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Chapter 1

Introduction

It is generally believed that the strong interaction which acts between the constituents
of hadrons, is described by the theory of Quantum Chromodynamics (QCD). The two
type of the constituents, called partons, are presented by the quarks and gluons which
correspond to matter and force carriers respectively. There are indications that the
QCD explains the experimental observation that the quarks and the gluons only ap-
pear as confined states and do not occur as free particles. The fact that the hadrons
are observed instead of partons (quarks and gluons), is theoretical explained by the
principle of color confinement: only colorless objects occur in nature. Prediction of
QCD for any strong interacted process can be obtained in principle which turns out
to be very hard. However under specific conditions it is possible to compute some
quantities by means of perturbative method. This approach is justified by asymptotic
freedom of QCD. With this property of QCD and the renormalization group tech-
niques one can define the running coupling constant a(Q) which become zero in the
limit Q — oo. This behaviour in the high scale region allows us to make perturbative
expansion in a,(Q). The lowest order of this perturbative expansion corresponds to
the naive parton model approach or to so-called leading order approximation (LO).
However, the LO calculation can predict only the order of magnitude of a given cross
section and the rough features of a certain observable. The accuracy of the pertur-
bative expansion is controlled by the size of the higher-order calculations. Any QCD
prediction thus requires (at least) a next-to-leading order (NLO) calculation and the
NLO definitions of the related components (e.g a,(Q)).

These higher-order computations have been carried out over a period of about
twenty years, often long after the accuracy of experimental data has made them
necessary, because of the difficulties in the setting up a general and straightforward
calculational procedure.

One of these difficulties is the treatment of the matrix elements. Because of
the complexity of the non-abelian vertices the expression of the matrix elements
becomes huge by increasing the external legs of matrix element. This problem arise
at leading order too. Otherwise, the loop matrix elements contain integrals over the
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loop momenta. In principle and some important cases [42] the problem of the one-
integrals is solved, but the two loop integrals are known only in some special cases.
At this moment, the calculation of the higher loop amplitudes is hopeless.

The other difficulty is in necessity of factorizing the long- and short-distance
components of the scattering processes and is reflected in the perturbative calculation
by the presence of divergences. The cancellation of these divergences is main task
of the next-to-leading (or higher order) calculation. There are many general method
have been developed for calculating NLO cross sections. When | started my works
in the topic of perturbative QCD | also had took a share in the developing an NLO
calculation method [8].

In this dissertation | discuss the theoretical description of the four-jet production
in electron-positron annihilation at NLO level. The motivations of this project are
the followings.

The electron-positron annihilation is the cleanest way to test QCD in high en-
ergy elementary particle reactions and measure the strong coupling constant as. The
other ingredient of the QCD, that is in principle free, is the underlying gauge group.
Although by now nobody questions that QCD is based upon SU(3) gauge theory, the
“full” measurement of QCD, that is the simultaneous measurement of the strong
coupling and the eigenvalues of the quadratic Casimirs of the underlying gauge the-
ory, the Cr and C4 color charges, is not a purely academic exercise. The possible
existence of light gluinos [62] influences both the value of « and the measured value
of the color charges. Thus the only consistent framework to check whether the data
favor or exclude the additional degrees of freedom is a simultaneous fit of these pa-
rameters to data. The sensitivity of a given observable on the color charges however,
is influenced by the fact that in perturbation theory the three gluon coupling appears
at tree level first for four-jet final states. Therefore, four-jet observables seem to be
the best candidates to measure the color factors.

On the other hand the knowledge of the weight of the QCD four-jet events is
important in the point of view some other non-QCD processes. For example the the
the eTe™ — WTW ™ events lead to four-jet final state. The QCD four-jet events
mean the main background for Higgs and other new particle searches.

The outline of this thesis is as follows. In Chapter 2 a brief introduction is given
elements of QCD (Lagrangian, regularization, running coupling,...). In Chapter 3
the description of the hadronic final states are discussed. The number of physical
quantities are defined which help us to characterize the events and we give the general
scheme of the theoretical description. In the Chapter 4 one of the general method
[53] is presented for calculating NLO jet cross sections in ete™ annihilation. In the
Chapter 5 the physical results for some relevant four-jet quantities are presented. In
Appendix A and Appendix B the four- and five-parton matrix elements are given.



Chapter 2

Basics of QCD

In this chapter the basics of perturbative QCD are briefly discussed. First we define the
Lagrangian and then present the QCD Feynman rules. We give a short overview about
the regularization, renormalization and the renormalization group equations. The
solution of the renormalization group equations presents the asymptotic behaviour of
the coupling constant and the masses.

2.1 The QCD Lagrangian

QCD is a renormalizable quantum field theory of the strong interaction. Its funda-
mentals fields are the Dirac spinor fields describing particles of spin 1/2, called quarks
with fractional electromagnetic charge and the gauge fields corresponding to electro-
magnetic chargeless and massless particles of spin 1, called gluons. The underlying
gauge group is the SU(3). The Lagrangian is defined by sum of the two terms

L?foD = Lipy + Lgauge ’ (21)
where the first term is the classical gauge invariant term was defined at first by Yang
and Mills in [10].

(T 1 W a
Lin zzw(lp_mf)wf_zag G, (2.2)
f

where m; denotes the mass of the quark with flavour f and G%” is the strength
tensor of the gauge field. We introduced the covariant derivative in the fundamental
representation of gauge group.

D =~,D" | DH = M + iggt* AF (2.3)
G, = 0, AL — 0, A% —ig i AL AL (2.4)

pv

3
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where g, denote the strong coupling constant. Here t* and Fy, are the fundamental
and adjoint representation of the generators of the gauge group. The fields i are
the quark fields and A# are the gluon fields.

Because of the gauge invariance, the A% gauge fields are determined up to a gauge
transformation. During the quantization this freedom give to rise any problem. We
have to fix the gauge. The physical quantities are independent of this gauge choice.
In the case of covariant Lorentz gauge the gauge fixing term Lgqyqe in the expression
of Lagrangian can be written as follows

]- * a : a C
Lgauge = _2_5(8/1145)2 + Oung (0Fn* — igs Fm® AP°) (2.5)

or in the case of axial gauge
_ 1 AM)?2
Lgauge - _2_€(nll« a) ’ (26)

where £ is an arbitrary parameter and the n* is a space or light like (n? < 0) four-
vector. In Eqg. (2.5) the last term is the contribution of non-physical Faddeev-Popov
ghost fields. These fields are fermionic with scalar kinematic term in the Lagrangian.

The fundamental t* and adjoint F}}, representation of generators of the gauge
group satisfied the relation of the Lie-algebras

[t t"ap = if "t [Fe, F*g = if*°Fg | (2.7)
where f“bC = fape IS the structure constants are related to the adjoint representation
via F2 = —ifape. The quadratic Casimir invariants Cr and C4 are defined by

NA NA
> (") ap = Crdag, Y (F'F1%)eq=Cabea, Tr(t"") =Trd", (2.8)
a=1 a=1

where N4 is the number of the t* generators. The last equation in (2.8) is the
normalization equation. The usual normalization is the T = 1/2 choose. In the case
of SU(N,) the quadratic Casimirs are Cr = (N2 —1)/(2N.), Ca = N..

2.2 Feynman rules

During the perturbative calculation we use the Feynman rules which are derived from
the Lagrangian. Using these rules we can calculate the amplitudes of any process. In
Table (2.1) the Feynman rules are given in standard notation in the cases of Lorentz
and axial gauge. The rules of the Faddeev-Popov ghost fields is given in Table (2.2).
In this table we also listed the color truncated Feynman rules. More details can be
found about these rules in the paper of Mangano-Parke [41]
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Table 2.1: Feynman rules for QCD

o Quark leg with momentum p, color a and helicity h.
Standard notation: . (p)
Color truncated: (p+|, h=+£, m=0
0 Antiquark leg with momentum p, color o and helicity h.
ﬁ Standard notation: v, (p)
Color truncated: |p£) , h=F, m=0
Gluon leg with momentum k, color a and helicity h.
Uk a Standard notation: e, (k,h = +)
ANNNNNANN k =+ |v,|pt
h Color truncated: Ef(k,p) = iw , h=+4
V2(p F |kF)
where p is an arbitrary reference momentum.
« P B Standard notation: id,5(p + m)/(p? — m? +10)
Color truncated: ip/p? ,m =0
Standard notation: — i645 P, /(k? +i0)
a Kk b - Lorentz gauge: P, = g — (1 — O)kyuky /(k? +10)
M - Axial gauge: P, = g + kuky (n® + Ek%) (k- n) 2
= (nuky + k) (k-m) ™t
Color truncated: — ig,,, /k>
ap
Standard notation: igsy,tg s
Color truncated: i(gs/v/2)v,
a B
a Standard notation: igs Fi.V,.ua(p, ¢,7)
P Color truncated: i(gs/v2) Vi (p, g, 1)
RO V(s @,7) = gua(® — 1)v + guoa(r — @) + g (g — P)a
b, v C A (all momenta outgoing)
d, .
an P Standard notation: ig2 (F2,FZ,(979vp — Gup9ur)
HF (900950 = 9ungvp) + FicFig(9u0 950 = upgun))
£V o Color truncated: ig? (guxgvp — 5 (GupGur + Guvap))
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Table 2.2: Feynman rules for ghost fields

Standard notation:
a kb -Lorentz gauge: idqp/ (k% + i0)
-Axial gauge: no ghost fields

Standard notation:
-Lorentz gauge: igsp, F?,
N -Axial gauge: no ghost fields

2.3 Regularization

In a given order of the perturbative calculation a physical amplitude can be written
as a sum of the all topologically independent Feynman diagrams. The higher order
diagrams contain closed loops. These loop diagrams mean the quantum corrections.
These integrals (loop, phase space) contain various singularities. If we want to cal-
culate for example a cross section in naive way we won't be able to interpret that
result. We have to regularize the theory and in this regularized theory the calculated
quantities are finite and removed the regularization remains finite. A n-point Green
function can be written in the following form

47
) = [ [H 5 WZ)] E[k?_;l?m N . (29)

where p1, .., p, denote the external momenta and [;'s are the loop momenta. The
numerator in Eq.(2.9) N({p,{}) is a function of the external and internal momenta.
The momenta k;'s are linear expression of the external and internal momenta. In
this expression the integrand contains infrared (IR) and ultraviolet divergences (UV)
in the worst case. The UV divergences arise from the big loop energy region. This
shows IR behavior when one of the particle lines is on-shell (k3 = m7).

There are many regularization scheme in the literature but we are interesting in
that scheme which is able to regularize both in the UV and IR regions. Otherwise,
it has to preserve the physical requirements (Lorentz and gauge invariance, unitary,
etc). In this sense the dimensional regularization is the most suitable for gauge theory.
In this regularization scheme the dimension of the spacetime is shifted by 2e where
€ a real or complex number. The effects of the dimensional regularization are the
followings

1. Change dimension of the the space time.

d=4 — d=4-2€ (2.10)
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2. The action must remain dimensionless. From this condition we find for the
strong coupling constant

8s — 8skS (2.11)
where p is an arbitrary scale parameter.

3. The vector indices run between 1 and d.

4 d
d*k dk
4= E 1 — d= E 1 — 2.12
v=1 v=1 ’ (27T)4 (27T)d ( )

4. The dimension of the Dirac-matrices is d.
{47} = 2", g =d wrv=1,..d (2.13)
Let see a simple example for a divergent integral in the regularized theory

d472e 1
I,(4—2€) = .
s(4-2¢) / (2m)* =2 (k% —m? +10)

(—1)%i(4m) "2 (m? —i0)2 ¢

I'(s—2+¢)

) (2.14)

where I'(s) is the Euler-gamma function. In d = 4 dimension this integral has one
UV pole if s = 2.

2.4 Renormalization

The renormalization is a procedure which makes our physical predictions free from
UV divergences. This renormalization procedure is well defined in all order of the
perturbative calculation and can be evaluated. We renormalize the fields and the
parameters by the Z; renormalization constants. These constants are defined well
only in the regularized theory since these constants contain poles in the term of
variable € (as 1/ePand p > 0 integer).

Let define the renormalized and bare quantities (fields and parameters) by the
followings

(A = z*A (2.15)
Wp)s = Z/ %y (2.16)
(a)s = Z)’na (2.17)
&' = ZeZy'e! (2.18)
(89)B = Zygsp' (2.19)
(mp)p = ZmZy'myg (2.20)
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where the index B denotes the bare quantities which are infinite in the non-regularized
theory. The Z; renormalization can be expanded in the number of loop giving

o0 asn
Z=3(5) X

n=0 J

2 R (2.21)

-~ 2" /)

where o, = g2/(4m). The renormalized Lagrangian is defined by

Leff(QOBy §B; (gS)B7 (mf)B) = Leff(%@ 5, gs; mf) + Lcoum‘,(@7 5, s, My, Zl) 7(222)

where ¢ denotes the all fields. The effective L.y is defined by Eq.(2.2, 2.3, 2.5,
2.6). At the same time Eq.(2.22) defines the L.oun: counter term.

The Z; renormalization constants are defined unambiguously up to the poles.
There are many renormalization schemes. The simplest renormalization scheme is
the minimal subtraction scheme (MS). In this case we subtract only the poles. The
renormalization constants of this scheme are the followings

s 13 ¢\ 4 1
Zy = 14 e > 2.2
4 +27r(0 (6 2) 3R”f)2 (2.23)
Qg 1
Zy, = 1— =¢Cp— 2.24
Y 5-CF 5 (2.24)
Zm = 1= 23100~ (2.25)
"o 21 Foe '
Ze = 1 (2.26)
ag (11 4 1
Qg 1
Zy, = 1——(£— — 2.28
7 o (§—3)Ca 3¢ (2.28)

where n; is the number of the flavours. An other simple and popular renormalization
scheme is the modified minimal subtraction scheme (M S) is defined by the redefinition
of the 1/¢ pole

1 1
P €_7E+ln(477) ; (2.29)

where g is the Euler number.

Renormalization group equation

The theoretical predictions for the physical quantities must be independent of the
renormalization scheme. This equivalent with that the Green functions and the phys-
ical quantities are independent of the p parameter. Otherwise a F' physical or non-
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physical (e.g. Green functions) quantity satisfies the renormalization group equation

0 0 9]
[/‘@ + ﬁ(asyfaxi)ﬁ + 5(asa£7xi)a_§

0
_ym(as,g,xi)zxfa—w— (00, &) | Flas, & misp ) =0, (2.30)
f

where the introduced universal functions, which depend on the «g, &, 2, = m;/u
parameters, are defined by

dog

W = Plasgaa) (2.31)
dm

1 d,uf - _mf’)/m(asagvxi) ) f: ]_,...,’fo ) (232)
d

= (o E ) (233)
o

and the v anomalous dimension

’Y(asafvxi) = nA’)/A(OéS,g,Z'i)+nw’y¢(0&s,€,$i)+nn'}/n(063,€,$i) ) (234)

dz
po = Zavalas &) (2.35)

m

dz
ngt = Zywles &) (2.36)

m

dz
:ud—'un = Z”]’Yn(awgaxi) ’ (237)

where n4, ny, ny, are the number of truncated gluon, quark, ghost external legs
of the F. If F is a scattering amplitude (S-matrix) then ny = ny = n, = 0 and
F doesn’t depend on the £ gauge parameter because of a physical quantities are
independent of the gauge choice (0F/9¢ = 0). We always calculate in a given order
of the perturbative calculation, so the scale independence is also required in that same
order (dF/du = O(as(p)™) and n is positive). Because of this cut in the series of
ay, the results will depend on the renormalization scale parameter.

Running parameters

The solution of Eq.(2.31) gives the scale dependences of the coupling and masses.
Functions 8 and ~,, are determined by the renormalization constants. At two-loop
level the renormalization equations for the coupling and for the masses are the fol-
lowings
da
i
dm
H—d !
m

—a2By — @By + ... (2.38)

= —my(@sy0 + a2y +...) f=1,..,n;, (2.39)
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where @ = a5/(27) and the j3;, v; coefficients are

11 4 17 10
Bo = ?CA — gTRnf , b1 = ?Ci — 2CFTRnf — ?CATRnf , (2.40)
3 5 97 5
Y0 = 3CF v1=-Cpr+ —=CaCrp — CpTRrny . (2.41)
4 12 3
The solution of equation of coupling constant is given by
_ as(v) < Pr_ 1n(w(u)))
Qs = 1 — —a,(v)————= , 2.42
W= U m ™ ) (242
wi) = 1-gaa (L) (2.43)

where v is an arbitrary reference scale. By the experiments, the strong coupling
at the Z° peak is a,(v = 91.187 GeV) = 0.118 4 0.006. From Eq.(2.42) we can
obtain the asymptotic behavior of the coupling. In the limit 4 — oo, @y — 0.
So, asymptotically the effective coupling vanishes (the theory presents asymptotic
freedom). And the solution for the masses is given by

miep (= [ So@on)

o (1) du
Yo + uyr + ...
my(v)ex _— , 2.44
) exp </ES(V) u Bo +uf + ) (2.44)
where the dots denotes the higher order contributions. Performed the integral in
Eq.(2.44) we can obtain the asymptotically behavior of the masses

my ()

"MM—HWM<Z$>%, hoo . f=lm . (245)

At high scale the masses vanish. In Table (2.3) the mass of the various quark flavours
has been listed at © = 1 GeV scale. With the exception of the top-quark, the quark

Table 2.3: Quark masses at 1 = 1 GeV scale.

myqg = 2,...,8 MeV | My =5, ..., 15 MeV |
ms = 100, ...,300 MeV , m.=1,...,1.6 GeV ,
my =4.1,...,4.5 GeV | my =179 £ 8 GeV .

masses are very small. At high scale the masses vanish and the effect of the quark
masses means negligible contributions. During the calculations we work with five
quark flavours (ny = 5) and them masses are neglected.

Asymptotic freedom is useful for quantities that are dominated by the short dis-
tance behavior of the theory. Such quantities, which are termed infrared safe, can
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not depend sensitively on the masses of quarks, nor can they suffer from infrared
divergences (particle emission with small energy, collinear emission, ...). Infrared
safety is one of the fundamental concepts of perturbative QCD and it makes essen-
tial use of the renormalization group. We consider an infrared safe physical quantity
F(Q?/ 12, as(p), m? (i) /), where Q is an large invariant, much greater than Agcp.
We assume that F' has been scaled by an overall factor of (Q to make it dimensionless.
Because F' is physical, it cannot depend on p,

Q? m? () m*(Q)
(%o ) = F (La@. ") (2.46)
Now we can expand in the coupling at the scale of large momenta of the problem

and use asymptotic freedom. This procedure can be used if F' happens to be infrared
safe when it is behavior in the large p limit is the following

F (Cj—j,as(u% m;g”) =0 (3—22,045(#)7 1> +0 <(mZ(2u))a> , (2.47)

where a > 0. The effect of the quark masses vanishes as a power of m¢(u)/p. So,
the quantity F' can be written as a power series of ay as

F(Q)ZC@-F%?C&-F(%?) Cy+--- s (2.48)

where the C; kinematical coefficients don't depend on ) and masses.






Chapter 3

Hadron production in ete™
annihilation

In high energy particle collisions the most important processes are the clearly hadronic
processes. For example at the LEP1 collider the number of the hadronic event are
about the 70% of the total number of events. Because of the largeness of the «y
QCD coupling constant, the relevant interaction is the strong interaction (QCD) in
these processes. The QCD particles (quarks and gluons) only appear as confined
state (hadrons) and don't occur a free particles. Otherwise the large number of the
hadronic event makes the test of QCD possible. We must describe the physics of the
hadrons using the physics of the partons (quarks and gluons). We will see in high
energy processes the prediction of QCD well describes the hadronic events.

In this chapter we discuss the cross section of hadronic events and theoretical
description of the jet production.

3.1 Total hadronic cross section

Because of the final state is total we can apply the principle of parton-hadron duality
which declares the equivalence of the partonic and hadronic Hilbert-space. This
identity can be proofed in those cases when we aren’t interesting in the structure of
the final state namely, we want to calculate the total hadronic cross section.

Z |[h)(h| = Z |gluons, quarks){gluons, quarks| (3.1)

hadrons q9:9

This identity allows us to calculate the total hadronic cross section at parton level.
Defining the ratio of the hadronic and leptonic cross sections

o(ete™ — hadrons) (3.2)

R(Q) =

oete” — ptpu~)

13
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the result can be expanded in the power of «; [14]

RQ) = Y @1 +a(umr +a2(w)rs +riboln,]
=1
+ @(w)lrs + (2rafo + rif) Inwy, + 1165 n* 2,]) (3.3)

where @, = a,/(27) is the coupling constant, x,, = ©/Q is the renormalization scale,
Q is the total center-of-mass energy and g; is the electric charge of the quark flavour
7 in units of electromagnetic coupling constant. If the number of the active fermion
flavours is ny = 5 then 71, 72, r3 scale independent coefficients are the followings

=2, ry=5636, r3=-—102.44 , (3.4)

where the underlying gauge group is fixed to SU(3). Fig. (3.1) shows the renor-
malization scale dependence of the result in the various order of the perturbative
calculation. The label LO denotes the leading order contribution, NLO is the next-
to-leading order result and NNLO is the next-to-next-to-leading order result.

21.2
A® =230 Mev

211

20.7

I INLO |

oL
0O 20 40 60 80 100 120 140 160 180 200

w (GeV)

Figure 3.1: Scale dependence of R(Mzo) at LO, NLO and NNLO level. The experi-
mental result at the Z° peak is R(Mzo) = 20.788 £ 0.032 .
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3.2 Structure of the hadronic events

In the high energy collision there are many events which involves two or more hadronic
jets. The hadronic jet can be defined as shower of collinear hadrons. Such jet
events are shown in Fig. (3.2). In other word, the hadronic events have structure
and the theory has to be able to describe this structure. In high energy processes

v - v ..
A x - A x

Figure 3.2: Two and three jets events in eTe™ annihilation.

the hadronic events and jets can be described various way. We can measure the
geometric properties of the events (collinearity, coplanarity). Generally we can ask
the weight of those events which geometric properties are characterized by O, O, ...
are C1,Cs, ..., where C1,C>, ... are fixed. The O1,Os,... parameter are called event
shapes. The event shape variables don't arrange the hadrons into jets but sometimes
these are defined to enhance jet like configurations. We can define such algorithms
which arrange the hadrons into jets. In this case we can measure the weight of the
n-jet events. These algorithms are called jet finding algorithms. In the following, let
see some example for the event shapes and for the jet finding algorithms.

Let us consider an m-hadron final state produced by electron-positron annihilation

et(pr) +e (p-) — h(p1) +- -+ hm(pm) . p++p-=Q .,  (35)

where pi, p— are the momenta of the incoming leptons and ps, ..., p,, are the mo-
menta of the outgoing hadrons. This momenta are represented in the center-of-mass
frame of the incoming leptons.

Event shapes

We define here some well known event shapes variable which characterize the geo-
metric properties of the events.
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i) Thrust [16] This variable characterizes the collinearity of the events.

T (p Pm) = max M (3.6)

yeees Mm ) — m = ; .
ar Yy Pl

where the vector 7ip (thrust axis) is chosen to maximize this sum. If there are

only two hadrons in the final state then T' = 1. For arbitrary number of particles

1
<T<1. (3.7)

Other two thrust like variable can be defined. The thrust major is defined
by the 7it,,,; thrust major axis which is perpendicular to 7i7 and maximizes the
(3.6) expression. The thrust minor is defined similarly by the thrust minor axis.
The i, thrust minor axis is perpendicular to both 7ir, .. and 7ir and this also

maximizes the (3.6) expression. If we have only three hadrons in the final state
then Tin = 0. So the thrust minor characterizes the coplanarity of the event.

i) C and D parameter [17] These parameters are defined by the eigenvalues of
the momentum tensor

pos plp’ /ZHF (3.8)

Let denote A1, A2, A3 the three eigenvalues of the §2% momentum tensor and
the definition of the C and D parameters are the followings

C(pl,...,pm) = 3()\1)\2+/\1/\3+)\2/\3), (39)
D(pl,...,pm) 27)\1)\2)\3 . (310)

For two-hadron final states both C and D vanish, while for three-hadron final
states only C is non vanishing and its allowed range is between zero and 3/4
(0 < C <0.75). For larger number of particles

0<C,D<1 . (3.11)

The C-parameter enhances the 3-jet like events on the range 0 < C' < 0.75
and enhances the 4-jet events on the range 0.75 < C' < 1. The D-parameter
characterizes the coplanarity of the events.

