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Chapter 1IntrodutionIt is generally believed that the strong interation whih ats between the onstituentsof hadrons, is desribed by the theory of Quantum Chromodynamis (QCD). The twotype of the onstituents, alled partons, are presented by the quarks and gluons whihorrespond to matter and fore arriers respetively. There are indiations that theQCD explains the experimental observation that the quarks and the gluons only ap-pear as on�ned states and do not our as free partiles. The fat that the hadronsare observed instead of partons (quarks and gluons), is theoretial explained by thepriniple of olor on�nement: only olorless objets our in nature. Predition ofQCD for any strong interated proess an be obtained in priniple whih turns outto be very hard. However under spei� onditions it is possible to ompute somequantities by means of perturbative method. This approah is justi�ed by asymptotifreedom of QCD. With this property of QCD and the renormalization group teh-niques one an de�ne the running oupling onstant αs(Q) whih beome zero in thelimit Q→ ∞. This behaviour in the high sale region allows us to make perturbativeexpansion in αs(Q). The lowest order of this perturbative expansion orresponds tothe na��ve parton model approah or to so-alled leading order approximation (LO).However, the LO alulation an predit only the order of magnitude of a given rosssetion and the rough features of a ertain observable. The auray of the pertur-bative expansion is ontrolled by the size of the higher-order alulations. Any QCDpredition thus requires (at least) a next-to-leading order (NLO) alulation and theNLO de�nitions of the related omponents (e.g αs(Q)).These higher-order omputations have been arried out over a period of abouttwenty years, often long after the auray of experimental data has made themneessary, beause of the diÆulties in the setting up a general and straightforwardalulational proedure.One of these diÆulties is the treatment of the matrix elements. Beause ofthe omplexity of the non-abelian verties the expression of the matrix elementsbeomes huge by inreasing the external legs of matrix element. This problem ariseat leading order too. Otherwise, the loop matrix elements ontain integrals over the1



2 CHAPTER 1. INTRODUCTIONloop momenta. In priniple and some important ases [42℄ the problem of the one-integrals is solved, but the two loop integrals are known only in some speial ases.At this moment, the alulation of the higher loop amplitudes is hopeless.The other diÆulty is in neessity of fatorizing the long- and short-distaneomponents of the sattering proesses and is reeted in the perturbative alulationby the presene of divergenes. The anellation of these divergenes is main taskof the next-to-leading (or higher order) alulation. There are many general methodhave been developed for alulating NLO ross setions. When I started my worksin the topi of perturbative QCD I also had took a share in the developing an NLOalulation method [8℄.In this dissertation I disuss the theoretial desription of the four-jet produtionin eletron-positron annihilation at NLO level. The motivations of this projet arethe followings.The eletron-positron annihilation is the leanest way to test QCD in high en-ergy elementary partile reations and measure the strong oupling onstant αs. Theother ingredient of the QCD, that is in priniple free, is the underlying gauge group.Although by now nobody questions that QCD is based upon SU(3) gauge theory, the\full" measurement of QCD, that is the simultaneous measurement of the strongoupling and the eigenvalues of the quadrati Casimirs of the underlying gauge the-ory, the CF and CA olor harges, is not a purely aademi exerise. The possibleexistene of light gluinos [62℄ inuenes both the value of αs and the measured valueof the olor harges. Thus the only onsistent framework to hek whether the datafavor or exlude the additional degrees of freedom is a simultaneous �t of these pa-rameters to data. The sensitivity of a given observable on the olor harges however,is inuened by the fat that in perturbation theory the three gluon oupling appearsat tree level �rst for four-jet �nal states. Therefore, four-jet observables seem to bethe best andidates to measure the olor fators.On the other hand the knowledge of the weight of the QCD four-jet events isimportant in the point of view some other non-QCD proesses. For example the thethe e+e− → W+W− events lead to four-jet �nal state. The QCD four-jet eventsmean the main bakground for Higgs and other new partile searhes.The outline of this thesis is as follows. In Chapter 2 a brief introdution is givenelements of QCD (Lagrangian, regularization, running oupling,...). In Chapter 3the desription of the hadroni �nal states are disussed. The number of physialquantities are de�ned whih help us to haraterize the events and we give the generalsheme of the theoretial desription. In the Chapter 4 one of the general method[53℄ is presented for alulating NLO jet ross setions in e+e− annihilation. In theChapter 5 the physial results for some relevant four-jet quantities are presented. InAppendix A and Appendix B the four- and �ve-parton matrix elements are given.



Chapter 2Basis of QCDIn this hapter the basis of perturbative QCD are briey disussed. First we de�ne theLagrangian and then present the QCD Feynman rules. We give a short overview aboutthe regularization, renormalization and the renormalization group equations. Thesolution of the renormalization group equations presents the asymptoti behaviour ofthe oupling onstant and the masses.2.1 The QCD LagrangianQCD is a renormalizable quantum �eld theory of the strong interation. Its funda-mentals �elds are the Dira spinor �elds desribing partiles of spin 1/2, alled quarkswith frational eletromagneti harge and the gauge �elds orresponding to eletro-magneti hargeless and massless partiles of spin 1, alled gluons. The underlyinggauge group is the SU(3). The Lagrangian is de�ned by sum of the two terms
LQCDeff = Linv + Lgauge , (2.1)where the �rst term is the lassial gauge invariant term was de�ned at �rst by Yangand Mills in [10℄.

Linv =
∑

f

ψ̄f (iD̂ −mf )ψf −
1

4
Gµνa Gaµν , (2.2)where mf denotes the mass of the quark with avour f and Gµνa is the strengthtensor of the gauge �eld. We introdued the ovariant derivative in the fundamentalrepresentation of gauge group.

D̂ = γµD
µ , Dµ = ∂µ + igst

aAµa (2.3)
Gaµν = ∂µA

a
ν − ∂νA

a
µ − igsF

a
bcA

b
µA

c
ν , (2.4)3



4 CHAPTER 2. BASICS OF QCDwhere gs denote the strong oupling onstant. Here ta and F abc are the fundamentaland adjoint representation of the generators of the gauge group. The �elds ψf arethe quark �elds and Aµa are the gluon �elds.Beause of the gauge invariane, the Aµa gauge �elds are determined up to a gaugetransformation. During the quantization this freedom give to rise any problem. Wehave to �x the gauge. The physial quantities are independent of this gauge hoie.In the ase of ovariant Lorentz gauge the gauge �xing term Lgauge in the expressionof Lagrangian an be written as follows
Lgauge = − 1

2ξ
(∂µA

µ
a)

2 + ∂µη
∗
a(∂

µηa − igsF
a
bcη

bAµc) , (2.5)or in the ase of axial gauge
Lgauge = − 1

2ξ
(nµA

µ
a)

2 , (2.6)where ξ is an arbitrary parameter and the nµ is a spae or light like (n2 ≤ 0) four-vetor. In Eq. (2.5) the last term is the ontribution of non-physial Faddeev-Popovghost �elds. These �elds are fermioni with salar kinemati term in the Lagrangian.The fundamental ta and adjoint F abc representation of generators of the gaugegroup satis�ed the relation of the Lie-algebras
[ta, tb]αβ = ifabctcαβ , [F a, F b]df = ifabcF cdf , (2.7)where fabc = fabc is the struture onstants are related to the adjoint representationvia F abc = −ifabc. The quadrati Casimir invariants CF and CA are de�ned by

NA∑

a=1

(tat†a)αβ = CF δαβ ,

NA∑

a=1

(F aF †a)cd = CAδcd , Tr(tat†b) = TRδ
ab , (2.8)where NA is the number of the ta generators. The last equation in (2.8) is thenormalization equation. The usual normalization is the TR = 1/2 hoose. In the aseof SU(Nc) the quadrati Casimirs are CF = (N2

c − 1)/(2Nc), CA = Nc.2.2 Feynman rulesDuring the perturbative alulation we use the Feynman rules whih are derived fromthe Lagrangian. Using these rules we an alulate the amplitudes of any proess. InTable (2.1) the Feynman rules are given in standard notation in the ases of Lorentzand axial gauge. The rules of the Faddeev-Popov ghost �elds is given in Table (2.2).In this table we also listed the olor trunated Feynman rules. More details an befound about these rules in the paper of Mangano-Parke [41℄



2.2. FEYNMAN RULES 5Table 2.1: Feynman rules for QCD
p α

h

Quark leg with momentum p, olor α and heliity h.Standard notation: ūα(p)Color trunated: 〈p± | , h = ± , m = 0

p α
h

Antiquark leg with momentum p, olor α and heliity h.Standard notation: vα(p)Color trunated: |p±〉 , h = ∓ , m = 0

kµ a

h

Gluon leg with momentum k, olor a and heliity h.Standard notation: εaµ(k, h = ±)Color trunated: ε±µ (k, p) = ±〈k ± |γµ|p±〉√
2〈p∓ |k∓〉

, h = ± ,where p is an arbitrary referene momentum.
pα β Standard notation: iδαβ(p̂+m)/(p2 −m2 + i0)Color trunated: ip̂/p2 ,m = 0

ka b

µ ν

Standard notation: − iδabPµν/(k
2 + i0)- Lorentz gauge: Pµν = gµν − (1 − ξ)kµkν/(k

2 + i0)- Axial gauge: Pµν = gµν + kµkν(n
2 + ξk2)(k · n)−2

− (nµkν + nνkµ)(k · n)−1Color trunated: − igµν/k
2

a, µ

βα

Standard notation: igsγµt
a
αβColor trunated: i(gs/

√
2)γµ

a, µ

c, λb, ν

p

rq

Standard notation: igsF
a
bcVµνλ(p, q, r)Color trunated: i(gs/

√
2)Vµνλ(p, q, r)

Vµνλ(p, q, r) = gµλ(p− r)ν + gνλ(r − q)µ + gµν(q − p)λ(all momenta outgoing)
a, µ

b, ν c, λ

d, ρ Standard notation: ig2
s

(
F xabF

x
cd(gµλgνρ − gµρgνλ)

+F xadF
x
bc(gµνgλρ − gµλgνρ) + F xacF

x
bd(gµνgλρ − gµρgνλ)

)Color trunated: ig2
s

(
gµλgνρ − 1

2 (gµρgνλ + gµνgλρ)
)



6 CHAPTER 2. BASICS OF QCDTable 2.2: Feynman rules for ghost �elds
ka b

Standard notation:-Lorentz gauge: iδab/(k
2 + i0)-Axial gauge: no ghost �elds

b, µ

ca

p

Standard notation:-Lorentz gauge: igspµF
b
ac-Axial gauge: no ghost �elds2.3 RegularizationIn a given order of the perturbative alulation a physial amplitude an be writtenas a sum of the all topologially independent Feynman diagrams. The higher orderdiagrams ontain losed loops. These loop diagrams mean the quantum orretions.These integrals (loop, phase spae) ontain various singularities. If we want to al-ulate for example a ross setion in naive way we won't be able to interpret thatresult. We have to regularize the theory and in this regularized theory the alulatedquantities are �nite and removed the regularization remains �nite. A n-point Greenfuntion an be written in the following form

G(n)(p1, ..., pn) =

∫ [∏

i

d4li
(2π)4

]
∏

j

1

k2
j −m2

j + i0


N({p, l}) , (2.9)where p1, .., pn denote the external momenta and li's are the loop momenta. Thenumerator in Eq.(2.9) N({p, l}) is a funtion of the external and internal momenta.The momenta kj 's are linear expression of the external and internal momenta. Inthis expression the integrand ontains infrared (IR) and ultraviolet divergenes (UV)in the worst ase. The UV divergenes arise from the big loop energy region. Thisshows IR behavior when one of the partile lines is on-shell (k2
j = m2

j).There are many regularization sheme in the literature but we are interesting inthat sheme whih is able to regularize both in the UV and IR regions. Otherwise,it has to preserve the physial requirements (Lorentz and gauge invariane, unitary,et). In this sense the dimensional regularization is the most suitable for gauge theory.In this regularization sheme the dimension of the spaetime is shifted by 2ǫ where
ǫ a real or omplex number. The e�ets of the dimensional regularization are thefollowings1. Change dimension of the the spae time.

d = 4 −→ d = 4 − 2ǫ (2.10)



2.4. RENORMALIZATION 72. The ation must remain dimensionless. From this ondition we �nd for thestrong oupling onstant
gs −→ gsµ

ǫ , (2.11)where µ is an arbitrary sale parameter.3. The vetor indies run between 1 and d.
4 =

4∑

ν=1

1 −→ d =

d∑

ν=1

1 ,
d4k

(2π)4
−→ ddk

(2π)d
(2.12)4. The dimension of the Dira-matries is d.

{γµ, γν} = 2gµν , gµµ = d , µ, ν = 1, ..., d (2.13)Let see a simple example for a divergent integral in the regularized theory
Is(4 − 2ǫ) =

∫
d4−2ǫ

(2π)4−2ǫ

1

(k2 −m2 + i0)
s

= (−1)si(4π)ǫ−2(m2 − i0)2−s−ǫ
Γ (s− 2 + ǫ)

Γ (s)
(2.14)where Γ (s) is the Euler-gamma funtion. In d = 4 dimension this integral has oneUV pole if s = 2.2.4 RenormalizationThe renormalization is a proedure whih makes our physial preditions free fromUV divergenes. This renormalization proedure is well de�ned in all order of theperturbative alulation and an be evaluated. We renormalize the �elds and theparameters by the Zi renormalization onstants. These onstants are de�ned wellonly in the regularized theory sine these onstants ontain poles in the term ofvariable ǫ (as 1/ǫpand p > 0 integer).Let de�ne the renormalized and bare quantities (�elds and parameters) by thefollowings

(Aµa)B = Z
1/2
A Aµa (2.15)

(ψf )B = Z
1/2
ψ ψf (2.16)

(ηa)B = Z1/2
η ηa (2.17)

ξ−1
B = ZξZ

−1
A ξ−1 (2.18)

(gs)B = Zggsµ
ǫ (2.19)

(mf )B = ZmZ
−1
ψ mf (2.20)



8 CHAPTER 2. BASICS OF QCDwhere the index B denotes the bare quantities whih are in�nite in the non-regularizedtheory. The Zi renormalization an be expanded in the number of loop giving
Zi =

∞∑

n=0

(αs
2π

)n n∑

j=1

Z
(n,j)
i (m/µ)

ǫj
, (2.21)where αs = g2

s/(4π). The renormalized Lagrangian is de�ned by
Leff (ϕB, ξB , (gs)B, (mf )B) = Leff (ϕ, ξ, gs,mf ) + Lcount(ϕ, ξ, gs,mf , Zi) ,(2.22)where ϕ denotes the all �elds. The e�etive Leff is de�ned by Eq.(2.2, 2.3, 2.5,2.6). At the same time Eq.(2.22) de�nes the Lcount ounter term.The Zi renormalization onstants are de�ned unambiguously up to the poles.There are many renormalization shemes. The simplest renormalization sheme isthe minimal subtration sheme (MS). In this ase we subtrat only the poles. Therenormalization onstants of this sheme are the followings

ZA = 1 +
αs
2π

(
CA

(
13

6
− ξ

2

)
− 4

3
TRnf

)
1

2ǫ
(2.23)

Zψ = 1 − αs
2π
ξCF

1

2ǫ
(2.24)

Zm = 1 − αs
2π

(3 + ξ)CF
1

2ǫ
(2.25)

Zξ = 1 (2.26)
Zg = 1 − αs

2π

(
11

3
CA − 4

3
TRnf

)
1

4ǫ
(2.27)

Zη = 1 − αs
2π

(ξ − 3)CA
1

8ǫ
(2.28)where nf is the number of the avours. An other simple and popular renormalizationsheme is the modi�ed minimal subtration sheme (MS) is de�ned by the rede�nitionof the 1/ǫ pole

1

ǫ
−→ 1

ǫ
− γE + ln(4π) , (2.29)where γE is the Euler number.Renormalization group equationThe theoretial preditions for the physial quantities must be independent of therenormalization sheme. This equivalent with that the Green funtions and the phys-ial quantities are independent of the µ parameter. Otherwise a F physial or non-



2.4. RENORMALIZATION 9physial (e.g. Green funtions) quantity satis�es the renormalization group equation
[
µ
∂

∂µ
+ β(αs, ξ, xi)

∂

∂αs
+ δ(αs, ξ, xi)

∂

∂ξ

−γm(αs, ξ, xi)
∑

f

xf
∂

∂xf
− γ(αs, ξ, xi)

]
F (αs, ξ, xi;µ, ...) = 0 , (2.30)where the introdued universal funtions, whih depend on the αs, ξ, xi = mi/µparameters, are de�ned by

µ
dαs
dµ

= β(αs, ξ, xA) , (2.31)
µ
dmf

dµ
= −mfγm(αs, ξ, xi) , f = 1, ..., nf , (2.32)

µ
dξ

dµ
= δ(αs, ξ, xA) , (2.33)and the γ anomalous dimension

γ(αs, ξ, xi) = nAγA(αs, ξ, xi) + nψγψ(αs, ξ, xi) + nηγη(αs, ξ, xi) , (2.34)
µ
dZA
dµ

= ZAγA(αs, ξ, xi) , (2.35)
µ
dZψ
dµ

= Zψγψ(αs, ξ, xi) , (2.36)
µ
dZη
dµ

= Zηγη(αs, ξ, xi) , (2.37)where nA, nψ, nη are the number of trunated gluon, quark, ghost external legsof the F . If F is a sattering amplitude (S-matrix) then nA = nψ = nη = 0 and
F doesn't depend on the ξ gauge parameter beause of a physial quantities areindependent of the gauge hoie (∂F/∂ξ = 0). We always alulate in a given orderof the perturbative alulation, so the sale independene is also required in that sameorder (dF/dµ = O(αs(µ)n) and n is positive). Beause of this ut in the series of
αs, the results will depend on the renormalization sale parameter.Running parametersThe solution of Eq.(2.31) gives the sale dependenes of the oupling and masses.Funtions β and γm are determined by the renormalization onstants. At two-looplevel the renormalization equations for the oupling and for the masses are the fol-lowings

µ
dαs
dµ

= −α2
sβ0 − α3

sβ1 + ... (2.38)
µ
dmf

dµ
= −mf(αsγ0 + α2

sγ1 + ...) , f = 1, ..., nf , (2.39)



10 CHAPTER 2. BASICS OF QCDwhere αs = αs/(2π) and the βi, γi oeÆients are
β0 =

11

3
CA − 4

3
TRnf , β1 =

17

3
C2
A − 2CFTRnf −

10

3
CATRnf , (2.40)

γ0 = 3CF , γ1 =
3

4
C2
F +

97

12
CACF − 5

3
CFTRnf . (2.41)The solution of equation of oupling onstant is given by

αs(µ) =
αs(ν)

w(µ)

(
1 − β1

β0
αs(ν)

ln(w(µ))

w(µ)

)
, (2.42)

w(µ) = 1 − β0αs(ν) ln

(
ν

µ

)
, (2.43)where ν is an arbitrary referene sale. By the experiments, the strong ouplingat the Z0 peak is αs(ν = 91.187 GeV) = 0.118 ± 0.006. From Eq.(2.42) we anobtain the asymptoti behavior of the oupling. In the limit µ −→ ∞, αs −→ 0.So, asymptotially the e�etive oupling vanishes (the theory presents asymptotifreedom). And the solution for the masses is given by

mf (µ) = mf (ν) exp

(
−
∫ µ

ν

dλ

λ
γm(αs(λ))

)

= mf (ν) exp

(∫ αs(µ)

αs(ν)

du

u

γ0 + uγ1 + ...

β0 + uβ1 + ...

)
, (2.44)where the dots denotes the higher order ontributions. Performed the integral inEq.(2.44) we an obtain the asymptotially behavior of the masses

mf (µ) −→ mf (ν)

(
αs(µ)

αs(ν)

) γ0
β0

, µ −→ ∞ , f = 1, ..., nf . (2.45)At high sale the masses vanish. In Table (2.3) the mass of the various quark avourshas been listed at µ = 1 GeV sale. With the exeption of the top-quark, the quarkTable 2.3: Quark masses at µ = 1 GeV sale.
md = 2, ..., 8 MeV , mu = 5, ..., 15 MeV ,

ms = 100, ..., 300 MeV , mc = 1, ..., 1.6 GeV ,

mb = 4.1, ..., 4.5 GeV , mt = 179 ± 8 GeV .masses are very small. At high sale the masses vanish and the e�et of the quarkmasses means negligible ontributions. During the alulations we work with �vequark avours (nf = 5) and them masses are negleted.Asymptoti freedom is useful for quantities that are dominated by the short dis-tane behavior of the theory. Suh quantities, whih are termed infrared safe, an



2.4. RENORMALIZATION 11not depend sensitively on the masses of quarks, nor an they su�er from infrareddivergenes (partile emission with small energy, ollinear emission, ...). Infraredsafety is one of the fundamental onepts of perturbative QCD and it makes essen-tial use of the renormalization group. We onsider an infrared safe physial quantity
F (Q2/µ2, αs(µ),m2(µ)/µ2), where Q is an large invariant, muh greater than ΛQCD.We assume that F has been saled by an overall fator of Q to make it dimensionless.Beause F is physial, it annot depend on µ,

F

(
Q2

µ2
, αs(µ),

m2(µ)

µ2

)
= F

(
1, αs(Q),

m2(Q)

Q2

)
. (2.46)Now we an expand in the oupling at the sale of large momenta of the problemand use asymptoti freedom. This proedure an be used if F happens to be infraredsafe when it is behavior in the large µ limit is the following

F

(
Q2

µ2
, αs(µ),

m2(µ)

µ2

)
µ→ 0−−−−−→ F

(
Q2

µ2
, αs(µ), 1

)
+ O

(
(
m2(µ)

µ2
)a
)

, (2.47)where a > 0. The e�et of the quark masses vanishes as a power of mf (µ)/µ. So,the quantity F an be written as a power series of αs as
F (Q) = C0 +

αs(Q)

2π
C1 +

(
αs(Q)

2π

)2

C2 + · · · , (2.48)where the Ci kinematial oeÆients don't depend on Q and masses.





Chapter 3Hadron prodution in e+e−annihilationIn high energy partile ollisions the most important proesses are the learly hadroniproesses. For example at the LEP1 ollider the number of the hadroni event areabout the 70% of the total number of events. Beause of the largeness of the αsQCD oupling onstant, the relevant interation is the strong interation (QCD) inthese proesses. The QCD partiles (quarks and gluons) only appear as on�nedstate (hadrons) and don't our a free partiles. Otherwise the large number of thehadroni event makes the test of QCD possible. We must desribe the physis of thehadrons using the physis of the partons (quarks and gluons). We will see in highenergy proesses the predition of QCD well desribes the hadroni events.In this hapter we disuss the ross setion of hadroni events and theoretialdesription of the jet prodution.3.1 Total hadroni ross setionBeause of the �nal state is total we an apply the priniple of parton-hadron dualitywhih delares the equivalene of the partoni and hadroni Hilbert-spae. Thisidentity an be proofed in those ases when we aren't interesting in the struture ofthe �nal state namely, we want to alulate the total hadroni ross setion.
∑

hadrons

|h〉〈h| =
∑

q,g

|gluons, quarks〉〈gluons, quarks| (3.1)This identity allows us to alulate the total hadroni ross setion at parton level.De�ning the ratio of the hadroni and leptoni ross setions
R(Q) =

σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
, (3.2)13



14 CHAPTER 3. HADRON PRODUCTION IN E+E− ANNIHILATIONthe result an be expanded in the power of αs [14℄
R(Q) =

nf∑

i=1

q2i
(
1 + αs(µ)r1 + α2

s(µ)[r2 + r1β0 lnxµ]

+ α3
s(µ)[r3 + (2r2β0 + r1β1) lnxµ + r1β

2
0 ln2 xµ]

)
, (3.3)where αs = αs/(2π) is the oupling onstant, xµ = µ/Q is the renormalization sale,

Q is the total enter-of-mass energy and qi is the eletri harge of the quark avour
i in units of eletromagneti oupling onstant. If the number of the ative fermionavours is nf = 5 then r1, r2, r3 sale independent oeÆients are the followings

r1 = 2 , r2 = 5.636 , r3 = −102.44 , (3.4)where the underlying gauge group is �xed to SU(3). Fig. (3.1) shows the renor-malization sale dependene of the result in the various order of the perturbativealulation. The label LO denotes the leading order ontribution, NLO is the next-to-leading order result and NNLO is the next-to-next-to-leading order result.
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Figure 3.1: Sale dependene of R(MZ0) at LO, NLO and NNLO level. The experi-mental result at the Z0 peak is R(MZ0) = 20.788± 0.032 .



3.2. STRUCTURE OF THE HADRONIC EVENTS 153.2 Struture of the hadroni eventsIn the high energy ollision there are many events whih involves two or more hadronijets. The hadroni jet an be de�ned as shower of ollinear hadrons. Suh jetevents are shown in Fig. (3.2). In other word, the hadroni events have strutureand the theory has to be able to desribe this struture. In high energy proesses
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Figure 3.2: Two and three jets events in e+e− annihilation.the hadroni events and jets an be desribed various way. We an measure thegeometri properties of the events (ollinearity, oplanarity). Generally we an askthe weight of those events whih geometri properties are haraterized by O1, O2, ...are C1, C2, ..., where C1, C2, ... are �xed. The O1, O2, ... parameter are alled eventshapes. The event shape variables don't arrange the hadrons into jets but sometimesthese are de�ned to enhane jet like on�gurations. We an de�ne suh algorithmswhih arrange the hadrons into jets. In this ase we an measure the weight of the
n-jet events. These algorithms are alled jet �nding algorithms. In the following, letsee some example for the event shapes and for the jet �nding algorithms.Let us onsider an m-hadron �nal state produed by eletron-positron annihilation

e+(p+) + e−(p−) −→ h1(p1) + · · · + hm(pm) , p+ + p− = Q , (3.5)where p+, p− are the momenta of the inoming leptons and p1, ..., pm are the mo-menta of the outgoing hadrons. This momenta are represented in the enter-of-massframe of the inoming leptons.Event shapesWe de�ne here some well known event shapes variable whih haraterize the geo-metri properties of the events.



16 CHAPTER 3. HADRON PRODUCTION IN E+E− ANNIHILATIONi) Thrust [16℄ This variable haraterizes the ollinearity of the events.
T (p1, ..., pm) = max

~nT

∑m
i=1 |~pi · ~nT |∑m
i=1 |~pi|

, (3.6)where the vetor ~nT (thrust axis) is hosen to maximize this sum. If there areonly two hadrons in the �nal state then T = 1. For arbitrary number of partiles
1

2
≤ T ≤ 1 . (3.7)Other two thrust like variable an be de�ned. The thrust major is de�nedby the ~nTmaj

thrust major axis whih is perpendiular to ~nT and maximizes the(3.6) expression. The thrust minor is de�ned similarly by the thrust minor axis.The ~nTmin
thrust minor axis is perpendiular to both ~nTmaj

and ~nT and this alsomaximizes the (3.6) expression. If we have only three hadrons in the �nal statethen Tmin = 0. So the thrust minor haraterizes the oplanarity of the event.ii) C and D parameter [17℄ These parameters are de�ned by the eigenvalues ofthe momentum tensor
θαβ =

m∑

i=1

~pαi ~p
β
i

|~pi|2
/ m∑

i=1

|~pi|2 . (3.8)Let denote λ1, λ2, λ3 the three eigenvalues of the θαβ momentum tensor andthe de�nition of the C and D parameters are the followings
C(p1, ..., pm) = 3(λ1λ2 + λ1λ3 + λ2λ3) , (3.9)
D(p1, ..., pm) = 27λ1λ2λ3 . (3.10)For two-hadron �nal states both C and D vanish, while for three-hadron �nalstates only C is non vanishing and its allowed range is between zero and 3/4(0 ≤ C ≤ 0.75). For larger number of partiles

0 ≤ C,D ≤ 1 . (3.11)The C-parameter enhanes the 3-jet like events on the range 0 ≤ C ≤ 0.75and enhanes the 4-jet events on the range 0.75 ≤ C ≤ 1. The D-parameterharaterizes the oplanarity of the events.Finally, we de�ne the distribution of event shape variables and the average value ofshape variables
Σ(O) =

1

N

N∑

i=1
events

∫ O+∆O

O

dOO δ (O −O(p1, ..., pmi
)) , (3.12)

〈O〉δ =
1

N

N∑

i=1
events

O(p1, ..., pmi
)Θ (O(p1, ..., pmi

) > δ) , (3.13)



3.2. STRUCTURE OF THE HADRONIC EVENTS 17where p1, ..., pmi
are the momenta of the hadrons of the i-th event, and N is thenumber of events.Jet �nding algorithmsThere are several jet lustering algorithms de�ned. We disuss here E, E0, P, JADE[22℄, Durham [25℄, Geneva [26℄ and Cambridge [27℄ jet lustering algorithms. Themost general de�nition of the lustering algorithm involves three omponents: anordering variable vij , test variable yij , and a ombination proedure. In the asesof E, E0, JADE and Durham algorithms the ordering and the test variable are same(vij ≡ yij). In these ases no ordering proedure. These algorithms are alled JADE-type algorithms whih are de�ned aording to the following iterative proedure.1. De�ne the resolution parameter ycut.2. For every pair of hadrons hk, hl ompute the resolution variable ykl. In thetable (3.1) are de�ned the various de�nition of the resolution variables.3. If yij is the smallest value of ykl omputed in 2. and yij < ycut, ombine(pi, pj) into a single jet (pseudopartile) p(ij) aording to a reombinationpresription.4. Repeat this proedure from step 2. until all pairs of objets (partiles and/orpseudopartiles) have yij > ycut. Whatever objets remain at this stage arealled jets.The Cambridge algorithm is de�ned as follows. As before, one starts with a tableof the energies Ei of primary objets and their relative angles as given by the orderingvariable vij = 2(1 − cos θij).1. De�ne the resolution parameter ycut.2. If only one objet remains in the table, then store this as a jet and stop.3. Otherwise, selet the pair of objets (ij) having the minimal value of the or-dering variable vij . Order the pair suh that Ei ≤ Ej .4. Inspet the value of the test variable,

yij =
E2
i

Q2
vij . (3.14)If yij < ycut, then update the table by deleting i and j, introduing a newpartile (ij) with 4-momentum pij = pi + pj , and reompute the relevantvalues of the ordering variable. If yij > ycut, then store i as a jet and delete itform the table.5. Go to step 2.



