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Abstract

An exponential inequality for the tail of the conditional expectation of sums of
centered independent random variables is obtained. This inequality is applied to prove
analogues of the Law of the Iterated Logarithm and the Strong Law of Large Numbers
for conditional expectations. As corollaries we obtain certain strong theorems for the
generalized allocation scheme and for the nonuniformly distributed allocation scheme.

1 Introduction

The generalized allocation scheme is widely studied (see [5], [6], [11]). The scheme contains
several special cases such as the usual allocation scheme (see [13], [12], [7]) and the random
forests (see [5], [11]).

In the papers [1] and [2] we obtained Strong Laws of Large Numbers (SLLN) for random
allocations and for random forests, respectively. The proofs of those SLLN’s were based on
fourth moment inequalities (the moment inequalities were obtained by long direct calcula-
tions). Then we presented a unified approach to the above mentioned SLLN’s ([3]). In the
present paper we continue the study started in [3].

Consider the probability measure P and the conditional probability measure P4 with
respect to the fixed event A. Let E# denote the expectation with respect to P4. Let i be
the average of N bounded independent random variables and let o2 be the average of the
variances.

We prove the following exponential inequality for the tails

—EA 2 2

PA{uZE}S \/_6 1602(14_3)7
VN P(A)

Key words and phrases: conditional expectation, moment, Khintchine’s inequality, exponential in-

equality, generalized allocation scheme, Law of the Iterated Logarithm, Strong Law of Large Numbers.
2000 Mathematics Subject Classification: 60F15 Strong theorems.
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see Theorem 2.1, where B depends on ¢ and 2. The method of the proof of the exponential
inequality is the following. We estimate the tail probability by the p-th moment of the sum
of certain random variables which we majorize using Khintchine’s inequality. Finally, we
compute the minimum in p.

Using the above inequality, we prove some analogues of the Law of the Iterated Logarithm
and the Strong Law of Large Numbers for the conditional expectations (Section 3).

Then the Law of the Iterated Logarithm and the Strong Laws of Large Numbers is
applied to the generalized allocation scheme (Section 4). The random variables 7y, ..., ny
satisfy a generalized allocation scheme, if equation (4.1) is satisfied with &, ...,y having
distribution (4.3).

Finally, in Section 5, we apply our general results to the allocations of balls into boxes
having nonuniform probabilities.

Both in Section 4 and in Section 5 strong theorems are proved for ps = pg,n being the
number of boxes containing s balls when n balls are placed into N boxes. We emphasize
that the random variables us = pis,n depend on the number of boxes (N) and the number of
balls (n), so that n, N — oo. Therefore we have proved strong limit results for a two-indexed
sequence of random variables with indices varying in a sector (Theorem 4.2, Corollary 4.1,
Theorem 5.1, Corollary 5.1).

2 The main inequality

In this section we prove exponential inequalities for the conditional tail probability of a sum
of independent bounded random variables (Theorem 2.1).

Let (€2, A,P) denote the underlying probability space. Let A € A be a fixed event such
that P(A) > 0. Recall that the conditional probability P4 is defined by the formula

PA(B) =P(BN A)/P(A), Bc A.

We will denote by E4 the expectation with respect to the probability measure P4.

Let 7;, 1 < i < N, be nondegenerate independent random variables with variances o2,
1 <i < N, and such that |1;| < C < 00, 1 <i < N, almost surely. Let {7/ : i =1,...,N}
be an independent copy of {7; : i =1,..., N}. Denote s; the variance of (7; —7/)?. Introduce

T
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We will consider the random variable
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with respect to the probability P4 and also with respect to the probability P.
The main result of the paper is the following. Let Z denote a standard normal random
variable.
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Theorem 2.1. (i) Let ¢ > 4v/20. Then we have

| — B4l V2 2
Eﬁ{fﬁf_z%gpmf1““+3) (2.1)
where
5 g2 2e2C? 8o?
a-s =35 (o) #lew) +o (%) .
and
fo(z) = 2E{Z” exp(z|Z])} — 1. (2.3)
(ii) Let € > 4v/20. Then we have
_EA P
PAgﬂ;%¥ﬂ25}§ﬁ&Efﬂw%l+B@ (2.4)
where
s g2 2 502 g2 3 g2 8o?
5= 5 (o) + 55 (owm) #(0%5aw) +o (%)
and
fa(x) =E{|Z]” exp(z]Z])} . (2.5)
Remark 2.1.
ﬁ@»:4@fﬂ@?+m¢@ywu¢%)—1, (2.6)
f3(z) = 26”2 (2® + 32)®(x) + 2(2® + 2) /2, (2.7)

where ®(z) = [*_(1/v 2m)e /2t is the standard normal cumulative distribution function.

