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ANGLE IN MINKOWSKI AND FINSLER SPACES

Summary

Area in Minkowski spaces was given by Busemann [Bu] and studied and often used by
others. Infinitesimally a Finsler space is a Minkowski space. So if we can measure area in a
Minkowski space, then by integration we obtain the area (of a domain) of a Finsler space.
The same holds also for submanifolds. We consider the angle of {two veciors in a tangent
space of the base manifold of a Finsler space. This angle in Minkowski (or Finsler) spaces
attracted less interest. Since the Finsler space makes its tangent space into a Minkowski
space, measuring of angles in a Finsler space reduces to that in a Minkowski space. We
show that they are applicable in measuring the deviation of a Finsler space from being
Riemanian. Also it can be proved that a diffeomorphism between two Finsler spaces is an
isometry ifl it keeps angle (in the above sense) and area, similary to the well known result

of Riemannian geometry.

1. Angle

Given a Finsler space F™* = (M, F) we consider an angle a = £(a,b) between two
rays a,b € Tp, M out of the origin 0 = pg of Tp M. Ty, M is an n-dimensional vector
space V™. @ and b span a two-dimensional lincar subspace ¥ of T, M, provided a
is not parallel to b : a §f b. If a || b, then we assign to the pair a, b a 2-dimensional
lincar subspace £ of T, M trough the straight line g D a,b. The convex domain of ¥
bounded by a and b will be denoted by A. This is unambigous if a }f b. If a = b, then
A=0.Xa,bCg,a#b, then g cuts X into T* and ¥~. Then A=Yt or A=X".

B2 (1) == {y | F(zxo,y) < 1} C T, M is the indicatrix body of F™ at o € M.
F™ makes cach T, M into a Minkowski space M7, with indicatrix body B}, (1) and
with the Minkowski functional F(y) = F(wzo,y) : TeeM — RT. B2(1) is then a
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Minkowski ball of radius 1, and 8B2(1) = Z is the indicatrix (hyper) surface. By
BZ(1) = BX(1)NE, M? (or F™) induces on & C T, M a two-dimensional Minkowski
metric and thus an M2. BZ(1) N A = D is a scgment of the indicatrix body of M2
belonging to La(a,b).

Let {e1,e2} be an arbitrary basis in the rcal vector space V2 ~ ¥ C T, M. Then
y = 32 y'e;. Let ¥ : © — R2 be a mapping given by U(y) = (¥, v?) € R%
Considering ¥(e;) as an orthonormal system, R? becomes a Euclidean space E2. We
denote the Minkowski area in M2 by || - || a, and the Euclidean area in E? by || - | .
Then the 2-dimensional Minkowski arca of D in M is the Minkowski area of D in
M? = M:

™

(1) IDlm= / PERT N
D |B2|| £

(Z. Shen [S1] §1.3, or H. Busemann [Bu], H. Rund [Ru] Chap. I, §8, D. Bao -
S. S. Chern — Z. Shen [BCS], §1.4, and many other places.) Since [ dy'dy? is the
Euclidean area of I, (1) is equivalent to

B> = ¥(B2), D=¥(D).

D| e
1 Dt sk,
S DIy = i
(1) and (1’) are true for any domain G C .
The Minkowski measure of the angle La(a, b) can be defined as follows:

Definition 1.
(2) Apmafa,b) :=e2||D||lpm. e=1or —1.

The sign € depends on the orientation of the angle.

£ pma can be expressed by the Minkowski functional F and the data of the two
legs a and b. Let (r,¢) be a polar coordinate system in E2, e(p) a unit vector in
E? with polar coordinates (1, p), and Z? := dB2(1) the indicatrix curve of M2. Let
y € T2, W(I2) = r(¢), and U~ (e(y)) = &(¢). Then 1 = F(y(p)) = F(r(¢)e(p)) =
r(p)F(e(¢))- Thus r(p) = F~1(&(yp)). The Euclidean arca of B? is

" 21 1 " 1 2 1
Oor
i, dy E P q o ey
—5/0 (y(p)/\@)daa—Efo (y*dy* —y°dy").
Hence
2 =1
(3.2) elDllsa =2 | F2eeNde| - [ rarde
0 D

In another from

(3.b) €|l Dljpm = 2m [ :W F_2(E(:p))d:p] B '/:2 {/‘:(w) rdi‘} dy,

=(p'1 :0
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=1 ?’f w2 < 1,
where 0 < 1, @2 < 271 denote the directions of the two legs a, b of a.

