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Multivariate probabilistic verification is concerned with the evaluation of joint
probability distributions of vector quantities such as a weather variable at mul-
tiple locations or a wind vector for instance. The logarithmic score (also known
as ignorance score) is a proper score that is useful in this context. In order
to apply the logarithmic score to ensemble forecasts, a choice for the density
is required. Here, we are interested in the specific case when the density is
multivariate normal with mean and covariance given by the ensemble mean
and ensemble covariance respectively. Under the assumptions of multivari-
ate normality and exchangeability of the ensemble members, a relationship is
derived that describes how the logarithmic score depends on ensemble size. It
permits one to estimate the score in the limit of infinite ensemble size from
a small ensemble and thus produces a fair logarithmic score for multivari-
ate ensemble forecasts under the assumption of normality. This generalises a
study from 2018 that derived the ensemble size adjustment of the logarith-
mic score in the univariate case. An application to medium-range forecasts
examines the usefulness of the ensemble size adjustments when multivariate
normality is only an approximation. Predictions of vectors consisting of sev-
eral different combinations of upper air variables are considered. Logarithmic
scores are calculated for these vectors using ECMWF’s daily extended-range
forecasts, which consist of a 100-member ensemble. The probabilistic fore-
casts of these vectors are verified against operational European Centre for
Medium-Range Weather Forecasts (ECMWF) analyses in the northern mid-
latitudes in autumn 2023. Scores are computed for ensemble sizes from 8 to
100. The fair logarithmic scores of ensembles with different cardinalities are
very close, in contrast to the unadjusted scores, which decrease considerably
with ensemble size. This provides evidence for the practical usefulness of the
relationships derived.
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1 INTRODUCTION

For more than 30 years, ensemble forecasting was been
established as a discipline in numerical weather pre-
diction (Lewis, 2005). Ensembles are required to gen-
erate useful probabilistic weather forecasts that capture
situation-dependent forecast uncertainties (Leutbecher &
Palmer, 2008). Users of ensemble forecasts and developers
working on ensemble prediction methodologies require
metrics, known as scores, that assess how “good” the
ensemble forecasts are. A very useful subset of scores are
“proper scores” (Gneiting & Raftery, 2007), which are often
used as loss functions in estimation problems. This study
focuses on a particular proper score, the logarithmic score
(Good, 1952), defined as the negative logarithm of the
predictive density estimated from the forecast ensemble
evaluated at the corresponding observation. The score is
also known as the ignorance score, owing to its link to
information theory (Roulston & Smith, 2002). In an earlier
study, Siegert et al. (2019) determined how the logarith-
mic score depends on ensemble size in the univariate case
under assumptions of normality and exchangeability of
the ensemble members. Here, we extend their work to
general multivariate normal distributions.

To date, the development of ensemble forecasts tends
to focus on improving the skill of univariate predictions.
Usually, the probabilistic skill of predicting scalars is
determined for a basket of variables, vertical levels of
the atmosphere, lead times, and regions (see e.g., Haiden
et al., 2023; Inverarity et al., 2023; McTaggart-Cowan
et al., 2022). However, some applications depend on the
joint prediction of several variables. Schefzik et al. (2013)
list air traffic control, air quality, and flood management
as examples, but one can also consider, for instance,
scenarios of wind power generation (Pinson et al., 2009).

In multivariate verification, both forecasts x and obser-
vations y are vectors of the p-dimensional space Rp, where
the dimension p depends on the specific application. The
vectors do not need to correspond to vectors that appear
in physics, such as wind vectors. They can consist of
the values of a scalar variable at p different locations for
instance (Schefzik, 2016b), whereas other applications
may consider the evolution of a scalar variable over p time
steps (Hemri et al., 2015; Lakatos et al., 2023), or p differ-
ent variables (Möller et al., 2013) or any combination of
these situations (Schefzik, 2016a). To verify multivariate
probabilistic forecasts, Gneiting et al. (2008) propose the
energy score, which is a multivariate generalisation of the
continuous ranked probability score, and the logarithmic
score. When the predictive density is a multivariate nor-
mal distribution, the latter is equivalent to a two-moment
score introduced by Dawid and Sebastiani (1999) (see
Section 2 for further details). Wilks (2017) compares five