In the proof of Theorem 2.1 we will use the following lemmas.

Lemma 2.1. Let 1 < p < oo and let S be a random variable. Then we have

E|S — ES|?

A_Ap<p
EAS — EASP < =5

(2.8)
Inequality (2.8) was obtained in [3] with 47 in place of 2P. The above form of the inequality
was proved in [9].
Our study will be based on the following Khintchine type inequality:.

Lemma 2.2. Let1 <p < oo. Let (;, 1 <i < N, be independent centered random variables.
Let {¢! : 1 <i < N} be an independent copy of {¢; : 1 <i < N}. Then we have

E ‘Zil Gi ’ < (B,)'E ‘Zil(C’ —))?

p/2

: (2.9)
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where B, = 1 if 0 < p < 2 and B, = (E|Z|P)Y? if 2 < p < oo with Z being a Gaussian
random variable with mean 0 and variance 1.
If the (;’s are symmetric, then we have

e[S o <sre[Y @

Proof. First recall that Khintchine’s original inequality ([8]) has the following version (see
[4]). Let 0 < p < oo be fixed and let r;, i € N, be the Rademacher functions. Let E, denote
the expectation with respect to {r;}. Then, for any ¢; € R, 1 <i < N, we have

(2|5 o) <3 () )™ o

where B, = 1,if 0 < p < 2 and B, = (E|Z|P)'/?, if 2 < p < <.

Now we can assume that {r; : 1 < i < N} is independent of {¢/ : 1 < i < N} and
{¢G : 1 <i < N}. Therefore (¢; — ¢/)r; has the same distribution as ¢; — ¢/. By the Jensen
inequality, the independence, and (2.11), we have

B[S -0 <E[Y 6-¢)

S - om| < e[ G- o

Lemma 2.3. Let (;, 1 < i < N, be independent random variables with expectations a; and
variances v?, and such that |(;] < C < oo almost surely, 1 <i < N. Let

1 N 1 N
S . = / 2 = — 2
a = N Zizl ai, a |(1 ” v N Zi:l Vi
Assume that a # 0.

(i) Let p > 2. Then we have

1 N
ang‘NZHQ

_viplp—1), (p—2
B = 3 CL2N f2 (a\/NQC)

p/2
‘ . (2.10)

p

p/2

= EE, U

= (1 + B) (2.12)

where

and fa(x) is given by (2.3).
(i1) Let p > 3. Then we have

(o S S () el

2

p Vplp—1) | *plp—1)(p - 2) p—3
B (= I

2
where f3(x) is given by (2.5).
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Proof. (i) The left hand side of (2.12) follows from Jensen’s inequality. Let {¢/ : 1 <i < N}
be an independent copy of {¢; : 1 <i < N}. Since p > 2, the function g(x) = |a’ + z|P has
a continuous second derivative. By Taylor’s expansion, it holds that
pa?—t  plp—1)la’ +0x* ,
x

g(x) = a” + sgn(a) 2o + 2 ’

where 6 € (—1,1). Therefore, with z = Y.~ (¢; — a;)/N, we obtain

|3 f -+ 205 s T he-w) -

2
where § = 6(w) with —1 <0 < 1. Since 1 +z < €*, x € R, moreover

0
a'+ N Zil(é} — a;)

=a’(1+ B'),

k+2

Csr(p X G- r)eofmweor, ()

1
E ‘N ST G-y

therefore, using Khintchine’s inequality (2.9), we obtain

) (zﬁl@—ai)y )
Na -

) (zmi—a»)z _
Na

SN LG a) a
Na

SN (G- a)
VN

SV (G- ¢)?
N

cvpp—1) 1+2§:l p—2 kE|Z\k+2(20)‘“ =
- 2 a2 — k' \ av' N

_ %217(2’2;\[1) (1 12 (IE (22 exp (%20%)) - 1)) - %Qp(i’gvl)fg (S\;Nzw) - B.

The proof of (i) is complete.

