Finsler connection for general Lagrangian systems

Laszlo Kozmg
Insitute of Mathematics, University of Debrecen,

P O Box 12, H-4010 Debrecen, Hungary

Takayoshi Ootsulga
Physics Department, Ochanomizu University, 2-1-1 Ootsuka Bunkyo Tokyo, Japan
(Dated: August 12, 2014)

We give a Finsler non-linear connection by a new simplifiefinition for not only reg-
ular case but also singular case. In regular case, it camgspto non-linear connection
part of Berwald’s connection, but our connection is expdssot in line element space but
in point-Finsler space. In this view we recognize Finsletrio€l(x, dz) as a “non-linear
form”, which is a natural generalisation of Riemannian niegbaving original expression,
V9w ()dzrdz”. Furthermore our formulae provide easier calculationemthan conven-
tional treatments, so we think that they suits to applicatmphysics. Our definition can be
used in the singular case of Finsler metric, which corredgorgauged constraint systems
in mechanics. Here we give some non trivial examples of caimstsystems for exposition

of validity of our connection.
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I. INTRODUCTION

Finsler geometry has much potential of application to ptg/sr other mathematical sciences.
Usually Finsler metrid.(x, dx) on M is defined by a function df’ M which satisfies iyegularity,
i) positive homogeneity, and iii) strong convexity, see the standard textbook [2]. In application of
Finsler geometry to Lagrange systems, almost all systermotisatisfy the regularity condition,
L is not defined on slit tangent bundlé\/° = T'M — {0} but on a sub-bundl®(L) ¢ T M
depending orl, and on the sub-bundle the Finsler functibns regular. Furthermore some im-
portant Lagrange systems in physics, gauge systems dokaveostrong convexity. Therefore we
suppose only the weaker regularity condition and the fahgwpositive homogeneity condition of
L:

L(x, \dx) = \L(z,dz), "\ > 0. (1.1)

Any Lagrangian system of finite degree of freedom can be mefitated in such a Finsler mani-
fold [7,111] without changing their physical contents, ahe action functional is given by integral
of the Finsler metric which is made of Lagrangian, then th&ti@nal principle becomes geomet-
ric and independent of parameterisation, which we will cailariant.

From physicist point of view, in especially thinking of thevariant Lagrangian formulation,
we would like to define a non-linear connection, not in the Btement spacEM ° but on the point
manifold M [6]. Usual treatments of Finsler connection based on lieeneht space, slit tangent
bundle or projected tangent bundle, are rather similar Wemiltonian formulation. There is a
best covariant Hamiltonian formulation using contact rf@di[1], which has deep relationship
with the covariant Lagrangian formulation. Furthermofes Hamiltonian formulation is corre-
spondent to projected tangent bundle formulation of Fm&kin special cases. For we do not
consider Hamiltonian formulation but Lagrangian, we ththit the point Finsler viewpoint is
the most suitable for it. If we deal only with Euler-Lagrangguation, symmetry of the system
and Noether’s theorem |[8, 9], we don't essentially needlEimsonnection. But if we treat auto-
parallel forms (similar to Hamiltonian equation form) of[EiLagrange equation, or we seek new
symmetries and conserved currents, our Finsler non-lic@amection hugely help us.

Next section we give a generalisation of a linear connecifanvector bundléZ = M to non-
linear one, from a some different kind of view. We define a tinaar connection not to vector
fields but to dual (covector) fields, by generalising coedfits of linear connection as functions

of z# ande?, wherez* are coordinates functions af ande® are the dual basis ef,, the basis of



section ofE. In Section 3, we generalise a linear connectioff'df to the non-linear connection
preserving Finsler metri€, that is our Finsler non-linear connection. In our pointiefy, the non-
linear connection is defined di(7'M ), that is, for tangent vector fields ovéf, and leads non-
linearly parallel transport preserving Finsler norm. Ehere show the existence and uniqueness
of such a non-linear connection in the case of general Fins#¢rics including singular metric. In
Section 4, we give a short review of a covariant Lagrangiamidation using Finsler manifold,
and give the Euler-Lagrange equation to an auto-paralteh i the general cases. In the last
section, we give some examples of Lagrangian systems imgjutn-trivial gauge system. We

hope that our non-linear connection will be applied to meneesal areas.