18 CHAPTER 3. HADRON PRODUCTION IN E+E− ANNIHILATIONTable 3.1: The de�nition of the resolution variables and the reombination shemesof various jet lustering algorithms; ~pi denotes a three-vetor and the Lorentz-vetoran be written as pi ≡ (Ei, ~pi). The vij = 2(1 − cos θij) is the relative angle ofvetors (i, j).Algorithm Resolution CombinationE yij =
(pi + pj)

2

Q2
pµ(ij) = pµi + pµjE0 yij =

(pi + pj)
2

Q2

E(ij) = Ei + Ej

~p(ij) = E(ij)
~pi + ~pi
|~pi + ~pj |P yij =

(pi + pj)
2

Q2

~p(ij) = ~pi + ~pj

E(ij) = |~pi + ~pj |JADE yij =
EiEj
Q2

vij pµ(ij) = pµi + pµjDurham yij =
min{E2

i , E
2
j }

Q2
vij pµ(ij) = pµi + pµjGeneva yij =

4

9

EiEj
(Ei + Ej)2

vij pµ(ij) = pµi + pµjThe jet lustering algorithms arrange the hadrons into jets. This arrangement isdepend on the resolution parameter ycut. In the other words, we an de�ne the
n-jet funtion by

r(n)(p1, ..., pm; ycut) =

{
1 if the algorithm found n-jets

0 if the algorithm didn’t find n-jets
(3.15)where p1, ..., pm are the momenta of the hadrons and ycut is the resolution parame-ter.The weight of the n-jet (jet-rates) events is de�ned by

Rn(ycut) =
1

N

N∑

i=1
events

r(n)(p1, ..., pmi
; ycut) , (3.16)where p1, ..., pmi

are the momenta of the hadrons of the ith event. From the de�nitionof the jet rates we found the following identity
∞∑

n=2

Rn(ycut) = 1 . (3.17)



3.3. JET AND WEIGHTED CROSS SECTIONS 19Notie that, we an always write any physial quantities (the distributions, jetrates and the average value of the event shapes,...) in the following general form
P (O1, O2, ...) =

1

N

N∑

i=1
events

F
(mi)
J (p1, ..., pmi

;O1, O2, ...) , (3.18)where the funtion F (mi)
J is alled jet measure funtion. In the point of the theoretialalulation this funtion has to ful�ll some important requirements. These require-ments will be disussed expliitly in Chapter 4. On the other hand we an generalizethe jet measure funtion. Introdued the jet funtion whih is funtion of the eventsand the O1, O2, .. parameters. With this notation the Eq. (3.18) an be written as

P (O1, O2, ...) =
1

N

N∑

i=1
events

FJ (Γi;O1, O2, ...) , (3.19)where Γi denotes the ith hadroni events. In the simplest ase an event is fullyharaterized by the number of hadrons and their momenta. Thus the ation of thefuntion FJ (...) on an event Γ
FJ(Γ ;O1, O2, ...) = F

(mΓ )
J (p1, ..., pmΓ

;O1, O2, ...) , (3.20)where p1, ..., pmΓ
are the momenta of the hadrons in event Γ .3.3 Jet and weighted ross setionsBy the experimental tests, the weight of the 2, 3, 4-jet events are approximately pro-portional to the power of αs strong oupling by the follows

2jets : 3jets : 4jets : ... = O(α0
s) : O(α1

s) : O(α2
s) : ... . (3.21)This indiates that the perturbative QCD may be applied to disussion of hadronijet proess. We an try a similar desription whih was used in the total hadroniross setion ase where the hadroni states was replaed with partoni states in the�nal state. In that ase it was allowed by the parton-hadron duality. In the jet rosssetion ase this is not or only approximately true. The jet funtion are de�ned inEq. (3.18) means a ut in the spae of the hadroni states. There is no guarantee asregards we an �nd the equivalent of this ut in the partoni Hilbert-spae. But thisfat is not hopeless. The di�erene between hadron and parton level jet funtionsvanishes as an inverse power of total enter of mass energy (O(1/Q)). So, for thepartoni jet funtion has been found

F̄
(n)
J (p1, ..., pn;O1, O2, ...) = F

(n)
J (p1, ..., pn;O1, O2, ...) + O

(
1

Q

)
, (3.22)



20 CHAPTER 3. HADRON PRODUCTION IN E+E− ANNIHILATIONwhere F̄ (n)
J and F (n)

J denotes the parton and hadron level jet funtions and p1, ..., pnare the momenta of the partons. Eq. (3.22) is true only in those ases when the jetquantities, whih are haraterized by the jet funtions are independent of the longdistane physis. The perturbative QCD an desribe only the short distane physisbeause the long distane physis is represented by infrared and ollinear divergenes.These divergenes arise when some gluons beome soft or at least two partons beomeollinear. So, we an use the approximation of the partoni jet funtion in Eq. (3.22)in those ases when the hadroni jet funtion is de�ned in suh a way that their valueis independent of the number of soft and ollinear hadrons. In this ase the theoretialpredition is free from the infrared and ollinear divergenes. This is formulated inthe Kinoshita-Lee-Nauenberg theorem [11℄.In the lowest order of perturbative alulation every partons orrespond to a jet.This follows the rule in Eq. (3.21). Otherwise we have to take the hadronization or-retion into onsideration. This orretions are alulated by hadronization models.There are many possible models to parameterize the non-perturbative hadronizationproess of the quarks and gluons. Hene desription of hadroni jets following fromthe original quarks and gluons is model dependent. Typial examples of the hadroniza-tion models are the string model [29℄ and the luster model [30℄. Fig. (3.3) shows theparton and hadron level 2,3,4 jets rates has been alulated by string hadronizationmodel.
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Figure 3.3: The Durham 2,3,4 jet rates.The solid line is the parton level result andthe dotted line is the hadron level. This results has been alulated by event generatorPYTHIA [32℄.



3.3. JET AND WEIGHTED CROSS SECTIONS 21Jet ross setionLet de�ne the parton level jet ross setion in the regularized theory disussed inSe. (2.3), where the dimension of the spaetime is d = 4 − 2ǫ. This ross setionan be de�ne as a sum of the m-parton ontributions. Beause of the infraredsingularities (previously mentioned soft and ollinear divergenes) this de�nition anbe only formal. Before any alulation we have to manage the anellation of thedivergenes. Thus we have
σ(O1, O2, ...) =

∞∑

m=2

∫

m

dσm(O1, O2, ...) , (3.23)where ∫
m
denotes the integration over the m-partons phase spae and the di�erentialross setions are de�ned by

dσm(O1, O2, ...) = Nin

∑

{m}

dΓ (m)(p1, ..., pm;Q)
1

S{m}
|Mm(p1, ..., pm)|2

· F (m)
J (p1, ..., pm, O1, O2, ...) , (3.24)where Nin inludes all the fators that are QCD independent. ∑{m} denotes thesum over all the on�gurations with m partons and S{m} is the Bose symmetry fatorfor idential partons in the �nal state. Mm is the renormalized matrix element areexpanded in the number of loop

Mm(p1, ..., pm) =

∞∑

l=0

M (l)
m (p1, ..., pm) , (3.25)where l = 0, 1 gives the tree and one-loop level ontributions. The d = 4 − 2ǫdimensional phase spae whih involves the integration over the p1, ..., pm of m �nalstate partons will be denoted as follows

dΓ (m)(p1, ..., pm;Q) =

[
m∏

l=1

ddpl
(2π)d−1

δ+(p2
l )

]
(2π)dδ(d)(p1 + ...+ pm −Q) , (3.26)where Q is the sum of the inoming momenta.If the jet funtion is identially one (F (m)

J (p1, ..., pm, O1, O2, ..) ≡ 1) then we getthe total ross setion from Eq. (3.23). In a general ase the ross setion an bewritten as a power series of αs
σ(O1, O2, ...) = σLO(O1, O2, ...) + σNLO(O1, O2, ...) + . . . , (3.27)where σLO is Born approximation (leading order ontribution, LO) of the ross setionand σNLO is the �rst orretion (next-to-leading order ontribution, NLO) to the Bornterm.



22 CHAPTER 3. HADRON PRODUCTION IN E+E− ANNIHILATIONLet see the expliit expressions of the two ontribution in Eq. (3.27) when thejet funtion is the n-jet rate funtion. The �rst non-vanishing term in Eq. (3.23) is
σLOn−jet(ycut) = Nin

∑

{n}

∫

n

dΓ (n)(p1, ..., pn;Q)
1

S{n}
|M (0)

n (p1, ..., pn)|2

· r(n)(p1, ..., pn, ycut) , (3.28)where r(n) is the jet funtion de�ned in (3.15). The NLO orretion term is the sumof two term
σNLOn−jet(ycut) = σRn−jet(ycut) + σVn−jet(ycut) , (3.29)where σRn−jet(ycut) n+ 1-parton ontribution is given by

σRn−jet(ycut) = Nin

∑

{n+1}

∫

n+1

dΓ (n+1)(p1, ..., pn+1;Q)
1

S{n+1}

· |M (0)
n+1(p1, ..., pn+1)|2 r(n)(p1, ..., pn+1, ycut) , (3.30)and the n-parton ontribution

σVn−jet(ycut) = Nin

∑

{n}

∫

n

dΓ (n)(p1, ..., pn;Q)
1

S{n}

· 2Re
(
M (0)
n (p1, ..., pn)M

(1)
n (p1, ..., pn)

†
)

· r(n)(p1, ..., pn, ycut) . (3.31)Both the σR and the σV are divergent if d = 4, although their sum is �nite. Thedivergenes ome from soft (when a gluon energy beomes zero) and ollinear (twomomenta beome ollinear) regions. In the next hapter we will present a methodwhih helps us to regularize the two piees of the NLO orretion. This method isalled dipole subtration method developed by Catani-Seymour [53℄.



Chapter 4Calulation of NLO jet rosssetionsThere are two type of algorithm used for NLO alulation: one based on the phasespae sliing method and the other based on the subtration method. The maindi�erene between these algorithms is that only a minimal part of the full alulationis treated analytially, namely only those ontributions giving rise to the singularities.In a simple example we an demonstrate the di�erenes between these two algorithms.Let f(x) a ompliated funtion whih is �nite in x = 0. We would like to alulatethe following integral
I = lim

ǫ→0

(∫ 1

0

dx

x
xǫf(x) − 1

ǫ
f(0)

)
, (4.1)where the funtion f(x) is too ompliated to perform the integral analytially. The

I integral is �nite in the limit ǫ→ 0 but the two piees of the right-hand side of Eq.(4.1) are separately divergent.One of the usual method is the sliing method when the phase spae is dividedinto two part 0 < x < δ and δ < x < 1, where the parameter δ is hosen in suh away that allowing us to use the simple approximation f(x) ≃ f(0) on the [0, δ] range.This gives
I ≃ lim

ǫ→0

(
f(0)

∫ δ

0

dx

x
xǫ +

∫ 1

δ

dx

x
xǫf(x) − 1

ǫ
f(0)

)

= f(0) ln δ +

∫ 1

δ

dx

x
f(x) . (4.2)Now the integral in the seond term an be performed by Monte Carlo integration.As long as δ is small, the result will be independent of δ. This method was applied for

e+e−annihilation [50℄ by Giele and Glover and for hadron-hadron ollision by Giele,Glover and Kosower. [51℄. 23



24 CHAPTER 4. CALCULATION OF NLO JET CROSS SECTIONSThe other method is the subtration method whih use the following identity
I = lim

ǫ→0

∫ 1

0

dx

x
xǫ[f(x) − g(x)] + lim

ǫ→0

(∫ 1

0

dx

x
xǫg(x) − 1

ǫ
f(0)

)
, (4.3)where the funtion g(x) is a proper approximation of f(x) and have same behaviourin the limit x→ 0 as f(x). Furthermore, the funtion g(x)xǫ−1 has to be analytiallyintegrable. Thus, we have

I =

∫ 1

0

dx

x
[f(x) − g(x)] + C , (4.4)where C is the results of the seond term on the right-hand side of Eq. (4.3). The �rstterm an be performed by Monte Carlo integration. In the ase when g(x) = f(0) theonstant C is zero. This method was applied �rst for e+e−by Ellis, Ross and Terrano[48℄ and in some other general NLO ross setion alulation method [8, 52, 53℄.In this hapter we disuss the general idea of the subtration method of NLOjet ross setion alulations and we give the desription of the dipole subtrationmethod that was developed by Catani and Seymour [53℄. In Se. (4.5) we disussthe relevant details of numerial implementation of phase spae integrals.4.1 The subtration proedureAt the end of previous hapter we have seen that a NLO jet ross setion is sum oftwo terms as follows

σ = σLO + σNLO . (4.5)Here the LO ross setion σLO is obtained by integrating the fully exlusive rosssetion dσB over the phase spae for the orresponding jet quantity. Suppose alsothat this LO alulation involves m partons in the �nal state. Thus, we an write
σLO =

∫

m

dσB , (4.6)where all quantities are evaluated in the regularized theory (in d = 4− 2ǫ spae-timedimensions).Let see now the NLO orretion term. We have to onsider the exlusive rosssetion dσR with m + 1 partons in the �nal state and the one-loop orretion dσVwith m partons in the �nal state
σNLO ≡

∫
dσNLO =

∫

m+1

dσR +

∫

m

dσV . (4.7)The two integrals in Eq. (4.7) are separately divergent in the d = 4 dimensionalspae-time although their sum is �nite. Therefore, before any numerial alulation



4.1. THE SUBTRACTION PROCEDURE 25an be attempted, the separate piees have to be regularized. In the regularizedtheory the divergenes are replaed by double poles 1/ǫ2 and single poles 1/ǫ.The general idea of the subtration method for writing a general-purpose MonteCarlo program is to use the following identity
dσNLO =

[
dσR − dσA

]
+ dσA + dσV , (4.8)where dσA is a proper approximation of dσR suh as to have same pointwise singularbehaviour as dσR. Thus, dσA ats as a loal ounterterm for dσR and, introduingthe phase spae integration,

σNLO =

∫

m+1

[
dσR − dσA

]
+

∫

m+1

dσA +

∫

m

dσV . (4.9)In Eq. (4.9) we an safely perform the limit ǫ→ 0 under the integral sign in the �rstterm on the right-hand side of this equation. So, this �rst term an be integratednumerially in d = 4 dimension.All the singularities are assoiated to the last two terms on the right-hand sideof Eq. (4.9). If one is able to perform analytially the integration of dσA over theone-parton subspae leading to the ǫ poles, one an ombine these poles with thosein dσV , thus anelling all the divergenes1, performing the limit ǫ → 0 and arryingout numerially the remaining integration over the m-parton phase spae. The �nalstruture of the alulation is written as follows
σNLO =

∫

m+1

[
dσRǫ=0 − dσAǫ=0

]
+

∫

m

[
dσV +

∫

1

dσA
]

ǫ=0

. (4.10)This identity an be implemented in a partoni Monte Carlo program, whih generatesweighted partoni events with m+ 1 and m �nal state partons.Note that the subtrated term dσR − dσA in Eq. (4.10) is integrable in fourdimension by de�nition. The anellation of the divergenes is guaranteed by the jetfuntion de�ned in Eq. (3.18). This funtions have to be de�ned in suh a way thattheir atual value is independent of the number of soft an ollinear hadrons (partons)produed in the �nal state. In partiular, this value has to be same in a givenm partonon�guration and all m + 1-parton on�guration that are kinematially degeneratewith it (one of a parton beome soft or two partons beome ollinear). We have
F

(m+1)
J −→ F

(m)
J , (4.11)in that ases where m+ 1-parton and m-parton on�gurations are kinematially de-generate. The jet funtion with this property are alled infrared safe jet funtions.In Se. (3.2) we have de�ned some infrared safe jet funtions (e.g thrust, jet lus-ters,...).The key of the subtration proedure is the atual form of the ounter term dσA.We have to �nd an expression for dσA whih ful�ls the following properties:1The anellation of the infrared divergenes is generally proofed by the Kinoshita-Lee-Nauenbergtheorem [11℄.



26 CHAPTER 4. CALCULATION OF NLO JET CROSS SECTIONS1. for any given proess has to be obtained in that way whih is independent ofthe partiular jet funtion2. it has to exatly math the singular behaviour of dσR3. its form has to be partiularly onvenient for Monte Carlo integration tehniques4. it has to be exatly integrable analytially in d = 4 − 2ǫ dimension over asingle-parton subspaes leading to soft and ollinear divergenes.In the next setions we will give a possible de�nition of the ounterterm dσA.4.2 Dipole fatorization formulaeNotationThe matrix element whih involvesm QCD partons in the �nal state has the followingstruture
M c1,...,cm;s1,...,sm
m (p1, ..., pm) , (4.12)where {c1, ..., cm}, {s1, ..., sm} and {p1, .., pm} denotes respetively the olor indies(a = 1, ..., N2

c − 1 for gluon leg , α = 1, .., Nc for quark or antiquark), spin indies(µ = 1, ..., d for gluons, s = 1, 2 for massless fermions) and the momenta. In the
d = 4 − 2ǫ spae number of the heliity states are d for gluons and 2 for masslessfermions.It's useful to introdue a basis {|c1, ..., cm > ⊗|s1, ..., sm >} in the olor+heliityspae in suh a way that

M c1,..,cm;s1,..,sm
m (p1, .., pm) ≡

(
< c1, .., cm|⊗ < s1, .., sm|

)
|1, ..,m >m . (4.13)Thus |1, ...,m >

(0)
m is an vetor in the olor + heliity spae. Aording to thisnotation the matrix element squared Mm (sum over heliities and olors in the �nalstate) an be written as

|Mm|2 = m< 1, ...,m|1, ...,m >m . (4.14)The loop expansion of the matrix element is given by
|1, ...,m >m=

∞∑

l=0

(αs
2π

)l
|1, ...,m >(l)

m , (4.15)where αs is the strong oupling. The l = 0 ase orrespond to the tree level and thease l = 1 to the 1-loop level. The loop expansion of the matrix element squared is



4.2. DIPOLE FACTORIZATION FORMULAE 27the following
|Mm|2 =

∞∑

p=0

(αs
2π

)p
|M (p)

m |2 ≡ m
(0)< 1, ...,m|1, ...,m >(0)

m

+
αs
2π

2 Re m
(0)< 1, ...,m|1, ...,m >(1)

m + · · · . (4.16)We also de�ne the olor-orrelated tree level amplitudes as
|M (0) i,k

m |2 ≡ m
(0)< 1, ...,m|T i · T k |1, ...,m >(0)

m

=
[
M (0) a1..bi..bk..am
m (p1, .., pm)

]∗
T cbiai

T cbkak
M (0) a1..ai..ak..am
m (p1, .., pm) ,(4.17)where T acb ≡ ifcab if the partile i is a gluon and T aαβ ≡ taαβ if the partile i is a quarkand T aαβ ≡ t̄aαβ = −taβα if it is an antiquark. The olor-harge algebra is

T i · T j = T j · T i if i 6= j; T
2
i = Ci, (4.18)where Ci are the quadrati Casimirs of the gauge group (Ci = CA if i is a gluon and

Ci = CF if i is a quark or an antiquark).Note that by de�nition, eah vetor |1, ...,m >m is an olor singlet. Thereforeolor onservation is simply
m∑

i=1

T i|1, ...,m >m= 0. (4.19)Dipole formulaeIn Eq. (4.7) the real emission part dσR is proportional to the m+ 1-parton tree levelmatrix element |M (0)
m+1|2 . The dependene of the matrix element of the pj �nal stateparton is singular in two di�erent phase spae region: in the soft region, de�ned bylimit pj → 0; in the ollinear region, de�ned by (pj ‖ pi) (where pi is momentumof another QCD parton). This singular behaviour of the tree level matrix element isuniversal, that is, it is not dependent on very detailed struture of |M (0)

m+1|2 itself. Theorigin of this universality is the fatorization property of the tree level matrix element.Thus, the singular behaviour ofM (0)
m+1 is essentially fatorizable with respet toM (0)

mand the singular fator.The dipole fatorization formulae in the limit pi · pj → 0 is given by
|M (0)

m+1(p1, ..., pm+1)|2 =
∑

k 6=i,j

Dij,k(p1, ..., pm+1) + . . . (4.20)where the dots denote the �nite (or square root singular) ontributions and the dipoleontribution Dij,k is de�ned by
Dij,k(p1, ..., pm+1) =

−1

2pi · pj
· m(0)< 1, .., ĩj, .., k̃, ..,m+ 1| T k · T ij

T
2
ij

V ij,k |1, .., ĩj, .., k̃, ..,m+ 1 >(0)
m .(4.21)



28 CHAPTER 4. CALCULATION OF NLO JET CROSS SECTIONSThe m-parton matrix element on the right-hand side of Eq. (4.21) is obtained fromthe original m + 1-parton matrix element by replaing the partons i and j with asingle parton ĩj (the emitter) and the parton k with parton k̃ (the spetator). Themomenta of the emitter and the spetator are de�ned in di�erent ways in di�erentdipole formulaẽ
pµij = pµi + pµj −

yij,k
1 − yij,k

pµk , p̃µk =
1

1 − yij,k
pµk , (4.22)where the variable yij,k is given by

yij,k =
pipj

pipj + pjpk + pkpi
, z̃i = 1 − z̃j =

pip̃k
p̃ij p̃k

. (4.23)The momenta of the emitter and spetator are on-shell (p̃2
ij = p̃2

k = 0)) and preservethe momentum onservation
pµi + pµj + pµk = p̃µij + p̃µk . (4.24)The V ij,k are matries in the heliity spae of emitter. For fermion and gluonsplitting we have (where s and s′ are the spin indies of the fermion ĩj in < .., ĩj, ..|and |.., ĩj, .. > respetively)

< s|V qigj ,k(z̃i; yij,k)|s′ >≡ Vqigj ,k δss′

= 8πµ2ǫαs CF

[
2

1 − z̃i(1 − yij,k)
− (1 + z̃i) − ǫ(1 − z̃i)

]
δss′ . (4.25)For the quark, antiquark and for gluon, gluon splitting (µ, ν are the spin indies ofthe gluon ĩj) we have

< µ|V qiq̄j ,k(z̃i)|ν >≡ V µνqi q̄j ,k

= 8πµ2ǫαs TR

[
−gµν − 2

pipj
(z̃ip

µ
i − z̃jp

µ
j ) (z̃ip

ν
i − z̃jp

ν
j )

]
, (4.26)

< µ|V gigj ,k(z̃i; yij,k)|ν >≡ V µνgigj ,k

= 16πµ2ǫαs CA

[
− gµν

(
1

1 − z̃i(1 − yij,k)
+

1

1 − z̃j(1 − yij,k)
− 2

)

+(1 − ǫ)
1

pipj
(z̃ip

µ
i − z̃jp

µ
j ) (z̃ip

ν
i − z̃jp

ν
j )

]
. (4.27)4.3 NLO jet ross setionIn this setion we de�ne the leading order ross setion and give formal onditions forthe jet funtion. We also de�ne the dσA subtration term. We will see the realizationof the anellation of infrared divergenes.



4.3. NLO JET CROSS SECTION 29Leading order and the jet funtionIn the term of the QCD matrix elements, the Born level ross setion in d dimensionis the following
dσB = Nin

∑

{m}

dΓ (m)(p1, ..., pm;Q)
1

S{m}
|M (0)

m (p1, ..., pm)|2F (m)
J (p1, ..., pm),(4.28)where Nin inludes all the non QCD fators, ∑{m} denotes the sum over all theon�gurations with m �nal state partons, dΓ (m) is the partoni phase spae de�nedin Eq. (3.26) and S{m} is the Bose symmetry fator for idential partons in the �nalstate.The phase spae funtion F

(m)
J (p1, ..., pm) is the jet funtion, de�nes the jetobservables. In generally FJ may ontain θ-funtions, δ-funtions, numerial andkinemati fators or any ombination of these. The essential properties of FJ is thatthe jet funtion, we are interested in has to be infrared and ollinear safe. From aformal viewpoint this implies that FJ ful�ls the following properties

F
(n+1)
J (p1, .., pj , .., pn+1) → F

(n)
J (p1, ..., pn+1) if pj → 0 , (4.29)

F
(n+1)
J (p1, .., pi, .., pj , .., pn+1) → F

(n)
J (p1, .., pi + pj , .., pn+1) if pi ‖ pj , (4.30)and for all n ≥ m

F
(m)
J (p1, ..., pm) → 0 if pi · pj → 0 . (4.31)Eqs. (4.29, 4.30) guarantee that the jet observables are infrared safe for any number

n of �nal state partons. Eq. (4.31) ensures that the leading order ross setion iswell de�ned.The ross setion dσR has same expression as dσB , apart form the replaement
m→ m+ 1.The subtration termThe dσA loal subtration term is provided by the dipole fatorization formulae in-trodued in Se. (4.2). Thus we an de�ned

dσA = Nin

∑

{m+1}

dΓ (m+1)(p1, ..., pm+1;Q)
1

S{m+1}

·
∑

i,j
pairs

∑

k 6=i,j

Dij,k(p1, ..., pm+1) F
(m)
J (p1, ..p̃ij , p̃k, .., pm+1) . (4.32)Here Dij,k(p1, ..., pm+1) are the dipole ontributions in Eq. (4.21) and F (m)

J (...) isthe jet funtion for the orresponding m-parton state {p1, ..p̃ij , p̃k, .., pm+1}.



