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1. Introduction

In the present thesis we give an overview of our results from our disser-
tation ”Some questions of probability theory on special topological groups.”
We start with a short introduction of the considered topics and then present
our main results. The dissertation contains five chapters. The first chap-
ter gives an overview of the subject, historical background and contains a
summary of our results. Chapter 2, 3, 4 and 5 include our results which
are based on our papers [1], [2], [3], [4] and [5].

In Chapters 2 and 3 we investigate questions concerning Gauss measures
on special noncommutative Lie groups, such as on the Heisenberg group
and on the affine group. In Chapter 4 we deal with proving (central) limit
theorems for infinitesimal triangular arrays of random elements with values
in a locally compact Abelian group, such as in the torus, in the group of
p-adic integers and in the p-adic solenoid. In Chapter 4 we consider the
problem of representation of weakly infinitely divisible probability measures
on the above mentioned groups, as well. In Chapter 5 we prove an analogue
of the portmanteau theorem on weak convergence of probability measures.
Chapter 5 can be considered as an auxiliary result for Chapter 4.

In all what follows N, Z, Z+ and R denotes the set of positive
integers, the set of integers, the set of nonnegative integers and the set
of real numbers, respectively. The expression ”a measure on a topological
space” means a measure on the σ-algebra of Borel subsets of the topological
space in question. By a Borel neighbourhood U of an element x of a
topological space G we mean a Borel subset of G for which there exists
an open subset Ũ of G such that x ∈ Ũ ⊂ U .

2. Gauss measures on the Heisenberg group

Fourier transform of a probability measure on a locally compact group
plays an important role in several problems concerning convolution and
weak convergence of probability measures. In case of a locally compact
Abelian group, an explicit formula is available for the Fourier transform
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of an arbitrary infinitely divisible probability measure (see Parthasarathy
[18]). The case of non-Abelian groups is much more complicated. For Lie
groups, Tomé [20] proposed a method how to calculate Fourier transforms
based on Feynman’s path integrals and discussed the physical motivation,
but explicit expressions have been derived only in very special cases.

In Chapter 2 we consider the 3-dimensional Heisenberg group H which
can be obtained by furnishing R

3 with its natural topology and with the
product

(g1, g2, g3)(h1, h2, h3) =
(
g1 + h1, g2 + h2, g3 + h3 +

1
2
(g1h2 − g2h1)

)
.

Then H is a nilpotent Lie group. The Schrödinger representations {π±λ :
λ > 0} of H are representations in the group of unitary operators of the
complex Hilbert space L2(R) given by

[π±λ(g)u](x) := e±i(λg3+
√

λg2x+λg1g2/2)u(x +
√

λg1)

for g = (g1, g2, g3) ∈ H, u ∈ L2(R) and x ∈ R. The value of the
Fourier transform of a probability measure µ on H at the Schrödinger
representation π±λ is the bounded linear operator µ̂(π±λ) : L2(R) →
L2(R) given by

µ̂(π±λ)u :=
∫

H

π±λ(g)uµ(dg), u ∈ L2(R).

A family (µt)t�0 of probability measures on H is said to be a continuous
convolution semigroup if we have µs ∗ µt = µs+t for all s, t � 0, and
µt

w−→ µ0 = δe as t ↓ 0, where δe denotes the Dirac measure concentrated
on the unit element e = (0, 0, 0) of H. (Here the notation w−→ means
weak convergence.) A convolution semigroup (µt)t�0 is called a Gauss
semigroup if limt↓0 t−1µt(H\U) = 0 for all Borel neighbourhoods U of e.
A probability measure µ on H is called continuously embeddable if there
exists a continuous convolution semigroup (µt)t�0 of probability measures
on H such that µ1 = µ. A probability measure on H is called a Gauss
measure if it is continuously embeddable into a Gauss semigroup.
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We derive an explicit formula for the Fourier transform of a Gauss
measure on H at the Schrödinger representation. Using this explicit
formula, we give necessary and sufficient conditions for the convolution of
two Gauss measures to be a Gauss measure. Namely, we prove the following
theorem (Theorem 2.2.1 in our dissertation).

Theorem. Let µ′ and µ′′ be Gauss measures on H. Then the convo-
lution µ′ ∗µ′′ is a Gauss measure on H if and only if one of the following
conditions holds:

(C1) there exist elements Y ′
0 , Y ′′

0 , Y1, Y2 in the Lie algebra of H such
that [Y1, Y2] = 0, and the supports of µ′ and µ′′ are contained in
exp{Y ′

0 +R ·Y1 +R ·Y2} and exp{Y ′′
0 +R ·Y1 +R ·Y2}, respectively.

(Equivalently, there exists an Abelian subgroup G of H such that
the supports of µ′ and µ′′ are contained in “Eucledian cosets” of
G.)

(C2) there exist a Gauss semigroup (µt)t�0 and t′, t′′ � 0 and a Gauss
measure ν such that the support of ν is contained in the center of
H and either µ′ = µt′, µ′′ = µt′′ ∗ν or µ′ = µt′ ∗ν, µ′′ = µt′′ holds.
(Equivalently, µ′ and µ′′ are sitting on the same Gauss semigroup
modulo a Gauss measure with support contained in the center of H.)

(Here exp denotes the exponential mapping from the Lie algebra of H

into H.)

It turns out that a convolution of Gauss measures on the Heisenberg
group is almost never a Gauss measure. We also give the Fourier transform
of the convolution of two Gauss measures on the Heisenberg group including
the case when the convolution is not a Gauss measure.

The structure of Chapter 2 is similar to Pap [16] in which he considered
symmetric Gauss measures on the 3-dimensional Heisenberg group. Our
main theorems are generalizations of the corresponding results for symmet-
ric Gauss measures on Heisenberg group due to Pap [16].

The results of Chapter 2 are contained in our accepted paper [2].
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3. Gauss measures on the affine group

A probability measure µ on a locally compact group G is continuously
embeddable if there exists a continuous convolution semigroup (µt)t�0 of
probability measures on G such that µ1 = µ.