Finally, we define the distribution of event shape variables and the average value of
shape variables

1 O+AO
S0 -5 Y [ 0050 00ipn) . (12
events
1 N
=N 2_: Op1, s P )© (O(P1, s ;) > 6) (3.13)

events
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where p1, ..., pm,; are the momenta of the hadrons of the i-th event, and N is the
number of events.

Jet finding algorithms

There are several jet clustering algorithms defined. We discuss here E, EO, P, JADE
[22], Durham [25], Geneva [26] and Cambridge [27] jet clustering algorithms. The
most general definition of the clustering algorithm involves three components: an
ordering variable v;;, test variable y;;, and a combination procedure. In the cases
of E, EO, JADE and Durham algorithms the ordering and the test variable are same
(vij = vi5). In these cases no ordering procedure. These algorithms are called JADE-
type algorithms which are defined according to the following iterative procedure.

1. Define the resolution parameter yey:.

2. For every pair of hadrons hy, h; compute the resolution variable yg;. In the
table (3.1) are defined the various definition of the resolution variables.

3. If y;; is the smallest value of y;; computed in 2. and y;; < Yeur, COMbine
(pi,pj) into a single jet (pseudoparticle) p(;; according to a recombination
prescription.

4. Repeat this procedure from step 2. until all pairs of objects (particles and/or
pseudoparticles) have y;; > ycqe. Whatever objects remain at this stage are
called jets.

The Cambridge algorithm is defined as follows. As before, one starts with a table
of the energies F; of primary objects and their relative angles as given by the ordering
variable v;; = 2(1 — cos6;;).

1. Define the resolution parameter yey:.
2. If only one object remains in the table, then store this as a jet and stop.

3. Otherwise, select the pair of objects (ij) having the minimal value of the or-
dering variable v;;. Order the pair such that F; < E;.

4. Inspect the value of the test variable,
E2

Yij = Q—;UU’ . (3.14)

If ¥5; < Yeut. then update the table by deleting 7 and j, introducing a new
particle (ij) with 4-momentum p;; = p; + p;, and recompute the relevant
values of the ordering variable. If y;; > ycu¢, then store ¢ as a jet and delete it
form the table.

5. Go to step 2.
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Table 3.1: The definition of the resolution variables and the recombination schemes
of various jet clustering algorithms; p; denotes a three-vector and the Lorentz-vector
can be written as p; = (E;,p;). The v;; = 2(1 — cos#;;) is the relative angle of
vectors (i, j).

Algorithm | Resolution Combination
(pi +p;)? BB
E Yij = TJ Pujy =P +pj
(s + p2)? B =it B
EO Yij = ZQQJ ﬁ B ﬁi+ﬁl
(i5) (i5) 7i + ;]
P . (pi +p;)? Pij) = Pi + D
@ E(ij) = |7 + 7|
JADE Yij = Q—QJ’Uz'j Py =15+
min{ E2, E? " . .
Durham Yij = %Uij p/(ij) =pi + )
4 E;E;
Ceneva | s = G{g g | Moo TR

The jet clustering algorithms arrange the hadrons into jets. This arrangement is
depend on the resolution parameter y.,:. In the other words, we can define the
n-jet function by

1 if the algorithm found n-jets

. . : . (3.15)
0 if the algorithm didn’t find n-jets

T(n) (pla "'apm;y(:ut) - {

where p1, ..., p,, are the momenta of the hadrons and y.,: is the resolution parame-
ter. The weight of the n-jet (jet-rates) events is defined by

N
1
Ro(yeut) = 55 D 7 (01 P Your) (3.16)

=1
events

where p1, ..., pm,; are the momenta of the hadrons of the ith event. From the definition
of the jet rates we found the following identity

Z Rn(ycut) =1. (317)
n=2
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Notice that, we can always write any physical quantities (the distributions, jet
rates and the average value of the event shapes,...) in the following general form

N

P(01,03,...) = % ST E (b1, e Py 01,02, (3.18)
e\zle:nlts

where the function Fyn) is called jet measure function. In the point of the theoretical

calculation this function has to fulfill some important requirements. These require-

ments will be discussed explicitly in Chapter 4. On the other hand we can generalize

the jet measure function. Introduced the jet function which is function of the events

and the O1, O,, .. parameters. With this notation the Eq. (3.18) can be written as

N
1
P(01,0s,...) = & > Fi(I501,0,,...) (3.19)
=1

where I denotes the ith hadronic events. In the simplest case an event is fully
characterized by the number of hadrons and their momenta. Thus the action of the
function Fy(...) on an event I

Fy(I;01,00,..) = Fy" ) (p1, s pmy: 01,02,.) (3.20)

where p1, ..., pm,. are the momenta of the hadrons in event I".

3.3 Jet and weighted cross sections

By the experimental tests, the weight of the 2, 3, 4-jet events are approximately pro-
portional to the power of a strong coupling by the follows

2jets : 3jets : 4jets : ... = O(a2) : O(al) : O(a?) : ... . (3.21)

This indicates that the perturbative QCD may be applied to discussion of hadronic
jet process. We can try a similar description which was used in the total hadronic
cross section case where the hadronic states was replaced with partonic states in the
final state. In that case it was allowed by the parton-hadron duality. In the jet cross
section case this is not or only approximately true. The jet function are defined in
Eq. (3.18) means a cut in the space of the hadronic states. There is no guarantee as
regards we can find the equivalent of this cut in the partonic Hilbert-space. But this
fact is not hopeless. The difference between hadron and parton level jet functions
vanishes as an inverse power of total center of mass energy (O(1/Q)). So, for the
partonic jet function has been found

1

F§")(p17 vy Pn; 01,04, ...) = F§")(p1, vy Pn; 01,09, ..) + O <Q

) . (322
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where F‘}") and Fﬁ”) denotes the parton and hadron level jet functions and pq, ..., py
are the momenta of the partons. Eq. (3.22) is true only in those cases when the jet
quantities, which are characterized by the jet functions are independent of the long
distance physics. The perturbative QCD can describe only the short distance physics
because the long distance physics is represented by infrared and collinear divergences.
These divergences arise when some gluons become soft or at least two partons become
collinear. So, we can use the approximation of the partonic jet function in Eq. (3.22)
in those cases when the hadronic jet function is defined in such a way that their value
is independent of the number of soft and collinear hadrons. In this case the theoretical
prediction is free from the infrared and collinear divergences. This is formulated in
the Kinoshita-Lee-Nauenberg theorem [11].

In the lowest order of perturbative calculation every partons correspond to a jet.
This follows the rule in Eq. (3.21). Otherwise we have to take the hadronization cor-
rection into consideration. This corrections are calculated by hadronization models.
There are many possible models to parameterize the non-perturbative hadronization
process of the quarks and gluons. Hence description of hadronic jets following from
the original quarks and gluons is model dependent. Typical examples of the hadroniza-
tion models are the string model [29] and the cluster model [30]. Fig. (3.3) shows the
parton and hadron level 2,3,4 jets rates has been calculated by string hadronization
model.

Durham algorithm
10

0.8 —

02—

-2.0 -1.5 -1.0 -0.5
10910(Yeur)

Figure 3.3: The Durham 2,3,4 jet rates. The solid line is the parton level result and
the dotted line is the hadron level. This results has been calculated by event generator
PYTHIA [32].
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Jet cross section

Let define the parton level jet cross section in the regularized theory discussed in
Sec. (2.3), where the dimension of the spacetime is d = 4 — 2¢. This cross section
can be define as a sum of the m-parton contributions. Because of the infrared
singularities (previously mentioned soft and collinear divergences) this definition can
be only formal. Before any calculation we have to manage the cancellation of the
divergences. Thus we have

o0

(01, 0,...) = Z/ dom(Or, 05, ..) (3.23)

m=2"Mm

where fm denotes the integration over the m-partons phase space and the differential
cross sections are defined by

dUm(OlaOQa) = an dF(m)(plaapva) |Mm(p177pm)|2

1
Sim
o {m}

- FY(py, e, pm, O1, 02, ...) (3.24)

where N, includes all the factors that are QCD independent. Z{m} denotes the
sum over all the configurations with m partons and Sy, is the Bose symmetry factor
for identical partons in the final state. M, is the renormalized matrix element are
expanded in the number of loop

Mm(pl, ,pm) = ZMr(rlL)(ph 7pm) ’ (325)
=0

where [ = 0,1 gives the tree and one-loop level contributions. The d = 4 — 2¢
dimensional phase space which involves the integration over the p1, ..., p» of m final
state partons will be denoted as follows

m

d
[ s w;)] @m* O (p1+ ..+ pm — Q) (3.26)

=1

where @ is the sum of the incoming momenta.

If the jet function is identically one (Fﬁm)(pl, eery Pm, 01,02, ..) = 1) then we get
the total cross section from Eq. (3.23). In a general case the cross section can be
written as a power series of

0(01,09,..) = c9(01,04,..) + eV E9(01,09,..) + ... | (3.27)

where o9 is Born approximation (/eading order contribution, LO) of the cross section

and oV EO is the first correction (next-to-leading order contribution, NLO) to the Born
term.
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Let see the explicit expressions of the two contribution in Eq. (3.27) when the
jet function is the n-jet rate function. The first non-vanishing term in Eq. (3.23) is

1
JTLL?jet(ycut) = an dF(n)(plaapan) % |M7(LO)(p1aapn)|2
{n} n n
: T(n) (pla ---apn;ycut) 5 (328)

where (") is the jet function defined in (3.15). The NLO correction term is the sum
of two term

ij—ngt (ycut) = Jg—jet (ycut) + Ur‘z/—jet (ycut) ) (329)

where o}t (yeur) n + 1-parton contribution is given by

1
S{n+1}

Uf—jet(ycut) = /\/ln Z / dF(nJrl)(ply"'vanrl;Q)
+1

{n+1} V™

|Mr(£r)1(p17 ~~'7pn+1)|2 r(n) (ph ooy Pt 1, ycut) ) (330)

and the n-parton contribution

UX—jet (Yeut) = Nin Z dr (P1s P03 Q)

Stn
{n} 7" {n}
2Re (Mr(LO) (ph 7pn)M7(Ll)(p1a apn)T)
T(n) (pla ---apn;ycut) . (331)

Both the o and the ¢V are divergent if d = 4, although their sum is finite. The
divergences come from soft (when a gluon energy becomes zero) and collinear (two
momenta become collinear) regions. In the next chapter we will present a method
which helps us to regularize the two pieces of the NLO correction. This method is
called dipole subtraction method developed by Catani-Seymour [53].



Chapter 4

Calculation of NLO jet cross
sections

There are two type of algorithm used for NLO calculation: one based on the phase
space slicing method and the other based on the subtraction method. The main
difference between these algorithms is that only a minimal part of the full calculation
is treated analytically, namely only those contributions giving rise to the singularities.
In a simple example we can demonstrate the differences between these two algorithms.

Let f(x) a complicated function which is finite in 2 = 0. We would like to calculate
the following integral

1

I = lim (/ 9 e fa) - lf(o)) , (4.1)
e—0 0 T €

where the function f(x) is too complicated to perform the integral analytically. The

I integral is finite in the limit e — 0 but the two pieces of the right-hand side of Eq.

(4.1) are separately divergent.

One of the usual method is the slicing method when the phase space is divided
into two part 0 < x < § and § < = < 1, where the parameter § is chosen in such a
way that allowing us to use the simple approximation f(z) ~ f(0) on the [0, §] range.
This gives

. % da . Ldx . l
I~ i <f(0) [T /5 X ) - €f<o>>
_ f(O)ln(S—i—/é dff(x) . (4.2)

Now the integral in the second term can be performed by Monte Carlo integration.
As long as ¢ is small, the result will be independent of §. This method was applied for
eTeannihilation [50] by Giele and Glover and for hadron-hadron collision by Giele,
Glover and Kosower. [51].

23
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The other method is the subtraction method which use the following identity

e—0 0o T e—0

I =1lim d—xxﬁ[f(x) —g(2)] + lim </0 dfxﬁg(x) - %f(O)) , (4.3)

where the function g(x) is a proper approximation of f(z) and have same behaviour
in the limit z — 0 as f(x). Furthermore, the function g(z)z~! has to be analytically
integrable. Thus, we have

1
1= [ S -g@)+c . (4.9
where C'is the results of the second term on the right-hand side of Eq. (4.3). The first
term can be performed by Monte Carlo integration. In the case when g(z) = f(0) the
constant C is zero. This method was applied first for eTe~by Ellis, Ross and Terrano
[48] and in some other general NLO cross section calculation method [8, 52, 53].

In this chapter we discuss the general idea of the subtraction method of NLO
jet cross section calculations and we give the description of the dipole subtraction
method that was developed by Catani and Seymour [53]. In Sec. (4.5) we discuss
the relevant details of numerical implementation of phase space integrals.

4.1 The subtraction procedure

At the end of previous chapter we have seen that a NLO jet cross section is sum of
two terms as follows

o=oct0 4 NEO (4.5)

Here the LO cross section =€ is obtained by integrating the fully exclusive cross

section do® over the phase space for the corresponding jet quantity. Suppose also
that this LO calculation involves m partons in the final state. Thus, we can write

ol© :/ do? | (4.6)

where all quantities are evaluated in the regularized theory (in d = 4 — 2¢ space-time
dimensions).

Let see now the NLO correction term. We have to consider the exclusive cross
section do® with m + 1 partons in the final state and the one-loop correction doV’
with m partons in the final state

VLo E/daNLO z/ daR—i-/ doV . (4.7)
m+1 m

The two integrals in Eq. (4.7) are separately divergent in the d = 4 dimensional
space-time although their sum is finite. Therefore, before any numerical calculation
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can be attempted, the separate pieces have to be regularized. In the regularized
theory the divergences are replaced by double poles 1/¢% and single poles 1/e.

The general idea of the subtraction method for writing a general-purpose Monte
Carlo program is to use the following identity

doNEO — [dO’R — dO’A] +do? +doV (4.8)

where do# is a proper approximation of do’? such as to have same pointwise singular
behaviour as do®®. Thus, do* acts as a local counterterm for do’® and, introducing
the phase space integration,

oVLO :/ [daR —doA} —|—/ daA+/ doV . (4.9)
m+1 m—+1 m

In Eq. (4.9) we can safely perform the limit e — 0 under the integral sign in the first
term on the right-hand side of this equation. So, this first term can be integrated
numerically in d = 4 dimension.

All the singularities are associated to the last two terms on the right-hand side
of Eq. (4.9). If one is able to perform analytically the integration of do* over the
one-parton subspace leading to the e poles, one can combine these poles with those
in do’, thus cancelling all the divergences®, performing the limit ¢ — 0 and carrying
out numerically the remaining integration over the m-parton phase space. The final
structure of the calculation is written as follows

oVEO :/ [dofy — doit,] +/ {dav +/d0’A:| : (4.10)
m-+1 m 1 e=0

This identity can be implemented in a partonic Monte Carlo program, which generates
weighted partonic events with m + 1 and m final state partons.

Note that the subtracted term do® — do® in Eq. (4.10) is integrable in four
dimension by definition. The cancellation of the divergences is guaranteed by the jet
function defined in Eq. (3.18). This functions have to be defined in such a way that
their actual value is independent of the number of soft an collinear hadrons (partons)
produced in the final state. In particular, this value has to be same in a given m parton
configuration and all m + 1-parton configuration that are kinematically degenerate
with it (one of a parton become soft or two partons become collinear). We have

Fm D i (4.11)

in that cases where m + 1-parton and m-parton configurations are kinematically de-
generate. The jet function with this property are called infrared safe jet functions.
In Sec. (3.2) we have defined some infrared safe jet functions (e.g thrust, jet clus-
ters,...).

The key of the subtraction procedure is the actual form of the counter term do?.
We have to find an expression for do* which fulfils the following properties:

1The cancellation of the infrared divergences is generally proofed by the Kinoshita-Lee-Nauenberg
theorem [11].



26 CHAPTER 4. CALCULATION OF NLO JET CROSS SECTIONS

1. for any given process has to be obtained in that way which is independent of
the particular jet function

2. it has to exactly match the singular behaviour of do®
3. its form has to be particularly convenient for Monte Carlo integration techniques

4. it has to be exactly integrable analytically in d = 4 — 2¢ dimension over a
single-parton subspaces leading to soft and collinear divergences.

In the next sections we will give a possible definition of the counterterm do.

4.2 Dipole factorization formulae

Notation

The matrix element which involves m QCD partons in the final state has the following
structure

Mg oot () (4.12)

where {c1,...,em}, {81, ., $m} and {p1, .., pm} denotes respectively the color indices
(a=1,..., N>—1 for gluon leg , a = 1,.., N, for quark or antiquark), spin indices
(v = 1,...,d for gluons, s = 1,2 for massless fermions) and the momenta. In the
d = 4 — 2¢ space number of the helicity states are d for gluons and 2 for massless
fermions.

It's useful to introduce a basis {|c1, ..., ¢m > ®]S1, ..., Sm >} in the color+helicity
space in such a way that

MEsemistssm (Y = (< Cly ooy Cm|® < 51, sm|) 1,.m >m . (4.13)

Thus |1,...,m >7(2) is an vector in the color + helicity space. According to this

notation the matrix element squared M,,, (sum over helicities and colors in the final
state) can be written as

|Mp|? = < 1, om|1, cooym >, (4.14)

The loop expansion of the matrix element is given by

0 l

[1,....m >,= g (—;S) [1,....m >7(7I’1) , (4.15)
T

1=0

where a; is the strong coupling. The [ = 0 case correspond to the tree level and the
case | = 1 to the 1-loop level. The loop expansion of the matrix element squared is
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the following

© p
Ml =3 (;‘—) M@ = Ot mll,.,m >0
™

p=0
% 2Re O< 1,..,m[1,...m>D +... (4.16)
We also define the color-correlated tree level amplitudes as
MO B2 = O 1 m| T Ty (1, ...,m >
= [0 ettt ()| T T, M 5507 ) (4:17)

where T = i feqp if the particle i is a gluon and Tos=tas if the particle i is a quark
and T4 =35 = —t, if it is an antiquark. The color-charge algebra is

T, - T;=T;-T;, if i#j Ti=0C, (4.18)

where C; are the quadratic Casimirs of the gauge group (C; = C4 if 7 is a gluon and
C; = Cr if i is a quark or an antiquark).

Note that by definition, each vector |1,...,m >,, is an color singlet. Therefore
color conservation is simply

> Till,...;m >p=0. (4.19)
=1

Dipole formulae

In Eq. (4.7) the real emission part do’® is proportional to the m + 1-parton tree level
matrix element |MT(,§‘)J)F1|2 . The dependence of the matrix element of the p; final state
parton is singular in two different phase space region: in the soft region, defined by
limit p; — 0; in the collinear region, defined by (p; || p;) (where p; is momentum
of another QCD parton). This singular behaviour of the tree level matrix element is
universal, that is, it is not dependent on very detailed structure of |M,(,?J)r1|2 itself. The
origin of this universality is the factorization property of the tree level matrix element.
Thus, the singular behaviour of Mr(fil is essentially factorizable with respect to MT(,?)
and the singular factor.
The dipole factorization formulae in the limit p; - p; — 0 is given by

0
|Mr(n-)|-1(p1a ---;pm+1)|2 = Z Dij,k(pl, --'7pm+1) + ... (4-20)
k#i,j

where the dots denote the finite (or square root singular) contributions and the dipole
contribution Dy 1 is defined by

-1
2p; - pj

Dij k(P15 s Pms1) =

~ ~ T Tz ~ ~
. (72)< 1) "7ij7 "7ka M + 1| % V”k |17 517, ..,k, ., + 1 >52) (421)
ij
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The m-parton matrix element on the right-hand side of Eq. (4.21) is obtained from
the original m + 1-parton matrix element by replacing the partons ¢ and j with a
single parton ij (the emitter) and the parton k with parton k (the spectator). The
momenta of the emitter and the spectator are defined in different ways in different
dipole formulae

~1

N N Yijk N ~1 1 "
Py =pi +pf — ] =T (4.22)

, DPp = Pr >
L -y " Pl -y "

where the variable y;; 1 is given by

Pipj ~ ~ DiDk
R Dip; + Dipk + DR ' ? DDk

The momenta of the emitter and spectator are on-shell (p7; = p; = 0)) and preserve
the momentum conservation

P+ P + v =D+ Dy - (4.24)

The V', are matrices in the helicity space of emitter. For fermion and gluon
splitting we have (where s and s’ are the spin indices of the fermion ij in < .., 47, ..]
and |..,4j,.. > respectively)

< S|qu'gj,k(2i; yij}k)"sl >= V:hgjyk Ossr
2

o 2e€
=8mu“as; Cp {—1 SN

— (1 + gi) — 6(1 — él):| Oss’ - (4.25)
For the quark, antiquark and for gluon, gluon splitting (p, v are the spin indices of
the gluon ij) we have

< :U|Vq1‘17_7‘7k(2i)|y >= Vqu;—lj,k

— 8mp*a, Tr [—gW— (zt — Zp") <zipz—sz;>], (4.26)

pipj

<1V gig, 6 (Zisyia)lv >= Vi o

1 1
= 16mp*a, Cy | — g™ ( — + — — 2)
1=Z%1—yije)  1—Z21 —yijw)
1 N ) Z . M N 7 Z .Y
+(1—¢€) (zip; — ijj) (Zipy — ijj) . (4.27)
DiPj

4.3 NLO jet cross section

In this section we define the leading order cross section and give formal conditions for
the jet function. We also define the do# subtraction term. We will see the realization
of the cancellation of infrared divergences.
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Leading order and the jet function

In the term of the QCD matrix elements, the Born level cross section in d dimension
is the following

R

5y M @1 ) PES (1 2) (4.28)

do” = Nin Y dT™ (p1, .., pms Q)
{m}

where N, includes all the non QCD factors, Z{m} denotes the sum over all the

configurations with m final state partons, dI"("™) is the partonic phase space defined
in Eq. (3.26) and Sy, is the Bose symmetry factor for identical partons in the final
state.

The phase space function F}m)(pl,...,pm) is the jet function, defines the jet
observables. In generally F; may contain 6-functions, d-functions, numerical and
kinematic factors or any combination of these. The essential properties of Fy is that
the jet function, we are interested in has to be infrared and collinear safe. From a
formal viewpoint this implies that F; fulfils the following properties

F§n+1)(p1a"7pj7"apn+1) _)Fﬁn)(pla"'ap’anl) if Dj —0 ) (429)

F§n+1)(p157p17apjavpn+l) i §n)(plavpz+pj7apn+l) if Di || pj (430)
and for alln >m

F}m)(pl,...,pm)—>0 if pi-p; —0 . (4.31)

Egs. (4.29, 4.30) guarantee that the jet observables are infrared safe for any number
n of final state partons. Eq. (4.31) ensures that the leading order cross section is
well defined.

The cross section do® has same expression as doZ, apart form the replacement
m — m + 1.

The subtraction term

The do? local subtraction term is provided by the dipole factorization formulae in-
troduced in Sec. (4.2). Thus we can defined

1
do® = Ny Z df(m+1)(p17---7pm+1;Q)S
{m+1} {m+1}
Z Z Dijk(P1, s Pmt1) Fﬁm)(plv--ﬁijvﬁka--vpm+1) . (4.32)
i ki

pairs

Here D, k(p1,...,Pm+1) are the dipole contributions in Eq. (4.21) and Fﬁm)() is
the jet function for the corresponding m-parton state {p1, ..pij, Pk, --» Pm+1}-
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The definition in Eq. (4.32) makes the difference (do® —do*) integrable in d = 4
dimension. lts explicit expression is

1

do® —do? = N, A (1, o pmg1; Q) ———
(o} o N Z (ph P +1,Q) S{erl}

{m+1}
0 m
{|M'r(n-)‘rl(pl7"'7pm+l)|2 F} +1)(pla"'ap’m+1)

- Z Z Dij,k(pla "'apm-'rl) F§m) (pla "ﬁijaﬁkn "apm-i-l)} (433)

ij ki
pairs

Integral of the subtraction term

The subtraction term do** have to be been able to integrate analytically over the one-
parton subspace in d dimension leading to soft an collinear divergences. The definition
of the dipole momenta in Eq. (4.22) allow us to exactly factorize the m + 1-parton
phase space into a m-parton phase space times a single-parton contribution as follows

dF(m+1)(p1, vy Pm4-15 Q) = dF(Tn)(ph "aﬁij7ﬁk7 <oy Pm+1; Q) [dpl(§1j7§k)] ) (434)

where the one-parton subspace in the term of variables y;; 1, Z; defined in Eq. (4.23)
is given by

(1 —yijn)*3

4.35
1% (4.35)

o dép; .

