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Abstract: We studied the asymptotic behavior of fourth-order advanced differential equations of the

/
form (u(v) (w”’(v))ﬁ) +q(v)g(w(d(v))) = 0. New results are presented for the oscillatory behavior
of these equations in the form of Philos-type and Hille-Nehari oscillation criteria. Some illustrative
examples are presented.
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1. Introduction

As is well known, differential equations have many real-world applications [1]. Ad-
vanced differential equations, in particular, find applications in dynamical systems, math-
ematics of networks, optimization, and in the mathematical modeling of engineering
processes, such as those found in electrical power systems, materials, and energy [2]. In the
last decade, one important area of active research is the study of the qualitative oscillation
behavior of differential equations [3-18]. In this paper, we investigate the oscillation of
fourth-order nonlinear advanced differential equations of the following form:

(a() (@" (©))") + ()8 (b)) =0, M)

where v > vy. Our main aim is to complement and improve the results in [19-21]. To
motivate that, we briefly review and put into context those and related results.

In [17,18], Zhang et al. obtain, under mild assumptions and with the help of the
comparison method with first-order equations, an oscillation criterion ensuring that every
solution w of equation

((w20)") + oy (6w) =0 @

with §(v) < v, a < B, k even, and w, B ratios of odd positive integers, is either oscillatory
or satisfies lijn w(v) = 0. For the special case when p = a, Zhang et al. [22] obtain—
V—00

under similar assumptions of those in [17,18], but now using the comparison method with
second-order equations—some results on the asymptotic behavior of (2) in the case of ¥ = 4.
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Agarwal and Grace [19] and Agarwal et al. [20] study canonical even-order nonlinear
advanced differential equations, as follows:

(w20)") +ato)?(ew) =0 ®

by means of the Riccati transformation technique, establishing some oscillation criteria
for (3) when é(v) > v, x is even, and B is a ratio of odd positive integers. As a special case,
when B = 1, Equation (3) becomes

0™ (v) +q(v)w(3(v)) = 0. )

Grace and Lalli [21] study the oscillation of (4), in the case when « is even, under the
following condition:
/ 1 - 5)
Uy

0 ﬂl/ﬂ(s)

To prove their results, they apply previous mentioned results to the following equation:
w® (v) + %w(/\v) =0, v>1 (6)

If we set xk = 4 and A = 2, then, by applying the conditions in [19-21] to Equation (6),
we find the results in [20], which improve those of [21]. Moreover, the results in [19]
improve the ones of [20,21]. Thus, our motivation here is to complement and improve the
results of [19-21]. From them, we obtain new criteria for the oscillation of Equation (1).

The paper is organized as follows. We begin with Section 2 of preliminaries, fixing
our assumptions and notations and recalling necessary definitions and results from the
literature. Our results are then given in Section 3: we prove conditions assuring that every
solution w of (1) is either oscillatory or satisfies Uh_r)rolo w(v) = 0 (see Theorems 1 and 2 and

Corollary 1). In Section 4, we give two simple examples for which previous results of
the literature do not apply, while our Hille-Nehari-type oscillation criterion holds. We
end with Section 5—conclusions and future works—posing an interesting and challenging
open question.

2. Hypotheses and Preliminaries

Throughout the work, we assume the following assumptions to (1):
Aj: Bis a quotient of odd positive integers;
Ay a € Cl([vg,0),R), a(v) > 0,and a’(v) > 0 with

ge's) 1
———ds < oo; 7
/vo al/B(s) Fe @)
Az: g € C([vo, 0),R) with g(v) > 0;
Ay 8 € C([vg, 00),R) with §(v) > vand lim 5(v) = oo;
UV—00

As: g € C(R,R) such that g(x)/xP >k > 0 for x # 0.

By a solution of (1), we mean the function w € c3 [vw, ), Uy > Vg, which has the
property a(v)(w” (v))P € C![vy, 00) and satisfies (1) on [vy, ). We consider only those
solutions w of (1) that satisfy sup{|w(v)|: v > vy} > 0. To prove our results, we make use

of the following methods: (i) an integral averaging technique; (ii) Riccati transformation
techniques; (iii) a comparison method with second-order differential equations.