For general locally compact groups G one does not know whether the
embedding convolution semigroup of a continuously embeddable probability
measure on G is unique. If (µt)t�0 and (νt)t�0 are convolution
semigroups of probability measures on (Rd,+) then it is well-known that
µ1 = ν1 implies µt = νt for all t � 0. The same statement holds
for locally compact Abelian groups without non-trivial compact subgroups
(cf. Heyer [13, Theorem 3.5.15]). The question of unicity of embedding
into stable and semi-stable semigroups on simply connected nilpotent Lie
groups has been studied by Drisch and Gallardo [8], Nobel [15] and see
also a detailed discussion by Hazod and Siebert [11, Section 2.6]. Pap [17]
proved that a Gauss measure on a simply connected nilpotent Lie group
has a unique embedding semigroup among Gauss semigroups. We prove
the same result for the 2-dimensional affine group which is not nilpotent.

The 2-dimensional affine group F can be realized as the matrix group

F :=
{(

a b
0 1

)
: a �= 0, b ∈ R

}
.

Then F is a Lie group which is not nilpotent. Concerning uniqueness of
embedding we prove the following theorem (Theorem 3.3.1 in our disserta-
tion).

Theorem. Let (µt)t�0 and (νt)t�0 be Gauss semigroups on the affine
group F . If µ1 = ν1 then we have µt = νt for all t � 0. In other
words, a Gauss measure on the affine group F can be embedded only in a
uniquely determined Gauss semigroup.

The starting point of the proof this theorem is the fact that a Gauss
Lévy process in the affine group satisfies a certain stochastic differential
equation (SDE). We also give the solution of this SDE.
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Moreover, we give a complete description of supports of Gauss measures
on the affine group using Siebert’s support formula (see Siebert [19]). Our
results are completition of results due to Siebert [19].

The results of this chapter appeared in our paper [1].

4. Limit theorems on LCA2 groups

Let G be a second countable locally compact Abelian group (LCA2 group).
The group operation in G will be denoted by +. In Chapter 4 we deal
with proving (central) limit theorems on LCA2 groups. We also consider the
question of giving a construction of weakly infinitely divisible probability
measures on special LCA2 groups using only real valued random variables.

The main question of limit problems on G can be formulated as follows.
Let {Xn,k : n ∈ N, k = 1, . . . , Kn} be a triangular array of rowwise inde-
pendent random elements with values in G satisfying the infinitesimality
condition

lim
n→∞ max

1�k�Kn

P(Xn,k ∈ G \ U) = 0

for all Borel neighbourhoods U of the identity e of G. One searches
for conditions on the array so that the convergence in distribution

Kn∑
k=1

Xn,k
D−→ µ as n → ∞

to a probability measure µ on G holds. For a sequence {Xn : n ∈ N} of
random elements in G and for a probability measure µ on G, the notation
Xn

D−→ µ means weak convergence PXn

w−→ µ of the distributions PXn

of Xn, n ∈ N towards µ. Moreover, for a random element X in G,
the notation X

D= µ means that the distribution PX of X is µ.

Let L(G) denote the set of all possible limits of row sums of rowwise
independent infinitesimal triangular arrays in G. The following problems
arise:
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(P1) How to parametrize the set L(G), i.e., to give a bijection between
L(G) and an appropriate parameter set P(G);

(P2) How to associate suitable quantities qn to the rows {Xn,k :
1 � k � Kn}, n ∈ N so that

Kn∑
k=1

Xn,k
D−→ µ ⇐⇒ qn → q,

where q ∈ P(G) corresponds to the limiting distribution µ, and
the convergence qn → q is meant in an appropriate sense.

The problem (P1) has been solved by Parthasarathy (see Chapter IV, Corol-
lary 7.1 in [18]). Gaiser [10, Satz 1.3.6] gave a partial solution to the
problem (P2). He provided only some sufficient conditions for the conver-
gence

∑Kn
k=1 Xn,k

D−→ µ, which does not include the case where µ has a
nondegenerate idempotent factor, i.e., a nondegenerate Haar measure on a
compact subgroup of G as its factor. We give a proof of Gaiser’s theorem
[10, Satz 1.3.6], since it does not have an easy access and it is not complete.
For a survey of results on limit theorems on a general LCA2 group, see,
e.g., Bingham [6].

As new results we prove necessary and sufficient conditions for conver-
gence of the row sums of symmetric arrays and Bernoulli arrays, where the
limit measure can also be a nondegenerate normalized Haar measure on
a compact subgroup. Concerning Bernoulli arrays we prove the following
theorem (Theorem 4.5.1 in our dissertation).

Theorem. Let x ∈ G such that x �= e. Let {Xn,k : n ∈ N, k =
1, . . . , Kn} be a rowwise independent and identically distributed array of
random elements in G such that Kn → ∞,

P(Xn,k = x) = pn, P(Xn,k = e) = 1 − pn,

and pn → 0. Then the array {Xn,k : n ∈ N, k = 1, . . . , Kn} is infinitesi-
mal.
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If λ is a nonnegative real number then

Kn∑
k=1

Xn,k
D−→ e(λδx) ⇐⇒ Kn pn → λ.

If the smallest closed subgroup H of G containing x is compact
then

Kn∑
k=1

Xn,k
D−→ ωH ⇐⇒ Kn pn → ∞.

(Here e(λδx) denotes the compound Poisson measure for the measure
λδx, where δx is the Dirac measure concentrated on x, and ωH is the
normalized Haar measure on H.)

We also specify our results considering some classical topological groups
such as the torus group, the group of p-adic integers and the p-adic solenoid.

The set T := {eix : −π � x < π} equipped with the usual multi-
plication of complex numbers and with the relative topology as a subset
of complex numbers is a compact Abelian group. This is called the one-
dimensional torus group.

Let p be a prime. The group of p-adic integers is

∆p :=
{
(x0, x1, . . . ) : xj ∈ {0, 1, . . . , p − 1} for all j ∈ Z+

}
,

where the sum z := x + y ∈ ∆p for x, y ∈ ∆p is uniquely determined by
the relationships

d∑
j=0

zjp
j ≡

d∑
j=0

(xj + yj)pj mod pd+1 for all d ∈ Z+.

