Kocsis Imre

ON THE STABILITY OF SUM FORM FUNCTIONAL
EQUATIONS

This survey puper conting (he wuthor's results from the theory of funeiions]
Cqualions. They are cormected wilh the stability of certam functional eejuations
an=mg n nformanon Lhisory.

1. INTRODUCTION

In 1940 S M. Ulam raised the following problem m his lecture a1 Wisconsim
University (Uam (U643 Let (Cr.o) be a group, (H..) be

ANCITIS group with
medrie ol By the fllowing statement fre-

for arbitrary D<ec R here exisls
B<8eR such that for all functions FO—H satisfving the nequalily

f Wxene) o) livy y =g, Xyl

there exists a homomophism A:Gosl] (thal s, a selution of the so-calleid
Canchy equation Alxoy) = Alx)Aly) sulisfying the ihegualily

di fix), Alx) )< 8,

for all xe 3.

Stmilar question can be asked in connection with uther equations, too. See the
following survey papers: bori [TF95], Ger [G94], Tlyers-Tsac-Eassias [TLLESH]
andl Szélkelvhid 1tH]

We remark that Ulam didd not des] wath the comnecltion between the comslants o

and & 1 bus question. It is clear that the: stabality result 15 more informative when

& can bu expressi:d by £ Tn many eases a constant KRt can be fund such tha
i

his resesrel has sunpocie By the Flungariz:
Reseurch (OTY A wrant Mo T-E00E?
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1.1. Notations

[n the Following R denotes 1he set of real nuinbrs, Lerk be g Fxed posiive
nteger IMee R othen len u={ec )= B
I x={x, %0 b2 B and ¥ o (vove v e R then ot

Xoy = [ ysove, Lxgvo o Y

IQL -I_I_l:]1|. |--I;.| I|':::-rDrl|k._ .-"'llk_:.ix,_}'_] | K,:‘,",K_:_‘:,-'l_—'_._l}1 HT'ld f{)]' u“ ’-.|3.1.ll|'<'1| I‘-IL”].:]:II:['& ]]:_'2
detine the sels

L] = I'“”‘J —Jlt_p_._...._j}"}r_J”| ip: =1i>
=l 1

amnd

B e Jlfm,---,]}" = (I } | ip_ ] [l.

| 1
and let (Y .£0) ¢ L Q00 (05
Adunetion AR 1 is additive if ALFY) = Adx) TAGY) for all xoyeRY
A funeton M:Y-»12 4= multiplicative on Y 1f Mixsy) = Mix) - Mivy Tor all
¥EY. In this paper a function M:01] »R is called normal multiphicative 1
Mo multiplicative on 10,1 and B0, k= 0], whule a inetion b0 =1
5 called normal mulliplicative 15 M s multiplicatree on [0,1], M(O}-0. M(1)=]
and M{x)=0. x=]0,1].
A luewtion LI 1]—R s logarithmic un AT AT Ly = Lix) 1 Lev) for all
¥ JILL while a function 1:[0,1]—R 15 loganithmic on [U,1] if T{0=0 and
Lixow) - 1080 1 Liw) foweall sye 0,1

1.2. Stability problem for sum form equations

LetD={ M| DY R ) E={h | hi¥«Y SR }, F-DsE be fixed snd f=I), The
equations investigated i this paper can be wrillen into the form:

ZZF{!'}(pi,qj} =0, (P paret),. {1t = (1]

=l
where 13 and mi3 are fixed wlepers and [ s unknown function. Thee ceqailons
having the form (1) are called sum form functional equations,
Following Ulam’s concept 1he sum form Cunctiona] equation { 1hssaidto be
stable if for each O<eeR there exizis 028 R such that fur cuch

Feld satislving
the inequality

B3
B |




i LIS

‘Z > F@p,q. )<
|t=1 j=1

forall (p,,. ;)c] a 800 {q..q,) ey, there eatsts asolutdon f ol (1) sueh that

| =Py - fpy| =5, poy,
W deal with the stabilily problem of (L) the case (V.0 (RO (elosed
dinitcint coie) amd YO0=(" 15 lapsen domiin cage),

L k=1 the problem is called ore dimensional, 1he (general) case k>0 is called
higher dimensiennal

1.2. Sum form equations arising in information theory

41

A sequence of functions (I L ].-—= where the real valued

lunctions I, are defined
y P
ol er ) {(n=23_

S bois called information measure. {see [AIN/S] and
[ESS98]) Deline the limetion @Gy, 0, L3, by