II. NON-LINEAR GENERALISATION OF LINEAR CONNECTION

Let v be a linear connection on a vector bundle™ M, i.e., V: I'E) - I'(T"M ® E).
Contracting with the tangent vector field over, we can get the covariant derivativoeX: I'E) —
['(E) along the tangent vector field = X”a%- This v can also define the covariant derivative
on dual vector bundi&*, V ['(E*) — I'(E*). In coordinates, this can be given l&ya% et =
—]O““bu(x)eb, wheree* = {e®} is the basis of2*. We generalise this linear connectignon vector
bundle to non-linear connectiovi by replacing the compone_rz?t“bu(x) by 1'%, (x,€e*), which is

a0-degree homogeneous functionef That is, the non-linear connectidnis defined by,

Ve i= —I"(z,e")e’ = —da" @ Iy, (z,e")eb, V o e = 1'%, (z,e*)e’.  (Il.1)

_0_
ok
For a general section= p,e® € I'(E*),

Vp =dp, ® e — padat @ I, (x,e*)e’. (1.2)

Notice thatV xp ¢ I'(E*), however it holds linearityy/ x (p1 + p2) = Vxp1 + Vxpo.
The action ofV to the section off is derived as follows. Let = £ ® ¢; be a smooth section

of £, and consider the derivative §f = (¢%, &),

d§® = (Ve &) + (", VE) = —(I"y(x, e)e’, &) + (¢*, VE),

i.e.VE = (d&* + I (z,e*(€))E"dat) ® ey, (11.3)
Ve = X0 (G5 4 Pl @) ) oo (1.9

Vx mapsl'(E) toT'(E), but the linearity does not hold x (§; + &) # Vx&1 + Vx&o.



Considering physical problems, we almost use the derwaticovariant quantities than con-
travariant quantities, so our definition of non-linear gafisation is useful to application of

physics.

. GENERALISED BERWALD’S NON-LINEAR CONNECTION

Let us consider a Finsler manifold/, L), whereM is a(n + 1)-dimensional differentiable
manifold andL(z, dx) be a Finsler metric, using coordinatas') of M, which is a function of:*
anddz* and 1-degree homogeneous functiod:of. In our introduction we assume only regurality
on a sub-bundl® (L) c TM and homogeneity condition (I.1), and not convexity cormiti\We
define a new Finsler connection, which is a generalisatid®enivald connection, using previous

non-linear connection defined dn\/ which preserves the Finsler 1-forlp VL = 0.

Definition Ill.1. A non-linear Finsler connectio¥ is such that satisfies the following conditions:

Vdz® = —N®pda” = —da" @ N°g,dz", (l.1)
N%s, — N%,5 =0, (111.2)
ON“gy  ON%y
— = 1.
odx odx? 0 (-3)
OL oL
_— = o B prm—
e PaN“gudz”,  po S (11.4)

whereN®s, = N%g,(z, dzr) are0-degree homogeneous functionsiof= {dz"}.

The last condition means the condition of preserving theslEmmetricL; 0 = VL =
Var L+ Vdat 2L which is a generalisation of covariant derivative to “namebr form”
L.

Definition 111.2. We denote,,, := adfi%. For Finsler metric of our definitiomank (L,,) < n
is realized, wherdimM = n + 1. If rank (L, ) = n, then the Finsler metri€ is calledregular.

Otherwise it is calledingular.

In application to Lagrange systems, we will see later thatlthgrangian of non-constrained
systems correspond to regular Finsler metrics, and consttasystems (gauge theories) corre-
spond to singular Finsler metrics. In application to physibe singular Finsler manifolds are

very important for gauge theories which often appear inrsd\aeas of physics.



