
Fisher information and Rényi dimensions: A thermodynamical formalism
B. Godó and Á. Nagy

Citation: Chaos 26, 083102 (2016); doi: 10.1063/1.4959908
View online: http://dx.doi.org/10.1063/1.4959908
View Table of Contents: http://aip.scitation.org/toc/cha/26/8
Published by the American Institute of Physics

http://aip.scitation.org/author/God%C3%B3%2C+B
http://aip.scitation.org/author/Nagy%2C+%C3%81
/loi/cha
http://dx.doi.org/10.1063/1.4959908
http://aip.scitation.org/toc/cha/26/8
http://aip.scitation.org/publisher/


Fisher information and R�enyi dimensions: A thermodynamical formalism

B. God�o and �A. Nagy
Department of Theoretical Physics, University of Debrecen, H–4002 Debrecen, Hungary

(Received 8 June 2016; accepted 13 July 2016; published online 2 August 2016)

The relation between the Fisher information and R�enyi dimensions is established: the Fisher

information can be expressed as a linear combination of the first and second derivatives of the

R�enyi dimensions with respect to the R�enyi parameter b. The R�enyi parameter b is the parameter

of the Fisher information. A thermodynamical description based on the Fisher information with b
being the inverse temperature is introduced for chaotic systems. The link between the Fisher

information and the heat capacity is emphasized, and the Fisher heat capacity is introduced.

Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4959908]

Thermodynamic formalism of chaotic systems has

turned to be very useful in the study of multifractals. It

is based on an analogy with the canonical thermodynam-

ics. This paper throws a new light on the thermodynam-

ics of chaos by introducing an alternative formalism

established on Fisher information. It is shown that the

Fisher information, its Legendre transforms, and the

Fisher heat capacity describe the fluctuation and are

sensitive to changes of higher order than their analogues

of the usual formalism.

I. INTRODUCTION

Fisher information1 has been receiving a growing inter-

est in physics.2 Frieden et al.2,3 presented a Legendre trans-

form structure reflecting classical thermodynamics. Fisher

temperature was defined, and Fisher thermodynamics was

introduced.2,4,5 In a recent paper,6 an alternative formulation

of the thermodynamics based on Fisher information has been

presented. This is equivalent to the traditional thermodynam-

ics with an appropriate Legendre structure.

In this paper, this alternative formulation based on

Fisher information is extended to chaotic systems. The ther-

modynamic formalism of chaotic systems7–11 has proved to

be very powerful for characterization of fractal and multi-

fractal objects. The formalism utilizes the analogy of the sta-

tistical mechanics and the chaos theory. Here, it is shown

that this analogy can be extended by introducing a Fisher

information based thermodynamic description. This study

provides a new insight into the chaos theory. In this paper,

the relation between the Fisher information and R�enyi

dimensions is established.

The outline of this paper is as follows: in Sec. II, the

dual structure of the alternative formulation of the thermo-

dynamics6 is summarized. In Sections III and IV, the ther-

modynamic formalism of chaotic systems is reviewed.

Section V presents the Fisher information based thermody-

namic description. Section VI is devoted to illustrative

examples and discussion.

II. FISHER INFORMATION AND CANONICAL
ENSEMBLE

Fisher information is a measure of the ability to estimate

a parameter and is a measure of the state of disorder of a sys-

tem or phenomenon. The Fisher informational functional1 is

defined as

I hð Þ¼
ð

p xjhð Þ @ lnp xjhð Þ
@h

� �2

dx¼
ð

1

p xjhð Þ
@p xjhð Þ
@h

� �2

dx: (1)

pðxjhÞ is a probability density function, obeying proper regu-

larity conditions and depending on a parameter h. In case of

discrete probability distribution, the Fisher information takes

the form

I hð Þ ¼
X

i

pi hð Þ @ ln pi hð Þ
@h

� �2

¼
X

i

1

pi hð Þ
@pi hð Þ
@h

� �2

: (2)

