, bB=0

modulo A*(FG). These congruences give that 83 = 75 = 73 = 0.
Now suppose that p > 3. In this case the dimension of the factor
algebra A3(FG)/AY(FG) is 15, so we conclude that

b%bg = blbg (mod A4(FG>>, b%bg = b3b2b3 (mod A4(]FG)),

and we also get that 03 = v = 73 = 0.
Assume that FG has a filtered multiplicative F-basis. With respect
to the equation FG = F[G; x G3|, where Gy = ( h | h» =1 ) and

Go={(a,c| d=c=1, (a,¢)=d,(c,d)=(a,d)=1),
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we have established that

by =(h—1) (mod A*(FQ));
by =(c—1) (mod A*(FQ));
by =(a—1) (mod A*(FQG)),

and by € FGy, by,b3 € FGy, we conclude that FGo also has a fil-
tered multiplicative F-basis, which is a contradiction by second part
of Proposition 4.1.5.

If G is a group of order p* (p # 2) then also by Proposition 4.1.5
the group algebra FG has no filtered multiplicative F-basis. Let F
be a field of characteristic 2. If ‘G‘ < 2% then FG has a filtered
multiplicative basis if and only if G and F satisfy the conditions of
Proposition 4.1.6 and 4.1.7, so the proof of the theorem is complete.

O
In the following we investigate the existence of filtered multiplica-
tive F-basis of algebras FG, where G is a nonabelian 2-groups.

Theorem 4.3.2. Let F be a field of characteristic 2 and
G={(ab|d" =" =c=1, (a,b)=¢, (a,¢)=1, (byc)=1),
with n,m > 2. Then FG possesses a filtered multiplicative F-basis.
Proof. Let G be the group as in this Theorem and put
bl =u=(1+a) (mod A*(FG)), b =v=(1+b) (mod A*(FQG)).
Using the identity

(1+b)(1+a)=1+a)(l+b)+(1+c) (mod A*FQG)),
we get that the elements

by =uv = (1+a)

a)
)

(1+0) (mod A*(FG)),

b2 =vu=(1+a)(1+b)+(1+¢c) (mod A*(FG)),
=u’=(1+a)?® (mod A*(FQG)),

b4 (14+0)* (mod A*(FG))

=’ =
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form a basis of A%(FG)/A3(FG) and

by =uwu=(1+a)’(1+b)+ (1+a)(l+c) (mod AY(FG)),
b2 =u’v=(1+a)?(1+0b) (mod AYFQ)),

b =v’=(1+a)® (mod AYFQ)),

b3 =w? = (1+a)(1+0b)? (mod A*(FG)),

by =vuv = (1+a)(1+b)*+(1+b)(1+c¢) (mod AYFG)),

bS=v"=(1+0)> (mod AYFQ))

is a basis for A3(FG)/A*(FG). Let A; be the determinant, consisting of
the coefficients of bF (k = 1,--- ,n;), where the elements b¥ form a basis
of A FG)/ATYHFG). We shall create an F-basis of A(FG)/A™(FG)
by induction. Evidently, b1, b7 is a basis of A(FG)/A%*(FG). Assume
that

szl? bzth T b?:117 bznfl

is a basis for A"1(FG)/A'(FG). Evidently, the determinant of this
basis A;_; is not zero. Simple computations show that the determinant
A, of the elements

171 112 1in—1 1in n—172 n 2
blbi—h blbi—lﬂ T blbi717 blbi—17 bifl blv bi—lbl

is equal to A;_1 - |§§| # 0, so we have got n + 2 linearly independent
elements. Since dim [A'(FG)/A™(FG)] is also n+2 we have obtained
that FG has a filtered multiplicative F-basis.

Theorem 4.3.3. Let G be the following group

G={(ab|ad" =b=C=d>=1, (a,b) =¢, (a,c) =d,
(a,d) = (b,c) = (b,d) = (¢,d) =1 )

with n > 1 and F a field of characteristic 2. Then FG has no filtered
multiplicative F-basis.
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Proof. Let G be the group as in this Theorem. Let us compute the
Lazard-Jennings series of this group:

Ml(G) =G, M2<G) = <OJ2’C’ d>> M3(G) = <d>7 M4(G) = <1>

We conclude that u(c) =2 and u(d) = 3.
Let
by = a1(1+a) +ax(l+b) (mod A*(FG))

and
by = Fi(1+a)+ Bo(1 +0) (mod A*(FG))

as in (4.1). Using the identity
(44) (1+b)(1+a)=1+a)(1+b)+ (1+c) (mod A*(FQ)),
it follows that
biba = 1 Bi(1+a)? + (a1f82 + a261)(1 + a)(1 +b) + aef1(1+¢) (mod A3(F
bob = 041,61(1 + a)2 + (04152 + a2ﬁ1)(1 + a)(l + b) + 04152(1 + C) (mod AS(F

B =a?(14+a)? +ajaz(l+c¢) (mod A3(FQG));
B =B+ a)?+ (14 (mod A3(FG)).

));

G))
G));

We have obtained 4 elements, but the F-dimension of A%(FG)/A3(FG)

%; %z) Since A # 0, we get

that blbg 7_é bgbl, b%, b% and blbg, b2b1 ;7é 0 and b% 7‘é b% (I'IlOd AB(FG))
Thus either b2 = 0 (mod A*(FG)) or b2 =0 (mod A*(FQG)). It is easy
to see that the second case is symmetric to the first one, so we consider
the second one. Let ;1 = 0 and we can put a; = 5o = 1 and

equals 3. Let A be the determinant (

u=">b = (1+a)+ay(l+b) (mod A*(FG));
=by=(1+0b) (mod A*(FQ)).

Using (4.4) and the identity

(I+e)1+a)=1+a)(l+c)+(1+d) (mod A*FQ)),
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straightforward computations show that

(uvu? = (1+a)®>(14b) + az(1 +a)(1+b)(1 +c)
+(1+a)(1+d) (mod A%(FG));
vt =(1+a)14+0)+(1+a)?*1+c¢)+a(l+a)(1+b)(1+c)
+(1+a)(1+d) (mod A5(FQ));
vuvu = (1+b)(1+d)+ (14+a)(1 +b)(14+¢) (mod A*(FG));
wou=(1+a)®14+0b)+(1+a)?1+c)+ax(l+a)(1+b)(1+c)
+ag(1+b)(1+d) (mod A®(FG));

wuw = (14 a)(1+0)(1+¢) (mod A*(FQ));
vutv = (14+b)(1+d) (mod A(FG));
o= 14+a)*(1+b)+ax(1+a)(1+b)(1+c)
. +az(1+b)(1+d) (mod A®(FG)).

We have obtained 7 different elements, but this is a contradiction
because dim[A*(FG)/A5(FG)] = 5.