different methods to assess the reliability of multivariate
forecasts including the Gaussian Box ordinate transform
(BOT) proposed by Gneiting et al. (2008). This measure of
reliability is based on one of the terms appearing in the
logarithmic score of a multivariate Gaussian distribution
and closely linked to the reliability of ensemble covari-
ances. Additionally, Roulston (2005) introduces reliability
diagrams for ensemble covariances for pairs of variables.

Estimates of probabilities from small ensembles are
imprecise; as the ensemble size increases, the estimated
probabilities become more accurate. Moreover, under cer-
tain conditions, exact statements are possible regarding
the dependence of probabilistic scores on ensemble size
(Ferro et al., 2008; Leutbecher, 2019; Richardson, 2001;
Siegert et al., 2019). This permits one to adjust estimates
of sample means of scores computed from an n-member
ensemble to an m-member ensemble. When considering
the limit m → ∞, so-called fair scores are obtained. The
notion of fair-scoring rules for ensembles was introduced
by Fricker et al. (2013) under restrictive assumptions of
independence and reliability. Ferro (2014) extends the
concept of fair scores to situation of exchangeable ensem-
ble members and drops the need for reliability. When the
methodology for generating ensemble members provides a
sample of exchangeable forecasts, this can be exploited in
order to obtain meaningful estimates of score differences
between two sets of ensemble forecasts in the large ensem-
ble size limit from numerical experiments with small
ensembles (Leutbecher, 2019). This has the advantage of
making the development process in numerical weather
prediction (NWP) computationally more efficient.

A key assumption required for the derivation of the
ensemble size dependence of the logarithmic score is
that the ensemble members are sampling a multivariate
normal distribution. Nonetheless, climatological distri-
butions of atmospheric weather variables can deviate
considerably from normality (see e.g., Sardeshmukh &
Sura, 2009). Likewise, ensemble forecasts will also exhibit
various levels of deviations from normality depending on
forecast lead time and the variable considered. Therefore,
it is of interest to explore whether the relationships for the
logarithmic score derived under assumptions of multi-
variate normality are useful approximations when applied
to real NWP ensembles. Multivariate verification exam-
ples will be studied for an operational ensemble of the
European Centre for Medium-Range Weather Forecasts
(ECMWF). Since July 2023, the ECMWF’s extended-range
forecasts consist of a daily 100-member ensemble (Vitart
et al., 2022). The resolution of these forecasts is TCo319,
which corresponds to an average mesh size of 36 km. The
methodology will be applied to ensemble sizes from 8 to
100 and a collection of different multivariate verification
scenarios up to a dimension of p = 12. The evaluation
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focuses on upper air variables in the medium range
(day 1–15) verified against analyses.

We will first derive the ensemble size dependence
of the logarithmic score for forecasts issued as multi-
variate normal distributions in Section 2. Then, the data
and verification methodology are described in Section 3.
Subsequently, the dependence on ensemble size of the
logarithmic score and the fair logarithmic score are docu-
mented for several multivariate predictands in Section 4.
Discussion and conclusions follow in Sections 5 and 6
respectively.

2 DERIVATION

In what follows, let x1, x2, … , xn be an independent
sample drawn from a p-dimensional Gaussian distribution
p (𝝁,𝚺) with mean vector 𝝁 and covariance matrix 𝚺,
representing an n-member forecast ensemble, where we
assume that 𝚺 is regular. Furthermore, denote by m and
S the sample mean vector and sample covariance matrix
respectively; that is,

m ∶= 1
n

n∑
i=1

xi and

S ∶= 1
n − 1

n∑
i=1

(xi − m) (xi − m)T.