[dpi(Dij Pr)] = 7575 0+ (p7) O(1 — %) O(1 — yijix)
(2m)

Using the phase space factorization property in Eq. (4.34) and the explicit expression

of the dipole contribution D;; , in Eq. (4.21) and performed the integral over the

one-parton subspace the result can be written in the following form

1 «

A Al _ a (m) . S

= = in E I s eees P _—

/erl do /m [/1 do ] /mN {m} I (pl P Q) S{m} 2

O< 1, .om| I() [1,.;m >@ F™(py ) (4.36)

m

where the I(e) insertation operator is defined by

I(p1,..,pm;e) = —ﬁ Z %Vi(e)ZTi -T, < dmp ) ] (4.37)

o 2p; - pr

The singular factor V;(e) is defined by

1 2 1
MO =T2 (5T ) +u T+t K400 | (4.38)

where we have introduced the following constants

3 11 2
Vimaq = 5 Cr, i=g= 5 Ca— 3Trny s (4.39)
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7 72 67 w2 10
Ki:q’q = <§ — F) CF s Ki:g = <E — E) CA — gTRTLf s (440)

where ny is the number of the quark flavours.

Virtual contribution

The doV virtual contribution is defined by the one-loop renormalized matrix element
as follows

1 «
Ao’ = Nin S dl™ (py, o, pm; Q) ——— 2
o N Z (pla , D 7Q) S{m} o
{m}
2Re( Oc1,.. u,“qnl>g0 FS (1, pm) . (4.41)

where |1,...,m >§,1L) is the one-loop contribution to the matrix element.

The renormalized one-loop matrix element (MS matrix element) is untinged the
ultraviolet divergences but contains infrared (IR) singularities. The structure of this
IR divergences is well known [43]. The IR divergences arise from two kinematically
degenerate region: a) when the loop momentum become soft or/and the loop mo-
mentum become collinear with an external momentum. Using dimensional regular-
ization, when the space-time dimension is d = 4 — 2¢, performed the loop integration
these two singular behaviors result in poles 1/¢2 (soft and collinear) and 1/¢ (soft or
collinear). The singular part of the one-loop matrix element can be expressed by the
tree level matrix element and a singular singular factor

11, om >0 = 1D L, ym >©Q 41, om > (4.42)
where |1,...,m >$,1L)’fm denotes the finite part of the one-loop matrix element in the

limit € — 0 and I (¢) is the one loop insertation operator which is defined by

11 drp? \©
IV, pmi) = s > —vmg )T T( > , (4.43
(1P )2”“ﬂi e "\ =2pi (4.43)

where the singular function Vsmg( ) depend only on the parton flavour and is given
by

, 1 1
VI () =T = + = . (4.44)
€2 €

3
Finally, some note about the regularization schemes. We use dimensional regu-
larization. The key of this regularization method is the analytic continuation of loop
momenta to d = 4 — 2¢ space-time dimensions. Having done this, one is left with
some freedom regarding the dimensionality of momenta of the external particles as
well as the number of polarizations of both external and internal particles. This leads
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to different regularization schemes (RS). The customary is the conventional dimen-
sional regularization scheme (CDR). This is the most natural choosing because no
distinction is made between particles in the loop and external particles. All particles
momenta are d-dimensional and one considers d — 2 helicity states for gluons and 2
helicity states for massless quarks.

In the loop calculations the mostly used regularization scheme is the dimensional
reduction scheme (DR). In this case for all particles (gluon and massless quark) the
number of helicity states are 2 and the dimension of the external particles momenta
are d = 4 as against loop momenta which dimension is d = 4 — 2e.

Of course the loop amplitudes and the a, coupling depend on the different regu-
larization schemes. In the one-loop case the RS-dependence is simply

1
Loy >R = 23T 1 m >OS [1 e m >0 (4.45)

where the finite coefficients 725 depend only on the flavour of external partons. By
definition the CDR scheme is the reference scheme (7°PR = 0). In the case of DR
the transitional factors 7°% are the followings

or 1 o pr 1
Tgt=3Ca oo =7 =5Cr - (4.46)

The regularization scheme dependence of the strong coupling «; is the following
in case of DR

aPR = @ (1 n %O‘—) : (4.47)

where a is the customary MS strong coupling.

4.4 Final result
The result of the calculation of NLO cross section in eTe~annihilation are summarized
below.

The cross in Eq. (4.5) contains a LO and a NLO component. The LO cross
section that involves m final state partons is given by

ol0 = / do® = /dr<m> MO (pr, oo, pon) |2 FS™ (01, ooy pm) 5 (4.48)
where M,(,?) is the generalised tree level matrix element squared which is defined by

. 1
MOy, p) P =N Y —— MO (py, o). 4.49
IMy) (p1, - pm) | =N, ZS{ }I (P15 s D) (4.49)

{my 7{m
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According to Eq. (4.10), the NLO correction can be written as a sum of a m + 1
and a m-parton integral

VIO Z gNLO, | gNLO (4.50)

The m + 1-parton contribution is the following

o0y = [ Loty dot)
m—+1
= / ar DN 1 s b)) 2 ES D (1 s )

- Z Zﬁij7k(p1)“')pm+1) F§m)(plaﬁj7ﬁk7apm+1)} ’ (451)

ij  k#ij
pairs

where ZA)ij,k is defined by
. 1
Dije(P1, - Pmt1) =N Z Sipij,k(plynwperl) . (4.52)
{my1y P {m+1}

The m-parton integral is a Born like contribution. This term is sum of the con-
tributions of the virtual corrections and the integral of subtraction term defined in

Eq.(4.32)
Uf[nf}o = /m{dav—k/ldaA] B

- / 0™ (NI (o, o p) P F (1 oap)  (453)

where the generalized matrix element squared |M7§11)|2 is given by

. s 1 . j
{m}y "V

+O< 1, m| I(e) + IV () 1, ...om >© } . (4.54)

The sum of the two insertation operator I(¢) and IV (e) is finite in the limit ¢ — 0

m 1
; (1) _ ) 4 Z 2
lim (I(e) + 2Rel (e)) = 21 (% + Kot om Tl) . (4.55)
The both pieces of the NLO correction aﬁf}o and af{vnffl} can be calculated

by Monte Carlo integration. | developed a computer program (called DEBRECEN [9])
which implements the dipole subtraction method and can calculate n-jet cross section
at NLO accuracy.



34 CHAPTER 4. CALCULATION OF NLO JET CROSS SECTIONS

4.5 Numerical implementation

We have seen in the previous section that the NLO cross section can be calculated
by the Monte Carlo integration. The leading order integral in Eq. (4.48) and the m-
parton NLO integral in Eq. (4.53) are simple Monte Carlo integration. The integrand
of these integrals are finite over all the integration domain. On the other hand the
difference of the m + 1-parton matrix element squared and the dipole contributions
defined in Eq. (4.21) contains integrable square root singularities as follows

lim [do® — do?] _

pi-p;—0 \/pl—pj

where this singularities arise from the previously discussed soft and collinear regions.
The square root singular function can not be integrated by a simple Monte Carlo
(choosing random values uniformly), because the variance of the estimate for the
integral is infinite. We have to try to eliminate this type of singularities from the
integrand so as to be able to calculate the m + 1-parton integral of NLO calculation.

; (4.56)

Important sampling

The integration over the phase space means a multi-dimensional Monte Carlo integral.
In generally, we have to calculate the following type of integrals

1) = / a7 1(7) (4.57)

where f(Z) is an integrable function not necessary smooth and ¥ = (z1, ..., ), Where
z;j € [0,1] for j = 1,...,n. The most simple Monte Carlo one can think of to estimate
I[f] to generate random values for & uniformly and evaluate the function f(Z). The
estimate E[f] for I[f] is then given by

1 N

In the limit N — oo this leads to E[f] = I[f]. The estimates for the variance and
for the error are given by

Varlf] = BUZ ISP L Bnlf] = el (459)

where Var[f] and Err[f] denote the variance and the error respectively. If the function
f contains integrable singularities (e.g. square root) then the variance goes to infinity
in the N — oo and the estimation becomes unstable.

In these cases to reduce the value of Var[f] we apply important sampling. We
introduce new integration variables instead of ¥

e P




4.5. NUMERICAL IMPLEMENTATION 35

in such a way that, the Jacobian factor (g(Z(p)), where p; € [0,1] for j = 1,...,m
and m > n) of the transformation Z(p) has the same singular behavior as f(Z)

f(Z(p))
9(Z(p))

— constant | (4.61)

in the singular limits.

In the those cases when we can not find that integral transformation which can
handle simultaneously the all singular limits of function f(Z) but we can define in
every singular limits a transformations which handle only that singularity, then the
Jacobian ¢(Z) can be written as follows

9(@) = aigi(@) . (4.62)
=1
where n, denotes the number of the singular limits of f(Z), the functions g;(Z) are the

Jacobian of the transformations and the constants «; are arbitrary positive weights
with the following normalization condition

ia =1, (4.63)
=1

and these weight should be chosen in such a way that, they minimize the variance.
With this Jacobian the, integral is a weighted sum

1f1= i_;a /m dpi [gl(f) +Jf (fl o (f)]z_mm : (4.64)

where Z;(p;) are the corresponding transformations and the estimate for the integral
is the following

I[f]=§;aiE[fofi] : (4.65)

gox;

where the function ¢(Z) is defined in Eq.(4.62). This integration method is called
multi channel integration method [55].

We apply this sampling method for the phase space integral which involves inte-
grable singularities.

Phase space integral

In the NLO jet calculation we have a m + 1-parton phase space integral involving
integrable square root singular matrix element squared like in Eq. (4.56). So, we
want to calculate the following type of integrals

Ilf] = /dr(erl)(ply"'vperl; Q) f(p1, - Pmt1) (4.66)
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where dI"™*1) denotes the phase space integral measure. Now, we introduce the
following multi channel Jacobian to eliminate the all singularities of the integrand:

(oS (27)?2
G(pla---;pm+1) = Qij k — , (467)
i7j72k::1 (Sik + sjk:) (1 — Zi)yij,k
i#jAk

where the y;;; and Z; kinematic variables are defined in Eq. (4.23), wj; are the
channel weight parameters and s,,, = 2p.m, - pn iS the usual Lorentz dot product.
With this definition of the Jacobian and using the factorization property of the phase
space given in Eq. (4.34), the integral can be written as

I[f] = /dﬂm“) o Pmtts Q) G(D1, oo P PACITRSY CINSV)
[f] (p1 Pmt1; Q) G(p1 p H)G(pl,...,pmH)
m—+1
= Z Olij,k/d]—‘(m)(ph,,,ﬁij,..,ﬁk,..perl; Q)
i,5,k=1
i#jFk

/27r dei 1 1 dyijr 1/1 dz;  f(p1, -, Pmt1)
0 0 -z

2 5 0 /Yij,k 5 \/1 G(pla"'aPM+1)

Now, we introduce new integration variables instead of {Z;, yij «, ¢}, as follows

(4.68)

z; =1~ Pz, ) Yij e = pfluk ) ¢i = 27rp¢i : (469)

These integral transformations lead us to a simpler expression

1= /dp(mﬂ)(pla s Pmy1; Q) G(p1, ---JMH)%

m+1

= Z OlijJ‘:/dF(m)(pla"7ﬁij""ﬁk"'pm+1; Q)
ij k=1
i#j#k
1
[ 1o i)
. dpg, dpy,; . dpz, ~———— 70
/0 Poi OPy;j1 AP G(p1, - Pmt1) ( :

Using the previously equation easy to see that the m + 1-parton integral of the
Jacobian factor is equal to the m-parton total phase space weight

I[G] :/df(m)(pl,...,pm; Q) . (4.71)

Using the multi channel important sampling method we can create an algorithm
which can generate well sampled events. Let see the main steps of this algorithm

1. Generate a phase space with m outgoing parton {qi, ..., ¢m }m by any phase
space algorithm. For example, by algorithm called RAMBO [54] which is simple
and well known. This generates flat phase space with constant phase space
weight for every events. The weight of ith m-parton event is denoted by Wi(m).
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2. Choose a three indices (i,j,k) in such a way that ¢, k=1,....m, j=1,....m+1
and ¢ # k. This choices determine the channel weights. If the indices are
chosen uniformly then the channel weights in the expression of the G(p1,...) in
the Eq. (4.67) are constant ajx = 1/(m(m? — 1)).

3. Generate the random values p., py, py uniformly and calculate the kinematic
variables z,y, ¢ by Eq. (4.69).

4. Calculate the momentum set {pi,..., Pm+1}m+1 using the definition of the
dipole momenta in Eq. (4.22). In the center of mass frame of ¢; and ¢
we have

p=q if l=1,..,m and [#1ik

(4.72)
pe=0=-Ya , Pmy1=pP, Pi=¢+Yq—D,
where the temporary momentum p can be expressed by variables z,y, ¢
\/Sik .
p= 2Z (z+(1—2)y, 1 —2)y—=z, pLcose;, pising;) ,  (4.73)

where p? =42z (1—2)y is the transverse momentum squared and s;; = 2¢; - g
5. Permute the momenta p; and ppt1 (Pj < Pmt1)-
6. Calculate the weight of the m + 1-parton configuration which is obtained by

W (m)

woms) = 2
G(pla "'apm+1)

(4.74)

With this phase space algorithm a m+-parton integral can be written as an m-
parton integral by the follows

m+1 m 1
(01, Pmg1)
I[f :/dr(m> Qs ey G @ Bij. / dpy dp, dp, L0 Pmtl) 4 25
[f] (@ );g::l s || dpodpy dps 7RSS, (475)
itk

where §; ;1 = Qi 1,k |, - In first term of the left hand side of Eq. (4.75) the mo-
mentum set {p1, ..., Pm+1}m+1 are generated by the previously described algorithm.
Note, this momentum set depend on the ¢, j, kK sum parameters.






Chapter 5

Four-Jet production in ete™
annihilation

Electron-positron annihilation into hadrons is the cleanest process to test Quantum
Chromodynamics (QCD) [12] in high energy elementary particle reactions. In this
process the initial state is completely known and there is a lot of quantities, for
instance the total cross section and jet related correlations, that depend on the long
distance properties of the theory very little. These quantities can be calculated in
perturbative QCD as a function of a single parameter, the strong coupling. For this
reason the various QCD tests at electron-positron colliders [56, 57, 58, 59, 60, 61]
can be regarded as experiments for determining «.

The other ingredient of QCD, that is in principle free, is the underlying gauge
group. Although by now nobody questions that QCD is based upon SU(3) gauge
theory, the “full” measurement of QCD, that is the simultaneous measurement of the
strong coupling and the eigenvalues of the quadratic Casimirs of the underlying gauge
theory, the C'r and C 4 color charges, is not a purely academic exercise. The possible
existence of light gluinos [62] influences both the value of as and the measured value
of the color charges (or, assuming SU(3)., the value of the light fermionic degrees of
freedom ny). Thus the only consistent framework to check whether the data favor
or exclude the additional degrees of freedom is a simultaneous fit of these parameters
to data.

In principle any observable depends on these basic parameters. The sensitivity of
a given observable on the color charges however, is influenced by the fact that in
perturbation theory the three gluon coupling appears at tree level first for four-jet
final states. In the total cross section and for three-jet like quantities the adjoint
color charge appears only in the radiative corrections. Therefore, four-jet observables
seem to be the best candidates to measure the color factors. Indeed, during the
first phase of operation of the Large Electron Positron Collider (LEP) four-jet events
were primarily used for measuring Cr and C4 [63]. These measurements however,

39
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were not complete in the sense mentioned above. The lack of knowledge about the
perturbative prediction for four-jet observables at O(a?) prevented the experimental
collaborations from fixing the absolute normalization of the perturbative prediction,
therefore, as could not be measured using the same observables.

The important developments that made possible the for-jet NLO calculation were
the calculation techniques for NLO jet cross sections [8, 52, 53] and the one-loop
amplitudes for the relevant subprocesses, i.e., for eTe™ — 4 partons become avail-
able. In Refs. [45, 46] Campbell, Glover and Miller introduced FORTRAN programs
that calculate the NLO squared matrix elements of the ete™ — ~+* — GgQQ and
qqgg processes. In Refs. [44, 47] Bern, Dixon, Kosower and Wienzierl gave analytic
formulas for the helicity amplitudes of the same processes with the ete™ — Z0 — 4
partons channel included as well. For the sake of completeness, in our work we use
the amplitudes of Refs. [47] for the loop corrections (see Appendix B). Although the
tree-level helicity amplitudes for the eTe~™ — 5 partons subprocesses had been known
[40], we calculated them anew and present the results in terms of Weyl spinors con-
forming with the notation used for describing the one-loop helicity amplitudes [47].
We also present the previously unpublished color linked helicity dependent Born matrix
elements for the eTe™ — 4 partons processes (see Appendix A).

Based on the previously discussed subtraction method, the author developed a
Monte Carlo program (called DEBRECEN) which can calculate four-jet cross section at
NLO level. Furthermore, three other program have been developed irrespectively of
our work (MENLO PARC [70], EERAD2 [72] and MERCUTIO [73]).

In this chapter we discuss the phenomenology of the four-jet production. The four-
jet observables can be classified into three major groups: i) four-jet rates; ii) four-jet
event shape variables; iii) four-jet angular correlations. We calculated the jet rates EO,
Durham and Geneva algorithm for three different value of y.,: parameter[1, 6] and
compared our results with the results of three other program. The Durham jet rates
were compared with ALEPH data [6, 7]. Using the Durham and Cambridge algorithms
we calculated the four-jet shape variables yP and y§ [6]. We also calculated the
following four-jet event shape variables: D-parameter and acoplanarity [18] in Ref.
[1], II; and II4 Fox-Wolfram moments [19] in Ref. [4] and C-parameter (C' > 0.75)
in Ref. [6]. We also determined the four-jet angular correlations and compared with
ALEPH data [5]. Some of the mentioned algorithms and variables are defined in Sec.
(3.2).

5.1 Jet rates

The most important multi-jet observables that are used for determining the underly-
ing parton structure of hadronic events are the multi-jet rates. In eTe™ annihilation
the widely known Durham [25] algorithm have become indispensable for this pur-
pose. Recently a new jet clustering, the Cambridge algorithm was proposed as an
improved version of the Durham scheme [27]. This scheme is designed to minimize
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the formation of “junk jets” — jets formed from hadrons of low transverse momenta,
unconnected to the underlying parton structure. As a result, the hadronization correc-
tions to the mean jet multiplicities were found smaller when the Cambridge algorithm
is employed than for the Durham clustering [27]. However, it was shown in Ref. [28]
that the small hadronization corrections found for the Cambridge algorithm in the
study of the mean jet rate are due to cancellations among corrections for the individ-
ual jet production rates. Apart from the very small values of the resolution parameter,
Yeur < 10732, for the individual rates the Durham clustering shows comparably small
(for yeus > 10~2), or even much smaller hadronization corrections. In this section we
present the NLO production rates for four jets using both algorithms and compare
the size of the radiative corrections.

Note, we compared the various Monte Carlo programs (MENLO PARC, DEBRECEN,
EERAD2 and MERCUTIO) for the Durham jet clustering algorithm. The result are shown
in the Table (5.1).

Table 5.1: The four-jet fraction as calculated by MENLO PARC, DEBRECEN , EERAD2
and MERCUTIO, for Durham jet algorithms and varying yc.:.

Algorithm | yeur MENLO PARC DEBRECEN
0.005 | (1.04+0.02)-10~* | (1.05+0.01) - 10~

Durham | 0.01 | (4.70 £0.06) - 102 | (4.66 % 0.02) - 102
0.03 | (6.82+0.08)-10~3 | (6.87+0.04)- 103

Yeut EERAD2 MERCUTIO

0.005 | (1.05+0.01)-10~1 | (1.06 £ 0.01)- 10!
0.01 | (4.6540.02)-10"2 | (4.72+0.01) - 102
0.03 | (6.8640.03)-103 | (6.96 +0.03) - 10~3

The four-jet rates are defined as the ratio of the four-jet cross section to the total
hadronic cross section:
O4—jet

3
R4 - (y(:u,t) - 7]234(y(:ut) + 7]3 (04(ycu,t) - §B4 (ycut)> ) (51)

Otot

where we used oot = oo(l + 1.59) and n = a,Cr/(27). The renormalization
scale dependence of the cross section is obtained by the substation n — n(u)(1 +
Bo/Crn(p) Inz,), where z,, = p/+/s. Setting the color charges to the SU(3) values,
we plot the scale independent By (yeut) and Ca(yewt) functions in Figs. (5.1 and 5.2)
and tabulate the values for Cy(ycyt) in Table (5.2).

Comparing the values for the two Born functions, we see that at leading order
the Cambridge algorithm gives slightly higher rates and the difference increases with
decreasing ycut. On the other hand, the correction functions become smaller for
Cambridge clustering with decreasing y..:. The result of these opposite trends is
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Table 5.2: Correction functions to the four-jet rates for Durham and Cambridge
algorithms.

log, (Yeut) Cg]/jwt Cyccut

-0.9 (4.209 £ 0.655) - 1072 (4.375 £ 0.655) - 102
—-1.0 (9.449 4 0.220) - 107+ (9.499 4 0.230) - 10—+

~1.1 (5.411 £0.055) - 10°  (5.300 £ 0.057) - 10°
-1.2 (1.769 +0.011) - 101 (1.700 +0.012) - 10!
—-1.3 (4.32140.032) - 10! (4.044 +0.033) - 10"
-14 (8.89340.034) - 101 (8.14240.038) - 10!
-1.5 (1.619 4 0.005) - 10> (1.459 4 0.006) - 102
~1.6 (2.705 4 0.009) - 10> (2.400 + 0.010) - 102
1.7 (4.201 £0.012) - 10> (3.683 £0.014) - 102
~1.8 (6.221 4 0.020) - 102 (5.403 £ 0.021) - 102
—-1.9 (8.730 +0.029) - 10> (7.490 + 0.032) - 102
—2.0 (1.19140.004) - 10> (1.009 + 0.005) - 103
—2.1 (1.563 4 0.006) - 10> (1.308 + 0.007) - 103
—2.2 (2.000 £ 0.010) - 10> (1.653 £ 0.010) - 103
—2.3 (2.478 £0.011) - 10> (2.023 £0.012) - 103
—2.4 (3.007 £0.024) - 10> (2.402 £ 0.025) - 103
—2.5 (3.5424+0.023) - 10°>  (2.749 £ 0.027) - 103
—2.6 (4.029 4+ 0.033) - 10> (3.020 £ 0.036) - 103
—2.7 (4.469 4 0.052) - 103 (3.198 4 0.063) - 103
—2.8 (4.797 4+ 0.067) - 10> (3.220 £ 0.077) - 103
-2.9 (4.869 4+ 0.099) - 10> (2.999 +0.108) - 103
-3.0 (4.878 +0.120) - 10> (2.608 £ 0.132) - 103
-3.1 (4.48240.166) - 10> (1.678 £0.178) - 103
3.2 (3.430 £ 0.256) - 103> (—3.254 +27.6) - 10*
-3.3 (1.783 4+ 0.300) - 10> (—2.093 +0.32) - 103

that the K factors, defined are smaller for the Cambridge algorithm for small values
of yeus, which is demonstrated in Fig. (5.3).

The smaller K factors also mean smaller renormalization scheme dependence,
which can be seen from comparing Figs. (5.4 and 5.5). The usual interpretation
of the smaller scale dependence is that the effect of the uncalculated higher orders
are expected to be smaller in the case of Cambridge clustering. It is interesting to
note that in the middle y..; region (10732 < y.,; < 1072), where the hadronization
corrections for the Cambridge clustering were found significantly /arger than for the
Durham algorithm, the theoretical uncertainty due to the renormalization scale am-
biguity is smaller for the Cambridge than that for the Durham clustering. Of course,
one has to keep in mind that the u-dependence bands are not upper bounds on errors
that arise from truncation of the perturbation series, just suggestions. In particular, if
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Figure 5.1: The Born function B, for the four-jet rate as a function of the resolution
variable y¢,+ with Durham (solid) and Cambridge (dashed) algorithms.

there is an artificial narrowing of the u-dependence bands, e.g. at a crossover point,
they almost certainly do not represent the size of the truncation error at that point.