Consider a system with fixed volume V and particle

number N which is in thermal equilibrium with a reservoir at

temperature T. The canonical distribution of a random vari-

able corresponding to the energy Û has the form

p Û ; b
� �

¼ g Ûð Þ
Z bð Þ e�bÛ ¼ g Ûð Þe�U bð Þ�bÛ ; (3)

where b ¼ 1=T is the inverse temperature and gðÛÞ is the

density of states. (The unit, where the Boltzmann constant is

equal to 1, is used.) The relationship between the Massieu

function UðbÞ and the partition function ZðbÞ is

U bð Þ ¼ ln Z bð Þð Þ ¼ �F

T
; (4)

where F is the Helmholtz free energy. The form of the parti-

tion function ZðbÞ is

ZðbÞ ¼
ð

gðÛÞe�bÛ dÛ : (5)

It is worth writing it for discrete probability distribution

ZðbÞ ¼
X

r

gre
�bÛ r : (6)
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The derivative of Eq. (4) gives the internal energy U

� @U bð Þ
@b

¼ hÛi ¼ U: (7)

The second derivative with respect to the inverse tempera-

ture b is the variance of the energy Û

FU ¼
@2U bð Þ
@b2

¼ U � hÛi
� �2

: (8)

Comparing Eq. (1) with Eq. (8), one can immediately see

that the second derivative of UðbÞ, that is, the variance of the

energy U, is equal to the Fisher information

FU ¼
@2U bð Þ
@b2

¼ I: (9)

Utilizing the relationship between the variance and the heat

capacity C, one is led to

FU ¼
C bð Þ
b2
¼ C Tð ÞT2: (10)

In the entropy representation, the entropy is a fundamen-

tal function of the variables SðU;V;NÞ with @S=@U ¼ b. A

Legendre transformation gives the Massieu function

U ¼ S� bU ¼ �F

T
; (11)

with the fundamental relations

@U
@b
¼ �U: (12)

We can obtain another function F S by Legendre

transformation

F S ¼ bFU þ U; (13)

satisfying the fundamental relation

@F S

@FU
¼ b: (14)

In the energy representation, the Legendre transform of FU
takes the form

FF ¼ FU � TF S; (15)

with

@FF

@T
¼ �F S: (16)

As the Fisher information corresponds to the internal

energy U (Eq. (7)) of the usual thermodynamics (Ref. 6), we

can now define the “Fisher” heat capacity as the derivative

of the Fisher information FU

@FU

@T
¼ CF: (17)

III. TEMPERATURE IN CHAOS THEORY

In nonlinear dynamics, one can also formally introduce

canonical distributions.7 Let pi be the observed relative fre-

quencies of events i. For example, such an event can be that

an iterate is in the cell i by applying a given map. Then, the

so-called escort probability distribution is defined as

Pi ¼
pið ÞbX

j

pjð Þb
: (18)

Only events with nonzero probability are taken into account.

b is a real parameter. The escort distribution can be rewritten as

Pi ¼ e�U�bbi ; (19)

where bi ¼ �lnpi is the so-called bit-number7 and UðbÞ
¼ lnðZðbÞÞ. The partition function is defined as

ZðbÞ ¼
X

j

e�bbj ¼
X

j

ðpjÞb: (20)

We can immediately see the resemblance to canonical for-

malism of statistical mechanics. The Helmholtz free energy

can also be defined as

F bð Þ ¼ �Tln Z bð Þð Þ ¼ � 1

b
ln Z bð Þð Þ ¼ � 1

b
U bð Þ: (21)

It is related to the R�enyi information12

R bð Þ ¼ 1

1� b
ln
X

pb
i ; b 6¼ 1; (22)

as

F bð Þ ¼ � 1� b
b

R bð Þ: (23)

Note that the R�enyi information leads to the Shannon infor-

mation13 in the limit b! 1.