In general, the sample mean and sample covariance matrix
are unbiased estimators of the corresponding population
mean 𝝁 and population covariance matrix 𝚺; moreover, if
the latter is regular, then for n > p the matrix S is almost
surely regular as well. Note that in the Gaussian case m and
[(n − 1)∕n]S are also the maximum-likelihood estimators
of 𝝁 and 𝚺 respectively (Anderson, 2003, Theorem 3.2.1).

The logarithmic score of a Gaussian predictive distri-
bution p(𝝁,𝚺) for the observation vector y is given by

LogS(𝝁,𝚺; y) =
p
2

log(2𝜋) + 1
2

log(|𝚺|)
+ 1

2
(y − 𝝁)T𝚺−1(y − 𝝁), (1)

where |A| denotes the determinant of a matrix A.
However, in our study we focus on the sample version of
Equation (1):

LogS(m,S; y) =
p
2

log(2𝜋) + 1
2

log(|S|)
+ 1

2
(y − m)TS−1(y − m), (2)

which corresponds to the situation when an n-member
ensemble forecast is transformed to a Gaussian predictive

distribution with mean vector m and covariance
matrix S.

As the following calculations will show, the sample log-
arithmic score specified by Equation (2), is not an unbiased
estimator of the population score defined by Equation (1)
and the bias depends on the ensemble size. Our aim is to
derive an ensemble-size-dependent fair version LogSF

n of
the logarithmic score that is unbiased; that is,

E
[
LogSF

n(m,S; y)
]
= LogS(𝝁,𝚺; y),

where E[⋅] denotes expectation. To derive LogSF
n, first

one has to calculate the expectation of the sample score
LogS(m,S; y), where the two terms depending on the fore-
cast ensemble, referred to as sharpness and reliability, can
be treated separately. Note that the former is a monotone
function of the determinant sharpness (see e.g., Gneiting
et al., 2008), and the latter describes the deviation of the
observation from the ensemble mean normalised with the
ensemble covariances.

2.1 Reliability

Consider first the reliability term

Rel(m,S; y) ∶= 1
2
(y − m)TS−1(y − m),

depending on the squared Mahalanobis distance of the
ensemble mean and the observation vector. Note that for
a Gaussian sample, the sample mean m is also Gaussian
with mean vector 𝝁 and covariance matrix n−1𝚺, whereas
(n − 1)S follows a p-dimensional Wishart distribution
p(n − 1,𝚺) with n − 1 degrees of freedom and scale
matrix 𝚺; moreover, m and S are independent (see e.g.,
Härdle & Simar, 2019, Theorem 5.7).

A short calculation based on the independence of the
sample mean and sample covariance matrix implies

E[2Rel(m,S; y)] = E[(m − 𝝁)TS−1(m − 𝝁)]
+ (y − 𝝁)TE[S−1](y − 𝝁). (3)

Now, the scaled squared Mahalanobis distance of the sam-
ple mean and the population mean

T2 ∶= n(m − 𝝁)TS−1(m − 𝝁)

follows a p-variate Hotelling’s T2-distribution T2
p,n−1

with (n − 1) degrees of freedom (Härdle & Simar, 2019,
Corollary 5.3). Moreover, the T2-distribution T2

p,n−1 is pro-
portional to the F-distribution Fp,n−p with p and n − p
degrees of freedom (Härdle & Simar, 2019, Theorem 5.9),

n − p
p(n − 1)

T2 ∼ Fp,n−p,
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which for n > p + 2 has a mean of (n − p)∕(n − p − 2).
Hence,

E[(m − 𝝁)TS−1(m − 𝝁)] = E
[ 1

n
T2

]
=

p(n − 1)
n(n − p − 2)

if n > p + 2.

(4)

Furthermore, (n − 1)−1S−1 follows a p-dimensional
inverted Wishart distribution −1

p (n − 1,𝚺−1) with n − 1
degrees of freedom; therefore, for n > p + 2 one has

E[S−1] = n − 1
n − p − 2

𝚺−1; (5)

for example, see Anderson (2003, Lemma 7.7.1). Note
that in the scalar case (p = 1) Equation (5) gives back
the second term in the corresponding equation in Siegert
et al. (2019).

