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HADAMARD-TYPE INEQUALITIES FOR
GENERALIZED CONVEX FUNCTIONS

MIHALY BESSENYEI AND ZSOLT PALES

(communicated by A. M. Fink)

Abstract. In this paper we investigatéw, w,) -convex functions and obtain characterization
theorems and Hadamard-type inequalities for them.

1. Introduction

The geometrical meaning of convexity is quite descriptive: each line segment
joining two distinct points of a real function’s grajthat is defined over a real interval
| ) passes “above” the graph. Beckenbath generalized this geometric idea by
replacing straight linegthat is, functions of the formo + Bx) by a two parameter
family of continuous functions¥ such that, for any pair$xs, y1), (X2, ¥2) € | x R
with x; # X, there exists a unique elemetite F such thatg(x;) =vy;, i = 1,2.
Results on the regularity properties of such, so-cajkreralized convex functionsand
also on their second-order characterizations were obtained by Beckenbach and Bing
[2] and can also be found in the papers of Peixdtd, [16], [15]. In the special
case when the two parameter family is the solution-set of a second-order homogeneous
linear differential equation, similar results were independently obtained by Bé&jsall
Generalized convexity was characterized by the support property in the [Sysr
Ben-Tal and Ben-Israel. Stability properties of generalized convexity were investigated
by Krzyszkowski[9).

The notion of(ordinary) convexity can also be characterized via the following
condition(cf. Popoviciu[17]): a functionf : | — R is convex if and only if

wheneverx,y,ze | with x <y < z.
Replacing the functions 1 anx by two arbitrary functionsw; and w,, we can
introduce the notion of w;, w;,) -convexity.
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380 MIHALY BESSENYEI ANDZSOLT PALES

DEerINITION 1. Let | C R be a nonempty interval and;, «, : | — R be given
functions. We say that the functioh: | — R is (w1, w,) -convex if

fo) - fly) f(2)
w1(X) z) |20 y

(
wheneverx <y <z, xy,z€l.

Obviously, (w1, wy) -convexity is the particular case of generalized convexity in
the sense of Beckenbach and it is a generalization of standard convexity. Now the
generalized lines corresponding to the functions «w, are their linear combinations.

It turns out to be useful to assurfess for the generalized convexity due to Beckenbach
that each generalized line is continuous and every two pointsdk with distinct first
coordinates can uniquely be connected by a generalized line. Formulating these two
regularity properties in mathematical terms, we have the following

DEFINITION 2. Let | C R be a nonempty interval and;, w, : | — R. We say
that (e, wy) is aregular pair on | if w; and w, are continuous functions and

wi(X) w(y)
‘ () @ly) ‘ 70
wheneverx,y € | with x <vy.

If o and wp, are twice differentiable and their Wronski determinant is non-
vanishing then the generalized ling®., the linear combinations @b; and w;, ) can be
obtained as the solution set of a homogeneous second-order linear differential equation,
which is the setting investigated by Bons&].

The aim of this paper is to obtain various characterizationg®af w,) -convexity
without assuming further regularity properties on them. Another result offers a trans-
formation that maps generalized lines into straight lines and thug alsaw,) -convex
functions to ordinary convex functions. Using these characterizations, we then derive a
generalization of Hadamard’s inequal[8] known for ordinary convex functionsee
the book of Dragomir and Pearf#4 for further references and details and also the paper
of Mitrinovi€ and Lackowt [11] and[13] for interesting historical remarks Bonsall
[5] also obtained a generalization of Hadamard’s inequality that involves the adjoint
differential operator with respect to the linear differential operator that vanisheg on
and w,. Generalizations of Hadamard'’s inequality for hihger-order convexity have
recently been obtained by the authpts

2. Generalized lines

First we investigate some essential properties of regular pairs and generalized lines.