IV. THERMODYNAMIC RELATIONS FOR
MULTIFRACTALS

Consider a multifractal with a given probability measure

and divide the d-dimensional phase space into boxes of equal

size. The probability pi attributed to the box i with side

length � can be written as

pi ¼ �ai ; (24)

where aið�Þ is the crowding index. The escort distributions

have the form

Pi ¼ e�U�bbi ; (25)

where

bi ¼ �lnpi ¼ �ailn� (26)

and
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UðbÞ ¼ lnðZðbÞÞ ¼ ln
X

i

e�bbi

� �
: (27)

The partition function can be written as

ZðbÞ ¼
X

j

e�bbj ¼
X

j

ðpjÞb: (28)

It is related to the R�enyi information as

R bð Þ ¼ 1

1� b
ln Z bð Þð Þ ¼ 1

1� b
U bð Þ: (29)

To emphasize the thermodynamic analogy, the notation

V ¼ �ln � (30)

is applied.7 The limit �! 0 corresponds to V going infinity,

that is, the thermodynamic limit. Then, the sum in Eq. (27)

can be replaced by an integral

UðbÞ ¼ ln

ðamax

amin

dacðaÞe�baV ; (31)

where cðaÞ is the number of boxes having the crowing index

a in the range between a and aþ da. cðaÞ can be considered

the analogue of the state of density in statistical mechanics

as aV corresponds to the energy. The asymptotic scaling

behaviour is

cðaÞ � ��f ðaÞ; (32)

where f ðaÞ is the so-called spectrum of singularities. In the

asymptotic limit the saddle point method can be used, that is,

only the maximum value of the integrand has a contribution

to the integral in

U � ln

ðamax

amin

dae½f ðaÞ�ba�V : (33)

Therefore

U � ½f ðaÞ � ba�V: (34)

From the maximum of the integrand follows that

@f að Þ
@a
¼ b: (35)

Eq. (34) can be rewritten as

U � fV � bb (36)

using Eqs. (26) and (30). Taking into account the Legendre

transformation in (11), we arrive at

U ¼ S� bb ¼ S� baV: (37)

That is, in the thermodynamic limit, f ðaÞ is the entropy den-

sity S/V

lim
V!1

S

V
¼ f að Þ: (38)

The Legendre transformation of f ðaÞ defines the function

sðbÞ

sðbÞ ¼ ba� f ðaÞ; (39)

with

@s
@b
¼ a: (40)

From Eqs. (37)–(40), we are led to

lim
V!1

U
V
¼ �s bð Þ (41)

in the thermodynamic limit. The function sðbÞ can be also

expressed with the R�enyi dimension DðbÞ as

sðbÞ ¼ ðb� 1ÞDðbÞ; (42)

where

D bð Þ ¼ � lim
�!0

R bð Þ

ln �
¼ lim

�!0

1

ln �

1

b� 1
ln Z bð Þð Þ: (43)

It can also be written as

D bð Þ ¼ lim
V!1

R bð Þ

V
¼ lim

V!1

1

V

1

1� b
ln Z bð Þð Þ: (44)

V. THERMODYNAMICS OF MULTIFRACTALS VIA
FISHER INFORMATION

Comparing Eq. (11) and Eqs. (37)–(39), we can notice

the

s � �U (45)

correspondence. Further the first derivatives (7) and (40) are

also in agreement

a � U; (46)

and the second derivatives give the Fisher information

Eq. (8) and

F a ¼ �
d2s bð Þ

db2
¼ � @a

@b
: (47)

The Legendre transformation leading to F S in Eq. (13) here

takes the form

F f ¼ a� b
da
db
¼ aþ bF a; (48)

satisfying the fundamental relation

@F f

@F a
¼ b: (49)

The quantity corresponding to the free energy of the usual

thermodynamic formalism now has the form

FF ¼ F a � TF f : (50)
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Table I shows thermodynamic variables and their analogues

in multifractals in the usual thermodynamic and the Fisher

information representation.