Ef\;(@ - ai)

Na

1
B’g%l@ <1+

SN G @)
Na

k+2

Ipp—1) =1 (p—2\"
<z h E
— 2 a2N Zk! N
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(ii) Now p > 3. Since g(x) = |a@’ + x|’ has a continuous third derivative, by Taylor’s
expansion, we have

sgn(a’)paP~?

p(p— 1)ap‘2xz N sgn(a’ + 0x)p(p — 1)(p — 2)|a + Oz [P~3 3

— qP
glo) = o =T T 3!
where 6§ € (—1,1). Therefore, with « = val( a;)/N, we obtain
P(P_ 1) p—2, 2
‘N - Q —2N a’ v+

/ ]' N
S a +9N Zi:1<gi - af@')

=a’ (1 + %UQ—FB/)

where 0 = f(w) with —1 <6 <1 and S = sgn {a' + 92?7:1((, — ai)/N}. Since 1 4+ z < e”,
x € R, by (2.14) and Khintchine’s inequality (2.9), we obtain

|B,|Sp(p—lé(p—Q)E{<1+’ﬁzj\;@i_ai)) _ % iNzl(Q—ai) }S

T

k+3

p(p—1)(p—2)
Jo=2g{

SN (G- ai)
Na

< p<p_ 1)(]7— 2) il(p_g)kE

SV (G —a|
Uy

pP(p—1(p—2) =1 (p—3\"
= 6(av/N)3 ZE( N)E

k+3

- p(p(;al)ii); 2) i% (z\/;w?’)kE\Zl’“”E zyzl(%_ G <
<o), 2202 L (22 mapeoy -
< p(p&a”gs)g 2 022CE (|z\3exp (p ;QO!Z!))
_ vép(p (_a\l/)%?’_ o0y, (ZTN?’QC) (2.15)
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We have seen that

a’ (1+2p((f—\/_ﬁl))2v2—13'> ‘N Q < <1+%v2+\3’\).

Therefore (2.15) implies (2.13). The proof of (ii) is complete.
Proof of Theorem 2.1. It is known that E|Z|P = (22 //7)[" (2 + 1). Using [10], we have

A )= m 6) e (o)
Fz+=)="—=e2 =4+ = —(14+0 ()| =
( VT 22 (5+3) p

N[

E|Z]P = Jr o \2 2
e (3 (o(g) -0

el (15 (o)) s (oo )

Therefore, using Markov’s inequality, Lemma 2.1, Khintchine’s inequality (2.9) for p/2 > 2

and (2.12), we obtain
| —E4yl

m{lpt e s o (W) <
< st (M) < Pty o B (10 ) =

gﬂ%(z&)w <1+ (4a2¢_) fo (402\/_802>> (1+o(%)>. (2.17)

> from (2.17) we obtain (2.1), i.e

Zz’]\il (Ti - 75)2
N

For p= &

e (it <ol (1 () 2 (55) (0 (%))

To prove (2.4), apply (2.13) for the right hand side of (2.16). Then we obtain

A f I —EAp) } V2 _p/2<8p02)p/2( pPs pPsC? (pw))
P{ N Tk = Y Soryve T aaeeyy P\ oy ) )
O

Then put p = =. The proof is complete.
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3 Strong limit theorems

In this section we apply the exponential inequalities of Section 2 to describe the almost sure
asymptotic behaviour of sums of certain non-independent random variables.

Assume that all random variables are defined on the probability space (€2, 4,P). The
conditional distribution of the stochastic element 1 with respect to the fixed event A is
defined as P(n € B| A), B € A. We denote it by (n| A).

In this section we study the following model. Consider the strictly increasing sequence
of integer numbers Ny, k € N, and the sequence of the events A = A(k) € A, k € N, having
property

P(A(K)) > C"/Nf (3.1)

for some 3 > 0, C” > 0. For each fixed k, let &, 1 < i < Nj, be independent random vari-
ables with variances o7,, and such that || < Cy < oo almost surely, 1 <4 < Nj. Suppose
that the family {n; : 1 <i < Ni} has the same distribution as the conditional distribution
{(&i| A(k)) : 1 <4 < N,}. We emphasize that the random variables ny, . .., mry, can be

dependent. Let

2
Assume that there exists 0 < C; < oo such that

1H<Nk)
O',% Nk

< (C; for all keN. (3.2)

Consider the sums of random variables
Ni
Sk = Zi:l M-
Now we will prove the following analogue of the Law of the Iterated Logarithm.