If MZ is a Euclidean space E™, then (2) reduces to the Euclidean mecasure £ gpa
of the angle «. Indeed, if M?” = E™, then B? is the Euclidcan unit ball. Now

T (e(p)) = ylp) € T2 = FL(y(v)) =1 = |Dlm & 2m(2m)~2(p2 — 1) and by
(2) Lpma = pa — 1, which is the Euclidean measure of a. Thus £y = 2¢||D||a is
a generalization of the Euclidean measure of a.

If OB? is an cllipse £, then there is a lincar (Minkowski) isomorphism i of & = V2,
which takes £ into the unit circle of E?, and M2 into a ﬂi Since || - || pm 18 a Haar
measure which is preserved by linear isomorphisms, we obtain that £ yo = 4o =
AEto.

| D] am of (3.b) is positive if w2 > @1, and negative if g2 < 1. Therefore £ pa
has a sign, and because of the additivity of the second integral in (3.b), L« is
additive: Ly + Lpypas = Laq(aq + az). Also £y is symmetric in the sense that
[ pa,B)] = | Laa(b, ).

The case of the straight angle: In this casc a Ub = g is a line through 0 € T, M.
Let £(a,b) = a™ be the straight angle with the domain ¥y =A%, and £(b,a) = a~
the straight angle with the domain ¥ = A~. Because of the additivity

Amat +4pqa =2r Vg

Therefore the equality Lyt = Ly~ of the Minkowski measure of the two straight
angles o™ and a~ implies |B* N At||g = ||*D?|g = || D?||g = |B*N A~ ||, and
conversely. In other words: £ pat = £y iff g bisects B2.

If B? is symmetric, then every line g through O bisects B2. We show that also
converscly, if every g through O biscets B?, then B? is symmetric. Suppose that B2
is non-symmetric. Then there exists a g, such that in the applied polar coordinate
system r(pg) > r(po + ), where (r(p), ) € B2, V. A g is fixed by its direction
. Then for every g(¢)

i poem 1
;f ri(p)dp = S |B%|e, VO<p<m
7]

]

Especially
Wwo—€e+m 3 wotet 5
f r(p)dy = f r*(p)dep.
Yo—¢ wote
Hence
wo+te 3 potetm 5
/ re(p)dp = f () dip.
Po—E€E wo—€+T

By the integral mean value theorem

Po— €% P1= PotE
2er?(p1) = 2er?(p2),
wo—€+T P2 <o tetm,
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and because of the continuity of (), € — 0 yields 7(po) = r(pp+) in contradiction
to our assumption. Therefore B2, and thus also B? is symmetric. This is equivalent
to the absolute homogeneity of F.

These statements are summed up in

Theorem 1. Ly = €2[|D||pm is an additive, symmetric measure of the angles in
Finsler spaces. In a Fuclidean space this reduces to the Fuclidean measure of c.

Adma = £m for every straight angle & if and only if the Finsler metric is absolute
homogeneous.

2. Isometry between F™ and F

Let F" = (M, F) and F" = (M, F) be two Finsler spaces, ¢ : M — M a diffcomor-
phism, Z(po) := {y € Tpo M | F(po,y) = 1} and Z(po) := {y € Tp, M | F(Po,7) = 1},
Po = ¢(po) are indicatrix hypersurfaces (indicatrices) of F™ and F | respectively.
Z(p)NE = I?%(p) is the indicatrix of M‘?, and Z(p)NYE = ZJ ), D= p(p), T = p(T)

; . . S . .
is the indicatrix of Mg. p is an isometry iff

(4) (dp)Z(p) =Z(P), Vpe M.

Theorem 2. The diffeomorphism ¢ : M — M is an isometry between the Finsler
spaces F™ and T iff ¢ keeps angle and (2-dimensional) area.

A) Suppose that ¢ is an isometry. By (4)

o S
(5) (dp)T(p) = (dp)Z(p) N (dp)S =Z(E)NE =T (B).
Y and T equipped with Euclidean metrics are E?and Ez respectively. Then by (17)
~1Pl5
D = ||D|| pmq2
IDlas = 1Dlxe = 7 g
and, since dy is a linear mapping which keeps the ratio of areas
[(dip)D|z
D P o | B 0
S e

(Strictly speaking, d¢ should be replaced here by (dp)* = ¥ o dp o U1
— w2
T:E-E,y- @.7))

Finally, in consequence of (5), we obtain

= s
1Dl = LB _ (B, D= (@e).
B2

This means that ¢ keeps (2-dimensional) arca. (It is casy to sce that an isometry
keeps also the k-dimensional (1 < k < n) area.)