The Fisher information can be related to the R�enyi

dimension DðbÞ (Eq. (42))

F a ¼ �
d2s bð Þ

db2
¼ 1� bð Þ d

2D

db2
� 2

dD

db
: (51)

The Fisher information, on the other hand, is the vari-

ance of the energy U (Eq. (8)), that is, here the Fisher infor-

mation gives the variance of a

F a ¼ ða� haiÞ2: (52)

The analogue of the heat capacity given in Eq. (10) can also

be introduced here

F a ¼
C bð Þ
b2
¼ C Tð ÞT2: (53)

Earlier, specific heat was studied by Schl€ogl and Sch€oll7,14

for b¼ 1.

As the Fisher information F a corresponds to a (Eq. (7))

of the usual thermodynamics of fractals (see Eq. (40)), we

define now the Fisher heat capacity as the derivative of the

Fisher information F a with respect to T

@F a

@T
¼ CF: (54)

VI. ILLUSTRATIVE EXAMPLE AND DISCUSSION

As a first example, consider the two-scale Cantor set.

Here, we have two scaling parameters a1 and a2 with probabili-

ties w1 and w2, where a1 6¼ a2; a1 þ a2 < 1 and w1 þ w2 ¼ 1.

It is well-known7,15 that

wb
1

as
1

þ wb
2

as
2

¼ 1: (55)

The multifractals are generally described by the generalized

dimension DðbÞ (or the function sðbÞ) and the function f ðaÞ.
Eq. (55) implicitly determines s as a function of b. Fig. 1

presents sðbÞ and the R�enyi dimension DðbÞ for the parame-

ter values a1 ¼ 0:2; a2 ¼ 0:45; w1 ¼ 0:7, and w2 ¼ 0:3. The

first derivative of s gives a (Eq. (40))

ds
db
¼

X2

i¼1

wb
i a�s

i ln wi

X2

i¼1

wb
i a�s

i ln ai

¼ a: (56)

The function f ðaÞ can be obtained by the Legendre transfor-

mation of sðbÞ using Eq. (39).

The Fisher information given by the second derivative

of s

F a ¼ �

X2

i¼1

wb
i a�s

i a ln ai � ln wi½ �2

X2

i¼1

wb
i a�s

i ln ai

(57)

is plotted in Fig. 2.

In the usual thermodynamic formalism, multifractals are

characterized by the functions sðbÞ and f ðaÞ. Now, we pro-

pose to describe these objects in the Fisher information rep-

resentation via the Fisher information F a and its Legendre

transforms. The Fisher information is a fundamental function

of F f constructed by the Legendre transform of Eq. (48). F f

is presented on Fig. 3. Another Legendre transform FF cor-

responding to the free energy of the usual thermodynamics is

also shown in Fig. 3.

Instead of the Fisher information F f , the heat capacity

CðbÞ (Eq. (53)) can also be used to describe multifractals.

Earlier, Schl€ogl and Sch€oll14 showed that the specific heat
TABLE I. Thermodynamic variables and their analogues in multifractals in

the usual thermodynamic and the Fisher information representation.

Thermodynamics Multifractal

Entropy

Fisher

information Entropy

Fisher

information

S F S f F f

U FU a F a

U ¼ S� bU U ¼ F S � bFU �sðbÞ ¼ f ðaÞ � ba a ¼ F f � bF a

F ¼ �TU FF ¼ �TU F ¼ TsðbÞ FF ¼ �Ta
¼ U � TS ¼ FU � TF S ¼ a� Tf ¼ F a � TF f

S(U) F SðFUÞ f ðaÞ F f ðF aÞ
U(S) FUðF SÞ aðf Þ F aðF f Þ
S ¼ bU þ U F S ¼ bFU þ U f ¼ ba� s F f ¼ bF a þ a
U ¼ TSþ F FU ¼ TF S þ FU a ¼ Tf þ F F a ¼ TF f þ FF

@S

@U
¼ b

@F S

@FU
¼ b

@f

@a
¼ b

@F f

@F a
¼ b

@U

@S
¼ T

@FU

@F S
¼ T

@a
@f
¼ T

@F a

@F f
¼ T

@U
@b
¼ �U

@U

@b
¼ �FU � @s

@b
¼ �a

@a
@b
¼ �F a

@F

@T
¼ �S

@FF

@T
¼ �F S

@F

@T
¼ �S

@FF

@T
¼ �F f

FIG. 1. sðbÞ (red) and the R�enyi dimension DðbÞ (green) of the two-scale

Cantor set as a function of b for the parameter values a1 ¼ 0:2; a2 ¼ 0:45;
w1 ¼ 0:7, and w2 ¼ 0:3.
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C in Eq. (53) for b¼ 1 is a characteristic measure in chaos.