For each r ∈ Z+, let

Λr := {x ∈ ∆p : xj = 0 for all j � r − 1}.
The family of sets {x + Λr : x ∈ ∆p, r ∈ Z+} is an open subbasis for
a topology on ∆p under which ∆p is a compact, totally disconnected
Abelian group.
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The p-adic solenoid is a subgroup of T
∞, namely,

Sp :=
{
(y0, y1, . . . ) ∈ T

∞ : yj = yp
j+1 for all j ∈ Z+

}
,

furnished with the relative topology as a subset of the locally compact group
T
∞. Then Sp is a compact Abelian group.

On the above mentioned LCA2 groups, we derive limit theorems apply-
ing Gaiser’s theorem and our general results for symmetric and Bernoulli
arrays. We give only one example (Theorem 4.7.1 in our dissertation).

Theorem. Let {Xn,k : n ∈ N, k = 1, . . . , Kn} be a rowwise independent
array of random elements in ∆p. Suppose that there exists a Lévy measure
η on ∆p such that

(i) max
1�k�Kn

P
((

(Xn,k)0, . . . , (Xn,k)d

) �= 0
)

→ 0 as n → ∞ for all

d ∈ Z+,

(ii)
Kn∑
k=1

P
(
(Xn,k)0 = �0, . . . , (Xn,k)d = �d

)
→ η({x ∈ ∆p : x0 = �0, . . . , xd = �d}) as n → ∞ for all d ∈ Z+,
�0, . . . , �d ∈ {0, . . . , p − 1} with (�0, . . . , �d) �= 0.

Then the array {Xn,k : n ∈ N, k = 1, . . . , Kn} is infinitesimal and

Kn∑
k=1

Xn,k
D−→ πη, g∆p

as n → ∞.

(Here πη, g∆p
denotes the generalized Poisson measure on ∆p for the

Lévy measure η and for the local inner product g∆p .)

Besides proving limit theorems, we give a construction of an arbitrary
weakly infinitely divisible probability measure on the torus group and the
group of p-adic integers. On the p-adic solenoid we give a construction
of weakly infinitely divisible probability measures without nondegenerate
idempotent factors. In our constructions we only use real valued random
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variables. Let us consider a probability measure µ on G and an infinites-
imal rowwise independent array {Xn,k : n ∈ N, k = 1, . . . , Kn} of random
elements with values in G. If the row sums

∑Kn
k=1 Xn,k of this array

converge in distribution to µ then µ is necessarily weakly infinitely di-
visible (see, e.g., Parthasarathy [18, Chapter IV, Theorem 5.2]). Moreover,
Parthasarathy [18, Chapter IV, Corollary 7.1] gives a representation of an
arbitrary weakly infinitely divisible probability measure on G in terms
of a Haar measure, a Dirac measure, a symmetric Gauss measure and a
generalized Poisson measure on G.

In Chapter 4 we consider special cases: the torus group, the group of
p-adic integers and the p-adic solenoid. For each of the three groups, first
we find a measurable homomorphism ϕ from an appropriate Abelian topo-
logical group (which is a certain product of some subgroups of R) onto the
group in question. Then we consider an arbitrary weakly infinitely divisible
probability measure µ on the group in question (without a nondegenerate
idempotent factor in case of the p-adic solenoid) and we find real valued
random variables Z0, Z1, . . . such that the distribution of ϕ(Z0, Z1, . . .)
is µ.

We note that, as a special case of our results, we have a new construction
of the normalized Haar measure on the group of p-adic integers and the p-
adic solenoid. Concerning the p-adic solenoid we prove the following result
which is a part of Theorem 4.8.4 of our dissertation.

Theorem. If U0, U1, . . . are independent real valued random variables
such that U0 is uniformly distributed on [0, 2π] and U1, U2, . . . are
uniformly distributed on {0, 1, . . . , p − 1} then

ϕ(U0, U1, . . . )
D= ωSp ,

where the mapping ϕ : R × Z
∞ → Sp is defined by

ϕ(y0, y1, y2, . . . )

:=
(
eiy0 , ei(y0+2πy1)/p, ei(y0+2πy1+2πy2p)/p2

, ei(y0+2πy1+2πy2p+2πy3p2)/p3
, . . .

)
for (y0, y1, y2, . . . ) ∈ R × Z

∞, and ωSp is the normalized Haar measure
on Sp.
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One can find another construction of the normalized Haar measure on
the p-adic solenoid in Chistyakov [7, Section 3]. It is based on Hausdorff
measures and rather sophisticated, while our simpler construction is based
on a probabilistic method and reflects the structure of the p-adic solenoid.

The results of Chapter 4 are contained in our submitted papers [3] and
[4].

5. Portmanteau theorem for unbounded measures

Weak convergence of probability measures on a metric space has a very
important role in probability theory. The well-known portmanteau theorem
due to A. D. Alexandroff (see, e.g., Dudley [9, Theorem 11.1.1]) provides
useful conditions equivalent to weak convergence of probability measures;
any of them could serve as the definition of weak convergence. Proposition
1.2.13 in the book of Meerschaert and Scheffler [14] gives an analogue of
the portmanteau theorem for bounded measures on R

d. Moreover, Propo-
sition 1.2.19 in Meerschaert and Scheffler [14] gives an analogue for special
unbounded measures on R

d, more precisely, for extended real valued mea-
sures which are finite on the complement of any Borel neighbourhood of
0 ∈ R

d. We reformulate Proposition 1.2.19 in Meerschaert and Scheffler
[14] in a more detailed form adding new equivalent assertions to it. Namely,
we prove the following theorem (Theorem 5.2.1 in our dissertation).

Theorem. Let (X, d) be a metric space and x0 be a fixed element of
X. Let ηn, n ∈ Z+, be measures on X such that ηn(X \ U) < ∞
for all U ∈ Nx0 and for all n ∈ Z+. Then the following assertions are
equivalent:

(i)
∫
X\U f dηn → ∫

X\U f dη0 for all f ∈ C(X) and for all U ∈ Nx0

with η0(∂U) = 0,

(ii) ηn|X\U
w−→ η0|X\U for all U ∈ Nx0 with η0(∂U) = 0,

(iii) ηn(X \ U) → η0(X \ U) for all U ∈ Nx0 with η0(∂U) = 0,
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(iv)
∫
X f dηn → ∫

X f dη0 for all f ∈ Cx0(X),

(v)
∫
X f dηn → ∫

X f dη0 for all f ∈ BLx0(X),

(vi) the following inequalities hold:

(a) for all open neighbourhoods U of x0,

lim sup
n→∞

ηn(X \ U) � η0(X \ U),

(b) for all closed neighbourhoods V of x0,

lim inf
n→∞ ηn(X \ V ) � η0(X \ V ).