Theorem 3.1. Suppose that (3.1) and (3.2) are valid for the above defined model. Then we
have

y | Sk — ESk|
im sup

<4 +1 almost surely. 3.3

Proof. Let S;, = Zf\;’“l &iy k=1,2,.... By Theorem 2.1 we have
- |Sk — ESk| - {|Sk—ESk|
P >ty =Nl PR 2O S (Nt S =
Sr{ > S (R
_ln(Nk)tQU]%

00 g _EA(k)S/| ° \/5
= PA(k){| k B> g4/In(N t}< ————e 't (14 B(Ny,o0o
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where B(N, o) is defined by(2.2). Therefore

s ((t*In(Ny) ) (tQ ln(Nk)CQ) ( 8 )
BNy o) = 5 (EN) Y p (FINICTY (8
(Ne,on) = 3 <160;§\/Nk f2 102\/N,, £2In(V;)
As || < Cp, therefore s is bounded, so, by (3.2), { B(Vk, 0x)} is a bounded sequence. Now,
by (3.1),

- Sk — ESy| } N A—12/16
P >ty < K N, )
kz:; {\/Nkln(Nk)ak kz:;

It is finite when ¢ > 44/3+4 1. Consequently, by the Borel-Cantelli lemma, we have
5B < ¢ almost surely. This implies (3.3). O]

lim su ——
Ph—oo \/ N In(Ng)ook

As corollaries of Theorem 3.1, we obtain the following laws of large numbers.

Corollary 3.1. Suppose that (3.1) and (3.2) are valid for the model defined in this section.
Let dy, k € N, be a sequence such that og/ Ny In(Ny)/dp — 0, as k — oo. Then we have

. S —ESk
lim ——

=0 almost ly.
L almost surely

Proof. Observe that

Sk—ESk o Jk\/Nkln(Nk) Sk—]ESk

dk dk: ak\/Nkln(N)‘

By Theorem 3.1, % is an almost surely bounded sequence. This implies the corol-

lary. O

Corollary 3.2. Suppose that (3.1) and (3.2) are valid for the model defined in this section.
Let dy, k € N, be a sequence such that o/ Ny In(Ny)/dp — 0 and ESy/dy — a, as k — oo.

Then we have
lim & =a almost surel

Proof. Since
St Sk —ESk N ESk

di  dy di
the result follows from Corollary 3.1. 0

4 Application to the generalized allocation scheme

In the generalized scheme of allocations of particles into cells, the distribution of the cell
contents is represented as the conditional distribution of independent random variables under
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the condition that their sum is fixed, see [5], [11]. We can describe the generalized allocation
scheme as follows. Let ny,...,ny be nonnegative integer-valued random variables. They are
considered as certain numerical characteristics of the combinatorial structure of n elements
consisting of NV components such that n; +--- 4+ ny = n. If there exist independent random
variables &1, ..., &y such that the joint distribution of ny,...,ny admits the representation

P{’fh:kl,...,’l']N:k'N}:]P{él:]{31,...,51\[:/{31\[ | §1++§N:n}, (41)

where ki, ..., ky are arbitrary nonnegative integers such that k; + ks + --- 4+ ky = n, then
we say that ny,...,nny obey a generalized allocation scheme with parameters n and N,
and independent random variables &;,...,&y. Throughout this section we assume that the
random variables 7y, ..., ny and &, . .., &y satisfy (4.1). When &y, ..., &y arei.i.d. Poissonian
random variables, then the vector 1y, ..., ny describes the usual allocation of n balls into N
boxes. Details of the theory of generalized allocation schemes can be found in [5], [11].

In view of independence of the random variables &1, ..., &y, the study of several questions
of the generalized allocation scheme can be reduced to problems of sums of independent
random variables.