O

Theorem 4.3.4. Let FG be the group algebra of a finite nonabelian
2-group G of order 2° over a field F of characteristic 2. Then FG
possesses a filtered multiplicative F-basis if and only if G is one of the
following groups:

1. Gig = D32, Ga5 = Dg x Cy, G3z9 = Dig x Cy or
G46 = D8 X 02 X 02,'

2. Gog = Qg x Oy, or Gyr = Qg x Oy x Cy and F contains a primitive
cube root of the unity;

3. Gag = Hig x Oy, Gug = (Ds Y 04) X Cy;

4. Gy =( a,b | at == =1, (a,b) = ¢, (a,c) =1,
(b,e) =1);



60 CHAPTER 4 FILTERED MULTIPLICATIVE BASIS ...

Gs=(ab | =t =c=1 (a,b)=¢, (a,¢c) = (b,c) =1 );

Gr={ a,bc| d®=0=c=1, (a,¢c) = a’,

Gs={ a,b,c| a®=c*=1, b* =d*, (a,c)=d",
(a,b) = a'c, (b,c)=1);
Gy =( a,bc| a® =0 =c=1, (bc)=al’ (a,c) = (a,b) =1 );
4

Gio={(abc|ad®=b=c*=1,a

Il
S+
. no
— — 2
8
S
~
I
=)
o

Gu={(abc|a=bt=c=1, (bc)=ab? (a,c)=(a,b)=1);
Gu =( a,b,c,d | a* =1, b* =c* =d* =d?, (a,b) =a* (c,d)=d?
(a,c) = (a,d) = (b,c) = (b,d) =1 ).
Proof.  Let G be a nonabelian 2-group of order 2°. If G is one
of the groups {Gs, G7, Gs, Gy, G10, G11} then G has a cyclic subgroup

of index p? and by Proposition 4.1.6 FG has a filtered multiplicative
basis, but if G is one of the following groups:

Gao =SDqg x Cy; Gy = Q16 x Cy;
Gyp=(abecld®=b=ct=1a"=0"=7
(a,b) = ab (a,c) = (b,c)=1);

then FG has no filtered multiplicative F-basis.
If G is one of the following groups:

Gy =( a,b | ad=b=1, (a,b):a4 )i
Gs7 =M D1 x Cy;
Gas=( a,b,c | ®*=b"=c*=1, (bc)=a"

(a,b) = (a,c) =1)
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then they are powerful groups and by Proposition 4.1.5 FG has no
filtered multiplicative F-basis. If G is one of the following groups:

Giu=(ab|a*=b=1, (a,b)=a*);
Giz=(ab|a=b"=1, (a,b)=a*);
Gu=(ab|ad=0b"=1, (a,b)=a°);
Gis=(ab|a=1 b"=a" (a,b)=a");

Gl? :MD32> G18 = D327 G19 = SDSQa GZO = Q32

then G is metacyclic, so by Proposition 4.1.4 FG has a filtered multi-
plicative F-basis if and only if G = Gs.

According to Propositions 4.1.5, 4.1.6 and 4.1.7 we get that for the
following direct products Gos = Hig X Cy, Gas = Dg x Cy,
Gos = Qs X Oy, Gs9g = D15 x Cy, Gag = Dg x Cy x Cf,
G47 = Qg X Og X 02, G48 = (Dg Y C4) X 02 FG has a filtered multi-
plicative basis.

For n = m = 2 the group in Theorem 4.3.2 is isomorphic to G,
and so FG5 has a filtered multiplicative F-basis.

Let G be the group

Gs=(ab | a=0=1, (a,b) =c, (a,c)=d,
(a,d) = (b,c) = (b,d) = (¢,d) =1 ).

For n = 2 the group in Theorem 4.3.3 is isomorphic to Gg, so the
group algebra FGj has no filtered multiplicative [F-basis.

Now we shall consider the following 7 cases.

Case 1. Let G be the group

G23:<a,b,0| a4:b4:C2:17 (a,C):(b7C):]_, (a7b):a2 >
Using the identity
(1+b)(1+a)=1+a)(l+b)+ (1+a)* (mod A*(FG)),

let us compute b;,b;, modulo A*(FG), where (i = 1,2,3). The re-
sult of our computation will be written in a table, consisting of the
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coefficients of the decomposition b;,b;, with respect to the basis

{ @ +a) (L4021 + ) |1+ o+ s =2;
j17j2 :071727 j3 :071 }

of the ideal A*(FG).

(1+ a)? 1+a)1+b) | A+a)1+e) | A+b)(1+e) | (1+0)?

bibe | c1f1 + a2f1 | ai1fe + a2l a103 + a3f1 o233 + azf2 o232
boby | 1B +a1f2 | ai1fz + axf: o183 + azf a3 + azf 232
bibs | aiyi +azm a1y2 + a2yt o173 + azv o273 + a3y2 o2y2
bsb1 | a1y +o1y2 | oz +azm @193 + a3 az2v3 + asy2 @272
babs | Biv1 + B2 B1v2 + Bam1 B17vs + B3 B2v3 + B3z B272
bzbz | Bivi+Pive | Biyz + Bem B1y3 + Bs71 B2y3 + B3y2 B2v2

b; a? 4+ asas 0 0 0 aé

bz 51 + ,82,83 0 0 0 ﬁg

b2 i + 7273 0 0 0 v

Since A # 0, it is easy to see that the first six lines are not equal
to either zero or the last three lines. Remark that the dimension of
A%(FG)/A3(FG) is equal to 5 and FG is not a commutative algebra.
The fact b7 = b5 = 0 (mod A*(FG)), i # j implies that b; linearly
depends on b;, so we shall consider two interesting cases.

In the first case b2 = 0 (mod A3(FQ)), b3 =02 # 0 (mod A3(FG))
and we get that b; = az(1+¢) (mod A?(FG)) and by Proposition 4.1.2
b2 = b2. From the condition b3 = b2 (mod A3(FG)) we have that

52272750

Since A # 0 so 31 = 1 + 72 and we conclude that

and (B +71)(Br +71 +72) =0.

bo=A+1)1+a)+(1+0)+pul+c

and
by = A(1+a) + (1+b) +n(1+c),
where A =1L, i = % and n = 2. The fact b3 = b] gives that

1+a*+ab+a*h =0,

which is impossible.
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In the second case b} = b3 = b3 # 0 (mod A3(FG)) and we can
assume that

b1b2 = bgbl (mod AS(FG)), (mod Ag(FG)),

b3b2 ;‘é bgbg (mod Ag(]FG))

Since biby = byby (mod A3*(FG)) and b1b3 = bgb; (mod A*(FG)) we
have that a1 = a0 and asy; = a172. From the fact that

(mod A*(FG))

blbg = b3b1

bi=by=1b5 #0

the sixth column asserts that as = 3o = 75 and the second column
yields a; = ) = 71, so we conclude that bsby = bybs (mod A3(FQ)),
which is a contradiction. These facts give that FG has no filtered

multiplicative F-basis.
Case 2. Let GG be the group
Goy=(a,bc | a* =b'=c* =1, (a,b) = (a,¢) =1, (b,c) =a® ).
Using the identity
(1+e)1+b)=1+b)(1+c)+(1+a)?  (mod A*(FQ)),

let us compute b;,b;, modulo A*(FG), where (i = 1,2,3). The re-
sult of our computation will be written in a table, consisting of the
coefficients of the decomposition b;,b;, with respect to the basis

{ A+ a) (T +b)2(1+ ) | ji+d2+js =2;
J1,72=10,1,2; j3=0,1 }

of the ideal A?(FG).

(1+a)? (1+a)14b) | A4+a)(1+c) | A+b)A+c) | (1+b)2

bibe | 181 +azfz | ai1fz+ axf: 183 + azfi 283 + azfa a2 32
bab1 | c1f1 +a2f3 | a1fe + a2l o163 + azf1 o233 + azf2 a2
bibs | a1y1i +azy2 | o1vz +azm a1v3 + aszv az2vs + asy2 272
bsbr | aiyi+a2ys | aiyz +axm a1vys + aszv 273 + a3y a2
babs | Biy1+B3v2 | Bive + B B1y3 + Bz B2y3 + B3y2 B2v2
bsbz | Biy1 + B2v3 Biv2 + B2 B1vs + B3 B2v3 + B372 B2z

b% a% + asas 0 0 0 a%

b§ B% + 82033 0 0 0 5;

b3 Vit v2vs 0 0 0 72
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It is easy to see that the first six lines are not equal to either zero or
the last three lines. Since the dimension of A*(FG)/A*(FG) equals 5
and FG is not commutative, we have either

b1by = baby, b1b3 ?_é bsby, babs3 s_é b3b2

or

biby = byby, bibs = b3by, bybs # b3bo

by modulo A3(FG), because the other cases are symmetric to these.