According to (2) £ ma is defined by arca. Thus, if ¢ keeps arca, then ¢ keeps

~ 2 - [—
angle too. Indeed, we know that £y« e 2¢||D||m and Lgpa = 2€|| D57, where
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@ = (dp)a. Then, from || D||r+ = ||(dp) D]l 5 (¢ keeps arca) we obtain £ ma = Ly,
that is ¢ keeps angle too. ,

B) Suppose that ¢ keeps arca (a) and angle (n). Let us denote (de)Z2(p) =: Z(p).
F" determines the indicatrix Tz(ﬁ) =Z(p)NZ. We denote (dlp)_lf(}_.')) =7I(p)Cc T
and f(p) NA=:D (A is the domain of the angle La(a, b)).

dip maps a, b into a, S, and the domain A into A. Furthermore D := ANT (p),
and D := ﬁﬂfz(ﬁ). Moreover (dyp)~ takes @, b into a, b; Z(P) into Z2(p).

By our assumption (a) and (n) we obtain

1DlIm 2 |1 Dllr
1DIm 2 1Dl 2 1D an.
Thus
D)z _ _ A _ _lPls e
(6) B2y Ts = 12w = 1Dl = g = = [l = D]

Let cbearayin X, cnNZ?(p) =C, ‘and enZ =C. Suppose that there exists p and ¢
such that C # C' and let us say that C is outside 32 Then, because of the continuity,

there exists a ray h(s c), such that the whole arc CH (H = ¢N Z) is outside Bf,.
Then the segment D(c, h) of Bﬁ is a proper part of the segment ﬁ(c, h) bounded by
¢, h and 7. Then ||D(c, h)|| g < || D(c, h)|| g, what contradicts (6). Therefore C = C,
Ve,p. Then E)BS = 72(p) = Z. Consequently (dp)T%(p) = T = (d:p)f = f(ﬁ),
Vp € M. This yiclds (4), and thus g is an isometry.

3. Deviation of Finsler spaces from Riemannian spaces

There are known several conditions which imply the reduction of an F™ to a Rie-
mannian space V™. Such a condition is the vanishing of the Cartan tensor Cjji or
the constantness of the distortion 7(z,y) [S3]. Many other quantities, such as the
S-curvature [S2], Landsberg curvature, Cartan torsion, ctc. can be coupled with this
problem. Also, a Finsler space is a Riemann space iff the indicatrices are ellipsoids.
We want to present conditions expressed by the Minkowskian angle which imply the
reduction of the indicatrices to ellipsoids.

We consider a Finsler space F™ = (M, F) and its tangent space, as a Minkowski
space M" = (T, M, F(p,y)), and a 2-dimensional linear subspace ¥ of T, M. T,,, M
can be indentified with a vector space V™ or the coordinate space R™(z) which can
be equipped with a Euclidecan metric, yielding E™(x). B™ is the indicatrix body of
M™ 8B™ = T the indicatrix surface, and Z N £ = 72 is the indicatrix of the M?2
induced by M™ on . If F™ is a Riemannian space V™", then M? is a Euclidean
space, and Z reduces to an ellipse. In this casec Minkowskian and Euclidean angle
arc the same, Lypa(a,b) = Lra(a,b), and it equals 7 iff « is a straight angle: its
two legs a, b arc two half lines of a straight line g : a Ub = g. As we have scen
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Lyofa,b) = if aUb=g, VgCECTy,M, VpeM

is necessary for an F™ to be a V",
Given an arbitrary ray a C ¥, let @ be the other ray, such that eUa is a line g, and
let b C ¥ be such that Yaa(a,b) = 7. b depends on a, and |Laq(b,@)| =: f(a) = 0
is a function of a C ¥. f(a) = 0, Ya C X is necessary for F* = V™. Let (r,v) be
a Minkowskian polar coordinate system in X, that is r = F(pg,y) for a y € £, and
v = L am(0y,do) the Minkowskian angle between the ray Oy and an initial direction
(initial ray) dg. Then
2T

(7) G(»X):= :0?(5')65!/ =0, f(v)=f(av)), VECTpM, VpeM

is necessary for F™ = V™. This and sec. 1 of this Chaper yield

Proposition 1. (7) is equivalent to: 1) b =@, Va, 2) dm(a,a) =x,Va, 3) Vg
bysects 2, 4) I(p) is symmetric, 5) F™ is absolutely homogeneous.

All these are necessary for a Finsler space to be Riemannian. G(p, ) > 0 measures
the deviation of an F™ from being absolutely homogencous in ¥ at p € X.

We want to obtain sufficient conditions for F™ = V"™, Our tool for this will be the
difference between Minkowski orthogonality and transversality. Since the propertics
listed in the Proposition are necessary, we suppose that the indicatrices are symmet-
ric. Let ¢ = aU@, h = bUb be lines and rays in £ C T, M, Mf, = (T,M, F(p,y)), and
F™ as above. Our considerations will be restricted to X. Because of the symmetry
of Z?(p) the Minkowskian perpendicularities al pb, i.c. Lya(a,b) = 3, al Mb,
al pb, al pb are equivalent. They mean gl aqh. So, in the case of the symmetry
of Z?(p) we can speak of the perpendicularity of lines in place of rays. Denoting by
g* aline perpendicular to g, we obtain (g-)* || g.

