INTEGERS REPRESENTED BY LUCAS SEQUENCES
LAJOS HAJDU AND ROB TIJDEMAN

ABSTRACT. In this paper, we study the sets of integers which are
n-th terms of Lucas sequences. We establish lower- and upper
bounds for the size of these sets. These bounds are sharp for n
sufficiently large. We also develop bounds on the growth order of
the terms of Lucas sequences that are independent of the parame-
ters of the sequence, which is a new feature.

1. INTRODUCTION

In this paper, we study sets of integers which are n-th terms of Lucas
sequences for some n > 0. For integers A, B, the sequence U = (U,,)2,
with Uy = 0, Uy = 1 satisfying the binary recursive relation

Un = AUn,1 — BUn,Q (77, Z 2),

is called a Lucas sequence. Note that the Fibonacci sequence is a Lucas
sequence, corresponding to the choice (A, B) = (1, —1). Furthermore,
Mersenne numbers are generated by the choice (3,2), Pell numbers by
(2, —1) and Jacobsthal numbers by (1, —2). Lucas sequences are well
studied in the literature, see for example [4] and the references there.

Write f(z) = 22— Ax+ B for the characteristic polynomial of U, and
let «, B be its roots. Throughout the paper, unless stated otherwise, we
shall assume that the sequence is non-degenerate, that is, AB # 0 and
«/( is not a root of unity. (It is easy to deal with the excluded cases;
see Lemma [4.1]) Without loss of generality we assume that |a| > ||
throughout the paper. We have

Oén—ﬁn

(n>0).
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If A2 > 4B, then o and 3 are real and we say that we are in the real
case. If A2 < 4B, then « and 8 are non-real complex numbers which
are conjugates, and we say that we are in the non-real case.

There are numerous papers on common properties of non-degenerate
Lucas sequences. For example, if p is an odd prime which divides
A% — 4B, but not AB, then p divides U, if and only if p divides n (see
Theorem 1.9 of [18]). We also mention that Carmichael [9] showed that
in the real case, if n is not 1, 2 or 6, then U, has a primitive prime
factor. In the general case, Bilu, Hanrot and Voutier [5] proved that,
if n > 30, then U,, has a primitive prime factor. Stewart [28] showed
that non-degenerate Lucas sequences grow exponentially (cf. Lemma
5 of [26]). He gave an explicit lower bound. These results depend
on the sequence, and therefore on A and B. In this paper we study
results on Lucas sequences which are independent of A and B. Such
results are rare. There are a number of papers on n-th terms from
Lucas sequences being squares (with n being fixed), see e.g. [6l [7, ]
and the references there. We prove as a variant of Stewart’s result that
\U,| > %(%5)"*2 in the real case and |U,| > (v/2)"~<(e™)” in the
non-real case for n > 1, independently of the chosen Lucas sequence.
Here ¢ is an absolute constant, which we give explicitly. The proof in
the real case is elementary, while in the non-real case it is based on an
estimate of linear forms in two logarithms.

Next we give sharp upper and lower bounds for the number of Lucas
sequences with |a| < t.

As another way to measure the amount of numbers occurring in
Lucas sequences, we study the sets

L,(N)={zx€Z:0<z<Nandzx=|U,|

for some non-degenerate Lucas sequence U}

and
ﬁZn(N) = U ‘Cm(N)

We derive sharp, explicit upper- and lower bounds for the growth order
of |[L£,(N)| and |L5,(N)|. In the proofs we need to combine several
tools, including our new bounds on the growth of Lucas sequences,
extensions of theorems of Erdés and Mahler [11] and Lewis and Mahler
[20] concerning representability of integers by binary forms G(x,y) to
representations of the type G(z%y) = k, and certain properties of
the Fibonacci polynomials. For the introduction of these polynomials,
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observe that the first few terms of U are given by
0,1, A, A2— B, A> —2AB, A* —3A’B + B?, A° —4A3B + 3AB.
We define F, (z,y) by Fy(z,y) =0, Fi(x,y) =1 and

Fo(z,y) = ez, y) —yFaa(z,y) (n2>2).

Polynomials F,, (A, B) correspond with Lucas sequences, polynomials
F,.(z,—1) are the Fibonacci polynomials, polynomials F},(2z, 1) are the
Chebyshev polynomials of the second kind.

The structure of the paper is the following. In Section [2| we formu-
late our principal results. In Section [3] we prove Theorem which
provides lower bounds on the growth of Lucas-sequences. In Section
we prove Theorem [2.2] which gives precise bounds for the number of
Lucas sequences with bounded |a|. In Section |5 we prove Theorem [2.3
on upper bounds for the sizes of the sets £,, and L>,. In Section @ we
prove Theorems and on lower bounds for them.

The obtained upper and lower bounds in Theorems 2.3 - 2.5 differ
by a multiplicative constant depending only on n for n > 7 odd, and
by a lower order factor for n = 5 and for n > 6 even.

By ¢, ¢9,¢c3,... we denote effectively computable constants depend-
ing only on n.

2. MAIN RESULTS

Lemma 5 of [26] (taken from [2§]) states that there exist positive
constants Ny and Cy depending on A, B such that for n > Ny we have
\U,| > |a|?=C0len Our first theorem (see its corollary and Remark 1)
implies that Ny and Cj can be chosen independently of A and B.