If L is asingular Finsler metric anénk (L, ) = n—1— D, there areD independent functions
v (z,dx) (I =1,2,---, D) satisfying

L,vi =0, puf=0. (111.5)
For if v/ satisfy only the former and not the latier = w; # 0, we can replace} to v} —w;%-.

Proposition lll.1. Then we can take coordinates whidt(L,;) # 0, (a,b = D+1,D+2,---n)

and prove that

dxt I4s odat
=" n-uw = D0 = g P

(I=12,---D), (a=D+1,D+2,--- n),

become independent.
Proof. If Al + BI¢h + C¢# = 0, multiplying this byp,,,
A=0, B+ C"r=0,

for p 0% = p,0* = 0. Differentiating the second byz’ (b = D+ 1, D +2,--- ,n) and times with

DPus
oty v+
BI I a a  _
Prddab + P Odx® 0
and we use the formula from differentiating the latteoEBl) by dz?,
ovly oy
Lot + Py = Puygr = O
and so,
. o " dxt 0y "
C Mad (—LbaT — Pa L) = —LbaC = 0.

Therefore we can get® = 0 and B¢}/ = 0. Finally for we assume thdf = v} are functionally
independent, so we gét; = 0. O

It is very helpful for calculation if we define an auxiliaryrfation G* := %N”agdl’adl’ﬁ.

Straightforward calculation with the use of the homogengibperty ofN*,; and [IIl.3) gives us,
oG+ " N 10N

ogos = NVasda” + o=t ”Bd Yda = N*pda®,
el ONH,g,
— NH* v _ NH
OdxPodxe Nap + odxP de” = Nlag.



Therefore we are able to express the coefficients of cororebti G*:
oG+ 0*GH ONH PGH
N*pda’ = NFo5 = of — . .
paT x 5 9dxPodze’ Odx OdxY0dxPOdx™ (111.6)

To determine the connection, it is sufficient to consi@érinstead ofN*,5. This will be proved

in the following.

Proposition I11.2 (Existence) From the definition[(IIL.6) of coefficients of the connectj@HL.2)
and [IIL.3) are automatically satisfied. If is singular withdet(L,,) # 0(a,b = D + 1,D +
2,...,n), we can get the coefficients of connection which satisfiéglfjlfrom the followingG*;

L
e (da: gx ) O N N My = L™ Lo M, (11.7)
1/ oL 0L
a _ rab N
A= LMy, M, = < po +dx078dwaxp) . (11.8)

Wherety = &2 (% =off, ¢ = L2 11, 3=10,1,2,...,n, ] =1,2,...,D,a,b=D+1,D +

2,...,n, L® is the inverse of,, and\’ are arbitrary function.

Proof. If we multiply (II.4) by dz®, we get inhomogeneous linear equatiortf
5 OL

da” 9P = 2p,G". (111.9)
which can be solved as,
OL \ dz" ;. ..
G* (dx 8x5) 7 + N0+ A (111.10)

usingéy, 5, ¢ andp,th = 1, p, '} = p, 0 = 0. HereA! and\* are still unknown functions of*
anddx*. Let us determine from (IIL.4). DifferentiatingG“ by da”,

oGr 1 (0L O*L dat oL\ Log — ppdx
e Oy da”
odz? 2 \ 0xP odzPozrv ) L 2 ox? L?
LON 0N, o
toll T A s b ot At (LA
and putting this into theh.s. of ([IL4),
oGF 1 (0L 0L ot
NH o — (g ) e .12
Pl agdt™ = Pupis 2(6:56”33 8dm58:c”) AP g (.12)
The last term of[(II.IR) becomes
oer 5§pa dxtp.ps  dx* Op, Opa
Prgdzs — P <_ I T2 I adxﬁ) = gdes -~ Lo (1113)

then [IIL.4) becomes the following equations ot

. 1/ oL ., &L
Lﬁa)\ = Mﬁ, MB = 5 <—w +dl' m) . (|”14)