Another notion is transversality. Let ¢ N Z%(p) = G,G’. Then the tangent
TeZ?(p) =: g* is called transversal to g. Because of the symmetry of Z2(p),
ToI?(p) =: (¢')* is parallel to g*. Also, any line parallel to g* is said to be transversal
to g. So we can speak of transversality of a direction to another direction. Never-
theless, this relation is not symmetrical, that is the direction transversal to ¢g* is in
general not ¢ : (¢%)* ¥ ¢g. The relation

(8) (") llg, VgCZ

means that in Mf, the transversality operation * is involutive.

A strictly convex, closed, differentiable curve with O in its interior, and with
the property (8) is called a Radon curve. Every ellipse is a Radon curve, but not
conversely. This shows that if the indicatrices of an F? = (M, F) satisfy (8) at every
point p € M, then these indicatrices need not be ellipses, and thus F?2 needs not be
a Riemannian space V2 = (M, g).
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We claim that if n > 2 and (8) is satisfied in every £ with respect to Z%(p),
then F™ is a V™. Indeed, under these conditions every Z2(p) = Z(p) N L, Vp, X is a
Radon curve. Then in T, M every cylinder osculating to By osculates along a planar
curve [T]. In this case, according to W. Blaschke ([B1] pp. 157-159), every Z(p) is
an ellipsoid, and thus F™ = V™,

If F* = V™, then YZI?(p) is an ellipse, and (8) is satisfied. But (¢*)* || ¢ is
always true if Z2(p) is symmetric. Hence in this case g* || g*.¥Vg.

If Lpma(g*,gt) =0, ie. if g* = gL, then (8) is realized, for (g+)* || g is truc.
Hence

K(p,%) = [D ol ) doe

gCck, VICT,M,VpeM
is sufficient for F™* = V™. Conversely, (9) is always satisfied in a V". Thus we obtain

Theorem 3. An absolutely homogeneous Finsler space F™, n > 2 reduces to a Rie-
mann space if and only if K(p,X)=0,VE C T, M,Vpe M.

The deviation of an absolutely homogeneous F™ from being a Riemannian space
on ¥ C Tp,M can be measured by K(X). Thus K(X) can be considered as a kind
of sectional curvature. The deviation at a point pg € M can be measured by the
integral ;

fgn‘g do Gn,2
where G,, 2 is the Grassmann manifold of the 2-dimensional linear subspaces of T}, M,
and do is a positive mcasure on G, 2, such that fgmdo is finite and invariant
with respect to linear transformations in T, M. The deviation of F™ from being
Ricmannian on M (the global casc) can be measured by the integral

1
HM) = o jM G(z)dy > 0,

where dj is the Finsler volume element, and | ar @it is supposed to be finite.

G(po) = K(X)do >0,
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KAT W PRZESTRZENIACH MINKOWSKIEGO I FINSLERA

Sireszczenie

Pole w przestrzeniach Minkowskiego zostalo okredlone przez Busemanna [Bu] oraz bylo
badane i czgsto slosowane przez kolejnych autoréw. Infinitezymalnie przestrzeni Finslera jest
przestrzenig Minkowskiego. Jedli zatem potrafimy zmierzyé pole w przestrzeni Minkowskie-
go, przez calkowanie olrzymamy pole (obszaru) w przestrzeni Finslera. To samo zachodzi
dla podrozmaitoéci. W pracy rozpatrujemy kat utworzony przez dwa wektory w przstrzeni
stycznej do rozmaitosci bazowej przestrzeni Finslera. Pojecie kata w przestrzeniach Minkow-
skiego (wzglednie Finslera) nie budzilo dotad specjalnego zainteresowania. Poniewaz prze-
strzenn Finslera ma swg przestrzen styczng w przesirzeni Minkowskiego, mierzenie katéw
w przestrzeni Finslera redukuje si¢ do mierzenia katéw w przesirzeni Minkowskiego. Wyka-
zujemy, ze mozna tego dokonaé przez pomiar odchylenia przestrzeni Finslera od odpowied-
niej przestrzeni Riemanna. RownieZ mozna wykazaé, ze dyfeomorfizm miedzy dwiema
przestrzeniami Finslera jest izometria — wiedy i tylko wiedy, gdy pozostawia niezmienione

katy (w powyzszym sensie) i pola, podobnie do dobrze znanego wyniku w geometrii rie-
manowskiej.