Theorem 2.1. For n > 2 we have in the real case,

|a|n72

Ul = 25— B <0

\Un| > |a|™™ if A2>4B >0

and in the non-real case,

|U | - Z11L6—250(10g71)2‘a|n—27 an > 5. 108’
n| = }16—100000’a’n—2’ an < 5. 108

for B <535, and

U] > Ha|n2-88loem)® =g > 2.1 108,
nj| = %L|a/|n—317107 an <21- 108

for B > 536.
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We have in the real case,

|04|:1+2\/5 (A B) = £(1,—1), || >2 if (A B) £ (1, —1),

and in the non-real case, since B = 1 is excluded,

la| = VB > V2.
Thus Theorem [2.1] implies the following result.

Corollary 2.1. For n > 2, we have in the real case

U] > % (1 * ﬁ) if (A B) = (1,-1),

2

\Un| > 2" if B <0 with (A, B) # (1,—1),
\U,| > 21 if A2>4B >0
and in the non-real case,

’U ‘ g 2%—361(10gn)2—3’ ifn>>5- 108’
= gg-ams ifn <5-10%

for B <535, and

o5 (2 s 2010,
nh= ] g5-1sss2 ifn <2.1-108

for B > 536.

Remark 1. In the proof of Theorem [2.1]in the non-real case, we use
a result of Laurent [I7] on linear forms in two logarithms. This causes
the appearance of (logn)? in the exponent, but with a rather small
coefficient. If we use the Baker-type result of Matveev [21] instead, then
the (logn)? is replaced by logn, however, with much larger constants
as coefficients. The following argument, that we owe to an unknown
colleague, shows that it is not true that there is an absolute constant
¢ > 0 such that |U,| > c|a|™ for all n in the non-real case. Write

g = ¥ Let 2 be a convergent of §. Then |[nf — m| < % Hence

(8)" - 1’ < L. Thus |a" — "] < % for infinitely many n.

The following result provides an upper and a lower bound for the
number of Lucas sequences with bounded roots. It shows that this
number is 4t% + O(t?).

Theorem 2.2. Lett € R>o. Then the number of non-degenerate Lucas
sequences with || < t is at most 463 —t*+ 7Tt and at least 4t —10t* —26t.
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Remark 2. The lower bound in Theorem can be improved to
4¢3 — 9t2, if ¢ is an integer.

Observe the following facts. Here the degenerate cases are too few
to influence the density (cf. Lemma [4.1)).

e For every non-zero integer K, there exist infinitely many U with
U; = K. For this, we may choose A = K with B arbitrary.

e For every integer K, there exist infinitely many U with Us = K.
For this we may choose B = A? — K with A arbitrary.

e Let U, = K. Observe that A and A% — 2B are both odd or
both even, hence K # 2 (mod 4). If K is odd, we can take

A=1and B = L=£. If 4 divides K, we can take A = 2 and

2

B=2-1iK.
We conclude that
. Ly(N) 3 :
Jvlgnoo N = 1,1, 7 for n = 2, 3,4, respectively.

In the sequel we restrict our attention to n > 5.
The following statement provides an upper bound for the number of
n-th terms up to N counted over all non-degenerate Lucas sequences.

Theorem 2.3. i) |£,(N)| < (612 + 2.5 - 10 - 095")Nn T forn > 5.
i) [Lon(N)| < (61245102 0.95") N1 +1836-N# log N forn > 5.

Theorem [2.3 implies that £,(N) < N =1 and that the density of L
is zero. In fact, since N3 log N < 6N1 for all N > 1, we have

Corollary 2.2.
1£,(N)| < (612+0,(1))N7T for n — oo, and |Ls5(N)| < 5-10'2- N1,

The next statements show that the exponents % in Theorem
are best possible.

Theorem 2.4. Let n > 7 and odd. Then there exists a positive con-
stant ¢; depending only on n such that

£,(N)] > e;N7-1, hence |Lan(N)| > ¢ N7,
provided that |L,,(N)| and |L>n(N)|, respectively, are positive.

Thus, for odd values n > 7, the bounds are sharp apart from a multi-
plicative constant depending only on n.

Corollary 2.3. Forn > 7,n odd, we have
|Lo(N)] <>, N7T.
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For other values of n > 5 our lower bound is slightly weaker, but of the
same order of magnitude.

Theorem 2.5. Let n > 5. Then there exists a positive constant co
depending only on n such that

|IL.(N)| > C2N%_®, hence |Ls,(N)| > CQN%_®7
provided that |L,,(N)| and |L>,(N)|, respectively, are positive.
Remark 3. We expect that, for all n > 5,
L,(N) >, No=7 and therefore Ls,(N) >, N1,

Because of the symmetry of the polynomials 22 — Az + B =
(z — a)(x — B) and 22 + Az + B = (z + a)(x + ), we assume that
A > 0 in the sequel, unless stated otherwise. We further assume in the
real case that |a| > |f]. It follows that a > 0.