(Here Nx0 denotes the set of all Borel neighbourhoods of x0, C(X),
Cx0(X) and BLx0(X) denote the spaces of all real valued bounded contin-
uous functions on X, the set of all elements of C(X) vanishing on some
Borel neighbourhood of x0, and the set of all real valued bounded Lipschitz
functions vanishing on some Borel neighbourhood of x0, respectively. The
notation w−→ means weak convergence.)

Our proof goes along the lines of the proof of the original portman-
teau theorem (Dudley [9, Theorem 11.1.1]) and differs from the proof of
Proposition 1.2.19 in Meerschaert and Scheffler [14].

By giving counterexamples we also show that some parts of Propositions
1.2.13 and 1.2.19 in Meerschaert and Scheffler [14] are not true, namely, the
equivalence of (c) and (d) in their propositions is not valid.

The results of Chapter 5 are contained in our submitted paper [5].
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[20] W. Tomé, The representation independent propagator for general Lie
groups. World Scientific, Singapore, 1998.

13



List of papers of the author and citations to these
papers
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1. Bevezetés

Doktori értekezésünk téziseiben áttekintjük ,,Some questions of probabil-
ity theory on special topological groups” ćımű disszertációnk eredményeit.
Először röviden bemutatjuk a tárgyalt témaköröket, majd főbb eredmé-
nyeinket szerepeltetjük. Az értekezés öt fejezetből áll. Az első fejezetben a
tématerület, a történeti háttér áttekintése és eredményeink összefoglalása
szerepel. A második, harmadik, negyedik és ötödik fejezetben kaptak helyet
eredményeink, melyek az [1], [2], [3], [4] és [5] cikkeinken alapulnak.

A második és harmadik fejezetben speciális nemkommutat́ıv Lie-cso-
portokon, a Heisenberg-csoporton és az affin-csoporton értelmezett Gauss-
mértékekkel kapcsolatos kérdéseket tárgyalunk. A negyedik fejezetben
lokálisan kompakt Abel-csoportbeli értékű véletlen elemekből álló in-
finitezimális háromszögrendszerekre vonatkozóan bizonýıtunk (centrális)
határeloszlás-tételeket. Speciális esetekként a tórusz, a p-adikus egészek és
a p-adikus szolenoid esetét tárgyaljuk. A negyedik fejezetben foglalkozunk
a fenti csoportokon értelmezett gyengén korlátlanul osztható valósźınű-
ségi mértékek reprezentációjának kérdésével is. Az ötödik fejezetben a
valósźınűségi mértékek gyenge konvergenciájára vonatkozó portmanteau-
tétel egy analógját bizonýıtjuk be. Az ötödik fejezet a negyedik fejezet
kiegésźıtéseként, segédleteként tekinthető.

A következőkben N, Z, Z+, illetve R jelöli a pozit́ıv egész számok, az
egész számok, a nemnegat́ıv egész számok, illetve a valós számok halmazát.
Topológikus-téren értelmezett mérték alatt a szóbanforgó topológikus-tér
Borel-halmazaiból álló σ-algebrán adott mértéket értünk. Egy G topo-
lógikus-tér x elemének U Borel-környezetén G-nek olyan Borel-részhal-
mazát értjük, melyhez létezik olyan Ũ nýılt részhalmaza G-nek, melyre
x ∈ Ũ ⊂ U .

2. Gauss-mértékek a Heisenberg-csoporton

Lokálisan kompakt csoporton értelmezett valósźınűségi mértékek Fourier-
transzformáltja fontos szerepet játszik számos olyan problémában, mely
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ilyen csoportokon értelmezett valósźınűségi mértékek gyenge konver-
genciáját, illetve konvolúcióját vizsgálja. Lokálisan kompakt Abel-
csoportok esetén tetszőleges korlátlanul osztható valósźınűségi mérték
Fourier-transzformáltjára létezik explicit formula (lásd, Parthasarathy
[18]). A nemkommutat́ıv csoportok esete sokkal bonyolultabb. Lie-
csoportok esetén Tomé [20] javasolt egy eljárást a szóbanforgó Fourier-
transzformáltak kiszámı́tására Feynman-féle pályaintegrálokat használva,
tárgyalva módszerének fizikai motivációját is. Azonban Toménak csak
nagyon speciális esetekben sikerült explicit képletet nyernie a szóbanforgó
Fourier-transzformáltakra.

A második fejezetben a 3-dimenziós Heisenberg-csoporttal foglalkozunk.
Ellátva R

3-at a szokásos topológiával és a

(g1, g2, g3)(h1, h2, h3) =
(
g1 + h1, g2 + h2, g3 + h3 +

1
2
(g1h2 − g2h1)

)
szorzással a 3-dimenziós Heisenberg-csoportot kapjuk, melyet H-val
jelölünk. Ismert, hogy H egy nilpotens Lie-csoport. A {π±λ : λ > 0}
Schrödinger-reprezentációk H reprezentációi a L2(R) komplex Hilbert-tér
unitér operátorainak csoportjában, melyek értelmezése

[π±λ(g)u](x) := e±i(λg3+
√

λg2x+λg1g2/2)u(x +
√

λg1),

g = (g1, g2, g3) ∈ H, u ∈ L2(R) és x ∈ R esetén. Egy H-n adott
µ valósźınűségi mérték Fourier-transzformáltja a π±λ Schrödinger-repre-
zentációban a µ̂(π±λ) : L2(R) → L2(R),