Let the random variables &, ..., &y be identically distributed. Usually (see, e.g., [6]) the
random variables £, ...,y are distributed as follows: qp = P{& = k} = (b0%)/(k!B(0))

where bg, by, ... is a certain sequence of non-negative numbers, and B(0) = >, bi0* /k!.
Therefore, in this section, we consider a sequence of non-negative numbers by, by, ... with
by > 0,b; > 0 and assume that the convergence radius R of the series
o bO*
BO)=) (4.2)

is positive. Let us introduce the integer-valued random variable & = £(#) (where 6 > 0) with
distribution

kaqk(e)zp{fzk}Z%, k=0,1,2,.... (4.3)
By [6], one has
= i = 5 = 220
and

0*B"(0) 0B'(0) 6*(B'())

7= O =P =T B T Bo)R

(4.4)

The last equality implies that

a?(0) = om/(0). (4.5)
Let 0 < 0 < 6" < R. If 62(0) = 0 for some 6 € [#,0"], then the random variable £(6) is a
constant. Since by > 0,b; > 0, the random variable £(6) is not a constant. Therefore o2(0),
0 € [0,0"] is a positive continuous function. Consequently,

0<Cy = inf o*)< sup o*(0) =Cy < 0. (4.6)
0el0’ 0" bclor o]
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By (4.5) and (4.6), we have

C
0<—r= inf m'()< sup m'(f) = —= < 0.
0" el o) 0€[0,0"] 0

Since m'(6) > 0, then m(6), 6 € [#,6"], is a positive, continuous, strictly increasing function.
We will denote by m~! the inverse function of m.

We see that the random variable £(6) has all moments, if 6 < R.

Throughout this section, let & = &(0),...,{n = &n(6) be independent copies of £(6)
where £ = £(0) has distribution (4.3). Let 1 = mi(0),...,nny = nn(0) satisfy (4.1) with
& =&(0),...,&v = &n(0). So my,...,nn also depend on 6. Introduce notation o« = n/N.
Let 6, = m™(a). So in what follows the parameter § = 6, = m™'(«) will depend on
a=n/N.

Consider the event

A=Ayn) ={weQ:&0)(w) + &(0.) (W) + -+ +En(fa)(w) = n}
where 6, = m~!(a). Let Py(n) = P(Ayx(n)).

Lemma 4.1. (See [3].) Let 0 < o/ < a" be such that m~'(a") < R. Let « = n/N. Then
there exists Ny € N with the following property: if n,N € N are such that N > Ny and

o <a<da’, then we have
1

40(0,)V N
Let 07, = ¢:(0a)(1 — ¢:(0,)). We see that o7, is the variance of the indicator Iie(g, )=

First consider a sequence of generalized allocations of nj balls into /Ny boxes such that
Ny < Ngy1, k € N. Let o, = ny, /Ny, 0, = m™(ay), o2 = afak and

N
Mt = Zi:l H{m:t}'

i can be considered as the number of boxes containing ¢ balls. We remark that if b; = 0,
then e = 0. So we can concentrate on the case b, > 0. Now we will prove two analogues of
the Law of the Iterated Logarithm for puy.

Py(n) > (4.7)

Theorem 4.1. Let 0 < o < " be such that m~'(a"") < R. Suppose that 0 < o/ < ap < o
for all k € N. Let t be fized and assume that by > 0. Then we have

lim sup |11tk — Epgg
k—oo 4/ Nk ln(Nk)atk

Proof. By Lemma 4.1 and relation (4.6), we have

< 4+/3/2 almost surely. (4.8)

1 C//
> .
(0x)V N — N;/Q

P(An, (nx)) > o
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As C” > 0, condition (3.1) is valid with § = 3. We have o7, = 07, = ¢:(0a,)(1 — @:(0a,))-

Here b,0! b, (9/)1&

4t(be) = t!B(g;) = UB(")

as by > 0. As by > 0, by > 0, we have 1 — ¢;(6,,) > ¢ > 0. So o2 > ¢y > 0 for each k, i.e.

(3.2) is satisfied. So Theorem 4.1 follows from Theorem 3.1. O

Let u; be the number of the random variables 7, ..., ny being equal to t, t =0,1,...,n.
That is

>0

N
Mt = MinN = Zi:l ]I{m:t}- (4-9)

Theorem 4.2. Let 0 < o/ < " be such that m™'(a”) < R. Let t be fived and assume that
by > 0. Then, for N defined in (4.9), we have

nN — E n
lim sup on = Eptini] <2v10  almost surely. (4.10)
n,N—>oo,a’<a<a" Nln(N)Utoz

Proof. First we remark that, for any two index sequence I, n, limsup, y_ .. acaca” lnN
exists and it is unique because of 0 < o/ < a” < 0o. As b, > 0, and by > 0, by > 0, we have
o2, > c¢; > 0. Therefore for B from (2.2) we have B = B(N,0,) < K < 0o as N,n — oo
such that o/ < a < a” .