3. PROOF OF THEOREM [2.1]

To prove Theorem in the case where a, # are non-real, we shall
use bounds for linear forms in two logarithms. For this, we introduce
some notation. For an algebraic number + of degree d over Q, the
absolute logarithmic height of ~ is defined by

d
1 .
h(vy) = 7 <log la| + Zlogmax(l, |7(z)|)> :

i=1
where a is the leading coefficient of the minimal polynomial of v over Z,
and the v(’s are the algebraic conjugates of v. Let oy, oo be non-zero
algebraic numbers. Consider the linear form

A= bg 10g042 — bl IOgOéh

where by, by are non-zero integers, and the logarithm of a non-zero
complex number w (here and later on) is taken according to

logw = log |w| + iargw,
with —m < argw < m. Set

[@(041, 042) : Q] ;o by by
Rloy,a0) & 4 V= Dloga, T Dlog 4y’

where Aq, Ay are real numbers greater than 1 such that

|logay| 1 :
log A; > max {h(az), 5 D (1=1,2)

D=

The following result is due to Laurent, see Corollary 1 in [17].
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Lemma 3.1. Keeping the above notation, suppose that aq, s are mul-
tiplicatively independent. Then we have

5 2
log |A| > —25.2D* (max{log v +0.21, 50, 1}) log A; log As.

The following consequence of Lemma (3.1| will be useful.

Lemma 3.2. Let 6 be an algebraic number which is not a root of unity.
Then, for any non-zero integer £, we have

1 (m + Dslog As)|¢| 20 2
¢ 3
‘5 1‘ > 5 CXP ( 25.27 Dy (max {log Dy log A, +0.21, Da’l log As |,

where

and As 1s a real number with

|logd| 1
log As > — .
og As > max {h(é), D, D

Proof. Put z = 6 — 1. Since ¢ is not a root of unity, we have z # 0. If
|z| > 3, then our claim immediately follows. So we may assume that
|z| < 3. Then, as it is well-known, we have

(2) [log(1 + 2)| < 2|z].
On the other hand, we also have
(3) log(1+ z) = (log(d) + 2k log(—1),

with some integer k. As |log(1 + z)| < 1, we have |S(log(1 + 2))| < 1.
Hence, by the choice of the logarithm,

[0S (log(6)) + 2km| < 1,

which implies
1+ ||

1
2K] < 16+ -
T
As 2k and { are integers, this in fact gives
|2k] < |¢].

Hence, in view of and , our claim follows from Lemma . [

Proof of Theorem Let n > 2.
Real case. Suppose that A? > 4B. Then a and 3 are real. As stated
at the end of Section 2 we assume A > 1 and o > |3|. Put D =

VA% —4B.
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Assume first that B < 0. If (A,B) = (1,—1), then o = /5

B8 = %5 and U, = O‘"\;gﬁ". Since || < 1, we have

a”»—1 a2

U, > >
N
In all other cases we have o« > 2. Then we infer, by § = g <0,|8] < a,
n __ Aan n __ n o n—2
«=8 = a=18 a+ld 20" 2

Assume next that B > 0. Then A > 3, 8 > 0 and, on using that
D >1,

a” — 671
5 U, = > oL
(5) aTg 2¢
Non-real case. Suppose now A? —4B < 0. Then B > 0 and o and 3

are complex conjugates. If B =1, then A =1 and % is a root of unity,
which is excluded. So we may assume that B > 1. Then we have

a — " « B " L
- B a— B3|\« '
We shall use that g is a root of the polynomial

B(x—g) (a:—é) = Ba? — (A* — 2B)x + B,

n

(6) |Un| =

15} Q

which is irreducible over Q. Thus, on using that |a| = |3,

6] log B
7 hl=) = .
(7 (2)-"%
Note that

logé‘ < |log EH + 7 =m.
a a

We distinguish two cases.
Assume first that B < €*™ < 536. Then we apply Lemma for
5:§,WithD5:1,€:n,A5:e”. We get

. 2
'(é) — 1' > 1exp (—25.27r2 (max {logQ—n + O.21,20}) ) .
« 2 T

This easily yields

" 1
(é) — 1‘ > - exp (—25.272 (max {logn — 0.24,20})*) .
«
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A simple calculation shows that, for n < 5- 108, we have
max {logn — 0.24,20} = 20.
On the other hand, for n > 6.2 - 108,
max {logn — 0.24,20} = logn — 0.24 < logn
holds. Finally, for 5-10% < n < 6.2 - 108,
(max {logn — 0.24,20})% < 20.01% < 1.001-(log 5-10%)? < 1.001-(log n)*

is valid. Thus we get that
® B\" |- lem20logn)® " if pp > 5. 108,
a - %6_100000, if n <5-108.

Combining it with @ we conclude that

|Unl| = {

Suppose next that B > 2™ > 535. Now we apply Lemma for
= 5 with Ds =1, £ = n, As = VB to obtain

«

" 2
‘(é) - 1‘ > %exp (—12.67r(10gB) (maux{logW + 0.21,20}) ) :

o mlog B

e=200ogn)? BE=1 " if p > 5. 108,
64000003%—17 ifn<5-108.

= s =

This by B > 536 implies

‘ (@) - 1\ > 2 exp (~126m(log B) (max {logn +0.85,20})°) .

o
Hence we get

‘(5)” 1‘ N {%B44(1°g">2, if n > 2.1- 108,

a 114 ifp < 2.1-10%

(9)

Thus from @ we obtain

lBg_1—44(logn)27 ifn>21- 108,
[Un| >

4
1B 1855, if n <2.1-108,

and our claim follows. O
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4. BOUNDS FOR THE NUMBER OF LUCAS SEQUENCES WITH
BOUNDED ROOTS

In this section we prove Theorem [2.2] For this (and also later on), the
following lemma describing degenerate Lucas sequences will be useful.
In fact, this description is simple and well-known, however, for the
convenience of the reader we provide its proof, as well.