30 CHAPTER 4. CALCULATION OF NLO JET CROSS SECTIONSThe de�nition in Eq. (4.32) makes the di�erene (dσR−dσA) integrable in d = 4dimension. Its expliit expression is
dσR − dσA = Nin

∑

{m+1}

dΓ (m+1)(p1, ..., pm+1;Q)
1

S{m+1}

·
{
|M (0)

m+1(p1, ..., pm+1)|2 F (m+1)
J (p1, ..., pm+1)

−
∑

i,j
pairs

∑

k 6=i,j

Dij,k(p1, ..., pm+1) F
(m)
J (p1, ..p̃ij , p̃k, .., pm+1)

}
.(4.33)Integral of the subtration termThe subtration term dσA have to be been able to integrate analytially over the one-parton subspae in d dimension leading to soft an ollinear divergenes. The de�nitionof the dipole momenta in Eq. (4.22) allow us to exatly fatorize the m + 1-partonphase spae into am-parton phase spae times a single-parton ontribution as follows

dΓ (m+1)(p1, ..., pm+1;Q) = dΓ (m)(p1, .., p̃ij , p̃k, .., pm+1;Q) [dpi(p̃ij , p̃k)] , (4.34)where the one-parton subspae in the term of variables yij,k, z̃i de�ned in Eq. (4.23)is given by
[dpi(p̃ij , p̃k)] =

ddpi
(2π)d−1

δ+(p2
i ) Θ(1 − z̃i)Θ(1 − yij,k)

(1 − yij,k)
d−3

1 − z̃i
. (4.35)Using the phase spae fatorization property in Eq. (4.34) and the expliit expressionof the dipole ontribution Dij,k in Eq. (4.21) and performed the integral over theone-parton subspae the result an be written in the following form

∫

m+1

dσA =

∫

m

[∫

1

dσA
]

=

∫

m

Nin

∑

{m}

dΓ (m)(p1, ..., pm;Q)
1

S{m}

αs
2π

· m
(0)< 1, ...,m| I(ǫ) |1, ...,m >(0)

m F
(m)
J (p1, ..., pm) , (4.36)where the I(ǫ) insertation operator is de�ned by

I(p1, .., pm; ǫ) = − 1

Γ (1 − ǫ)

∑

i

1

T
2
i

Vi(ǫ)
∑

k 6=i

T i · T k

(
4πµ2

2pi · pk

)ǫ
. (4.37)The singular fator Vi(ǫ) is de�ned by

Vi(ǫ) = T
2
i

(
1

ǫ2
− π2

3

)
+ γi

1

ǫ
+ γi +Ki + O(ǫ) , (4.38)where we have introdued the following onstants

γi=q,q̄ =
3

2
CF , γi=g =

11

6
CA − 2

3
TRnf , (4.39)
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Ki=q,q̄ =

(
7

2
− π2

6

)
CF , Ki=g =

(
67

18
− π2

6

)
CA − 10

9
TRnf , (4.40)where nf is the number of the quark avours.Virtual ontributionThe dσV virtual ontribution is de�ned by the one-loop renormalized matrix elementas follows

dσV = Nin

∑

{m}

dΓ (m)(p1, ..., pm;Q)
1

S{m}

αs
2π

· 2Re
(
m
(0)< 1, ...,m|1, ...,m >(1)

m

)
F

(m)
J (p1, .., pm) , (4.41)where |1, ...,m >

(1)
m is the one-loop ontribution to the matrix element.The renormalized one-loop matrix element (MS matrix element) is untinged theultraviolet divergenes but ontains infrared (IR) singularities. The struture of thisIR divergenes is well known [43℄. The IR divergenes arise from two kinematiallydegenerate region: a) when the loop momentum beome soft or/and the loop mo-mentum beome ollinear with an external momentum. Using dimensional regular-ization, when the spae-time dimension is d = 4− 2ǫ, performed the loop integrationthese two singular behaviors result in poles 1/ǫ2 (soft and ollinear) and 1/ǫ (soft orollinear). The singular part of the one-loop matrix element an be expressed by thetree level matrix element and a singular singular fator

|1, ...,m >(1)
m = I

(1)(p1, .., pm; ǫ)|1, ...,m >(0)
m +|1, ...,m >(1), fin

m , (4.42)where |1, ...,m >
(1), fin
m denotes the �nite part of the one-loop matrix element in thelimit ǫ→ 0 and I
(1)(ǫ) is the one loop insertation operator whih is de�ned by

I
(1)(p1, .., pm; ǫ) =

1

2

1

Γ (1 − ǫ)

∑

i

1

T
2
i

Vsingi (ǫ)
∑

k 6=i

T i · T k

(
4πµ2

−2pi · pk

)ǫ
, (4.43)where the singular funtion Vsingi (ǫ) depend only on the parton avour and is givenby

Vsingi (ǫ) = T
2
i

1

ǫ2
+ γi

1

ǫ
. (4.44)Finally, some note about the regularization shemes. We use dimensional regu-larization. The key of this regularization method is the analyti ontinuation of loopmomenta to d = 4 − 2ǫ spae-time dimensions. Having done this, one is left withsome freedom regarding the dimensionality of momenta of the external partiles aswell as the number of polarizations of both external and internal partiles. This leads



32 CHAPTER 4. CALCULATION OF NLO JET CROSS SECTIONSto di�erent regularization shemes (RS). The ustomary is the onventional dimen-sional regularization sheme (CDR). This is the most natural hoosing beause nodistintion is made between partiles in the loop and external partiles. All partilesmomenta are d-dimensional and one onsiders d − 2 heliity states for gluons and 2heliity states for massless quarks.In the loop alulations the mostly used regularization sheme is the dimensionalredution sheme (DR). In this ase for all partiles (gluon and massless quark) thenumber of heliity states are 2 and the dimension of the external partiles momentaare d = 4 as against loop momenta whih dimension is d = 4 − 2ǫ.Of ourse the loop amplitudes and the αs oupling depend on the di�erent regu-larization shemes. In the one-loop ase the RS-dependene is simply
|1, ...,m >(1),RS

m =
1

2

∑

i

γ̃RS
i |1, ...,m >(0),RS

m + |1, ...,m >(1)
m , (4.45)where the �nite oeÆients γ̃RS

i depend only on the avour of external partons. Byde�nition the CDR sheme is the referene sheme (γ̃CDR
i = 0). In the ase of DRthe transitional fators γ̃DR

i are the followings
γ̃DR
g =

1

6
CA , γ̃DR

q = γ̃DR
q̄ =

1

2
CF . (4.46)The regularization sheme dependene of the strong oupling αs is the followingin ase of DR

αDR
s = αs

(
1 +

CA
6

αs
2π

)
, (4.47)where αs is the ustomary MS strong oupling.4.4 Final resultThe result of the alulation of NLO ross setion in e+e−annihilation are summarizedbelow.The ross in Eq. (4.5) ontains a LO and a NLO omponent. The LO rosssetion that involves m �nal state partons is given by

σLO =

∫

m

dσB =

∫
dΓ (m) |M̂ (0)

m (p1, ..., pm)|2 F (m)
J (p1, ..., pm) , (4.48)where M̂ (0)

m is the generalised tree level matrix element squared whih is de�ned by
|M̂ (0)

m (p1, ..., pm)|2 = Nin

∑

{m}

1

S{m}
|M (0)

m (p1, ..., pm)|2 . (4.49)



4.4. FINAL RESULT 33Aording to Eq. (4.10), the NLO orretion an be written as a sum of a m+ 1and a m-parton integral
σNLO = σNLO{m+1} + σNLO{m} . (4.50)The m+ 1-parton ontribution is the following

σNLO{m+1} =

∫

m+1

[
dσRǫ=0 − dσAǫ=0

]

=

∫
dΓ (m+1)

{
|M̂ (0)

m+1(p1, ..., pm+1)|2 F (m+1)
J (p1, ..., pm+1)

−
∑

i,j
pairs

∑

k 6=i,j

D̂ij,k(p1, ..., pm+1) F
(m)
J (p1, ..p̃ij , p̃k, .., pm+1)

}
, (4.51)where D̂ij,k is de�ned by

D̂ij,k(p1, ..., pm+1) = Nin

∑

{m+1}

1

S{m+1}
Dij,k(p1, ..., pm+1) . (4.52)The m-parton integral is a Born like ontribution. This term is sum of the on-tributions of the virtual orretions and the integral of subtration term de�ned inEq.(4.32)

σNLO{m} =

∫

m

[
dσV +

∫

1

dσA
]

ǫ=0

=

∫
dΓ (m) |M̂ (1)

m (p1, ..., pm)|2 F (m)
J (p1, ..., pm) , (4.53)where the generalized matrix element squared |M̂ (1)

m |2 is given by
|M̂ (1)

m (p1, ..., pm)|2 = Nin
αs
2π

∑

{m}

1

S{m}
lim
ǫ→0

{
2Re

(
m
(0)< 1, ...,m|1, ...,m >(1), fin

m

)

+m
(0)< 1, ...,m| I(ǫ) + I

(1)(ǫ) |1, ...,m >(0)
m

}
. (4.54)The sum of the two insertation operator I(ǫ) and I

(1)(ǫ) is �nite in the limit ǫ→ 0

lim
ǫ→0

(
I(ǫ) + 2ReI(1)(ǫ)

)
=

m∑

i=1

(
γi +Ki +

1

6
π2

T i

)
. (4.55)The both piees of the NLO orretion σNLO{m} and σNLO{m+1} an be alulatedby Monte Carlo integration. I developed a omputer program (alled DEBRECEN [9℄)whih implements the dipole subtration method and an alulate n-jet ross setionat NLO auray.



34 CHAPTER 4. CALCULATION OF NLO JET CROSS SECTIONS4.5 Numerial implementationWe have seen in the previous setion that the NLO ross setion an be alulatedby the Monte Carlo integration. The leading order integral in Eq. (4.48) and the m-parton NLO integral in Eq. (4.53) are simple Monte Carlo integration. The integrandof these integrals are �nite over all the integration domain. On the other hand thedi�erene of the m + 1-parton matrix element squared and the dipole ontributionsde�ned in Eq. (4.21) ontains integrable square root singularities as follows
lim

pi·pj→0
[dσR − dσA] ∝ 1

√
pi · pj

, (4.56)where this singularities arise from the previously disussed soft and ollinear regions.The square root singular funtion an not be integrated by a simple Monte Carlo(hoosing random values uniformly), beause the variane of the estimate for theintegral is in�nite. We have to try to eliminate this type of singularities from theintegrand so as to be able to alulate the m+ 1-parton integral of NLO alulation.Important samplingThe integration over the phase spae means a multi-dimensional Monte Carlo integral.In generally, we have to alulate the following type of integrals
I[f ] =

∫

n

d~x f(~x) , (4.57)where f(~x) is an integrable funtion not neessary smooth and ~x = (x1, ..., xn), where
xj ∈ [0, 1] for j = 1, ..., n. The most simple Monte Carlo one an think of to estimate
I[f ] to generate random values for ~x uniformly and evaluate the funtion f(~x). Theestimate E[f ] for I[f ] is then given by

E[f ] =
1

N

N∑

i=1

f(p1i
, ..., pni

) . (4.58)In the limit N → ∞ this leads to E[f ] = I[f ]. The estimates for the variane andfor the error are given by
Var[f ] = E[f2] − E[f ]2 , Err[f ] =

√
Var[f ]

N − 1
, (4.59)where Var[f ] and Err[f ] denote the variane and the error respetively. If the funtion

f ontains integrable singularities (e.g. square root) then the variane goes to in�nityin the N → ∞ and the estimation beomes unstable.In these ases to redue the value of Var[f ] we apply important sampling. Weintrodue new integration variables instead of ~x
I[f ] =

∫

m

d~ρ
f(~x(~ρ))

g(~x(~ρ))
≈ E

[
f ◦ ~x
g ◦ ~x

]
, (4.60)



4.5. NUMERICAL IMPLEMENTATION 35in suh a way that, the Jaobian fator (g(~x(~ρ)), where ρj ∈ [0, 1] for j = 1, ...,mand m ≥ n) of the transformation ~x(~ρ) has the same singular behavior as f(~x)

f(~x(~ρ))

g(~x(~ρ))
−→ constant , (4.61)in the singular limits.In the those ases when we an not �nd that integral transformation whih anhandle simultaneously the all singular limits of funtion f(~x) but we an de�ne inevery singular limits a transformations whih handle only that singularity, then theJaobian g(~x) an be written as follows

g(~x) =

ns∑

i=1

αigi(~x) , (4.62)where ns denotes the number of the singular limits of f(~x), the funtions gi(~x) are theJaobian of the transformations and the onstants αi are arbitrary positive weightswith the following normalization ondition
ns∑

i=1

αi = 1 , (4.63)and these weight should be hosen in suh a way that, they minimize the variane.With this Jaobian the, integral is a weighted sum
I[f ] =

ns∑

i=1

αi

∫

mi

d~ρi

[
f(~x)

g1(~x) + · · · + gns
(~x)

]

~x=~xi(~ρi)

, (4.64)where ~xi(~ρi) are the orresponding transformations and the estimate for the integralis the following
I[f ] =

ns∑

i=1

αiE

[
f ◦ ~xi
g ◦ ~xi

]
, (4.65)where the funtion g(~x) is de�ned in Eq.(4.62). This integration method is alledmulti hannel integration method [55℄.We apply this sampling method for the phase spae integral whih involves inte-grable singularities.Phase spae integralIn the NLO jet alulation we have a m + 1-parton phase spae integral involvingintegrable square root singular matrix element squared like in Eq. (4.56). So, wewant to alulate the following type of integrals

I[f ] =

∫
dΓ (m+1)(p1, ..., pm+1; Q) f(p1, ..., pm+1) , (4.66)



36 CHAPTER 4. CALCULATION OF NLO JET CROSS SECTIONSwhere dΓ (m+1) denotes the phase spae integral measure. Now, we introdue thefollowing multi hannel Jaobian to eliminate the all singularities of the integrand:
G(p1, ..., pm+1) =

m+1∑

i,j,k=1
i6=j 6=k

αij,k
(2π)2

(sik + sjk)
√

(1 − z̃i)yij,k
, (4.67)where the yij,k and z̃i kinemati variables are de�ned in Eq. (4.23), αij,k are thehannel weight parameters and smn = 2pm · pn is the usual Lorentz dot produt.With this de�nition of the Jaobian and using the fatorization property of the phasespae given in Eq. (4.34), the integral an be written as

I[f ] =

∫
dΓ (m+1)(p1, ..., pm+1; Q)G(p1, ..., pm+1)

f(p1, ..., pm+1)

G(p1, ..., pm+1)

=

m+1∑

i,j,k=1
i6=j 6=k

αij,k

∫
dΓ (m)(p1, .., p̃ij , .., p̃k, ..pm+1; Q)

·
∫ 2π

0

dφi
2π

1

2

∫ 1

0

dyij,k√
yij,k

1

2

∫ 1

0

dz̃i√
1 − z̃i

f(p1, ..., pm+1)

G(p1, ..., pm+1)
. (4.68)Now, we introdue new integration variables instead of {z̃i, yij,k, φi}, as follows

z̃i = 1 − ρ2
zi
, yij,k = ρ2

yij,k
, φi = 2πρφi

. (4.69)These integral transformations lead us to a simpler expression
I[f ] =

∫
dΓ (m+1)(p1, ..., pm+1; Q)G(p1, ..., pm+1)

f(p1, ..., pm+1)

G(p1, ..., pm+1)

=

m+1∑

i,j,k=1
i6=j 6=k

αij,k

∫
dΓ (m)(p1, .., p̃ij , .., p̃k, ..pm+1; Q)

·
∫ 1

0

dρφi
dρyij,k

dρzi

f(p1, ..., pm+1)

G(p1, ..., pm+1)
. (4.70)Using the previously equation easy to see that the m + 1-parton integral of theJaobian fator is equal to the m-parton total phase spae weight

I[G] =

∫
dΓ (m)(p1, ..., pm; Q) . (4.71)Using the multi hannel important sampling method we an reate an algorithmwhih an generate well sampled events. Let see the main steps of this algorithm1. Generate a phase spae with m outgoing parton {q1, ..., qm}m by any phasespae algorithm. For example, by algorithm alled RAMBO [54℄ whih is simpleand well known. This generates at phase spae with onstant phase spaeweight for every events. The weight of ith m-parton event is denoted byW (m)

i .



4.5. NUMERICAL IMPLEMENTATION 372. Choose a three indies (i,j,k) in suh a way that i, k = 1, ...,m, j = 1, ...,m+1and i 6= k. This hoies determine the hannel weights. If the indies arehosen uniformly then the hannel weights in the expression of the G(p1, ...) inthe Eq. (4.67) are onstant αij,k = 1/(m(m2 − 1)).3. Generate the random values ρz, ρy, ρφ uniformly and alulate the kinemativariables z, y, φ by Eq. (4.69).4. Calulate the momentum set {p1, ..., pm+1}m+1 using the de�nition of thedipole momenta in Eq. (4.22). In the enter of mass frame of qi and qkwe have
pl = ql if l = 1, ..,m and l 6= i, k ,

pk = (1 − y)qk , pm+1 = p , pi = qi + y qk − p ,
(4.72)where the temporary momentum p an be expressed by variables z, y, φ

p =

√
sik

2
(z + (1 − z) y, (1 − z) y − z, p⊥ cosφi, p⊥ sinφi) , (4.73)where p2

⊥ = 4 z (1−z) y is the transverse momentum squared and sik = 2qi ·qk.5. Permute the momenta pj and pm+1 (pj ↔ pm+1).6. Calulate the weight of the m+ 1-parton on�guration whih is obtained by
W (m+1) =

W (m)

G(p1, ..., pm+1)
. (4.74)With this phase spae algorithm a m+-parton integral an be written as an m-parton integral by the follows

I[f ] =

∫
dΓ (m)(q1, ..., qm; Q)

m+1∑

j=1

m∑

i,k=1
i6=k

βi,j,k

∫ 1

0

dρφ dρy dρz
f(p1, ..., pm+1)

G(p1, ..., pm+1)
,(4.75)where βi,j,k = αim+1,k |j↔m+1

. In �rst term of the left hand side of Eq. (4.75) the mo-mentum set {p1, ..., pm+1}m+1 are generated by the previously desribed algorithm.Note, this momentum set depend on the i, j, k sum parameters.





Chapter 5Four-Jet prodution in e+e−annihilationEletron-positron annihilation into hadrons is the leanest proess to test QuantumChromodynamis (QCD) [12℄ in high energy elementary partile reations. In thisproess the initial state is ompletely known and there is a lot of quantities, forinstane the total ross setion and jet related orrelations, that depend on the longdistane properties of the theory very little. These quantities an be alulated inperturbative QCD as a funtion of a single parameter, the strong oupling. For thisreason the various QCD tests at eletron-positron olliders [56, 57, 58, 59, 60, 61℄an be regarded as experiments for determining αs.The other ingredient of QCD, that is in priniple free, is the underlying gaugegroup. Although by now nobody questions that QCD is based upon SU(3) gaugetheory, the \full" measurement of QCD, that is the simultaneous measurement of thestrong oupling and the eigenvalues of the quadrati Casimirs of the underlying gaugetheory, the CF and CA olor harges, is not a purely aademi exerise. The possibleexistene of light gluinos [62℄ inuenes both the value of αs and the measured valueof the olor harges (or, assuming SU(3)c, the value of the light fermioni degrees offreedom nf ). Thus the only onsistent framework to hek whether the data favoror exlude the additional degrees of freedom is a simultaneous �t of these parametersto data.In priniple any observable depends on these basi parameters. The sensitivity ofa given observable on the olor harges however, is inuened by the fat that inperturbation theory the three gluon oupling appears at tree level �rst for four-jet�nal states. In the total ross setion and for three-jet like quantities the adjointolor harge appears only in the radiative orretions. Therefore, four-jet observablesseem to be the best andidates to measure the olor fators. Indeed, during the�rst phase of operation of the Large Eletron Positron Collider (LEP) four-jet eventswere primarily used for measuring CF and CA [63℄. These measurements however,39



40 CHAPTER 5. FOUR-JET PRODUCTION IN E+E− ANNIHILATIONwere not omplete in the sense mentioned above. The lak of knowledge about theperturbative predition for four-jet observables at O(α3
s) prevented the experimentalollaborations from �xing the absolute normalization of the perturbative predition,therefore, αs ould not be measured using the same observables.The important developments that made possible the for-jet NLO alulation werethe alulation tehniques for NLO jet ross setions [8, 52, 53℄ and the one-loopamplitudes for the relevant subproesses, i.e., for e+e− → 4 partons beome avail-able. In Refs. [45, 46℄ Campbell, Glover and Miller introdued FORTRAN programsthat alulate the NLO squared matrix elements of the e+e− → γ∗ → q̄qQ̄Q and

q̄qgg proesses. In Refs. [44, 47℄ Bern, Dixon, Kosower and Wienzierl gave analytiformulas for the heliity amplitudes of the same proesses with the e+e− → Z0 → 4partons hannel inluded as well. For the sake of ompleteness, in our work we usethe amplitudes of Refs. [47℄ for the loop orretions (see Appendix B). Although thetree-level heliity amplitudes for the e+e− → 5 partons subproesses had been known[40℄, we alulated them anew and present the results in terms of Weyl spinors on-forming with the notation used for desribing the one-loop heliity amplitudes [47℄.We also present the previously unpublished olor linked heliity dependent Born matrixelements for the e+e− → 4 partons proesses (see Appendix A).Based on the previously disussed subtration method, the author developed aMonte Carlo program (alled DEBRECEN) whih an alulate four-jet ross setion atNLO level. Furthermore, three other program have been developed irrespetively ofour work (MENLO PARC [70℄, EERAD2 [72℄ and MERCUTIO [73℄).In this hapter we disuss the phenomenology of the four-jet prodution. The four-jet observables an be lassi�ed into three major groups: i) four-jet rates; ii) four-jetevent shape variables; iii) four-jet angular orrelations. We alulated the jet rates E0,Durham and Geneva algorithm for three di�erent value of ycut parameter[1, 6℄ andompared our results with the results of three other program. The Durham jet rateswere ompared with ALEPH data [6, 7℄. Using the Durham and Cambridge algorithmswe alulated the four-jet shape variables yD4 and yC4 [6℄. We also alulated thefollowing four-jet event shape variables: D-parameter and aoplanarity [18℄ in Ref.[1℄, Π1 and Π4 Fox-Wolfram moments [19℄ in Ref. [4℄ and C-parameter (C > 0.75)in Ref. [6℄. We also determined the four-jet angular orrelations and ompared withALEPH data [5℄. Some of the mentioned algorithms and variables are de�ned in Se.(3.2).5.1 Jet ratesThe most important multi-jet observables that are used for determining the underly-ing parton struture of hadroni events are the multi-jet rates. In e+e− annihilationthe widely known Durham [25℄ algorithm have beome indispensable for this pur-pose. Reently a new jet lustering, the Cambridge algorithm was proposed as animproved version of the Durham sheme [27℄. This sheme is designed to minimize



5.1. JET RATES 41the formation of \junk jets" | jets formed from hadrons of low transverse momenta,unonneted to the underlying parton struture. As a result, the hadronization orre-tions to the mean jet multipliities were found smaller when the Cambridge algorithmis employed than for the Durham lustering [27℄. However, it was shown in Ref. [28℄that the small hadronization orretions found for the Cambridge algorithm in thestudy of the mean jet rate are due to anellations among orretions for the individ-ual jet prodution rates. Apart from the very small values of the resolution parameter,
ycut < 10−3.2, for the individual rates the Durham lustering shows omparably small(for ycut > 10−2), or even muh smaller hadronization orretions. In this setion wepresent the NLO prodution rates for four jets using both algorithms and omparethe size of the radiative orretions.Note, we ompared the various Monte Carlo programs (MENLO PARC, DEBRECEN,EERAD2 and MERCUTIO) for the Durham jet lustering algorithm. The result are shownin the Table (5.1).Table 5.1: The four-jet fration as alulated by MENLO PARC, DEBRECEN , EERAD2and MERCUTIO, for Durham jet algorithms and varying ycut.Algorithm ycut MENLO PARC DEBRECEN

0.005 (1.04 ± 0.02) · 10−1 (1.05 ± 0.01) · 10−1Durham 0.01 (4.70 ± 0.06) · 10−2 (4.66 ± 0.02) · 10−2

0.03 (6.82 ± 0.08) · 10−3 (6.87 ± 0.04) · 10−3

ycut EERAD2 MERCUTIO
0.005 (1.05 ± 0.01) · 10−1 (1.06 ± 0.01) · 10−1

0.01 (4.65 ± 0.02) · 10−2 (4.72 ± 0.01) · 10−2

0.03 (6.86 ± 0.03) · 10−3 (6.96 ± 0.03) · 10−3The four-jet rates are de�ned as the ratio of the four-jet ross setion to the totalhadroni ross setion:
R4 =

σ4−jet

σtot
(ycut) = η2B4(ycut) + η3

(
C4(ycut) −

3

2
B4(ycut)

)
, (5.1)where we used σtot = σ0(1 + 1.5η) and η = αsCF /(2π). The renormalizationsale dependene of the ross setion is obtained by the substation η → η(µ)(1 +

β0/CF η(µ) lnxµ), where xµ = µ/
√
s. Setting the olor harges to the SU(3) values,we plot the sale independent B4(ycut) and C4(ycut) funtions in Figs. (5.1 and 5.2)and tabulate the values for C4(ycut) in Table (5.2).Comparing the values for the two Born funtions, we see that at leading orderthe Cambridge algorithm gives slightly higher rates and the di�erene inreases withdereasing ycut. On the other hand, the orretion funtions beome smaller forCambridge lustering with dereasing ycut. The result of these opposite trends is



42 CHAPTER 5. FOUR-JET PRODUCTION IN E+E− ANNIHILATIONTable 5.2: Corretion funtions to the four-jet rates for Durham and Cambridgealgorithms.
log10(ycut) CD

ycut
CC
ycut

−0.9 (4.209 ± 0.655) · 10−2 (4.375 ± 0.655) · 10−2

−1.0 (9.449 ± 0.220) · 10−1 (9.499 ± 0.230) · 10−1

−1.1 (5.411 ± 0.055) · 100 (5.300 ± 0.057) · 100

−1.2 (1.769 ± 0.011) · 101 (1.700 ± 0.012) · 101

−1.3 (4.321 ± 0.032) · 101 (4.044 ± 0.033) · 101

−1.4 (8.893 ± 0.034) · 101 (8.142 ± 0.038) · 101

−1.5 (1.619 ± 0.005) · 102 (1.459 ± 0.006) · 102

−1.6 (2.705 ± 0.009) · 102 (2.400 ± 0.010) · 102

−1.7 (4.201 ± 0.012) · 102 (3.683 ± 0.014) · 102

−1.8 (6.221 ± 0.020) · 102 (5.403 ± 0.021) · 102

−1.9 (8.730 ± 0.029) · 102 (7.490 ± 0.032) · 102

−2.0 (1.191 ± 0.004) · 103 (1.009 ± 0.005) · 103

−2.1 (1.563 ± 0.006) · 103 (1.308 ± 0.007) · 103

−2.2 (2.000 ± 0.010) · 103 (1.653 ± 0.010) · 103

−2.3 (2.478 ± 0.011) · 103 (2.023 ± 0.012) · 103

−2.4 (3.007 ± 0.024) · 103 (2.402 ± 0.025) · 103

−2.5 (3.542 ± 0.023) · 103 (2.749 ± 0.027) · 103

−2.6 (4.029 ± 0.033) · 103 (3.020 ± 0.036) · 103

−2.7 (4.469 ± 0.052) · 103 (3.198 ± 0.063) · 103

−2.8 (4.797 ± 0.067) · 103 (3.220 ± 0.077) · 103

−2.9 (4.869 ± 0.099) · 103 (2.999 ± 0.108) · 103

−3.0 (4.878 ± 0.120) · 103 (2.608 ± 0.132) · 103

−3.1 (4.482 ± 0.166) · 103 (1.678 ± 0.178) · 103

−3.2 (3.430 ± 0.256) · 103 (−3.254± 27.6) · 101

−3.3 (1.783 ± 0.300) · 103 (−2.093± 0.32) · 103that the K fators, de�ned are smaller for the Cambridge algorithm for small valuesof ycut, whih is demonstrated in Fig. (5.3).The smaller K fators also mean smaller renormalization sheme dependene,whih an be seen from omparing Figs. (5.4 and 5.5). The usual interpretationof the smaller sale dependene is that the e�et of the unalulated higher ordersare expeted to be smaller in the ase of Cambridge lustering. It is interesting tonote that in the middle ycut region (10−3.2 < ycut < 10−2), where the hadronizationorretions for the Cambridge lustering were found signi�antly larger than for theDurham algorithm, the theoretial unertainty due to the renormalization sale am-biguity is smaller for the Cambridge than that for the Durham lustering. Of ourse,one has to keep in mind that the µ-dependene bands are not upper bounds on errorsthat arise from trunation of the perturbation series, just suggestions. In partiular, if
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Figure 5.1: The Born funtion B4 for the four-jet rate as a funtion of the resolutionvariable ycut with Durham (solid) and Cambridge (dashed) algorithms.there is an arti�ial narrowing of the µ-dependene bands, e.g. at a rossover point,they almost ertainly do not represent the size of the trunation error at that point.
K(ycut) = 1 + η(

√
s)
C4(ycut)

B4(ycut)
, (5.2)Four-jet frations derease very rapidly with inreasing resolution parameter ycut.As a result, most of the available four-jet data are below ycut = 0.01. It is well-knownthat for small values of ycut the �xed order perturbative predition is not reliable,beause the expansion parameter αs ln2 ycut logarithmially enhanes the higher orderorretions. One has to perform the all order resummation of the leading and next-to-leading logarithmi (NLL) ontributions. This resummation is possible for theDurham algorithm using the oherent branhing formalism [36℄ and the proedure isthe same for the Cambridge algorithm [27℄. The four-jet rate in the next-to-leadinglogarithmi approximation is given by [36℄

RNLL
4 = 2[∆q(Q)]2

[(∫ Q

Q0

dq Γq(Q, q)∆g(q,Q0)

)2

+

∫ Q

Q0

dq Γq(Q, q)∆g(q,Q0)

·
∫ q

Q0

dq′
(
Γg(q, q

′)∆g(q
′, Q0) + Γf (q

′)∆f (q
′, Q0)

)]
. (5.3)
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Figure 5.2: The orretion funtion C4 for the four-jet rate as a funtion of theresolution variable ycut with Durham (solid) and Cambridge (dashed) algorithms.In Eq. (5.3) the funtions ∆a(Q,Q0) are the Sudakov form fators whih express theprobability of parton branhing evolution from sale Q0 = Q
√
ycut to sale Q withoutresolvable branhing. The Sudakov fators are de�ned in terms of the Pab(αs(q), z)vertex probabilities as follows

∆a(Q,Q0) = exp

(
−
∑

b

∫ Q

Q0

dq

q

∫
dz

αs(q)

2π
Pab(αs(q), z)

)
. (5.4)It was shown in Ref. [37℄ that one an obtain an improved theoretial predition forthe di�erential two-jet rate if the vertex probabilities are taken at next-to-leadingorder [34℄, whih we also onsider in our analysis:

Pqq(αs, z) = CF

(
1 + z2

1 − z
+
αs
2π

K
2

1 − z

)
, (5.5)

Pgg(αs, z) = 2CA

(
z

1 − z
+

1 − z

z
+ z(1 − z) +

αs
2π

K
2

z(1 − z)

)
, (5.6)

Pgq(αs, z) = TRnf
(
z2 + (1 − z)2

)
. (5.7)The K oeÆient is renormalization sheme dependent. In the MS sheme it is givenby [33℄

