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ON THE MONOGENITY OF CERTAIN 

BINOMIAL COMPOSITIONS 

 

Abstract 

Recently, there are several results on the monogenity of certain classes 

of polynomials and the number fields generated by a root of them.          

In addition to the frequently investigated binomials of type ,mx
n −  

trinomials of type ,baxx
mn ++  Harrington and Jones [8] considered 

binomial compositions of type ( )( ),xgf  where ( ) ,axxf n −=  

( ) .bxxg m −=  

This is a completely new construction. In this paper, our purpose is to 

describe monogenity properties of a class of binomial compositions of 

degree six. 
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1. Introduction 

Let ( ) [ ]xxf Z∈  be an irreducible polynomial of degree n with a root .ϑ  

The polynomial ( )xf  is called monogenic if ( )1...,,,1 −ϑϑ n  is an integer 

basis in the number field ( ).ϑ= QK  Such an integral basis is called power 

integral basis. A number field K of degree n is called monogenic if it admits 

a power integral basis, that is if there exists an algebraic integer KZ∈ϑ  

such that ( )1...,,,1 −ϑϑ n  is an integer basis in K (see [4]). 

The monogenity of the polynomial ( )xf  with a root ϑ  implies the 

monogenity of the number field ( ).ϑ= QK  On the other hand, K can 

happen to be monogenic even if ( )xf  is not monogenic. 

The index of a primitive element KZ∈ϑ  is defined as 

( ) [ ]( ).: ϑ=ϑ ZZKI  

ϑ  generates a power integral basis (that is ( )1...,,,1 −ϑϑ n  is an integer 

basis) if and only if ( ) .1=ϑI  If KZ∈βα,  and ,Z∈α±β  then α  and β  

are called equivalent. Equivalent algebraic integers have the same indices. 

A further important question is how many inequivalent generators of 

power integral bases exist? (As it is known, there are only finitely many 

algebraic integers in K with a given index.) 

Recently, there are several results on the monogenity of polynomials, 

just as examples, see [9-12]. A powerful method to consider this question is 

the Newton polygon method, cf. Guardia et al. [6, 7]. The results on 

monogenic polynomials usually derive as a consequence that the number 

field generated by a root of the polynomial is monogenic, but do not consider 

the monogenity of these number fields in detail. In case of a sextic family of 

monogenic polynomials, our main purpose is to decide whether there exist 

only one or there are several inequivalent generators of power integral 

bases. 
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To determine all inequivalent generators of power integral bases is a 

complicated problem, leading to the resolution of index form equations. 

If ( )nωω ...,,,1 2  is an integral basis in K, then the discriminant of the 

linear form ( ) nnxxxxL ω++ω+= ⋯221  can be written as 

( )( ) ( ) ,...,, 2
2 Kn DxxIxLD ⋅=  

where KD  is the discriminant of K and ( )nxxI ...,,2  is a homogeneous 

polynomial of degree ( ) 21−nn  having the property that for any +=ϑ 1x  

,22 Knnxx Z∈ω++ω ⋯  the equation ( ) ( )nxxII ...,,2=ϑ  is satisfied. 

Therefore, determining generators of power integral bases leads to the 

Diophantine equation 

( ) 1...,,2 ±=nxxI  in ,...,,2 Z∈nxx  

see [4]. These index form equations usually only have “small” solutions, that 

is solutions, say, with .100<ix  Therefore, besides the tedious algorithms 

determining all solutions of index form equations (or better to say, excluding 

extremely “large” solutions), it is certainly meaningful to use much faster 

algorithms, that do not exclude “large” solutions, but produce all solutions, 

e.g., with .10100<ix  These yield all solutions with a high probability. In 

all practical cases, these solutions are sufficient for further calculations. 

Moreover, such a fast algorithm enables us to consider a large number of 

number fields. Therefore, in this paper, we shall use such an algorithm. 