]-."';"(J = l:_]J|vl'_'|| ¥ s F'.'qlll' Py ) Ll TR BN LA -1Ej|I‘J|;::I~T£J-|'.|'| .

lj_l:.pl"‘ --|:'II:”-_£2|| . C‘!‘__.[.E[.'-.-- --':~.||':|.:|"~—_'£l1|'|

A mlormation measure (I, )

=3
15 (12,0, j-additive (e w22 2 wre fiaed tntepers) if

Lol PEQ) = T(P) + 003 + (2= _ T(P) - 1,40,
Peld, Qo

15 weighted (.m)-additive of type (MMy) (022 and w2 gre Jixed
mtcgers, Mo M Yol ure Sixed muftiplicaive firsetions ) of

LaPBQY = 3TM (0 ) 1)+ 3 M. (q,) 1,2,
Pe0), Qe

baving sum Property (f there exisis a funciion 1Y =+ suelh that
LPrsanp ) —ZI'{pi}, =2 G
i

(size |ESS95]),

r main PUrpase 15 s prove 1he

stabilily of two sum form functional equations
and weighted (n,m-additive of
asures having the sum property.

appearng in chiraclerization of (e, addilive
Lpe (M ML) mibermation me




Lhe fist cquation we are dealing with is BEHARA-NATH 1. FQUATION:
I in i it
(B-NIL) > > i, *q)=2 1(p)> fiq;)
=l = 1=1 =l
where BY—E 15 an unknown  function and  the equation holds  foe all
(o pdely and {q,.. ... Qb=

The second one 15 the SUM ForM EQUATION OF MULTIPLICATIVE TYPFE:
n i

(M) DY fip, ) =3 MUY+ DM, ()3 1w,

where £Y-R 15 unknown function, M MY =R are fixed multipheative
funciions and the couation holds forall (P e E08, and (el =12

s L

2. STABILITY ON CLOSED DOMAIN

2.1. Stability of a simple sum form equation

[ the investigetion of the sum [orm cguations the simple sy
egualIen

o form e llonal

> pip;) ~d (8)
1=1
where ;¥ =T is unkiown function, el iz [xed and (51 holds for all
3 T S F s plays contral role,
In the one dimensional case the slability of equation (5} was shown by iy
Maksa in [M94] on closed dommin
THEOREM IL1.1L (Maksa [MB4]) Tat Deck and deR be [ixed and
0,1 R, 1
iZ[;1{pl} di<e (7
[i=1
holds for all (p,.p el then there exists an additive unction a:l2—sR
and a funclion b, 1]-12 such that

A




@ik @) = alx) 4 bz, %[00

ard .
bix) Ly E; xe 0000,

A basic tool in the prood of Theorem 1111

s the stability ol the Cauchy
: |
ORI o0 A

THEOREM 11.1.2, (Maksy [MO4]} Ler 0<eck be fixed and L0 1]-5R. 17 fis
additive on Al that s,

[Tt} — %)~ i) | =p, (xyleA! (3)
then there exists an addilive function a:R—R and a function b1 =R such
tiai

Ha) =aix)y + HESH xe|ih1]
s
|bixi| <o e X011,

To prove “Thearem 1115, 1he lollowing generslization of Thearem 1.1.2. s
neecded,

Tueorem 11.1.3, (Kocsis, [K]) Tet Dsee R be fixd and NI=R. Suppose thal
{2} holds for all (¥0eAr Then there eaisls an adiditive funclion a:R*—R
ard o fanction bl 3R such that

[{x) =a(x) 1 bix), nel

and
| ba) | = 3% 5 el
Let @=Dr-RwR>,
L= By (%, v D D= tvBxix v Dy
e [ (983 T ey Y1, i B SIS NS

and TR, A function T s additive on
(el (see [DLOT]).

Furthermore D) 15 o uniquely additive tepe (7. Dardery, 19901, il the lollewimg
sttlennt is lrue: il the function f s addilive on D then there exist a
unigue additive function A such thal fis a restriction of A to |.