Fig. 4 presents the heat capacity CðbÞ. The Fisher informa-

tion F a or the heat capacity CðbÞ describe the fluctuation in

a (Eq. (50)), that is, they are sensitive to changes of higher

order than their analogues of the usual formalism.

Using Eq. (54) the Fisher heat capacity takes the form

CF

¼�b2

X2

i¼1

wb
i a�s

i alnai� lnwið Þ½ðlnwi�alnaiÞ2þ3F a lnai�

X2

i¼1

wb
i a�s

i lnai

;

(58)

and is shown in Fig. 4. The Fisher heat capacity CF is even

more sensitive on fluctuation than the heat capacity CðbÞ.
As a second example, the logistic map is selected

xnþ1 ¼ rxnð1� xnÞ; 0 < xn < 1 and 0 < r < 4: (59)

One can observe period-doubling cascade if the control

parameter r is smaller than r1 ¼ 3:56995. Though most

values beyond r1 exhibit chaotic behaviour, there are several

periodic windows, too. Fig. 5 presents the Fisher information

F a and its Legendre transforms F f at b ¼ 2:25 as a function

of the control parameter r. We can see that the Fisher informa-

tion F a is zero for periodic orbitals and different from zero in

case of chaotic behavior. For a period-n orbit, the probabilities

are pi ¼ 1=n. Then, we obtain that the R�enyi dimension

DðbÞ ¼ lnn does not depend on the b. Then, Eq. (42) leads to

sðbÞ ¼ ðb� 1Þln n: (60)

The first and the second derivatives give

a ¼ @s bð Þ
@b

¼ ln n (61)

and

F a ¼ �
d2s bð Þ

db2
¼ 0; (62)

respectively. That is, the Fisher information disappears for

periodic orbitals. As F a measures the fluctuations, one can

observe huge peaks at the edge of the periodic windows. A

complicated structure reflecting the chaotic nature is exhib-

ited in the chaotic regimes.

The other quantity, F f behaves somewhat differently.

Eqs. (48), (61), and (62) lead to

F f ¼ aþ bF a ¼ a ¼ ln n (63)

for a period-n orbit. Fig. 5 shows that F f has a step structure

for the periodic orbits, that is, the plot of F f gives the peri-

ods of the orbitals. F f takes much higher values in case of

chaotic behaviour. Fig. 5 is plotted for b ¼ 2:25. Other val-

ues of b were also studied. Increasing the value of b, the

steps in the periodic windows are decreasing in magnitude,

while more detailed structure can be observed in the chaotic

regions. It can be concluded that both the Fisher information

F a and its Legendre transforms F f can be considered mea-

sures of complexity.

FIG. 2. The Fisher information F a of the two-scale Cantor set as a function

of b for the parameter values a1 ¼ 0:2; a2 ¼ 0:45; w1 ¼ 0:7, and w2 ¼ 0:3.

FIG. 3. Legendre transforms F f (green) and FF (red) of the Fisher informa-

tion F a for the two-scale Cantor set as a function of b for the parameter val-

ues a1 ¼ 0:2; a2 ¼ 0:45; w1 ¼ 0:7, and w2 ¼ 0:3.

FIG. 4. The heat capacity CðbÞ (green) and the Fisher heat capacity CF (red)

of the two-scale Cantor set as a function of b for the parameter values

a1 ¼ 0:2; a2 ¼ 0:45; w1 ¼ 0:7, and w2 ¼ 0:3.
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We have proposed that the Fisher information based ther-

modynamical formalism provides an alternative way of char-

acterising chaotic systems. The new quantities: the Fisher

information and its Legendre transforms are capable of

describing the properties of non-linear systems. Because of

their definitions, these quantities are sensitive to correlations of

higher degree than the characteristics of the usual formalism.