There is an extensive literature of monogenity of binomials of type 

,mx
n −  trinomials of type .baxx

mn ++  Recently, Harrington and Jones 

[8] considered so-called binomial compositions. These are different from 

those composite fields of type LMK ⋅=  that we formerly considered, 

assuming that the discriminants of the fields M, L are coprime [2, 5]. 

Harrington and Jones [8] considered binomial compositions of type 

( )( ),xgf  where ( ) axxf
n −=  and ( ) .bxxg

m −=  
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To be able to consider a large number of polynomials of this type,          

and number fields generated by a root of polynomials of this type, in this         

paper, we consider the case ,2=n  ,3=m  ,1−=a  that is our composed 

polynomials are of type 

 ( ) ( ) .123 +−= bxxF  (1) 

Harrington and Jones [8] formulated statements on the monogenity             

of compositions of polynomials. Our purpose is to investigate if there are 

further generators of power integer bases of number fields generated by a 

root of monogenic polynomial compositions. 

2. The Sextic Family 

Under certain conditions, Harrington and Jones [8] gave a criterion for 

the monogenity of binomial compositions. In case ,2=n  their statement is 

as follows: 

Lemma 1 (Theorem 1.4 of [8]). Let Z∈mba ,,  with 0≠a  and 

,2≥m  and let ( ).,2gcdˆ mamm =  Let ( ) ,2
axxf −=  ( ) ,bxxg

m −=  

( ) ( )( )xgfxT =  and suppose that ( ) ( ),2
abam −κ=κ  where ( )∗κ  

denotes the squarefree kernel of the positive integer *. Then ( )xf  and ( )xT  

are monogenic if and only if all of the following conditions hold: 

(1) a is squarefree, 

(2) ( ),4mod1≡/a  

(3) ( )22 mod0 pab ≡/−  for all primes p dividing ,m̂  

(4) ( ) ( )221
mod032 pabb

p ≡/++− +
 for all primes p dividing .m̂  

In case of our sextic polynomials, for ,3=m  ,1−=a  the condition 

( ) ( )abam −κ=κ 2  yields ( ) ( ).13 2 +κ=κ b  Since ( )3mod1,0 ±≡b  

hence ( ),3mod02,112 ≡/≡+b  this condition can never be satisfied in our 
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case. Let us remark that even if the above lemma does not apply to our case, 

it covers a wide class of binomial compositions. 

We were interested in describing the monogenity properties of the 

polynomials (1) and the number fields generated by a root of the monogenic 

polynomials. These number fields are certainly monogenic, our point was to 

find out if there exist only one or several inequivalent generators of power 

integral bases in these fields. 

For this purpose, we considered the polynomials (1) for .5000001 ≤≤ b  

3. Discriminants and Indices 

In this section, we give some statements for the discriminants of                 

the polynomials ( ) ( ) abxxg −−= 23  (these  statements are valid for any 

).Z∈a  The following lemmas can be proved by direct Maple calculation, 

but they will be necessary in the sequel. 

Lemma 2. Assume 1,0,, ≠∈ aba Z  such that ( ) ( ) abxxg −−= 23  

is irreducible. Then 

( ) ( ) .32 32266
abagD −=  

If α is a root of ( ),xg  then the basis 

{ }22 ,,,,,1 α⋅α⋅αα= aaaB  

has discriminant 

( ) ( ).gDBD =  

Let ( ),aM Q=  ( ).α= QK  As it is known (see [13, p. 150]), the 

discriminant KD  of K can be expressed by the discriminant MD  of M and 

the relative discriminant MKD  of K over M: 

( ).3
MKMMK DNDD Q⋅=  
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Denote by j,1α  the cube roots of ab +  and by j,2α  the cube roots of 

ab −  ( ):3,2,1=j  these are the conjugates of α. We have: 