C14 (y(:u,t)
B4 (ycut) ’

Four-jet fractions decrease very rapidly with increasing resolution parameter ..
As a result, most of the available four-jet data are below y.,; = 0.01. It is well-known
that for small values of y.,: the fixed order perturbative prediction is not reliable,
because the expansion parameter o In? Yeut logarithmically enhances the higher order
corrections. One has to perform the all order resummation of the leading and next-
to-leading logarithmic (NLL) contributions. This resummation is possible for the
Durham algorithm using the coherent branching formalism [36] and the procedure is
the same for the Cambridge algorithm [27]. The four-jet rate in the next-to-leading
logarithmic approximation is given by [36]

K(ycut) =1+ 7](\/;) (5-2)

Q

2
o dq Fq(Qa Q) Ag (Q7 QO))

R = 2a, Q) [(

Q
-+ / quq(Q,Q) Ag(quO)

q

i (1) 8,00, Q0) + Ty ()80 Q0) | - (59
QO
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Figure 5.2: The correction function Cy for the four-jet rate as a function of the
resolution variable ., with Durham (solid) and Cambridge (dashed) algorithms.

In Eq. (5.3) the functions A, (Q, Qo) are the Sudakov form factors which express the
probability of parton branching evolution from scale Qo = Q/ycus to scale @ without
resolvable branching. The Sudakov factors are defined in terms of the P,,(as(q), 2)
vertex probabilities as follows

_ _ Q@ as(Q)
Aa,(Q,Qo)—eXP< Ebj/Q - /dz =

It was shown in Ref. [37] that one can obtain an improved theoretical prediction for
the differential two-jet rate if the vertex probabilities are taken at next-to-leading
order [34], which we also consider in our analysis:

Pap(as(q), Z)> : (5.4)

1422 a, 2
Py (as,z) = Cr < T + %K T z) , (5.5)
z 1—2 g 2
Poglas,2) = 20A<1_Z+7+Z(1—Z)+%Km) , (5.6)
Pylas,z) = Trng (224 (1-2)%) . (5.7)

The K coefficient is renormalization scheme dependent. In the MS scheme it is given
by [33]
67 w2 10
K= ——— |- =T . 5.8
ca(f5- %) - g Tony (58)
Performing the z integral in Eq. (5.4) (upper and lower bound of z integral are
determined by the collinear behaviour of the Durham algorithm), one obtains the
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Figure 5.3: K factors as a function of the resolution variable y.,: for Durham (solid)
and Cambridge (dashed) algorithms.

Sudakov factors as integrals of the emission probabilities I,(Q,q) in the following
form:

Q

Ag(Q,Qo) = exp (—/Q quq(Q,q)> ; (5.9)
Q

Ag(Q,Q0) = exr><—/ dq [Fg(Q,Q)JrFf((J)]) 7 (5.10)
2

Af(Q, Qo) = %, (5.11)

and the NLL emission probabilities are

_ 2Cr as(q) as(q) Q 3
Iy(Q.q) = TT[<1+ o K)ln;—ﬂ , (5.12)
_ 2Caas(g) as(q) Q 11
(@) = — . KH - K>lng—ﬁ] : (5.13)
Qe = e (5.14)

We relate the «(g) strong coupling appearing in the emission probabilities to the
strong coupling at the relevant renormalization scale, a,(u), according to the one-
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Figure 5.4: The QCD prediction for the four-jet rate with Durham clustering at
Born level (light gray band) and at NLO (dark band). The two narrow bands show
the four-jet rate in the NLL approximation (K = 0, lower band) and in improved
NLL approximation (upper band) as explained in the text. The bands indicate the
theoretical uncertainty due to the variation of the renormalization scale z,, between
0.5 and 2.

loop formula

O pp— 0 , (5.15)
R (ﬁ)
27 q
where we use Eq. (2.42) for expressing a () in terms of as(Mz) = 0.118. We could
also use a two-loop formula for a(q), but the result would differ only in subleading
logarithms.

The result of this resummation together with its renormalization scale dependence
is also shown in Figs. (5.4 and 5.5) (narrow bands). The lower band corresponds
to the usual NLL approximation (K = 0), and the upper band is the result of the
improved resummation. We can see clearly from the figures that the fixed-order and
the NLL approximations differ significantly. One expects that for large values of ..+
the former, and for small values of y.,: the latter is the reliable description, therefore,
the two results have to matched.

The Durham and Cambridge four-jet rates can be resummed at leading and next-
to-leading logarithmic order, but they do not satisfy a simple exponentiation [35]. For
observables that do not exponentiate the viable matching schemes are the R matching
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Figure 5.5: The QCD prediction for the four-jet rate with Cambridge clustering at
Born level (light gray band) and at NLO (dark band). The two narrow bands show
the four-jet rate in the NLL approximation (K = 0, lower band) and in improved
NLL approximation (upper band) as explained in the text. The bands indicate the
theoretical uncertainty due to the variation of the renormalization scale x,, between
0.5 and 2.

or the modified R matching [36, 58]. We use R matching according to the following
formula:

—matc : 3
Ry~ = R 4 p? (By — BYYY) +0p° <c4 — =5 (Ba- BELL)) (5.16)

where BYEE and CNLE are the coefficients in the expansion of RYML as in Eq. (5.1).

In Fig. (5.6) we show the theoretical prediction at the various levels of approxima-
tion: in fixed order perturbation theory at Born level (LO), at NLO (NLO), resummed
and R-matched prediction (NLO+NLL) and improved resummed and R-matched pre-
diction (NLO+NLL+K). Also shown is the four-jet rate measured by the ALEPH
collaboration at the Z° peak [64] corrected to parton level using the PYTHIA Monte
Carlo [32]. We used bin-by-bin correction and the consistency of the correction was
checked by using the HERWIG Monte Carlo [31]. The two programs gave the same
correction factor within statistical error. The errors of the data are the scaled errors
of the published hadron level data, and we did not include any systematic error due to
the hadron to parton correction. In the inset we indicated the renormalization scale
dependence of the ‘NLO+NLL+K" prediction.

In Fig. (5.6) deserves several remarks. First of all, we see that the inclusion of the
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radiative corrections improves the fixed order description of the data using the natural
scale z,, = 1 for larger values of y.,:. Secondly, the importance of resummation in the
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Figure 5.6: The QCD prediction for the four-jet rate with Durham clustering in fixed
order perturbation theory at leading (dotted) and NLO (dashed), and fixed order
matched with resummed (dashed-dotted) and improved resummed (solid) calculation
compared to ALEPH data obtained at the Z° peak and corrected to parton level
(errorbars). The renormalization scale is set to =, = 1. The lower plot shows
the relative difference §4 = (data — theory)/theory, where theory means the NLO
prediction matched with improved resummed calculation at x, = 1. The inset shows
the renormalization scale dependence of the ‘theory’ prediction with scale variation
05 <z, <2

small y.+ region is clearly seen, but it is still not sufficient to describe the data at the
natural scale, neglected subleading terms are still important.! On the other hand, the
improved resummation seems to take into account just the right amount of subleading
terms and it makes the agreement between data and theory almost perfect over the
whole y..¢ region as can be seen from the lower plot. (Although for ge.; > 1077 4
falls outside the 45 % band, one should keep in mind that in this region the error of

1Our ‘NLO-+NLL' results differ from those in Ref. [70], where as(g) in calculating RYET was
kept at the fix as(Mz) value [71].
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the hadron to parton correction is very large. Also, for the ‘NLO+NLL+K" prediction
we found remarkably small scale dependence for y.,,; > 1072. This feature, however,
should be taken with care. The improvement, obtained by including the two-loop
coefficient K, affects NNLL terms, but there are other contributions of the same
order that are not taken into account (e.g., NLO running of «s and other dynamical
effects), which is not the case for the 2-jet rate. The scale dependence of the
‘NLO+NLL+K" result would consistently be under control only after the inclusion of
the complete set of NNLL terms.

Finally it is worth noting that for y.,; = 10726 both PYTHIA and HERWIG yield
less than 2 % hadronization correction. At the same value of the resolution parame-
ter the theoretical prediction is insensitive to corrections beyond next-to-leading order
(the NLO, NLO+NLL, NLO4+NLL+K curves cross, the renormalization scale depen-
dence is small), therefore, at this accidental value of y.,; the NLO prediction agrees
perfectly with the hadron level data.

5.2 Event shape variables

Four-jet event shapes were used extensively by the LEP collaborations for QCD studies
[64, 65]. In this subsection we consider four shape variables, the y,4 distributions for
the Durham and Cambridge algorithms, the thrust minor (Tin), the C parameter for
C values above 0.75 and the D parameter, which are often used in the experimental
analyses.

In the case of event shape distributions we multiply the normalized cross section
with the value of the event shape parameter, so we use the parametrisation

5(04) = 2252400 = 0w BO) + (1) [ B(O:) 2 +C(0)] (517)

(s} dO4 CF

and the average value of the shape variable is easily obtained from the differential
distribution:

(O4)s = /5 d0,4%(0y) . (5.18)

Using this parametrisation we define the K factors of the differential distribution as

C(O4)
B(O4)

K(O4) =1+ n(Vs) (5.19)
In the following we plot the physical cross sections ¥(O4), the K(O4) factors and
tabulate the correction functions C(Oy4) for O4 = y4, Timin, D and C.

The y4 value denotes the transition value for y.,: at which, when decreasing yc,
the classification of a given event changes from three jets to four jets. The advantage
of this variable over the differential four-jet rate is that this variable can be defined on
an event by event basis. Depending on the actual resolution variable one obtains the
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yP distribution for the Durham clustering and the y§ distribution for the Cambridge
clustering. We calculated the B(y4) and C(y4) functions for both algorithms. The
B(y4) values equal the yeutB(yeut) values when yy = yeur, therefore, we tabulate
only the C(y4) functions for the two algorithms in Table (5.3). We show the NLO

Table 5.3: Correction functions to the differential distributions of the y, variables for
the Durham and Cambridge algorithm. The parameter values are at the lower edge
of the corresponding histogram bin.

Ya C(yf) Cyf)
0.000 (2.523 £ 0.425) - 103 (1.064 + 0.350) - 103
0.005 (2.212 £0.017) - 10? (1.857 £0.019) - 103
0.010 (1.376 & 0.009) - 103 (1.166 £ 0.011) - 103
0.015 (9.429 £ 0.071) - 102 (8.144 £ 0.080) - 102
0.020 (6.799 £ 0.070) - 102 (5.855 & 0.062) - 102
0.025 (4.930 + 0.063) - 102 (4.346 4+ 0.051) - 10?
0.030 (3.760 + 0.042) - 102 (3.293 4 0.043) - 10?
0.035 (2.885 + 0.037) - 102 (2.553 £ 0.039) - 10?
0.040 (2.164 4 0.033) - 102 (1.947 4+ 0.034) - 10?
0.045 (1.754 £ 0.026) - 102 (1.580 £ 0.027) - 102
0.050 (1.314 £ 0.025) - 102 (1.202 £ 0.025) - 102
0.055 (1.024 £ 0.021) - 102 (9.508 +0.213) - 10*
0.060 (8.293 £ 0.292) - 101 (7.692 4+ 0.296) - 10!
0.065 (6.307 £ 0.300) - 10* (5.945 £ 0.304) - 10!
0.070 (4.636 £ 0.180) - 10* (4.445 4 0.184) - 10t
0.075 (3.5616 £0.117) - 10* (3.430 +0.114) - 10t
0.080 (2.673 £0.115) - 10* (2.560 4 0.110) - 10*
0.085 (2.271 4+ 0.216) - 10* (2.214 4+ 0.217) - 10t
0.090 (1.412 £ 0.204) - 10* (1.395 4 0.206) - 10*
0.095 (1.085 £ 0.057) - 101 (1.056 £ 0.059) - 10!
0.100 (7.412 £ 0.584) - 10° (7.377 4 0.588) - 10°
0.105 (5.069 £ 0.537) - 10° (5.121 £ 0.529) - 10°
0.110 (2.817 £ 0.400) - 10° (2.914 £ 0.399) - 10°
0.115 (2.652 4 0.329) - 10° (2.428 +0.301) - 10°
0.120 (1.353 4+ 0.221) - 10° (1.516 4+ 0.183) - 10°

perturbative prediction in QCD for ¥(y4) in Fig. (5.7). In the same figure, the inset
shows the K (y4) factors of the distributions. The physical cross sections for the two
algorithms are very similar. The K (y4) factors are quite large, but much smaller than
in the case of other four-jet event shape distributions. They depend weakly on the
y4 value for y4 > 0.1 and decrease rapidly with decreasing y4 below y4 = 0.1. In the
case of the Cambridge algorithm the radiative corrections are 15-30 % smaller than
those for the Durham algorithm.
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Figure 5.7: The NLO QCD prediction for the y¥ (solid) and y$ (dashed) differential
distributions with renormalization scale x,, = 1. The inset shows the K factors of
the distributions.

The event shape variables thrust minor (Tiin), C and D parameters are defined
in Sec. (3.2). The kinematical limit of the C parameter for three-parton processes is
C = 0.75. Therefore, in the region C € [0.75, 1] the four-parton processes contribute
to the leading order prediction, and our program is capable to calculate the radiative
correction to the distribution. The results of such a calculation for the Born functions
B(Tmin). B(C) and B(D) agree with the known results (see e.g., [49]). The C(Tiin)
and C(C) correction functions are given in Table (5.4).

In the case of event shape differential distributions the NLO corrections should
logarithmically diverge at the edge of the phase space. This divergence occurs at zero
for the y4, Tmin and D parameter distributions and is regularized by the multiplication
with the value of the variable (see Eq. (5.17)). This is not the case for the C
parameter, because it diverges at C = 0.75. Nevertheless, we obtained a finite and
positive contribution in the first bin owing to bin smearing as we have checked explicitly
by refining the bin width.

Figs. (5.8) show the leading and NLO QCD prediction for the T, differential
distributions at z,, = 1. The inset show the K factor which is large indicating 100 %
or larger radiative corrections. As a result, the renormalization scale dependence
remains large, only the absolute normalization of the distributions increases with a
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Table 5.4: Correction functions to the differential distributions of the T,,;, and C
parameter event shape variables. The parameter values are at the lower edge of the
corresponding histogram bin.

Tinin C(Tmin) C C(0) D C(D)

0.00 — 0.75  (4.7754+1.100) - 10*  0.00  (1.08 +0.06) - 10*
0.02 (3.31940.270) - 10* 0.76  (6.082 +0.160) - 10> 0.04 (1.24 +0.02) - 10*
0.04 (2.381£0.082) -10* 0.77 (4.610 4 0.089) - 10° 0.08 (8.59 £0.12) - 10°
0.06  (1.65240.038) -10* 0.78 (3.663 +0.063) - 10> 0.12  (6.24 +0.12) - 10
0.08 (1.17240.025) -10* 0.79 (2.904 £0.042) -10®* 0.16  (4.99 +0.11) - 10®
0.10  (8.600 £ 0.130) - 10> 0.80 (2.406 & 0.031) - 10> 0.20  (3.85 £ 0.06) - 10°
0.12  (6.48840.100) - 10> 0.81 (1.948 £0.026) - 10> 0.24  (2.98 +0.05) - 10°
0.14  (4.69540.077) - 10> 0.82 (1.62540.024) - 10> 0.28  (2.52 +0.05) - 10°
0.16  (3.499 £0.042) - 10* 0.83 (1.365+0.023) - 10> 0.32  (1.94 +£0.05) - 10°
0.18  (2.68440.027) -10° 0.84 (1.135+£0.019)-10* 0.36 (1.59 & 0.04) - 10°
0.20  (2.01040.021) - 10> 0.85 (9.194 +0.130) - 10> 0.40 (1.37 +0.03) - 10°
0.22  (1.498 +£0.017)-10° 0.86 (7.906 £0.110) - 10> 0.44 (1.06 & 0.03) - 10?
0.24 (1.12240.013) - 10> 0.87 (6.293 £0.092) - 10>  0.48 (8.7240.19) - 10?
0.26  (8.24740.100) - 10> 0.88 (5.217+0.084) - 10> 0.52 (7.11 4+ 0.16) - 10?
0.28  (6.093 £0.074) - 10> 0.89  (4.296 £ 0.066) - 10>  0.56  (5.68 £ 0.14) - 10?
0.30  (4.501+0.180) - 10* 0.90 (3.391 4+0.052) - 10> 0.60 (4.46 +0.21) - 10?
0.32  (3.026+0.057) - 10> 0.91 (2.81540.061)-10> 0.64 (3.5240.11) - 10?
0.34 (22294 0.050) - 10> 0.92 (2.075+0.057) - 10>  0.68 (2.74 4 0.09) - 10?
0.36  (1.549 £0.046) - 10> 0.93 (1.626 £ 0.032) - 10> 0.72  (2.08 £ 0.08) - 10°
0.38  (1.095 4+ 0.028) - 10  0.94 (1.2214+0.026) - 10> 0.76  (1.54 4 0.06) - 10?
0.40  (7.100 4+ 0.210) - 10" 0.95 (8.154 +0.260) - 10'  0.80 (1.03 4 0.04) - 10?
0.42  (4.437+£0.180) - 10'  0.96 (5.1934+0.190) - 10" 0.84 (6.66 +0.31) - 10"
0.44  (2.684 +£0.190) - 10' 0.97 (3.16540.130) - 10" 0.88 (3.89 +0.20) - 10"
0.46  (1.43940.150) - 10 0.98 (1.31240.094) - 10" 0.92 (1.71 +0.19) - 10*
0.48  (6.447 £0.560) - 10° 0.99 (2.769 & 0.260) - 10° 0.96  (2.60 + 1.30) - 10°

factor of more than 2 with the inclusion of the radiative corrections. This feature
is demonstrated in Fig. (5.9), where we show the scale dependence of the leading
and NLO prediction for the average value of the thrust minor (above Tpin = 0.02).
The leading and NLO curves run almost parallel down to x, ~ 0.2, only the latter is
shifted to larger values. The large renormalization scale dependence indicates that the
higher order corrections are important. One may conclude that, these distributions
cannot be reliably calculated in fixed order perturbation theory and cannot be used
for precision tests of QCD.

5.3 Four-Jet angular correlation

This type of the jet observables measures the correlation between the jets. Fist, we
have to select the four jet events from final state and determine the the momenta
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Figure 5.8: The leading-order (dashed) and the NLO (solid) QCD prediction for the
Trmin variable with renormalization scale x,, = 1. The inset shows the K factor of the
distribution.

of the jets. For this selection we can use one of the jet clustering algorithms defined
in Sec. (3.2). We will use the Durham and Cambridge jet clustering algorithms at
a fixed jet resolution parameter y.,+ = 0.008 which is the value used by the ALEPH
Collaboration [66]. Using the Cambridge algorithm, the hadronization corrections are
expected to be much smaller therefore, the perturbative prediction is more reliable.
In order to define the angular variables we denote the three-momenta of the four
jets by pi, (i = 1,2,3,4) and label jets in order of descending jet energy, such that
jet 1 has the highest energy and jet 4 has the smallest. The four variables are the
Korner-Schierholz-Willrodt variable [20],
cos ¢ksw is the cosine of the average of two angles between planes spanned by the
Jets,

(5.20)

1 L
PrSW = 3 (arccos ((p1 X Py) - (P2 % p3)>

|p1 X Pallpa x 3l

= 5 (B X B
+ arccos((p1 pg) (p2 p4))>;

|P1 X P3||p2 X Pl

the modified Nachtmann-Reiter variable [21], | cos 8% | is the absolute value of the
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Figure 5.9: The renormalization scale dependence of the average values of thrust
minor (< Tmin >0.02) at leading and next-to-leading order.

cosine of the angle between the vectors p; — ps and p3 — Py,

cos 0% = (1 —p2) - (5 —P1) (5.21)
NR |p1 — P2||P5 — Pal

cos g4 [24], the cosine of the angle between the two smallest energy jets,
D3 Pa

== (5.22)
|P3 | |P4|

COS (X34 —
the Bengtsson-Zerwas correlation [23], | cos xBz| is the absolute value of the cosine
of the angle between the plane spanned by jets 1 and 2 and that by jets 3 and 4,

(P1 X p2) - (P3 X pa) |
|P1 X Pa|p3 X Pil

COS XBz = (5.23)
The NLO differential cross sections of these variables are given in the following general
form

ida

— ) =P BE) ) [BOE S o] G2

S
where n(p) = as(p)/(2m)Cr is the coupling constant and z = cos ¢xsw, | cos Oxg],
cos sy, |cosxpz|. oo denotes the Born cross section for the process ete™ — gq,
s is the total c.m. energy squared, p is the renormalization scale, while Bp, and
C(z) are scale independent functions, B(z) is the Born approximation and C(z) is
the radiative correction. We use the two-loop expression for the running coupling in
Eq. (2.42) and set the number of light quark flavours to ny = 5.

The Born approximation and the higher order correction are linear and quadratic
forms of ratios of the color charges (see Appendix A and B)

B=By+B,xz+ Byy, (5.25)
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Figure 5.10: Comparison of the NLO QCD prediction for the cos ¢pxsw distribution
obtained using Durham (solid) and Cambridge (dotted) jet algorithm with ALEPH
data (diamonds). In the window the K factor of the distribution with Durham (solid)
and with the Cambridge (dotted) algorithm is shown.

and
C=Co+ Crx+Cyy+C. 2+ Cma:2+0wxy+0yyy2 , (5.26)

where the ratio z appears that is related to the square of a cubic Casimir

Na
a c c a 03
Cy= Y Tttt Te(tt’t) , 2= NCT (5.27)
a,b,c=1

The Born functions B; are obtained by integrating the fully exclusive O(a?) ERT
matrix elements [48] and were used by the experimental collaborations [67, 24, 68,
69, 66]. At the end of this section in Tables (5.7-5.14) we tabulated the numerical
value of the NLO kinematic functions C; for these angular variables for the Durham
and Cambridge clustering algorithms. We do not show the value of the C', functions in
Ref. [5] because they turn out to be negligible. The C values were obtained according
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Figure 5.11: Comparison of the NLO QCD prediction for the | cos6%g| distribution
obtained using Durham (solid) and Cambridge (dotted) jet algorithm with ALEPH
data (diamonds). In the window the K factor of the distribution with Durham (solid)
and with the Cambridge (dotted) algorithm is shown.

to Eq. (5.26). Comparing the size of the corrections for these two algorithms, we see
that in general the C; functions in the case of the Cambridge algorithm are 10-20 %
smaller.

We use the numerical values for the kinematic functions to calculate the NLO
QCD predictions for the SU(3) values =z = 9/4, y = 3/8 according to Eq. (5.24)
at ¢, = p/v/s = 1. We compare our predictions for the Durham algorithm (solid
histograms) to ALEPH data (diamonds) in Figs. (5.10-5.13). In order to make this
comparison we normalize the histograms to one, therefore

_lde

F(z) = () , o= /dz Z—Z(z) . (5.28)

odz
The qualitative agreement between data and theory is very good. Also shown in
these figures our results for the Cambridge algorithm (dotted histograms). The
statistical error of the Monte Carlo integrals is below 1.5 % for the Durham algorithm
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Figure 5.12: Comparison of the NLO QCD prediction for the cosas, distribution
obtained using Durham (solid) and Cambridge (dotted) jet algorithm with ALEPH
data (diamonds). In the window the K factor of the distribution with Durham (solid)
and with the Cambridge (dotted) algorithm is shown.

and below 2% in the case of the Cambridge algorithm in each of the bins. In the
same figures, the windows show polynomial fits to the K(z) = Fyro(z)/Fro(z)
factors of the normalized distributions. The XQ/NdOf of these fits is between (1.5—
7)/20. The K factors for the | cos xpz| distributions, for the cos a4 distribution with
Durham algorithm and for the | cos @y | distribution with the Cambridge algorithm
are approximately constant 1 over the whole range, therefore the shape of the leading
and NLO distributions are very similar in these cases.

Leading order versus next-to-leading order

A quantitative comparison of the data for the angular distributions to the NLO predic-
tion decomposed in a quadratic form of the color factor ratios with group independent
kinematical functions as coefficients makes possible a simultaneous fit of the strong
coupling and the color charge ratios. That procedure would require a full experimental
analysis which is not our goal. What we would like to do is to give a reliable estimate
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Figure 5.13: Comparison of the NLO QCD prediction for the | cos xpz| distribution
obtained using Durham (solid) and Cambridge (dotted) jet algorithm with ALEPH
data (diamonds). In the window the K factor of the distribution with Durham (solid)
and with the Cambridge (dotted) algorithm is shown.

of the systematic theoretical uncertainty coming from the use of the leading order
perturbative prediction instead of the NLO one in a color charge measurement. We
“produce” data using our NLO prediction with SU(3) values z = 9/4 and y = 3/8
and perform a leading order fit of z and y using the By, B, and B, functions. We
use x2 minimalization to obtain the best values with

2
wj

1 ([ Bo(2;) + 2By (2;) + yBy(z) 1 donto 2
=) — v - (1)) ,  (5.29)
- oo+ x0oy + Yoy oNnLo dz

where w; denotes the statistical error of the normalized NLO distribution in the ith
bin, the summation runs over the bins and o; (j =0, z, y or NLO) defined as

d
o = /dz B;(2), ONLO = /dz%(z) . (5.30)
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As a check of the fit we also performed a linear fit to the not normalized distributions
in the form

2
2= Z % <77(BO(Zi) + 2By (2) + yBy(2i)) — dUdLZLO(zi)) , (5.31)

where w; is the statistical error of the NLO distribution in the ith bin, and with 7
fitted as well. The two procedures give the same result for = and y to very good
accuracy.