First we can solve the following — D-linear equations,
Lap\* = M, (111.15)
From [II.15) we can determin&® by using the inverse matrik®?,
N = LM, (11.16)
The other equations which can be obtained from (1l.14) are,
Loa)\ = My, L\ = M;. (111.17)

If we assume the second equation[of (I11.17), then we caneptioat the first equation of (I11.17)

is satisfied. Because

dz°Lo,\* = (—dz' Ly, — da’Ly,) \* = —dz' My — dz® M, = —da#* M, + dz° M,

1 oL 9L
R e e B__~ = 0
dx 5 < e + dx 8dx“8x5) + dz” My
1 oL oL
_ _ B 0 _ 7.0
=3 <dxu0x” dx 01'5) + dz”" My = dx” M.

The second equation df (IIL.117) should be regarded as aingtrof the system. These derivation
shows that7* exists, and is uniquely determined up to arbitrafy/ = 1,2,..., D). O

Proposition 111.3 (Uniqueness)Up to arbitraryD function A’ (I = 1,2,..., D), generalised
Berwald connectioiV*,5(z, dz) which satisfies[(IIL.2),[(TI.B) and_(IlL}) is uniquely obined by

o 82G'U‘ . . aye
N*¥op = 575575 WhereGH is of the previous proposition.

Proof. From Propositiof [IL2G* is unique. So we should prove thatif“,; and N, satisfy
(IL.2), (OL3), (IL4) and G* = {1 N*,zda*da’ = %Ngﬁdxo‘dxﬁ, thenN* 5 = NSB.
Let us defineB’ 5 = N¥, — N 5. ThenB",; satisfies
0B".s 0B';
odzy — Odze’
Differentiating the third equation of (II.18) with respgdo dz”,
aBuaﬁ (o7 o
0= Wd[lf dlﬁ + Bufyﬁdlljﬂ + Bua-ydl’
— OB
© Oda>
In the last equation, we used the fact tii4t, s are0-degree homogeneous functions with respect

B 5 = B'g,, B pda®da’ = 0. (111.18)

dr®da”® + 2B". 3dz” = 2B" gda".

to dz”, sinceN* .3 anngjﬁ are0-degree homogeneous functions. Differentiating agaih wait,

we obtainB* .3 = 0 in the same way. O



IV. EULER-LAGRANGE EQUATION

For arbitrary singular Finsler manifold/, L) which hasrank(L,,) = n — D, the Euler-

Lagrange equations are defined by,

oL oL 0L 0*L 0*L
_ _ - _ B = 2P V.1
0 oz <0dx7) Ozv  0xBodxy d ddaPadz " " (V1)
Here we should think thi$(IVI1) a8 = ¢* {2X — d (;2%)} by using a parameterisation of an

oriented curve:(t) : T C R — M, anddx* andd?z* as pull-back*dz# = d:”” )dt ande* d2at =

%dt? In our paper for avoiding cumbersome symbiglwe will drop the pull-back symbols.
Please look at the paper [9] for these convenient notationsore details.
Let us express this equation with the previous Finsler mogal connection. From the condi-

tion (IIL.4), by differentiation bydz” we can get

82[/ Bpu m ONH af
ddroa? ~ adar ) M T PG g T Pl (V:2)
Multiplying this by dz?,
0*L 0 ONH
s’ = 85" Nt asda®de” + p, =" 2 da® + p,N" 5. (IV.3)
Furthermore with[(TIL.2),[(TIL.B) and)-th homogeneity ofV*,,;,
0L op ONH
8 _ “FHr a ay g .«
8x58dx“fdx D N“aﬁdx dx’ + Py 5P dzdx’ +pN¥g dx
0*L 8L
= = NH dr®
Do st A+
Then,
oL 0*L 0L
— do’ = —————— NV sdz*dz”. V.4
oxY  0xPodx . OdxOdxt paz a% (IV.4)