µ̂(π±λ)u :=
∫

H

π±λ(g)uµ(dg), u ∈ L2(R),

korlátos lineáris operátor. A H Heisenberg-csoporton értelmezett
valósźınűségi mértékek (µt)t�0 családját folytonos konvolúciós félcso-
portnak nevezzük, ha µs ∗ µt = µs+t minden s, t � 0 esetén és
µt

w−→ µ0 = δe amint t ↓ 0, ahol δe az e = (0, 0, 0) ∈ H

pontra koncentrálódó Dirac-mértéket, w−→ pedig a gyenge konvergenciát
jelöli. Valósźınűségi mértékek (µt)t�0 konvolúciós félcsoportját Gauss-fél-
csoportnak nevezzük, ha limt↓0 t−1µt(H \ U) = 0 az e pont összes U

18



Borel-környezetére. Azt mondjuk, hogy egy H-n adott µ valósźınűségi
mérték folytonosan beágyazható, ha létezik olyan H-n adott valósźınűségi
mértékekből álló (µt)t�0 folytonos konvolúciós félcsoport, hogy µ1 = µ.
Egy H-n adott valósźınűségi mértéket Gauss-mértéknek nevezzük, ha
folytonosan beágyazható egy Gauss-félcsoportba.

Explicit képletet adunk a H Heisenberg-csoporton értelmezett
Gauss-mértékek Fourier-transzformáltjára a Schrödinger-reprezentációban.
Ezen explicit képletet felhasználva szükséges és elegendő feltételeket
származtatunk arra vonatkozóan, hogy mikor lesz két, a Heisenberg-
csoporton értelmezett Gauss-mérték konvolúciója újra Gauss-mérték. Az
alábbi tételt bizonýıtjuk be (2.2.1 Tétel a disszertációban).

Tétel. Legyenek µ′ és µ′′ Gauss-mértékek a H Heisenberg-csoporton.
A µ′ ∗µ′′ konvolúció akkor és csak akkor Gauss-mérték H-n, ha az alábbi
feltételek valamelyike teljesül:

(C1) léteznek olyan Y ′
0 , Y ′′

0 , Y1 és Y2 elemek H Lie-algebrájában, hogy
[Y1, Y2] = 0, és µ′ tartója része exp{Y ′

0 + R · Y1 + R · Y2}-nek, µ′′

tartója pedig része exp{Y ′′
0 +R ·Y1+R ·Y2}-nek. (Ekvivalens módon,

létezik olyan G kommutat́ıv részcsoportja H-nak, hogy µ′ és µ′′

tartója benne van G egy-egy ,,euklideszi”-mellékosztályában.)

(C2) létezik olyan (µt)t�0 Gauss-félcsoport, t′, t′′ � 0 számok és ν
Gauss-mérték H-n, hogy ν tartója része H centrumának, és vagy
µ′ = µt′, µ′′ = µt′′ ∗ ν vagy µ′ = µt′ ∗ ν, µ′′ = µt′′ teljesül. (Ek-
vivalens módon, µ′ és µ′′ ugyanazon a Gauss-félcsoporton vannak
modulo egy olyan Gauss-mérték, melynek tartója része H centru-
mának.)

(Itt exp az exponenciális leképezést jelöli H Lie-algebrájából H-ba.)

Kiderül, hogy Heisenberg-csoporton értelmezett Gauss-mértékek kon-
volúciója szinte sohasem Gauss-mérték. Megadjuk Gauss-mértékek konvo-
lúciójának Fourier-transzformáltját abban az esetben is, mikor a konvolúció
nem Gauss-mérték.
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A második fejezet feléṕıtése hasonló a Pap [16] cikkhez, mely a 3-
dimenziós Heisenberg-csoporton értelmezett szimmetrikus Gauss-mértéke-
ket vizsgálja. Tételeink a Pap [16] cikkben szereplő szimmetrikus Gauss-
mértékekre vonatkozó megfelelő eredmények általánośıtásai.

A második fejezet eredményei elfogadott [2] cikkünkben jelennek meg.

3. Gauss-mértékek az affin-csoporton

Egy G lokálisan kompakt csoporton értelmezett µ valósźınűségi mértéket
folytonosan beágyazhatónak nevezünk, ha létezik olyan G-n értelmezett
valósźınűségi mértékekből álló (µt)t�0 folytonos konvolúciós félcsoport,
hogy µ1 = µ.

Tetszőleges G lokálisan kompakt csoport esetén nem ismert, hogy egy
G-n értelmezett, folytonosan beágyazható valósźınűségi mérték beágyazó
konvolúciós félcsoportja egyértelmű-e. Ha (µt)t�0 és (νt)t�0 a d-di-
menziós euklideszi téren értelmezett valósźınűségi mértékekből álló kon-
volúciós fécsoportok, úgy jólismert, hogy ha µ1 = ν1, úgy µt = νt

minden t � 0 esetén. Ugyanez az álĺıtás igaz olyan lokálisan kom-
pakt Abel-csoportok esetén is melyeknek nincsen nemtriviális kompakt
részcsoportja (lásd, Heyer [13, Theorem 3.5.15]). Egyszerűen összefüggő
nilpotens Lie-csoportok esetén stabilis, illetve szemi-stabilis félcsoportokba
való egyértelmű beágyazhatóságot vizsgált Drisch és Gallardo [8], illetve
Nobel [15], lásd továbbá a Hazod és Siebert [11, Section 2.6] részletes össze-
foglalót. Pap [17] megmutatta, hogy egy egyszerűen összefüggő nilpotens
Lie-csoporton értelmezett Gauss-mérték egyértelműen ágyazható be egy
Gauss-félcsoportba. A harmadik fejezetben ugyanezt az eredményt bi-
zonýıtjuk a 2-dimenziós affin-csoport esetén, mely nem nilpotens.

A 2-dimenziós affin-csoporton az alábbi mátrix-csoportot értjük

F :=
{(

a b
0 1

)
: a �= 0, b ∈ R

}
.

Ismert, hogy F egy Lie-csoport, mely nem nilpotens. Megmutatjuk,
hogy egy affin-csoporton értelmezett Gauss-mérték egyértelműen ágyazható
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be egy Gauss-félcsoportba. Az alábbi tételt bizonýıtjuk be (3.3.1 Tétel a
disszertációban).