Definition 1 (See [23]). We say that the differential equation

[a(0) (@' )] +q(0)wP(g(v)) =0, v> v, ®
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where B > 0 is a ratio of odd positive integers and a, g € C([vg, o0), R™), is nonoscillatory, if there
exists a number v > vy and a function ¢ € C*([vg, ), R) satisfying the inequality

¢'(v) + VP (0) (g (v) TP 4 g(v) < 0
on [vg, o).

Definition 2 (See [24]). Let D = {(v,s) € R? : v > s > vg} and Dy = {(v,s) € R? : v >

s > vg}. A kernel function H; € C(D,R), (i =1,2,...,n) is said to belong to the set , written

by H € S, if, fori = 1,2, one has:

(i)  H;(v,s) =0forv > vgand H;(v,s) > 0 for (v,s) € Dy;

(i) H;(v,s) has a continuous and non-positive partial derivative 0H; /s on Dy, and there exist
functions 17,8 € C'([vg, ), (0,00)) and h; € C(Dg, R), such that

a /
$Hl(v,s) + 77((:)) Hi(v,s) = hl(v,s)Hf/(ﬁH)(v,s) 9)
and 5 o
gHz(v,s) + 19((55)) Hy(v,s) = hy(v,s)\/Ha(v,s). (10)

Notation 1. For convenience, we denote

© 1
g(S) = /vo al/ﬁ(:)dsr

1 (v,5)HY (v,5) 265 (s)a(s)
B+DFT (0s2)P
/55+1H3(v,s) 1
(B+1)PT al/B(s)(s)

@(v) = /Uoo (a(kg) /{fq(s)ds)l/ﬁdg.

We shall employ the following four lemmas:

ni(s,v) =

fi(s,v) =

where 6 € (0,1), and

Lemma 1 (See [18]). Suppose that w € C*([vg, %), (0,00)), w'¥) is of a fixed sign on [vy, ),
w®) is not identically zero, and there exists a vy > vg, such that

w1V (0)w® (v) <0
forall v > vq. If we have limy_,0o w(v) # O, then there exists vg > vy, such that

0

v = G

o<1 ‘w(x—l) (U) ’

for every 6 € (0,1) and v > vy.
Lemma 2 (See [5]). Ifw(i) (v) >0,i=0,1,...,x,and wle+1) (v) <0, then

w(v) w'(v)
v* /! = v/ (k= 1)1




Symmetry 2022, 14, 686

40f11

Lemma 3 (See [4]). Let B be a ratio of two odd numbers and V > 0 and U be two constants. Then,

1
Ux — VxBTD/B < Be ue )
T (BDP VP

Lemma 4 (See [25]). If w is a positive solution of (1), then there exist three possible situations for
v > vq, where vy > vy is sufficiently large:

(S1) w(v) >0, w'(v) > 0,w"(v) >0, w” (v) >0, w*(v) <0,

(S2) w(v) > 0,0 (v) >0, w"(v) <0, (v) >0, w®(v) <0,

(S3) w(v) >0, w"(v) >0, w”(v) <O0.

We are now in a position to formulate and prove our original results.

3. Main Results

In our first theorem, we employ an integral averaging technique to establish a Philos-
type oscillation criterion.

Theorem 1 (Philos-type oscillation criterion for (1)). Under assumptions A1—As, if there exist
positive functions 17,9 € C!([v, ), R), such that

lim sup

v—00 I—Il(i,ul) /l:(Hl (U,S)kﬂ(s)q(s) - 7T(S, U))ds =0 (11)

forall 6 € (0,1), if

v

limsup

2 S
mswp s [ (oo - D ooy

and, for every 61 € (0,1),

. :
1imsup$/ (Hg(v,s)kq(s)(el(i(s)> 7P (8(s)) — ﬁ(s,u)>ds ~ oo,

v—c0 HS(U/ Ul) vy

then every solution of (1) is either oscillatory or satisfies Uh_r)r(}Q w(v) = 0.