Lemma 4.1. Let A, B be integers with AB(A* —4B) # 0. Then the

Lucas sequence U, belonging to (A, B) is degenerate precisely for
(10) (A, B)=(r,r%), (2r,2r%), (3r,3r%) (r € Z\ {0}).

Note that in each degenerate case A2 < 4B, so degenerate Lucas
sequences with AB(A? — 4B) # 0 are all non-real.

Proof. As before, let «, 3 be the roots of 2> — Az + B. As B # 0,
af # 0. If € := § is a root of unity, then as A(A% —4B) # 0, we see
that «, 8 are non-real. So ¢ is a quadratic non-real algebraic number

which is a root of unity, implying

with r = % Hence
A=a+pB=r(c+2+e1) e {2rn3r}, Bec{2rr? 3r*}.

Since B is a non-zero integer, we have r € Z\ {0}. Thus (A, B) is given
by .

On the other hand, one can easily check for (A, B) as in that 3
is a root of unity, and the claim follows. O

Proof of Theorem[2.4. First we derive an upper bound for the number
of Lucas sequences with |o| < t, where ¢ € Rsy. Here, instead of
assuming that U, is non-degenerate, for simplicity we shall only use
that AB(A? —4B) # 0. Again we assume A > 0, and o > 0 in the real
case, and double the number of counted polynomials at the end.
Assume that o, are non-real complex numbers. Then we have

A? — 4B < 0, hence
0<A<2VB, 0<B=|af <t
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Thus we obtain that the number of possible pairs (A, B) is at most

t2
4
E 2\/B§2/ \/de+2t:§t3+2t.
0

1<B<t2
Suppose next that «, 3 are real, so A2 > 4B. Note that we have
A+ VA2 4B <
= 5 <t.

We distinguish two subcases. If B > 0, then VA2 —4B < 2t — A,
hence

«

1
0<A<?2t, max(0, At —t*) < B < ZAQ.

In this subcase the number of pairs (A, B) is at most

1 1 1 4
> (1A2) + ) <1A2 — At +12+ 1> <Gttt
1<A<Lt t<AL2t
(Note that here, and later on in similar situations in the proof, in view
of that ¢ is not necessarily integer, a careful calculation is needed.)
On the other hand, if B < 0, then A <t and A+ vA%? — 4B < 2t,
hence A% — 4B < 4t? — 4At + A?. From

0<A<t, 0<-—B<t*— At

it follows that the number of such possible pairs (A, B) in this subcase

is at most
1 1 1
> (12— At < 5753 — 4 ~t.

1<A<t 2 8
Adding up the three bounds for the possible pairs (A, B) and dou-
bling this number, we obtain that the number of Lucas sequences with
AB(A? —4B) # 0 is at most 4t® — t* + Tt.

Now we give a lower bound for the number of non-degenerate Lucas
sequences with |a| <t and A > 0, whence a > 0 in the real case. We
apply a similar case-by-case analysis as for the upper bound, however,
now we need to take care of the degenerate Lucas sequences. These
sequences are completely characterized by Lemma 4.1} Recall that
there are no degenerate Lucas sequences with AB(A? —4B) # 0 in the
real case. Observe that for fixed A > 0, there are at most three B-s
with B(A? — 4B) # 0 such that (A, B) generates a degenerate Lucas
sequence, and for fixed B # 0, there are at most three A-s with A(A?—
4B) # 0 such that (A, B) generates a degenerate Lucas sequence. Note
that different pairs (A, B) yield different Lucas sequences.
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The non-real case. Choose 0 < B < t2, 0 < A < 2v/B. Then
AB # 0, A> —4B < 0 and |a| = vB < t. The number of such

non-degenerate sequences is at least

t2
4
> @VB-1)-3 22/ \/de—2t—4t2=§t3—4t2—2t.
1<B<t2-1 0
Next the real case with B > 0. Choose 0 < A <t,0 < B < 1A?
and t < A <2t, At —t* < B < ;A% Then AB # 0, A> —4B > 0 and

A+ VA2 —-4B
a = 5 <t.
The number of such non-degenerate sequences is at least

A? A? 1 1 17

— -1 AP 1) =6t > P — P - L
Z ( 4 ) * Z ( 4 T ) = 6 2 2
1<A<Lt t<A<2t

Finally, the real case with B < 0. Choose 0 < A <t, 0 < —B <
t2 — At. Then AB # 0, A> — 4B > 0, and

A+ VE—IB 1
a=2T : <S(A+2-A) =1

The number of such non-degenerate sequences is greater than

1, 1
> (tQ—At—1)2§t3——t2—t.

2
1<A<t

So we have altogether more than 4¢3 — 10t> — 26t non-degenerate

Lucas sequences with |a| < ¢.
U

5. PROOF OF THE UPPER BOUNDS IN THEOREM 2.3

Proof. Suppose |U,| < N for the Lucas pair (A4, B) and index n. Again
we assume A > 0, hence a > 0 in the real case, and double the number

of polynomials at the end. We include the number of degenerate cases
with AB(A? —4B) # 0 in the upper bound. We distinguish four cases.