Table 5.5: Leading order fit of the color charge ratios to the next-to-leading order
differential distributions of the angular correlations.

Observable x Y

Durham algorithm

COS PKSW 2.21 +0.05 0.58 +0.07
| cos g | 1.41+£1.43 0.0840.11
COS (r34 2.08 +£0.21 0.57 £0.23
| cos xBz| 1.15+1.43 0.124+0.31
all four 2.32£0.03 0.29 +0.02
Cambridge algorithm
COS PKSW 2.30£0.08 0.52 4+ 0.09
| cos g | 0.99 4 2.70 0.214+0.31
COS (r34 0.34 +=0.42 2.65 4+ 0.48
| cos xBz| 3.53+2.80 0.82 4+ 0.68
all four 2.29 +0.05 0.45 +0.03

We performed the fit for each angular distribution separately, as well as for the
four angular variables combined. Table (5.5) contains the results of these fits. We
see that the shifts in the x—y values are quite large. Looking at the errors, one finds
that the shift is significant only if the K factor of the corresponding distribution (see
Figs. (5.10-5.13)) iiis not constant 1. For those cases when the shapes of the leading
order and the NLO distributions are very similar, i.e. the K ~ 1, then the fits give
values compatible with the canonical QCD values. The origin of the large errors in
some fits is the global correlation between the two parameters x and y in the fit. In
these cases — | cos 0|, cosass and | cos xgz| distributions — one cannot fit both
variables reliably. Instead, one can fit either the ratio of the two parameters, or fix
one parameter to the SU(3) value and fix the other. For instance, fixing z = 9/4
one obtains the fitted values for y as given in Table (5.6). We observe from Figs.
(5.10-5.13)) and Table (5.6) that in those cases, when K ~ 1 the result of the fit
is in agreement with SU(3) — Durham cos a4, | cos xgz| and Cambridge | cos 0|
distributions —, while for the rest of the distributions we obtain fit parameter different
from the SU(3) value because the shapes of the leading and NLO distributions are
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different. We show the result of the combined fit of all four variables in Fig. (5.14) in
the form of 68.3 % and 95 % confidence level contours in the z—y plane with ellipses
centered on the best x—y pair. There are five contours sitting on three different
centers in each plot. The fits with both 1- and 2-0 contours were obtained using
all four angular distributions with all bins included. The fit with only 1-o contour
shown corresponds to the “ALEPH choice”: using all four variables with fit ranges
0.1 <|cosxmzl, |cosOir| < 0.9 and —0.8 < cos ags, cos pxsw < 0.8.

- — 68.3% CL region
055 — 95 % CL region

045 — |

035 — e .. Durham

03—
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= | ‘ | ‘ | ‘ | ‘ | ‘ | —
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Figure 5.14: Confidence level contours of the leading order fits of the color charges
x and y for the Durham and Cambridge clustering at ..+ = 0.008.

We observe from Fig. (5.14), that the leading order fit results in overestimating
the C4/CF ratio by 2-3% no matter which clustering algorithm is used. For the
Tr/Cr ratio the leading order fit underestimates the result by 20-30 % of a NLO fit
when the the Durham algorithm is used, while in the case of Cambridge clustering the
leading order fit gives an overestimate of about 20 %. This systematic bias appears
significant in both cases. Although the two parameters are slightly correlated when
all four variables are used, the fit is reliable. The result of the fit depends on the
jet algorithm because the different jet finders lead to different jet momenta from
which our test variables are built. We also see that constraining the fit range as
the ALEPH collaboration did does not alter our conclusions significantly. We would
like to emphasize that the significant shift from the SU(3) values does not mean the
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Table 5.6: Leading order fit the color charge ratio y to the next-to-leading order
differential distributions of the angular correlations with = = 9/4 fixed.

Observable  Durham algorithm  Cambridge algorithm

COS PKSW 0.57 +0.06 0.55 +0.08
| cos OXil 0.154+0.03 0.36 +0.05
COS (34 0.39 £0.05 0.56 £0.08
| cos xBz| 0.35+0.05 0.51 4+ 0.06
all four 0.31+0.02 0.46 +0.03

exclusion of QCD, but simply gives an estimate of the systematic theoretical error in
the color charge measurements when leading order fits are used.

One may ask how the light gluino exclusion significance changes in the recent
analysis of Csikor and Fodor [15], which used the results of four-jet analyses, if one
takes into account the systematic theoretical error discussed above. Assuming that
the shifts of x and y are similar in the light gluino extension of QCD, our conclusion
suggests that the radiative corrections induce a shift of order 2« times the tree-level
value for z and y. Lacking this piece of information Csikor and Fodor have increased
the axes of the error ellipses by a factor of a; times the theoretical = and y values.
Implementing our results to a Csikor-Fodor type analysis for the four-jet events would
decrease their confidence levels for the light gluino exclusion from 99.9 % (Csikor-
Fodor value) to ~98 %, which is, however, still much higher than a 2-¢ exclusion.
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Table 5.7: Next-to-leading order kinematical functions to the cos ¢xsw angular dis-
tribution. The Durham jet algorithm is used.

€OS PrSW Cy Co Cy Cy Cuz  Cuy Cyy

—0.950 1190.6 £25.0 —159.3 655.2 —1504.8 129.7 —235.6 —128.0
—0.850 686.5+21.2 —-86.7 381.8 —889.8 70.7 —109.6 —127.9
—-0.750 696.9+19.4 —-67.5 353.1 —-826.6 73.3 —824 —1574
—-0.650 707.5+22.6 —-73.8 3522 -—8228 739 —61.5 —1794
-0.550 722.0£209 -73.7 366.5 —851.9 70.9 —482 -196.7
-0.450 716.2+19.7 —-779 3739 8817 67.0 -—-32.6 —203.8
—-0.350 708.5+£19.6 —-87.8 3904 —-893.5 57.8 —10.3 —206.5
—-0.250 763.1£20.6 —782 4181 -959.0 57.5 2.0 -207.1
—-0.150  752.5£19.7 777 4354 —-982.8 469 104 —197.2
—0.050  730.7+18.8 —104.0 457.3 —1039.0 41.1 16.1 —191.6
0.050 665.5 £ 18.7 —90.7 420.7 —-934.2 31.6 300 -—-176.1
0.150 6529+ 18.0 —84.7 431.0 —-9354 21.2 406 —1574
0.250 631.6£17.0 —-86.2 4242 —-904.9 17.5 40.2 —1479
0.350 633.7£15.6 —83.3 433.1 —-929.5 145 442 -—137.6
0.450 976.9£29.9 —105.1 404.6 —-923.4 189 475 —127.2
0.550 628.8 £29.5 —100.3 4844 -980.6 —-4.0 526 —122.8
0.650 628.4+£16.2 —114.0 483.6 —1041.5 2.3 99.3 —119.7
0.750 711.1£159 -132.8 578.1 —1197.2 -98 68.2 —118.2
0.850 836.8 £15.6 —169.5 675.8 —1444.1 -3.3 74.0 -130.3
0.950  1820.0+£22.9 —399.8 1547.2 —3258.7 —29.1 168.9 —252.6
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Table 5.8: Next-to-leading order kinematical functions to the |cos8%y| angular dis-
tribution. The Durham jet algorithm is used.

| COS 91§R| C(4 CO Cr Cy C’I"I‘ Cry ny
0.025 1184.8 £26.6 —164.6 757.6 —1769.9 46.2 161.7 —459.4
0.075  1130.0£35.3 —170.6 757.8 —1755.2 36.7 156.8 —450.0
0.125 1204.4 £ 37.0 —164.8 780.8 —1783.0 43.0 150.8 —451.7
0.175 1190.0+£39.9 —170.9 764.6 —1813.6 52.0 142.6 —4514
0.225 1239.0+£ 379 —172.1 801.1 —-1828.6 47.1 139.5 —432.3
0.275 1247.5+£32.2 1724 796.1 —-1832.1 54.2 1152 —423.6
0.325  1268.2+33.5 —189.6 828.9 —1885.8 54.7 100.1 —408.9
0.375 1311.9+40.1 —187.4 824.8 —1903.0 68.5 74.3 —386.8
0.425 1358.3£41.6 —177.3 888.3 —1986.6 56.5 55.9 —374.3
0.475  1456.3+38.0 —201.0 916.8 —2044.7 749 385 —356.7
0.525 1443.4+41.3 —225.8 951.0 —2130.4 69.0 34.1 —342.0
0.575 1570.0 £60.5 —208.6 980.2 —2198.9 894 —-11.4 —-317.0
0.625  1662.7+59.7 —249.2 1085.3 —2305.5 79.1 —-30.2 —300.8
0.675 1806.9 £60.9 —233.2 1146.4 —2448.1 92.6 —-61.2 —276.8
0.725  1689.3+62.1 —279.2 1129.5 —2503.3 93.3 —83.3 —249.5
0.775  1913.3+£50.4 —263.6 1244.8 —2605.8 93.6 —105.4 —226.0
0.825 1931.5+£52.0 —290.4 1269.4 —2670.3 101.2 —139.6 —200.1
0.875  1907.6 £50.7 —284.7 1254.5 —2691.0 106.3 —160.8 —173.4
0.925 1979.0+56.1 —302.0 1297.6 —2777.3 116.5 —196.4 —151.9
0.975  2426.4+68.3 —399.1 1658.0 —3469.3 122.2 —241.3 —137.8
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Table 5.9: Next-to-leading order kinematical functions to the cos as4 angular distri-

bution. The Durham jet algorithm is used.

COS (v34 Cy Co Cy Cy Crz  Cuy Cyy

—0.950 1038.4417.9 —227.3 901.2 —1888.6 —20.6 77.1 —106.0
—0.850 988.94+19.5 —187.7 830.9 —1717.5 —19.0 73.8 —109.0
—0.750 948.74+19.4 —177.0 777.1 —1628.8 —10.4 67.2 -—116.9
—0.650 911.1+22.2 —162.4 716.5 —1500.5 —0.9 54.8 —123.8
—0.550 899.6 +26.1 —144.1 684.6 —14279 3.4 479 —-132.5
—0.450 849.9+22.1 —131.0 629.7 —1381.1 12.9 43.0 —141.0
—0.350 827.5+21.1 —133.5 597.8 —1268.9 16.0 38.1 —148.8
—0.250 816.0+19.0 —126.8 566.3 —1235.8 25.9 26.5 —158.2
—0.150 &810.4+19.8 —125.3 546.5 —1200.7 32.2 20.0 —-171.5
—0.050 843.6+21.4 —118.9 534.6 —1187.5 44.4 7.4 —187.6
0.050 829.94+21.7 —126.0 510.9 —1152.5 53.0 —1.4 —-203.9
0.150 879.44+23.4 —105.2 484.1 —1100.1 69.4 —14.5 —219.1
0.250 834.24+21.6 —104.4 450.9 —1055.2 74.0 —28.7 —233.1
0.350 837.2+23.9 —-93.4 426.1 —999.6 83.0 —43.0 —244.0
0.450 828.0+24.0 —-79.6 382.7 —915.3 93.2 —55.2 —249.9
0.550 793.7+£22.2 —72.9 343.9 —854.5 100.1 —70.2 —252.9
0.650 719.8+21.9 —59.1 305.2 —763.9 94.0 —74.7 —2384
0.750 546.0+15.0 —52.5 2384 —6024 73.0 —66.1 —184.8
0.850 2452493 —24.0 130.1 —302.8 24.8 —31.7 —62.8
0.950 125+ 2.4 —-1.9 9.2 —17.7 02 -04 -09




5.3. FOUR-JET ANGULAR CORRELATION 65

Table 5.10: Next-to-leading order kinematical functions to the |cosxpz| angular
distribution. The Durham jet algorithm is used.

| COS XBZ | Cy C10 Cy Cy Coa CTy ny

0.025 1133.94+£39.7 —171.8 748.6 —1623.5 29.2 161.8 —400.9
0.075 1087.1+47.9 —-170.2 724.3 —1689.3 34.9 1649 —-395.9
0.125 1147.7+49.5 —163.0 771.0 —1640.7 23.1 153.2 —395.1
0.175 1075.4+45.9 —-160.2 719.1 —1665.6 33.6 159.0 —391.4
0.225 1144.5+42.5 —177.8 752.8 —1659.9 36.9 1354 —381.4
0.275 1110.3 +£43.5 —-172.6 741.9 —-1634.2 33.4 121.7 -361.1
0.325 1152.2+£42.3 —142.2 744.5 -1651.3 39.0 110.2 —-350.3
0.375 1181.24+43.1 —175.4 794.6 —1741.2 35.9 106.1 —-340.5
0.425 1210.8+47.8 —155.7 798.5 —1693.3 379 725 —330.6
0.475 1213.14+:44.5 —185.8 762.7 —1749.9 66.2 56.7 —322.3
0.525 1236.6 £ 38.9 —195.1 819.6 —1801.7 53.0 44.5 —310.7
0.575 1337.24+42.9 —182.4 847.8 —1855.7 65.6 19.1 —299.8
0.625 1383.5+44.4 —201.5 891.7 —1983.3 724 —-2.5 —292.6
0.675 1415.8+44.2 —197.9 916.5 —2050.8 74.8 —22.5 —279.9
0.725 1551.94+:44.0 —283.2 1039.4 —2150.5 749 —45.4 —268.6
0.775 1659.4 +47.8 —152.9 1020.2 —2357.4 99.2 —75.9 —-262.1
0.825 1828.2 +£48.2 —251.4 1166.8 —2553.8 105.5 —102.4 —248.7
0.875  1791.5£245.1 —316.9 1236.4 —2863.7 110.1 —146.7 —243.1
0.925  2455.54+246.3 —318.9 1528.1 —3230.3 151.2 —217.0 —249.3
0.975 4804.5+£70.2 —731.4 3109.1 —6806.4 320.2 —552.9 —445.9
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Table 5.11: Next-to-leading order kinematical functions to the cos ¢xsw angular
distribution. The Cambridge jet algorithm is used.

€OS PrSW Cy Co Cy Cy Cuz  Cuy Cyy

—0.950 1085.9+44.0 —287.0 713.0 —1754.9 135.1 —280.6 —143.7
—0.850 658.4+35.4 —164.3 4044 —-986.2 81.7 —134.9 —134.0
—-0.750 617.4+27.0 —139.8 366.6 —932.2 785 —-108.1 —170.1
—0.650 620.0+23.2 —124.2 3559 -924.0 74.Y —-71.1 —196.1
-0.550 662.8£23.0 —130.5 377.7 —-961.9 757 —-59.5 —-210.4
—0.450 605.2+24.4 —145.8 380.8 —954.7 60.8 —-30.6 —216.4
—0.350 658.4+£23.8 —143.1 4054 -1004.1 60.9 —13.3 —224.1
—0.250  653.0+25.4 —148.1 421.2 —-1035.8 543 —4.2 —-219.6
—-0.150  610.7£25.0 —173.7 4319 —-1044.3 443 134 -—-213.7
—0.050 603.3+23.6 —176.6 449.2 —107v8.7 36.9 16.1 —192.3
0.050 548.4+214 —-147.6 401.7 —-970.0 30.8 28.0 —-171.0
0.150 514.7+19.3 —-161.5 414.3 -952.0 182 37.2 —-161.0
0.250 508.4+£17.1 —153.8 407.1 —-942.3 17.3 385 —147.1
0.350 500.3£17.0 —158.0 425.3 —-974.9 9.9 42.6 —140.6
0.450 497.7£18.5 —164.4 429.0 —-996.6 10.0 44.7 —129.7
0.550 471.1+16.9 —-177.1 4447 —-1027.1 1.1 092.3 —124.8
0.650 510.0£16.8 —195.1 489.6 —1085.2 —4.2 56.5 —120.9
0.750 560.0£17.4 —207.1 545.7 —12178 -84 65.2 —118.7
0.850 681.4£22.0 —264.5 687.5 —1514.9 —16.0 785 —129.7
0.950 1493.1+25.4 —630.2 1574.3 —3435.0 —48.4 176.7 —252.8
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Table 5.12: Next-to-leading order kinematical functions to the |cos®yy| angular
distribution. The Cambridge jet algorithm is used.

| COS 9?\}1{ | Cy C10 Cy Cy Cox Cry ny

0.025 1016.1£30.2 —233.6 750.2 —1827.3 34.8 160.4 —449.3
0.075  1023.7£38.2 —237.2 734.5 —1817.0 46.1 136.2 —450.5
0.125  1011.2+44.1 —224.1 756.4 —1848.0 31.7 157.7 —441.6
0.175  1038.5£44.3 —249.2 760.8 —1867.3 44.8 126.8 —450.3
0.225  1037.3£42.3 —240.7 760.2 —1867.6 43.9 1178 —430.8
0.275  1112.1£42.0 —-253.5 807.4 —-1937.9 47.7 117.0 —426.1
0.325  1078.7£37.7 —260.3 808.9 —1937.7 44.1 99.2 —416.5
0.375  1074.5£37.2 —-277.2 797.5 —1997.0 57.6 87.5 —403.2
0.425 1147.9+£39.6 —314.1 896.8 —2103.0 46.6 57.1 —385.7
0.475  1222.8£43.0 —294.4 911.7 -2166.9 589 38.1 —370.6
0.525  1238.6 £46.5 —343.9 9449 —2233.5 62.5 295 —-3524
0.575  1295.5£45.3 —351.4 969.0 —2346.7 788 —4.6 —334.3
0.625  1371.8£45.0 —393.9 1069.7 —2488.9 72.3 —39.0 —315.0
0.675  1403.5£55.5 —452.3 1134.1 —2606.4 75.7 —73.7 —294.4
0.725  1504.7£61.1 —455.9 1183.5 —2732.3 85.6 —86.4 —274.2
0.775  1479.6 £59.4 —539.4 1202.1 —2802.7 99.7 —126.3 —250.6
0.825  1527.5£63.3 —566.6 1268.4 —2896.6 94.9 —142.1 —230.8
0.875  1585.8 £64.0 —629.1 1318.0 —2971.0 110.0 —196.0 —204.7
0.925 1706.3 £87.7 —625.3 1357.8 —3096.3 130.8 —234.3 —180.9
0.975  2243.9£92.8 —842.0 1818.8 —4041.0 160.3 —329.7 —171.8
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Table 5.13: Next-to-leading order kinematical functions to the cos az4 angular distri-
bution. The Cambridge jet algorithm is used.

COS ('34 Cy Cy Cy Cy Crz  Cuy Cyy

—0.950 827.2+21.4 —373.0 904.6 —1956.5 —30.4 79.5 —105.8
—0.850 786.6+41.6 —333.1 819.7 —1750.8 —22.2 70.2 —108.9
—0.750 731.5+£40.2 -310.3 760.7 —1686.0 —15.0 64.5 —118.2
—0.650 726.5+21.4 —285.2 718.2 —1607.3 —6.1 56.4 —126.8
—0.550 691.0£30.1 —257.9 666.9 —1473.9 —4.3 48.0 —133.0
—0.450 704.7£32.9 —242.1 635.0 —1439.9 8.5 40.2 —143.0
—0.350 692.8+£23.8 —211.5 590.3 —1344.2 14.2 35.6 —149.0
—-0.250 690.1£21.9 —203.2 563.4 —1266.4 20.0 24.9 —158.9
—0.150 670.2+£22.9 —193.3 531.8 —1250.5 28.9 174 —174.4
—0.050 699.2+23.9 —180.2 511.6 —1212.6 38.8 13.9 —185.9
0.050 720.4£30.1 —176.5 499.8 —1163.4 48.0 —-7.5 —202.7
0.150 769.0£31.7 —158.3 487.1 —1185.0 62.2 —-10.5 —223.5
0.250 791.6 £33.7 —163.2 477.7 —1163.8 74.3 —31.5 —239.8
0.350 790.2£28.0 —159.0 451.3 —1119.0 86.1 —54.3 —260.3
0.450 816.2+33.8 —143.8 426.7 —1095.9 100.2 —69.3 —273.9
0.550 733.4£30.9 —148.9 370.3 —1033.3 110.4 —-98.8 —277.3
0.650 634.0+£35.4 —143.2 333.7 —942.1 983 —-97.3 —263.6
0.750 434.4%£229 —-122.8 235.7 —732.8 80.7 —91.5 —201.8
0.850 150.1+14.0 —79.6 1356 —355.6 20.2 —41.5 —69.4
0.950 0.9+1.7 -72 51 -138 05 =09 0.7
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Table 5.14: Next-to-leading order kinematical functions

distribution. The Cambridge jet algorithm is used.

to the |cosxpz| angular

| COs XBZ| 04 CO Cr Cy GE:E CTy ny
0.025 950.6 £40.9 —233.8 718.7 —1751.2 28.4 156.9 —-398.6
0.075 968.5 £53.7 —242.8 762.8 —1695.1 11.9 151.7 —-395.7
0.125 949.3 +£52.6 —245.5 7189 —-1784.5 31.7 168.0 —404.9
0.175 989.3 +£45.2 —246.1 751.7 —1713.5 22.8 1414 -390.4
0.225 959.7+45.3 —260.6 722.5 —-1707.9 34.8 138.6 —383.3
0.275 940.8 £45.5 —288.5 736.2 —1702.2 33.1 114.1 —-373.5
0.325 989.1 £48.3 —224.8 710.5 —1744.9 45.0 108.5 —-367.0
0.375 1011.7+£52.2 —-257.5 781.7 —1804.6 30.5 964 —358.6
0.425 1055.0 £49.7 —-262.7 767.8 —1870.0 55.2 751 —345.1
0.475 1015.4+£71.3 —378.7 8624 —-1902.1 31.6 639 —344.3
0.525 1110.7+£89.5 —194.5 764.8 —1943.5 63.6 469 —328.1
0.575 1136.4+75.5 —297.7 8344 —-1991.1 673 82 —308.5
0.625 1156.8 £50.0 —313.0 893.3 —-2106.2 58.5 —7.5 —311.5
0.675 1223.0+£60.9 —-379.1 947.1 -—-2229.2 740 -—-31.0 —298.0
0.725 1257.6 £65.3 —391.6 1005.7 —2386.4 72.3 —51.3 —2884
0.775 1355.8 £56.8 —435.0 1058.5 —2530.1 934 —-92.2 —-273.9
0.825 1386.3 £70.3 —527.7 1179.4 —2785.3 87.8 —119.5 —269.5
0.875 1636.2+70.6 —568.2 1311.0 —2996.6 109.3 —165.5 —256.2
0.925 19949+ 111.6 —674.3 1553.8 —3496.2 146.4 —261.0 —264.5

0.975

4032.8 £121.5 —1362.2

3169.4 —7444.4

329.2 —646.6 —473.7







Summary of the results

In this dissertation | analyze the four-jet production in electron-positron annihilation.
In the fist part of this thesis | reviewed the basic element of the QCD and the properties
of the hadronic events. | discussed those algorithms and shape variables which help us
to characterize the structure of the hadronic events. | discussed a calculation method
of NLO jet cross sections in detail. | applied this method for the process ete™ — 4
jets and the most interesting results were discussed in Chapter 5. Finally, my results
can be summarized in the following items

1. | calculated the five parton two lepton tree level matrix element in Weyl-spinor
basis (see Appendix A).[6]

2. | gave the group independent color decomposition of the four parton two lepton
one-loop matrix elements (see Appendix B). [2]

3. | developed a Monte Carlo event generator which can calculate 3- and 4-jet
cross sections at next-to-leading order and 5-jet cross sections at leading order
in eTe™ annihilation. [9]

4. | showed that in the case of four-jet shape variables, the NLO corrections (with
the exception of y4 jet shape variable) are more than 100%. The residual
renormalization scale dependence is large indicating that even higher orders
are important. One may conclude that these distributions cannot be reliable
calculated in fix order perturbation theory and cannot be use for precision test
of QCD. [1, 4, 6]

5. | showed that in the case of four-jet rates, the radiative corrections are about
100 % for JADE-type clustering algorithms [1], while for the Durham algorithm
it is less than 60 % and even smaller for the Cambridge algorithm. The scale
dependence for the latter algorithms is substantially reduced. The agreement
between data and theory for the Durham clustering is very good and extends to
small values of y.,+ when one matches the fixed order prediction with improved
resummed next-to-leading logarithmic approximation. [6]

6. | showed that in the case of normalized angular distributions the corrections
are small as expected (the K factors are close to 1). The renormalization
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scale dependence is small, which however, does not mean that the effect of the
radiative corrections on the measurement of the QCD color charges is negligible.
The measured value of the Tr/Cr ratio may differ up to 25 % when leading,
or NLO QCD predictions are used in the color charge fits. [5]

. | showed from the comparison of the Durham four-jet rate and the measured

data that the existence of the light gluinos can be excluded at the 90 % confi-
dence level. [3]

. | showed that the NLO perturbative prediction, matched with the next-to-

leading logarithmic approximation for predicting both 2-, 3- and 4-jet rates
using the Durham jet-clustering algorithm, gives a very accurate description of
the data obtained at the LEP. [7]

. | performed the measurement of strong coupling constant using the 3- and 4-

jet rates. The results is as(Mzo) = 0.1173 £ 0.0018, where the error doesn’t
contain the systematic error of the experiment.