Proof. Assume the contrary, that w is a positive solution of (1). Then, we can suppose that
w(v) and w(d(v)) are positive for all v > vy and are sufficiently large. From Lemma 4, we
have three possible situations (S1), (S2) or (S3). Assume that (S1) holds. Using Lemma 1,
we find that

W/ (0) > 207" (v) (13)

for every 6 € (0,1) and for all large v. Define

(o) [ A" (0))°
¢(v) :=1n(v) <wlg(v)> (14)
We see that ¢(v) > 0 for v > vy, where 7 € C!([vg, ), (0,0)) and
aw) @) (@) @) b o) (w)a() @ ()

¢'(v) = U/(U)wﬁ—(v) + U(U)wﬁ—(v) — B (v) 2B (0)
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Using (13) and (14), we obtain that

a(v) (w" (v))F)’
) p(v) +’7(U)( 0P (0) ) —/377(0)50 T Wby

a(v)(@" (v))F) 2 i
(v)fp(v)+'7(v)( e ) w5

! p 2 +1
)< (v)q)(v) _kn(v)Q(v)wﬁ(((S)(v)) pov ; (U)%‘
oy 2(n7(v)a(v))P

Note that w'(v) > 0 and §(v) > v. Thus, we find that

pov?
NN
2(y(v)a(v))?

Multiplying (16) by Hj(v,s) and integrating the resulting inequality from v; to v, we
find that

< 1) ORS (16)

¢'(v) @(v) —kn(v)g(v) —

/vv Hi(v,8)kn(s)q(s)ds < ¢(v1)Hi(v,v1) + ! (aHl(v,s) + 1177,((:)) Hl(v,s)> @(s)ds

1 J Uy ds

v 2

: o
o 21 (s)a(s)) F

s)ds.

From (9), we obtain

/UU Hi(v,s)kn(s)q(s)ds < ¢(v1)Hi(v,v1) + /1: h1(U,S)H/15/(ﬁ+1)(U,S)QJ(S)dS

1

_ /U Lgll—h(u,s)(p%l (s)ds. (17)
1 2(n(s)a(s)) P

ith V — B6s2 B _ B/ (B+1)
Lemma 3 with V = B0s*/( 2(y(s)a(s))? |Hi(v,s), U = hi(v,5)H; (v,s), and
x = ¢(s), tell us that

W (v, 5)HE (v,5) 287 (s)a(s)
B+ (0s2)f

BOs?

B Hy(0,5)9F (5) <
235(s)a(s))

i (v,s)HY P (0,5)(s) —

which, with (17), gives

1

E@jﬁlﬂmﬁWWﬂﬁﬂﬂ—n@wwsgme

contradicting (11). Now, let us assume that (S;) holds. Define

We see that 1(v) > 0 for v > vy, where ¢ € C!([vg, ), (0, %)). Differentiating y(v),
we find " . )
V() = Getpo) + o) 5 - Sy 18)
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Integrating (1) from v to m and using the fact that w’(v) > 0, we find that

a(m) (" ()P — a(0) (0" (0)) = = [ 4(6)gw(5()))ds.

By virtue of w’(v) > 0 and 6(v) > v, we obtain

a(m) (@ (m))" = a(o) ("' (1)) < ~koP(0) [" q(s)ds.
Letting m — oo, we see that
a(v) (" (0)) = kb (o) [ q(s)ds

v

and so

w'" (v) > w(v) (a(kv) /Uooq(s)ds)

Integrating again from v to co, we obtain

(o) k oo 1//5
w’ (v) + w(v)/v <a(g)/g q(s)ds> dg <0. (19)
From (18) and (19), we obtain that
19/(0) 1 2

V() < G (o) —00)0() — grsp () 0)

Multiplying (20) by H, (v, s) and integrating the resulting inequality from v; to v, it
follows that

/UUHz(v,s)ﬂ(s)a)(s)ds < ¢(v1)Ha(v,v1) + /UU (;SHZ(U/S) + 1199,((5)) Hz(v,s)>1,b(s)ds

-/ 19(15)H2(v,s)1p2(s)ds.