Tétel. Legyenek (µt)t�0 és (νt)t�0 Gauss-félcsoportok az F affin-
csoporton. Ha µ1 = ν1, akkor µt = νt minden t � 0 esetén. Azaz
egy affin-csoporton értelmezett Gauss-mérték egyértelműen ágyazható be egy
Gauss-félcsoportba.

Ezen tétel bizonýıtásának kiindulópontja, hogy egy affin-csoportbeli
értékű Gauss–Lévy-folyamat kieléǵıt egy sztochasztikus differenciálegyen-
letet, melynek megoldása is szerepel a disszertáció harmadik fejezetében.
Továbbá az affin-csoporton értelmezett Gauss-mértékek tartójának teljes
léırását is megadjuk, Siebert tartó-formuláját felhasználva.

A harmadik fejezet eredményei az [1] cikkünkben jelentek meg.

4. Határeloszlás-tételek LCA2-csoportokon

Legyen G egy második megszámlálható lokálisan kompakt Abel-cso-
port (LCA2-csoport) e egységelemmel. A csoportműveletet G-ben +
módon jelöljük. A negyedik fejezetben (centrális) határeloszlás-tételek
bizonýıtásával foglalkozunk LCA2-csoportok esetén. Vizsgáljuk speciális
LCA2-csoportokon értelmezett gyengén korlátlanul osztható valósźınűségi
mértékek olyan konstrukciójának megadását is, mely csak valós értékű
valósźınűségi változókat használ fel.

A határeloszlás-tételek témakörének fő kérdése a következőképpen fo-
galmazható meg egy G LCA2-csoportot alapul véve. Tekintsünk egy
{Xn,k : n ∈ N, k = 1, . . . , Kn} G-beli értékű véletlen elemekből álló,
soronként független háromszögrendszert, mely eleget tesz az infinitezimali-
tás feltételének, miszerint e minden U Borel-környezetére

lim
n→∞ max

1�k�Kn

P(Xn,k ∈ G \ U) = 0.

Olyan feltételeket keresünk, melyek mellett a
Kn∑
k=1

Xn,k
D−→ µ amint n → ∞
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eloszlásban való konvergencia teljesül valamilyen G-n értelmezett µ
valósźınűségi mértékkel. Tetszőleges G-beli értékű {Xn : n ∈ N} véletlen
elemek és egy G-n értelmezett µ valósźınűségi mérték esetén az Xn

D−→ µ
jelölésen a PXn

w−→ µ gyenge konvergenciát értjük, ahol PXn az Xn

eloszlását jelöli minden n ∈ N esetén. Hasonlóan, tetszőleges G-beli
értékű X véletlen elem esetén az X

D= µ jelölésen azt értjük, hogy X
eloszlása µ.

Jelölje L(G) a G-beli értékű véletlen elemekből álló soronként
független, infinitezimális háromszögrendszerek lehetséges határértékeinek
halmazát. Az alábbi kérdések merülnek fel természetes módon:

(P1) Hogyan paraméterezzük az L(G) halmazt, azaz hogyan adjunk meg
bijekciót L(G) és valamilyen alkalmas P(G) paraméterhalmaz
között?

(P2) Hogyan rendeljünk alkalmas qn mennyiségeket az {Xn,k : k =
1, . . . , Kn}, n ∈ N, sorokhoz oly módon, hogy

Kn∑
k=1

Xn,k
D−→ µ ⇐⇒ qn → q,

teljesüljön, ahol q ∈ P(G) a µ határeloszláshoz tartozó paraméter,
és a qn → q konvergencia valamilyen alkalmas módon értendő?

A (P1) problémát teljes egészében megoldotta Parthasarathy (lásd, [18,
Chapter IV, Corollary 7.1]). A (P2) probléma részleges megoldását találjuk
Gaiser [10] disszertációjában. Gaiser csak bizonyos elégséges feltételeket
bizonýıtott a

∑Kn
k=1 Xn,k

D−→ µ konvergencia teljesülésére vonatkozóan,
csak az olyan eseteket tárgyalva, mikor µ-nek nem lehet nemdegenerált
idempotens faktora, azaz G valamely kompakt részcsoportján adott
nemdegenerált Haar-mérték nem fordulhat elő µ faktoraként. Sze-
repeltetjük Gaiser tételének [10, Satz 1.3.6] bizonýıtását is, mert az
nehezen hozzáférhető és nem teljes. Bingham [6] cikkében részletes
áttekintését találjuk az LCA2-csoportokkal kapcsolatos határeloszlás-
tételek témakörének.
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Új eredményként szükséges és elegendő feltételeket bizonýıtunk
szimmetrikus-, illetve ún. Bernoulli-háromszögrendszerek sorösszegeinek
eloszlásban való konvergenciájára vonatkozóan. Esetünkben a határeloszlás
lehet valamilyen kompakt részcsoport nemdegenerált normalizált Haar-
mértéke is. Bernoulli-háromszögrendszerek esetén a következő tételt bi-
zonýıtjuk be (4.5.1 Tétel a disszertációban).

Tétel. Tekintsünk egy x ∈ G, x �= e elemet. Legyen {Xn,k : n ∈ N, k =
1, . . . , Kn} soronként független, azonos eloszlású G-beli értrékű véletlen
elemekből álló háromszögrendszer, melyre Kn → ∞ és

P(Xn,k = x) = pn, P(Xn,k = e) = 1 − pn,

ahol pn → 0. Ekkor az {Xn,k : n ∈ N, k = 1, . . . , Kn} háromszögrendszer
infinitezimális.

Ha λ egy nemnegat́ıv valós szám, úgy

Kn∑
k=1

Xn,k
D−→ e(λδx) ⇐⇒ Kn pn → λ.

Ha G-nek az x elemet tartalmazó legszűkebb H zárt részcsoportja
kompakt, úgy

Kn∑
k=1

Xn,k
D−→ ωH ⇐⇒ Kn pn → ∞.

(Itt e(λδx) a λδx mértékhez tartozó összetett Poisson-mértéket jelöli
(ahol δx az x pontba koncentrálódó Dirac-mérték), valamint ωH a H
részcsoport normalizált Haar-mértéke.)

Ezt követően speciális LCA2-csoportokat vizsgálunk: a tóruszt, a p-adi-
kus egészek csoportját és a p-adikus szolenoidot.