In the first case we get that v? = 02 = b2 = 0 (mod A3(FQG)), so
A =0, where A is as in (4.1), which is impossible. In the second case
consider the following subcases:

L. ¥=0b=02#£0 (mod A3(FQ));
2. b} =b; =0and b; #0 (mod A*(FG));
3. b7 =b; #0 and b; =0 (mod A*(FG)).

Since A # 0 the subcase 1 is impossible. Consider the subcase
2 and for example put b? = 03 = 0 (mod A*(FG)) and b2 # 0
(mod A3(FG)). We get that ap = B = 0 and oy = B = 0 by
the second and sixth columns, so A = 0, which is a contradiction.
The other cases also lead to a contradiction.

In the final case we assume that b7 = b? # 0 (mod A3(FG)) and
b2 = 0 (mod A3(FQG)), for instance b? = bg # 0 (mod A*(FG)) and
b2 =0 (mod A*(FG)). According to the second and sixth columns

ay =2 #0 and (o1 + 51)? = as(az + Bs).

Since b1by = byby, the second column gives that azf8y = a3, s0 A =0
which is a contradiction. Thus FG has no filtered multiplicative basis.
Case 3. Let
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Since
Mi(G) =G, M (G)=(d, e), M3(G)=(1)

we obtain that p(d) = u(e) = 2. Let us compute by, b;, modulo A3(FG),
where (i = 1,2,3). The result of our computation will again be
written in a table, consisting of the coefficients of the decomposition

bi, b;, with respect to the basis

{(T+a)" 1+ 1+ )1+ d)* (1 +e) | j1+j2+ds+ 20
+2]5 = 27 j17j27j3 :Oala j47j5 2071 }

of the ideal A?(F@). Using the identities:

(I+co)(l+a)=1+a)l+c)+(1+d)
(14+c)(14+b)=0+b)(1+c)+(1+4e€)

(mod A*(FQ));
(mod A*(F@)),

we have
(I+a)(14+0) | I+a)(l4+c) | 1+b)(1+c) | 1+4d) | (1+e)
biby | a1Be+ By | a1z +azBr | B3+ azf azf a3l
baby | a1fBe+ B | aufz+ 3B | B3+ azfe o103 Qo33
bibz | a1y2+ayr | aryzstazy | aeyz+asye a3y Q32
b3br | 172 +asm a1ys +asyr | a2y3 +asy2 173 Y3
babs | B1y2 + fam B1y3 + Bzm Boyz + P32 B371 B372
bsba | Siy2 + Pemn B1ys + Bzn B2y3 + B372 B173 B2y3
b% 0 0 0 103 Q3
b3 0 0 0 B153 B203
b3 0 0 0 7173 7273

It is easy to see that the first six lines are not equal to either zero
or the last three lines. Since the dimension of A*(FG)/A3(FG) equals
5 and FG is not commutative, we have by modulo A%(FG) either

or

b1by = boby,

b1be = boby,

b1bs = b3by,

bibs # bsb1,

because the other cases are symmetric to these.

bobs 2 bybs

babs Z b3bs,
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In the first case we get that b? = b2 =02 =0 (mod A3(FG)) and

az = 3=y =7 =0.

Let us compute b;,b;,b;; modulo A*(FG), where (i, = 1,2,3). Since
the dimension of A3(FG)/A*(FG) is equal to 7 but we have got 8
different elements this case is impossible. In the second case

b1b2 = bgbl (mod Ag(FG)) and blbg = b3b1 (mod A3<FG>)

Assume that ag is equal to zero. The fifth and sixth columns implies
that #3 = 3 = 0 which is impossible, so as, 03,73 # 0. These columns
give that by = 3sa3'b; (mod A%(FG)) which is a contradiction, there-
fore FG has no filtered multiplicative F-basis.

Case 4. Let G be one of the following groups:

Gy ={ a,b,c | a* =" =c*=1, (a,c) =a* (b
(a,b) = (a,d) = (b,d) = (c,d) =1 );

“Q
~
Il
&

b
G =( a,bc | a' =" =1, a* = (a,¢c) =a* (
(a,b) = (a,d) = (b,d) = (¢,d) =1 );
G30 :< CL,b,C | a4:b2:02:17 (CL,C :d7 (b,c)=a2,
(a,b) = (a,d) = (b,d) = (c,d) =1 )

If G is either Gs or Gog then we have

(1+ce)1+a)=0+a)1+c)+(14+a)? (mod A*(FQ));
(1+c)1+b)=1+b)(1+c)+(1+d) (mod A*(FG)).

If G = Ggo then

(14+c)1+a)=1+a)1+c)+(1+d) (mod A*(FQ));
(1+c)1+b)=1+b)(1+c)+(1+a)® (mod A*(FQG)).

Using the last four identities let us compute b;,b;, modulo A3(FG),
where (i, = 1,2,3). The result of our computation will be written in
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a table as above, consisting of the coefficients of the decomposition
b;, b, with respect to the basis

{(T+a)"(1+b0)2(1+c)*(L+d)* | j1+jo+js+2ja =2
g2, ds =0,1,2; ju=0,1}
of the ideal A*(FG):

(1+a)? (1+a)(14b) | A+a)(l+c) | A+b)(1+c) | (144d)
biba | a181 4+ A, B) | a1fe+a2f1 | a1fz+asfr | a283 +a3B2 | Qa,B)
bab1 | a181 +A(B,a) | a1fe +azf 183 + azf a2f3 +azfe | QB )
bibs | a1y1+Ae,y) | arye+aeyr | aryz+azyn | aeys +asye | Qo)
b3b1 | a1y +A(y, ) | arve +azm 173 + azm azyz +azye | Qy, @)
babs | Bivi +A(By) | Biyz + B B1vs + Bam B2vs + Bav2 | QB,7)
bsbe | Piy1 + A, B) | Bive +Bam B1y3 + Bs71 B2vs + Bav2 | Q(v,06)

b2 a? + Ala, a) 0 0 0 Qa, )
by | B +A(BB) 0 0 0 Q(8,8)
b3 11+ AN 0 0 0 Q(v,7)

Here, if G = Gag then A(d,€) = dze1, 0, €) = d3€q, if G = Ga9 then
A(6, €) = 03€1 +d3€3, (I, €) = 369 and if G = G3p then A(J, €) = dz€a,
Q((S, 6) = 5361.