Let z > 2¢/10. Then % — + — 1> 1. Therefore, by (2.1), we obtain

- n —-E n
> 3 e{lBel, |
N=No+1 No/<n<a/ N NIn(N)oq

> ’,utnN _E/LtnN’ }
= P > 0V In(N)z 3 <
YY)

N=No+1 No'<n<a” N

S( sup <1+B>) > 4Va (0 - V) VIV M <
¥

{N>No,o' <a<a” N=No+1

" nd Z2
< ( sup (1+ B)) 4V2/Cy(a”" — o) Z N~T6t3+ < o0,
{N>Ng,o/<a<a} N=No+1
3 ] I n —E n |
Consequently, by the Borel-Cantelli lemma, we have limsup,, y_. o v<a<a” % <z
almost surely. This implies (4.10). O

Corollary 4.1. Let 0 < o/ < " be such that m~'(a") < R. Letb, > 0. Letdy € R, N € N,

be such that impy_ ]\;?(N) = 0. Then, for pu,y defined in (4.9), we have
nN — ]E n
lim Henv = BN _ o gimost surely. (4.11)
n,N—oo,o/ <a<a' dN

Proof. As 04, < Cy < 00, (4.11) is an easy consequence of Theorem 4.2. O
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5 Applications to the nonuniform allocation scheme

Consider the nonuniform scheme of allocations of n distinguishable balls into N boxes with
nonuniform probabilities of boxes. The number of the balls in the boxes can be described with
random variables 7, ..., ny having polynomial distribution. As we shall consider N — oo,
the distribution depends on N. So, for each N, we have random variables 7y, 19, ..., 7y with
the distribution

! o (pnv1)" (pv2)™ ... (o) (5.1)

P{m =ki,m=ko,...,qn =kn} = Tkl Fonl

where k1 + ko +...kxn=n,pn; >0, 1 <i < N, and py1 +py2+ -+ pyvy = 1.
Then the number of boxes which contain s balls is

N
MHspN = Zi:l H{’h‘is}‘ (52)

Let m = m(\) be a Poissonian random variable with parameter A, i.e. w(\ k) = P(n(\) =

k) = Mee?2 k. Let @ = a,y = 2. We will assume that o/ < a,y < o for some

N
0<o <ad"<o0.
For the sequence of functions

fN(t) = NpN[Nt], t - [O, 1], N - N,

we will consider the condition

]\}1_{1(1)0 In(t) — f(t) (5.3)

uniformly for ¢ € [0, 1]. Here f(t), t € [0,1], is a bounded nonnegative function such that

/Olf(t)dt ~ 1

Let 02, be the variance of L (npy,)=s}- Consider their arithmetic mean, i.e. let
1« 1«
Ty = N > o= N > w(npwiys) (1= w(npyi, s)) =
i=1 i=1

= [ wats(t).) (1 = nlasu (). ) .

Theorem 5.1. Let 0 < o/ < o' . Assume that (5.3) is satisfied. Then, for g,y defined in
(5.2), we have

sn —-E sn
sy Honn| < 2V10 almost surely.

lim sup —
n,N—oo,o/ <a<a'’ NlH(N) OnN
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Proof. The probability (5.1) we can be represented as the conditional probability
P{nl = k‘l,...,n]\[ = k’N} ==

=P{mi(pn1) = ki, ..., v (Pn) = bn|mi(pne) + -+ an(pvn) = n} =
= P{mi(npn1) = k1, ..., v (npnn) = En|mi(npyi) + - + mn(npyn) = n}
where for each fixed N, {m;(pn;) : 1 <i < N} and {m;(npn;) : 1 <i < N} are two families
of independent Poissonian random variables.
We know that 71 (npy1) + ma(npn2) + -+ + 7y (npyn) is a Poissonian random variable
with parameter n. Therefore, by the Stirling formula, we have
P(4) = Bn(n) =n} = "0 = — (1 +0(1)) > ——
=PP\r(n)=ny=¢€ "— = 0 T
n! 21 ~ V2ra"N
Therefore (3.1) is valid with 3 = 1. From the uniform convergence (5.3) it follows that
My oo |Gpy — Fo| = 0 uniformly in o/ < a < " where

(1+o(1)).