ACKNOWLEDGMENTS

The work was supported by the Grant OTKA No. K

100590.

1R. A. Fisher, Proc. Cambridge Philos. Soc. 22, 700 (1925).
2R. Frieden, Physics from Fisher Information. A Unification (Cambridge

University Press, Cambridge, 1998).

3R. Frieden and B. H. Soffer, Phys. Rev. E 60, 48 (1999).
4R. Frieden and B. H. Soffer, Phys. Rev. E 52, 2274 (1995).
5F. Pennini and A. Plastino, Phys. Rev. E 71, 047102 (2005).
6A. Porporato, Phys. Rev. E 89, 042126 (2014).
7C. Beck and F. Schl€ogl, Thermodynamics of Chaotic Systems: An
Introduction (Cambridge University Press, Cambridge, 1993).

8T. T�el, Z. Naturforsch. 43a, 1154 (1988), see http://www.degruyter.com/

view/j/zna.1988.43.issue-12zna-1988-1221/zna-1988-1221.xml.
9T. T�el, in Directions in Chaos 3rd ed., edited by H. Bai-Lin (World

Scientific, Singapore, 1990).
10M. Kohmoto, Phys. Rev. A 37, 1345 (1988).
11M. Khatua, D. Chakraborty, and P. K. Chattaraj, Int. J. Quantum Chem.

113, 1747 (2013).
12A. R�enyi, in Proceedings of Fourth Berkeley Symposium on Mathematics,

Statistics and Probability (University of California Press, Berkeley, 1961),

Vol. 1, p. 547.
13C. E. Shannon, Bell Syst. Tech. J. 27, 623 (1948).
14F. Schl€ogl and E. Sch€oll, Z. Phys. B 71, 231 (1988).
15T. C. Halsey, M. H. Jensen, L. P. Kadanoff, I. Procaccia, and B. I.

Shraiman, Phys. Rev. A 33, 1141 (1986).

FIG. 5. The Fisher information F a

(top) and its Legendre transforms F f

(bottom) at b ¼ 2:25 for the logistic

map as a function of the control param-

eter r.

083102-6 B. God�o and �A. Nagy Chaos 26, 083102 (2016)

http://dx.doi.org/10.1017/S0305004100009580
http://dx.doi.org/10.1103/PhysRevE.60.48
http://dx.doi.org/10.1103/PhysRevE.52.2274
http://dx.doi.org/10.1103/PhysRevE.71.047102
http://dx.doi.org/10.1103/PhysRevE.89.042126
http://www.degruyter.com/view/j/zna.1988.43.issue-12zna-1988-1221/zna-1988-1221.xml
http://www.degruyter.com/view/j/zna.1988.43.issue-12zna-1988-1221/zna-1988-1221.xml
http://dx.doi.org/10.1103/PhysRevA.37.1345
http://dx.doi.org/10.1002/qua.24402
http://dx.doi.org/10.1002/j.1538-7305.1948.tb00917.x
http://dx.doi.org/10.1007/BF01312794
http://dx.doi.org/10.1103/PhysRevA.33.1141

	s1
	s2
	d1
	d2
	d3
	d4
	d5
	d6
	d7
	d8
	d9
	d10
	d11
	d12
	d13
	d14
	d15
	d16
	d17
	s3
	d18
	d19
	d20
	d21
	d22
	d23
	s4
	d24
	d25
	d26
	d27
	d28
	d29
	d30
	d31
	d32
	d33
	d34
	d35
	d36
	d37
	d38
	d39
	d40
	d41
	d42
	d43
	d44
	s5
	d45
	d46
	d47
	d48
	d49
	d50
	d51
	d52
	d53
	d54
	s6
	d55
	d56
	d57
	t1
	f1
	d58
	d59
	d60
	d61
	d62
	d63
	f2
	f3
	f4
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15
	f5