Osszefoglalas

(This is the hungarian review of the thesis.)

Altalanos hit, hogy az er8s kolcsonhatdst, mely a hadronok 0Oszetevdi kozott hat,
a kvantum szindinamika (QCD) elmélete irja le. Két tipusa van az OsszetevOknek,
melyeket kdzosen partonoknak neveziink, a kvarkok és a gluonok. Elméleti illetve
kisérleti indukaciék vannak arra nézve, hogy a partonok csak kotott allapotban 1é-
tezhetnek a természetben, tehdt a vildg “szintelen”. Elméletileg valamely erésen
kolcsonhaté folyamatra a QCD jéslat megkaphatd, de a gyakorlatban ez kivitelezhe-
tetlen. Azért a helyzet nem olyan rossz. Specidlis feltételek mellett a szamol4sok
elvégezhetbk a perturbativ mdédszer segitségével. Ezt a megkozelitést a QCD aszim-
totikus szabadsaga teszi lehetévé. Hasznalva a QCD tulajdonsagait és a renormalasi
csoport technikét, lehet definidini az as(Q) futd csatoldsi allandét, melynek értéke
nulldhoz tart a nagyenergias tartomanyban (Q — 0). Ez a viselkedés a nagyener-
gias tartomanyban megengedi, hogy perturbativ sorfejtést alkalmazzunk az «,(Q)
valtozéban. A legalacsonyabb rendje ennek a sorfejtésnek a naiv parton modell koze-
litésnek felel meg vagy mas néven a vezet6rendii kizelitésnek (LO). A LO eredmény
csak egy durva kozelitését tudja adni az éppen szdmolt mennyiségnek. A pertur-
bativ sorfejtés pontossaga a magasabb rendii jarulékok nagysaga altal van kontrolalva.
Szamos QCD joslat megkoveteli legaldbb a vezetd rendre kovetkez6 jarulékot (NLO)
és az NLO definici¢jat a hozza kapcsolédé mennyiségeknek (pl. as(Q)).

llyen magasabb rend(i szdmoldsok az elmdlt hisz év soran el lettek végezve néha
sokkal kés6bb, mint azt a kisérleti adatok megkovetelték volna. Ennek a késésnek
az volt az oka, hogy nagyon nehéz egy altalanos és egyszer(i szamoldsi mddszert
kifejleszteni.

Az egyik nehézség, amivel szembe kell nézni az a matrixelemek kezelése. A
nemabeli vertexek komplexitdsa miatt a matrix elemek kifejezései 6ridsiva valnak a
kiils6 labak szamanak emelése altal. Ez a probléma mar vezetd rendben is jelent-
kezik. Ezt szemléletesen aldtamasztja a A és a B fiiggelékekben megadott matrix
elemek is. Masrészt a hurok amplitudék hurok impulzus feletti integraldst tartalmaz-
nak. Elméletileg és néhany fontos esetben [42] egy hurok szinten el tudjuk végezni
Oket, de mar kéthurok rendben csak néheny specidlis integralt tudunk kiszdmolni.
Jelenleg a magasabb hurok amplitudék szamoldsa reménytelen.
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A masik nehézség az litkdzési folyamat rovid és hosszi hatétavolsagl részeinek
faktorizdlasa. A hosszl hatétdvolsdgu részdivergencidk jelenlétét eredményezi a per-
turbativ szdmolds soran. Az NLO vagy magasabb rend{i szdmoldsok f6 feladata
a divergenciadk kiejtése. Az irodalomban szdmos ataldnos mdédszert fejlesztettek ki
[8, 50, 51, 52, 53] NLO hataskeresztmetszetek szamolasara.

A disszertacidmban elektron-pozitron megsemmisiilésben valé négy-jet keletkezés
elméleti leirdsat tliztem ki célul.

Az elektron-pozitron megsemmisiilés a legegyszeriibb és legtisztabb folyamat a
kvantum szindinamika (QCD) tesztelésére, mivel a kezdeti allapot egyszerii és jol
ismert. A tisztdn hadronikus események nagy szama lehet6vé teszik az s er6 csatoldsi
allandé precizidés mérését.

A QCD elméletének masik “paramétere” a mérték szimmetridt meghatarozé mér-
ték csoport. Habar manapsdg senki sem kérddjelezi meg azt, hogy a QCD SU(3)-as
mértékelmélet ennek ellenére a QCD teljes mérése (az o er6s csatolasi dllandd és a
mértékcsoport Cy, Cr kvadratikus Casimirjeinek a szimultdn mérése) nem pusztan
elméleti feladat. Lehetséges létezése a konnyli gluinoknak, befolydsolja mind az as
értékét mind pedig a szintoltések mért értékét (vagy rogzitve a mérték szimmetriat
SU(3)-ra, akkor a fermionikus szabadsagfokok szamat befolydsolja). Igy szimultén fit
segitségével ellenérizhetjiik az extra fermionikus szabadsagfokok [étezését.

A harmadik teriilet, ahol a négy-jet események siilya meghatdrozé, az az, hogy
a QCD esemenyek adjak a legnagyobb hattért mas nem QCD folyamatokhoz (pl.
ete™ — WTW~ folyamathoz). Ezek a csatorndk fontosak a Higgs illetve mds uj
részecskék keresése szempontjabdl.

Hadronikus allapotok szerkezete

A nagyenergias elemirész folyamatokban a legmeghatarozébb az, amikor a végallapot
tisztan hadronikus. A LEP1-en az ilyen események a teljes események 70%-at adjak.
Az ilyen folyamatokban nagy szammal vannak olyan események, melyekben jol el-
kiilonithetd hadronnyaldbok figyelheték meg. Ezeket a hadronnyaldbokat nevezziik
hadronikus jeteknek. Tehdat a hadronikus végallapotoknak szerkezete van, melyet az
elméletnek le kell tudni irnia.

A nagyenergids folyamatokban keletkezé hadronikus eseményeket tobbféle mé-
don jellemezhetjik. Vizsgdlhatjuk az esemény geometridjat, azaz megnézhetjiik,
hogy egy esemény mennyire kollinedris, vagy éppen mennyire koplanaris. Masképpen
fogalmazva feltehetjiik a kérdést lgy is, hogy mekkora az olyan események stlya,
melynek az O1, Oo, ... paraméterekkel jellemzett geometriai tulajdonsdga C1,Cs, ...,
ahol Oy, Cs, ... régzitett. Az O1, Os, ... paramétereket alakvéltozéknak (event shapes)
nevezziik. Fontos, hogy a hadronikus eseményeket jellemzé alakvaltozék nem ren-
dezik a hadronokat jetekbe, de kiemelhetik a jetszer(i eseményeket. Természetesen
definidlhatunk olyan algoritmust, amely a hadronokat jetekbe rendezi. Ekkor mar
beszélhetiink arrél, hogy a végéllapotban 2,3,4... jet van,illetve arrél, hogy mekkora
annak az n-jet események silya. Az ilyen algoritmusokat nevezziik jetkeresd algo-
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ritmusoknak (jet finding algorithm). Nézziink egy-egy példat a fent emlitett fizikai
mennyiségekre.
Legyen m darab hadron a végallapotban, mely ete™ annihildciéban keletkezett

6+(p+)+€7(p,)—>h1(p1)+---+hm(pm) ) P+ +p7:Q ) (1)

ahol py, p_ a bejovd elektron-pozitron impulzusa, p1, ..., p, a végallapoti hadronok
impulzusai. Az impulzusok (p+, p—) tomegkozépponti rendszerben vannak értve. A
legismertebb alakvaltozdék egyike a thrust [16], mely az események kollinearitasat méri
és a kovetkez6 kifejezéssel van definidlva

T(p1,...,Pm) = max 7221 |pi - 7ir |
sy D) = - ,

’ ar Dy |Pil
ahol az 7ip vektort gy definidljuk, hogy T-t maximalizalja. Ha csak két hadron van a
végallapotban, akkor T' = 1. Altaldnos esetben 0.5 < T < 1. Azon események slilya,
melyeknek a thrust-ja T' és T' + AT k&zé esik a kovetkez§

(2)

N T+AT

1
S=g X[ AT Tnpi) | ()
i=1
események

ahol p1,..., pm, az i-edik esemény hadronjainak impulzusa. Tovdbbi két thrust-szerfi
mennyiség vezethetd be, a thrust major T1,,; és a thrust minor T,,,;,. Ezeket szintén
a (2) kifejezéssel definialjuk azzal a kiilonbséggel, hogy a thrust major 7ir.__. tengelye

maj
merdleges az it thrust tengelyre, mig a thrust minor g, ., tengelye meréleges mind
a i mind a 7ip_ . tengelyekre.

maj

A jetkeresd algoritmusokat dtalaban iterativ algoritmusok segitségével definidljuk.
llyen algoritmus a Durham algoritmus [25] is, mely a kdvetkez& médon van definidlva:

1. Definidljuk az y..: feloldasi valtozot.
2. Minden hyg, h; parra szamoljuk ki az yy;-lel jelolt feloldasi valtozét

2min(E?, E?
Ykl = %(1 —costy) (4)
ahol E; az i-edik hadron energidjat és 0,; az i-edik és a j-edik hadron impulzusai
altal bezart szoget.

3. Jeldlje y;; a legkisebb értéket a 2. pontban szamolt yr;-eknek. Ha ;5 < Yeuts
akkor kombinadlja 6ssze (p;,p;)-t egyetlen p(;; pszeudorészecskévé a rekom-
binacids el6irds szerint

Pl =i+ D (5)

4. Ismételje az eljdrdst a 2. ponttdl egészen addig, mig az y;; > yeur feltétel nem
teljesiil.
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A maradék objektumok (pszeudorészecskék) definialjak a jeteket. Lathatd, hogy az
yeut TUggvényében a jetkeresd algoritmus megmondja, hogy az adott esemény hany
jetnek felel meg. Jeldlje (™ a kovetkezd fiiggvény

1 ha az algoritmus talalt n jetet

r(n) (pl; ---apm;ycut) - { (6)

0 ha nem taldlt n jetet

ahol p1, ..., pm, a keletkezett m darab hadron négyes impulzusa, y..: a feloldasi valtozé.
Annak a stlya, hogy a végallapotban n-jetet taldlunk, a kdvetkez6

N
1 n
Rn(ycut) - N Z T( ) (pl; ---;pmi;ycut) . (7)
eser?n:érllyek

A jet rata fenti definici¢jabdl kovetkezik, hogy

oo

n=2

Lathatd, hogy mind az alakvaltozdk, mind a jet ratdk esetén a keletkezési valo-
szin(iségeket a kovetkezd dtalanos alakban irhatjuk

N
ST F (1, i 01,0,.0) (9)

i=1
események

1
P(01,02,..) = &

Az F}mi) fliggvényt jet méréfiiggvénynek nevezziik.

Jetkeletkezés elméleti leirasa

Kisérleti tapasztalatok szerint a 2,3,4,.. jetkeletkezési valdszinliségek a kovetkezé
szabdlyszer(iséget mutattdk

2jet : 3jet : 4jet : ... = O(a%) : O(ag) : O(a?) : ... (10)

Ez azt indukdlta, hogy a perturbativ QCD-ben szerepl6 partonok jé leirast adhatnak
a hadronikus jetekre. Tehat megpréobalkozhatunk egy olyan leirasméddal, hogy a
hadronikus végallapotot partonikussal helyettesitjiik. Ha szerencsenk van akkor ez
j6 kozelitést adhat. A jet mérdfiiggvény egy vagdst jelent a hadronikus allapotok
terébe. Azt viszont semmi sem garantdlja, hogy ennek a vdgasnak megtaldljuk az
egzakt parton szint{i megfelel6jét. A partonszint és a hadronszint kozott a kiillonbség
O(1/Q), ahol Q a relevans impulzusskala. lgy a partonikus jet méréfiiggvényre a
kovetkez adddik

e " 1
F§ )(pl, ...,pn;Ol,Og, ) = F} )(ph ...,pn;Ol,OQ, ) + O (6) 5 (].].)
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ahol Fﬁ”) a partonszint(, Fﬁ”) a hadronszint(i jet méréfiiggvény, pi, ..., pn parton-
impulzusok. Ezek szerint a perturbaciészamolds legalacsonyabb rendjében minden
partonnak egy-egy jet felel meg. Ez a (3.21) szabdlynak felel meg. Figyelembe kell
venni a hadronizacioés korrekcidkat, amelyeket hadronizaciés modellek segitségével
szamolunk. Ilyen modell a hirmodell [29] (string model), vagy a klaszter modell [30].

fgy a jet hataskeresztmetszetet a kovetkezd formulaval szamolhatjuk a regularizalt
elméletben, ahol a téridé dimenzidja d = 4 — 2¢

(01, 0n,...) = Z/ dom (01,03, ) (12)
m=2"m
ahol do,,, differencidlis hataskeresztmetszetek
1
dom(01,04,..) = Y dl' ™ (py, ... pm; Q) - | My (p1, s i) |2
. F‘;m)(p17...,pm701702,...) 5 (13)

kifejezéssel vannak definidlva. Z{m} jeloli az m-partonos konfiguraciok feletti 6sszeg-
zést a Sy,,y Bose szimmetria factorral. M, az m partonos renormdlt amplitudo és
dI'™) az m partonos fazistér mérték.

Elvégezve a perturbativ sorfejtést as-ben egy NLO jet hatdskeresztmetszet o al-
talanosan a kovetkezé alakban irhaté fel

o= O'LO +0NLO . (14)

ltt a vezetSrendii jet hatdskeresztmetszet o%©, melyet ligy kapunk, hogy a do®
exkluziv hataskeresztmetszetet integralom a fazistér folott azon a tartoményon, amit
a jet méréfiiggvény kijelol. Ha m parton van a végallapotban

ol? =/ do? | (15)

ahol az 6sszes mennyiség d = 4 — 2e dimenziéban van értelmezve.

Nézziik most a korrekciét. A hatdskeresztmetszet két tagra bonthatd; egy do’®
tagra, mely m + 1 partont tartalmaz a végallapotban és egy doV tagra, mely m + 1
partont tartalmaz a végallapotban és egyben az 1-hurok korrekcidkat adja

oNEO E/doNLO :/ d0R+/ doV . (16)
m—+1 m

A két integrél az (16) egyenlet jobb oldalan kiilon-kiilon divergens d = 4 dimenziéban,
de az Osszegiik véges. Ezek a szingularitdsok az infravoros divergencidk, melyek
a kolcsonhatds hosszihatétdvolsdgu részét jellemzik. A dimenziondalis regularizacié
segitségével az egyes tagokban szepardlni tudom a szingularitdsokat és el tudom
végezni a kiejtést. A cél az, hogy a (16) egyenletet olyan alakban irjuk fel, mely
nem tartalmaz szingularitdsokat. Ezt a (16) egyenlet azonos atirdsaval érjiik el

doNEO = [dO'R — dJA] +do? +doV | (17)
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ahol do a do®* kozelitése ugyanolyan szingiularis viselkedést mutat (d dimenziéban)
mint do’t. Latszik, hogy do* lokalis levondsi tagként m{ikodik. Bevezetve a fazistér
integrélt a (17) a kovetkezd alakban irhaté fel

oNEO :/ [doR —dJA} —|—/ do? —|—/ doV | (18)
m+1 m—+1 m

most mar biztonsdgosan elvégezheté ¢ — 0 limesz az integrandusban. Az elsd tag
mar integralhaté numerikusan (Monte Carlo program segitségével).

Az 6sszes szingularitds az (4.9) egyenlet utolsé két tagjaban van. Ha do? -
t ki tudjuk integrdlni egy egypartonos fazistér folott (melybdl a pdlusok jonnek),
akkor e pélusokat osszekombindlva do" € pélusaival és elvégezve ¢ — 0 limeszt, egy
m partonos integrdlom marad, amely nem tartalmaz szingularitdsokat és szintén jol
kezelhetd Monte Carlo programmal. Tehat a végsé formulat a kdvetkezé alakban
irhatjuk

m—+ " =

A divergencidk kiejtését az F§m) jetfliggvény garantdlja. Ez a fliggvény gy van
definidlva, hogy az értéke fiiggetlen a Iagy és kollinearis hadronok (partonok) sza-
matdl. Vagy masképp fogalmazva a fiiggvény értéke ugyanaz egy adott m parton
konfigurdcidra és egy vele kinematikusan degeneralt m + 1 partonos konfiguraciéra
(ha egy parton laggya vagy két parton kollinedrisa valik)

Fim i) (20)

Az ilyen mennyiségeket nevezziik infrared safe fizikai mennyiségeknek. A kordbban
definidlt fizikai mennyiségek eleget tesznek ennek a feltételnek.
A levonasi proceduranak a kulcsa a do?. A kdvetkezé tulajdonsagokat kell kielé-
giteni do“-nak
1. tetszbleges folyamatra meg lehessen konstrudlni
2. ugyanolyan szinguldris viselkedést kell mutatnia d dimenziéban, mint do®-nek
3. tudni kell implementalni Monte Carlo programba
4. integralni kell tudni analitikusan egy egypartonos fazistér folott
llyen levonasi tag tobbféleképpen [8, 52, 53] definidlhaté. Ebben a dolgozatban a

Catani-Seymour [53] altal definidt levondsi tagot hasznaltam a négy-jet hataskereszt-
metszetek kiszamoldsara.
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Négyjet keletkezés et e~ megsemmisiilésben

Ebben az alfejezetben a korabban targyalt moészerekkel kapott négyjet hatdskereszt-
metszeteket ismertetem a teljesség igénye nélkiil. Helysziike miatt, itt a magyar nyelvii
attekintdben csak a fenomenoldgiai szempontbdl legérdekesebb fizikai mennyiségekkel
foglalkozunk.

A négyjet mennyiségek harom csoportba rendezhetdk: négyjet ratdk, négyjet
alakvaltozdk, négyjet szogkorrelaciok. Mindhdrom tipusra részletes analizist végez-
tiink. A jet ratdkat kiszamoltuk JADE-EO, Durham, Geneva és Cambridge algo-
ritmusokra [1, 6]. Az alakvaltozék koziil kiszdmoltuk a D-paraméter az akopla-
naritds [1], a II; és II4 Fox-Wolfram momentumokat [4], az y4, @ Tmin €S a C-
paraméter (C' > 0.75) [6] differencidlis hatdskeresztmetszetét. A szdgeloszlasok
koziil meghatdroztuk a Bengtsson-Zerwas (BZ), a Nachtman-Reiter (NR), a Korner-
Schierholz-Wilrodt (KSW) és a legkisebb energidjd jetek szoge (as4) eloszlasokat
[5].

A fent emlitett mennyiségek koziil néhanyat, toliink fiiggetleniil masik hdrom cso-
port is kiszamolta [70, 72, 73], igy lehet6ség nyilt a kdzvetlen Gsszehasonlitasra. Az

1. tabldzat: Négyjet ratak kilombozd vy, értékeknél

Algoritmus | Yeut MENLO PARC DEBRECEN
0.005 | (1.04+0.02)-107" | (1.05+0.01)-10~*
Durham | 0.01 | (4.7040.06)-1072 | (4.66 &= 0.02) - 10~2
0.03 | (6.8240.08)-1073 | (6.87+0.04)-1073

Yeut EERAD2 MERCUTIO
0.005 | (1.0540.01)-10~* | (1.06 4+ 0.01) - 10~!
0.01 | (4.6540.02)-1072 | (4.7240.01) - 1072
0.03 | (6.8640.03)-1072 | (6.96 £ 0.03) - 1073

1. tablazatban 6sszehasonlitjuk a négyjet ratakat kilonbozé y..: értékek mellett az
dltalam irt DEBRECEN és az irodalomban fellelheté masik harom programmal (MENLO
PARC [70], EERAD2 [72], MERCUTIO [73]). Az 1. tablazathdl jél latszik, hogy a négy
program hiban beliil ugyanazt az eredményt adja.

Négyjet ratak

A legfontosabb fizikai mennyiségek a jet ratak. Elektron-pozitron megsemmisiilésben
a legelterjedtebben haszndlt jet-algoritmus a Durham-algoritmus. A négyjet ratét a
négyjet hatdskeresztmetszet, és a totdlis hatdskeresztmetszet hanyadosaként defini-
aljuk,

O4—jet

Ry = 5 (21)

Otot

3
(y(:u,t) - 7]234(y(:ut) + 7]3 (04(ycu,t) - _B4 (ycut)> )
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ahol otot = 0o(1 + 1.5m) és n = a,Cr/(27). A renormélasi skalatdl vald fiiggést a
kovetkez6 helyettesitéssel kaphatjuk:

Bo U
14+ 22 nz,) |, L= . 22
n—n(w) ( e n(p) Inz, W= (22)
A skalafuggetlen By(yeut) €s Ca(yeut) egyiitthatokat a DEBRECEN programmal szé-
moltuk. Az 1. dbran jél lathaté a LO és az NLO joéslatok savok formajaban.

Durham agorithm
0.5 T N B B
- 0 LO
B B NLO
04— B NLL
= B NLL+K
L 05<x,<2
03— _ 2
Rl s=(91.187 GeV)
> L Ny
5 [ i
o 0.2 — ]
o E
ool 1 11 TR A AR R R B e ]
-35 -3.0 -25 -2.0 -15 -1.0
IOglO(Ycut)

1. dbra: A Durham algoritmusra kapott négyjet ratak kiilonbozd elméleti jéslatai: LO
(széles vildgossziirke sav), NLO (széles sGtétsziirke sav), NLLA (K = 0 als6 keskeny
sav), javitott NLLA (K # 0 felsé keskeny sav).

A négyjet ratdk gyorsan csokkennek a feloldasi valtozd y.,: novekedésével, amibdl
az kovetkezik, hogy a j6 statisztikdjui adatok a kis y.,: tartomanyban érheté el.
Mdsrészt tudjuk, hogy a perturbaciészamitas nem megbizhatd ebben a tartomanyban,
ugyanis a perturbaciés kifejtési paraméter as/27rln2 Yeut l0garitmikusan felerdsiti a
magasabbrendii jarulékokat. A problémat gy oldjuk meg, hogy felosszegezziik a
vezetd-, illetve az arra kovetkezd logaritmusokat, amely az NLLA kozelitést adja
(next-to-leading log approximation). Durham algoritmus esetén ez megtehetd [36].
Ez a kozelités csak a kis 4. tartomanyokban miikodik jol. Masrészt tudjuk, hogy a
nagy yeu: tartomanyokban a fix-order szamolas jo kozelitést ad, tehat a két eredményt
egyeztetni kell. Mi az R-matching sémdt hasznaltuk, mely a kovetkez6k szerint van
definidlva

3
R}l:{fmatch — R4NLL + 7,]2 (B4 _ BAIL\ILL) 4 7]3 (04 _ }l\ILL _ 5 (B4 _ B4NLL)) , (23)
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ahol RY™ az NLLA kozelités, B és CNEL ennek az o szerinti sorfejtésének az
egyitthatdi.