Case 1. 0 < A < 9N#7 and |B| < 17N#7. Then the number of
pairs (A, B) with |F,,(A4, B)| < N is at most 306N 7T,

Case 2. A > 9N, |B| < 17N#7. Since A2 > 4B, we are in the real
case. By [16] we know the zeros of the Fibonacci polynomial F,(z, —1)
are given by

km

(11) 20057 (k=1,...,n—1).
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Hence, if n is odd, then

N o kT
(A, B) (A — 4B cos —)
k=1 n
and if n is even, then
n—2
2

Since A > 9N and AQ—ZJLB(:OSZ’L“—7r > A% —4|B| > N%, we obtain
N > |F,(A, B)| > min ((Nn 1)U QN (N7 )T ) ~ N

Thus there are no pairs (A, B) with |F, (A, B)| < N in this case.
Case 3. B < _17N"T. We have, in view of ,

n—1

km
F.(A,B) = kl_Il (A — 2V B cos 7) :
As V/B is purely imaginary, |A —2v/B cos Z| > 2,/|B] | cos ¥2|. Thus,
by | cos £X| = | cos ML
g km 2
N = [Fy(A B)| = kl;[l (2v/B|cos —

If n is odd, then we get, on using that cosz > 1 — %x for 0 <z < 7,

[ = 1 3) - = () o

Thus, by B < —17Nm7
1 A\t
12 Nz @E/B) M > (5\/@%1) SN,

a contradiction. So there are no such pairs (A, B).
If n is even, then we get similarly, by n > 6,

n—2 n—2

T kT T kY 2 () (2 m-2\'T
COS—TF> <1——):#><_n ) >2—n+2‘

n a2 n 2e
k=1 k=1

n 2z
As in the case n odd, we find that there are no such pairs (4, B).
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Case 4. B > 17N 71, We use the formula

L Tt+Yy L r—=y
CcoST — Ccosy = —2sin sin
2 2

Let ko be the value of k with 0 < k < n such that cos T is nearest to
2\@ Then

s kn

H <A—2\/Ecos—) >

k=1 n

k+#ko

ko — 0.5 ko —1 ko + 0.5 ko +1
n n n
o2 (ko — 1)m kr\ (ko + 1)m km
0 — 0
0 T cos = SO o )| >
X H (cos - cos n) H (cos - cos n) >
k=1 k=ko+2
ko—2
ol 1)4 (k+h-Ur  (k—k—Dr
(4vV'B) (sm ) X kli[l <sm o sin 5
n—1
k+ko+1 (k — k -
X H (sin( i 20n+ i -sin 0 )
k=ko+2

On using that kg < n,n — kg < n and sinz > xfor 0<z <3, w

obtain that
ko—2 n—1

— — N — — NI
HSID k‘o H Sln k’ ]{30 1) 2 (k’o 2) (n ko 2)
k=ko+2

nko—2  pn—ko—2
Observe that k + kg — 1 for k = 1,..., kg — 2 and k + kg + 1 for
k = ko+2,...,n— 1 form a set of n — 4 integers in the interval
ko, ko +n] C [1,2n — 1]. Using that the total product for such a set is
minimal if kg =1 or kg = n — 1, we obtain

ko—2 n—1 n—4

k+k—1 k+ko+ 1)m 4)!
Hsin%x H sin( i 0+ >Hsm—> n”4)'
k=1 k=ko-+2

On combining the inequalities, we obtain

H( _NECOSk_n) N (4\/?)"_2.(%—2)!(n—k0—2)!.(n—4)!'

(2n>4 nn—4 nn—4

k:

R‘
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By m! > (%)m for all m > 0 (which follows e.g. from the first inequal-

ity of 3.6.7 on p. 269 of [22]), we have (n — 4)! > (2=4)""" If n is
even, then (ko — 2)!(n — ko — 2)! is minimal for ko =7 and we get

(ko —2)!(n — ko — 2)! > <<g _ 2>!>2 - (n2_€4)n4

If n is odd, we use that (ko — 2)!(n — ko — 2)! is minimal for kg = 251

As (x +y)log(z + y) + (z — y) log(x — y) is monotonically increasing
on the interval (0, z) in y, for any x > 0, in this case we get

n—3\"7 [(n-5\"7 _ [n—4\""
— )l(n — kg — 2)! : > .
(ko = 2)}n — ko )>( 2e ) ( 2e ) _( 2e )

We conclude that

i (1-sme) - () (5

en
k=1
kko

We apply that (1 + %)° < e” for positive integers r,s (cf. eg. (1) of
3.6.3 on p. 266 of [22]) to derive that (Z2)""* > ¢ 4 Hence

ﬁ (A_Q\/Ecosk_ﬂ) . (AVB)"? et 1 _(2@)%

Pt (2n)*  (2e2)"2  detnt | €2
keko
If |F.(A, B)| < N, then, via
kmr
A —2VBcos 2=

n

n—2
<N-4e4n4( - ) )
2V B

we obtain, by putting cz = c3(n) = 24 "e?"n,

(2\/ECOS — —c3sNB™2 antl 2\/§COS — —I— csNB™2 ”H) )
n

Therefore, for every B the number of possible integers A is at most
2c3NB~ 2"

Thus in this case the number of possible pairs (A, B) with |F, (A4, B)| <
N is at most

2N Y BT <N [, mEtldr =

) 17N #"=T —1
B>17TNn—1
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463

4N(17N%—1>7%n+2 <4C3N(16N%)7%n+2 < 21473”6271714]\7%,

n J—

A calculation gives that e?"2'737p1(0.95)™" has its maximum for
n = 142, of value < 1.23 - 1011, Combining the Cases 1-4 and using
that e2"21=3mpt < 1.23 . 10" - 0.95" for all n > 5, we conclude that
there are at most

2. (306 + 1.23 - 10" - 0.95") N1

pairs (A, B) with |F,(A, B)| < N. O
Proof of the upper bound for |L>,(N)|. Let m > n and suppose that

|Un(A, B)] < N. Observe that for an arbitrary Lucas sequence U, if
[Unn| < N, then, by Corollary [2.1| and log(2) > 2,

m < 3log N
for N sufficiently large. Therefore
[3log N |
Lon(N)] < LN+ Y (612 +2.46 - 10" - 0.95™) N
m=n+1
Thus
L5 (N)| < (61242.46:10'-0.95" )N 7T +1836N « log N+4.68-10'2-0.95" N 1.