Lemma 3. Assume 1,0,, ≠∈ aba Z  such that ( ) ( ) abxxg −−= 23  

is irreducible. Then 

( ) ( ) ,21 DDDgD ⋅=α=  

where 

( )MKM DND Q=1  

( ) ( )∏ ∏
≤<≤ ≤<≤

α−α⋅α−α=
31 31

,2,2,1,1

21 21

2121

jj jj

jjjj  

,27 2
ab −=  

( ) ( ) .8
3

31 31

,2,1
3

2

1 2

21
aDD

j j

jjM =α−α== ∏ ∏
≤≤ ≤≤

 

As above, let α be a root of the polynomial ( ) ( ) =−−= abxxg
23  

,2 236
abbxx −+−  and ( )α= QK  with ring of integers .KZ  As it is 

shown in Lemma 2, if ( )xg  is a monogenic polynomial, that is ( ,,,1 2αα  

)543 ,, ααα  is an integer basis, then ( )22 ,,,,,1 α⋅α⋅αα aaa  is also 

an integer basis. We shall represent the algebraic integers KZ∈ϑ  in the 

form 

,3
2

21
2

321
2

321 XXXiyiyiyxxx α+α+=α+α++α+α+=ϑ  (2) 

with jjj iyxX +=  ( ),3,2,1=j  where ,, Z∈jj yx  MjX Z∈  ( ).3,2,1=j  

According to the discriminant, the index of ϑ  also has two factors          

(see [4]): 



On the Monogenity of Certain Binomial Compositions 7 

Lemma 4. Using the above notation,  

( ) ( ) ( ),,,,,,,, 33221233221 yxyxyFyxyxFI ⋅=ϑ  

where 

( )33221 ,,, yxyxF  

( ( ))
( )

( )
( )∏ ∏

= ≤<≤
α−α
ϑ−ϑ

=
ϑ

=
2

1 31
,,

,,

21
21

21

k jj
jkjk

jkjk

MKM

MKM

DN

DN

Q

Q
 

( )∏ ∏
= =

α−=
2

1

3

1

3,2

k j

jk XX  

( ( )) ( ( ) )3
3

3
232 XabXNXXNN MMKM +−=α−= QQ  

and 

( )
( )
( ) .,,,,

31 31
,2,1

,2,1
332212

1 2
21

21∏ ∏
≤≤ ≤≤

α−α
ϑ−ϑ

=
j j

jj

jj
yxyxyF  

Both polynomials 1F  and 2F  have integer coefficients. 

4. Monogenic Polynomials of Degree 6 

Let us return to our polynomials ( ) ( ) 123 +−= bxxF  setting 1−=a  

in the above ( ).xg  We were checking the monogenity of these polynomials 

for .5000001 ≤≤ b  We found that in each interval of 500 parameters, the 

number of monogenic polynomials was between 390 and 404. In the 

following table, we list the number # of monogenic polynomials for some 

indicated intervals of the parameter b: 
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 #   #   # 

1 ≤ b ≤ 500 401  250001 ≤  b ≤ 250500 398  494001 ≤ b ≤ 494500 398 

501 ≤ b ≤  1000 396  250501 ≤  b ≤ 251000 396  495501 ≤ b ≤ 496000 397 

1001 ≤  b ≤ 1500 400  251001 ≤  b ≤ 251500 398  496001 ≤  b ≤ 496500 396 

1501 ≤  b ≤ 2000 397  251501 ≤  b ≤ 252000 399  496501 ≤  b ≤ 497000 397 

 2001 ≤  b ≤ 2500 400  252001 ≤  b ≤ 252500 399  497001 ≤ b ≤ 497500 403 

2501 ≤  b ≤ 3000 395  252501 ≤  b ≤ 253000 398  497501 ≤  b ≤ 498000 394 

3001 ≤ b ≤ 3500 397  253001 ≤  b ≤ 253500 395  498001 ≤  b ≤ 498500 399 

3501 ≤  b ≤ 4000 398  253501 ≤  b ≤ 254000 400  498501 ≤  b ≤ 499000 402 

4001 ≤ b ≤ 4500 394  254001 ≤  b ≤ 254500 401  499001 ≤  b ≤ 499500 398 

4501 ≤ b ≤ 5000 400  254501 ≤  b ≤ 255000 395  499501 ≤  b ≤ 500000 400 

In the interval ,5000001 ≤≤ b  we found all together 397715 monogenic 

polynomials, that is the number of monogenic polynomials was 79.543%. 