K = CA

(
67

18
− π2

6

)
− 10

9
TRnf . (5.8)Performing the z integral in Eq. (5.4) (upper and lower bound of z integral aredetermined by the ollinear behaviour of the Durham algorithm), one obtains the
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Figure 5.3: K fators as a funtion of the resolution variable ycut for Durham (solid)and Cambridge (dashed) algorithms.Sudakov fators as integrals of the emission probabilities Γa(Q, q) in the followingform:
∆q(Q,Q0) = exp

(
−
∫ Q

Q0

dq Γq(Q, q)

)
, (5.9)

∆g(Q,Q0) = exp

(
−
∫ Q

Q0

dq [Γg(Q, q) + Γf (q)]

)
, (5.10)

∆f (Q,Q0) =
[∆q(Q,Q0)]

2

∆g(Q,Q0)
, (5.11)and the NLL emission probabilities are

Γq(Q, q) =
2CF
π

αs(q)

q

[(
1 +

αs(q)

2π
K

)
ln
Q

q
− 3

4

]
, (5.12)

Γg(Q, q) =
2CA
π

αs(q)

q

[(
1 +

αs(q)

2π
K

)
ln
Q

q
− 11

12

]
, (5.13)

Γf (Q, q) =
nf
3π

αs(q)

q
. (5.14)We relate the αs(q) strong oupling appearing in the emission probabilities to thestrong oupling at the relevant renormalization sale, αs(µ), aording to the one-
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Figure 5.4: The QCD predition for the four-jet rate with Durham lustering atBorn level (light gray band) and at NLO (dark band). The two narrow bands showthe four-jet rate in the NLL approximation (K = 0, lower band) and in improvedNLL approximation (upper band) as explained in the text. The bands indiate thetheoretial unertainty due to the variation of the renormalization sale xµ between0.5 and 2.loop formula
αs(q) =

αs(µ)

1 − β0
αs
2π

ln

(
µ

q

) , (5.15)where we use Eq. (2.42) for expressing αs(µ) in terms of αs(MZ) = 0.118. We ouldalso use a two-loop formula for αs(q), but the result would di�er only in subleadinglogarithms.The result of this resummation together with its renormalization sale dependeneis also shown in Figs. (5.4 and 5.5) (narrow bands). The lower band orrespondsto the usual NLL approximation (K = 0), and the upper band is the result of theimproved resummation. We an see learly from the �gures that the �xed-order andthe NLL approximations di�er signi�antly. One expets that for large values of ycutthe former, and for small values of ycut the latter is the reliable desription, therefore,the two results have to mathed.The Durham and Cambridge four-jet rates an be resummed at leading and next-to-leading logarithmi order, but they do not satisfy a simple exponentiation [35℄. Forobservables that do not exponentiate the viable mathing shemes are the R mathing
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Figure 5.5: The QCD predition for the four-jet rate with Cambridge lustering atBorn level (light gray band) and at NLO (dark band). The two narrow bands showthe four-jet rate in the NLL approximation (K = 0, lower band) and in improvedNLL approximation (upper band) as explained in the text. The bands indiate thetheoretial unertainty due to the variation of the renormalization sale xµ between0.5 and 2.or the modi�ed R mathing [36, 58℄. We use R mathing aording to the followingformula:
RR−match

4 = RNLL
4 + η2

(
B4 −BNLL

4

)
+ η3

(
C4 − CNLL

4 − 3

2

(
B4 −BNLL

4

))
,(5.16)where BNLL

4 and CNLL
4 are the oeÆients in the expansion of RNLL

4 as in Eq. (5.1).In Fig. (5.6) we show the theoretial predition at the various levels of approxima-tion: in �xed order perturbation theory at Born level (LO), at NLO (NLO), resummedand R-mathed predition (NLO+NLL) and improved resummed and R-mathed pre-dition (NLO+NLL+K). Also shown is the four-jet rate measured by the ALEPHollaboration at the Z0 peak [64℄ orreted to parton level using the PYTHIA MonteCarlo [32℄. We used bin-by-bin orretion and the onsisteny of the orretion washeked by using the HERWIG Monte Carlo [31℄. The two programs gave the sameorretion fator within statistial error. The errors of the data are the saled errorsof the published hadron level data, and we did not inlude any systemati error due tothe hadron to parton orretion. In the inset we indiated the renormalization saledependene of the `NLO+NLL+K' predition.In Fig. (5.6) deserves several remarks. First of all, we see that the inlusion of the
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Figure 5.6: The QCD predition for the four-jet rate with Durham lustering in �xedorder perturbation theory at leading (dotted) and NLO (dashed), and �xed ordermathed with resummed (dashed-dotted) and improved resummed (solid) alulationompared to ALEPH data obtained at the Z0 peak and orreted to parton level(errorbars). The renormalization sale is set to xµ = 1. The lower plot showsthe relative di�erene δ4 = (data − theory)/theory, where theory means the NLOpredition mathed with improved resummed alulation at xµ = 1. The inset showsthe renormalization sale dependene of the `theory' predition with sale variation
0.5 < xµ < 2.small ycut region is learly seen, but it is still not suÆient to desribe the data at thenatural sale, negleted subleading terms are still important.1 On the other hand, theimproved resummation seems to take into aount just the right amount of subleadingterms and it makes the agreement between data and theory almost perfet over thewhole ycut region as an be seen from the lower plot. (Although for ycut > 10−1.7 δ4falls outside the ±5 % band, one should keep in mind that in this region the error of1Our `NLO+NLL' results di�er from those in Ref. [70℄, where αs(q) in alulating RNLL

4
waskept at the �x αs(MZ) value [71℄.



5.2. EVENT SHAPE VARIABLES 49the hadron to parton orretion is very large. Also, for the `NLO+NLL+K' preditionwe found remarkably small sale dependene for ycut > 10−3. This feature, however,should be taken with are. The improvement, obtained by inluding the two-loopoeÆient K, a�ets NNLL terms, but there are other ontributions of the sameorder that are not taken into aount (e.g., NLO running of αs and other dynamiale�ets), whih is not the ase for the 2-jet rate. The sale dependene of the`NLO+NLL+K' result would onsistently be under ontrol only after the inlusion ofthe omplete set of NNLL terms.Finally it is worth noting that for ycut = 10−2.6 both PYTHIA and HERWIG yieldless than 2% hadronization orretion. At the same value of the resolution parame-ter the theoretial predition is insensitive to orretions beyond next-to-leading order(the NLO, NLO+NLL, NLO+NLL+K urves ross, the renormalization sale depen-dene is small), therefore, at this aidental value of ycut the NLO predition agreesperfetly with the hadron level data.5.2 Event shape variablesFour-jet event shapes were used extensively by the LEP ollaborations for QCD studies[64, 65℄. In this subsetion we onsider four shape variables, the y4 distributions forthe Durham and Cambridge algorithms, the thrust minor (Tmin), the C parameter for
C values above 0.75 and the D parameter, whih are often used in the experimentalanalyses.In the ase of event shape distributions we multiply the normalized ross setionwith the value of the event shape parameter, so we use the parametrisation

Σ(O4) ≡
O4

σ0

dσ4

dO4
(O4) = η(µ)2B(O4) + η(µ)3

[
B(O4)

β0

CF
lnx2

µ + C(O4)

] (5.17)and the average value of the shape variable is easily obtained from the di�erentialdistribution:
〈O4〉δ =

∫ 1

δ

dO4 Σ(O4) . (5.18)Using this parametrisation we de�ne the K fators of the di�erential distribution as
K(O4) = 1 + η(

√
s)
C(O4)

B(O4)
. (5.19)In the following we plot the physial ross setions Σ(O4), the K(O4) fators andtabulate the orretion funtions C(O4) for O4 = y4, Tmin,D and C.The y4 value denotes the transition value for ycut at whih, when dereasing ycut,the lassi�ation of a given event hanges from three jets to four jets. The advantageof this variable over the di�erential four-jet rate is that this variable an be de�ned onan event by event basis. Depending on the atual resolution variable one obtains the
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yD4 distribution for the Durham lustering and the yC4 distribution for the Cambridgelustering. We alulated the B(y4) and C(y4) funtions for both algorithms. The
B(y4) values equal the ycutB(ycut) values when y4 = ycut, therefore, we tabulateonly the C(y4) funtions for the two algorithms in Table (5.3). We show the NLOTable 5.3: Corretion funtions to the di�erential distributions of the y4 variables forthe Durham and Cambridge algorithm. The parameter values are at the lower edgeof the orresponding histogram bin.

y4 C(yD4 ) C(yC4 )

0.000 (2.523 ± 0.425) · 103 (1.064 ± 0.350) · 103

0.005 (2.212 ± 0.017) · 103 (1.857 ± 0.019) · 103

0.010 (1.376 ± 0.009) · 103 (1.166 ± 0.011) · 103

0.015 (9.429 ± 0.071) · 102 (8.144 ± 0.080) · 102

0.020 (6.799 ± 0.070) · 102 (5.855 ± 0.062) · 102

0.025 (4.930 ± 0.063) · 102 (4.346 ± 0.051) · 102

0.030 (3.760 ± 0.042) · 102 (3.293 ± 0.043) · 102

0.035 (2.885 ± 0.037) · 102 (2.553 ± 0.039) · 102

0.040 (2.164 ± 0.033) · 102 (1.947 ± 0.034) · 102

0.045 (1.754 ± 0.026) · 102 (1.580 ± 0.027) · 102

0.050 (1.314 ± 0.025) · 102 (1.202 ± 0.025) · 102

0.055 (1.024 ± 0.021) · 102 (9.508 ± 0.213) · 101

0.060 (8.293 ± 0.292) · 101 (7.692 ± 0.296) · 101

0.065 (6.307 ± 0.300) · 101 (5.945 ± 0.304) · 101

0.070 (4.636 ± 0.180) · 101 (4.445 ± 0.184) · 101

0.075 (3.516 ± 0.117) · 101 (3.430 ± 0.114) · 101

0.080 (2.673 ± 0.115) · 101 (2.560 ± 0.110) · 101

0.085 (2.271 ± 0.216) · 101 (2.214 ± 0.217) · 101

0.090 (1.412 ± 0.204) · 101 (1.395 ± 0.206) · 101

0.095 (1.085 ± 0.057) · 101 (1.056 ± 0.059) · 101

0.100 (7.412 ± 0.584) · 100 (7.377 ± 0.588) · 100

0.105 (5.069 ± 0.537) · 100 (5.121 ± 0.529) · 100

0.110 (2.817 ± 0.400) · 100 (2.914 ± 0.399) · 100

0.115 (2.652 ± 0.329) · 100 (2.428 ± 0.301) · 100

0.120 (1.353 ± 0.221) · 100 (1.516 ± 0.183) · 100perturbative predition in QCD for Σ(y4) in Fig. (5.7). In the same �gure, the insetshows the K(y4) fators of the distributions. The physial ross setions for the twoalgorithms are very similar. The K(y4) fators are quite large, but muh smaller thanin the ase of other four-jet event shape distributions. They depend weakly on the
y4 value for y4 > 0.1 and derease rapidly with dereasing y4 below y4 = 0.1. In thease of the Cambridge algorithm the radiative orretions are 15{30% smaller thanthose for the Durham algorithm.
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Figure 5.7: The NLO QCD predition for the yD4 (solid) and yC4 (dashed) di�erentialdistributions with renormalization sale xµ = 1. The inset shows the K fators ofthe distributions.The event shape variables thrust minor (Tmin), C and D parameters are de�nedin Se. (3.2). The kinematial limit of the C parameter for three-parton proesses isC = 0.75. Therefore, in the region C ∈ [0.75, 1] the four-parton proesses ontributeto the leading order predition, and our program is apable to alulate the radiativeorretion to the distribution. The results of suh a alulation for the Born funtions
B(Tmin), B(C) and B(D) agree with the known results (see e.g., [49℄). The C(Tmin)and C(C) orretion funtions are given in Table (5.4).In the ase of event shape di�erential distributions the NLO orretions shouldlogarithmially diverge at the edge of the phase spae. This divergene ours at zerofor the y4, Tmin and D parameter distributions and is regularized by the multipliationwith the value of the variable (see Eq. (5.17)). This is not the ase for the Cparameter, beause it diverges at C = 0.75. Nevertheless, we obtained a �nite andpositive ontribution in the �rst bin owing to bin smearing as we have heked expliitlyby re�ning the bin width.Figs. (5.8) show the leading and NLO QCD predition for the Tmin di�erentialdistributions at xµ = 1. The inset show the K fator whih is large indiating 100%or larger radiative orretions. As a result, the renormalization sale dependeneremains large, only the absolute normalization of the distributions inreases with a



52 CHAPTER 5. FOUR-JET PRODUCTION IN E+E− ANNIHILATIONTable 5.4: Corretion funtions to the di�erential distributions of the Tmin and Cparameter event shape variables. The parameter values are at the lower edge of theorresponding histogram bin.
Tmin C(Tmin) C C(C) D C(D)

0.00 | 0.75 (4.775 ± 1.100) · 103 0.00 (1.08 ± 0.06) · 104

0.02 (3.319 ± 0.270) · 104 0.76 (6.082 ± 0.160) · 103 0.04 (1.24 ± 0.02) · 104

0.04 (2.381 ± 0.082) · 104 0.77 (4.610 ± 0.089) · 103 0.08 (8.59 ± 0.12) · 103

0.06 (1.652 ± 0.038) · 104 0.78 (3.663 ± 0.063) · 103 0.12 (6.24 ± 0.12) · 103

0.08 (1.172 ± 0.025) · 104 0.79 (2.904 ± 0.042) · 103 0.16 (4.99 ± 0.11) · 103

0.10 (8.600 ± 0.130) · 103 0.80 (2.406 ± 0.031) · 103 0.20 (3.85 ± 0.06) · 103

0.12 (6.488 ± 0.100) · 103 0.81 (1.948 ± 0.026) · 103 0.24 (2.98 ± 0.05) · 103

0.14 (4.695 ± 0.077) · 103 0.82 (1.625 ± 0.024) · 103 0.28 (2.52 ± 0.05) · 103

0.16 (3.499 ± 0.042) · 103 0.83 (1.365 ± 0.023) · 103 0.32 (1.94 ± 0.05) · 103

0.18 (2.684 ± 0.027) · 103 0.84 (1.135 ± 0.019) · 103 0.36 (1.59 ± 0.04) · 103

0.20 (2.010 ± 0.021) · 103 0.85 (9.194 ± 0.130) · 102 0.40 (1.37 ± 0.03) · 103

0.22 (1.498 ± 0.017) · 103 0.86 (7.906 ± 0.110) · 102 0.44 (1.06 ± 0.03) · 103

0.24 (1.122 ± 0.013) · 103 0.87 (6.293 ± 0.092) · 102 0.48 (8.72 ± 0.19) · 102

0.26 (8.247 ± 0.100) · 102 0.88 (5.217 ± 0.084) · 102 0.52 (7.11 ± 0.16) · 102

0.28 (6.093 ± 0.074) · 102 0.89 (4.296 ± 0.066) · 102 0.56 (5.68 ± 0.14) · 102

0.30 (4.501 ± 0.180) · 102 0.90 (3.391 ± 0.052) · 102 0.60 (4.46 ± 0.21) · 102

0.32 (3.026 ± 0.057) · 102 0.91 (2.815 ± 0.061) · 102 0.64 (3.52 ± 0.11) · 102

0.34 (2.229 ± 0.050) · 102 0.92 (2.075 ± 0.057) · 102 0.68 (2.74 ± 0.09) · 102

0.36 (1.549 ± 0.046) · 102 0.93 (1.626 ± 0.032) · 102 0.72 (2.08 ± 0.08) · 102

0.38 (1.095 ± 0.028) · 102 0.94 (1.221 ± 0.026) · 102 0.76 (1.54 ± 0.06) · 102

0.40 (7.100 ± 0.210) · 101 0.95 (8.154 ± 0.260) · 101 0.80 (1.03 ± 0.04) · 102

0.42 (4.437 ± 0.180) · 101 0.96 (5.193 ± 0.190) · 101 0.84 (6.66 ± 0.31) · 101

0.44 (2.684 ± 0.190) · 101 0.97 (3.165 ± 0.130) · 101 0.88 (3.89 ± 0.20) · 101

0.46 (1.439 ± 0.150) · 101 0.98 (1.312 ± 0.094) · 101 0.92 (1.71 ± 0.19) · 101

0.48 (6.447 ± 0.560) · 100 0.99 (2.769 ± 0.260) · 100 0.96 (2.60 ± 1.30) · 100fator of more than 2 with the inlusion of the radiative orretions. This featureis demonstrated in Fig. (5.9), where we show the sale dependene of the leadingand NLO predition for the average value of the thrust minor (above Tmin = 0.02).The leading and NLO urves run almost parallel down to xµ ≃ 0.2, only the latter isshifted to larger values. The large renormalization sale dependene indiates that thehigher order orretions are important. One may onlude that, these distributionsannot be reliably alulated in �xed order perturbation theory and annot be usedfor preision tests of QCD.5.3 Four-Jet angular orrelationThis type of the jet observables measures the orrelation between the jets. Fist, wehave to selet the four jet events from �nal state and determine the the momenta
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Figure 5.8: The leading-order (dashed) and the NLO (solid) QCD predition for the
Tmin variable with renormalization sale xµ = 1. The inset shows the K fator of thedistribution.of the jets. For this seletion we an use one of the jet lustering algorithms de�nedin Se. (3.2). We will use the Durham and Cambridge jet lustering algorithms ata �xed jet resolution parameter ycut = 0.008 whih is the value used by the ALEPHCollaboration [66℄. Using the Cambridge algorithm, the hadronization orretions areexpeted to be muh smaller therefore, the perturbative predition is more reliable.In order to de�ne the angular variables we denote the three-momenta of the fourjets by ~pi, (i = 1, 2, 3, 4) and label jets in order of desending jet energy, suh thatjet 1 has the highest energy and jet 4 has the smallest. The four variables are theK�orner-Shierholz-Willrodt variable [20℄,
cosφKSW is the osine of the average of two angles between planes spanned by thejets,

φKSW =
1

2

(
arccos

(
(~p1 × ~p4) · (~p2 × ~p3)

|~p1 × ~p4||~p2 × ~p3|

) (5.20)
+ arccos

(
(~p1 × ~p3) · (~p2 × ~p4)

|~p1 × ~p3||~p2 × ~p4|

))
;the modi�ed Nahtmann-Reiter variable [21℄, | cos θ∗NR| is the absolute value of the
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Figure 5.9: The renormalization sale dependene of the average values of thrustminor (< Tmin >0.02) at leading and next-to-leading order.osine of the angle between the vetors ~p1 − ~p2 and ~p3 − ~p4,
cos θ∗NR =

(~p1 − ~p2) · (~p3 − ~p4)

|~p1 − ~p2||~p3 − ~p4|
; (5.21)

cosα34 [24℄, the osine of the angle between the two smallest energy jets,
cosα34 =

~p3 · ~p4

|~p3||~p4|
; (5.22)the Bengtsson-Zerwas orrelation [23℄, | cosχBZ| is the absolute value of the osineof the angle between the plane spanned by jets 1 and 2 and that by jets 3 and 4,

cosχBZ =
(~p1 × ~p2) · (~p3 × ~p4)

|~p1 × ~p2||~p3 × ~p4|
; (5.23)The NLO di�erential ross setions of these variables are given in the following generalform

1

σ0

dσ

dz
(z) = η(µ)2B(z) + η(µ)3

[
B(z)

β0

CF
ln
µ2

s
+ C(z)

]
, (5.24)where η(µ) = αs(µ)/(2π)CF is the oupling onstant and z = cosφKSW, | cos θ∗NR|,

cosα34, | cosχBZ|. σ0 denotes the Born ross setion for the proess e+e− → q̄q,
s is the total .m. energy squared, µ is the renormalization sale, while BO4

and
C(z) are sale independent funtions, B(z) is the Born approximation and C(z) isthe radiative orretion. We use the two-loop expression for the running oupling inEq. (2.42) and set the number of light quark avours to nf = 5.The Born approximation and the higher order orretion are linear and quadratiforms of ratios of the olor harges (see Appendix A and B)

B = B0 +Bx x+By y , (5.25)
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Figure 5.10: Comparison of the NLO QCD predition for the cosφKSW distributionobtained using Durham (solid) and Cambridge (dotted) jet algorithm with ALEPHdata (diamonds). In the window the K fator of the distribution with Durham (solid)and with the Cambridge (dotted) algorithm is shown.and
C = C0 + Cx x+ Cy y + Cz z + Cxx x

2 + Cxy x y + Cyy y
2 , (5.26)where the ratio z appears that is related to the square of a ubi Casimir

C3 =

NA∑

a,b,c=1

Tr(tatbtc)Tr(tctbta) , z =
C3

NcC3
F

. (5.27)The Born funtions Bi are obtained by integrating the fully exlusive O(α2
s) ERTmatrix elements [48℄ and were used by the experimental ollaborations [67, 24, 68,69, 66℄. At the end of this setion in Tables (5.7{5.14) we tabulated the numerialvalue of the NLO kinemati funtions Ci for these angular variables for the Durhamand Cambridge lustering algorithms. We do not show the value of the Cz funtions inRef. [5℄ beause they turn out to be negligible. The C values were obtained aording
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Figure 5.11: Comparison of the NLO QCD predition for the | cos θ∗NR| distributionobtained using Durham (solid) and Cambridge (dotted) jet algorithm with ALEPHdata (diamonds). In the window the K fator of the distribution with Durham (solid)and with the Cambridge (dotted) algorithm is shown.to Eq. (5.26). Comparing the size of the orretions for these two algorithms, we seethat in general the Ci funtions in the ase of the Cambridge algorithm are 10{20%smaller.We use the numerial values for the kinemati funtions to alulate the NLOQCD preditions for the SU(3) values x = 9/4, y = 3/8 aording to Eq. (5.24)at xµ = µ/
√
s = 1. We ompare our preditions for the Durham algorithm (solidhistograms) to ALEPH data (diamonds) in Figs. (5.10{5.13). In order to make thisomparison we normalize the histograms to one, therefore

F (z) =
1

σ

dσ

dz
(z) , σ =

∫
dz

dσ

dz
(z) . (5.28)The qualitative agreement between data and theory is very good. Also shown inthese �gures our results for the Cambridge algorithm (dotted histograms). Thestatistial error of the Monte Carlo integrals is below 1.5% for the Durham algorithm
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Figure 5.12: Comparison of the NLO QCD predition for the cosα34 distributionobtained using Durham (solid) and Cambridge (dotted) jet algorithm with ALEPHdata (diamonds). In the window the K fator of the distribution with Durham (solid)and with the Cambridge (dotted) algorithm is shown.and below 2% in the ase of the Cambridge algorithm in eah of the bins. In thesame �gures, the windows show polynomial �ts to the K(z) = FNLO(z)/FLO(z)fators of the normalized distributions. The χ2/Ndof of these �ts is between (1.5{7)/20. The K fators for the | cosχBZ| distributions, for the cosα34 distribution withDurham algorithm and for the | cos θ∗NR| distribution with the Cambridge algorithmare approximately onstant 1 over the whole range, therefore the shape of the leadingand NLO distributions are very similar in these ases.Leading order versus next-to-leading orderA quantitative omparison of the data for the angular distributions to the NLO predi-tion deomposed in a quadrati form of the olor fator ratios with group independentkinematial funtions as oeÆients makes possible a simultaneous �t of the strongoupling and the olor harge ratios. That proedure would require a full experimentalanalysis whih is not our goal. What we would like to do is to give a reliable estimate
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Figure 5.13: Comparison of the NLO QCD predition for the | cosχBZ| distributionobtained using Durham (solid) and Cambridge (dotted) jet algorithm with ALEPHdata (diamonds). In the window the K fator of the distribution with Durham (solid)and with the Cambridge (dotted) algorithm is shown.of the systemati theoretial unertainty oming from the use of the leading orderperturbative predition instead of the NLO one in a olor harge measurement. We\produe" data using our NLO predition with SU(3) values x = 9/4 and y = 3/8and perform a leading order �t of x and y using the B0, Bx and By funtions. Weuse χ2 minimalization to obtain the best values with
χ2 =

∑

i

1

w2
i

(
B0(zi) + xBx(zi) + yBy(zi)

σ0 + xσx + yσy
− 1

σNLO

dσNLO

dz
(zi)

)2

, (5.29)where wi denotes the statistial error of the normalized NLO distribution in the ithbin, the summation runs over the bins and σj (j = 0, x, y or NLO) de�ned as
σj =

∫
dz Bj(z) , σNLO =

∫
dz

dσNLO

dz
(z) . (5.30)



5.3. FOUR-JET ANGULAR CORRELATION 59As a hek of the �t we also performed a linear �t to the not normalized distributionsin the form
χ2 =

∑

i

1

w2
i

(
η(B0(zi) + xBx(zi) + yBy(zi)) −

dσNLO

dz
(zi)

)2

, (5.31)where wi is the statistial error of the NLO distribution in the ith bin, and with η�tted as well. The two proedures give the same result for x and y to very goodauray.Table 5.5: Leading order �t of the olor harge ratios to the next-to-leading orderdi�erential distributions of the angular orrelations.Observable x yDurham algorithm
cosφKSW 2.21 ± 0.05 0.58 ± 0.07

| cos θ∗NR| 1.41 ± 1.43 0.08 ± 0.11
cosα34 2.08 ± 0.21 0.57 ± 0.23

| cosχBZ| 1.15 ± 1.43 0.12 ± 0.31all four 2.32 ± 0.03 0.29 ± 0.02Cambridge algorithm
cosφKSW 2.30 ± 0.08 0.52 ± 0.09
| cos θ∗NR| 0.99 ± 2.70 0.21 ± 0.31

cosα34 0.34 ± 0.42 2.65 ± 0.48

| cosχBZ| 3.53 ± 2.80 0.82 ± 0.68all four 2.29 ± 0.05 0.45 ± 0.03We performed the �t for eah angular distribution separately, as well as for thefour angular variables ombined. Table (5.5) ontains the results of these �ts. Wesee that the shifts in the x{y values are quite large. Looking at the errors, one �ndsthat the shift is signi�ant only if the K fator of the orresponding distribution (seeFigs. (5.10{5.13))����is not onstant 1. For those ases when the shapes of the leadingorder and the NLO distributions are very similar, i.e. the K ≃ 1, then the �ts givevalues ompatible with the anonial QCD values. The origin of the large errors insome �ts is the global orrelation between the two parameters x and y in the �t. Inthese ases | | cos θ∗NR|, cosα34 and | cosχBZ| distributions | one annot �t bothvariables reliably. Instead, one an �t either the ratio of the two parameters, or �xone parameter to the SU(3) value and �x the other. For instane, �xing x = 9/4one obtains the �tted values for y as given in Table (5.6). We observe from Figs.(5.10{5.13)) and Table (5.6) that in those ases, when K ≃ 1 the result of the �tis in agreement with SU(3) | Durham cosα34, | cosχBZ| and Cambridge | cos θ∗NR|distributions |, while for the rest of the distributions we obtain �t parameter di�erentfrom the SU(3) value beause the shapes of the leading and NLO distributions are



60 CHAPTER 5. FOUR-JET PRODUCTION IN E+E− ANNIHILATIONdi�erent. We show the result of the ombined �t of all four variables in Fig. (5.14) inthe form of 68.3% and 95% on�dene level ontours in the x{y plane with ellipsesentered on the best x{y pair. There are �ve ontours sitting on three di�erententers in eah plot. The �ts with both 1- and 2-σ ontours were obtained usingall four angular distributions with all bins inluded. The �t with only 1-σ ontourshown orresponds to the \ALEPH hoie": using all four variables with �t ranges
0.1 ≤ | cosχBZ|, | cos θ∗NR| ≤ 0.9 and −0.8 ≤ cosα34, cosφKSW ≤ 0.8.
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Figure 5.14: Con�dene level ontours of the leading order �ts of the olor harges
x and y for the Durham and Cambridge lustering at ycut = 0.008.We observe from Fig. (5.14), that the leading order �t results in overestimatingthe CA/CF ratio by 2{3% no matter whih lustering algorithm is used. For the
TR/CF ratio the leading order �t underestimates the result by 20{30% of a NLO �twhen the the Durham algorithm is used, while in the ase of Cambridge lustering theleading order �t gives an overestimate of about 20%. This systemati bias appearssigni�ant in both ases. Although the two parameters are slightly orrelated whenall four variables are used, the �t is reliable. The result of the �t depends on thejet algorithm beause the di�erent jet �nders lead to di�erent jet momenta fromwhih our test variables are built. We also see that onstraining the �t range asthe ALEPH ollaboration did does not alter our onlusions signi�antly. We wouldlike to emphasize that the signi�ant shift from the SU(3) values does not mean the