Q 2
RYM = Q[Aq(Q)]QK/ quq(Q,q)Ag(q,Qo)>

0

Q
+ / quq(Q,q) Ag(quO)
QO

i (B A @0+ @A @0)| @

A (24) egyenletben A, (Q, Qo) a Sudakov alak faktorok, amely annak a valésziniiségét
fejezi ki, hogy valamely jetnek a Q¢ = Q\/ycur Skdlardl a @ skalara val6 fejlédése
kozben ne legyen feloldodé eldgazds. A Sudakov faktorokat a kovetkezd alakban
irhatjuk

Q
Aq(Qa QO) = €Xp <_,/Q dq Fq(Qa Q)> 5 (25)
Q
Ay(Q, Qo) = exp|— A dg [Iy(Q.q) + I'r(@)] | (26)
[44(Q, Qo))
Af(Q, Qo) = A A5 o 27
£(@, Qo) 2,(Q. Qo) (27)
illetve az emisszidés valdszinliségek
B 2CF a,(q) as(q) Q 3
LQa) = —F=2 |1+ 55K ) mE -1 (28)
_ 2Caas(q) as(q) Q 11
L@ = “ A= E (15 EE )T o (29)
ny os(q)
r = 2 . 30
(Qa) = £ (30)
A K paraméter értéke fiigg a renormalasi sématdl, melynek értéke MS séma esetén
67 w2 10 11 4
K=Cy (1_8_6) —3 RNf ﬂO:?CA_gTRnf ) (31)

ahol Cy = 3, Cr = 4/3, Tr = 1/2 SU(3) mértékcsoport esetén. Az aktiv kvark
kvark flavour-6k szdma ny.

Haszndlva a 23 illesztési egyenletet j6 kozelitést kaphatunk a kisérletileg mért
adatokkal. A 2. abrardl leolvashatjuk, hogy javitott felosszegzéssel (K # 0) kapott
elméleti eredmény latvanyos egyezést mutat az ALEPH [58] detektorral mért kisérleti
eredményekkel. Az is jél leolvashatd, hogy az egyre pontosabb elméleti eredmények
hogyan valnak “egyre jobbd". Ezek az eredmények azt sugaljdk, hogy a jet ratak jol
hasznalhaték a QCD pontos ellendrzésére, pl. az er6s csatolas mérésére.
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Durham algorithm
O I I B B
[~ v"._\\ Frorrprrrrprrrrprrrrprororiy 1
L RN 03F NLO+NLL+K] ]
04— \ F 23 05<x,<2 1 —|
I \ - =z - _
L N —~o02[ A g
= T \\ 3 = 1
L N \ e‘é L = 4 _
0.3 j \’»% N 24 0.1} xx_ { i
3 F g 1]
2 F i T T B
o 02 a5 a0 25 20 -5 10 |
- |0910(Ycut) -
Co LO a
0l - NLO ]
L NLO+NLL i
0.0 ; I NLO+NLL+K e S :
o b b b
0.2~ J 1 .
= 01— 3 .
3 [ R S RTINS —
200~ ceazzeazs Pt -
<$-01— —
02— oL b b b
-35 -3.0 -25 -2.0 -1.5 -1.0

10g10(Yeur)

2. dbra: A QCD jéslat a négyjet ratara. A véges rendii (LO: pontozott vonal, NLO:
szaggatott vonal), illetve az R-illesztett (K = 0: pontozott szaggatott vonal, K #
0: folytonos vonal) QCD jéslatok a Durham négyjet rdtdra x, = 1 skdlavalasztas
mellett. A hibdkkal feltiintetett pontok az ALEPH [58] kisérleti csoport eredményei.Az
abra alsé részén a kisérleti és az elméleti (R-illesztett K # 0 mellett) eredmények
relativ eltérését mutatja (6 = 1 — kisérlet/elmélet). A kis dbra az elméleti eredmény
renormaldsi skalatol valé fiiggését mutatja a 0.5 < x,, < 2 tartomanyon.

Alakvaltozok

Az alakvaltozok kozil itt csak a thrust minort vizsgdljuk. Tapasztalataink a tobbi
alakvaltozéra is érvényes. A thrust minor esetében az NLO korrekcié 80%-120%
kozott van, ami megkérdGjelezi a perturbaciészamitds hasznalhatésdgat. A nagy
korrekcié azt eredményezi, hogy a renormadldsi skalatdl vald fiiggés nem csokken
[ényegesen, ami a 3. dbran is jél 1atszik, ahol

0.5
<Tmin>0.02 = dﬂlliIIE(Tmin) ’ (32)
0.02
ahol X(Twin) a (3) egyenletben mar definialtunk. Lathatd, hogy a korrekcié hatdsa
inkdbb a normaldas novelése és csak kevésbé a skalafiiggés csokkentése. Ez a viselkedés
jol latszik a 4. abran is.
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0.2 T T I
ll — NLO
0.15 - Lo 2
s=(91.187 GeV)

<Tmin0.02
o
[
\\\\‘\\\\‘\\\\‘\\\\

0.0 |

3. dbra: A Thin atlaganak a renormalasi skalatol valé fiiggése

A fentiek alapjan mondhatjuk azt, hogy a négyjet alakvéltozdk esetében sziiksége-
sek a magasabb rend(i korrekcidk ismerete is. Igy az NLO eredmények nem alkalmasak
pontos QCD tesztek elvégzésére.

Normalt szégeloszlasok

A normalt szdgeloszlasok definidlasahoz el6szor a négyjet eseményeket kell szelektal-
nunk. Ezt a Durham algoritmus segitségével végezték el az y.,; = 0.08 valasztéssal.
A jetek impuzusat pi-vel (i = 1,2,3,4) jeloljik és a jeteket energidjuk szerint ren-
dezziik tgy, hogy a legnagyobb energidja az els6 jetnek, a legkisebb a negyediknek
van.

Itt most csak a legkisebb energidju jetek szogeloszldsat targyaljuk, melyet a ko-
vetkez6 mddon definidlunk

COS (X34 — M . (33)
|P3Pa
A 5. dbran lathatjuk a fenti mennyiségnek a
1 d !
F(cosasy) = ;WUO[:M(COS as4) o= /_1 d cos azy WUO[:M(COS asg) (34)

egyenlet szerint értelmezett normalt szogeloszlasat az ALEPH altal mért adatokkal
osszehasonlitva. A belsd abran az NLO korrekcié nagysagat jellemzé
FNLo(COS 0534)
K(cosagy) = ——F——+= (35)
( ) Fro(cosasy)
faktor értéke taldlhatd. Lathatd, hogy a K factor értéke kozel egy, ami azt jelenti,
hogy az NLO korrekcid kicsi. Figyelemre mélt6, hogy az NLO joéslat 5%-os pon-
tosdggal leirja a kisérleti adatokat, tehat a szogeloszldsok is jél hasznalhatok a QCD
pontos ellendrzésére, elsésorban az alapvetd mértékcsoport mérésére.
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Thrust minor
o [T~ T 1 R B
= —— NLO
5[ --- LO 5
B A $=(91.187 GeV)
2 N Xﬂzl
10-1; \\\\ —
5[ a
= L ]
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P R R B B
10° = M0 o1 0z 03 o4 o5 —
sC :
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Tmin

4. 4bra: A LO (szaggatott) és az NLO (folytonos) QCD jéslatok a Ty, disztribdciora
x,, = 1 skdlavdlasztds mellett.

Négyjet mennyiségek sugdrzasi korrekcioi: osszefoglalds

A négyjet mennyiségek esetén a vezetd rendl joslatok sokszor Iényegesen kisebb
(z, = 1 skdlavalasztas mellett), mint a kisérleti adatok, amib&l az kdvetkezik, hogy
az elméletnek a valésaggal valdé 6sszehasonlitdsahoz sziikséges az NLO korrekcidk is-
merete. Az eredmények azt mutatjdk, hogy a korrekciék nagyok és figyelembevételiik
[ényegesen javitja a mért értékekkel vald egyezést. Konkrétan a kovetkezOket allapit-
hatjuk meg:

i) A négyjet ratdk esetén a sugarzasi korrekcidk nagyok, a JADE algoritmus esetén
100% koriili érték [1, 70], a Durham algoritmus esetén 60% koriili érték [6] és
Cambridge algoritmus esetén még ennél is kisebb [6]. A renormalasi skalatdl valé
fliggés a JADE algoritmustdl eltekintve jelentdésen csokken. A Durham algo-
ritmus esetében figyelembe véve a logaritmus feldsszegzésbol jové jarulékokat,
latvanyos egyezést kapunk a kisérleti adatokkal (3%-on beliil).

i) Az alakvaltozok esetében a korrekcidk altaldban 100%-ndal is nagyobbak. A
renormaldsi skalatol valé fliggés nem javul a korrekcié figyelembevételével, csak
az abszolit normalédst emeli. A kovetkeztetésiink az, hogy az alakvaltozék dif-
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Angle between the smallest energy jets

6(cosaiay)
© b o o oo
N R O = DNO

5. dbra: Az asy szogeloszldas NLO elméleti jéslata 0sszevetve az ALEPH altal mért
adatokkal. Az &bra alsé részén & = kisérlet/elmélet — 1, relativ eltérés lathatd. A
konnyebb 0sszehasonlitds végett az 5%-0s savot behiztuk.

i)

ferencialis hatdskeresztmetszetei rogzitett rendii NLO perturbaciészamitdsban
nem hatdrozhaték meg megbizhatéan , ezért nem hasznalhaték pontos QCD
tesztekre. Itt fontos megjegyezni, hogy a logaritmus felosszegzés segithet a
helyzeten, de sajnos ezek a szamoldsok még nem elérhetd az irodalomban.

A normal szogeloszlasok eseteben az NLO korrekcidk a varakozasnak megfele-
[6en kicsik. A renormaldsi skalatél valé fiiggése kicsi, azonban ez nem jelenti
azt, hogy a hatasuk elhanyagolhaté lenne a QCD szintdltéseinek mérése soran.
Becslésiink szerint [5] a Tr/Cr hanyados mért értéke akar 25%-ot is valtozhat,
ha az NLO hatdskeresztmetszetet hasznéljuk a szintoltés mérésekor a LO jéslat
helyett.
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Appendix A

The tree level matrix elements

In this appendix we present analytic formulas for the four- and five-parton tree-level
helicity amplitudes of the relevant subprocesses. These amplitudes were first calcu-
lated in Refs. [40]. The reason for presenting our results [6] here is twofold. On
one hand we express the relevant color subamplitudes in terms of Weyl spinors |k+),
which were also employed in the case of the one-loop four-parton amplitudes [47],
while on the other we found that our expressions in the case of the four-quark pro-
cesses are more compact and the corresponding computer code is faster than earlier
ones. Another new feature of the amplitudes in this appendix is that we allow for the
existence of light fermionic degrees of freedom in the adjoint representation of the
gauge group (light gluinos). In calculating the amplitudes, we used quark and gluon
currents [41, 39] and standard helicity techniques [41, 38].

A.1 Helicity amplitudes

We consider three subprocesses, each involving a vector boson V(@) carrying total
four-momentum @ and n QCD partons (n = 4, or 5 here). The first subprocess is
the production of a quark-antiquark pair and n — 2 gluons. The second one is the
production of two quark-antiquark pairs (of equal, or unequal flavor) and n—4 gluons.
Finally, the third process is the production of a quark-antiquark pair, a light-gluino
pair and n — 4 gluons:

C(=p) + € (=pg) — a(p1) +g1(p2) + -+ gn—2(Pn-1) +q(pn) , (A1)
C(=po) + 0 (=pp) — a(p1) +d(p2) + Q(p3) + Q(pa)

+ g1(ps) + -+ gn-alpn) , (A.2)
(Y (=pe) + € (=pp) —  q(p1) + q(p2) + G(p3) + G(pa)

+ g1(ps) + -+ + gn_alpn) - (A.3)

89
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We have chosen the crossing invariant all particle outgoing kinematics with corre-
sponding particle-antiparticle assignment, therefore, momentum conservation means

Pe+pr+pr+p2t+ps+patps+...+pn=0. (A.4)

We shall express the amplitudes in terms of color subamplitudes. In the case of
process (A.1), the color basis is chosen to be product of generators in the fundamental
representation (in this appendix we use the normalization Tg = 1 in Tr(t%t?) = Tx §%°
for the generators of the symmetry group), therefore, the helicity amplitudes have
the decomposition:

|17}1,2227 .“’n}}n >SZO): ggn—Q) Z (to2 ... tan_l)iﬁn (17}1, " l%n) (A.5)
{2,...,n—1}

where {2, ...,n—1} denotes all permutations of the labels (2, ...,n—1) and m(1,...,n)
are the color subamplitudes and g, is the strong coupling constant. In Eq. (A.5) and
in the following formulas the lepton labels are suppressed.

In the case of the four-fermion subprocesses (processes (A.2) and (A.3)) we
decompose the helicity amplitudes as follows:

h h h h h hn < (0) _
100,202 ghs ala sho | phe (0=

S DD ()P A1,2,3,4,5,..,n) , (A6)

{5,...,n} {1,3} {2,4}

where P = 0 if the elements are in the canonical order ((1,3), or (2,4)) and P =1
if the elements are permuted ((3,1), or (4,2)). The partial amplitudes A,, can be
decomposed further in color space. In the case of four-quark production,

b b h h h h
A4(1‘1’2‘7’3Q’4Q - gSZtllb t1314 1f1’2f22 3f33’4f:) ’ (A7)

where M(l’}l,2’}22 3h3 4’“‘) are the color subamplitudes.
In the case of four quark plus one-gluon production, there are four independent

basis vectors in color space:

4
As(1g,24,30.40,59) = 85 Y T3(1,2,3,4,5) M;(12, 272,372 471 5") | (A.8)

i=1

where T;(1,2,3,4,5) are the color basis vectors:

NA NA
T1(17"'75) Z(ta5tb)1112 tfgu ’ T2(1775) Z(tbtas)zlzg tfgu ’ (Ag)
b=1 b=1

b b
Ztn%z 1°17)i7, Zt1112 £t )47, - (A.10)



A.1. HELICITY AMPLITUDES 91

The partial amplitudes for the process (A.3) can be written in terms of the color
subamplitudes of the process (A.2), only the color basis differs. When n = 4,

As(14,24,35,45) —gSZth M (1,22 8hs 4y (A.11)
Finally, for n = 5 we have

As(14,24,35,45,54) —gSZT 1,2,3,4,5) M, (1;1,2;2,3’% 4hs ghsy (A12)

where
~ Na . Na
T1(17 ) 5) = Z(tastb)lwz F£3a4 ’ T2(17 ) 5) = Z(tbta5)l1l2 F£3a4 ’ (A13)
b=1 b=1
Ztlllz F%Fb “3‘14’ 1, Ztnzz FbF% a3a4' (A-14)

In the following subsections we give explicit formulas for the color subamplitudes
with a common coefficient factored out:

m(Ly, ... ) =Cp A, nh) (A.15)
M1 2 M 3he an ) = Ol by, AL 27 3Rs 47he) (A.16)
M; (1 20 3he 4zt 5he) = ORI 6y p, Aj(10 27 3Rs 47hs 5he) (A7)
Mk 2k 3hs gmhay = ool g(1h 97 gha ghay (A.18)
M(1h 20 3 4=ha 5hey = Cheln Ay (1 27 3he gha gl (A.19)

with s = Q% = (p; + pp)?. The C coefficients contain the electroweak couplings. If
the vector boson V' is v or Z° this coefficient is defined by

he,h
Cfffzfl — 262 (_Qh 'P,Y(S) vy Uffl PZ( )) 5f1fz 7 (A.ZO)

where f1, fo are the flavour indices of the quark antiquark pair that couples to the
vector boson and

_ =1+ 2sin’0w L2 sin? Oy
_ _ 250 Yw A21
Ve sin 20y ’ Ye sin 20y’ ( )
_ +1-2Qysin? Oy N 2Q ¢ sin® Oy
_ ="/ 7 7P A.22
s sin 20w ’ v sin 260w ’ ( )

are the left- and right-handed couplings of leptons and quarks to neutral gauge bosons.
In Egs. (A.21,A.22) 6y denotes the Weinberg angle, Q¢ is the electric charge of the
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quark of flavor f in units of e and the two signs in Eq. (A.22) correspond to up
(+) and down (=) type quarks. The coupling C contains the propagators of Z° and
photon,

i i
Py(s) = Pz(s) = s— M2 +ily; My’

—_— A.23
s+i0 "’ ( )
where Mz and I'z are the mass and width of the Z°.

If the vector boson V is a W= or a W, then the couplings take the form

hy

Chuhfl _ 262 U;w,,ufll ’pw(s) 5f1f2 , (A.24)

fifz

where f; denotes the partner of quark f; in the SU(2) ., doublet and, for the sake of
simplicity, we set the Kobayashi-Maskawa mixing matrix to unity. In Eq. (A.24)
the left- and right-handed couplings differ from the corresponding expressions in
Egs. (A.21,A.22):

1

- _ - +
v, =v; = ——, v, =v; =0. A.25
¢ f 24/2 sin Oy ¢ ! ( )

In this case Pw (s) denotes W* propagator,

i
S—MI%V—I—iFm/MW’

P (s) = (A.26)

where My, and Iy are the mass and width of the W=,

Four-parton color subamplitudes

In this subsection, we present all four-parton color subamplitudes for the helicity con-
figuration hq = + and hy = +. The amplitudes for the reversed helicity configurations
can be obtained from these amplitudes by applying parity operation P, which amounts
to making the substitutions (ij) = (kﬂk;?} - 7] = (k;”|k:i_>. The amplitudes when
only the lepton helicities are reversed can be obtained simply by exchanging the lep-
ton labels and flipping the lepton helicity in the coupling factors C}Lf]}:“ We use the
notation

(iltm..1j) = KKk - k) (A.27)
[iltm ... \j] = KR K IR (A.28)
@T+m)... ) = Kk .k |y R (A.29)
[+m). .. 5] = KR Ty E) (A.30)

and the two- and three-particle invariants s;; = (k; + k;)? and t;;0 = (ki + kj + ki1)?.
Labels 5 and 6 refer to the positron and electron respectively. The two-quark two-
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gluon color subamplitudes are as follows:

- (45)2[56]
o v [16]%(56)
A(1:52g73g74(j)__m ) (A.32)

ALE 2t 3 4o — U250+ 2)l6)

19rmer (12)s23t123
(34)[42][16](5](3+ 4)[2) | (513 +4)[2)(3[(1 +2)[6)
[34]523t234 + <12>[34]823 ’ (A33)
_ _,_ [132(45)2[(1 + 3)[6)  [13](24)[16](45)
A0G25085.45) = [12]s23t123 [12](34) 523
_ 06512 +4)03) (A34)

(34)s23t234

In the four-quark case, we have only one independent helicity amplidute. The nonzero
helicity configurations are as follows

[13](25){4](1 + 3)[6) | (42)[16](5[(2 + 4)[3)

A(1F,27,35.47) = + , A.35

(q e Q) 1134534 t234534 ( )
+ 9= a— 4\ _ + 9— 4+ a-—

AT, 27,35,48) = A1, 27,45,35) - (A.36)

Five-parton color subamplitudes

In this subsection, we present all five-parton color subamplitudes for the helicity con-
figuration hy = + and hy = +. The amplitudes for the remaining helicity configura-
tions can be obtained from these amplitudes as in the n = 4 case. Labels 6 and 7
refer to the positron and electron respectively. First we list the two-quark three-gluon
amplitudes. In this case the maximally helicity violating (MHV) amplitudes (which
are not independent) can be writen in the followings simple form

_ (65)2[67]
A(1;’2;73;74;,5q):—m ) (A.37)
A(1f,2;.3;,4;,57) = PA(sS 4 35 2517) . (A.38)

|6<—>7
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These amplitudes have very simple structure. The other helicity configurations is
given by

A(1+ 2+ 3+ 47 5j) _ _ [17]<6|(1+7)|2><45>2[53]2

[45](42) s34t345t167

(4](5 + 6)|7><6|( + )|3> (4](1 +2)|7)(6](5 + 4)|3)(45)[53]

(12)(23)(34)[34][45 (12)(24)[45] 534345
65 M 4)( 5+6|7 ( 1¢4](2 + 3)|1) <4|(1+2)|3>>
34 34 t567 to34 <12>

[17](45 )[53] (( 1+7)|2> 6|(1 +7)|3>>

(23)[34][45]t167 (34) (24)
[17](45)[23]  /(6](1 + 7)|2)(24)

 (23)B4Jtasitier ( By ol 7)|3>> ’ (A39)

(31)[12](3[ (1 + 2)|4)(3|(5 + 6)[7)(65)
(12)(34)s23t123t567
(31)[12](3|(1 +2)|7)(65)(35)  (3[(1 + 2)|7)(6](1 + 7)|2)(35)*
(12) (34 (45) 5251123 (12)(23) (34) (45) 231,
(31(1 +2)[7)(6](5 + 3)[4)(35)[42]  [42]*[17](6](1 + 7)(2 + 4)|3)(35)
[23](12)(23) s34t345 523534234167
n [42](3[(5 + 6)7)(65) <[42] @[2+4)[1) G0+ 2)|4>>
S23834l567 234 (12)
[17)(6[(1 + 7)[2)(35)> ( (3](5 +4)[2) | [42][54
* 523t345t167 < (34)(45) * 534 ]> ’ (A-40)

+ ot 9= 4+ 5—) —
A(lq,2g,3g,4g,5q)—

P13 + U5 + O 6

5235342341567
13123+ I G + 67 65) 132 + 3G + 6)[7)(65)
[12](34)(42) sa3t567 [12])(24) sa3t123t567
17)(61(1 + 7)[3)(25) (25)  (32) (42)
o T (<2|<5 L)) (@ - @) @I+ 3>|4>@)
Tyl (RN C < S RCICRRITE

(45)  (34) (34)
_ [I32(2](1 4 3)|7)(65)(25) _ [17](25)[43]*(6](1 + 7)(3 +4)|2) (A41)

[12]<24> <45>823t123 $23834t2348167

AQLf,2,,3) 45,57

q
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b ood ae g— ey [12][2](3 +4)(5 4 6)|7](65) (43)2 (31)
A(lq 729 739 749 ,5‘7) o 823t567 <S34t234 B [34] [42]<12>>
(31)2[12]*(4](5 + 6)|7)(65) , (31)[12](3|(1 +2)[7)(6](5 + 4)[2)
(12)[24]s23t 123567 (12)[24][45] 593t 123
(BIA + 2761+ 7)[2) | B76IA + DI2)BI6 + 4)[2)
(12)[34][45] s23 [34][45]s23t167
610+ DRGIE + ) 43)? (Aa2)
S23834t234%167

(23)2[14][4](2 + 3)(5 + 6)|7](65)
S23834t2341567
3 [14)(3](5 + 6)|7)(65) ([4|(2 +3)(1+2+3)|4] 3 [14)(3](1 + 2)|4>)
[42] 5341123t 567 (23] [12]
~ [14](65)(35) ([4|(2 +3)A+2+3)[7  [14](3](1 + 2)|7>)
[42]<45>834t123 [23] [12]
[L4][17](6](5 + 3)[4)(35)*  [L7(6](L + 7)|4)(2[(5 + 3)|4)(35)*

[12] [24]<45>834t345 [42]<45>834t345t167

[17](6](1 + 7)|4)(5](2 + 3)[4) (35) (23)?
_ S34t167 <<45>[42] 23] 523t234> . (A.43)

+ 9= 9= 4+ 5-) —
A(lq,29,3g,4g,5q)—

The (+, —,+, —, —) helicity configuration can be obtained using the charge conjuga-
tion

+ 9= a9t 4~ F—) _ + 4+ 9= ot 1-
A(lq,29,39,49,56)_PA(5q,4g,39,2g,1q)|6 - (A.44)

The four-quark one-gluon amplitudes have are also listed. The first is

[15](4](1 +5)|3)(4](2 4 6)|7)(62)
(45) 515834t 267
176 (1 + 7)[5)(42)%[23]  (4](1 +5)|7)(6](2 +4)|3)(42)
(45) 5341234t 167 (15)(54) s34t234
[53](4](3 + 5)[1) (4] (2 + 6)|7) (62)
(45)s34t345t267
[17](6](1 + 7)(3 + 5)|4)[35](42)
(45)s34t345t 167 ’

Al(lt}i_a 25535745) 5;_) = -

(A.45)
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and for the other helicity configuration, the non zero color subamplitudes are given
by the followings

[13]2(51)(4](2 + 6)[7)(62)
[35] 515534t 267
[17](6](1 +7)|3)(5](2 + 4)[3){42)
[35]s34t234t 167
[13][17])(6](2 + 4)|3) (42) . [13](54)[3[(4 + 5)(2 + 6)[7](62)
[15][53]s34t234 [35] s34t 345t 267
[17](6[(1 + 7)|3) (54) (2[(4 + 5)|3)

_ A.46
[35]s34t345t167 ’ ( )

A1(1;a2q:a35745’5g7) =

[53](4[(3 + 5)[1)(4(2 + 6)|7)(62)
(45) s34t345t267
[17]{6](1 4 7)[3)[25](42)*  [13](4](1 + 3)|5)(4](2 + 6)|7)(62)

(45) 825834t 167 (45) s34t134t267

 [13](4](1 4 3)|7)(42)(62)  [17](6](1 + 7)(3 + 5)[4)[35](42) (A.47)
(45)(52) s34t134 (45) s34t345t167 ’ .