The occurrence of monogenic polynomials seemed to be quite regular. This 

calculation took 125 minutes, using Maple. 

5. The Relative Thue Equation 

We were further interested in describing multi-monogenity of number 

fields, generated by a root of the above monogenic polynomials. If 

( ) ( ) 123 +−= bxxF  is a monogenic polynomial for certain parameter 

,5000001 ≤≤ b  we wondered if α is the only generator of a power integral 

basis of K or there are other (inequivalent) generators of power integral 

bases. 

To answer this question, we have to determine all KZ∈ϑ  with 

( ) .1=ϑI  In view of the above lemmas, this is equivalent to solving the 

system of equations: 

( ) ,1,,, 33221 ±=yxyxF  (3) 

 ( ) .1,,,, 332212 ±=yxyxyF  (4) 

For the parameters ,5000001 ≤≤ b  we found 397715 monogenic 

polynomials. It is only possible to consider this large number of fields by 
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using some fast algorithm. Therefore, we determine all solutions of the 

above system of equations with 

 ( ).3,2,110, 100 =≤ jyx jj  (5) 

As the index form equations usually only have small solutions, the 

solutions with the above property yield all solutions with a very high 

probability. 

5.1. Elementary estimates 

Equation (3) is a relative Thue equation. We used the fast algorithm [3] 

to determine its solutions with (5). To enable that method to solve 397715 

equations, we must prepare its application very accurately. 

Let 3
11 ib +=α=α  be a root of ( ) ( ) .123 +−= bxxF  Set =α12  

α






 +− i
2

3

2

1
 and .

2

3

2

1
13 α







 −−=α i  Similarly, let ( )3,2,12 =α jj  

be the three values of .3 ib −  

Assume that Z∈3322 ,,, yxyx  is a solution of equation (3). Then, in 

view of Lemma 4, we have 

 ∏
=

=α−
3

1

312 .1

j

j XX  (6) 

Denote by 0j  the index with .min 312312 0
XXXX jjj α−=α−  

Obviously, 

 .1312 0
≤α− XX j  (7) 

Then, using ,3
011 α=α−α jj  for ,0jj ≠  we have 

( ) ( )312311312 00
XXXXX jjjj α−−α−α=α−  

( ) ,313 33 XX ε−α⋅≥−⋅α⋅≥  
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assumed ,13 ≥ε X  that is .13 ε≥X  This implies in turn by (6) that 

 
( )

.
1

3

1
2
3

2312 0
X

XX j ⋅
ε−α

≤α−  (8) 

Finally, 

( ) 32

2

33122
3

0
XXXXX j ⋅α+

ε−α
ε≤⋅α+α−≤  

( ) ,3Xα+δ≤  

assuming ( ( ) ).3
2

3
2 ε−α⋅ε≥δ X  This implies by (8), 

( ) ( ) ( ) ,,max,,,max 3323322 XXXyxyxA ⋅α+δ≤≤=  

whence 

 ,
1
2312 0

A
cXX j ⋅≤α−  (9) 

with 

( )
( )

.
3

2

2

ε−α
α+δ=c  

We were using this inequality with 301=ε  and .000037.030 3 ==δ −  

We had :3426.0≤c  according to the value of b, we calculated it separately 

for each b. 

5.2. Reduction 

In view of (9), if ,2x  ,2y  ,3x  3y  is a solution of (6), then for some 

( )31 00 ≤≤ jj , we have 

 .
2313122 00

A

c
yixyix jj ≤⋅α−α−⋅+  (10) 

The following procedure must be performed for all possible values of 

.0j  
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Let H be a large integer and consider the lattice generated by the 

columns of the following matrix: 

( ) ( )
( ) ( )

.