Therefore Euler-Lagrange equation (IV.1) can be written as

0’L 9
= ——— (d*a" + N" pdx"da") . IV.5
OdxYOdx+ (& + pda”da’) (V)
Using the previous Finsler non-linear connection, the Eudggrange equation af is equivalent

to the auto-parallel equation

d*z" 4 2G*(x, dx) = Nl + N4

(IV.6)
My = Ly L% M,



where)’, \! are arbitrary2-nd homogeneous function with respectita’. From physical view-

point, (IV.6) are equations of motion of system constrainachypersurface which is defined by

second equations. The arbitrary functithis determined by taking a time parameter, and another

arbitrary functions of\’ are determined from consistency with derivatives of thesdconstraint

equations of[(IV.6), and the others bf remaine arbitrary. Also in Riemannian space, we can de-
da(s)

fine Finder arc length parameter s which satisfied. <x(s), W) = 1. Taking the differentiation

with respect ta we get a “time fixing condition”,

OL* dxt OL* d2z* .
~ Oxr ds - adxt ds?’ =1 (m(s), ds ) (IV.7)

Using the parameterised auto-parallel equafion{IV.6),

0

d?xt

” dz(s)\ _ odz" dx(s)
75 +G <x(s), I >_£Od—s+£lvl (x(s), s ), (IV.8)

whereg? ;= )0 (x(s), djf’)/L* and¢! = M (x(s) dz(s)), and parameterised property@f of

) ds
Finsler non-linear connectioh (111.9),

OL* dz* oL* dz(s)
— p
ozt ds 28dx“G (x(s), ds ) ’ (V-9)

we can show the® = 0 by the following,

0

_ OL*dz"  OL* {50 dxt

_ LI _ oem\ _ (0
g T agr & tE QG} & (IV.10)

Therefore, choosing the Finsler arc length parameter sporeds to\" = 0.

V. EXAMPLES
Regular simple case

For the most simple and important case of the potential sysiéich is a particle motion in

three dimensional Euclidian spaRé influenced potential force, the Finsler metric is given by,

L= %Wl)Z i (‘25;20)2 Yy, (V.1)

We will calculate thez#* from this Finsler metric by

oL\ dxt oL 0*L
_ B ab o
2GH — <dx —axﬁ) — L < 5+ d”’padxbaxp> , (V.2)
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where the Greek indices runs @su, p = 0, 1,2, 3 and the Latin indices runs asb = 1, 2, 3, and
we also use summation convention. For this Finsler metniegslar, there is néd; terms and no

constraint equation i (M2), and its auto-parallel equrabecomes
d*xt + 2G* (z, dx) = LY, (V.3)

with an arbitrary function\(z, dzx). Let us calculate and check this.

3 ) .
__)m da’ 1,2 3 o dat o
Po = {2z;<dllf0) +V(.§C,$,Jf)}, pl_md[lfo’ (7’_17273)7

z!)? X X €T
m% —m (ngol)z —m (5202)2 —-m (ddacog)2 dz® 0
da! m m
(LMV) = (de) m 0 0 ) (Lab) = 0 M O )
—m% N "
. v 0 0 4«
—mige 0 P
_dxodxb (1= 0)
T 0 dat oo mdxdx® Labgu _ L '
@ odx® ¢ Ldx® ¢ dz%6)  datdaxb 193
m - I (:u — L4 )7
OL oV oL 0?L 8V
dx” dz’dz®, ——= +daf b=1,2,3
57 = o o Y g T g @ 0=123),
OV (dx®)2dx®
OV (o) e (1= 0),
e or L
oV [ (da®)%6% da®dr*dx® o
@ m —2 L (,u—a—l,2,3)
If we take Finsler arc length parametemwhich is defined by
dx“ m < ()2 dxt(s)
1= L (" . O, it = V.4
(P T2 = 5 G v, =T wvay

and its derivative by,

: a2
FN o Jm (2 _ 9050V _
m(:to)x {2 (x'o) +V}x xxaxa—o, (V.5)

are time gauge fixing conditions. Using this parameter

OV o\2.b )2 _ 8_V (a0)267
Ox?