THEOREM1. Let (wi, an) bearegular pair on | . Then,
(i) o1 and w, have at most one zeroin | ;
(if) oy and w, cannot be equal to zero simultaneously;
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(iii) thefunction
Qx,y) = ‘

keepsitssignif x <y, x,y €.

wi(x) awi(y) ‘
wp(X)  we(y)

Proof. The assertionsi) and (ii) are simple consequences of our definition. For
proving the third one, observe that the functi@nis continuous and nowhere zero on
the connected sef(x,y) € | x | : x < y}, therefore it keeps its sign according to
Bolzano’s theorem. O

The part(iii) of Theorem 1 states that the functiénis either positive or negative
if X <y. According to this property, a regular pdio,, w,) is said to bepositive if

w(x) wily)
‘mm@mbo @

wheneverx <y, X,y €.
The most important property of generalized lines guarantees the existence of a
generalized line “parallel” to the& -axis.

THEOREM 2. Let (wn, wyp) be aregular pair on the nonempty interval |. Then,
thereexist a, B € R such that the inequality

awi(X) + Bap(x) >0 (3)
holdsfor all x € I°, where |1° denotestheinterior of | .

Proof. For simplicity, we may assume théty, a,) is a positive regular pair. If
w; has no zeroinl°, thena := 1 or a := —1 (according to the sign otv; ) and
B := 0 fulfills the requirements of the theorem. Suppose tsaté) = 0 for some
& € 1°. Then, according tdi) of Theorem 1, we may assume that the inequalities

w(x) <0  (x<¢&)
wi(y) >0  (y>¥¢)

hold. Letx,y € | with x < & <y be arbitrary. The negativity od; (x) , the positivity
of wy(y), and(2) imply that
wp(y)  we(X)

wnly) " @x)’

Therefore,

fﬁﬁ%kﬂﬂﬁm (4)

and both of the sides are real numbers. Define the constent the formula

=l

a .=Su
: wi(y)

y>§
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and choose3 := —1. We will show that
awi(X) — wy(x) >0 (5)

holds for allx € 1°. This inequality remains true ik := . Indeed,w;(§) = 0; on
the other hand, substituting := £ into (2) and applying the positivity otvi(y), we
getthat—w,(&) > 0. If y > &, then the definition ofa gives that

> wz(Y);
wi(y)
therefore, multiplying both sides by the positiug (y) , we get
aws(y) — w(y) > 0.

If x < &, theninequality4) gives that

w(X) .
TS )’

therefore, multiplying both sides by the negatiwe(x), it follows that

awi(X) — wyp(x) > 0.

Finally, we show that the left hand side (6) always differs from zero. Assume
indirectly that there existg € 1° such that

awi(n) — we(n) = 0.

Then,
_ w(n)
wi(n)’
If £ < n,choosey € | suchthatn < y hold. Substitutingx := n andy into (2),
then applying the positivity otvi(n) and wi(y), we get the inequality
_ w(n) _ wa(y)

wi(n) ~ aly)’

which contradicts the definition ofr. If & > n, then choosex € | with x < n.
Substitutingx andy := n into (2), then applying the negativity ab1(x) and wi(n),
we get the inequality

_w(n) _ @(X)

~w(n) T owi(x)

)

which contradictg4). O

As a consequence of the previous result, a regular pair can always be replaced by
a canonical regular pair.

THEOREM 3. Let (w1, an) be aregular pair on the nonempty interval | C R.
Thenthere exists aregular pair (w;y, w;) on | that possesses the following properties:
(i) wy ispositiveon |°;
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(ii) wj;/wy isgtrictly monotonicon 1°
(iii) (o1, wp)-convexity isequivalentto (w;, ws)-convexity.
Conversdly, if the functions wy, a1 | — R are continuouswith the properties
(i) oy ispositive;
(ii") wy/wn isstrictly monotoneincreasing (resp. decreasing),
then (w1, wp) isa positive (resp. negative) regular pair on | .