It is easy to see that the first six lines are not equal to either zero
or the last three lines. Since the dimension of A?(FG)/A%(FG) is equal
to 5 and FG is not commutative we have modulo A3(FG) either

b1by = boby, bibs §é bsb1, babs ;‘é b3bo

or

b1by = boby, b1bs = b3by, babs # bsby,

because the other cases are symmetric to these.
In the first case we get that b2 = b3 = b2 = 0 (mod A3(FQ)), so
A =0, where A is as in (4.1), which is impossible. In the second case

blbg = b2b1 (HlOd A3 (FG)) and blbg = bgbl (mod A3 (FG))

Assume that a3 is equal to zero. The second and sixth columns give
that 83 = v3 = 0 which is impossible, so a3, 33,73 # 0. From columns
2 and 6 we obtain by = B3a3'b; (mod A%(FG)) which is a contradic-
tion. Thus these group algebras have no filtered multiplicative basis.
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Case 5. Let G be one of the following groups:
Gs1={( abc| a*=b"=c*=1, (bc)=ad%?,
(a,¢) =a®, (a,b)=1);
Gsy = a,bc | a* =b* =1, & =d*?, (bc)=d’
(a,¢) =a®, (a,b)=1);
Gss=( a,bc | a*=b*=c* =1, (bc)=d?
(CL,C) - a2b27 (CL, b) =1 >7
Gss={ a,bc | a*=b*"=c"=1, (bc)=10%
(G,C) - azu (CL, b) =1 >7
Gss = { a,bc | a* =b* =1, 2 =d* (bc)=101
(a,c) = a®, (a,b)=1).
Let us compute b, b;, modulo A3(FG), (ix = 1,2,3). The result of
our computations will be written as before, in a table, with respect to
the basis
{T+ay A+ (1 +) |ji+jo+ s =2
j1’j27j3 = 07 172 }
of the ideal A3(FG). If G = G35 then

(14+c)1+a)=1+a)1+c)+(14+a)? (mod A*(FQ));
(1+c)1+b)=1+b)(1+c)+ (1+a)?+(1+b)? (mod A*(FQG)).
IfG:G32 then

(1+c)(1+a)=1+a)(l+c)+(1+a)* (mod A*(FQ));

(14+c)1+b)=(1+b)(1+c)+(14+a)*+(1+b)* (mod A*(FG));
(1+c¢)=(1+a)’+(1+b)* (mod A*(FQ)).

IfG= G33 then

(1+c)(1+a)=1+a)(l+c)+(1+a)
+(1+0)* (mod A*(FG));
(1+c)1+b)=1+b)(1+c)+(1+a)® (mod A*(FQG)).
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IfG= G34 then

1+c¢)(1+a)=
(1+¢)(140b) =

IfG = Gg5 then

(1+

O)(1+a) =
(1+c)(1+0) =

(I+a)(1+
(1+0b)(1+

(1+c)25(1+a)

(14+a)(1+¢)+ (1+a)?
(I+0b)(1+c)+

¢) + (1 +a)?
¢) + (1+0)°

(1+b)?

(mod A*(FQ));
(mod A3(FQ)).

(mod A*(FQ));

(mod A*(FQ));

(mod A*(FG)).

Using the last 12 identities we get

14+a)? | A4+a)14+d) | Q+a)d+e) | @+b)(1+c) | (1+0b)?

biba | A(a,B) | a1fB2+ a2f: a1f3 +a3fr | asf3+azfe | Qa,B)
beb1 | A(B,a) | aife+ 2B | c1fz+a3fr | axBs+asBe | Q(B,a)
bibs | A(v,a) a1y2 + azy1 a1ys +asv1 a2y3 + 32 Q(v, @)
bsb1 | A(,v) | cave+aeyr | a1yz+asy | aeyzstasyz | Qa,y)
babs | A(v,8) | Bive +Bem B1ys + B3 B2z + B3yv2 | Q. 6)
bsba | A(B,y) | Bive +Bam B1vs + B371 B2vs + B3v2 | QUB,7)
b% Ala, @) 0 0 0 Qa, @)
b; A(B, B) 0 0 0 Q(B, 8)
by | A() 0 0 0 Q(v,7)

where A(d, €) and €2(0, €) are the following;:

A(d,¢€) Q(0, ¢€)
G 0161 + 0361 + 369 0269 + 0369
G32 (5161 + (5361 + 5362 + (5363 (5262 + (5362 + 6363
G33 (5161 + 5361 + 5362 (5262 + (5361
G34 (5161 + (5361 (5262 + 5362
G35 5161 + 5361 + 5363 5262 + 5362

It is easy to see that the first six lines are not equal to either zero

or the last three lines. Since the dimension of A?(FG)/A3(FG) is equal
to 5 and FG is not commutative, we have by modulo A*(FG) either

b1by = boby, bibs §é bsb1, babs ;‘é b3bo

or

b1by = boby, b1b3 = b3by, babs # bsby,
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because the other cases are symmetric to these.

We can see in both cases that b1by = byb; (mod A3(FG)). Assume
that a3 = 0. The second and sixth columns give that 3 = v3 = 0
which is impossible, so a3, 33, 3 are not zero. From columns 2 and 6 it
follows that by depends on b; modulo A?(FG) which is a contradiction,
so these group algebras have no filtered multiplicative basis.

Case 6. Let G = (49 and put

u=(l+a)+(1+¢c) (mod A*(FQ)),
v=(1+0b)+(1+d) (mod A*(FG)),
w=(1+b)+(1+c)+(1+d) (mod A*(FG)),
z=(1+4a)+(1+b)+(1+c) (mod A*(FG)).

Using the identities:
(1+b)(1+a)=1+a)(1+b)+ (1+a)® (mod A*(FG));
1+d)(1+c)=1+c¢)(1+d)+ (1+a)® (mod A*(FG));
(1+a)=1+0°=(1+c)=(1+d)?* (mod A*FQ)),
we get the following facts:

. {uv,uw, uz, zu, vw, vz, wz (mod A3(FG))}
is a basis of A*(FG)/A3(FG);

. {uzu, UVW, VZU, WZU, VUZ, UZW, VWZ, zuz (mod A4(IFG))}
is a basis for A3(FG)/AYFG);

° {vuzu,wuzu, 2UZU, VZUZ, WZUZ, uvwz, vwzu (mod A5(]FG))}
is a basis of A*(FGQ)/A5(FG);

o {vzuz, wzuz, vwuzu, vwzuz (mod A%(FG))}

is a basis of A°(FG)/A%(FG),

and the element vwzuzu form a basis for AS(FG).
Case 7. Let

G:G50:< a7bac7d | a4:b2 202:d4:17 a2:d2,
(a,d) = (b,c) = (c,d) =a*, (a,b) = (a,c) = (b,d) =1 ).
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Using the identities:

(1+d)(1+a)=1+a)(l+d) + (1 +a)® (mod A*(FQ));

(I+e)(1+b)=1+b(1+c)+(1+a)® (mod A*(FQG));

1+d)(1+c)=1+c)(1+d)+(1+a)* (mod A*(FG));
(1+a)*>=(1+d)* (mod A*(FG)),

let us compute b;, b;, modulo A*(FG), where b;, and A are as in (4.1)
and i, = 1,2, 3,4. We shall write the result of our computations in a
table, similarly to the previous cases with respect to the basis

{ @ +a)" (A +b)2(A+ ) (L +d)" | ji+j2+ s+ ja = 2;
jl = 071727 ]27]37]4 - 071 }

of the ideal A?(FG):