L if the Cauchy cquation holds i all

3l




COLLORARY IL1.4, The s A fleel i fixed integer) 1s of uniuely additive
tvpee. that 1s, i s lunction 20— R s additive on A" then 1}
additive funclion AR SR such thal [ s the restrivton
let et in Theorem [1.1 3.) {see alsn [ES595])

WIS EXISEs 2 unigue
of Aot . (Tndeed,

Lhe tollowing tuorem siys thal equation (1) 1s stable it ¥Y=1. (3 s

I e
FiEMpg) = Fipd. ipga=l,
411

that 15, equation (5) is stable 1n the Tngher dimensional closed domain case, oo

THEOREM ILLA. (Kocsis, (K1) Let n=3 be fixed imleger, D<eeR and d=R
fined, and o J—=lt T {2) holds for all (py,...poel’,. then there exisls an
additive function a: "1 and a function bil 3R such that

Pix) @ 0] —alx) b hix), x&]

arxl

Ibix) |2 2352 ¢ xel,

2.2, Stability of the sum form equation of multiplicative type
in the one dimensional closed domain case

The lollowing theorem savs that equation (1) 15 stahle {f Y01 -
i) e IES My M1 R are fixed normal multiplicative fusnclions (e of
thewn  is  different  from the wentity  function  of [LI]) and
Filipa) — fipeq) — Mop)fig) — l(p)-Maiq), (pade 0,177, that s, equation
(M) 15 stahle in the one dimensional elosed domain Gise,

THEOREM 11.2.1. (Kocsis-Maksa [RMYR] Kocsis [KOT]) Let nsd and me=3 be
fixed inmtepers, 0256l bhe fixed, M| Mu[01]5R be fixed normal
ultiplicalive functions, one of them i differen [rom the
ol [01], and let 0,17 sB. 11

‘Z‘L ”.[Ji"ij:| _ll M, (p, }ZI‘ i {L]; ) _Zh{[quuzq‘ HpJ=e.

halds Tor-all (p,...pael," amd (Qreen@ude UG then there exist additive
lmctions ajuR—K, 2 fogarithmic function L:[(L1] »R, bounded functions
BB 0] =R and a constant CeR such that
Ip) = apd + COM(p) - Malph) - Biph  pe[U0], if MM,
fip) = aup) — M piLip) + Bl po[L1] 01 M =M.

udentily function

b




2.3. Stability of Behara-Nath I. equation in the higher
dimensional closed domain case

Pl following theorem savs that equation (1) 1s stahle if YT, L R 6 e
ind F(pag) - fipeq) - Apkigl (pgisl’, that is
the fugher dinwensional vlosed demain cae

m

= wquation (B-N 11 18 stahle in

In the one dimensional case th stabiiity of cquation {B-N 11 w

as proved by Gy
Maksa in | M94] on closed durmain,

THEOREM ILA.1, (Maksa [M94]) Let n=3

and =3 be fixed intepers, Osee 12 e
lixed and £]0,1]—R. It

‘Z .:. [-[P;ii,:' —Z f{]‘:l}z i‘{qu_ <

hslds fr all {(Pra--opy)el tland e LM then either
Hpd=a,p) + bip), pelii],

L

Hph = asdp) | Mgy 1, pElnl,
where a1 81 are additive, M:[0,1]5R is 4 nsttipheative, bi[i).] R 1%
a bounded funelion,
The earlier results conneeted with the stahility problem of sum forn, lunctional
Egnalnn: [ for example Theorem 1021 and L3 ] Jean e apphied in the closed
drvmin case vnly dor study pur equatioms,

By Theorem I1.1.5., we can extend the wmvestipanon (o higher dimension. This

theorem iy a hasic ool in the proal of the fullowmg theorem, oo,

THEORENM 11.3.2. (Kocsis, K]y Tet n=3 und med he fixed intepers, el e
Maed and MHJ-sB, 1

!ii o) S ()3 (q.)

Pl e ]
holds tor all (p), sibdel | and (41, Qb1 then cither
p) = aiip) + By(p), pel,

=g

ur

P} —aatp) + Mp) + Baipi, nel
where aac RS0 qre additive, M:J R iy multiplicative. and Bl.Bal-sl
are bounded lunetion.