Thus, from (10), we obtain

/UU Hy(v,8)8(s)@(s)ds < ¢(v1)Ha (v, v1) + /1: hy(v,8)+/Ha(v,s)p(s)ds

1
v

v 2
— . 19(15>H2(v,s)¢2(s)ds < ¢(v1)Ha(v,v7) + /vl st

and so

v s)h3(v,s

which contradicts (12). Finally, assume that (S3) holds and ILm w(v) # 0. Recalling that
vV—00

a(v)(w” (v))P is non-increasing, we obtain that
aV/P(s)w" (s) < aP(v)w" (v), s>v>vy.

Dividing the latter inequality by a'/#(s) and integrating the resulting inequality from
v to u, we find
u
w' (u) < w'(v) —i—al/ﬁ(v)w”’(v)/ a~VP(s)ds.

v
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Letting u — o0, we obtain

0 < w'(v) +a'Pv)w” (v)¢(v).

Thus,
—a /B ()w" (0)g(v) _ |
W' (v) =+
Furthermore, due to (21), we obtain that
ZU”(U) !
(Zur) =0
Now define ]
(v)(w"(v))
$(v) ==
(" (v)

We see that ¢(v) < 0 for v > vy and

()@ (©))) pa(o) @ ()P

#0) =

It follows from (1) and (21) that

)
(w"(0))F (@ (0))P*!

¢'(v) =

From Lemma 1, we find
0
w(v) > %va”(v).

Thus, we have

—kg(v)wh(8(v))  ppP/P+(v)
(w” (v))P al/B(v)

—kq()wP(3(v)) (@"(6(v))P  BP/P+(v)

¢'(v) =

From (24), we obtain

, 0,2(v)\P /2 (5 p
() < —kafo) (B ) (SR
Using (21) and (23), we see, due to (26), that

—p(v)P(v) <1

BoPP 1 (v)

(21)

(22)

(23)

(24)

(25)

(26)

Multiplying (26) by ¢P(v) and integrating the resulting inequality from v; to v,

we obtain

PO)9(0) ~ Poa)p(on) +8 [ 4P <) p(s)as

< [t (422) eotas - |

Multiplying (27) by H3(v,s), we find that

s, (27)
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v p
/vl Hs(v,s)kQ(S)( 5 ) tP(5(s))ds < ZP(v1)p(v1)Hz(v,v1) — ZP(v)¢(v)Hz(v, v1)
"'/U'811_1//3(5)@5_1(S)¢(S)H3(U,s)ds

/3/1%+1
/ﬁq;l/ﬁ %) P (s)Hs (v, s)ds.

Using Lemma 3 with V = ¢P(s)H3(v,s)/a'/B(s), U = a=V/B(s)7P~1(s)H;(v,s), and
x = ¢(s), we obtain

) B BPP/PH1(s)
PP @I g e Halers) = S o) < S R TR

and easily find, due to (26), that

Hon) o <H3<v ata(o)(222) ) - n(s,v>>dssgﬁ<v1>¢<v1>+1,

which contradicts (11). This completes the proof. [

With the help of our Theorem 1, we now prove a generalized Hille-Nehari-type
oscillation criterion (cf. Corollary 1).

Theorem 2 (Generalized Hille-Nehari-type oscillation criterion for (1)). Under assumptions
A1—-As, if the differential equations

ZQ%(U) / / _
(wvz)ﬁ(w (U))ﬁ) +kq(v)wP(v) =0, (28)
for every 6 € (0,1),
w”(v)—l—w(v)/v (a(lg)/g q(s)ds) dg=0 (29)
and
: SN P B
(a0) @' @)) + wboka(o) (SEEN) (Fow)) =0, (30)

for every 01 € (0,1), are oscillatory, then every solution of (1) is either oscillatory or satisfies
lim w(v) = 0.

UV— 00

Proof. Assume the contrary, that w is a positive solution of (1). Then, we can suppose
that w(v) and w(d(v)) are positive for all v > vy sufficiently large. From Lemma 4, we
have three possible cases (S1), (S2), or (S3). Let situation (S;) hold. From Theorem 1, we
obtain that (16) holds. If we set 57(v) = k = 1in (16), then we find

pov?