O

6. PROOF OF THE LOWER BOUNDS IN THEOREMS [2.4] AND [2.5]

We consider n to be fixed. By that, also the polynomials F),(z,y)
and
F.(Vx,y) for n even,

Cn(2,y) = {Fn(\/g’ y)/vT for n odd

are fixed. Note that G,, is a binary form of degree m = ”T_l if n is odd,
and of degree m = "T’Q if n is even. In our arguments we may clearly
assume that NV is large enough. If we write ‘for sufficiently large N’, it
means that the lower bound for N may depend on n only.

For the proof of Theorem [2.4] we follow a paper by Erdés and Mahler
[T1], who proved a similar result for binary forms.

Write F,(z,y) = Z,Egj apz" 2"=1y" Then ag = 1. The discrimi-
nant d of F,(z,1) is non-zero [12]. Let v = max(|d|,n), R a non-zero
integer and € a number satisfying 0 < 6§ < 1, to be fixed later. Let
h(R) be the arithmetical function defined by

h(R) = 1T Pe.

y<p<NY, p?||R, p2<N?
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Lemma 6.1.
H(N) := I1 h(E,(z,y)) < N240nN°,
|| <N, |[y|<NZ, Fp(z,y)#0

Proof. Since d # 0 and ag = 1, for given prime p > v and integers
a > 0 and y, there are at most n — 1 incongruent values of x (mod p)
for which F,(z,y) = 0 (mod p*). Therefore, for given p and a with
v < p<p*< NP the conditions

|| <N, Jy| < N?, Fy(z,y) #0, F,(z,y) =0 (mod p”)

have less than

2N + 1“ < 6nN3
e e

solutions x,y. It follows that the exponent b with p°||H(N) satisfies

the inequality

n(2N? + 1)[

o0 3 3 3
—~ p° p—1 p
Hence, for sufficiently large IV,

1273 ,
HN)<ep [ S5 logp | < N2V

y<p<N¥ p
since
Z bﬁ < 2logu
p<u
for sufficiently large u. U

Lemma 6.2. If 1 is the number of pairs x,y with
|Fu(z, )| < VN, 2| < N, |y < N?
then ;1 < N3 for sufficiently large N.

Proof. For a given m with |m| < v/N and a given y with |y| < N2
the equation F,(z,y) = m has at most n — 1 integer solutions z, and
therefore

p< (n—1)2VN+1)(2N? +1) < N?
for N sufficiently large. 0

Lemma 6.3. For sufficiently large N, there are at least 2N pairs of
integers x,y with |x| < N, |ly| < N? and (z,y) = 1.
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Proof. Obviously, the number of these pairs is at least 4¢), where @)
denotes the number of pairs with 1 < x < N,1 <y < N? (z,y) = 1.
Using that ) p~2 = 0.4522472... (see e.g. [25] A085548), we have
N3 N3
Q>N°—» —>—.
p p 2

O

Lemma 6.4. For sufficiently large N there are at least %N3 pairs of
integers (x,y) with

o] S N, [yl < N, Fulw,y) #0, (2,9) = 1, h(F(z,y)) < [Fu(z,y)*"
Proof. By Lemmas and , there are at least N3 pairs (z,y) with

ol SN, |yl < N? (z,9) =1, |Fu(z,y)| = VN.
Hence, if Lemma were false, there would be more than %N 3 such
coprime pairs x,y with

h(Fu(a,y)) > [Fu(w,y)[*" > N
and therefore, for N sufficiently large,
H(N) > A8 g N® _ A7246nN?

in contradiction to Lemma [6.11 O

Y

Lemma 6.5. For all x and y,
IFu(e.y)| < F - (max(a?, |y]) 2" < Bmax(a?, [y]) =",
where F is the n-th Fibonacci number.

Proof. As the Fibonacci sequence corresponds to the choice (A, B) =
(1, —1), by the definition of F,(z,y) (observing that the coefficients ay,
of F,,(z,y) have alternating signs) we obtain

125+ 125+
Fr=F-1) =3 (-D'an = 3 fanl.
h=0 h=0
From this the claim immediately follows. 0

Lemma 6.6. For sufficiently large N there are at least %N‘?’ pairs of
integers x,y with

(13) 2| <N, |yl < N?, (2,9) =1, Fu(z,y) #0
such that |F,(z,y)| = kike, where ki and ky are positive integers such
nlog(2N

that kq is divisible by at most v + ) different primes and ko <

| Fy (0, y)[ 20,

f0log N
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Proof. We apply Lemma [6.4] with

F,(x,
k2 - h(Fn(Ivy))a kl - |(k—y)|
2

Then k; and ko are positive integers, since h(F,(z,y)) is a positive
integer which divides F,(z,y). By Lemma [6.4] for at least $ N* pairs
(x,y) satisfying ,
ky < |Fula, y) "
The factor k; is divisible by prime numbers of the form p with p <~
or p > NY But since |F,(z,y)| < FXN™ < (2N)" by Lemma [6.5] there
are at most
nlog(2N)
0 log N

primes dividing k;. U

It now suffices to prove that the number of relatively prime integer
solutions (x,y) to equation F,(z,y) = k is bounded by is bounded by
a constant depending only on n. Here we apply Lemma [6.7, which is
Theorem 3(i) of Lewis and Mahler [20]. Recall that cq4,cs,cg, ... are

constants depending only on n. For an integer x and a prime p we
write |z|, =p " if p" |z, p"T 2.