(1+a)(1+b)(1+a)(l+c)(1+a)(1+d)(1+b)(l+c)(1+b)(l+d)(1+c)(1+d)(l+a)2
biby| ATZ (e, 8) | AT3(a,8) | AT (a,B) | A%3(a,8) | A% (a,B8) | A%, B) | Qa,p
babr| AV2 (e, 8) | A3 (a,B8) | AV%(a,B) | A%3(a,8) | A2 (a,B8) | AP H(a,B) | Qpq
bibg| AV2(a,y) | AM3(a,q) | AV (a,v) | AZ3(a,q) | A2 (a,q) | A (e, ) | Qay
bgbr| AV2(a,y) | AM3(a,q) | Al (a,v) | AZ3(a,q) | A2 (a,q) | A% (e, ) | Q4,0
biby AVZ(a,8) | AL3(a,8) | AVY(a,8) | AZ3(a,8) | AZ(a,8) | A3 (@, 8) | Qas
baby| AV2(a,8) | AV3(a,8) | AV (a,8) | A23(a,8) | A%%(a,8) | A3H(a,8) | Q5,4
bobs| AL2(8,4) | AY3(8,y) | ALA(B,) | AZ3(B,y) | A28, y) | A%4B,Y) | Qa4
baba| ALZ(B,) | AL3(B,4) | AVA(B,v) | AZ3(B,y) | ATA(B,y) | ABBY) | Q48
babs| AL2(8,8) | ab3(8,6) | AL*(8,8) | a%3(8,6) | aA*(8,0) | A%4(B,8) | s
babo| AL2(8,8) | ab3(g,6) | ALA(8,8) | a23(8,8) | a2%(8,6) | A%4(5,8) | Qa8
babs| AL2(v,8) | Al3(y,8) | ALA(,8) | a23(y,8) | A%%(y,8) | aP4(y,0) | @
babs| AL2(v,8) | AV3(y,8) | AVA(y,8) | A23(y,8) | A%(y,8) | A%4(5,q) | @

.6

~¥,8
bi 0 0 0 0 0 0 Q0
b3 0 0 0 0 0 0 Qs
bg 0 0 0 0 0 0 Qoy iy
b3 0 0 0 0 0 0 Q5.5

where ng =&1m +€4774 +83’I72+647’]1 +647’/3 and Ai’j(E, 7’]) = &) +€jm.

It is easy to see that the first twelve lines are not equal to either
zero or the last four lines.

Since A%(g,n) is a subdeterminant of A and A # 0, by expan-
sion theorem of determinant b;b; cannot be equivalent other else byb;
(mod A3(FG)) apart from the case when k = j and [ = i.

Assume that {u = by, v = by, w = b3, 2 = by (mod A*(FG))} and
the coefficients of u, v, w, z will be denoted by «;, 0;, Vi, ;, respectively.
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Since the dimension of A?(FG)/A3(FG) is equal to 7 and this group
algebra is not commutative, we have that

=ou, Uw=wu, Uz =zZu, VW = W,
vz =20, wr#Ew, u=vi=w'=22=0,
and the other cases are analogous to this one.

Assume that FG has a filtered multiplicative basis and the set

{u,v,w,z (mod AQ(IFG))}

is a basis of A(FG)/A?(FG). Using (4.5) simple computations show
that

° {uv,uw,uz,vw,vz,wz,zw (mod A3(IFG))}

is a basis for A%(FG)/A3(FG);

. {uvw,uvz,uwz,uzw,vwz,vzw,wzw,zwz (mod A4(IFG))}
is a basis of A3(FGQ)/AYFG);

° {uvwz,uvzw,uwzw,uzwz,vwzw,vzwz,wzwz (mod A5(IFG))}
is a basis for A*(FG)/A5(FG);

o {wvwzw, wzwz, uwzwz, vwzwz (mod AS(FG))}

is a basis for A°(FG)/A%(FQ);

o {wwzwz}
is a basis of AS(FQ).

This is the requirement of existence of filtered multiplicative F-
basis. Suppose that iy = 0 and there exists b € {v,w, z} such that b is
congruent with e1(1+a)+e2(14b)+e3(1+c)+eq(1+d) (mod A*(FG))
and g4 = 0. The facts > = b = 0 and ub = bu (mod A3(FG)) give
that aszes + ases = 0 and o + asas = €7 + 963 = 0. Tt is very
simple to prove that either b, = 0 or by = b; (mod A?(FG)), which is
impossible.

Now, we shall consider two subcases.
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Subcase 1. Suppose that ay = 0 and without loss of generality
we can assume that G, = 4 = 1. For ay = 0 it follows that A = 0, so
we can also assume that ay = 1. According to eighth column of the
previous table

a3 +az = 0;
(4.6) Bi+ B3+ 1= 67+ Bafs;
Y47+ 1= + 727

Since vw = wv (mod A*(FG)) we get

Bsva+mn+y3+1=00s+ 061+ 0+ 1

and using (4.6) it follows that

(4.7) (Br+m)? = (B2 +72) (B3 + 73)-

Also eighth column of the previous table and wv = vu, vw = wu
(mod A3(FQ)) give that o203 + B3 = aZys + 73, 50

(4.8) ai(Be + 12) = Bs + 73

Thus (4.7) and (4.8) give the equation 1 + v = a1(82 + 72).

Since o = a3 we have got that v+w = (2 +72)u (mod A3(FG))
which is a contradiction.

Subcase 2. Suppose that ay, 84 # 0 and without loss of generality
we can assume that oy = 4 = 1. Simple computations show that
{u = by + by,v = by, w = b3,z = by (mod A%(FG))} form a basis
of A(FG)/A?(FG), satisfies conditions (4.5) and the requirement of
existence of filtered multiplicative [F-basis, but it is a contradiction to
subcase 1, so this group algebra has no filtered multiplicative basis.
This completes the proof of the theorem.
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Summary

After the simple groups had been described, the structure of finite
p-groups became the focus of studies on group theory, the study of
groups of units of group algebras of finite p-groups has become topical.

In Chapter Two we examine the structure of the normalized group
of units V(FyG) of the group algebra FoG, if G is a group of maximal
class of order 2", that is, its nilpotency class is n — 1. It is well known
that the 2-groups of maximal class are the following extensions of
C=(al|ad" =1):

2n71

Qontr = { a,by | a® =1, =a” ,(a,b1) = a?) with n > 2;
Donir = { a,by | a® =1,02=1,(a,by) = a?) with n > 2;
SDgwir = { a,by | a® =1,2=1,(a,bs) = a>**"") with n > 3.
The set
V,(F,G)={zeV({FG) | 7' =2}

pertaining to the involution ¢ is a subgroup of the group V(F,G),
which is called o-unitary subgroup.

Let us denote by ® the linearly extension of the automorphism
at — a® ' =Vi of the group C to the group algebra FoC. This ex-
tension is an involution of the algebra FoC. We proved the following
lemma and corollary:

Theorem (2.2.4). The order of the ®-unitary subgroup Vg(F2C) is
ol

272 and

-~

Ve (F2C) = We(C) x (1+C),

I6)
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where C is the sum of the elements of the group C and Wg(C) is
equal to o(V (F2C)) and the homomorphism ¢ : V(F2C) — V(F5C)
is defined by ¢(z) = z®x~ !,

Corollary. Denote the canonical involution of FoC by x. Then

_ VE0)

|V (F2C)| 5

Using the previous results we showed that there is a strong cor-
relation between elements of order two of the normalized group of
units V(FyG), where G is a 2-group of maximal class and the unitary
subgroups of V(FsC'). The main theorem of the chapter:

Theorem. Let G be a 2-group of mazximal class and let O (2) be the
number of elements of order two in V(FsG). Then

Op,... (2) =277 4 2%
@SD2n+1 (2) = 22"+n71.

0q,.., (2) =277 =27

The corollary of this theorem is the solution of the Berman’s ques-
tion for 2-group of maximal class:

Corollary. Let Fy be the field of two elements, and let G and H
be finite 2-groups of mazimal class. Then V(FyG) is isomorphic to
V(FoH) if and only if G and H are isomorphic.