Proof. The previous Theorem 2 guarantees the existence of real constaarts
B such tha(3) holds for all x € 1°. Define

W = aw; + By, W, = —Bw + aw;.
Then, using the product rule of determinants, %oy € | with x <y, we have

wi (X

w;(x) w5 (y) -B «a aw(y) (X

therefore, (w;, wy) is also a regular pair oh. Using thatw; is positive, one can
easily deduce that the positivifyesp. negativity of the determinant

Wi @iy) |_| @ B || @) @0y |_ g2,z
‘ ‘ ‘wzw ‘ (a™F)

) wly)
) wly) ‘7“”

wi (x) wr(y) ‘
w; (X) @ (y)

yields the strictly increasin@resp. decreasingroperty of the functiorw; /w; on the
interior of 1.

To see thafw, wp) -convexity is equivalent tdwy’, w; ) -convexity, letf : 1 — R
be an arbitrary function and < y < z be arbitrary elements df. Then, by the product
rule of determinants,

f(x) f(y) f(2 1 0 O f(x) f(y) f(z

wi(x) wi(y) w(@ | =1]0 a B wi(X) w(y) wi(2)

w;(X) ws(y) w(2) 0 —B a| | @x(X) w(y) w(2)
fx) fly) f(2

w2(X) wa(y) wa(2)

whence the equivalence of the corresponding convexities follows.
The converse assertion is a simple calculation.

3. (w1, ) -convex functions

Our goal is deriving characterization theorems faes;, w,) -convex functions.
The first one is the generalization of a classical theorem for convex functions, while the
second one formulates a connection betwé®n w,) -and the usual convexity.

THEOREMA4. Let (w1, w») be a positive regular pair on the nonempty interval |
such that «y is positive. The following statements are equivalent:
(i) f:1 =R is (w1, ap)-convex;
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(i) forall x,y,z€l: x <y < z wehavethat

‘ fly) f(2) ‘ f(x)  f(y) ‘
wi(y) wi(2) wi(X) aw(y)
w(y) w(z) w(x) wly) ‘
w(y) wo(2) wo(X)  wn(y)
(iii) for all xo € I° thereexist a, B € R such that
awy(Xo) + Bar(Xo) = f(xo),
awi(X) + Bap(x) < f(x)  (xel);

(iv) for all n € N, Xo,X1,...,%Xn € | and Ayg, ..., Ay > 0 satisfying the condi-

tions
> M) = wi(%o) (6)
k=1
> Mkwa(xk) = wa(¥o) (7)
k=1

we have that
f(x0) < ) Akf (%) (8)

k=1

(v) for all xo, X1,%2 € | and A1, A, > 0 satisfying the conditions
May(xa) + 2205 (%) = w(X0)  (1=1,2)

we have that
f(Xo) < Aqf (X]_) + Aof (Xz).

Proof. (i) = (ii). Assume indirectly thatii) is not true. Using the positivity of
the denominators, it follows that there existy, z € | with x <y < z such that

‘ fly) f(2) >‘ f(x) f(y)
wi(y) wi(z) wi(x) a(y)

or, after rearranging this inequality,

| @ (x) awnly) ‘ wi(y) w(2)
wa(X)  we(y) w(y) w(2)

b

f(y) [or

> aly) |1
Subtracting
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from both sides and applying the expansion theorem “backward”, we get that

wi(X) w(y) wi(2) f(x) fly) f(2)
wi(X) wi(y) wi(2) wi(X) w(y) w(z)
w(X) w(y) w(2) w2(X) wn(y) w(2)

The left hand side of this inequality equals zero, while tha, w,) -convexity of f
implies that the right hand side is non-negative, which is contradiction.
(ii) = (iii). Choosexo € 1° and define the constar by

‘ f(xo) f(x)
| wilx0) wi(x)