0 o) +q(v) <0,
2aF (v)

¢'(v) +

Thus, we can see that Equation (28) is nonoscillatory, which is a contradiction. Let
case (S;) holds. From Theorem 1, we obtain that (20) holds. If we now set 9(v) =k =1
in (20), then we obtain

¥ (0) + ¥*(v) + @(s)g < 0.
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Hence, we see that Equation (29) is nonoscillatory, which is a contradiction. Let case
(S3) hold and Uh_r}rolo w(v) # 0. From Theorem 1, we obtain that (25) holds. Thus, we see that

¢'(v) +

P/ B+ (v) 0:5%(0)\’ [ 2(5(v)) )"
7B (0) *"q(”)< 2 ) ( ) ) <0

and it follows that Equation (30) is nonoscillatory, which is a contradiction. Theorem 2
is proved. O

Let us now restrict ourselves to the case when p = 1. Note that, if

S |
[, soyde <=

([ o) (] ) o>
0 4(s) 0 4(s)

then Equation (8) with § = 1 is oscillatory [14]. For B = 1 our Theorem 2 gives a Hille—-
Nehari-type oscillation criterion.

and

Corollary 1 (Hille-Nehari-type oscillation criterion). Let f = 1. Under assumptions A1—As
withk =1, if

) 91}2
. 72a(v)dv <
and ) )
. v gs? v 08P 1
llll;rl)glf( w0 za(s)d5> A ( 0 za(s)ds> q(s)ds > 1 (31)
for every constant 6 € (0,1),
liminfv/v /U<1 /v (s)ds)d do >+ (32)
P Ly Jo \a(g) Jg 1) et > g
and . ) )
oL T 0L T 018(0(s))% (s)g(s) L L
i [Lae) [ (L) "S5 e @

for every constant 61 € (0,1), then every solution of (1) is either oscillatory or satisfies 1311 w(v) =0.
V—00

The next section shows that our results are new even in the very special situation
covered by Corollary 1.

4. Illustrative Examples

We give two examples for which all results of [17,18] cannot be applied, since §(v) =
v+ 1 > v, while our Hille-Nehari-type oscillation criterion holds.

Example 1. Let us consider the following equation:

1
(e"w” (v))" + Ee”+%w(v +1)=0, v>1, (34)
where & > 0 is a constant. Note that p =1, a(v) = e, q(v) = e'+1 /16 and o(v)=v+11tis
easy to see that all conditions of our Corollary 1 are satisfied. Hence, all solutions of (34) are either
oscillatory or satisfy Ulgn w(v) =0.
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Following is a second example, where previous results in the literature cannot be
applied, while our Corollary 1 is conclusive.

Example 2. Consider the following equation:
!/
(v4w”’(v)) +aw(v+1)=0, v>1, (35)

where & > 0 is a constant. Note that B = 1, a(v) = v*, q(v) = &, and 6(v) = v + 1. If we set
k = 1, then condition (31) becomes

L v gs2 e o g2 2
llﬂglf( . Za(s)ds> /U ( . Za(s)ds> g(s)ds

. © a0 «
= llggg)lf(Zv)/v @ds = hggloglf(Zv) (@)
a 1

=277

condition (32) becomes

o A o o
lim infv /vo /v (a(g) /g q(s)ds) dgdv = 113]’1_1)5)&0(5)
= &1
27y
and (33) is satisfied. Therefore, from Corollary 1, any solution of Equation (35) is either oscillatory,
if & > 0.5, or satisfies Ulgn w(v) = 0.

5. Conclusions and Future Work

In this work, we obtained new Philos-type and Hille-Nehari-type oscillation criteria
for equations of form (1). Our results are easy to generalize for the following equations:

;o
(2(0) (@ (©)F) + L ai(v)a*(@(v)) =0, j=1, (36)
i=1

where v > vy, §;(v) < v, « < B, and a and B are ratios of odd positive integers. However, it
is not easy to find analogous results for Equation (36) in the case & > . We leave this as an
interesting open question.
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