A T := {eix : −π � x < π} halmaz, felruházva a komplex számok
szokásos szorzásával és a komplex számok halmazától örökölt topológiával,
egy kompakt Abel-csoport, az ún. 1-dimenziós tórusz csoport.
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Legyen p egy pŕımszám. A p-adikus számok csoportja a

∆p :=
{
(x0, x1, . . . ) : xj ∈ {0, 1, . . . , p − 1} ∀ j ∈ Z+

}
halmaz, ahol tetszőleges x, y ∈ ∆p esetén a z := x + y ∈ ∆p összeg az
alábbi kongruenciák által egyértelműen meghatározott:

d∑
j=0

zjp
j ≡

d∑
j=0

(xj + yj)pj mod pd+1, ∀ d ∈ Z+.

Minden r ∈ Z+ esetén legyen

Λr := {x ∈ ∆p : xj = 0 ∀ j � r − 1}.

Az {x + Λr : x ∈ ∆p, r ∈ Z+} alakú halmazok nýılt szubbázisát alkotják
egy topológiának ∆p-n. A fenti művelettel és topológiával ∆p egy kom-
pakt, teljesen széteső Abel-csoport.

A p-adikus szolenoid a következő részcsoportja T
∞-nek:

Sp :=
{
(y0, y1, . . . ) ∈ T

∞ : yj = yp
j+1, ∀ j ∈ Z+

}
,

felruházva a T
∞ lokálisan kompakt csoporttól örökölt topológiával. Ekkor

Sp egy kompakt Abel-csoport.
Vizsgáljuk azt a kérdést, hogy milyen következményei vannak Gaiser

tételének és az általunk bizonýıtott szimmetrikus-, illetve Bernoulli-három-
szögrendszerekre vonatkozó határeloszlás-tételeknek az előbb emĺıtett
LCA2-csoportokon. Csak egyik eredményünket emĺıtjük (4.7.1 Tétel a
disszertációban).

Tétel. Legyen {Xn,k : n ∈ N, k = 1, . . . , Kn} egy ∆p-beli értékű véletlen
elemekből álló soronként független háromszögrendszer. Tegyük fel, hogy
létezik olyan η Lévy-mérték ∆p-n, melyre

(i) max
1�k�Kn

P
((

(Xn,k)0, . . . , (Xn,k)d

) �= 0
)
→ 0 amint n → ∞ minden

d ∈ Z+ esetén,
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(ii)
Kn∑
k=1

P
(
(Xn,k)0 = �0, . . . , (Xn,k)d = �d

)
→ η({x ∈ ∆p : x0 = �0, . . . , xd = �d}) amint n → ∞ minden
d ∈ Z+, �0, . . . , �d ∈ {0, . . . , p − 1}, (�0, . . . , �d) �= 0 esetén.

Ekkor az {Xn,k : n ∈ N, k = 1, . . . , Kn} háromszögrendszer infinitezimális
és

Kn∑
k=1

Xn,k
D−→ πη, g∆p

amint n → ∞.

(Itt πη, g∆p
az η Lévy-mértékhez és g∆p lokális belső szorzáshoz tartozó

általánośıtott Poisson-mértéket jelöli ∆p-n.)

Határeloszlás-tételek bizonýıtásán ḱıvül foglalkozunk még a negyedik
fejezetben az előbb emĺıtett LCA2-csoportokon értelmezett gyengén
korlátlanul osztható valósźınűségi mértékek olyan konstrukciójának megadá-
sával is, mely csak valós értékű valósźınűségi változókat használ. Te-
kintsünk egy G-n értelmezett µ valósźınűségi mértéket és egy {Xn,k :
n ∈ N, k = 1, . . . , Kn} soronként független G-beli értékű véletlen
elemekből álló infinitezimális háromszögrendszert. Ha ezen háromszög-
rendszer

∑Kn
k=1 Xn,k sorösszegei eloszlásban konvergálnak µ-höz, úgy µ

szükségszerűen gyengén korlátlanul osztható, lásd, pl., Parthasarathy [18,
Chapter IV, Theorem 5.2]. Továbbá Parthasarathy [18, Chapter IV, Corol-
lary 7.1] szerint tetszőleges G-n értelmezett gyengén korlátlanul osztható
valósźınűségi mérték előálĺıtható G-n értelmezett Haar-mértékek, Dirac-
mértékek, szimmetrikus Gauss-mértékek és általánośıtott Poisson-mértékek
seǵıtségével.

A negyedik fejezetben speciális esetekként a tóruszt, a p-adikus egész
számok csoportját és a p-adikus szolenoidot tekintjük. Mindhárom cso-
port esetén először egy ϕ mérhető homomorfizmust keresünk, mely egy
alkalmas Abel-csoportot (ami R bizonyos részcsoportjainak szorzata)
képez a szóbanforgó topológikus csoportra. Ezután tekintve egy tetszőleges
µ gyengén korlátlanul osztható valósźınűségi mértéket a szóbanforgó
topológikus csoporton (nemdegenerált idempotens faktor nélkülit a p-
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adikus szolenoid esetén), olyan valós értékű Z0, Z1, . . . valósźınűségi
változókat keresünk, hogy ϕ(Z0, Z1, . . .) eloszlása µ legyen.

Megjegyezzük, hogy eredményeink speciális eseteként új előálĺıtását
kapjuk a p-adikus egészek csoportján, illetve a p-adikus szolenoidon
értelmezett normalizált Haar-mértéknek. A p-adikus szolenoid esetén az
alábbi eredményt bizonýıtjuk, mely a disszertáció 4.8.4 Tételének egy
részálĺıtása.

Tétel. Ha U0, U1, . . . olyan független, valós értékű valósźınűségi változók,
hogy U0 egyenletes eloszlású [0, 2π]-n, és U1, U2, . . . egyenletes
eloszlásúak a {0, 1, . . . , p − 1} halmazon, úgy

ϕ(U0, U1, . . .)
D= ωSp ,

ahol ϕ : R × Z
∞ → Sp,

ϕ(y0, y1, y2, . . . )

:=
(
eiy0 , ei(y0+2πy1)/p, ei(y0+2πy1+2πy2p)/p2

, ei(y0+2πy1+2πy2p+2πy3p2)/p3
, . . .