5.3. FOUR-JET ANGULAR CORRELATION 61Table 5.6: Leading order �t the olor harge ratio y to the next-to-leading orderdi�erential distributions of the angular orrelations with x = 9/4 �xed.Observable Durham algorithm Cambridge algorithm
cosφKSW 0.57 ± 0.06 0.55 ± 0.08
| cos θ∗NR| 0.15 ± 0.03 0.36 ± 0.05

cosα34 0.39 ± 0.05 0.56 ± 0.08

| cosχBZ| 0.35 ± 0.05 0.51 ± 0.06all four 0.31 ± 0.02 0.46 ± 0.03exlusion of QCD, but simply gives an estimate of the systemati theoretial error inthe olor harge measurements when leading order �ts are used.One may ask how the light gluino exlusion signi�ane hanges in the reentanalysis of Csikor and Fodor [15℄, whih used the results of four-jet analyses, if onetakes into aount the systemati theoretial error disussed above. Assuming thatthe shifts of x and y are similar in the light gluino extension of QCD, our onlusionsuggests that the radiative orretions indue a shift of order 2αs times the tree-levelvalue for x and y. Laking this piee of information Csikor and Fodor have inreasedthe axes of the error ellipses by a fator of αs times the theoretial x and y values.Implementing our results to a Csikor-Fodor type analysis for the four-jet events wouldderease their on�dene levels for the light gluino exlusion from 99.9% (Csikor-Fodor value) to ≃98%, whih is, however, still muh higher than a 2-σ exlusion.
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Table 5.7: Next-to-leading order kinematial funtions to the cosφKSW angular dis-tribution. The Durham jet algorithm is used.
cosφKSW C4 C0 Cx Cy Cxx Cxy Cyy

−0.950 1190.6± 25.0 −159.3 655.2 −1504.8 129.7 −235.6 −128.0

−0.850 686.5 ± 21.2 −86.7 381.8 −889.8 70.7 −109.6 −127.9

−0.750 696.9 ± 19.4 −67.5 353.1 −826.6 73.3 −82.4 −157.4

−0.650 707.5 ± 22.6 −73.8 352.2 −822.8 73.9 −61.5 −179.4
−0.550 722.0 ± 20.9 −73.7 366.5 −851.9 70.9 −48.2 −196.7

−0.450 716.2 ± 19.7 −77.9 373.9 −881.7 67.0 −32.6 −203.8

−0.350 708.5 ± 19.6 −87.8 390.4 −893.5 57.8 −10.3 −206.5

−0.250 763.1 ± 20.6 −78.2 418.1 −959.0 57.5 −2.0 −207.1

−0.150 752.5 ± 19.7 −77.7 435.4 −982.8 46.9 10.4 −197.2
−0.050 730.7 ± 18.8 −104.0 457.3 −1039.0 41.1 16.1 −191.6

0.050 665.5 ± 18.7 −90.7 420.7 −934.2 31.6 30.0 −176.1

0.150 652.9 ± 18.0 −84.7 431.0 −935.4 21.2 40.6 −157.4

0.250 631.6 ± 17.0 −86.2 424.2 −904.9 17.5 40.2 −147.9
0.350 633.7 ± 15.6 −83.3 433.1 −929.5 14.5 44.2 −137.6

0.450 576.9 ± 29.9 −105.1 404.6 −923.4 18.9 47.5 −127.2

0.550 628.8 ± 29.5 −100.3 484.4 −980.6 −4.0 52.6 −122.8

0.650 628.4 ± 16.2 −114.0 483.6 −1041.5 2.3 59.3 −119.7

0.750 711.1 ± 15.9 −132.8 578.1 −1197.2 −9.8 68.2 −118.2
0.850 836.8 ± 15.6 −169.5 675.8 −1444.1 −3.3 74.0 −130.3

0.950 1820.0± 22.9 −399.8 1547.2 −3258.7 −29.1 168.9 −252.6
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Table 5.8: Next-to-leading order kinematial funtions to the | cos θ∗NR| angular dis-tribution. The Durham jet algorithm is used.
| cos θ∗NR| C4 C0 Cx Cy Cxx Cxy Cyy

0.025 1184.8± 26.6 −164.6 757.6 −1769.9 46.2 161.7 −459.4
0.075 1130.0± 35.3 −170.6 757.8 −1755.2 36.7 156.8 −450.0

0.125 1204.4± 37.0 −164.8 780.8 −1783.0 43.0 150.8 −451.7

0.175 1190.0± 39.9 −170.9 764.6 −1813.6 52.0 142.6 −451.4

0.225 1239.0± 37.9 −172.1 801.1 −1828.6 47.1 139.5 −432.3
0.275 1247.5± 32.2 −172.4 796.1 −1832.1 54.2 115.2 −423.6

0.325 1268.2± 33.5 −189.6 828.9 −1885.8 54.7 100.1 −408.9

0.375 1311.9± 40.1 −187.4 824.8 −1903.0 68.5 74.3 −386.8

0.425 1358.3± 41.6 −177.3 888.3 −1986.6 56.5 55.9 −374.3

0.475 1456.3± 38.0 −201.0 916.8 −2044.7 74.9 38.5 −356.7
0.525 1443.4± 41.3 −225.8 951.0 −2130.4 69.0 34.1 −342.0

0.575 1570.0± 60.5 −208.6 980.2 −2198.9 89.4 −11.4 −317.0

0.625 1662.7± 59.7 −249.2 1085.3 −2305.5 79.1 −30.2 −300.8

0.675 1806.9± 60.9 −233.2 1146.4 −2448.1 92.6 −61.2 −276.8
0.725 1689.3± 62.1 −279.2 1129.5 −2503.3 93.3 −83.3 −249.5

0.775 1913.3± 50.4 −263.6 1244.8 −2605.8 93.6 −105.4 −226.0

0.825 1931.5± 52.0 −290.4 1269.4 −2670.3 101.2 −139.6 −200.1

0.875 1907.6± 50.7 −284.7 1254.5 −2691.0 106.3 −160.8 −173.4

0.925 1979.0± 56.1 −302.0 1297.6 −2777.3 116.5 −196.4 −151.9
0.975 2426.4± 68.3 −399.1 1658.0 −3469.3 122.2 −241.3 −137.8
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Table 5.9: Next-to-leading order kinematial funtions to the cosα34 angular distri-bution. The Durham jet algorithm is used.
cosα34 C4 C0 Cx Cy Cxx Cxy Cyy

−0.950 1038.4± 17.9 −227.3 901.2 −1888.6 −20.6 77.1 −106.0

−0.850 988.9± 19.5 −187.7 830.9 −1717.5 −19.0 73.8 −109.0

−0.750 948.7± 19.4 −177.0 777.1 −1628.8 −10.4 67.2 −116.9

−0.650 911.1± 22.2 −162.4 716.5 −1500.5 −0.9 54.8 −123.8
−0.550 899.6± 26.1 −144.1 684.6 −1427.9 3.4 47.9 −132.5

−0.450 849.9± 22.1 −131.0 629.7 −1381.1 12.9 43.0 −141.0

−0.350 827.5± 21.1 −133.5 597.8 −1268.9 16.0 38.1 −148.8

−0.250 816.0± 19.0 −126.8 566.3 −1235.8 25.9 26.5 −158.2

−0.150 810.4± 19.8 −125.3 546.5 −1200.7 32.2 20.0 −171.5
−0.050 843.6± 21.4 −118.9 534.6 −1187.5 44.4 7.4 −187.6

0.050 829.9± 21.7 −126.0 510.9 −1152.5 53.0 −1.4 −203.9

0.150 879.4± 23.4 −105.2 484.1 −1100.1 69.4 −14.5 −219.1

0.250 834.2± 21.6 −104.4 450.9 −1055.2 74.0 −28.7 −233.1
0.350 837.2± 23.9 −93.4 426.1 −999.6 83.0 −43.0 −244.0

0.450 828.0± 24.0 −79.6 382.7 −915.3 93.2 −55.2 −249.9

0.550 793.7± 22.2 −72.9 343.9 −854.5 100.1 −70.2 −252.9

0.650 719.8± 21.9 −59.1 305.2 −763.9 94.0 −74.7 −238.4

0.750 546.0± 15.0 −52.5 238.4 −602.4 73.0 −66.1 −184.8
0.850 245.2± 9.3 −24.0 130.1 −302.8 24.8 −31.7 −62.8

0.950 12.5 ± 2.4 −1.9 9.2 −17.7 0.2 −0.4 −0.9
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Table 5.10: Next-to-leading order kinematial funtions to the | cosχBZ| angulardistribution. The Durham jet algorithm is used.
| cosχBZ| C4 C0 Cx Cy Cxx Cxy Cyy

0.025 1133.9± 39.7 −171.8 748.6 −1623.5 29.2 161.8 −400.9
0.075 1087.1± 47.9 −170.2 724.3 −1689.3 34.9 164.9 −395.9

0.125 1147.7± 49.5 −163.0 771.0 −1640.7 23.1 153.2 −395.1

0.175 1075.4± 45.9 −160.2 719.1 −1665.6 33.6 159.0 −391.4

0.225 1144.5± 42.5 −177.8 752.8 −1659.9 36.9 135.4 −381.4
0.275 1110.3± 43.5 −172.6 741.9 −1634.2 33.4 121.7 −361.1

0.325 1152.2± 42.3 −142.2 744.5 −1651.3 39.0 110.2 −350.3

0.375 1181.2± 43.1 −175.4 794.6 −1741.2 35.9 106.1 −340.5

0.425 1210.8± 47.8 −155.7 798.5 −1693.3 37.9 72.5 −330.6

0.475 1213.1± 44.5 −185.8 762.7 −1749.9 66.2 56.7 −322.3
0.525 1236.6± 38.9 −195.1 819.6 −1801.7 53.0 44.5 −310.7

0.575 1337.2± 42.9 −182.4 847.8 −1855.7 65.6 19.1 −299.8

0.625 1383.5± 44.4 −201.5 891.7 −1983.3 72.4 −2.5 −292.6

0.675 1415.8± 44.2 −197.9 916.5 −2050.8 74.8 −22.5 −279.9
0.725 1551.9± 44.0 −283.2 1039.4 −2150.5 74.9 −45.4 −268.6

0.775 1659.4± 47.8 −152.9 1020.2 −2357.4 99.2 −75.9 −262.1

0.825 1828.2± 48.2 −251.4 1166.8 −2553.8 105.5 −102.4 −248.7

0.875 1791.5± 245.1 −316.9 1236.4 −2863.7 110.1 −146.7 −243.1

0.925 2455.5± 246.3 −318.9 1528.1 −3230.3 151.2 −217.0 −249.3
0.975 4804.5± 70.2 −731.4 3109.1 −6806.4 320.2 −552.9 −445.9
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Table 5.11: Next-to-leading order kinematial funtions to the cosφKSW angulardistribution. The Cambridge jet algorithm is used.
cosφKSW C4 C0 Cx Cy Cxx Cxy Cyy

−0.950 1085.9± 44.0 −287.0 713.0 −1754.9 135.1 −280.6 −143.7

−0.850 658.4 ± 35.4 −164.3 404.4 −986.2 81.7 −134.9 −134.0

−0.750 617.4 ± 27.0 −139.8 366.6 −932.2 78.5 −108.1 −170.1

−0.650 620.0 ± 23.2 −124.2 355.9 −924.0 74.7 −71.1 −196.1
−0.550 662.8 ± 23.0 −130.5 377.7 −961.9 75.7 −59.5 −210.4

−0.450 605.2 ± 24.4 −145.8 380.8 −954.7 60.8 −30.6 −216.4

−0.350 658.4 ± 23.8 −143.1 405.4 −1004.1 60.9 −13.3 −224.1

−0.250 653.0 ± 25.4 −148.1 421.2 −1035.8 54.3 −4.2 −219.6

−0.150 610.7 ± 25.0 −173.7 431.9 −1044.3 44.3 13.4 −213.7
−0.050 603.3 ± 23.6 −176.6 449.2 −1078.7 36.9 16.1 −192.3

0.050 548.4 ± 21.4 −147.6 401.7 −970.0 30.8 28.0 −171.0

0.150 514.7 ± 19.3 −161.5 414.3 −952.0 18.2 37.2 −161.0

0.250 508.4 ± 17.1 −153.8 407.1 −942.3 17.3 38.5 −147.1
0.350 500.3 ± 17.0 −158.0 425.3 −974.9 9.9 42.6 −140.6

0.450 497.7 ± 18.5 −164.4 429.0 −996.6 10.0 44.7 −129.7

0.550 471.1 ± 16.9 −177.1 444.7 −1027.1 1.1 52.3 −124.8

0.650 510.0 ± 16.8 −195.1 489.6 −1085.2 −4.2 56.5 −120.9

0.750 560.0 ± 17.4 −207.1 545.7 −1217.8 −8.4 65.2 −118.7
0.850 681.4 ± 22.0 −264.5 687.5 −1514.9 −16.0 78.5 −129.7

0.950 1493.1± 25.4 −630.2 1574.3 −3435.0 −48.4 176.7 −252.8
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Table 5.12: Next-to-leading order kinematial funtions to the | cos θ∗NR| angulardistribution. The Cambridge jet algorithm is used.
| cos θ∗NR| C4 C0 Cx Cy Cxx Cxy Cyy

0.025 1016.1± 30.2 −233.6 750.2 −1827.3 34.8 160.4 −449.3
0.075 1023.7± 38.2 −237.2 734.5 −1817.0 46.1 136.2 −450.5

0.125 1011.2± 44.1 −224.1 756.4 −1848.0 31.7 157.7 −441.6

0.175 1038.5± 44.3 −249.2 760.8 −1867.3 44.8 126.8 −450.3

0.225 1037.3± 42.3 −240.7 760.2 −1867.6 43.9 117.8 −430.8
0.275 1112.1± 42.0 −253.5 807.4 −1937.9 47.7 117.0 −426.1

0.325 1078.7± 37.7 −260.3 808.9 −1937.7 44.1 99.2 −416.5

0.375 1074.5± 37.2 −277.2 797.5 −1997.0 57.6 87.5 −403.2

0.425 1147.9± 39.6 −314.1 896.8 −2103.0 46.6 57.1 −385.7

0.475 1222.8± 43.0 −294.4 911.7 −2166.9 58.9 38.1 −370.6
0.525 1238.6± 46.5 −343.9 944.9 −2233.5 62.5 29.5 −352.4

0.575 1295.5± 45.3 −351.4 969.0 −2346.7 78.8 −4.6 −334.3

0.625 1371.8± 45.0 −393.9 1069.7 −2488.9 72.3 −39.0 −315.0

0.675 1403.5± 55.5 −452.3 1134.1 −2606.4 75.7 −73.7 −294.4
0.725 1504.7± 61.1 −455.9 1183.5 −2732.3 85.6 −86.4 −274.2

0.775 1479.6± 59.4 −539.4 1202.1 −2802.7 99.7 −126.3 −250.6

0.825 1527.5± 63.3 −566.6 1268.4 −2896.6 94.9 −142.1 −230.8

0.875 1585.8± 64.0 −629.1 1318.0 −2971.0 110.0 −196.0 −204.7

0.925 1706.3± 87.7 −625.3 1357.8 −3096.3 130.8 −234.3 −180.9
0.975 2243.9± 92.8 −842.0 1818.8 −4041.0 160.3 −329.7 −171.8
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Table 5.13: Next-to-leading order kinematial funtions to the cosα34 angular distri-bution. The Cambridge jet algorithm is used.
cosα34 C4 C0 Cx Cy Cxx Cxy Cyy

−0.950 827.2± 21.4 −373.0 904.6 −1956.5 −30.4 79.5 −105.8

−0.850 786.6± 41.6 −333.1 819.7 −1750.8 −22.2 70.2 −108.9

−0.750 731.5± 40.2 −310.3 760.7 −1686.0 −15.0 64.5 −118.2

−0.650 726.5± 21.4 −285.2 718.2 −1607.3 −6.1 56.4 −126.8
−0.550 691.0± 30.1 −257.9 666.9 −1473.9 −4.3 48.0 −133.0

−0.450 704.7± 32.9 −242.1 635.0 −1439.9 8.5 40.2 −143.0

−0.350 692.8± 23.8 −211.5 590.3 −1344.2 14.2 35.6 −149.0

−0.250 690.1± 21.9 −203.2 563.4 −1266.4 20.0 24.9 −158.9

−0.150 670.2± 22.9 −193.3 531.8 −1250.5 28.9 17.4 −174.4
−0.050 699.2± 23.9 −180.2 511.6 −1212.6 38.8 13.9 −185.9

0.050 720.4± 30.1 −176.5 499.8 −1163.4 48.0 −7.5 −202.7

0.150 769.0± 31.7 −158.3 487.1 −1185.0 62.2 −10.5 −223.5

0.250 791.6± 33.7 −163.2 477.7 −1163.8 74.3 −31.5 −239.8
0.350 790.2± 28.0 −159.0 451.3 −1119.0 86.1 −54.3 −260.3

0.450 816.2± 33.8 −143.8 426.7 −1095.9 100.2 −69.3 −273.9

0.550 733.4± 30.9 −148.9 370.3 −1033.3 110.4 −98.8 −277.3

0.650 634.0± 35.4 −143.2 333.7 −942.1 98.3 −97.3 −263.6

0.750 434.4± 22.9 −122.8 235.7 −732.8 80.7 −91.5 −201.8
0.850 150.1± 14.0 −79.6 135.6 −355.6 20.2 −41.5 −69.4

0.950 0.9 ± 1.7 −7.2 5.1 −13.8 0.5 −0.9 −0.7
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Table 5.14: Next-to-leading order kinematial funtions to the | cosχBZ| angulardistribution. The Cambridge jet algorithm is used.
| cosχBZ| C4 C0 Cx Cy Cxx Cxy Cyy

0.025 950.6 ± 40.9 −233.8 718.7 −1751.2 28.4 156.9 −398.6
0.075 968.5 ± 53.7 −242.8 762.8 −1695.1 11.9 151.7 −395.7

0.125 949.3 ± 52.6 −245.5 718.9 −1784.5 31.7 168.0 −404.9

0.175 989.3 ± 45.2 −246.1 751.7 −1713.5 22.8 141.4 −390.4

0.225 959.7 ± 45.3 −260.6 722.5 −1707.9 34.8 138.6 −383.3
0.275 940.8 ± 45.5 −288.5 736.2 −1702.2 33.1 114.1 −373.5

0.325 989.1 ± 48.3 −224.8 710.5 −1744.9 45.0 108.5 −367.0

0.375 1011.7± 52.2 −257.5 781.7 −1804.6 30.5 96.4 −358.6

0.425 1055.0± 49.7 −262.7 767.8 −1870.0 55.2 75.1 −345.1

0.475 1015.4± 71.3 −378.7 862.4 −1902.1 31.6 63.9 −344.3
0.525 1110.7± 89.5 −194.5 764.8 −1943.5 63.6 46.9 −328.1

0.575 1136.4± 75.5 −297.7 834.4 −1991.1 67.3 8.2 −308.5

0.625 1156.8± 50.0 −313.0 893.3 −2106.2 58.5 −7.5 −311.5

0.675 1223.0± 60.9 −379.1 947.1 −2229.2 74.0 −31.0 −298.0
0.725 1257.6± 65.3 −391.6 1005.7 −2386.4 72.3 −51.3 −288.4

0.775 1355.8± 56.8 −435.0 1058.5 −2530.1 93.4 −92.2 −273.9

0.825 1386.3± 70.3 −527.7 1179.4 −2785.3 87.8 −119.5 −269.5

0.875 1636.2± 70.6 −568.2 1311.0 −2996.6 109.3 −165.5 −256.2

0.925 1994.9± 111.6 −674.3 1553.8 −3496.2 146.4 −261.0 −264.5
0.975 4032.8± 121.5 −1362.2 3169.4 −7444.4 329.2 −646.6 −473.7





Summary of the resultsIn this dissertation I analyze the four-jet prodution in eletron-positron annihilation.In the �st part of this thesis I reviewed the basi element of the QCD and the propertiesof the hadroni events. I disussed those algorithms and shape variables whih help usto haraterize the struture of the hadroni events. I disussed a alulation methodof NLO jet ross setions in detail. I applied this method for the proess e+e− → 4jets and the most interesting results were disussed in Chapter 5. Finally, my resultsan be summarized in the following items1. I alulated the �ve parton two lepton tree level matrix element in Weyl-spinorbasis (see Appendix A).[6℄2. I gave the group independent olor deomposition of the four parton two leptonone-loop matrix elements (see Appendix B). [2℄3. I developed a Monte Carlo event generator whih an alulate 3- and 4-jetross setions at next-to-leading order and 5-jet ross setions at leading orderin e+e− annihilation. [9℄4. I showed that in the ase of four-jet shape variables, the NLO orretions (withthe exeption of y4 jet shape variable) are more than 100%. The residualrenormalization sale dependene is large indiating that even higher ordersare important. One may onlude that these distributions annot be reliablealulated in �x order perturbation theory and annot be use for preision testof QCD. [1, 4, 6℄5. I showed that in the ase of four-jet rates, the radiative orretions are about100% for JADE-type lustering algorithms [1℄, while for the Durham algorithmit is less than 60% and even smaller for the Cambridge algorithm. The saledependene for the latter algorithms is substantially redued. The agreementbetween data and theory for the Durham lustering is very good and extends tosmall values of ycut when one mathes the �xed order predition with improvedresummed next-to-leading logarithmi approximation. [6℄6. I showed that in the ase of normalized angular distributions the orretionsare small as expeted (the K fators are lose to 1). The renormalization71



72 SUMMARY OF THE RESULTSsale dependene is small, whih however, does not mean that the e�et of theradiative orretions on the measurement of the QCD olor harges is negligible.The measured value of the TR/CF ratio may di�er up to 25% when leading,or NLO QCD preditions are used in the olor harge �ts. [5℄7. I showed from the omparison of the Durham four-jet rate and the measureddata that the existene of the light gluinos an be exluded at the 90% on�-dene level. [3℄8. I showed that the NLO perturbative predition, mathed with the next-to-leading logarithmi approximation for prediting both 2-, 3- and 4-jet ratesusing the Durham jet-lustering algorithm, gives a very aurate desription ofthe data obtained at the LEP. [7℄9. I performed the measurement of strong oupling onstant using the 3- and 4-jet rates. The results is αs(MZ0) = 0.1173 ± 0.0018, where the error doesn'tontain the systemati error of the experiment.



�Osszefoglal�as(This is the hungarian review of the thesis.)�Altal�anos hit, hogy az er}os k�ols�onhat�ast, mely a hadronok �oszetev}oi k�oz�ott hat,a kvantum sz��ndinamika (QCD) elm�elete ��rja le. K�et t��pusa van az �osszetev}oknek,melyeket k�oz�osen partonoknak nevez�unk, a kvarkok �es a gluonok. Elm�eleti illetvek��s�erleti induk�ai�ok vannak arra n�ezve, hogy a partonok sak k�ot�ott �allapotban l�e-tezhetnek a term�eszetben, teh�at a vil�ag \sz��ntelen". Elm�eletileg valamely er}osenk�ols�onhat�o folyamatra a QCD j�oslat megkaphat�o, de a gyakorlatban ez kivitelezhe-tetlen. Az�ert a helyzet nem olyan rossz. Spei�alis felt�etelek mellett a sz�amol�asokelv�egezhet}ok a perturbat��v m�odszer seg��ts�eg�evel. Ezt a megk�ozel��t�est a QCD aszim-totikus szabads�aga teszi lehet}ov�e. Haszn�alva a QCD tulajdons�agait �es a renorm�al�asisoport tehnik�at, lehet de�ni�alni az αs(Q) fut�o satol�asi �alland�ot, melynek �ert�ekenull�ahoz tart a nagyenergi�as tartom�anyban (Q → 0). Ez a viselked�es a nagyener-gi�as tartom�anyban megengedi, hogy perturbat��v sorfejt�est alkalmazzunk az αs(Q)v�altoz�oban. A legalasonyabb rendje ennek a sorfejt�esnek a na��v parton modell k�oze-l��t�esnek felel meg vagy m�as n�even a vezet}orend}u k�ozel��t�esnek (LO). A LO eredm�enysak egy durva k�ozel��t�es�et tudja adni az �eppen sz�amolt mennyis�egnek. A pertur-bat��v sorfejt�es pontoss�aga a magasabb rend}u j�arul�ekok nagys�aga �altal van kontrol�alva.Sz�amos QCD j�oslat megk�oveteli legal�abb a vezet}o rendre k�ovetkez}o j�arul�ekot (NLO)�es az NLO de�n��i�oj�at a hozz�a kapsol�od�o mennyis�egeknek (pl. αs(Q)).Ilyen magasabb rend}u sz�amol�asok az elm�ult h�usz �ev sor�an el lettek v�egezve n�ehasokkal k�es}obb, mint azt a k��s�erleti adatok megk�ovetelt�ek volna. Ennek a k�es�esnekaz volt az oka, hogy nagyon neh�ez egy �altal�anos �es egyszer}u sz�amol�asi m�odszertkifejleszteni.Az egyik neh�ezs�eg, amivel szembe kell n�ezni az a m�atrixelemek kezel�ese. Anem�abeli vertexek komplexit�asa miatt a m�atrix elemek kifejez�esei �ori�asiv�a v�alnak ak�uls}o l�abak sz�am�anak emel�ese �altal. Ez a probl�ema m�ar vezet}o rendben is jelent-kezik. Ezt szeml�eletesen al�atamasztja a A �es a B f�uggel�ekekben megadott m�atrixelemek is. M�asr�eszt a hurok amplitud�ok hurok impulzus feletti integr�al�ast tartalmaz-nak. Elm�eletileg �es n�eh�any fontos esetben [42℄ egy hurok szinten el tudjuk v�egezni}oket, de m�ar k�ethurok rendben sak n�eheny spei�alis integr�alt tudunk kisz�amolni.Jelenleg a magasabb hurok amplitud�ok sz�amol�asa rem�enytelen.73



74 �OSSZEFOGLAL�ASA m�asik neh�ezs�eg az �utk�oz�esi folyamat r�ovid �es hossz�u hat�ot�avols�ag�u r�eszeinekfaktoriz�al�asa. A hossz�u hat�ot�avols�ag�u r�eszdivergeni�ak jelenl�et�et eredm�enyezi a per-turbat��v sz�amol�as sor�an. Az NLO vagy magasabb rend}u sz�amol�asok f}o feladataa divergeni�ak kiejt�ese. Az irodalomban sz�amos �atal�anos m�odszert fejlesztettek ki[8, 50, 51, 52, 53℄ NLO hat�askeresztmetszetek sz�amol�as�ara.A disszert�ai�omban elektron-pozitron megsemmis�ul�esben val�o n�egy-jet keletkez�eselm�eleti le��r�as�at t}uztem ki �elul.Az elektron-pozitron megsemmis�ul�es a legegyszer}ubb �es legtiszt�abb folyamat akvantum sz��ndinamika (QCD) tesztel�es�ere, mivel a kezdeti �allapot egyszer}u �es j�olismert. A tiszt�an hadronikus esem�enyek nagy sz�ama lehet}ov�e teszik az αs er}o satol�asi�alland�o preizi�os m�er�es�et.A QCD elm�elet�enek m�asik \param�etere" a m�ert�ek szimmetri�at meghat�aroz�o m�er-t�ek soport. Hab�ar manaps�ag senki sem k�erd}ojelezi meg azt, hogy a QCD SU(3)-asm�ert�ekelm�elet ennek ellen�ere a QCD teljes m�er�ese (az αs er}os satol�asi �alland�o �es am�ert�eksoport CA, CF kvadratikus Casimirjeinek a szimult�an m�er�ese) nem puszt�anelm�eleti feladat. Lehets�eges l�etez�ese a k�onny}u gluinoknak, befoly�asolja mind az αs�ert�ek�et mind pedig a sz��nt�olt�esek m�ert �ert�ek�et (vagy r�ogz��tve a m�ert�ek szimmetri�atSU(3)-ra, akkor a fermionikus szabads�agfokok sz�am�at befoly�asolja). �Igy szimult�an �tseg��ts�eg�evel ellen}or��zhetj�uk az extra fermionikus szabads�agfokok l�etez�es�et.A harmadik ter�ulet, ahol a n�egy-jet esem�enyek s�ulya meghat�aroz�o, az az, hogya QCD esemenyek adj�ak a legnagyobb h�att�ert m�as nem QCD folyamatokhoz (pl.
e+e− → W+W− folyamathoz). Ezek a satorn�ak fontosak a Higgs illetve m�as �ujr�eszesk�ek keres�ese szempontj�ab�ol.Hadronikus �allapotok szerkezeteA nagyenergi�as elemir�esz folyamatokban a legmeghat�aroz�obb az, amikor a v�eg�allapottiszt�an hadronikus. A LEP1-en az ilyen esem�enyek a teljes esem�enyek 70%-�at adj�ak.Az ilyen folyamatokban nagy sz�ammal vannak olyan esem�enyek, melyekben j�ol el-k�ul�on��thet}o hadronnyal�abok �gyelhet}ok meg. Ezeket a hadronnyal�abokat nevezz�ukhadronikus jeteknek. Teh�at a hadronikus v�eg�allapotoknak szerkezete van, melyet azelm�eletnek le kell tudni ��rnia.A nagyenergi�as folyamatokban keletkez}o hadronikus esem�enyeket t�obbf�ele m�o-don jellemezhetj�uk. Vizsg�alhatjuk az esem�eny geometri�aj�at, azaz megn�ezhetj�uk,hogy egy esem�eny mennyire kolline�aris, vagy �eppen mennyire koplan�aris. M�ask�eppenfogalmazva feltehetj�uk a k�erd�est �ugy is, hogy mekkora az olyan esem�enyek s�ulya,melynek az O1, O2, ... param�eterekkel jellemzett geometriai tulajdons�aga C1, C2, ...,ahol C1, C2, ... r�ogz��tett. Az O1, O2, ... param�etereket alakv�altoz�oknak (event shapes)nevezz�uk. Fontos, hogy a hadronikus esem�enyeket jellemz}o alakv�altoz�ok nem ren-dezik a hadronokat jetekbe, de kiemelhetik a jetszer}u esem�enyeket. Term�eszetesende�ni�alhatunk olyan algoritmust, amely a hadronokat jetekbe rendezi. Ekkor m�arbesz�elhet�unk arr�ol, hogy a v�eg�allapotban 2,3,4... jet van,illetve arr�ol, hogy mekkoraannak az n-jet esem�enyek s�ulya. Az ilyen algoritmusokat nevezz�uk jetkeres}o algo-



HADRONIKUS �ALLAPOTOK SZERKEZETE 75ritmusoknak (jet �nding algorithm). N�ezz�unk egy-egy p�eld�at a fent eml��tett �zikaimennyis�egekre.Legyen m darab hadron a v�eg�allapotban, mely e+e− annihil�ai�oban keletkezett
e+(p+) + e−(p−) −→ h1(p1) + · · · + hm(pm) , p+ + p− = Q , (1)ahol p+, p− a bej�ov}o elektron-pozitron impulzusa, p1, ..., pm a v�eg�allapoti hadronokimpulzusai. Az impulzusok (p+, p−) t�omegk�oz�epponti rendszerben vannak �ertve. Alegismertebb alakv�altoz�ok egyike a thrust [16℄, mely az esem�enyek kollinearit�as�at m�eri�es a k�ovetkez}o kifejez�essel van de�ni�alva

T (p1, ..., pm) = max
~nT

∑m
i=1 |~pi · ~nT |∑m
i=1 |~pi|

, (2)ahol az ~nT vektort �ugy de�ni�aljuk, hogy T -t maximaliz�alja. Ha sak k�et hadron van av�eg�allapotban, akkor T = 1. �Altal�anos esetben 0.5 ≤ T ≤ 1. Azon esem�enyek s�ulya,melyeknek a thrust-ja T �es T + ∆T k�oz�e esik a k�ovetkez}o
Σ(T ) =

1

N

N∑

i=1
események

∫ T+∆T

T

dT T δ (T − T (p1, ..., pmi
)) , (3)ahol p1, ..., pmi

az i-edik esem�eny hadronjainak impulzusa. Tov�abbi k�et thrust-szer}umennyis�eg vezethet}o be, a thrust major Tmaj �es a thrust minor Tmin. Ezeket szint�ena (2) kifejez�essel de�ni�aljuk azzal a k�ul�onbs�eggel, hogy a thrust major ~nTmaj
tengelyemer}oleges az ~nT thrust tengelyre, m��g a thrust minor ~nTmin

tengelye mer}oleges minda ~nT mind a ~nTmaj
tengelyekre.A jetkeres}o algoritmusokat �atal�aban iterativ algoritmusok seg��ts�eg�evel de�ni�aljuk.Ilyen algoritmus a Durham algoritmus [25℄ is, mely a k�ovetkez}o m�odon van de�ni�alva:1. De�ni�aljuk az ycut felold�asi v�altoz�ot.2. Minden hk, hl p�arra sz�amoljuk ki az ykl-lel jel�olt felold�asi v�altoz�ot

ykl =
2 min(E2

k, E
2
l )

Q2
(1 − cos θkl) , (4)ahol Ei az i-edik hadron energi�aj�at �es θij az i-edik �es a j-edik hadron impulzusai�altal bez�art sz�oget.3. Jel�olje yij a legkisebb �ert�eket a 2. pontban sz�amolt ykl-eknek. Ha yij < ycut,akkor kombin�alja �ossze (pi, pj)-t egyetlen p(ij) pszeudor�eszesk�ev�e a rekom-bin�ai�os el}o��r�as szerint

pµ(ij) = pµi + pµj . (5)4. Ism�etelje az elj�ar�ast a 2. pontt�ol eg�eszen addig, m��g az yij > ycut felt�etel nemteljes�ul.