A2(1;,2;,3574(5,5g+) =

[13](54)[3](4 + 5)(2 + 6)]7](62)
[35] s34t 345t 267
[13](41)(5](2 + 6)[7)(62) | [17](6](1 + 7)|3)(54)(2|(4 + 5)|3)
[35]s34t134t 267 [35]s34t345t 167
[13](4](1 +3)|7)(6](2+ 5)[3) | [17](6[(1 + 7)[3)(52)(4[(2 + 5)[3)

_ + , (A.48
[35][52] s34t 134 [35]s25534t167 ( )

A2(1;52;a35745)5;) =

[53](4](3 + 5)[1)(4](2 + 6)[7)(62)
Q Qg

(45) s35t345t267
~ [17)(6] (1 + 7)(3 + 5)|4)[35](42) ’ (A.49)
(45)s35t345t167

As(1}),27,35,45,5)) = —

54](3[(4 +5)[1)(3](2 + 6)[7)(62)
(35)s45t345t267

[17](6](1 + 7)(4 + 5)|3)[45](32)
(35)s45t345t167 ’

A4(1:a 25535745) 5;) = [

(A.50)
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[14] (53)[4|(3+5)(2 + 6)|7](62)
As(1g 2 ’3Q74Q’ 5) = [45]s35t435t267
[17)(6](1 + 7)[4)(53)(2|(3 +5)|4)

, A51
[45]s35ta35t167 ( )
13](54)[3](4 + 5)(2 + 6)|7](62)
As(1F, 27,35 47 5> [
(152734 Q"9 )= [35]s45t345t267
D610+ 7T)13) (5421 (4 + 5)[3) (A52)
[35]sa5t345t167
The non independent color amplitudes are as follows
A (1], q,3Q,4g,5;) = A (17,27, 45, 3Q,5;) , (A.53)
Al( ) q73Qa Q’ g):A1(1;72q74+ 3@759) ’ (A54)
AQ( ) q73Q54575;—) :A2(13_52q54+ 3Q55;_) ’ (A55)
AQ( q q73Qa Q’ g):A2(1;72q74+ 3@759) (A56)

A.2 Matrix elements

In this appendix we present analytic formulas for the color-correlated four-parton
Born-level matrix elements and for the four-, five-parton Born-level matrix elements.
The calculation of the color-correlated four-parton amplitudes is a straightforward
application of color algebra and the four-parton helicity amplitudes. However, to
our knowledge these results were not published previously. The uncorrelated color
sum was first calculated in Ref. [40]. We present our results in terms of the color
subamplitudes of Appendix A.1. It is a new feature of the matrix elements in this
appendix that they are given in terms of group independent functions and eigenvalues
of the quadratic Casimir operators of the underlying gauge group.

Having the helicity amplitudes at our disposal, we calculate the squared matrix
elements summed over final state colors without and with color-correlation:

MO, .0 = D<1,nl,..n>® | n=45, (A57)
MO (1,42 = Q< 1t 4T T 1L 40 SO (ABS)

where in the latter case we leave the helicity indices explicit so that both correlated
and uncorrelated helicity summation is possible. (Although we did not show the
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flavor indices, the flavor summation is also left out, as will become clear later.) In
the correlated case we have to insert the helicity matrix (see Eq. (4.21))

H?? = 5h1h’1---<hz‘| Vi |h;1>---5hnhgl ) (A.59)
and in the uncorrelated case
H™ =8y O Onunr, - (A.60)

We evaluate the color sum in such a way that the matrix elements are given
as polynomial expressions of the Casimir invariants of the gauge group with group
independent kinematical coefficients. In addition to the usual quadratic Casimirs C'g
and C4, we shall also use a cubic Casimir C'3 that is defined as

Na
Cy= Y Tr(t"t"t°)Tr(ttt") . (A.61)

a,b,c=1

In the following subsections we list the explicit formulas for [M{”[2, |M{? |2 and
M”P.

Four-parton color-summed matrix elements

In this subsection, we give explicit formulas for the color-summed Born matrix el-
ements for four final state partons. There are four different cases: the two-quark
two-gluon process and three four-fermion processes (two unequal flavor quark pairs,
two equal flavor quark pairs and the two-quark two-gluino production). The color
summation is straightforward in each cases, we simply list the results:

0
ML (14,2035, 49)F = NeCR{Im(17,,2,3,45,) +m(15,,3,2,47,)
- xRe(m(1f1,2,374f4)m(1f1,3,2,4f4)*)}, (A.62)
0
M7 (14,20,30.40)7 = NeC3{

- 21:{6(1:](1fl72f273f3’4f4)1:](1f1’4f4’3f37 2f2)*)

+ xRe(H(lflv2f273f3a4f4)H(1f1a4f4a3f37 2f2)*)
+ y|H(1f172f253f374f4)|2
+ y|H(1f174f4a3f372f2)|2 5 (A63)
0 —
|Mi )(14725’35745”2 = NCCI%‘x|M(1f172f2’374)|2 ) (A-64)

where z and y are ratios of the quadratic Casimirs (z = C4/Cp, y = Tr/CF and
z=C3/(N.C%)) and H(1y4,,2¢,,3¢,,45,) is defined by

H(1f172f2a3f374f4) = M(1f1a2f273f374f4) + M(3f3a4f4a 1f172f2) . (A-65)
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Four-parton color-correlated matrix elements

In this subsection, we give explicit formulas for the color-correlated, color-summed
Born matrix elements for four final state partons. We consider those four cases
as in the previous subsection. The color summation is again fairly straightforward,
therefore, we only record the results.

For the V' — qggg subprocess

0) ik
MY ™ (14,24, 34,49)2 = —

N.C3 ) ) )
CE M+ aMP £ aMEY L (AGS)

where the non-vanishing elements of the matrix Méo) * are given by
Mg? =2(S1 + S2 + S3) (A.67)
of matrix Méo) * are given by

M = —25; — 2S5 — 355 ,
MP=M*=M2=M*=5+5+S; , (A.68)

and of matrix Méo) * are given by
1 . 1
Mg=§(51+52+253) ; Mi3=M3§=—§(52+53) ;
1 1
My = M2 = —5(51 +585) ., M= 5(51 +52) (A.69)

and the S; functions are defined by

Si = m(1h 2= ghs ghiyem(1h 9 3h 4l (A.70)
Sp = m(1h,30s 9k glhiye (18 30 ohh ghty (A.71)
Sy = m(1h, 22 3hs ghiyrm (1) 305 ot 4l
+ m(Lh, 308 20 ght)tm (1] 2he 3k 4ft) (A.72)
In the case of four-quark production
MV (14,24,30,40)F = N203 {Mg’“ +aMF +y M} + 2 M

+2M* 4 xyM;];} , (A.73)

where the non-zero element of the matrices M¢¥, MiF, MiF, Mk, Mk Mk are
also listed. The matrix ME¥ is given by

Mg? = Mg* = Mg? = Mg* = =285, Mg®=Mg* =255 . (A74)
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The matrix M* is given by
My? = M;* = M? = My" = 283 M;* = M7 = —3S3 . (A.75)

The matrix M* is given by
My? = M* =28, ,  M,*=M>? =25, . (A.76)

The matrix M* is given by
MP=M*=2S, , MM=M»=2S, MP=M*=-2S+25) (AT77)

The matrix M* is given by
ME=ME=ME=ME=-15,  ME=ME=S . (A79)

The matrix M* is given by
M2 = Mg, =—=S1, My =M% =-S5, MJ=M, ==5+5 .(AT9)

For this case the S; functions are defined as follows:

hy

Sio= HOGL2 R A G 2 8 A (A80)
Sp = H( 435,20 HOG 450,300, 200) (A81)
Sy = H(2p 35 4 O, 47 350 20
bR e E A . (As2)
where H(1yf,,24,,3¢,,4y,) is defined in Eq. (A.65).
Finally, for the V' — ¢@gg subprocess
MO *(1,,24,35,45)% = —NCTC% {xﬁj + xQM;';} , (A.83)

where the non-vanishing elements of the matrices M* and M are given by
M;Q = 2|Jw(1f1 22 3f3’4f4)|2 )

Ma}g = _M;g;l = _|M(1f1a2f273f374f4)|2 ’

_ N . . 1 —
Mig = M;ﬁ = Mig = ‘]\4302201 = §|M(1f1’2f273f3’4f4)|2 . (A-84)
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Five-parton color-summed matrix elements

In this subsection, we give explicit formulas for the color-summed Born matrix ele-
ments for five final state partons. There are again four different cases: the two-quark
three-gluon process, the production of two equal, or unequal flavor quark pairs plus a
gluon and the two-quark two-gluino one-gluon production.

In the case of the two-quark three-gluon process the color summation is straight-
forward and leads to the following expression:

X

M (14,24, 34,44, 50))2 = N.C2 {MO — S (M, +2My) (A.85)
.732
+ T(Mo + M, + Mz)} , (A.86)
where
2
MO = Z m(1f172a374a 5f5) 5 (A87)
{2,3,4}
M2 = Z |m(1f172a374a 5f5)|2 s (A88)
{2,3,4}

and

My+2My=—2Re Y  {m(1,2,3,4,55)"
{2,3,4}/

- (m(15,,2,4,3,55) + m(15,,3,2,4,55) —m(15,,4,3,2,55))} ,(A.89)

where {2, 3,4} denotes the all permutation of the labels 2,3,4 and {2, 3,4}’ denotes
the cyclic permutations of these labels.

In the case of the four-quark one-gluon subprocesses the color decomposition of
the matrix element squared for any flavor configuration can be written in the following
form

1M (14,24,30:40,5¢)7 = NCo{ Mo + &M, +yM, + zM.
+22 Myy + 2yMyy} . (A90)

and the following abbreviations:

My=B+C+E | (A.91)

1
MT:—§(3(J+2E+B) , My=A+D , M,=F+G , (A.92)

1 1
Mys=7(2C+E) . My =—3(F+D) (A.93)
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with the functions A, B, C, D, E, F defined as

2
YooY IHP (A.94)

A =
{1,3} {2.4} i=1
B = —2Re(HiHi(2 —4)* + HyHo(1 < 3)* 4 (1 < 3,2 <+ 4)) | (A.95)
C = —2Re(HiHi(1 < 3)" + HoHa(2 = 4)" + (1 < 3,2 < 4)) | (A.96)
D = 2Re( 3 H1H§) : (A.97)
{1,3} {2,4}
E = —2Re((Hi+ H1(1 < 3,2 < 4))(Ha(1 < 3) + Ha(2 < 4))*
+(Hy < Hy)) , (A.98)
F = 2Re(HiHi(1 < 3,2 4)" + Hi(1—3)H (2 4)*
+ (Hy < Hy)) , (A.99)
G = 2Re(H Hy(1 < 3,2 4)" + Hi(1 < 3)H(2 < 4)*
+ (Hy < Hy)) (A.100)
where
Hi(1f,,25,,37,47,59) = Mi(1p,2p,37,41,,59)
+ Ms(35,,45,,14,,24,,5,) , (A.101)
Hy(1p,,25,,37,470,59) = Ma(1p,2p,37,41,,59)
+ My(35,450, 15,27, 5,) - (A.102)

For the V' — q@ggg process the square of the matrix element can be written in
the form:

1M (14,24, 35,45, 5,)> = N.C3 {xJ\ZE + x21\7m} , (A.103)
where
W, = |0+ TP (8104
M’I"I‘ = |M3 + M4|2

+ %Re((ﬂl + My)(M; + My)*)

— Re((M; + My)(Ms + Ms)*) . (A.105)



Appendix B

The one-loop level matrix
elements

In this appendix we present the group independent color decomposition of four parton
one-loop matrix elements in electron-positron annihilation (this results are published
in [2]). In Refs. [45, 46] Campbell, Glover and Miller make FORTRAN programs for
the NLO squared matrix elements of the ete™ — v* — GgQQ and Gggg processes
publicly available. In Refs. [44, 47] Bern, Dixon, Kosower and Wienzier| give analytic
formulae for the helicity amplitudes of the same processes with the ete™ — Z0 —
four partons channel included as well. In this presenting, we rely on the work of Bern,
Dixon, Kosower and Wienzierl and we use the same notation as articles [44, 47] and
introduce new ones but to the extent that is necessary.

Our aim is to give the NLO squared matrix elements for the ete™ — ggpp pro-
cesses (p = @, g, or §) in terms of color factors multiplied by group independent kine-
matic functions. In order to find a group independent decomposition of the squared
matrix element, we have to give different color decompositions of the one-loop helic-
ity amplitudes for the various processes than those presented in Refs. [44, 47], where
the color charge information has been lost by the use of the SU(N.) Fierz identity
and SU(N,) relations Cp = (N2 — 1)/N., Ca = 2N, (for T = 1). In the new
color decomposition we can only use the defining relation of the Lie algebra in Eq.
(2.7) and definition of the quadratic Casimir invariants Cr, C4 in Eq. (2.8). Careful
analysis of the color structure of the individual Feynman diagrams contributing to a
given process shows that the color charge information can completely be recovered
from the primitive amplitudes of Refs. [44, 47] for the QCD subprocesses, while in
the case of two-quark two-gluino production minor modification of the partial ampli-
tudes is necessary. In order we can use those primitive amplitudes we use Tr = 1
normalization.

In the next we give the color decomposition of the amplitudes of all relevant
process.
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Four quarks process

Let us first consider the ete™ — GgQQ process. We are interested in the color
decomposition of the amplitude |1’}11,2’}22,3’}33,4}}:; 5;‘7, 62” >§10) up to one-loop level.
The 5,6 legs are the lepton pair, 1,3 legs are the outgoing quarks and 2,4 legs are the
outgoing anti-quarks. The label f1, fa, f3, f4 denote the flavour of the legs 1,2,3,4

respectively. The color decomposition of the tree level helicity amplitude is given by

Na
h h h h 0 R R c c
525 854 > = g Y0 Y ()PIRPeN Y Tl v,
{1,3} {2,4} c=1
Ol Aso(1, 282,305 45%) (B.1)

where P(a,b) = 0 if the element are in canonical order (a,b) and P(b,a) = 1 if the
elements are permuted. The QCD coupling is denoted by g5, h is the helicity of
particle  and the coupling factors C?q“]]f; = S56 C]’Zq“ge is defined in Eq. (A.20, A.24).

At one loop level the group independent color decomposition of the helicity am-

plitudes is given by

L7255, 33 450 >4 (ng)? 30 37 (-)Fatred
{1,3} {2,4}
Na
1 h h h h c c
A6?1 (1111 ) 2Q2 ’ 3Q3 ) 4‘74) Z tiﬁz;tiﬁz

c=1

~hihg
) {Cfllf;

Na
1 h h h
+ Ao (125,35, 45") D (t17),,7, (41 ),5,
c,d=1

Na
+ Gt Asia (17,267,365 45°) Ztt} : (B.2)
c=1

where C"¢ vanishes for the photon and W# boson, while for the ete™ — Z° — 7qQQ
process it is

+ —
ot = e o- = e B
C 20w s56 Pz(856) Cox S 20 s56 Pz(s56) (B.3)

with 6y, being the Weinberg angle. In Eq. (B.2) we used the notation /L;”; for the
partial amplitudes in order to distinguish them from the Ag; functions introduced
in Ref. [44], where the basic gauge invariant classes of colorless amplitudes, the
‘primitive amplitudes’ are also given explicitly. Our new partial amplitudes can be
expressed in terms of the same primitive amplitudes multiplied by color factors. The
expressions depend on the helicities of the partons. There are only two independent
helicity configurations, which can be taken to be (1;22%,35,4(7 ;5;,6}), and from
which the amplitudes of the other helicity configurations can be obtained [44].
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Formulas (B.1) and (B.2) apply to the case of unequal quark flavors, g # Q. The
equal flavor amplitude may be obtained from the unequal-flavor formula by subtracting
the same formula with ¢ and @ exchanged and then setting 2 = ¢ in all the coupling
constant prefactors [44].

The explicit expressions for the flg;i partial amplitudes in terms of primitive am-
plitudes are (we suppress the 5, 6 labels of the lepton pair)

A6;0(1:’25’3é’4g) = Agree;++(1) 27354) 5
Aoa(15,25,:35,47) = —CrAd(2,3,1,4)+ AgTH(1,2,3,4) (B.4)
+ CA (48(2,3,1,4) — A7~ (1,3,2,4))

-y (Aé’**(l, 2,3.4)+ 477 (1,2,3,9)) , (B.5)
A6§2(1;725’3527417_) = Ag+(172’374)+Agi(173’274) ) (B.6)
A6;3(13_72553C§74Q_) = AZX(1745273) ) (B7)

while for the other helicity configuration

AG;O( 2 35, ;) = Agree;+7(1’273’4) ’
Aoa(17,25.35,47) = CrAy(3,2,1,4) + A7 (1,2,3,4)
CA

- (Ag(3,2,1,4) + AT (1,3,2,4))

~ (Aé’**<1,273,4>+Az’**<172,374>) . (B.8)

Aoa(17,25,35,47) = ATT(1,3,2,4)+ Af(1,2,3,4) (B.9)
Aga(1F 25:34,47) = —A34(1,4,3,2) | (B.10)

where we redefined the amplitude A2%(1,4,3,2). Thus we have

A84(1,2,3,4) = 21 f(my; s12, $34, 856) — f(Ma; 812, 534, S56)

B (47T)2 S56
[63](42)(25)  [61][13](45)
( @ 2 ) (B.11)

where f(...) function is defined in Ref. [44] and m; and my, denote the mass of quark
botton and top respectively.

Two quarks two gluinos process

The gluino is a majorana fermion in the adjoint representation of the gauge group
and does not couple to the vector bosons directly. Therefore, the eTe™ — Gqgg sub-
processes has similar color decomposition to that of the eTe™ — ggQQ@ subprocess.
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At tree level this decomposition reads
Na
Ri ohz ohs ,h 0 Shihe § 1 oha ohs 4k : -
|14 28 3he gl S0 = @200 Ago (10 282 300 4l N te Fe L (B.12)
c=1

while at one-loop it is

h h h h 1 ~hih
|1f11’2§27 3§374ff >4(1 )= (47Tg8)2 {Ofllf;Z

Na
1 hi oh2 qhz ,ha E ¢ _ e
Aﬁ;l(lq ;2_(7 a3g a4(j ) tili4F§3§2
c=1

Na
+Ago (1, 202 30 alt) N " (tth),5, (FUF) 545,
c,d=1
~ Na
b Gl Aga(Uln 21,3, 410 zt;uF;@} . 513)
c=1

The /L;”; partial amplitudes for the eTe™ — qqgg process are closely related to
those of the eTe™ — gqQQ process. In fact, the Ag.2 and Ag,3 amplitudes are exactly
the same,

Aso(15,25,35,47) = Aso(17,25,38,47) (B.14)
Aga(17,25,37,47) = As2(17,25,35,47) (B.15)
Aos(14,25,35,47) = Aes(17,25,38.47) (B.16)

while the flm amplitudes differ in terms arising from fermion bubble and parent
triangle diagrams [44],

Aea(17,25,3F,47) = Aea(1},25,35,47) - (Cr — Ca)AST(1,2,3,4)

q b g b g b q
ng— (Aé’*i(1,2,3,4) +A§7+i(1,2,3,4)) . (B.17)

where ng is the number of light gluino flavors and

ASTE(1,2,3,4) =

L\ 3\ 7
crAg E(1,2,3,4) [—6—2< ) —§< 3 , (B.18)

with ¢ and A§°>*" given in Ref. [44]. We remark here that gluinos are Majorana
fermions therefore, the cross section requires an identical-particle factor of % in the
phase-space measure.
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Two quarks two gluons process

Finally, the new color decomposition of the helicity amplitudes for the ete™ — gqgg
process at tree level is given by

h h 0 ~h1h 1 h
|15 2l gha gl S0 = 20 e | Agg(1he 22 gha ale)(poeg99), o

+ Ago (101,805, 202 4l4)(95192), 5 |, (B.19)

and at one-loop it is

|1}}11 ) 2;27 3;35 41}: >£11): (47Tgs)2{

~hih A h h h h
A LR AR

+ Asa(1gh, 267, 367, 45" (1747) 5,

q b g b g bl
Na
+ A6;3(1215222532354g4) Z (tctd)iﬁz; (Fch)gs_th
c,d=1
nf 1
~+h ~—h 1 h
+ 3 (C;f[ +Cyy Z) Aga(157, 242,35, 43")
=1
Na
> [ Tr(eotoste)ts 5 + Tr(t9t92t)ts ; |
c=1
+Che {A&(ﬂ;l (22 gha gla)(to2g0a), o
rt h
+ Ag5(121 ) 21_‘;2 ) 31_‘;3 ) 4‘74)(t93t92)i1€4
~ h,
+ AS5(1ha 2h2 3hs 477)
Na
Z [Tr(t2t93t°)ts 5, + Tr(t%t92t)t5 ;| } } . (B.20)
c=1

The partial amplitudes flg;i can easily be constructed from the primitive amplitudes
of Ref. [47]:

Ago(1F5,202,30 40y = Afree(1f,2h2 30 47y (B.21)
Ags(1f, 202 30 4y = Ags(1],47:202,30°) | (B.22)
Aga(17,202 805 42y = Ay, (17,4720 30s) (B.23)
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and the more complicate amplitudes are given by
Ao (17,257,35%,47) = CpAo(14,44:3,2) + Ag™ " (14,2,3,49)

C
+7A [A6(14,2,3,44) — Ag(14,44:3,2) — Agis(1g, 4413, 2)]

—'fo (A£’++(1Q’273’4¢7) +Ag’++(1qa273a4¢7)) ) (824)
Ago(1F,202 303 47y = CrAs(1,,44:2,3) + ALTT(1,,3,2,45)

q°>7g9 279 7 7q

C
+TA [Aﬁ(lq’ 3,2, 417) - Aﬁ(lq’ 417; 2, 3)]

_nf (A£7++(1Qa37254§) +A;7++(1(1‘5372545)) ’ (825)

and the axial amplitudes are

~ 1
A 20 80 47) = L [amg g2 ) - A a3, 20

HAFS (17, 455202, 359)] (B.26)
1

ABLOF, 20 300 47) = 5 (AR, 473800,200) — AR (T 473200, 300)

TATS (15 425202 800)] (B.27)

~ 1 B - _
Afs(17,25%,8%,47) = 5 [AGA (1], 47325, 35°) + AG5 (1], 47535, 25%)

—AgS(1F, 475202 30)] (B.28)

Before closing the discussion of the helicity amplitudes, we should remark that in
order to take into account the effect of light gluinos in a NLO calculation fully, one
has to make the change

ny —>nf—|—%ng (B.29)
in Egs. (B.4), (B.8) and (B.24), (B.25), where in SU(NV.) theory C4 = 2N, for
Tr = 1.

As a next step we use Egs. (B.1), (B.2), (B.12), (B.13), and (B.19), (B.20) to
give a gauge independent decomposition of the NLO squared matrix elements. The
general expression for these matrix elements is

dafLO’Virt“al o 2 Z Z Re {(91)< 1,.m|l,....;m >511)’fin ) (B.30)

helicities colors

where color sum is evaluated in such a way that the group independent information is
maintained. For this purpose, we use the commutation relation (2.7) together with
the definition of the quadratic Casimirs, Eq. (2.8) to derive the necessary Lie-algebra
relations.
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The resulting differential cross sections can be written as a quadratic form:

1 virtua SC 3
—do OV l(ﬁ):(“ F) [Co(P) + Cu(p) x + Cy(P) y + C.(P) 2

(o) 27T
+Coa (D) 2° + Coy(P) zy + Cyy(P) y?] . (B.31)

In this equation oy denotes the Born cross section for the process ete™ — qq, p is
the collection of the final state momenta, and x, y and z are ratios of eigenvalues of
the Casimir operators defined as

_Ca _Tr _ N . G
“or 0 YT op TN, T N.CE

T (B.32)

These ratios are the sole quantities together with the overall normalization that carry
group information. The coefficients C;(p) are the group independent kinematical
functions that depend on the subprocess. Their explicit expressions are quite compli-
cated, but can be obtained straightforwardly using the formulas of this appendix.
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