Lemma 6.7. Let G(z,y) be a binary form of degree m > 3 with integer
coefficients and non-zero discriminant satisfying

G(1,0) £ 0 and G(0,1) # 0.
Let a be the canonical height of G(z,vy); let

= mj Tth ot
Pm—h:{g{gm hol » Om = Pm m’

and let py,pa,...,p: be any finite number of primes. There are not
more than
om+2 2 4m 10g<48a2m8) t+1
(14) 2om =2 (2m (I) om =2 +€(t+ 1) \;1(—1) +2J (em(3pmm+4))
og(a —

pairs of integers x,y such that

r#0, y>0, (z.y) =1, 0<|G(z,y)| [[1G(,y)]p, < (max(|z], [y]))*,

=1

wherec4:m—pm—%forallm23.
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On using that p,, < 2/m, we obtain

4 1 2 37 16 52 19 104 m
C4a=M = Pm — 5 = s , —— > —
3m 1837307 921" 6 27’ 3

form = 3,4,5,6,7,8,9, > 10, respectively. Recall that n is odd, n > 7,
hence F,(v/z,y) = Gp(z,y) and n — 1 = 2m. Thus m > 3 and (14)
can be written as cs + cg(t + 1)ci™, provided that a can be bounded
by a constant depending only on n. By Lemma we have |a| < 2"
for our polynomial G(z,y).

Lemma 6.8. If k is an integer, k > (F3,.,)°, and it can be written
in the form k = kiky with positive integers ki and ko such that ki is
divisible by at most t different primes, ko is not divisible by any of these

primes and ko < kiiﬁ then the equation Gp,(x,y) = k has not more
than cs + cg(t + 1)c- ax different solutions in relatwely prime integers

z,y.

Proof. Let k be an integer, for which G,,(x,y) = k has at least one
solution (zg,yo). Then, by Lemma 6.5

(15) k < Fopyy - (max(|z], [y]))*"

The integer k = kiko is the product of the integer k; with at most
t distinct prime divisors and the integer ks which is coprime to the
product of these primes. By “

2cy 4cy
by < k5 < (B 5 (max(Ja], [y]) 7
Thus, since k > (F3, )%, we get, by (15),

2m
max(lal o) = ()" > (B,
2m+1
hence .
ky < (max([zl, [y) 5+ = (max(|z], [y])™
The statement of Lemma [6.8 follows from Lemma [6.7]. O

Proof of Theorem[2.4 Let R = <F—]\i>E Then |F,(x,y)] < N for
|| < R and |y| < R? in view of Lemma [6.5 It follows from Lemma

[6.6] that there are at least

3

1 1/ N\t
1 "R = (=
(16) 2R 2(Fﬁ“>

different pairs of relatively prime integers z,y with |z| < R, |y| < R?
for which |F,,(z,y)| = k # 0 and k is a product of two positive integers



INTEGERS REPRESENTED BY LUCAS SEQUENCES 21

k = kiko, such that k; is divisible by at most v + %SI? different

’96«91@

primes, whereas ko < |F,,(z,y)[”*"". We choose

Cq

0= gq0m <1

where ¢4 is the constant in Lemma for m = "T’l Since n > 7,
Gm(z,y) is a binary form of degree m = (n — 1) > 3. Thus there
are at least different pairs of relatively prime integers x,y with
lz| < R,|y|] < R? for which |G,,(2?,y)| = |Fu(z,y)| = k # 0 and

k = kqko, such that k; is divisible by at most

nlog(2R) 3
flog R <G

different primes for some positive integer cg, while

2cy

ky < |G(2?, y)|" = |G(2®, y)| 5.

Here we have used that N, hence R, is sufficiently large. We apply

Lemma [6.8 with ¢ = cgn® and ky < J:5+ . We conclude that the number
of different relatively prime solutions of G,,(z,y) = k with k > (F*)®
is not larger than

Co 1= C5 + 06(08n3)c$8"3.

So the number of different coprime solutions of F,(z,y) = G(22,y) =
k for a fixed k is not larger than cg. The number of such solutions of
the equation F,(z,y) = k with k¥ < (F*)® is bounded by a constant
c10- Put ¢;7 = ¢9 + c19. Thus, for sufficiently large N, by , there
must be at least

1 N\ »—1 3
— (=) > cNTT 49
2en (F$> o -

different positive integers k < N for which |F,,(z,y)| = k has at least
one solution in integers x,y with (x,y) = 1. Observe that in view of
Lemma [4.1] for these values of z,y, the Lucas sequence corresponding
to (A, B) = (x,y) is degenerate only for the nine values

(z,y) = (0,0), (0,+1), (£1,0), (£1,=£1).