F(y) > wi(y)

pi=nf ‘wl(xo) wi(x) ‘
wz(Xo)  @p(x)
According to(ii), if £ < Xo < X, then the inequality
‘ f(&) f(xo) f(xo) f(x)
CJwu(d) wxo) | _ | oulxo) w(X)
‘wl(é) w1 (Xo) ‘\ wi(Xo) wi(x) ‘
w (&)  wr(Xo) wz(Xo)  w2(X)

holds, whencg3 > —oo . Now define the constant by
_ fxo0) = Ban(xo)
w1 (Xo)
Then we immediately get the equality

awi(Xo) + Ban(Xo) = f(Xo)-

The desired inequality
awy(X) + Ban(x) < F(X)
can be rewritten into the equivalent form
p | @ulx0) () f(xo)  f(x)
wz(Xo)  wa(X) wi(Xo) ()
The definition of 3 guarantees th&®) is satisfied ifxg < x. Assume thak < xo and
chooseé € | such thatx < xo < € hold. Then, applyindii), we have the inequality

f(xo) (&) ‘ ‘ f(x)  f(xo)
wi(X0) @i(§) | _ | @u(x) wiXo)
wi(Xo) wi(§) ‘\ ‘ wi(X) wi(Xo) ‘
w2(Xo)  w2() wz(X)  w2(Xo)
Observe that the denominator of the right hand side is positive, therefore, after rearrang-
ing this inequality, we get that
‘ f(xo) f(¢)

| wixo) wi(é) ‘wl(Xo) w1(X) ‘+‘ f(xo) f(x)
‘wl(Xo) w (&) ‘ w2(Xo)  wa(X) wi(Xo) wa(X)
wz(Xo)

<o, (9)

<0,
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which, and the choice o8 immediately implieg9).
(iii) = (iv). Firstassume thatg = X3 = ... = X,. We recall thatw,(xo) and
w2(Xp) cannot be equal to zero simultaneously due to Theorem 1; ther@poe (7)
n

gives the identity> " Ax = 1, and the inequality8) trivially holds.
k=1

Now assume thato, X1, . . ., X, are distinct points of such that the equatiori6)
and(7) are satisfied. We will show that necessamdy € 1° must hold. If inf(l) € |
and indirectlyxo = inf (1), then we have the inequalities

w1 (Xo)wp(Xk) — wr(Xk)wa(Xo) > 0

forall k=1, ..., n becausq w, w,) is a positive regular pair oh; furthermore, at
least one inequality is strict. Multiplying thith inequality by the positive\¢, and
summing from 1 ton, we obtain that

W1(X0) > MAk@a(Xi) > wa(X0) D Aky(Xi).
k=1 k=1

But, due to the equatiori§) and(7), both sides have the common valuwe(xg) wx(Xo) ,
which is contradiction. An analogous argument gives that the gase sup(l) also
impossible, thereforeg € 1° follows.

Now, according ta(iii), choosea, 8 € R so that the relations

(Xo0)
(x)  (xel)

be valid. Then, substituting = xi into the last inequality and applying the equations
(6) and(7), we get that

awi(Xo) + Ban(Xo) =

i
awi(X) + Bap(x) < f

Z)\kf(xk) > Z)\kawl(xk)+2)\kﬁ@(xk)
k=1 k=1

k=1 —
= awi(Xo) + Bwr(Xo) = f(Xo),
which was to be proved.
(iv) = (v). Taking the particular case = 2 in (iv), we get(v).
(v) = (i). Choosex < y < z € | and define the constanis, A, by the formulas

wi(y) wi(z) wi(x) wi(y)
= L2Y) @(?) A, = L@2X) w2(y)

wi(x) w(2) | @) w(z) |

w(x)  ax(2) wo(X) wz(Z)‘

Obviously, A1, A, > 0 and, according to Cramer’s rul@y, A, satisfy the system of
linear equations

AMwr(X) + A21(z) = a(y)
Aon(X) + A2m2(z) = ws(y).
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SubstitutingA; and A, into the inequality of(v) and multiplying it by the positive
base determinant, we get that

wi(y) wi(2) wi(x) w(2) wi(x) wy) |.
0T tyly) anlz) “f(”‘mx) w(2) ‘”“) @(x) @nly) ‘
or equivalently,
f(x) fly) f(z
0< | w(X) an(y) wn(2) |,
w(X) w(y) w(2)

which completes the proof.OI

If the base functionsv; and w, are twice differentiable with positive Wronski
determinant, then Bonsdb] showed that a twice differentiable functidn: | — R is
(o, wy) -convex if and only if

f(x) f'(x) "(x)
wi(X) wi(X) wi(x)
wp(X) wy(X) wy'(x)
holds for allx € | . This result can also be deduced from Theorem 4.