76 �OSSZEFOGLAL�ASA marad�ek objektumok (pszeudor�eszesk�ek) de�ni�alj�ak a jeteket. L�athat�o, hogy az
ycut f�uggv�eny�eben a jetkeres}o algoritmus megmondja, hogy az adott esem�eny h�anyjetnek felel meg. Jel�olje r(n) a k�ovetkez}o f�uggv�eny

r(n)(p1, ..., pm; ycut) =

{
1 ha az algoritmus talált n jetet

0 ha nem talált n jetet
(6)ahol p1, ..., pm a keletkezettm darab hadron n�egyes impulzusa, ycut a felold�asi v�altoz�o.Annak a s�ulya, hogy a v�eg�allapotban n-jetet tal�alunk, a k�ovetkez}o

Rn(ycut) =
1

N

N∑

i=1
események

r(n)(p1, ..., pmi
; ycut) . (7)A jet r�ata fenti de�nii�oj�ab�ol k�ovetkezik, hogy

∞∑

n=2

Rn(ycut) = 1 . (8)L�athat�o, hogy mind az alakv�altoz�ok, mind a jet r�at�ak eset�en a keletkez�esi val�o-sz��n}us�egeket a k�ovetkez}o �atal�anos alakban ��rhatjuk
P (O1, O2, ...) =

1

N

N∑

i=1
események

F
(mi)
J (p1, ..., pmi

;O1, O2, ...) . (9)Az F (mi)
J f�uggv�enyt jet m�er}of�uggv�enynek nevezz�uk.Jetkeletkez�es elm�eleti le��r�asaK��s�erleti tapasztalatok szerint a 2,3,4,.. jetkeletkez�esi val�osz��n}us�egek a k�ovetkez}oszab�alyszer}us�eget mutatt�ak

2jet : 3jet : 4jet : ... = O(α0
S) : O(α1

S) : O(α2
S) : ... (10)Ez azt induk�alta, hogy a perturbat��v QCD-ben szerepl}o partonok j�o le��r�ast adhatnaka hadronikus jetekre. Teh�at megpr�ob�alkozhatunk egy olyan le��r�asm�oddal, hogy ahadronikus v�eg�allapotot partonikussal helyettes��tj�uk. Ha szerensenk van akkor ezj�o k�ozel��t�est adhat. A jet m�er}of�uggv�eny egy v�ag�ast jelent a hadronikus �allapotokter�ebe. Azt viszont semmi sem garant�alja, hogy ennek a v�ag�asnak megtal�aljuk azegzakt parton szint}u megfelel}oj�et. A partonszint �es a hadronszint k�oz�ott a k�ul�onbs�eg

O(1/Q), ahol Q a relev�ans impulzussk�ala. �Igy a partonikus jet m�er}of�uggv�enyre ak�ovetkez}o ad�odik
F̄

(n)
J (p1, ..., pn;O1, O2, ...) = F

(n)
J (p1, ..., pn;O1, O2, ...) + O

(
1

Q

)
, (11)
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J a partonszint}u, F (n)

J a hadronszint}u jet m�er}of�uggv�eny, p1, ..., pn parton-impulzusok. Ezek szerint a perturb�ai�osz�amol�as legalasonyabb rendj�eben mindenpartonnak egy-egy jet felel meg. Ez a (3.21) szab�alynak felel meg. Figyelembe kellvenni a hadroniz�ai�os korreki�okat, amelyeket hadroniz�ai�os modellek seg��ts�eg�evelsz�amolunk. Ilyen modell a h�urmodell [29℄ (string model), vagy a klaszter modell [30℄.�Igy a jet hat�askeresztmetszetet a k�ovetkez}o formul�aval sz�amolhatjuk a regulariz�altelm�eletben, ahol a t�erid}o dimenzi�oja d = 4 − 2ǫ

σ(O1, O2, ...) =

∞∑

m=2

∫

m

dσm(O1, O2, ...) , (12)ahol dσm di�ereni�alis hat�askeresztmetszetek
dσm(O1, O2, ...) =

∑

{m}

dΓ (m)(p1, ..., pm;Q)
1

S{m}
|Mm(p1, ..., pm)|2

· F (m)
J (p1, ..., pm, O1, O2, ...) , (13)kifejez�essel vannak de�ni�alva. ∑{m} jel�oli azm-partonos kon�gur�ai�ok feletti �osszeg-z�est a S{m} Bose szimmetria fatorral. Mm az m partonos renorm�alt amplitud�o �es

dΓ (m) az m partonos f�azist�er m�ert�ek.Elv�egezve a perturbat��v sorfejt�est αs-ben egy NLO jet hat�askeresztmetszet σ �al-tal�anosan a k�ovetkez}o alakban ��rhat�o fel
σ = σLO + σNLO . (14)Itt a vezet}orend}u jet hat�askeresztmetszet σLO, melyet �ugy kapunk, hogy a dσBexkluz��v hat�askeresztmetszetet integr�alom a f�azist�er f�ol�ott azon a tartom�anyon, amita jet m�er}of�uggv�eny kijel�ol. Ha m parton van a v�eg�allapotban
σLO =

∫

m

dσB , (15)ahol az �osszes mennyis�eg d = 4 − 2ǫ dimenzi�oban van �ertelmezve.N�ezz�uk most a korreki�ot. A hat�askeresztmetszet k�et tagra bonthat�o; egy dσRtagra, mely m+ 1 partont tartalmaz a v�eg�allapotban �es egy dσV tagra, mely m+ 1partont tartalmaz a v�eg�allapotban �es egyben az 1-hurok korreki�okat adja
σNLO ≡

∫
dσNLO =

∫

m+1

dσR +

∫

m

dσV . (16)A k�et integr�al az (16) egyenlet jobb oldal�an k�ul�on-k�ul�on divergens d = 4 dimenzi�oban,de az �osszeg�uk v�eges. Ezek a szingularit�asok az infrav�or�os divergeni�ak, melyeka k�ols�onhat�as hossz�uhat�ot�avols�ag�u r�esz�et jellemzik. A dimenzion�alis regulariz�ai�oseg��ts�eg�evel az egyes tagokban szepar�alni tudom a szingularit�asokat �es el tudomv�egezni a kiejt�est. A �el az, hogy a (16) egyenletet olyan alakban ��rjuk fel, melynem tartalmaz szingularit�asokat. Ezt a (16) egyenlet azonos �at��r�as�aval �erj�uk el
dσNLO =

[
dσR − dσA

]
+ dσA + dσV , (17)



78 �OSSZEFOGLAL�ASahol dσA a dσR k�ozel��t�ese ugyanolyan szingiul�aris viselked�est mutat (d dimenzi�oban)mint dσR. L�atszik, hogy dσA lok�alis levon�asi tagk�ent m}uk�odik. Bevezetve a f�azist�erintegr�alt a (17) a k�ovetkez}o alakban ��rhat�o fel
σNLO =

∫

m+1

[
dσR − dσA

]
+

∫

m+1

dσA +

∫

m

dσV , (18)most m�ar biztons�agosan elv�egezhet}o ǫ → 0 limesz az integrandusban. Az els}o tagm�ar integr�alhat�o numerikusan (Monte Carlo program seg��ts�eg�evel).Az �osszes szingularit�as az (4.9) egyenlet utols�o k�et tagj�aban van. Ha dσA -t ki tudjuk integr�alni egy egypartonos f�azist�er f�ol�ott (melyb}ol a p�olusok j�onnek),akkor ǫ p�olusokat �osszekombin�alva dσV ǫ p�olusaival �es elv�egezve ǫ → 0 limeszt, egy
m partonos integr�alom marad, amely nem tartalmaz szingularit�asokat �es szint�en j�olkezelhet}o Monte Carlo programmal. Teh�at a v�egs}o formul�at a k�ovetkez}o alakban��rhatjuk

σNLO =

∫

m+1

[
dσRǫ=0 − dσAǫ=0

]
+

∫

m

[
dσV +

∫

1

dσA
]

ǫ=0

. (19)A divergeni�ak kiejt�es�et az F (m)
J jetf�uggv�eny garant�alja. Ez a f�uggv�eny �ugy vande�ni�alva, hogy az �ert�eke f�uggetlen a l�agy �es kolline�aris hadronok (partonok) sz�a-m�at�ol. Vagy m�ask�epp fogalmazva a f�uggv�eny �ert�eke ugyanaz egy adott m partonkon�gur�ai�ora �es egy vele kinematikusan degener�alt m + 1 partonos kon�gur�ai�ora(ha egy parton l�aggy�a vagy k�et parton kolline�aris�a v�alik)
F

(m+1)
J −→ F

(m)
J . (20)Az ilyen mennyis�egeket nevezz�uk infrared safe �zikai mennyis�egeknek. A kor�abbande�ni�alt �zikai mennyis�egek eleget tesznek ennek a felt�etelnek.A levon�asi proedur�anak a kulsa a dσA. A k�ovetkez}o tulajdons�agokat kell kiel�e-g��teni dσA-nak1. tetsz}oleges folyamatra meg lehessen konstru�alni2. ugyanolyan szingul�aris viselked�est kell mutatnia d dimenzi�oban, mint dσR-nek3. tudni kell implement�alni Monte Carlo programba4. integr�alni kell tudni analitikusan egy egypartonos f�azist�er f�ol�ottIlyen levon�asi tag t�obbf�elek�eppen [8, 52, 53℄ de�ni�alhat�o. Ebben a dolgozatban aCatani-Seymour [53℄ �altal de�ni�at levon�asi tagot haszn�altam a n�egy-jet hat�askereszt-metszetek kisz�amol�as�ara.



N�EGYJET KELETKEZ�ES E+E− MEGSEMMIS�UL�ESBEN 79N�egyjet keletkez�es e+e− megsemmis�ul�esbenEbben az alfejezetben a kor�abban t�argyalt m�oszerekkel kapott n�egyjet hat�askereszt-metszeteket ismertetem a teljess�eg ig�enye n�elk�ul. Helysz}uke miatt, itt a magyar nyelv}u�attekint}oben sak a fenomenol�ogiai szempontb�ol leg�erdekesebb �zikai mennyis�egekkelfoglalkozunk.A n�egyjet mennyis�egek h�arom soportba rendezhet}ok: n�egyjet r�at�ak, n�egyjetalakv�altoz�ok, n�egyjet sz�ogkorrel�ai�ok. Mindh�arom t��pusra r�eszletes anal��zist v�egez-t�unk. A jet r�at�akat kisz�amoltuk JADE-E0, Durham, Geneva �es Cambridge algo-ritmusokra [1, 6℄. Az alakv�altoz�ok k�oz�ul kisz�amoltuk a D-param�eter az akopla-narit�as [1℄, a Π1 �es Π4 Fox-Wolfram momentumokat [4℄, az y4, a Tmin �es a C-param�eter (C > 0.75) [6℄ di�ereni�alis hat�askeresztmetszet�et. A sz�ogeloszl�asokk�oz�ul meghat�aroztuk a Bengtsson-Zerwas (BZ), a Nahtman-Reiter (NR), a K�orner-Shierholz-Wilrodt (KSW) �es a legkisebb energi�aj�u jetek sz�oge (α34) eloszl�asokat[5℄.A fent eml��tett mennyis�egek k�oz�ul n�eh�anyat, t�ol�unk f�uggetlen�ul m�asik h�arom so-port is kisz�amolta [70, 72, 73℄, ��gy lehet}os�eg ny��lt a k�ozvetlen �osszehasonl��t�asra. Az1. t�abl�azat: N�egyjet r�at�ak k�ul�omb�oz}o ycut �ert�ekekn�elAlgoritmus ycut MENLO PARC DEBRECEN
0.005 (1.04 ± 0.02) · 10−1 (1.05 ± 0.01) · 10−1Durham 0.01 (4.70 ± 0.06) · 10−2 (4.66 ± 0.02) · 10−2

0.03 (6.82 ± 0.08) · 10−3 (6.87 ± 0.04) · 10−3

ycut EERAD2 MERCUTIO
0.005 (1.05 ± 0.01) · 10−1 (1.06 ± 0.01) · 10−1

0.01 (4.65 ± 0.02) · 10−2 (4.72 ± 0.01) · 10−2

0.03 (6.86 ± 0.03) · 10−3 (6.96 ± 0.03) · 10−31. t�abl�azatban �osszehasonl��tjuk a n�egyjet r�at�akat k�ul�onb�oz}o ycut �ert�ekek mellett az�altalam ��rt DEBRECEN �es az irodalomban fellelhet}o m�asik h�arom programmal (MENLOPARC [70℄, EERAD2 [72℄, MERCUTIO [73℄). Az 1. t�abl�azatb�ol j�ol l�atszik, hogy a n�egyprogram hib�an bel�ul ugyanazt az eredm�enyt adja.N�egyjet r�at�akA legfontosabb �zikai mennyis�egek a jet r�at�ak. Elektron-pozitron megsemmis�ul�esbena legelterjedtebben haszn�alt jet-algoritmus a Durham-algoritmus. A n�egyjet r�at�at an�egyjet hat�askeresztmetszet, �es a tot�alis hat�askeresztmetszet h�anyadosak�ent de�ni-�aljuk,
R4 =

σ4−jet

σtot
(ycut) = η2B4(ycut) + η3

(
C4(ycut) −

3

2
B4(ycut)

)
, (21)



80 �OSSZEFOGLAL�ASahol σtot = σ0(1 + 1.5η) �es η = αsCF /(2π). A renorm�al�asi sk�al�at�ol val�o f�ugg�est ak�ovetkez}o helyettes��t�essel kaphatjuk:
η → η(µ)

(
1 +

β0

CF
η(µ) lnxµ

)
, xµ =

µ√
s
. (22)A sk�alaf�uggetlen B4(ycut) �es C4(ycut) egy�utthat�okat a DEBRECEN programmal sz�a-moltuk. Az 1. �abr�an j�ol l�athat�o a LO �es az NLO j�oslatok s�avok form�aj�aban.
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1. �abra: A Durham algoritmusra kapott n�egyjet r�at�ak k�ul�onb�oz}o elm�eleti j�oslatai: LO(sz�eles vil�agossz�urke s�av), NLO (sz�eles s�ot�etsz�urke s�av), NLLA (K = 0 als�o keskenys�av), jav��tott NLLA (K 6= 0 fels}o keskeny s�av).A n�egyjet r�at�ak gyorsan s�okkennek a felold�asi v�altoz�o ycut n�oveked�es�evel, amib}olaz k�ovetkezik, hogy a j�o statisztik�aj�u adatok a kis ycut tartom�anyban �erhet}o el.M�asr�eszt tudjuk, hogy a perturb�ai�osz�am��t�as nem megb��zhat�o ebben a tartom�anyban,ugyanis a perturb�ai�os kifejt�esi param�eter αs/2π ln2 ycut logaritmikusan feler}os��ti amagasabbrend}u j�arul�ekokat. A probl�em�at �ugy oldjuk meg, hogy fel�osszegezz�uk avezet}o-, illetve az arra k�ovetkez}o logaritmusokat, amely az NLLA k�ozelit�est adja(next-to-leading log approximation). Durham algoritmus eset�en ez megtehet}o [36℄.Ez a k�ozel��t�es sak a kis ycut tartom�anyokban m}uk�odik j�ol. M�asr�eszt tudjuk, hogy anagy ycut tartom�anyokban a �x-order sz�amol�as j�o k�ozel��t�est ad, teh�at a k�et eredm�enytegyeztetni kell. Mi az R-mathing s�em�at haszn�altuk, mely a k�ovetkez}ok szerint vande�ni�alva
RR−match

4 = RNLL
4 + η2

(
B4 −BNLL

4

)
+ η3

(
C4 − CNLL

4 − 3

2

(
B4 −BNLL

4

))
, (23)
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4 az NLLA k�ozel��t�es, BNLL

4 �es CNLL
4 ennek az αs szerinti sorfejt�es�enek azegy�utthat�oi.

RNLL
4 = 2[∆q(Q)]2

[(∫ Q

Q0

dq Γq(Q, q)∆g(q,Q0)

)2

+

∫ Q

Q0

dq Γq(Q, q)∆g(q,Q0)

·
∫ q

Q0

dq′
(
Γg(q, q

′)∆g(q
′, Q0) + Γf (q

′)∆f (q
′, Q0)

)]
. (24)A (24) egyenletben ∆a(Q,Q0) a Sudakov alak faktorok, amely annak a val�osz��n}us�eg�etfejezi ki, hogy valamely jetnek a Q0 = Q

√
ycut sk�al�ar�ol a Q sk�al�ara val�o fejl}od�esek�ozben ne legyen feloldod�o el�agaz�as. A Sudakov faktorokat a k�ovetkez}o alakban��rhatjuk

∆q(Q,Q0) = exp

(
−
∫ Q

Q0

dq Γq(Q, q)

)
, (25)

∆g(Q,Q0) = exp

(
−
∫ Q

Q0

dq [Γg(Q, q) + Γf (q)]

)
, (26)

∆f (Q,Q0) =
[∆q(Q,Q0)]

2

∆g(Q,Q0)
, (27)illetve az emisszi�os val�osz��n}us�egek

Γq(Q, q) =
2CF
π

αs(q)

q

[(
1 +

αs(q)

2π
K

)
ln
Q

q
− 3

4

]
, (28)

Γg(Q, q) =
2CA
π

αs(q)

q

[(
1 +

αs(q)

2π
K

)
ln
Q

q
− 11

12

]
, (29)

Γf (Q, q) =
nf
3π

αs(q)

q
. (30)A K param�eter �ert�eke f�ugg a renorm�al�asi s�em�at�ol, melynek �ert�eke MS s�ema eset�en

K = CA

(
67

18
− π2

6

)
− 10

9
TRnf , β0 =

11

3
CA − 4

3
TRnf , (31)ahol CA = 3, CF = 4/3, TR = 1/2 SU(3) m�ert�eksoport eset�en. Az akt��v kvarkkvark avour-�ok sz�ama nf .Haszn�alva a 23 illeszt�esi egyenletet j�o k�ozel��t�est kaphatunk a k��s�erletileg m�ertadatokkal. A 2. �abr�ar�ol leolvashatjuk, hogy jav��tott fel�osszegz�essel (K 6= 0) kapottelm�eleti eredm�eny l�atv�anyos egyez�est mutat az ALEPH [58℄ detektorral m�ert k��s�erletieredm�enyekkel. Az is j�ol leolvashat�o, hogy az egyre pontosabb elm�eleti eredm�enyekhogyan v�alnak \egyre jobb�a". Ezek az eredm�enyek azt sugalj�ak, hogy a jet r�at�ak j�olhaszn�alhat�ok a QCD pontos ellen}orz�es�ere, pl. az er}os satol�as m�er�es�ere.
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2. �abra: A QCD j�oslat a n�egyjet r�at�ara. A v�eges rend}u (LO: pontozott vonal, NLO:szaggatott vonal), illetve az R-illesztett (K = 0: pontozott szaggatott vonal, K 6=
0: folytonos vonal) QCD j�oslatok a Durham n�egyjet r�at�ara xµ = 1 sk�alav�alaszt�asmellett. A hib�akkal felt�untetett pontok az ALEPH [58℄ k��s�erleti soport eredm�enyei.Az�abra als�o r�esz�en a k��s�erleti �es az elm�eleti (R-illesztett K 6= 0 mellett) eredm�enyekrelat��v elt�er�es�et mutatja (δ = 1 − ḱısérlet/elmélet). A kis �abra az elm�eleti eredm�enyrenorm�al�asi sk�al�at�ol val�o f�ugg�es�et mutatja a 0.5 < xµ < 2 tartom�anyon.Alakv�altoz�okAz alakv�altoz�ok k�oz�ul itt sak a thrust minort vizsg�aljuk. Tapasztalataink a t�obbialakv�altoz�ora is �erv�enyes. A thrust minor eset�eben az NLO korreki�o 80%-120%k�oz�ott van, ami megk�erd}ojelezi a perturb�ai�osz�am��t�as haszn�alhat�os�ag�at. A nagykorreki�o azt eredm�enyezi, hogy a renorm�al�asi sk�al�at�ol val�o f�ugg�es nem s�okkenl�enyegesen, ami a 3. �abr�an is j�ol l�atszik, ahol

〈Tmin〉0.02 =

∫ 0.5

0.02

dTminΣ(Tmin) , (32)ahol Σ(Tmin) a (3) egyenletben m�ar de�ni�altunk. L�athat�o, hogy a korreki�o hat�asaink�abb a norm�al�as n�ovel�ese �es sak kev�esb�e a sk�alaf�ugg�es s�okkent�ese. Ez a viselked�esj�ol l�atszik a 4. �abr�an is.
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3. �abra: A Tmin �atlag�anak a renorm�al�asi sk�al�at�ol val�o f�ugg�eseA fentiek alapj�an mondhatjuk azt, hogy a n�egyjet alakv�altoz�ok eset�eben sz�uks�ege-sek a magasabb rend}u korreki�ok ismerete is. �Igy az NLO eredm�enyek nem alkalmasakpontos QCD tesztek elv�egz�es�ere.Norm�alt sz�ogeloszl�asokA norm�alt sz�ogeloszl�asok de�ni�al�as�ahoz el}osz�or a n�egyjet esem�enyeket kell szelekt�al-nunk. Ezt a Durham algoritmus segits�eg�evel v�egezt�ek el az ycut = 0.08 v�alaszt�assal.A jetek impuzus�at ~pi-vel (i = 1, 2, 3, 4) jel�olj�uk �es a jeteket energi�ajuk szerint ren-dezz�uk �ugy, hogy a legnagyobb energi�aja az els}o jetnek, a legkisebb a negyediknekvan.Itt most sak a legkisebb energi�aj�u jetek sz�ogeloszl�as�at t�argyaljuk, melyet a k�o-vetkez}o m�odon de�ni�alunk
cosα34 =

~p3 · ~p4

|~p3||~p4|
. (33)A 5. �abr�an l�athatjuk a fenti mennyis�egnek a

F (cosα34) =
1

σ

dσ

d cosα34
(cosα34) , σ =

∫ 1

−1

d cosα34
dσ

d cosα34
(cosα34) (34)egyenlet szerint �ertelmezett norm�alt sz�ogeloszl�as�at az ALEPH �altal m�ert adatokkal�osszehasonl��tva. A bels}o �abr�an az NLO korreki�o nagys�ag�at jellemz}o

K(cosα34) =
FNLO(cosα34)

FLO(cosα34)
(35)faktor �ert�eke tal�alhat�o. L�athat�o, hogy a K fator �ert�eke k�ozel egy, ami azt jelenti,hogy az NLO korreki�o kisi. Figyelemre m�elt�o, hogy az NLO j�oslat 5%-os pon-tos�aggal le��rja a k��s�erleti adatokat, teh�at a sz�ogeloszl�asok is j�ol haszn�alhat�ok a QCDpontos ellen}orz�es�ere, els}osorban az alapvet}o m�ert�eksoport m�er�es�ere.
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4. �abra: A LO (szaggatott) �es az NLO (folytonos) QCD j�oslatok a Tmin disztrib�ui�ora
xµ = 1 sk�alav�alaszt�as mellett.N�egyjet mennyis�egek sug�arz�asi korreki�oi: �osszefoglal�asA n�egyjet mennyis�egek eset�en a vezet}o rend}u j�oslatok sokszor l�enyegesen kisebb(xµ = 1 sk�alav�alaszt�as mellett), mint a k��s�erleti adatok, amib}ol az k�ovetkezik, hogyaz elm�eletnek a val�os�aggal val�o �osszehasonl��t�as�ahoz sz�uks�eges az NLO korreki�ok is-merete. Az eredm�enyek azt mutatj�ak, hogy a korreki�ok nagyok �es �gyelembev�etel�ukl�enyegesen javitja a m�ert �ert�ekekkel val�o egyez�est. Konkr�etan a k�ovetkez}oket �allap��t-hatjuk meg:i) A n�egyjet r�at�ak eset�en a sug�arz�asi korreki�ok nagyok, a JADE algoritmus eset�en100% k�or�uli �ert�ek [1, 70℄, a Durham algoritmus eset�en 60% k�or�uli �ert�ek [6℄ �esCambridge algoritmus eset�en m�eg enn�el is kisebb [6℄. A renorm�al�asi sk�al�at�ol val�of�ugg�es a JADE algoritmust�ol eltekintve jelent}osen s�okken. A Durham algo-ritmus eset�eben �gyelembe v�eve a logaritmus fel�osszegz�esb}ol j�ov}o j�arul�ekokat,l�atv�anyos egyez�est kapunk a k��s�erleti adatokkal (3%-on bel�ul).ii) Az alakv�altoz�ok eset�eben a korreki�ok �altal�aban 100%-n�al is nagyobbak. Arenorm�al�asi sk�al�at�ol val�o f�ugg�es nem javul a korreki�o �gyelembev�etel�evel, sakaz abszol�ut norm�al�ast emeli. A k�ovetkeztet�es�unk az, hogy az alakv�altoz�ok dif-
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5. �abra: Az α34 sz�ogeloszl�as NLO elm�eleti j�oslata �osszevetve az ALEPH �altal m�ertadatokkal. Az �abra als�o r�esz�en δ = ḱısérlet/elmélet − 1, relat��v elt�er�es l�athat�o. Ak�onnyebb �osszehasonl��t�as v�egett az 5%-os s�avot beh�uztuk.fereni�alis hat�askeresztmetszetei r�ogz��tett rend}u NLO perturb�ai�osz�am��t�asbannem hat�arozhat�ok meg megbizhat�oan , ez�ert nem haszn�alhat�ok pontos QCDtesztekre. Itt fontos megjegyezni, hogy a logaritmus fel�osszegz�es seg��thet ahelyzeten, de sajnos ezek a sz�amol�asok m�eg nem el�erhet}o az irodalomban.iii) A norm�al sz�ogeloszl�asok eseteben az NLO korreki�ok a v�arakoz�asnak megfele-l}oen kisik. A renorm�al�asi sk�al�at�ol val�o f�ugg�ese kisi, azonban ez nem jelentiazt, hogy a hat�asuk elhanyagolhat�o lenne a QCD sz��nt�olt�eseinek m�er�ese sor�an.Besl�es�unk szerint [5℄ a TR/CF h�anyados m�ert �ert�eke ak�ar 25%-ot is v�altozhat,ha az NLO hat�askeresztmetszetet haszn�aljuk a sz��nt�olt�es m�er�esekor a LO j�oslathelyett.
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Appendix AThe tree level matrix elementsIn this appendix we present analyti formulas for the four- and �ve-parton tree-levelheliity amplitudes of the relevant subproesses. These amplitudes were �rst alu-lated in Refs. [40℄. The reason for presenting our results [6℄ here is twofold. Onone hand we express the relevant olor subamplitudes in terms of Weyl spinors |k±〉,whih were also employed in the ase of the one-loop four-parton amplitudes [47℄,while on the other we found that our expressions in the ase of the four-quark pro-esses are more ompat and the orresponding omputer ode is faster than earlierones. Another new feature of the amplitudes in this appendix is that we allow for theexistene of light fermioni degrees of freedom in the adjoint representation of thegauge group (light gluinos). In alulating the amplitudes, we used quark and gluonurrents [41, 39℄ and standard heliity tehniques [41, 38℄.A.1 Heliity amplitudesWe onsider three subproesses, eah involving a vetor boson V (Q) arrying totalfour-momentum Q and n QCD partons (n = 4, or 5 here). The �rst subproess isthe prodution of a quark-antiquark pair and n − 2 gluons. The seond one is theprodution of two quark-antiquark pairs (of equal, or unequal avor) and n−4 gluons.Finally, the third proess is the prodution of a quark-antiquark pair, a light-gluinopair and n− 4 gluons:
ℓ+(−pℓ) + ℓ−(−pℓ̄) → q(p1) + g1(p2) + · · · + gn−2(pn−1) + q̄(pn) , (A.1)
ℓ+(−pℓ) + ℓ−(−pℓ̄) → q(p1) + q̄(p2) +Q(p3) + Q̄(p4)