Let us mention that this corollary is a generalization of Baginski’s
result [3].

An other actual problem in the theory of finite p-groups is the
description of the pth power structure. In Chapter Three we examine
the power structure of V(F,G).

Theorem. Let G be a finite p-group with commutator subgroup G' of
order p > 2. Then V(F,G)P is a subgroup of the center ((V (F,G)).
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Consequently the further powers can be easy determined. More-
over, if the Frattini subgroup of G is of order p then we described
the structure of the group V(F,G)P. Let C,,,C,,,...,Cy, be the all
conjugacy classes of GG, which consists of at least two elements and é;
is the sum of all elements of C,,. We proved that:

Theorem. Let G be a finite nonabelian p-group with Frattini subgroup
t

of order p. Then V (F,G)? =V (F,G?) x N, where N = [[(1 + C,).
i=1

The following question which is also attached to the power struc-
ture of normalized group of units can be found in Johnson’s paper
[35]. Is it true that

G =V(F,G)PNG?

We proved that:

Corollary. Let G be a p-group with Frattini subgroup of order p and
p > 2. Then
GP =V (F,G)’NG.

Using the previous results of the power structure, we proved that
the Berman’s question is true for groups with Frattini subgroup of
order p > 2:

Theorem. Let G and H be finite nonabelian p-groups with cyclic Frat-
tini subgroup and p > 2. Then V(F,G) is isomorphic to V(F,H) if
and only if G and H are isomorphic.

In the fourth chapter of this thesis we investigate the existence of
filtered multiplicative F-basis of the algebra FG over a field of char-
acteristic p. we gave a complete list of all p-groups G of order less
than p°, such that the group algebra FG has a filtered multiplicative
F-basis, and we gave these bases as well.

Theorem. Let FG be the group algebra of a finite nonabelian p-group
G of order p™ over a field F of characteristic p, where n < 5. Then
FG possesses a filtered multiplicative F-basis if and only if p = 2 and
G is one of the following groups:



78 SUMMARY

1. dihedral group D,, of order n, where n equals either 8 or 16;

2. either the quaternion group Qg of order 8 or Qg x Cs, and F
contains a primitive cube root of the unity;

3. either Dg x Cy, or the central product Dg ¥y Cy of Dg with the
cyclic group Cy of order 4;

Hig={( a,c | ad=v=72=1, (a,b) =1, (a,c) = b,
(b,c)=1).

Let us mention that this result suggests that a group algebra FG
has a filtered multiplicative F-basis only if p = 2.

Group algebras of all groups of order 2° which contain filtered
multiplicative F-basis are also described. For the inquiry we used the
computer algebra system GAP [28] and its package LAGUNA [18].
In the theorem, indices that appear in the list of groups are identical
with the GAP numbers identifying the groups.

Theorem. Let FG be the group algebra of a finite nonabelian 2-group
G of order 2° over a field F of characteristic 2. Then FG possesses a
filtered multiplicative F-basis if and only if G is one of the following
groups:

1. Gis = D33, Gos = Dg x Cy, Gsg = D15 x Cy or
Gue = Dg x Uy x Cf;

2. Gog = Qs x Cy, or Gy = Qs x Cy x Cy and F contains a primitive
cube root of the unity;

3. Gag = Hig x Oy, Gus = (Dg Y Cy) x Cy;
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Gs=(abc| ad®=c=1, b*=d*, (a,c) = a*,

(a,b) = a*c, (b,c)=1);
Go={ a,bc| a®>=0"=c=1, (byc)=ab’, (a,c) = (a,b)=1);
Gio=( a,bc| a®=b"=c*=1,a* =0 (a,b) = dc,

Apart from these, we proved the following theorem:
Theorem. Let char(F) = 2.
1. If
G=(ab|d ===d"=1, (a,b)=¢, (a,c)=d,
(a,d) = (b;¢) = (b,d) = (¢,d) = 1),

where n > 1, then the group algebra FG does not have filtered
multiplicative F-basis.

2. If

G={(ab|d = =c2=1, (a,b) = c,
(a,c) =1, (byc)=1),

where n,m > 2, then the group algebra FG have a filtered mul-
tiplicative basis.
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Bevezetés.

A csoportalgebrak a csoportok reprezentacidinak vizsgalata soran ke-
letkeztek, azonban a matematika szamos teriiletén, igy a homologia és
a kohomolodgia elméletben, valamint az algebrai topologidban is alkal-
magzzék Gket. ElGszor Frobenius hasznélta ezt a testekbdl és csopor-
tokbol felépiils érdekes algebrai konstrukciot, mely segitségével a véges
csoportok reprezenticioit tanulményozta. A csoportalgebra elnevezés
azonban Noether névéhez fizddik.

A csoportalgebrak kutatasa a mult szézad 30-as éveinek elején
kezdddott f6leg Frobenius, Schur, Magnus, Noether, Higman és Jen-
nings eredményeivel. Alapvetd struktiratételek az 1960-as évektdl
sziiletnek, és azota a csoportalgebrak elméletén beliil nagy kutatasi
teriiletek alakultak ki. Ma ilyen meghataroz6 kutatasi iranyok a gyii-
riielméleti tulajdonsagok vizsgalata mellett a csoportalgebrak egység-
csoportjanak, valamint asszocialt Lie algebrajanak a tanulmanyozasa.

Ebben az értekezésben a p karakterisztikdju testek feletti véges
p-csoportok csoportalgebraival foglalkozunk. Az egységcsoportjanak
struktirajat valamint multiplikativ filtracios bazis létezését vizsgaljuk.

Az els6 fejezet tartalmazza a csoportalgebrak alapfogalmait, és az
értekezés soran hasznalt jeloléseket és definiciokat. A kovetkez6 harom
fejezet tartalmazza az 1j eredményeket.
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Alapfogalmak és jelolések.
Legyen G egy csoport és [ egy test, melynek az egységeleme 1. Jeloljiik
FG-vel az Osszes deG agg alaki formdlis Osszegek halmazat, ahol
csak véges sok o, € [F egyiitthatdo nem nulla. Nyilvan FG vektortér
az [F test felett, amelynek G a bazisa és a G csoport szorzasmiivelete
indukal egy szorzast az FG halmazon. Konnyen belathato, hogy FG
algebra az F test felett, melyet csoportalgebrdnak neveziink. Abban
az esetben, ha F egy p karakterisztikaju test, és G tartalmaz p-rendii
elemet, moduldris csoportalgebrarol beszéliink.

Most megemlitiink egy problémét, amely Higmantol és Thralltol
szarmazik, és nagy hatast gyakorolt a csoportalgebrak szerkezetének
a tanulmanyozéisara, és az egységcsoport vizsgalatara.

Legyenek az FG és FH csoportalgebrdk izmorfak mint algebrdk az
F test felett. Milyen dsszefiiggés van a G és a H csoportok kizitt,
milyen feltételek kellenek a G és a H csoportok izomorfidjihoz?

Deskins [26] véges Abel p-csoportok esetén pozitiv valaszt adott
erre az izomorfia kérdésre, azaz ha az algebrak izomorfak, akkor a cso-
portok is izomorfak. Nem Abel-csoportokra sok szerzé vizsgalta ezt a
kérdést, amely maig sem megoldott. Baginski |3| bebizonyitotta, hogy
maximalis osztalyu 2-csoportok csoportalgebrai a két elemt test felett
egyértelmien meghatarozzdk a csoportokat. A tovabbi ide vonatkozo
eredmények Sandling [42] attekint6 cikkében megtalalhatoak.