— 2404 b} (ds)?, (V.6)

m
and the auto-parallel equatidn (V.3) becomes

2.0V

( )8‘/ 20aba
b

.0 —a
R m Oxo Oz

i —2(i%)% = £a*, (V.7)
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where we substitutd to £ = A (x(s), dﬂ;—f)) which is an arbitrary function of. By this equation
and time gauge fixing conditions (V.4) and (V.5), we can atiateéz* and then we can geét= 0,
which was also showed in previous section in the case of dSimgler arc length parameter.

In this case, the auto-parallel equatidn (V.7) with= 0 can be also derived from time gauge

fixing (V.4), (V.5) and Euler-Lagrange equation bfz(s), (s)),

d [m (i) 0.0V d [(mi
“@{5(@) *V}’ O_xxﬁxa_d_s<x'0>’

for this Lagrange system is not gauge system.

If we choose other parametrisation- z° and redefing := “1 andi# := L2 0 then

da(t) 249 OV dx(t) gob gagb) oV
0 - 7 = — a el JR JE——
26 (x(t), dt ) L Oz’ 26 (x(t), dt m 2 L | oz%’ (V8)

and the auto-parallel equatidn (V.3) becomes

2% OV 10V w23t OV
B _ —a - . o V.9
0 L Ox° S m Ox® L Oxb = (V:9)
Therefore the equation corresponds:to+ % g; = 0, that is usual form of equation of motion.

Gauge system (2nd class constraint)

In physics, we call the system which has singular Finsleraagian a “gauge system”. Let us

think a specific example of gauge system given by
M =R L(z,dr) =2'de® — 2*dz' + {(z")* + (2%)*} da”. (V.10)
Conjugate momentum, and(L,, ) are
po = (21?2 + (2%)%, p1 = —2% py =2, (L) =0, (V.11)

therefore there are two zero-eigen functiong bf, ), v{ = ¢} andvy = 04 except fordz*. We
can getG* from the formula[(IIL.T),

2(xtdzt + 22dx?)dxdxt

2G" =
L

+ Al 4 A2k, (V.12)

where)\! (I = 1,2) are arbitrary funciton of anddx, and there are two constraints:

M, = —dz* — 2'da® =0, M, = da* — 2%da® = 0. (V.13)
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Therefore the auto-parallel equation and constraintsrbeco

( 2axldrl 2422 (dz9)2

@20 4 Hedrtrdr JAr ) — \(ga,
2(xldal! 2dx2)dxOdxt

R 2 PV

d2x2 n 2(m1d$1+xid;p2)dx0dm2 + )\2 — )\dl'2, (V14)
dl'2 + xldx(] = 07

dz' — 2%dx® = 0.

\

If we take a conventional time paramete= 2°, then\ = 2(z'dx! + 22dz?)/L and the first

equation of[(V.1#) becomes trivial and the other equatioas a

.Ci'1+§1:0, .Ci'2+§2:0,

(V.15)
it —22=0, > +2' =0,

wherej® (= 40 o . Fr0 gngel — M (x(t), dﬂ;ﬁ”) (I = 1,2) are arbitrary function of
t, but ¢! are determined by consistency 6f (M.15). By taking diffei@ion of the second line
equations of[(V.I5) witlt, we can determing! such ast! = !, £2 = 2%, That is the equations

are

42t =0, P+ 22 =0, (V.16)

il =22 =0, i+ =0,
and have consistency. This system is Fermi particle modelse/ltdynamics corresponds har-
monic oscillator, and last equatioris_(M.16) are equivaterthe Hamiltonian equations handled
by Dirac’s prescription from Lagrangian system. This madedlso gauge systems having 2nd
class constraint of Dirac’s classification, so the all a#bit functions’, (I = 1,2) are determined
from consistency condition between auto-parallel equasiod constraints. Usually the Dirac’s
prescription for gauge systems is very bother| [4, 10], birtgusur Finsler non-linear connection

it looks like very simple!