+ g1(p5) + · · · + gn−4(pn) , (A.2)
ℓ+(−pℓ) + ℓ−(−pℓ̄) → q(p1) + q̄(p2) + g̃(p3) + g̃(p4)

+ g1(p5) + · · · + gn−4(pn) . (A.3)89



90 APPENDIX A. THE TREE LEVEL MATRIX ELEMENTSWe have hosen the rossing invariant all partile outgoing kinematis with orre-sponding partile-antipartile assignment, therefore, momentum onservation means
pℓ + pℓ̄ + p1 + p2 + p3 + p4 + p5 + . . .+ pn = 0 . (A.4)We shall express the amplitudes in terms of olor subamplitudes. In the ase ofproess (A.1), the olor basis is hosen to be produt of generators in the fundamentalrepresentation (in this appendix we use the normalization TR = 1 in Tr(tatb) = TR δ

abfor the generators of the symmetry group), therefore, the heliity amplitudes havethe deomposition:
|1h1

f , 2
h2

g , ..., n
hn

f̄
>(0)
n = g(n−2)

s

∑

{2,...,n−1}

(ta2 · · · tan−1)i1 īn m(1h1

f , ..., n
hn

f̄
) , (A.5)where {2, ..., n−1} denotes all permutations of the labels (2, ..., n−1) andm(1, ..., n)are the olor subamplitudes and gs is the strong oupling onstant. In Eq. (A.5) andin the following formulas the lepton labels are suppressed.In the ase of the four-fermion subproesses (proesses (A.2) and (A.3)) wedeompose the heliity amplitudes as follows:

|1h1

f1
, 2h2

f2
, 3h3

f3
, 4h4

f4
, 5h5

g , ..., n
hn
g >(0)

n =
∑

{5,...,n}

∑

{1,3}

(−1)P
∑

{2,4}

(−1)PAn(1, 2, 3, 4, 5, ..., n) , (A.6)where P = 0 if the elements are in the anonial order ((1,3), or (2,4)) and P = 1if the elements are permuted ((3,1), or (4,2)). The partial amplitudes An an bedeomposed further in olor spae. In the ase of four-quark prodution,
A4(1q, 2q̄, 3Q, 4Q̄) = g2

s

NA∑

b=1

tbi1 ī2 t
b
i3 ī4

M(1h1

f1
, 2h2

f2
, 3h3

f3
, 4h4

f4
) , (A.7)where M(1h1

f1
, 2h2

f2
, 3h3

f3
, 4h4

f4
) are the olor subamplitudes.In the ase of four-quark plus one-gluon prodution, there are four independentbasis vetors in olor spae:

A5(1q, 2q̄, 3Q, 4Q̄, 5g) = g3
s

4∑

i=1

Ti(1, 2, 3, 4, 5)Mi(1
h1

f1
, 2h2

f2
, 3h3

f3
, 4h4

f4
, 5h5) , (A.8)where Ti(1, 2, 3, 4, 5) are the olor basis vetors:

T1(1, ..., 5) =

NA∑

b=1

(ta5tb)i1 ī2 t
b
i3 ī4

, T2(1, ..., 5) =

NA∑

b=1

(tbta5)i1 ī2 t
b
i3 ī4

, (A.9)
T3(1, ..., 5) =

NA∑

b=1

tbi1 ī2 (ta5tb)i3 ī4 , T4(1, ..., 5) =

NA∑

b=1

tbi1 ī2 (tbta5)i3 ī4 . (A.10)



A.1. HELICITY AMPLITUDES 91The partial amplitudes for the proess (A.3) an be written in terms of the olorsubamplitudes of the proess (A.2), only the olor basis di�ers. When n = 4,
A4(1q, 2q̄, 3g̃, 4g̃) = g2

s

NA∑

b=1

tbi1 ī2 M̃(1h1

f1
, 2h2

f2
, 3h3 , 4h4) , (A.11)Finally, for n = 5 we have

A5(1q, 2q̄, 3g̃, 4g̃, 5g) = g3
s

4∑

i=1

T̃i(1, 2, 3, 4, 5) M̃i(1
h1

f1
, 2h2

f2
, 3h3 , 4h4 , 5h5) , (A.12)where

T̃1(1, ..., 5) =

NA∑

b=1

(ta5tb)i1 ī2 F
b
a3a4

, T̃2(1, ..., 5) =

NA∑

b=1

(tbta5)i1 ī2 F
b
a3a4

, (A.13)
T̃3(1, ..., 5) =

NA∑

b=1

tbi1 ī2 (F a5F b)a3a4
, T̃4(1, ..., 5) =

NA∑

b=1

tbi1 ī2 (F bF a5)a3a4
. (A.14)In the following subsetions we give expliit formulas for the olor subamplitudeswith a ommon oeÆient fatored out:

m(1h1

f1
, . . . , nhn

fn
) = Chℓ,h1

f1fn
A(1h1 , . . . , nhn) , (A.15)

M(1h1

f1
, 2−h1

f2
, 3h3

f3
, 4−h4

f4
) = Chℓ,h1

f1f2
δf3f4 A(1h1 , 2−h1, 3h3 , 4−h3) , (A.16)

Mi(1
h1

f1
, 2−h1

f2
, 3h3

f3
, 4−h3

f4
, 5h5) = Chℓ,h1

f1f2
δf3f4 Ai(1

h1 , 2−h1 , 3h3 , 4−h3 , 5h5) , (A.17)
M̃(1h1

f1
, 2−h1

f2
, 3h3 , 4−h4) = Chℓ,h1

f1f2
A(1h1 , 2−h1 , 3h3 , 4−h3) , (A.18)

M̃i(1
h1

f1
, 2−h1

f2
, 3h3 , 4−h3 , 5h5) = Chℓ,h1

f1f2
Ai(1

h1 , 2−h1 , 3h3, 4−h3 , 5h5) , (A.19)with s = Q2 = (pℓ + pℓ̄)
2. The C oeÆients ontain the eletroweak ouplings. Ifthe vetor boson V is γ or Z0 this oeÆient is de�ned by

C
hℓ,hf1

f1f2
= 2 e2

(
−Qf1 Pγ(s) + vhℓ

ℓ v
hf1

f1
PZ(s)

)
δf1f2 , (A.20)where f1, f2 are the avour indies of the quark antiquark pair that ouples to thevetor boson and

v−ℓ =
−1 + 2 sin2 θW

sin 2θW
, v+

ℓ =
2 sin2 θW
sin 2θW

, (A.21)
v−f =

±1 − 2Qf sin2 θW
sin 2θW

, v+
f = −2Qf sin2 θW

sin 2θW
, (A.22)are the left- and right-handed ouplings of leptons and quarks to neutral gauge bosons.In Eqs. (A.21,A.22) θW denotes the Weinberg angle, Qf is the eletri harge of the



92 APPENDIX A. THE TREE LEVEL MATRIX ELEMENTSquark of avor f in units of e and the two signs in Eq. (A.22) orrespond to up(+) and down (−) type quarks. The oupling C ontains the propagators of Z0 andphoton,
Pγ(s) =

i

s+ i0
, PZ(s) =

i

s−M2
Z + iΓZMZ

, (A.23)where MZ and ΓZ are the mass and width of the Z0.If the vetor boson V is a W+ or a W−, then the ouplings take the form
C
hℓ,hf1

f1f2
= 2 e2 vhℓ

ℓ v
hf1

f1
PW (s) δf̃1f2 , (A.24)where f̃1 denotes the partner of quark f1 in the SU(2)L doublet and, for the sake ofsimpliity, we set the Kobayashi-Maskawa mixing matrix to unity. In Eq. (A.24)the left- and right-handed ouplings di�er from the orresponding expressions inEqs. (A.21,A.22):

v−ℓ = v−f =
1

2
√

2 sin θW
, v+

ℓ = v+
f = 0 . (A.25)In this ase PW (s) denotes W± propagator,

PW (s) =
i

s−M2
W + iΓW MW

, (A.26)where MW and ΓW are the mass and width of the W±.Four-parton olor subamplitudesIn this subsetion, we present all four-parton olor subamplitudes for the heliity on-�guration hq = + and hℓ = +. The amplitudes for the reversed heliity on�gurationsan be obtained from these amplitudes by applying parity operation P , whih amountsto making the substitutions 〈ij〉 ≡ 〈k−i |k+
j 〉 ↔ [ji] ≡ 〈k+

j |k−i 〉. The amplitudes whenonly the lepton heliities are reversed an be obtained simply by exhanging the lep-ton labels and ipping the lepton heliity in the oupling fators Chℓ,hf1

f1f2
We use thenotation

〈i|lm . . . |j〉 ≡ kµl k
ν
m〈k−i |γµγν . . . |k±j 〉 , (A.27)

[i|lm . . . |j] ≡ kµl k
ν
m〈k+

i |γµγν . . . |k±j 〉 , (A.28)
〈i|(l +m) . . . |j〉 ≡ (kµl + kµm) . . . 〈k−i |γµ . . . |k±j 〉 , (A.29)
[i|(l +m) . . . |j] ≡ (kµl + kµm) . . . 〈k+

i |γµ . . . |k±j 〉 , (A.30)and the two- and three-partile invariants sij ≡ (ki + kj)
2 and tijl ≡ (ki + kj + kl)

2.Labels 5 and 6 refer to the positron and eletron respetively. The two-quark two-



A.1. HELICITY AMPLITUDES 93gluon olor subamplitudes are as follows:
A(1+

q , 2
+
g , 3

+
g , 4

−
q̄ ) = − 〈45〉2[56]

〈12〉〈23〉〈34〉 , (A.31)
A(1+

q , 2
−
g , 3

−
g , 4

−
q̄ ) = − [16]2〈56〉

[12][23][34]
, (A.32)

A(1+
q , 2

+
g , 3

−
g , 4

−
q̄ ) = −〈31〉[12]〈45〉〈3|(1 + 2)|6〉

〈12〉s23t123
+

〈34〉[42][16]〈5|(3 + 4)|2〉
[34]s23t234

+
〈5|(3 + 4)|2〉〈3|(1 + 2)|6〉

〈12〉[34]s23
, (A.33)

A(1+
q , 2

−
g , 3

+
g , 4

−
q̄ ) =

[13]2〈45〉〈2|(1 + 3)|6〉
[12]s23t123

− [13]〈24〉[16]〈45〉
[12]〈34〉s23

− 〈24〉2[16]〈5|(2 + 4)|3〉
〈34〉s23t234

. (A.34)In the four-quark ase, we have only one independent heliity amplidute. The nonzeroheliity on�gurations are as follows
A(1+

q , 2
−
q̄ , 3

+
Q, 4

−
Q̄
) =

[13]〈25〉〈4|(1 + 3)|6〉
t134s34

+
〈42〉[16]〈5|(2 + 4)|3〉

t234s34
, (A.35)

A(1+
q , 2

−
q̄ , 3

−
Q, 4

+
Q̄
) = A(1+

q , 2
−
q̄ , 4

+
Q, 3

−
Q̄

) . (A.36)Five-parton olor subamplitudesIn this subsetion, we present all �ve-parton olor subamplitudes for the heliity on-�guration hq = + and hℓ = +. The amplitudes for the remaining heliity on�gura-tions an be obtained from these amplitudes as in the n = 4 ase. Labels 6 and 7refer to the positron and eletron respetively. First we list the two-quark three-gluonamplitudes. In this ase the maximally heliity violating (MHV) amplitudes (whihare not independent) an be writen in the followings simple form
A(1+

q , 2
+
g , 3

+
g , 4

+
g , 5

−
q̄ ) = − 〈65〉2[67]

〈12〉〈23〉〈34〉〈45〉 , (A.37)
A(1+

q , 2
−
g , 3

−
g , 4

−
g , 5

−
q̄ ) = P A(5+

q , 4
+
g , 3

+
g , 2

+
g , 1

−
q̄ )

|6↔7

. (A.38)



94 APPENDIX A. THE TREE LEVEL MATRIX ELEMENTSThese amplitudes have very simple struture. The other heliity on�gurations isgiven by
A(1+

q , 2
+
g , 3

+
g , 4

−
g , 5

−
q̄ ) = − [17]〈6|(1 + 7)|2〉〈45〉2[53]2

[45]〈42〉s34t345t167
+

〈4|(5 + 6)|7〉〈6|(5 + 4)|3〉
〈12〉〈23〉〈34〉[34][45]

− 〈4|(1 + 2)|7〉〈6|(5 + 4)|3〉〈45〉[53]

〈12〉〈24〉[45]s34t345

+
〈65〉〈4|(5 + 6)|7〉
〈23〉〈34〉[34]t567

(
[23]〈4|(2 + 3)|1〉

t234
+

〈4|(1 + 2)|3〉
〈12〉

)

+
[17]〈45〉[53]

〈23〉[34][45]t167

( 〈6|(1 + 7)|2〉
〈34〉 +

〈6|(1 + 7)|3〉
〈24〉

)

− [17]〈45〉[23]

〈23〉[34]t234t167

( 〈6|(1 + 7)|2〉〈24〉
〈34〉 + 〈6|(1 + 7)|3〉

)
, (A.39)

A(1+
q , 2

+
g , 3

−
g , 4

+
g , 5

−
q̄ ) =

〈31〉[12]〈3|(1 + 2)|4〉〈3|(5 + 6)|7〉〈65〉
〈12〉〈34〉s23t123t567

+
〈31〉[12]〈3|(1 + 2)|7〉〈65〉〈35〉

〈12〉〈34〉〈45〉s23t123
− 〈3|(1 + 2)|7〉〈6|(1 + 7)|2〉〈35〉2

〈12〉〈23〉〈34〉〈45〉[23]t345

+
〈3|(1 + 2)|7〉〈6|(5 + 3)|4〉〈35〉[42]

[23]〈12〉〈23〉s34t345
− [42]2[17]〈6|(1 + 7)(2 + 4)|3〉〈35〉

s23s34t234t167

+
[42]〈3|(5 + 6)|7〉〈65〉

s23s34t567

(
[42]〈3|(2 + 4)|1〉

t234
− 〈3|(1 + 2)|4〉

〈12〉

)

+
[17]〈6|(1 + 7)|2〉〈35〉2

s23t345t167

( 〈3|(5 + 4)|2〉
〈34〉〈45〉 +

[42][54]

s34

)
, (A.40)

A(1+
q , 2

−
g , 3

+
g , 4

+
g , 5

−
q̄ ) =

[43]2〈2|(3 + 4)|1〉〈2|(5 + 6)|7〉〈65〉
s23s34t234t567

+
[13]〈2|(3 + 4)|1〉〈2|(5 + 6)|7〉〈65〉

[12]〈34〉〈42〉s23t567
− [13]2〈2|(1 + 3)|4〉〈2|(5 + 6)|7〉〈65〉

[12]〈24〉s23t123t567

+
[17]〈6|(1 + 7)|3〉〈25〉

〈24〉s23t345t167

(
〈2|(5 + 4)|3〉

(〈25〉
〈45〉 −

〈32〉
〈34〉

)
− 〈2|(5 + 3)|4〉 〈42〉

〈34〉

)

+
[13][17]〈25〉

[12]s23〈24〉t345

(
〈6|(5 + 4)|3〉

( 〈25〉
〈45〉 −

〈32〉
〈34〉

)
− 〈6|(5 + 3)|4〉 〈42〉

〈34〉

)

− [13]2〈2|(1 + 3)|7〉〈65〉〈25〉
[12]〈24〉〈45〉s23t123

− [17]〈25〉[43]2〈6|(1 + 7)(3 + 4)|2〉
s23s34t234t167

, (A.41)
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A(1+

q , 2
+
g , 3

−
g , 4

−
g , 5

−
q̄ ) =

[12][2|(3 + 4)(5 + 6)|7]〈65〉
s23t567

( 〈43〉2
s34t234

− 〈31〉
[34][42]〈12〉

)

− 〈31〉2[12]2〈4|(5 + 6)|7〉〈65〉
〈12〉[24]s23t123t567

+
〈31〉[12]〈3|(1 + 2)|7〉〈6|(5 + 4)|2〉

〈12〉[24][45]s23t123

+
〈3|(1 + 2)|7〉〈6|(1 + 7)|2〉

〈12〉[34][45]s23
+

[17]〈6|(1 + 7)|2〉〈3|(5 + 4)|2〉
[34][45]s23t167

− [17]〈6|(1 + 7)|2〉〈5|(3 + 4)|2〉〈43〉2
s23s34t234t167

, (A.42)
A(1+

q , 2
−
g , 3

−
g , 4

+
g , 5

−
q̄ ) =

〈23〉2[14][4|(2 + 3)(5 + 6)|7]〈65〉
s23s34t234t567

− [14]〈3|(5 + 6)|7〉〈65〉
[42]s34t123t567

(
[4|(2 + 3)(1 + 2 + 3)|4]

[23]
− [14]〈3|(1 + 2)|4〉

[12]

)

− [14]〈65〉〈35〉
[42]〈45〉s34t123

(
[4|(2 + 3)(1 + 2 + 3)|7]

[23]
− [14]〈3|(1 + 2)|7〉

[12]

)

+
[14][17]〈6|(5 + 3)|4〉〈35〉2

[12][24]〈45〉s34t345
− [17]〈6|(1 + 7)|4〉〈2|(5 + 3)|4〉〈35〉2

[42]〈45〉s34t345t167

− [17]〈6|(1 + 7)|4〉〈5|(2 + 3)|4〉
s34t167

( 〈35〉
〈45〉[42][23]

+
〈23〉2
s23t234

)
. (A.43)The (+,−,+,−,−) heliity on�guration an be obtained using the harge onjuga-tion

A(1+
q , 2

−
g , 3

+
g , 4

−
g , 5

−
q̄ ) = P A(5+

q , 4
+
g , 3

−
g , 2

+
g , 1

−
q̄ )

|6↔7

. (A.44)The four-quark one-gluon amplitudes have are also listed. The �rst is
A1(1

+
q , 2

−
q̄ , 3

+
Q, 4

−
Q̄
, 5+
g ) = − [15]〈4|(1 + 5)|3〉〈4|(2 + 6)|7〉〈62〉

〈45〉s15s34t267

− [17]〈6|(1 + 7)|5〉〈42〉2[23]

〈45〉s34t234t167
− 〈4|(1 + 5)|7〉〈6|(2 + 4)|3〉〈42〉

〈15〉〈54〉s34t234
+

[53]〈4|(3 + 5)|1〉〈4|(2 + 6)|7〉〈62〉
〈45〉s34t345t267

+
[17]〈6|(1 + 7)(3 + 5)|4〉[35]〈42〉

〈45〉s34t345t167
, (A.45)



96 APPENDIX A. THE TREE LEVEL MATRIX ELEMENTSand for the other heliity on�guration, the non zero olor subamplitudes are givenby the followings
A1(1

+
q , 2

−
q̄ , 3

+
Q, 4

−
Q̄
, 5−g ) =

[13]2〈51〉〈4|(2 + 6)|7〉〈62〉
[35]s15s34t267

+
[17]〈6|(1 + 7)|3〉〈5|(2 + 4)|3〉〈42〉

[35]s34t234t167

− [13][17]〈6|(2 + 4)|3〉〈42〉
[15][53]s34t234

+
[13]〈54〉[3|(4 + 5)(2 + 6)|7]〈62〉

[35]s34t345t267

− [17]〈6|(1 + 7)|3〉〈54〉〈2|(4 + 5)|3〉
[35]s34t345t167

, (A.46)
A2(1

+
q , 2

−
q̄ , 3

+
Q, 4

−
Q̄
, 5+
g ) = − [53]〈4|(3 + 5)|1〉〈4|(2 + 6)|7〉〈62〉

〈45〉s34t345t267

− [17]〈6|(1 + 7)|3〉[25]〈42〉2
〈45〉s25s34t167

− [13]〈4|(1 + 3)|5〉〈4|(2 + 6)|7〉〈62〉
〈45〉s34t134t267

− [13]〈4|(1 + 3)|7〉〈42〉〈62〉
〈45〉〈52〉s34t134

− [17]〈6|(1 + 7)(3 + 5)|4〉[35]〈42〉
〈45〉s34t345t167

, (A.47)
A2(1

+
q , 2

−
q̄ , 3

+
Q, 4

−
Q̄
, 5−g ) = − [13]〈54〉[3|(4 + 5)(2 + 6)|7]〈62〉

[35]s34t345t267

+
[13]2〈41〉〈5|(2 + 6)|7〉〈62〉

[35]s34t134t267
+

[17]〈6|(1 + 7)|3〉〈54〉〈2|(4 + 5)|3〉
[35]s34t345t167

− [13]〈4|(1 + 3)|7〉〈6|(2 + 5)|3〉
[35][52]s34t134

+
[17]〈6|(1 + 7)|3〉〈52〉〈4|(2 + 5)|3〉

[35]s25s34t167
, (A.48)

A3(1
+
q , 2

−
q̄ , 3

+
Q, 4

−
Q̄
, 5+
g ) = − [53]〈4|(3 + 5)|1〉〈4|(2 + 6)|7〉〈62〉

〈45〉s35t345t267
− [17]〈6|(1 + 7)(3 + 5)|4〉[35]〈42〉

〈45〉s35t345t167
, (A.49)

A4(1
+
q , 2

−
q̄ , 3

−
Q, 4

+
Q̄
, 5+
g ) =

[54]〈3|(4 + 5)|1〉〈3|(2 + 6)|7〉〈62〉
〈35〉s45t345t267

+
[17]〈6|(1 + 7)(4 + 5)|3〉[45]〈32〉

〈35〉s45t345t167
, (A.50)
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A3(1

+
q , 2

−
q̄ , 3

−
Q, 4

+
Q̄
, 5−g ) = − [14]〈53〉[4|(3 + 5)(2 + 6)|7]〈62〉

[45]s35t435t267

+
[17]〈6|(1 + 7)|4〉〈53〉〈2|(3 + 5)|4〉

[45]s35t435t167
, (A.51)

A4(1
+
q , 2

−
q̄ , 3

+
Q, 4

−
Q̄
, 5−g ) =

[13]〈54〉[3|(4 + 5)(2 + 6)|7]〈62〉
[35]s45t345t267

− [17]〈6|(1 + 7)|3〉〈54〉〈2|(4 + 5)|3〉
[35]s45t345t167

. (A.52)The non independent olor amplitudes are as follows
A1(1

+
q , 2

−
q̄ , 3

−
Q, 4

+
Q̄
, 5+
g ) = A1(1

+
q , 2

−
q̄ , 4

+
Q, 3

−
Q̄
, 5+
g ) , (A.53)

A1(1
+
q , 2

−
q̄ , 3

−
Q, 4

+
Q̄
, 5−g ) = A1(1

+
q , 2

−
q̄ , 4

+
Q, 3

−
Q̄
, 5−g ) , (A.54)

A2(1
+
q , 2

−
q̄ , 3

−
Q, 4

+
Q̄
, 5+
g ) = A2(1

+
q , 2

−
q̄ , 4

+
Q, 3

−
Q̄
, 5+
g ) , (A.55)

A2(1
+
q , 2

−
q̄ , 3

−
Q, 4

+
Q̄
, 5−g ) = A2(1

+
q , 2

−
q̄ , 4

+
Q, 3

−
Q̄
, 5−g ) . (A.56)A.2 Matrix elementsIn this appendix we present analyti formulas for the olor-orrelated four-partonBorn-level matrix elements and for the four-, �ve-parton Born-level matrix elements.The alulation of the olor-orrelated four-parton amplitudes is a straightforwardappliation of olor algebra and the four-parton heliity amplitudes. However, toour knowledge these results were not published previously. The unorrelated olorsum was �rst alulated in Ref. [40℄. We present our results in terms of the olorsubamplitudes of Appendix A.1. It is a new feature of the matrix elements in thisappendix that they are given in terms of group independent funtions and eigenvaluesof the quadrati Casimir operators of the underlying gauge group.Having the heliity amplitudes at our disposal, we alulate the squared matrixelements summed over �nal state olors without and with olor-orrelation:

|M (0)
n (1, ..., n)|2 = n

(0)< 1, ..., n|1, ..., n >(0)
n , n = 4, 5 , (A.57)

|M (0) i,j
4 (1, ..., 4)|2 = n

(0)< 1h1 , ..., 4h4 |T i · T j |1h
′

1 , ..., 4h
′

4 >(0)
n , (A.58)where in the latter ase we leave the heliity indies expliit so that both orrelatedand unorrelated heliity summation is possible. (Although we did not show the



98 APPENDIX A. THE TREE LEVEL MATRIX ELEMENTSavor indies, the avor summation is also left out, as will beome lear later.) Inthe orrelated ase we have to insert the heliity matrix (see Eq. (4.21))
H

hh′

i,j = δh1h′

1
...〈hi|V i,j |h′i〉...δhnh′

n
, (A.59)and in the unorrelated ase

H
hh′

i,j = δh1h′

1
. . . δhih′

i
. . . δhnh′

n
. (A.60)We evaluate the olor sum in suh a way that the matrix elements are givenas polynomial expressions of the Casimir invariants of the gauge group with groupindependent kinematial oeÆients. In addition to the usual quadrati Casimirs CFand CA, we shall also use a ubi Casimir C3 that is de�ned as

C3 =

NA∑

a,b,c=1

Tr(tatbtc)Tr(tctbta) . (A.61)In the following subsetions we list the expliit formulas for |M (0)
4 |2, |M (0) ij

4 |2 and
|M (0)

5 |2.Four-parton olor-summed matrix elementsIn this subsetion, we give expliit formulas for the olor-summed Born matrix el-ements for four �nal state partons. There are four di�erent ases: the two-quarktwo-gluon proess and three four-fermion proesses (two unequal avor quark pairs,two equal avor quark pairs and the two-quark two-gluino prodution). The olorsummation is straightforward in eah ases, we simply list the results:
|M (0)

4 (1q, 2g, 3g, 4q̄)|2 = NcC
2
F

{
|m(1f1 , 2, 3, 4f4) +m(1f1 , 3, 2, 4f4)|2

− xRe
(
m(1f1 , 2, 3, 4f4)m(1f1 , 3, 2, 4f4)

∗
)}

, (A.62)
|M (0)

4 (1q, 2q̄, 3Q, 4Q̄)|2 = NcC
2
F

{

− 2 Re
(
H(1f1 , 2f2 , 3f3 , 4f4)H(1f1 , 4f4 , 3f3 , 2f2)

∗
)

+ xRe
(
H(1f1 , 2f2 , 3f3 , 4f4)H(1f1 , 4f4 , 3f3 , 2f2)

∗
)