A csoportalgebrak egységeinek U(FG) halmaza csoportot alkot, és

VEG) = { Y ayg € UFG) ) S, =1}

geG geG

a

részhalmaza normélis részcsoport, melyet normalizdlt egységcsoport-
nak neveziink. Ismert, hogy U(FG) = V(FG) x U(F), ahol U(F) az
F test egységcsoportja, igy a teljes egységcsoport vizsgalata helyett
annak V' (FG) normalizalt egységcsoportjat vizsgalva juthatunk infor-
méacidokhoz az egységcsoportrol. Ez az elmélet 4ttekints jelleggel meg-
talalhato Artamonov és Bodi [1], Bodi [11] cikkeiben, valamint Bodi
[22] konyvében.

A @G csoport Frattini részcsoportjat ®(G), a centrumét pedig ((G)
jeloli. Jol ismert, hogy a Frattini részcsoport véges G p-csoportok
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esetén egybeesik a G'GP részcsoporttal, ahol GP = ( ¢ | g € G ),
és G’ a G csoport kommutator részcsoportja.

Uj eredmények.

Az értekezés témaja a csoportalgebra multiplikativ filtracios bazisanak
tanulmanyozéasa és az egységcsoport egyes tulajdonsigainak a vizs-
galata.

Legyen G véges p-csoport és F,, a p elemt test. Ekkor az A(F,G)
fundamentalis ideél nilpotens és a V(F,G) normalizalt egységcsoport,
egybeesik 1 + A(F,G)-vel. Tehat az F,G csoportalgebra > o agg
eleme akkor és csak akkor tartozik a normalizalt egységcsoporthoz,
ha 3 ooy = 1. Emiatt a V(F,G) normalizilt egységesoport rendje
plGlI=1t,

Mivel a véges egyszerii csoportok leirdsa utan a véges p-csoportok
szerkezete keriilt a csoportelméleti vizsgalatok kdzéppontjaba, igy ak-
tualissa valt a véges p-csoportok csoportalgebra egységcsoportjanak
tanulmanyozésa.

A disszertacio elss részében a V(FyG) normalizalt egységesoport
strukturajat vizsgaljuk, ha G egy 2"-rendii maximalis osztalyd cso-
port, azaz a GG csoport nilpotencia osztalya n — 1. Ismert, hogy a
maximalis osztélyi 2-csoportok a C' = ( a | a*" = 1 ) ciklikus cso-
port kovetkezG bévitései:

2n—1

Qo1 = { a,by | a® =1,02 = J(a,b) =a"?) és n>2;
Dgnir = { a,by | a® =1,03=1,(a,by) =a ) és n>2;
SD2n+1 = < a,bg | a2n = 1, bg = 1, (a,bg) = a_2+2n71> és n Z 3.

Megemlitjiik, hogy az IF,G' csoportalgebra x — x7 leképezését in-
volicionak nevezziik, ha

(x+y)”=2"+y", (29)” =y72% & (27)7 =
Egy adott o involacidra a

V,(F,C) = { z e V(F,C) } r i =a° }
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halmaz a normalizalt egységcsoport részcsoportja, melyet o-unitér rész-
csoportnak neveziink.

Az F,C algebra kanonikus involtcidja a C csoport a' — a~" auto-
morfizmusédnak = +— x* linedris kiterjesztése az FoC' csoportalgebrara.
Az FyC csoportalgebranak van egy masik z — x® involicioja, amely
a C csoport a — a@" 'Y automorfizmusdnak linearis kiterjesztése
az F,C csoportalgebrara.

A masodik fejezetben a V(FyG) normalizalt egységesoport ma-
sodrendd elemeinek strukturajat hatarozzuk meg maximalis oszté-
Iyt 2-csoportok esetén. Megmutatjuk, hogy szoros Osszefiiggés van
a V(FyG) csoport mésodrendd elemei és a V(FyC) csoport unitér
részcsoportjai kozott, ha G maximélis osztalyd 2-csoport. A fejezet
fétételének bizonyitasahoz sziikségiink van a Vig(F2C') csoport rend-
jére és a kovetkezd felbontéséra:

Tétel. A Vg(IF2C) unitér részesoport rendje 27! ¢s
Va(F2C) = We(C) x (14 C),

ahol C a C csoport elemeinek az Gsszege, We(C) pedig a o(z) = 2®x1
(z € V(F2C)) homomorfizmus képe.

A kanonikus involucié altal meghatarozott unitér részcsoport és a
fent definialt ® involtcid unitér részcsoportjanak rendje kozott fennall
a kovetkezs Osszefiiggés:

Kovetkezmény. Legyen C ciklikus csoport, ekkor

Ve (F20)| = —’V*(IZZC”-

Az el6z6 eredmények felhasznalasaval bebizonyitjuk a fejezet fGtételét:

Tétel. Jelolje ©¢(2) a mdsodrendi elemek szamdt a V (FoG) norma-
lizalt egységcsoportban. FEkkor

Op,... (2) =277 4 2%
®SD2n+1 (2) = 22"+n71;

@Q2n+1 (2) — 22”+n—1 o 22".
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Természetes az a kérdés, amely Berman nevéhez fliz6dik és a nor-
malizélt egységcsoport izomorfia problémajanak neveziink. Vajon a
V(F,G) csoport egyértelmitien hatarozza-e meg a G csoportot? Berman
[9] igazolta, hogy véges G Abel p-csoportok esetén a V(F,G) cso-
port egyértelmiien meghatarozza a G csoportot izomorfia erejéig. A
fotétel kovetkezményeként azonnal adodik a normalizalt egységesoport
izomorfia problémajanak megoldasa maximalis osztalyt 2-csoportokra:

Kovetkezmény. Legyen G és H maximdlis osztalyi 2-csoport. Ekkor
V(FyG) izomorf a V(FoH) normalizdlt eqységcsoporttal akkor és csak
akkor, ha G és a H izomorfak.

Megjegyezziik, hogy ez a kovetkezmény Baginski [3] eredményének
az altalanositéasa.

Masik id&szert probléma a véges p-csoportok elméletében a p-
hatvanystruktara leirdsa. Ezekbdl szarmazo eredmények sok tétel bi-
zonyitasat tették lehetévé a véges p-csoportok elméletében. A csoport-
algebra V(IF,G) normalizalt egységcsoportjara ilyen vizsgalatok nem
terjedtek ki.

A harmadik fejezetben a normalizalt egységcsoport p-hatvanystruk-
tarajanak tulajdonsagait vizsgaljuk, ha a V(F,G) csoport nilpotencia
osztalya p. Baginski [2], Shalev és Mann [39, 43| bebizonyitottak,
hogy a V(F,G) nilpotencia osztalya akkor és csak akkor p, ha a G’
kommutator részcsoport rendje p.

Tétel. Legyen G olyan p-csoport, melynek a kommutdtor részcsoportja
p primrendd. AV (F,G)? csoport részcsoportja a C(V(FPG)) centrum-
nak.

Jelolje Cy,, Cy,, . .., Cy, a G csoport Osszes kiilonbozd, legalabb két-
elemii konjugalt osztalyat és legyen Cy, a Cy konjugdlt osztaly ele-

meinek az Osszege.