5 = / r(af(t).s) (1 — w(af(t), s)) dt.

Here G, is a continuous positive function of a € [o/,a"]. Therefore inf,,_ .~ 72 = Cy > 0.
So we can find Ny such that for all N > Ny and o < o < o we have 521\, > % > 0. So the
proof can be finished as the proof of Theorem 4.2. O

NIn(N)

Corollary 5.1. Let 0 < o/ < a". Let by € R, N € N, be such that imy_ e = 0.

Suppose that (5.3) is valid. Then, for psg,n defined in (5.2), we have

1. HsnN — Eﬂan
1m _—

=0 almost surely. U
n,N—oo,o/ <a<a'’ bN

Consider a sequence of allocations of ny balls into Ny boxes, k € N, such that N, < Ny,
k € N. Let oy = ny /Ny, 0%, =62 . and

ng Nk

N
[hg = Zizl Liyms}- (5.4)

Theorem 5.2. Let 0 < o/ < o’ < co. Let (5.8) be valid. Suppose that 0 < o/ < ap < o’
for all k € N. Then for ps,n defined in (5.4), we have

lim sup |1esk — Epusi
k—oo \/Nk ln<Nk)Usk

Proof. From the proof of Theorem 5.1 it follows that (3.1) is valid with 3 = 1. Also the

proof of Theorem 5.1 implies that (3.2) is valid, too. So Theorem 5.2 follows from Theorem
3.1. O

<44/3/2 almost surely.
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Theorem 5.3. Let 0 < g < 0o. Assume that (5.3) is satisfied. Then, for pg,n defined in
(5.2), we have
1 g

1
“o s, f(t)ao
o = % [ (g0ye O
almost surely as n, N — oo such that o — «y.

Proof. Let o/ < ag < a". If n, N — oo such that & — ap, then there exists Ny € N such that
o <a<a’ forn N> N, By Theorem 5.1, w — 0 almost surely, as n, N — oo
such that o — ag. Furthermore, we have

Here

So 0 < gon(fn(t) < C for all t € [0,1]. Moreover, g,n(fn(t)) — (a°f( (20f W) o= F(Bao g
n, N — oo such that o — ag for all ¢ € [0,1] . Therefore, by the Lebesgue theorem, it holds
that

s 1
R / (F(8)) e gy
N st Jo ’

as n, N — oo such that a — . Consequently,

= ! L Bty + —E i l(f(t))s ~f (oo gy
NMsnN — 77Msn sn snN — — € )
N Hen = g Heniv T Bt T g BllanN T
as n, N — oo such that &« — «g. The proof is complete. Il

Consider the number of boxes containing less than r balls and consider also the number
of boxes containing more than r balls, i.e. let

N N
H<rN = U<rnN = ZH{W<T}7 H>rN = H>rnN = Z]I{m->r}-

i=1 i=1

Since fheppy = ZZ;E pnn and ptispnny = N — piepnn — Mrnn, therefore Theorem 5.3 implies
the following.
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Corollary 5.2. Let 0 < ag < 0o. Suppose that (5.3) is valid. Then we have

1 %Za_g 1(f(t))k€_f(t)a0dt
N/~L<rnN k! 0

and

almost surely, as n, N — oo such that o — «y.

Consider the number of boxes such that the numbers of balls contained by these boxes
belong to the subset N’ C N, i.e. let

N
HUN'N = UN'nN = Z Lin,eny-

i=1
Corollary 5.3. Let 0 < ag < 0o. Suppose that (5.3) is valid. Then we have
iy — > i / 1<f<t))’fe—f“>a°dt (5.5)
N i Mo |

almost surely, as n, N — oo such that o — «.

Proof. First let N’ be a finite set. Since pinvny = > pepy Mknn, by Theorem 5.3, (5.5) is true.
Now, let N’ be an arbitrary set. Denote N/ = {k € N’ : k < r}. Then we have

HNeN S UNN S NN+ [N

Therefore

ok

o | (F@)fer/O0dt < Timinf Sy < limsup ey <

keny, 70
of 1 ) of 1 .

> k—? (f(t))ke f<t>a0dt+2?$/ (f(t))Fe Mooy, (5.6)

keny, Y0 k>r Y0
almost surely. Let r — oo, then (5.6) implies (5.5). The proof is complete. O
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