+ y |H(1f1 , 2f2 , 3f3 , 4f4)|2

+ y |H(1f1 , 4f4 , 3f3 , 2f2)|2
}
, (A.63)

|M (0)
4 (1q, 2q̄, 3g̃, 4g̃)|2 = NcC

2
F x |M̃(1f1 , 2f2 , 3, 4)|2 , (A.64)where x and y are ratios of the quadrati Casimirs (x = CA/CF , y = TR/CF and

z = C3/(NcC
3
F )) and H(1f1 , 2f2 , 3f3 , 4f4) is de�ned by

H(1f1 , 2f2 , 3f3 , 4f4) = M(1f1 , 2f2 , 3f3 , 4f4) +M(3f3 , 4f4 , 1f1 , 2f2) . (A.65)



A.2. MATRIX ELEMENTS 99Four-parton olor-orrelated matrix elementsIn this subsetion, we give expliit formulas for the olor-orrelated, olor-summedBorn matrix elements for four �nal state partons. We onsider those four asesas in the previous subsetion. The olor summation is again fairly straightforward,therefore, we only reord the results.For the V → qq̄gg subproess
|M (0) ik

4 (1q, 2g, 3g, 4q̄)|2 = −NcC
3
F

2

{
M ik

0 + xM ik
x + x2M ik

xx

}
, (A.66)where the non-vanishing elements of the matrix M (0) ik

0 are given by
M12

0 = 2(S1 + S2 + S3) , (A.67)of matrix M (0) ik
x are given by

M12
x = −2S1 − 2S2 − 3S3 ,

M13
x = M14

x = M23
x = M24

x = S1 + S2 + S3 , (A.68)and of matrix M (0) ik
x are given by

M12
xx =

1

2
(S1 + S2 + 2S3) , M13

xx = M24
xx = −1

2
(S2 + S3) ,

M14
xx = M23

xx = −1

2
(S1 + S3) , M34

xx =
1

2
(S1 + S2) , (A.69)and the Si funtions are de�ned by

S1 = m(1h1

f1
, 2h2, 3h3 , 4h4

f4
)∗m(1

h′

1

f1
, 2h

′

2 , 3h
′

3, 4
h′

4

f4
) , (A.70)

S2 = m(1h1

f1
, 3h3, 2h2 , 4h4

f4
)∗m(1

h′

1

f1
, 3h

′

3 , 2h
′

2, 4
h′

4

f4
) , (A.71)

S3 = m(1h1

f1
, 2h2, 3h3 , 4h4

f4
)∗m(1

h′

1

f1
, 3h

′

3 , 2h
′

2, 4
h′

4

f4
)

+ m(1h1

f1
, 3h3, 2h2 , 4h4

f4
)∗m(1

h′

1

f1
, 2h

′

2 , 3h
′

3, 4
h′

4

f4
) . (A.72)In the ase of four-quark prodution

|M (0) ik
4 (1q, 2q̄, 3Q, 4Q̄)|2 = −NcC

3
F

2

{
M ik

0 + xM ik
x + yM ik

y + zM ik
z

+x2M ik
xx + xyM ik

xy

}
, (A.73)where the non-zero element of the matries M ik

0 , M ik
x , M ik

y , M ik
z , M ik

xx, M ik
xy arealso listed. The matrix M ik

0 is given by
M12

0 = M14
0 = M23

0 = M34
0 = −2S3 , M13

0 = M24
0 = 2S3 . (A.74)
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x is given by

M12
x = M14

x = M23
x = M34

x = 2S3 , M13
x = M24

x = −3S3 . (A.75)The matrix M ik
y is given by
M12
y = M34

y = 2S1 , M14
y = M23

y = 2S2 . (A.76)The matrix M ik
y is given by

M12
z = M34

z = 2S2 , M14
z = M23

z = 2S1 , M13
z = M24

z = −2(S1 + S2) .(A.77)The matrix M ik
y is given by

M12
xx = M14

xx = M23
xx = M34

xx = −1

2
S3 , M13

xx = M24
xx = S3 . (A.78)The matrix M ik

y is given by
M12
xy = M34

xy = −S1 , M14
xy = M23

xy = −S2 , M13
xy = M24

xy = S1 + S2 . (A.79)For this ase the Si funtions are de�ned as follows:
S1 = H(1h1

f1
, 2h2

f2
, 3h3

f3
, 4h4

f4
)∗H(1

h′

1

f1
, 2
h′

2

f2
, 3
h′

3

f3
, 4
h′

4

f4
) , (A.80)

S2 = H(1h1

f1
, 4h4

f4
, 3h3

f3
, 2h2

f2
)∗H(1

h′

1

f1
, 4
h′

4

f4
, 3
h′

3

f3
, 2
h′

2

f2
) , (A.81)

S3 = H(1h1

f1
, 2h2

f2
, 3h3

f3
, 4h4

f4
)∗H(1

h′

1

f1
, 4
h′

4

f4
, 3
h′

3

f3
, 2
h′

2

f2
)

+ H(1h1

f1
, 4h4

f4
, 3h3

f3
, 2h2

f2
)∗H(1

h′

1

f1
, 2
h′

2

f2
, 3
h′

3

f3
, 4
h′

4

f4
) , (A.82)where H(1f1 , 2f2 , 3f3 , 4f4) is de�ned in Eq. (A.65).Finally, for the V → qq̄g̃g̃ subproess

|M (0) ik
4 (1q, 2q̄, 3g̃, 4g̃)|2 = −NcC

3
F

2

{
xM̃ ik

x + x2M̃ ik
xx

}
, (A.83)where the non-vanishing elements of the matries M̃ ik

x and M̃ ik
xx are given by

M̃12
x = 2|M̃(1f1 , 2f2 , 3f3 , 4f4)|2 ,

M̃12
xx = −M̃34

xx = −|M̃(1f1 , 2f2 , 3f3 , 4f4)|2 ,

M̃13
xx = M̃14

xx = M̃23
xx = M̃24

xx =
1

2
|M̃(1f1 , 2f2 , 3f3 , 4f4)|2 . (A.84)



A.2. MATRIX ELEMENTS 101Five-parton olor-summed matrix elementsIn this subsetion, we give expliit formulas for the olor-summed Born matrix ele-ments for �ve �nal state partons. There are again four di�erent ases: the two-quarkthree-gluon proess, the prodution of two equal, or unequal avor quark pairs plus agluon and the two-quark two-gluino one-gluon prodution.In the ase of the two-quark three-gluon proess the olor summation is straight-forward and leads to the following expression:
M

(0)
5 (1q, 2g, 3g, 4g, 5q̄)|2 = NcC

3
F

{
M0 −

x

2
(M1 + 2M0) (A.85)

+
x2

4
(M0 +M1 +M2)

}
, (A.86)where

M0 =

∣∣∣∣
∑

{2,3,4}

m(1f1 , 2, 3, 4, 5f5)

∣∣∣∣
2

, (A.87)
M2 =

∑

{2,3,4}

|m(1f1 , 2, 3, 4, 5f5)|2 , (A.88)and
M1 + 2M2 = −2 Re

∑

{2,3,4}′

{
m(1f1 , 2, 3, 4, 5f5)

∗

· (m(1f1 , 2, 4, 3, 5f5) +m(1f1 , 3, 2, 4, 5f5) −m(1f1 , 4, 3, 2, 5f5))
}
,(A.89)where {2, 3, 4} denotes the all permutation of the labels 2,3,4 and {2, 3, 4}′ denotesthe yli permutations of these labels.In the ase of the four-quark one-gluon subproesses the olor deomposition ofthe matrix element squared for any avor on�guration an be written in the followingform

|M (0)
5 (1q, 2q̄, 3Q, 4Q̄, 5g)|2 = NcC

3
F

{
M0 + xMx + yMy + zMz

+x2Mxx + xyMxy

}
, (A.90)and the following abbreviations:

M0 = B + C + E , (A.91)
Mx = −1

2
(3C + 2E +B) , My = A+D , Mz = F +G , (A.92)

Mxx =
1

4
(2C + E) , Mxy = −1

2
(F +D) , (A.93)



102 APPENDIX A. THE TREE LEVEL MATRIX ELEMENTSwith the funtions A, B, C, D, E, F de�ned as
A =

∑

{1,3}

∑

{2,4}

2∑

i=1

|Hi|2 , (A.94)
B = −2Re

(
H1H1(2 ↔ 4)∗ +H2H2(1 ↔ 3)∗ + (1 ↔ 3, 2 ↔ 4)

)
, (A.95)

C = −2Re
(
H1H1(1 ↔ 3)∗ +H2H2(2 ↔ 4)∗ + (1 ↔ 3, 2 ↔ 4)

)
, (A.96)

D = 2Re
( ∑

{1,3}

∑

{2,4}

H1H
∗
2

)
, (A.97)

E = −2Re
(
(H1 +H1(1 ↔ 3, 2 ↔ 4))(H2(1 ↔ 3) +H2(2 ↔ 4))∗

+(H1 ↔ H2)
)
, (A.98)

F = 2Re
(
H1H1(1 ↔ 3, 2 ↔ 4)∗ +H1(1 ↔ 3)H1(2 ↔ 4)∗

+ (H1 ↔ H2)
)
, (A.99)

G = 2Re
(
H1H2(1 ↔ 3, 2 ↔ 4)∗ +H1(1 ↔ 3)H2(2 ↔ 4)∗

+ (H1 ↔ H2)
)
, (A.100)where

H1(1f1 , 2f2 , 3f3 , 4f4 , 5g) = M1(1f1 , 2f2 , 3f3 , 4f4 , 5g)

+ M3(3f3 , 4f4 , 1f1 , 2f2 , 5g) , (A.101)
H2(1f1 , 2f2 , 3f3 , 4f4 , 5g) = M2(1f1 , 2f2 , 3f3 , 4f4 , 5g)

+ M4(3f3 , 4f4 , 1f1 , 2f2 , 5g) . (A.102)For the V → qq̄g̃g̃g proess the square of the matrix element an be written inthe form:
|M (0)

5 (1q, 2q̄, 3g̃, 4g̃, 5g)|2 = NcC
3
F

{
xM̃x + x2M̃xx

}
, (A.103)where

M̃x = |M̃1 + M̃2|2 (A.104)
M̃xx = |M̃3 + M̃4|2

+
1

2
Re
(
(M̃1 + M̃2)(M̃3 + M̃4)

∗
)

− Re
(
(M̃1 + M̃4)(M̃2 + M̃3)

∗
)
. (A.105)



Appendix BThe one-loop level matrixelementsIn this appendix we present the group independent olor deomposition of four partonone-loop matrix elements in eletron-positron annihilation (this results are publishedin [2℄). In Refs. [45, 46℄ Campbell, Glover and Miller make FORTRAN programs forthe NLO squared matrix elements of the e+e− → γ∗ → q̄qQ̄Q and q̄qgg proessespublily available. In Refs. [44, 47℄ Bern, Dixon, Kosower and Wienzierl give analytiformul� for the heliity amplitudes of the same proesses with the e+e− → Z0 →four partons hannel inluded as well. In this presenting, we rely on the work of Bern,Dixon, Kosower and Wienzierl and we use the same notation as artiles [44, 47℄ andintrodue new ones but to the extent that is neessary.Our aim is to give the NLO squared matrix elements for the e+e− → q̄qp̄p pro-esses (p = Q, g, or g̃) in terms of olor fators multiplied by group independent kine-mati funtions. In order to �nd a group independent deomposition of the squaredmatrix element, we have to give di�erent olor deompositions of the one-loop heli-ity amplitudes for the various proesses than those presented in Refs. [44, 47℄, wherethe olor harge information has been lost by the use of the SU(Nc) Fierz identityand SU(Nc) relations CF = (N2
c − 1)/Nc, CA = 2Nc (for TR = 1). In the newolor deomposition we an only use the de�ning relation of the Lie algebra in Eq.(2.7) and de�nition of the quadrati Casimir invariants CF , CA in Eq. (2.8). Carefulanalysis of the olor struture of the individual Feynman diagrams ontributing to agiven proess shows that the olor harge information an ompletely be reoveredfrom the primitive amplitudes of Refs. [44, 47℄ for the QCD subproesses, while inthe ase of two-quark two-gluino prodution minor modi�ation of the partial ampli-tudes is neessary. In order we an use those primitive amplitudes we use TR = 1normalization.In the next we give the olor deomposition of the amplitudes of all relevantproess. 103



104 APPENDIX B. THE ONE-LOOP LEVEL MATRIX ELEMENTSFour quarks proessLet us �rst onsider the e+e− → q̄qQ̄Q proess. We are interested in the olordeomposition of the amplitude |1h1

f1
, 2h2

f2
, 3h3

f3
, 4h4

f4
; 5
hℓ̄

ℓ̄
, 6hℓ

ℓ >
(0)
4 up to one-loop level.The 5,6 legs are the lepton pair, 1,3 legs are the outgoing quarks and 2,4 legs are theoutgoing anti-quarks. The label f1, f2, f3, f4 denote the avour of the legs 1,2,3,4respetively. The olor deomposition of the tree level heliity amplitude is given by

|1h1

f1
, 2h2

f2
, 3h3

f3
, 4h4

f4
>

(0)
4 = g2

s

∑

{1,3}

∑

{2,4}

(−1)P (1,3)+P (2,4)
NA∑

c=1

tci1 ī4t
c
i3 ī2

· C̃h1hℓ

f1f4
Ã6;0(1

h1

q , 2
h2

Q̄
, 3h3

Q , 4
h4

q̄ ) , (B.1)where P (a, b) = 0 if the element are in anonial order (a, b) and P (b, a) = 1 if theelements are permuted. The QCD oupling is denoted by gs, hx is the heliity ofpartile x and the oupling fators C̃hqhe

fqfq̄
= s56 C

hqhe

fqfq̄
is de�ned in Eq. (A.20, A.24).At one loop level the group independent olor deomposition of the heliity am-plitudes is given by

|1h1

f1
, 2h2

f2
, 3h3

f3
, 4h4

f4
>

(1)
4 = (4πgs)

2
∑

{1,3}

∑

{2,4}

(−1)P (1,3)+P (2,4)

·
{
C̃h1hℓ

f1f4

[
Ã6;1(1

h1

q , 2
h2

Q̄
, 3h3

Q , 4
h4

q̄ )

NA∑

c=1

tci1 ī4t
c
i3 ī2

+ Ã6;2(1
h1

q , 2
h2

Q̄
, 3h3

Q , 4
h4

q̄ )

NA∑

c,d=1

(tctd)i1 ī4(t
dtc)i3 ī2




+ C̃he
ax Ã6;3(1

h1

q , 2
h2

Q̄
, 3h3

Q , 4
h4

q̄ )

NA∑

c=1

tci1 ī4t
c
i3 ī2

}
, (B.2)where C̃hℓ

ax vanishes for the photon andW± boson, while for the e+e− → Z0 → q̄qQ̄Qproess it is
C̃+

ax =
v+
e

sin 2θW
s56 PZ(s56) , C̃−

ax =
v−e

sin 2θW
s56 PZ(s56) , (B.3)with θW being the Weinberg angle. In Eq. (B.2) we used the notation Ã6;i for thepartial amplitudes in order to distinguish them from the A6;i funtions introduedin Ref. [44℄, where the basi gauge invariant lasses of olorless amplitudes, the`primitive amplitudes' are also given expliitly. Our new partial amplitudes an beexpressed in terms of the same primitive amplitudes multiplied by olor fators. Theexpressions depend on the heliities of the partons. There are only two independentheliity on�gurations, whih an be taken to be (1+

q , 2
±
Q̄
, 3∓Q, 4

−
q̄ ; 5−

ℓ̄
, 6+
ℓ ), and fromwhih the amplitudes of the other heliity on�gurations an be obtained [44℄.



105Formulas (B.1) and (B.2) apply to the ase of unequal quark avors, q 6= Q. Theequal avor amplitude may be obtained from the unequal-avor formula by subtratingthe same formula with q and Q exhanged and then setting Q = q in all the ouplingonstant prefators [44℄.The expliit expressions for the Ã6;i partial amplitudes in terms of primitive am-plitudes are (we suppress the 5, 6 labels of the lepton pair)
Ã6;0(1

+
q , 2

+
Q̄
, 3−Q, 4

−
q̄ ) = Atree;++

6 (1, 2, 3, 4) ,

Ã6;1(1
+
q , 2

+
Q̄
, 3−Q, 4

−
q̄ ) = −CFAsl

6 (2, 3, 1, 4) +At,++
6 (1, 2, 3, 4) (B.4)

+
CA
2

(
Asl

6 (2, 3, 1, 4)−A+−
6 (1, 3, 2, 4)

)

− nf

(
Af,++

6 (1, 2, 3, 4) +As,++
6 (1, 2, 3, 4)

)
, (B.5)

Ã6;2(1
+
q , 2

+
Q̄
, 3−Q, 4

−
q̄ ) = A++

6 (1, 2, 3, 4) +A+−
6 (1, 3, 2, 4) , (B.6)

Ã6;3(1
+
q , 2

+
Q̄
, 3−Q, 4

−
q̄ ) = Ãax

6 (1, 4, 2, 3) , (B.7)while for the other heliity on�guration
Ã6;0(1

+
q , 2

−
Q̄
, 3+
Q, 4

−
q̄ ) = Atree;+−

6 (1, 2, 3, 4) ,

Ã6;1(1
+
q , 2

−
Q̄
, 3+
Q, 4

−
q̄ ) = CFA

sl
6 (3, 2, 1, 4) +At,+−

6 (1, 2, 3, 4)

− CA
2

(
Asl

6 (3, 2, 1, 4) +A++
6 (1, 3, 2, 4)

)

− nf

(
Af,+−

6 (1, 2, 3, 4) +As,+−
6 (1, 2, 3, 4)

)
, (B.8)

Ã6;2(1
+
q , 2

−
Q̄
, 3+
Q, 4

−
q̄ ) = A++

6 (1, 3, 2, 4) +A+−
6 (1, 2, 3, 4) , (B.9)

Ã6;3(1
+
q , 2

−
Q̄
, 3+
Q, 4

−
q̄ ) = −Ãax

6 (1, 4, 3, 2) , (B.10)where we rede�ned the amplitude Aax
6 (1, 4, 3, 2). Thus we have

Ãax
6 (1, 2, 3, 4) = − 2i

(4π)2
f(mt; s12, s34, s56) − f(mb; s12, s34, s56)

s56

·
(

[63]〈42〉〈25〉
〈12〉 − [61][13]〈45〉

[12]

) (B.11)where f(...) funtion is de�ned in Ref. [44℄ and mt and mb denote the mass of quark
botton and top respetively.Two quarks two gluinos proessThe gluino is a majorana fermion in the adjoint representation of the gauge groupand does not ouple to the vetor bosons diretly. Therefore, the e+e− → q̄qg̃g̃ sub-proesses has similar olor deomposition to that of the e+e− → q̄qQ̄Q subproess.



106 APPENDIX B. THE ONE-LOOP LEVEL MATRIX ELEMENTSAt tree level this deomposition reads
|1h1

f1
, 2h2

g̃ , 3
h3

g̃ , 4
h4

f4
>

(0)
4 = g2

sC̃
h1hℓ

f1f4
Ã6;0(1

h1

q , 2
h2

g̃ , 3
h3

g̃ , 4
h4

q̄ )

NA∑

c=1

tci1 ī4F
c
g̃2g̃3 ,(B.12)while at one-loop it is

|1h1

f1
, 2h2

g̃ , 3
h3

g̃ , 4
h4

f4
>

(1)
4 = (4πgs)

2

{
C̃h1hℓ

f1f4

[
Ã6;1(1

h1

q , 2
h2

g̃ , 3
h3

g̃ , 4
h4

q̄ )

NA∑

c=1

tci1 ī4F
c
g̃3g̃2

+Ã6;2(1
h1

q , 2
h2

q̄ , 3
h3

q̄ , 4
h4

q̄ )

NA∑

c,d=1

(tctd)i1 ī4(F
dF c)g̃3g̃2




+ C̃hℓ
ax Ã6;3(1

h1

q , 2
h2

q̄ , 3
h3

q̄ , 4
h4

q̄ )

NA∑

c=1

tci1 ī4F
c
g̃3g̃2

}
. (B.13)The Ã6;i partial amplitudes for the e+e− → q̄qg̃g̃ proess are losely related tothose of the e+e− → q̄qQ̄Q proess. In fat, the Ã6;2 and Ã6;3 amplitudes are exatlythe same,

Ã6;0(1
+
q , 2

±
g̃ , 3

∓
g̃ , 4

−
q̄ ) = Ã6;0(1

+
q , 2

±
Q̄
, 3∓Q, 4

−
q̄ ) , (B.14)

Ã6;2(1
+
q , 2

±
g̃ , 3

∓
g̃ , 4

−
q̄ ) = Ã6;2(1

+
q , 2

±
Q̄
, 3∓Q, 4

−
q̄ ) , (B.15)

Ã6;3(1
+
q , 2

±
g̃ , 3

∓
g̃ , 4

−
q̄ ) = Ã6;3(1

+
q , 2

±
Q̄
, 3∓Q, 4

−
q̄ ) , (B.16)while the Ã6;1 amplitudes di�er in terms arising from fermion bubble and parenttriangle diagrams [44℄,

Ã6;1(1
+
q , 2

±
g̃ , 3

∓
g̃ , 4

−
q̄ ) = Ã6;1(1

+
q , 2

±
Q̄
, 3∓Q, 4

−
q̄ ) − (CF − CA)A∆,+±

6 (1, 2, 3, 4)

− ng̃
CA
2

(
Af,+±

6 (1, 2, 3, 4) +As,+±
6 (1, 2, 3, 4)

)
, (B.17)where ng̃ is the number of light gluino avors and

A∆,+±
6 (1, 2, 3, 4) =

cΓA
tree,+±
6 (1, 2, 3, 4)

[
− 1

ǫ2

(
µ2

−s23

)ǫ
− 3

2ǫ

(
µ2

−s23

)ǫ
− 7

2

]
, (B.18)with cΓ and Atree,++

6 given in Ref. [44℄. We remark here that gluinos are Majoranafermions therefore, the ross setion requires an idential-partile fator of 1
2 in thephase-spae measure.



107Two quarks two gluons proessFinally, the new olor deomposition of the heliity amplitudes for the e+e− → q̄qggproess at tree level is given by
|1h1

f1
, 2h2

g , 3
h3

g , 4
h4

f4
>

(0)
4 = g2

sC̃
h1hℓ

f1f4

[
Ã6;0(1

hq
q , 2

h2

g , 3
h3

g , 4
h4

q̄ )(tg2tg3)i1 ī4

+ Ã6;0(1
h1

q̄ , 3
h3

g , 2
h2

g , 4
h4

q̄ )(tg3 tg2)i1 ī4

]
, (B.19)and at one-loop it is

|1h1

f1
, 2h2

g , 3
h3

g , 4
h4

f4
>

(1)
4 = (4πgs)

2

{

C̃h1hℓ

f1f4

[
Ã6;1(1

h1

q , 2
h2

g , 3
h3

g , 4
h4

q̄ )(tg2tg3)i1 ī4

+ Ã6;2(1
h1

q , 2
h2

g , 3
h3

g , 4
h4

q̄ )(tg3tg2)i1 ī4

+ Ã6;3(1
h1

q , 2
h2

g , 3
h3

g , 4
h4

q̄ )

NA∑

c,d=1

(tctd)i1 ī4(F
dF c)g3g2

]

+

nf∑

f=1

1

2

(
C̃+hℓ

ff + C̃−hℓ

ff

)
Ã6;4(1

h1

q , 2
h2

g , 3
h3

g , 4
h4

q̄ )

·
NA∑

c=1

[
Tr(tg2tg3tc)tci1 ī4 + Tr(tg3tg2tc)tci1 ī4

]

+C̃hℓ
ax

[
ÃA6;5(1

h1

q , 2
h2

g , 3
h3

g , 4
h4

q̄ )(tg2tg3)i1 ī4

+ ÃB6;5(1
h1

q , 2
h2

g , 3
h3

g , 4
h4

q̄ )(tg3 tg2)i1 ī4

+ ÃC6;5(1
hq
q , 2

h2

g , 3
h3

g , 4
hq̄

q̄ )

·
NA∑

c=1

[
Tr(tg2tg3tc)tci1 ī4 + Tr(tg3tg2tc)tci1 ī4

] ]
}

. (B.20)The partial amplitudes Ã6;i an easily be onstruted from the primitive amplitudesof Ref. [47℄:
Ã6;0(1

+
q , 2

h2

g , 3
h3

g , 4
−
q̄ ) = Atree6 (1+

q , 2
h2

g , 3
h3

g , 4
−
q̄ ) , (B.21)

Ã6;3(1
+
q , 2

h2

g , 3
h3

g , 4
−
q̄ ) = A6;3(1

+
q , 4

−
q̄ ; 2h2

g , 3
h3

g ) , (B.22)
Ã6;4(1

+
q , 2

h2

g , 3
h3

g , 4
−
q̄ ) = Av

6;4(1
+
q , 4

−
q̄ ; 2h2

g , 3
h3

g ) , (B.23)



108 APPENDIX B. THE ONE-LOOP LEVEL MATRIX ELEMENTSand the more ompliate amplitudes are given by
Ã6;1(1

+
q , 2

h2

g , 3
h3

g , 4
−
q̄ ) = CFA6(1q, 4q̄; 3, 2) +At,++

6 (1q, 2, 3, 4q̄)

+
CA
2

[A6(1q, 2, 3, 4q̄) −A6(1q, 4q̄; 3, 2) −A6;3(1q, 4q̄; 3, 2)]

−nf
(
Af,++

6 (1q, 2, 3, 4q̄) +As,++
6 (1q, 2, 3, 4q̄)

)
, (B.24)

Ã6;2(1
+
q , 2

h2

g , 3
h3

g , 4
−
q̄ ) = CFA6(1q, 4q̄; 2, 3) +At,++

6 (1q, 3, 2, 4q̄)

+
CA
2

[A6(1q, 3, 2, 4q̄) −A6(1q, 4q̄; 2, 3)]

−nf
(
Af,++

6 (1q, 3, 2, 4q̄) +As,++
6 (1q, 3, 2, 4q̄)

)
, (B.25)and the axial amplitudes are

ÃA6;5(1
+
q , 2

h2

g , 3
h3

g , 4
−
q̄ ) =

1

2

[
Aax

6;4(1
+
q , 4

−
q̄ ; 2h2

g , 3
h3

g ) − Aax
6;4(1

+
q , 4

−
q̄ ; 3h3

g , 2
h2

g )

+Aax
6;5(1

+
q , 4

−
q̄ ; 2h2

g , 3
h3

g )
]
, (B.26)

ÃB6;5(1
+
q , 2

h2

g , 3
h3

g , 4
−
q̄ ) =

1

2

[
Aax

6;4(1
+
q , 4

−
q̄ ; 3h3

g , 2
h2

g ) − Aax
6;4(1

+
q , 4

−
q̄ ; 2h2

g , 3
h3

g )

+Aax
6;5(1

+
q , 4

−
q̄ ; 2h2

g , 3
h3

g )
]
, (B.27)

ÃC6;5(1
+
q , 2

h2

g , 3
h3

g , 4
−
q̄ ) =

1

2

[
Aax

6;4(1
+
q , 4

−
q̄ ; 2h2

g , 3
h3

g ) + Aax
6;4(1

+
q , 4

−
q̄ ; 3h3

g , 2
h2

g )

−Aax
6;5(1

+
q , 4

−
q̄ ; 2h2

g , 3
h3

g )
]
. (B.28)Before losing the disussion of the heliity amplitudes, we should remark that inorder to take into aount the e�et of light gluinos in a NLO alulation fully, onehas to make the hange

nf → nf +
CA
2
ng̃ (B.29)in Eqs. (B.4), (B.8) and (B.24), (B.25), where in SU(Nc) theory CA = 2Nc for

TR = 1.As a next step we use Eqs. (B.1), (B.2), (B.12), (B.13), and (B.19), (B.20) togive a gauge independent deomposition of the NLO squared matrix elements. Thegeneral expression for these matrix elements is
dσNLO, virtual

4 ∝ 2
∑

helicities

∑

colors

Re
[

4
(0)< 1, ...,m|1, ...,m >

(1), fin
4

]
, (B.30)where olor sum is evaluated in suh a way that the group independent information ismaintained. For this purpose, we use the ommutation relation (2.7) together withthe de�nition of the quadrati Casimirs, Eq. (2.8) to derive the neessary Lie-algebrarelations.



109The resulting di�erential ross setions an be written as a quadrati form:
1

σ0
dσNLO, virtual

4 (~p) =

(
αsCF

2π

)3

[C0(~p) + Cx(~p)x+ Cy(~p) y + Cz(~p) z

+Cxx(~p)x
2 + Cxy(~p)x y + Cyy(~p) y

2
]
. (B.31)In this equation σ0 denotes the Born ross setion for the proess e+e− → q̄q, ~p isthe olletion of the �nal state momenta, and x, y and z are ratios of eigenvalues ofthe Casimir operators de�ned as

x =
CA
CF

, y =
TR
CF

=
Nc
NA

, z =
C3

NcC2
F

. (B.32)These ratios are the sole quantities together with the overall normalization that arrygroup information. The oeÆients Ci(~p) are the group independent kinematialfuntions that depend on the subproess. Their expliit expressions are quite ompli-ated, but an be obtained straightforwardly using the formulas of this appendix.
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