Tétel. Legyen G véges nem Abel p-csoport ciklikus p-rendd Fratting
t

részesoporttal és N = [[(1 + C/’;) Ekkor a V(F,G)P centrdlis rész-
i=1
csoport a V(FpGp) és az N csoportok direkt szorzata.
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Johnson [35] cikkében talalhato a kovetkezs kérdés: Igaz-e hogy
G? = V(F,G)?» N G? Az el6z6 eredmények kovetkezményeként bebi-
zonyitjuk:

Kovetkezmény. Legyen p > 2 és G p-csoport, p-rendi Frattini rész-
csoporttal. Ekkor
G’ =V(F,G)’NG.

Berger, Kovacs és Newman [8] leirtak azokat a G véges p-csoportokat,
melyek Frattini részcsoportja ciklikus. Ez és a normalizalt egységcso-
port struktdrajara vonatkoz6 eddigi eredményeink lehetévé tették a
kovetkezG tétel bizonyitasat:

Tétel. Legyen G és H p-csoport (p > 2) ciklikus Frattini részcsoport-
tal. Ekkor V(F,G) izomorf V(F,H) akkor és csak akkor, ha G és a H

wzomorfak.

Az értekezés negyedik fejezetében a csoportalgebra multiplikativ
filtracios bazisat vizsgaljuk p karakterisztikdju F testek felett, melyet
1965-ben Kupisch vezetett be.

Legyen A egy véges dimenzios algebra az F test felett, melynek
rad(A) a Jacobson radikalja és B az algebra F test feletti bazisa.
Tegyiik fel, hogy a B bazis a kévetkezd tulajdonsigi:

1. ha u,v € B, akkor vagy u-v =0 vagy u-v € B,
2. BNrad(A) a rad(A) radikal egy F-bazisa.

Az ilyen B bézist az A algebra multiplikativ filtrdcids F-bdzisdnak
nevezziik.

A multiplikativ filtracios bazis jelentGségét Bautista, Gabriel, Roi-
ter, és Salmeron [7]| reprezentéicidelméleti vizsgélatai adtdk meg. Be-
bizonyitottak, hogy ha egy algebrailag zart F test felett az A algebra-
nak csak véges sok felbonthatatlan reprezentacidja van, akkor A-nak
van multiplikativ filtracios F-bazisa. A problémat, hogy az FG cso-
portalgebranak mikor létezik multiplikativ filtracios bézisa Bautista,
Gabriel, Roiter, és Salmeron vetették fel [7] cikkiikben.
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Csoportalgebréak esetében Higman |30] bebizonyitotta, hogy az FG
csoportalgebra véges reprezentacié tipusiu akkor és csak akkor, ha az
F test karakterisztikdja p és G Sylow p-csoportjai ciklikusak.

Landrock és Michler [38] 1978-ban megmutatték, hogy a legkisebb
Janko csoport csoportalgebraja 2 karakterisztikaju test felett nem tar-
talmaz multiplikativ filtracios F-bazist. 1987-ben Parisnak [40] sikeriilt
példat adnia olyan nem kommutativ FG csoportalgebrara, melynek
van multiplikativ filtracios F-bézisa.

A multiplikativ filtracios bazis szisztematikus tanulméanyozasa Bodi
dolgozataiban talalhaté meg. A [16] és [17] cikkekben megadta az
Osszes metaciklikus csoportot, amely csoportalgebraja tartalmaz mul-
tiplikativ filtracios bazist, tovabba az 0sszes olyan p™-rendii csoportot,
amely tartalmaz p™ 2-rendii ciklikus részcsoportot, és a csoportalgeb-
rdja tartalmaz multiplikativ filtracios béazist. Bebizonyitotta tovabba,
hogy a hatvanyteljes, azaz powerful csoportok csoportalgebrai nem
tartalmaznak ilyen bézist.

Ezen kutatésokhoz kapcsolodva a negyedik fejezetben megadjuk az
osszes olyan p°-nél kisebb rendd p-csoportot, amely csoportalgebraja-
nak van multiplikativ filtracios F-bazisa, és megadjuk a bazist is:

Tétel. Legyen G eqgy nem Abel p-csoport, melynek a rendje kisebb vagy
eqyenld mint p* és F eqy p karakterisztikdji test. Az FG csoportalgeb-
ranak akkor és csak akkor van multiplikativ filtracios F-bazisa, ha G
egybeesik a kovetkezd csoportok eqyikével:

1. 8-ad vagy 16-od rendi D,, diédercsoport,

2. Qs nyolcadrendi kvaternidcsoport vagy Qs és a Cy mdsodrendi
ciklikus csoport direkt szorzata és F tartalmaz primitiv harmadik

eqyséqqyokot,

3. Dg nyolcadrendd diédercsoport és a Cy mdsodrendd ciklikus cso-
port direkt szorzata, vagy Dg és a Cy negyedrendd ciklikus csoport
centrdlis szorzata,
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Ennek a kovetkezménye, hogy FG-ben, ahol G teljesiti az el6z6
tétel feltételeit, filtracios bazis csak akkor létezik, ha p = 2.

Teljes leirast adunk az &sszes 2°-rendii csoportok csoportalgebrairdl,
amelyek tartalmaznak multiplikativ filtracios bazist. A vizsgalathoz
felhasznéaltuk a GAP [28| computer algebrai rendszert és a LAGUNA
[18] csomagjat. A tételben a csoportok felsorolasaban szerepld indexek
megegyeznek a GAP csoportazonosité sorszdmaval.

Tétel. Legyen G eqy 2°-rendid nem Abel 2-csoport és F eqy 2 ka-
rakterisztikdju test. FEkkor az FG csoportalgebrinak akkor és csak
akkor van multiplikativ filtracios F-bdzisa, ha G a kdvetkezd csopor-
tok valamelyike:

1. Gos = Dg x Cy, Gy = Dg x Cy x Oy, G39 = Dig x Cy vagy
G = Da3g;

2. Gag = Qg x Cy, vagy Gu7 = Qg X Cy x Cy és F tartalmaz primitiv
harmadik eqyséqgqydkot;

3. Gog = Hig X Cy, ahol Hig az eldzd tételben definidlt;

4. Gug = (Dg ¥ Cy) x Cy, ahol ¥ centrdlis szorzdst jelol;
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Gy={ab|a"=b=c=1, (a,b)=c, (a,c) =1, (bc)=1);
Gs={ab | ®*=0=c=1, (a,b) =¢, (a,¢) = (b,c)=1);
Gr=(abc|d=b0V=c=1, (a,c)=a’
(a,b) = a'e, (b,c)=1);

Gs=(abc| ad®=c=1, ¥*=d* (a,c) =

(a,b) = a“c, (bye) =1 );
Go={( a,bc| a>=b0"=c*=1, (byc)=ab’, (a,c) = (a,b) =
G ={( a,b,c| a®=b"=c*=1,a* =0 (a,b) = d’c,

(a>c> = (b>c> =1 >3

~—

(a,¢) = (a,d) = (b,c) = (b,d) =1 ).
Ezenkiviil bebizonyitottuk 2-csoportokra a kévetkezd tételt:
Tétel. Legyen F kettd karakterisztikdyi test.
1. Ha
G={(ab|ad =b=C=d>=1, (a,b)=c, (a,c)=d,
(a,d) = (b;¢) = (b,d) = (¢,d) = 1),

ahol n > 1, akkor az FG csoportalgebranak nincs multiplikativ
filtrdacios F-bdzisa.

2. Ha
G={ab|d =b"=c*=1, (a,b) =c,
(CL,C):L (b,C):l >7

ahol n,m > 2, akkor az FG csoportalgebrinak van multiplikativ
filtrdacios F-bdzisa.
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