)
,

(y0, y1, y2, . . . ) ∈ R×Z
∞ esetén, és ωSP

a normalizált Haar-mérték Sp-n.

A p-adikus szolenoidon adott normalizált Haar-mérték egy másik kon-
strukciója található a Chistyakov [7, Section 3] cikkben. Az ottani konstruk-
ció Hausdorff-mértékeken alapszik és elég bonyolult, mı́g a mi előálĺıtásunk
valósźınűségi módszereket használ es tükrözi a p-adikus szolenoid struktú-
ráját.

A negyedik fejezet eredményeit a közlésre benyújtott [3] és [4] cikkeink
tartalmazzák.

5. Portmanteau-tétel nemkorlátos mértékekre

Metrikus téren értelmezett valósźınűségi mértékek gyenge konvergenciája
nagyon fontos szerephez jut a valósźınűségszámı́tásban. A jólismert
portmanteau-tétel, mely A. D. Alexandrofftól származik (lásd, pl., Dud-
ley [9, Theorem 11.1.1]) jól használható ekvivalens feltételeket fogalmaz
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meg valósźınűségi mértékek gyenge konvergenciájára vonatkozóan. Ezen
ekvivalens feltételek közül bármelyik szolgálhatna a gyenge konvergencia
defińıciójaként. Meerschaert és Scheffler [14] könyvének 1.2.13 Álĺıtása
a portmanteau-tétel egy analógja R

d-n értelmezett korlátos mértékekre.
Ugyanezen könyv 1.2.19 Álĺıtása speciális, R

d-n értelmezett nemkorlátos
mértékekre fogalmazza meg a portmanteau-tétel egy analógját, olyan kiter-
jesztett valós értékű mértékekre, melyek végesek a 0 ∈ R

d pont tetszőleges
Borel-környezetének komplementerén. Az ötödik fejezetben Meerschaert és
Scheffler [14] könyve 1.2.19 Álĺıtását újrafogalmazzuk, kiegésźıtve új ekvi-
valens feltételekkel. Az alábbi tételt bizonýıtjuk be (5.2.1 Tétel a disszer-
tációban).

Tétel. Legyen (X, d) egy metrikus tér, x0 egy rögźıtett pontja X-nek.
Legyenek továbbá ηn, n ∈ Z+, olyan mértékek X-en, hogy ηn(X \U) <
∞ minden U ∈ Nx0 és n ∈ Z+ esetén. Ekkor az alábbi álĺıtások
ekvivalensek:

(i)
∫
X\U f dηn → ∫

X\U f dη0 minden f ∈ C(X) és minden U ∈ Nx0,
η0(∂U) = 0 esetén,

(ii) ηn|X\U
w−→ η0|X\U minden U ∈ Nx0, η0(∂U) = 0 esetén,

(iii) ηn(X \ U) → η0(X \ U) minden U ∈ Nx0, η0(∂U) = 0 esetén,

(iv)
∫
X f dηn → ∫

X f dη0 minden f ∈ Cx0(X) esetén,

(v)
∫
X f dηn → ∫

X f dη0 minden f ∈ BLx0(X) esetén,

(vi) az alábbi egyenlőtlenségek igazak:

(a) x0 minden U nýılt környezetére

lim sup
n→∞

ηn(X \ U) � η0(X \ U),

(b) x0 minden V zárt környezetére

lim inf
n→∞ ηn(X \ V ) � η0(X \ V ).
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(Itt Nx0 az x0 pont Borel-környezeteiből álló halmazt, C(X), Cx0(X)
és BLx0(X) az összes X-en értelmezett, valós értékű korlátos folytonos
függvények halmazát, az olyan C(X)-beli függvények halmazát, melyek
eltünnek x0 valamely Borel-környezetén, illetve az összes olyan valós
értékű korlátos Lipschitz-függvény halmazát jelöli, melyek eltünnek x0

valamely Borel-környezetén. A w−→ jelölés pedig gyenge konvergenciát
jelent.)

Tételünk bizonýıtása az eredeti portmanteau-tétel (Dudley [9, Theorem
11.1.1]) bizonýıtásának menetét követi, s bizonýıtásunk különbözik Meer-
schaert és Scheffler [14] könyve 1.2.19 Álĺıtásának bizonýıtásától.

Megjegyezzük, hogy a fejezetben ellenpéldát adva megmutatjuk, hogy a
Meerschaert és Scheffler [14] könyv 1.2.19 Álĺıtásában és 1.2.13 Álĺıtásában
szereplő (c) és (d) részek ekvivalenciája nem teljesül.

Az ötödik fejezet eredményeit a közlésre benyújtott [5] cikkünk tartal-
mazza.
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[6] M. S. Bingham, Central limit theory on locally compact abelian
groups. In: Probability measures on groups and related structures,
XI. Proceedings Oberwolfach, 1994, pp. 14–37, World Sci. Publishing,
NJ, 1995.

[7] D. V. Chistyakov, Fractal geometry of images of continuous embed-
dings of p-adic numbers and solenoids into Euclidean spaces. Theoret.
and Math. Phys. 109(3) (1996), 1495–1507.

[8] T. Drisch and L. Gallardo, Stable laws on the Heisenberg groups.
In: H. Heyer ed., Probability Measures on Groups VII. Proceedings,
Oberwolfach 1983, Lecture Notes in Math. 1064, pp. 56–79, Springer,
Berlin–Heidelberg–New York, 1984.

[9] R. M. Dudley, Real analysis and probability. The Wadsworth &
Brooks Cole Mathematics Series, Pacific Grove, 1989.

29



[10] J. Gaiser, Konvergenz stochastischer prozesse mit werten in einer
lokalkompakten Abelschen gruppe. Ph.D. Thesis, Universität Tübin-
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• P. Becker-Kern, Explicit representation of roots on p-adic
solenoids and non-uniqueness of embeddability into rational one-
parameter subgroups. Preprint, URL: http://www.mathematik.
uni-dortmund.de/lsiv/becker-kern/solenoid.pdf

8. M. Barczy and G. Pap, Portmanteau theorem for unbounded mea-
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