Specializing Theorem 4 to the standard setting, we getthe classical characterization
of convexity(cf. [10, p. 152.

>0

COROLLARY 1. Let | C R be anonempty interval. The following statements are
equivalent:
(i) f:1 — R isconvex;
(i) forall x,y,z€l: x <y < z wehavethat

fly) —f(x) _ 1(2) = f(y).
y-x = z-y
(iii) for all xo € 1° thereexist a, B € R such that

a + Bxo = f(Xo), a + Bx < f(x) (xel);
(iv) for all n e N, Xo,X1,...,%Xy € | and Ag, ..., Ay > 0 satisfying the condi-
tions
n n
Z/\k:]., Z)\kxk:Xo
k=1 k=1
we have that

0) < Z Aif (Xi);

(v) for all xo,Xg,x2 € I and A1, A2 > 0 aatlsfymg the conditions
A+A=1 A1X1 + A2Xo = Xo.

we have that
f(Xo) < Aqf (X]_) + Aof (Xz).
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Hint. Choosew;(x) := 1 and wx(X) = x. Then the requirements of Theorem 4
are fulfilled, and we can derive the statements of our corollary from that of Theorem
4, O

THEOREMDS. Let (w, wp) beapositiveregular pair onthe nonempty openinterval
| such that w; ispositive. Thefunction f : 1 — R is (w1, wy)-convex if and only if
thefunction g: wy/wi(l) — R defined by

is convex in the standard sense.

Proof. In this case the functioru,/w; is continuous and strictly monotone in-
creasing, according to Theorem 3. Therefore, the image of the intebsathe function
wy/wy is a nonempty open interval. Consider the identity

fox) fy) f(z (f/a)(x)  (F/wn)(y) (f/w)(2)
w(X) wi(y) w(2) | = w(X)w(y)w(2) 1 1 1
wz(X) w2(y) w(2) (wz/wn)(X) (wz/wr)(y) (wz/w1)(2)

g(u) g(v) g(w)

where
u=(wp/w)(x),  v=(/m)ly), W= (w/w)z).
The positivity of wy forces that both of the sides are simultaneously positive, negative

or zero. That is, the functior is (w1, wy)-convex if and only if the functiorg is
convex in the standard sense.]

Observe that Theorem 5 yields also regularity properties(tof, w,) -convex
functions. Namely, we have the following important

COROLLARY 2. Let (w1, wy) bearegular pair on the nonempty interval | . If the
function f : 1 — R is (w1, wy)-convex, then f iscontinuouson 1°. If | isof theform
[a b],then f isRiemannintegrableon I .

Hint. If the function f is (w1, w,)-convex onl, then, using the notation of
Theorem 5, the functiog is convexin the standard sensebr= w,/wi(l). Therefore,
by well known regularity properties of convex functiofws. [10, p. 149 and[18)), g
is continuous onJ° . On the other hand, we have that

w2
f=w-go 2],
e ()

and the right hand side is continuous bh whence the continuity of the functioh
follows.

For proving the integrability il is the compactintervdla, b], itis enough to show
that f is bounded onl = [a, b]. Taking an arbitrary interior pointo, the inequality
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in (iii) of Theorem 4 implies thaf is bounded from below orh. Puttingx := a
and z := b into the definition inequality(1) of (e, w,)-convexity, we get thaf is
also bounded by a linear combination@f and w, from above onl . Hencef is a
bounded function, indeed.Od

4. Hadamard-inequality for (w, w,)-convex functions

The previous corollary enables us to formulate our main result.