0

0

1000

0100

0010

0001

00

00

11

11



























α⋅−α⋅−
α⋅−α⋅−

=

jj

jj

iImHImHH

iReHReHH

L  

Denote by 1b  the first vector of the LLL reduced basis of .L  

According to Theorem 3 of [3] (see also Lemma 5.3 of [4]), we have: 

Lemma 5. If ( ) 4
3322 ,,, Z∈yxyx  is a solution of (9), 

( ) 03232 ,,,max AyyxxA ≤=  

and H is so large that 

,40 01 Ab ≥  

then 

.
21

0

1






≤

A

Hc
A  

Applying this lemma, we obtain that H is of magnitude ,2
0A  therefore A 

will be about .0A  To find the solutions with ( )3322 ,,,max yxyx  

10010≤  of the relative Thue equation (6), we applied the above lemma         

first with ,10100
0 =A  then, in several subsequent steps with the previous 

reduced bound for A, obtained by the lemma. In the first reduction steps, we 

took ,10 2
0

3
AH =  in the last steps, we took H as small as possible. The 

following table displays the values of H and as the reduced bound “new 

”,0A  the maximum of the reduced bounds obtained for all considered 

parameters. The CPU time refers to the total CPU time for all possible 
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parameters together. Also, as we had to use multiple precision arithmetics, 

we also include the number of digits used in that reduction step. 

Step 0A  H ≥1b  Digits New 0A  CPU time 

1. 10100 10203 6.324555 · 10100 250 1.8509 ·  1051 3000 sec 

2. 1.8509 ·  1051 3.42583 ·   10105 1.1706 ·  1052 150 7.9632 ·  1026 2500 sec 

3. 7.963 ·  1026 6.3409 ·  1056 5.0362 ·  1027 100 5.2232 ·   1014 500 sec 

4. 5.2232 ·  1014 2.7281 ·    1032 3.3034 ·  1015 50 4.2302 ·  108 400 sec 

5. 4.2302 ·  108 1.7894 ·  1020 2.6754 · 109 30 3.8069 ·  105 190 sec 

6. 3.8069 ·  105 1.4492 ·    1014 2.4076 · 106 20 11420 170 sec 

7. 11420 1.3041 ·  1011 72226.4217 20 1978 167 sec 

8. 1978 2.3474 · 109 12509.9704 20 637 132 sec 

9. 637 1.6230 · 108 4028.7417 20 295 113 sec 

10. 295 2.6107 · 107 1865.7438 20 174 110 sec 

11. 174 9.0828 · 106 1100.4726 20 133 110 sec 

12. 133 5.3067 · 106 841.1658 20 116 110 sec 

13. 116 2.6912 · 106 733.6484 20 89 110 sec 

14. 89 1.4257 · 106 562.8854 20 74 110 sec 

15. 74 7.6664 · 105 468.0170 20 59 110 sec 

16. 59 3.4810 · 105 373.1487 20 44 110 sec 

17. 44 1.9360 · 105 278.2804 20 38 110 sec 

As mentioned above, in the last reduction steps, we took H as small              

as possible. As a consequence, we had several exceptional parameters,              

for which we had to perform the reduction procedure separately. The final 

reduced bounds were found different from the value 38 obtained for all other 

parameters. These exceptional parameters and the corresponding reduced 

bound are stated below: 

b Bound  b Bound 

11 44  1516 116 

75 44  1781 204 

272 50  2278 46 

283 51  3160 44 

422 73  3261 44 

862 56  4096 44 

899 116  4564 88 

1123 44  4913 44 



On the Monogenity of Certain Binomial Compositions 13 

We dealt with these parameters separately. 