This has been proved for N > Nj(n). By adjusting the constant c;y
for the smaller values of N and calling the new constant ¢, the result
follows. O

Remark 4. Obviously, the same lower bound applies to £>,,.
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Proof of Theorem[2.5 - case n even. Let n be even. As we already
mentioned, in this case U, = AG,,(A?, B), where A divides U,, and
Gn(z,y) is a binary form of degree m = "7’2 By Lemma for all
the pairs (A, B) with

ISA<oN®, 1<B< N

we have |G,,(A, B)| < N. Observe that the number of such pairs
(A, B) for which the corresponding Lucas sequence is non-degenerate,

by Lemma is at least %N% _ONwT. Indeed, for A fixed, there
exists at most one such B with A2 — 4B = 0, and at most three such
B-s with . We claim that for any k£ with 1 < k < N the equation

(17) Fo(z,y) = AG, (2, y) = k

can have at most n/N®eios~ solutions among these pairs (A, B). From
this the theorem immediately follows. In the first place, observe that if
(A, B) is any solution of (L7)), then A | k. By Theoreme 1 of [24], the
number of divisors of k, and so the number of choices of A, is at most

1.5379 log 2

(18) T(l{j) S k log log k S N%,

where 7(k) denotes the number of positive divisors of k. Furthermore,
for any x = A, can have at most n solutions in y, and our claim
follows.

Obviously, the same lower bound applies to £,,. Hence the state-
ment is proved for even n. O

Theorem [2.5] is a consequence of Theorem [2.4] for n > 7 odd, while
it has been proved above for n > 6 even. In order to deal with the
remaining case n = 5, we apply the following lemma.

Lemma 6.9. There exists an absolute constant Ty, such that iof T s
an integer with T > Ty and t is a non-zero integer with |t| < 4T, then
the equation

(19) v —5y° =t
has at most TEET solutions in positive integers x,y with |y| < %\/T

Proof. 1t is standard (see e.g. Lemma 3.2 and its proof in [I4]), that
all positive solutions of come from identities

z+V5y = (u; +v;V5)(9+4VE)" (n>0,i=1,...,1),

where u;,v; € Z (i = 1,...,1) for some I. Here 9 + 44/5 is the funda-
mental solution of with ¢ = 1. By Theorem 8-9 of [19] (see pp.
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147-148), we can take

22 + 9v/5)|t
(20) 0<u < (+T\/_)H<4.6\/T (i=1,...,1),

which implies

(21) ;| < 23VT (i=1,...,]).

Further, by Lemma 5 of Gy6ry [13] we know that
I < 2°Ory(t),

where w(t) is the number of prime divisors of ¢, while 75(#) is the number
of ways the principal ideal (¢) can be factorized into the product of two
ideals in Q(\/g) As every prime can split into the product of at most
two prime ideals in Q(v/5), we have 7(t) < (7(¢))?. Thus, in view of
(18) we have

(22) [ < 7(t) < |t|msvsT < (4T)Fostostam

Using Lemma 3.2 from [14] and its proof, we get that y belongs to a
recurrence sequence G (i € {1,...,I}) with initial terms

(G(()i), GY)) = (vy, pot; + 2p10;) = (vy, 4u; + 18v;)

and recurrence relation

GS—)FQ = 2#1G£2rl - fo) = 18GS—)|—1 - GS) (n>0),
because p11 + pov/5 = 9 4 44/5. Setting

a=9+4v5 and B=9—4V5,

we have
(23) y = a;a" —b;"
for some n >0 and 1 <4 < [ with

A+ (94 4v/5)v;

and b — du; + (9 — 4\/3)1)1-.

Q;
8v/5 8v5
By and we have
(24) b;] < 1.1VT.
On the other hand, letting
1

e du; + (9 + 4V5)v;

we have

(16uF + T2u;v; + v3)y* — (8u; + 18v;)y + 1 = 0.
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Clearly, 16u? + 7T2u;v; + v? = (4du; + 9v;)* — 80v? # 0. Thus letting
h := max(|8u; + 18v;|,1),

we see that either |y| <1, or

h|y?|

=1

whence |y| < h + 1. From this and and we get that

|y <79 T.

V2| < |16u? + T2uw; + v2 ]y < h(]y| +1) <

This implies, by a;y = ﬁ,

al > o

“T T
Combining this with and , we obtain

1
y > |a;a”| — |b;8"| > (17.9)" — VT,

1414T
and this exceeds % Tifn > % This implies that y > %\/T
for n > logT + 3. So in view of | ., our claim follows by a simple
calculation. U

Proof of Theorem 2.5 - case n = 5. Recall F5(A, B) = A*~3A*B+ B2,
and for a given positive integer N consider the set

1 1
HN;:{(A,B)GZQ 1< A< N, 1§B§—N1}.

\)

Then for (A, B) € Hy we have that the corresponding Lucas-sequence
(by Lemma , similarly as in case of n odd) is degenerate at most for
2N pairs (A, B), |F5(A, B)| < N and also that |Hy| = %N%.

We show that for any & with |k| < N, there are only ‘few’ (A, B) €
Hp such that

(25) Fy(A, B) = k.
As 4F5(A, B) = (2B — 3A%)? — 5AY can be written as
w? =5yt =t

with # = 2B — 34%, y = A? and t = 4k. So applylng Lemma (6.9 -
with T = N, we see that . has at most N~ solutions with
N > Ny(n). Hence for N > Ny(n), we have

3_ 4
N4 loglogN7

1£5(N)] =

and the statement follows. O
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