Gauge system (Frenkel’s model)

Next example of gauge system is quite pathological exanbple is known as Dirac conjec-

ture does not hold [5, 10].

de?(dz3)? 1

M=R' L(zde)=——"1 —_

ot (2%)2da®. (V.17)
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This Euler-Lagrange equation becomes

(
de?(dz3)* 1
0=d{—2———" — —z!(2%)?
{ CZIEEN (‘”’}’ (L d
0= 1(:1:3)261lx(), ©dx®  \dat )’
2 dx?da?
daz3\? = Y 0=z'2%d2’ + 24 , (V-18)
0=d" ), (dz?)?
dxV 0 5
dx?dz? =T
_ 3 \
\ 0 = z'z?da® +2d{7(dx0)2 }
If we take a conventional time parametet 2, then
B33 =0, 2833 +2%3 4 a'2® =0, 28 =0, (V.19)
and these equal to
at=¢t), 2?=¢£4), 2°=0, (V.20)

where¢! and&? are arbitrary function of.

We will express this system to auto-parallel form using ansker non-linear connection. Con-

jugate momenturp, = 2= are

d?(dz®)? 1 | 4 dz®\* dz?dx®
poZ—QW—§$($)ap1=O>P2= 20 >P3=2W7 (V.21)
and(L,,) is
dz?(dx3)? (dz?)? dx?dx’
6 oy 0 —2{gop —4 (G0
(L) 0 0 0 0 (V.22)
w) — (da)? s .
—2 (g% (dz0)3 0 0 20y (dx0)2
dz?dz3 dz3 dz?
—Haor 0 2@op 2oy

We can recogniseank(L,, ) = 2 and so there is one zero eigen functighof (L,, ) except for
dz*, and we can take] = ¢;'. Calculations are following

dxt dxtpy dxtps
eg:T, =t =0 =06 — , =05 — 7
1 Ll 13 1 L 5 3.0
(2%)2dxt + a?xdx Ml:Z( )2da®, =0, M3 = Qxxdx,
(dx 2dx (dx0)2 ,1‘2.2(}3 (de)B
Lab dg(;O =) 2 ’ ()\a) = (Labi) = de? ) (CI,, b= 2, 3)7
2dac3 0
48 90L oL 1

907 2 N2da dat — 2'2Pdaldxd, M, = L®La M, = 0.
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With a constraintl/; = $(2*)? = 0, G* of the non-linear connection are given by

L
G* (dx gx /3) 08+ N+ N2+ N3y

| 1 Aot 2223 (da)?
— {——(xg)dedel — —xlx?’dxodxg} — + A\ — 5
4 9 L 4 dx?
2.3 (7.0\3
SN e e ) (V:23)

23,dz3—0 4 dx?

The last term is ambiguity because the limit cannot be defin@drresponding difficulty also
occurs in(Ly). The matrix(L,;) takes a value with the constraint = 0,
0 O
(Lap) = , (V.24)

2dx?
0 oy

but it has no inverse. The total rank @f,, ) becomes one. In other word, there is also another
zero eigenvalued function ¢£,,,): v5 = ¢5. Then,G* has the following form,

cw_2@ﬂgg T AR X N = N N (V.25)

where we have used the constraifit= 0 in the last equality. Therefore the auto-parallel equation

becomes

(220 = Ada",
Px' = Az + N,
d*x? = Mdx® + N2,
| 22® = Ada®.

(V.26)

If we take a time parametér= 2°, then)\ = 0 and equation[{V.26) becomes consistent with
the constraint®> = 0 and\! and\? are arbitrary function of, so the above equations are equiv-
allent to [V.20). Even in these non-trivial pathologicabexple, our non-linear connection will
be convenient for rewriting Lagrangian form to Hamiltoni@nm without quite bother Dirac’s

prescription.
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