5.3. Enumerating solutions under the bound 

Except for the above few parameters, for all b in question we had to test 

if equation (3) has solutions with .38,,, 3322 ≤yxyx  This bound is 

in accordance with our assumption .3013 =ε>X  In [3], the basic 

proposed method is to enumerate the 33, yx  with absolute values ,38≤  

calculate 2X  from 

 ( ) iXibX ±±=+− ,13
3

3
2  (11) 

and test if the real and imaginary parts of 3X  are integers. 

This works fast for some fixed equations, but not for a huge number of 

parameters. Therefore, we used a different strategy which can be useful also 

in similar cases. 

We let 2x  run through [ ],38,0  ,2y  ,3x  3y  run through [ ].38,38−  

Substituting 3322 ,,, yxyx  into (11), we tested if the corresponding value of 

b is an integer (for some of the possible right hand sides). We also had to 

check if the possible values of b correspond to monogenic polynomials. 

If ( )3322 ,,, yxyx  is a solution of (3), corresponding to ,, 32 MXX Z∈  

then ( )3322 ,,, xyxy −−  is also a solution, corresponding  to ., 32 MiXiX Z∈  

Moreover, the negatives of these solutions are also solutions, but we list the 

solutions only up to sign. 

The solutions of the relative Thue equation (3) we substituted                        

into equation (4) to check if there exists a 1y  corresponding to 

( ).,,,, 3322 byxyx  

We found two tuples that are solutions for any values of b but there 

exists a corresponding 1y  only for one of them: 
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b 2x  2y  3x  3y  1y  

any b 0 1 0 0 −− 

any b 1 0 0 0 0 

Since we consider monogenic polynomials, α=ϑ  indeed generates a 

power integral basis, as it was known. 

There are some sporadic solutions: 

b 2x  2y  3x  3y  1y  

1 0 −1 1 0 −− 

1 1 0 0 1 −1 

2 1 −1 −1 0 −− 

2 1 1 0 −1 −− 

11 1 2 −1 0 −− 

11 −2 1 0 −1 −− 

25 1 4 1 −1 −− 

25 −4 1 1 1 −− 

The above parameters correspond to monogenic polynomials. We obtain 

that there exists an additional generator of power integral basis only for 

,1=b  namely .2α+−α=ϑ ii  

In cases 3
kb =  is a cube, our data allowed us to conjecture and 

formally prove by Maple that the following tuples are solutions of (3) for 

any such b. There exists a corresponding solution 1y  of (4) only in one of 

the cases: 

b 2x  2y  3x  3y  1y  

3k  0 k 0 1 2k  

3k  k 0 1 0 −− 

This implies that for ,3
kb =  the integer 23 α+α+=ϑ iikik  may also 

generate a power integral basis. However, the parameters 3
kb =  do not 

always give monogenic polynomials. It will be monogenic, e.g., for =k 1, 2, 

4, 5, 8, 10, 11 etc, but not for =k  3, 6, 7, 9, 12 etc. 
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The complete calculation described in this section took about 10.5 CPU 

hours. 

6. Summary 

We summarize our results as follows: 

Theorem 6. For ,5000001 ≤≤ b  the polynomial ( ) ( ) 123 +−= bxxF  

is monogenic for 397715 parameters. If ( )xF  is monogenic, α  is a root of 

( )xF  and ( ),α= QK  then for the above parameters, up to equivalence 

α=ϑ  is the only generator of power integral bases of K, represented in the 

form (2), with the property (5), except 

2α+−α=ϑ ii  for 1=b , and 

23 α+α+=ϑ iikik , if b is a cube. 

We conjecture that ( )xF  is monogenic for infinitely many parameters  

of the form 3
kb =  and in all such cases, the above α=ϑ  and 3

ik=ϑ  

2α+α+ iik  yield all inequivalent generators of power integral bases. 

Moreover, we guess that all other number fields generated by a root of                  

a monogenic polynomial ( )xF  has up to equivalence only α=ϑ  as a 

generator of power integral bases. 

7. Computational Remarks 

All our algorithms were coded in Maple and were executed on a laptop 

with Core i7 processors. 
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