The conneclion between a [unctiomal equation and the related  functional

mequality can e deseribe perfectly if we know the general solution ol the

3]
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equation and the inequahty, oo, However we luve 1o remark 1hal — by our
detiniion — the stability problems can be salved without kirwing of the explic
fsrm ol the general solutions,
Tn the one dimensional case 1he geners] solution of equationy (BN 1LY, (M), aml
15) 15 known botl on closed and on open damain,
The general selution of equation (B-N 11.) under the conditions suppascd
paragraph 1.2, that s, 1w the higher dimensional closed domniin case, 15 ol
known 10 k=2, The genvral solution m the lwa dimensional case s given by the
author (this resull is onpublished yet).
THEOREM IL3.3. ( Koesis) Letn23 and m =3 are fixed | mepers and k=2."1"he

general solution of cquation (B-M 11} is

flp) — Ayipl | b, pe (0,1,
or
lipy=Aup) + M{p).  pel01F,
where AL A RS R are additive, MO 3R s mulliplicative funclion.
Furthermore A=t and A1) 1 nmb — (Aqld) = nb) - (A1) = mh)

3. STABILITY ON OPEN DOMAIN

3.1. The stability of equation {S) in the one dimensional open
domain case

The following theorem sayvs that equation (1) is stable 'Y =]0,1(, €2.=1,"", and
; | "
P g =—1{p). (a2 J0u117,
m

that is, equation (%) s stable in the one dimensional open domain case

The methods used in the closed dorain case are usuall ¥ nat apphcable i the
open domam vase, but certam results proved on closed domain are ulso true on
open domair. Such a result s lormulsted in 1 heorem 1.1 .3

I3y this thearem. we can extend sar investisations 1o the apen domain case

A basie tool in the prool of Theorem 113, is the tollowing resull on the
stalality of Cauchy equation on an open sel.

LEvaa ML (Kocsis, [ROD) Tet Ozeck, bieeR (hed, ¢+0) be Dxed and
]-2b,2e] 2R 1 is eadditive on J-boel?, that is,
|ty ) — Mxp— fy)
holds for all (5= |‘|‘-.l'-[! then there exists an additive function A R-sl2
T4

O




such that

lfxy Ap e se, xc|-2h 2¢f

COLLORARY HLL.Z, The scl 1be| (heok bz o) s uniquely wdditve
fvpe. that is, if []-2b, 2e|— B 15 additive an bl then there exists a RSHIITS
additive function AR 3R such that I is the resiriction ol A to |-2h 2.
(lleed, Jete=0in Lemma 111,11 tsee alse [DLG6Y), |572]))

THEOREM 111.]1.3. (Rocsis, KO0 Let n=3 be fixed integer, (el and de
b fixed, aml ©:]0,1] =R, 1T (2) holds for al] (Prvenpad= " then thepe
exists an additive function a:R—»R such rhul

afl) - d

11'1{p] afpy—
11

=240-¢, e JOL

3.2. Stability of the equation of Mmultiplicative type in the one
dimensional open domain case

The following thearem says that equation (1) is stable 1 v [LE], p=m,
El..-'l':,”"\:: MM L= are fixed nacmal mallipticative functions, Ml and

Ff)pa) = fipeg) - Mipl-flg) — fpyM ) pgde 0[], that s, aguation (M) s

stalle in the ane dimensional open Jomain case 15 = ol Mo,

THEOREM T11.2.1, (Kocsis, [KO0T} Let m=3 be fixed integer, 530 be |ined.
MM 0 =12 be fixed normal multiphicative functions, Myabls and let
E =R O

11 1t

‘Z Z Mipgy) —i ML (p, }i f(tij ) —Z M (a, jz fip, )

11 i |

=
halds for all {py,....peel, 50 ang (G- )l then there exist an
additive lunetion a:R—R, a bounded funution BiJL1[ R, and 4 constant
e, such that

Hpeh = alp) + COM ip) - Malp)) + Bip. pe AT
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OSSZEG ALAKL FUGGVENYEGYENLETEK
STABILITASA

Fz wz Gssecloalals doluorat g figgvinyesyenlolek 1émakorében i
malematikanak a XX, szdzad miasodik (vleben intenziv fejlédésnek indult
teriifetén lartalmas o eredményekel, Frek gz ercdmenyek  ulyan
igavényeuvenletekhes kapesolddnalk, amelvek  inlormacio-clmélet
credetiick, tgvneverett in formaciomertékelk cloallitdasaboz katddnek,

Azl vigsgalink, hogy crek  av cgvenletek  rendelkernck-e epy
meghatarozol — S .M. Ulam altal b everefell - stabililisi Lulajdonsigpal.
Defingiliuk az dsszep aluky fiiggvényegvenlel fopalmat, valamint ar erre
vonatkozo stabilitisi problémar Felitjuk a Behara-Nath 11 egyenletel,
valamint a multiplikaliy lipust dsszeg alakn (Uggvényeayenletel, ég
veckre az covenletokre vonalkozd stubilitdsi eredményekel mutatunk he
kitlénhiizd feltételek metlen.