THEOREM6. Let (w, wp) be a positive regular pair on the interval [a, b] such
that «, ispositiveon Ja, b[. If f : [a b] — R isan (ws, w,)-convex function, then
the inequalities

/f < cif(a) + cof (b), (10)
hold, where
AN J @ (x)dx 2 en(x)dx
$= <‘*’1> (f;ah(x)dx ’ €= wi(&) (D
and
faZwl(x)dx wy(b) wi(a) f:;wl(x)dx
o I3 wa(x)dx o (b) | an(b) [ wa(x)dx 12
"7 [w(a) wib) ‘ B (@) wi(b)
w(a) wy(b) w(a) wy(b)

In the proof we will use the consequences of Theorem 4, but a more direct approach
can also be followed.

Proof. Define c and & by (11). We show that they are constructed such that the
left hand side inequality af10) is exact forf = w; and f = w,, respectively. By the
definition of (11), we have that

2 wa(x)dX  awp(§)
fawl x)dx Cw()

Using the definition ofc and this equation, we get the equations
b
| et = can(e) (13
a
b
| extdx = cane) (14)
a

which show that10) holds for f = w,
Let f : [a, b] — R be an arbitrary(wi, w,) -convex function.
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According to (i) of Theorem 4, there exist, 8 € R such that the relations

awy(§) + Bun(§) = f(§)
awsi(X) + Bap(x) < f(X)
are satisfied for allx € [a b]. Therefore, due to the formul#$3) and(14), we get

that
/abf(X)d /wl dX+/3/ wp(x

= cowi(&)+cBuwp(&) =cf(&)

which results the left hand side inequality(a0).

To prove the right hand side inequality @f0), observe first that, and c, are
constructed so that the left hand side inequalityld}) holds with equality forf = w;
andf = wp

Substitutingx = a and z = b into (1) and developing the determinant by its
second column, we get the inequality

(@) wi(b) f(a) f(b) f(a) f(b)
o] @ a0 [<am | S8 10 |- em| A8 0]
forall y € [a b]. Thus, with the constants
f(a) f(b) f(a) f(b)
_ 1 @(8) a(b) | _ ‘wﬂa) wl(b>‘
“wl(eo wo) | P ‘wl(a> wb) |
wy(a) wy(b) w(a) we(b)

we have that

f(a) = awi(a) + Bwn(a), f(b) = awi(b) + Ban(b),
fly) <awi(y) +Bax(y) (yel).

Therefore, after integrating the last inequality and using that the right hand Si#i6)of
is exact forf = w;, we get that

/abf(y>dy < a/abah(y)dy+l3/aba>z(y)dy

= ci(awi(a) + Bwn(a)) + cx(awi(b) + Buwn(b)) = cif (@) + cof (b).
Thus the proof of the theorem is completé.]

Now, without the sake of completeness, we list up some Hadamard-type inequalities
as applications of our last theorem.

COROLLARY 3. (Hadamard8]). If f : [a b] — R isa (1, x)-convex function
(i.e, convexin the standard sense), then

f<a-|2-b> = a/f f(b)‘
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COROLLARY 4. If f : [a, b] — R isa (cosh sinh) -convex function, then

2sinh<b;2""> i <a+b> / F(x gtanh(b_Ta> (f(a) + f(b)).

CoROLLARY 5. If f : [a,b] C] — 7, J[— R isa (cos sin) -convex function, then

2sin<b;2""> f ("”b) / f(x <tan<b;2a> (f(a) + (b)).

COROLLARY 6. If f : [a,b] — R isa (1, exp) -convex function, then

(b—a)f <Iog eXp(bg pr(a) / F(x

(b — a) expb) (b —a)expa)
< <—exp(b) o) 1) f(a) + (1— oxb) —exia) exp(a)) f(b).

CoROLLARY 7. If f : [ab] C]O,c0[— R is an (xP,xY)-convex function

((@=p(p+1)(a+1) #0),then

(

(11]

pP+l _ gp+1\ M@ q+1 Pf “ (p+ 1)(ba+l — aatl) _ b (0
p+1 pa+l — ga+l (q+ 1)(bP1 — ap+l) X .

(bp+17ap+1)bq (bq+17aq+1)bp (bq+17aq+1)ap (bp+17ap+1)aq
p+1 - o+1 o+1 - o+1
< f f(b).
= aPbd — adpP (@) + aPbd — adpP (b)
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