Finally, combination of Equations 4 and 5 with
Equation (3) results in

E[Rel(m,S; y)] = n − 1
2(n − p − 2)

×
[p

n
+ (y − 𝝁)T𝚺−1 (y − 𝝁)

]
. (6)

2.2 Sharpness
The sharpness term

Shp(S) ∶= 1
2

log(|S|)
in Equation (2) depends only on the determinant of the
sample covariance matrix, which is also known as sample
generalized variance. In the Gaussian case, the distribu-
tion of |S| is proportional to the distribution of the product
of p independent components, where the ith component
follows a chi-square distribution 2

n−i with n − i degrees
of freedom (see e.g., Anderson, 2003, Theorem 7.5.3). In
particular, |S| ∼ |𝚺|(n − 1)−p

p∏
i=1
𝜉i,

where 𝜉i ∼ 2
n−i, i = 1, 2, … , p. Hence,

E[log(|S|)] = log(|𝚺|) − p log(n − 1) +
p∑

i=1
E[log(𝜉i)]. (7)

Now, we exploit that a chi-square distribution 2
𝜈 with 𝜈

degrees of freedom is equivalent to a Gamma distribution
Γ𝜈∕2,2 with shape 𝜈∕2 and scale 2; (see e.g.,
Equation [4.54] in Wilks, 2019). Thus, log(𝜉i) follows an

exponential-gamma distribution with mean

E[log(𝜉i)] = 𝜓

(n − i
2

)
+ log(2), i = 1, 2, … p, (8)

where 𝜓 denotes the digamma function; see Siegert
et al. (2019, Appendix A1). With Equations 7 and 8,
we have

E[Shp(S)] = 1
2

[
log(|𝚺|) − p log

(n − 1
2

)
+𝜓p

(n − 1
2

)]
, (9)

with

𝜓p

(n − 1
2

)
∶=

p∑
i=1
𝜓

(n − i
2

)
. (10)

Note that the function 𝜓p is known as the multivariate
digamma function, defined as the derivative of the
logarithm of the multivariate gamma function, and
Equation (10) is a direct consequence of the representation
of the latter given by Gupta and Nagar (1999, Theorem
1.4.6).

2.3 The fair logarithmic score

Combining Equation (2) with Equations 6 and 9, one gets

E[LogS(m,S; y)] =
p
2

log(2𝜋) + 1
2

log(|𝚺|)
+ 1

2
n − 1

n − p − 2
(y − 𝝁)T𝚺−1(y − 𝝁)

+ 1
2

[
𝜓p

(n − 1
2

)
− p log

(n − 1
2

)
+

p(n − 1)
n(n − p − 2)

]
. (11)

Now, an unbiased estimator of the population logarithmic
score can be obtained by multiplying the reliability term
in Equation (2) with (n − p − 2)∕(n − 1) and subtracting
the remaining bias, which is then independent of the
population parameters 𝝁 and 𝚺. This approach results in
the following formula of the fair logarithmic score:

LogSF
n (m,S; y) =

p
2

log(2𝜋) + 1
2

log(|S|)
+

n − p − 2
2(n − 1)

(y − m)TS−1(y − m)

− 1
2

[
𝜓p

(n − 1
2

)
− p log

(n − 1
2

)
+

p
n

]
.

(12)

Note that Equation (12) is a direct multivariate generaliza-
tion of the corresponding formula in Siegert et al. (2019).
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2.4 The ensemble-adjusted logarithmic
score

Now, we assume that we have an n-member and an
N-member ensemble forecast (n ≠ N) following the same
Gaussian law and having ensemble mean vectors mn and
mN and ensemble covariance matrices Sn and SN respec-
tively. According to Equation (11),

E[LogS(mn,Sn; y)] ≠ E[LogS(mN ,SN ; y)].

The ensemble-adjusted logarithmic score LogSEA
n→N uses

the mean vector and the covariance matrix estimated
from the n-member ensemble; however, it has the same
expectation as the sample logarithmic score based on
the N-member ensemble; see also Siegert et al. (2019,
section 2). The same arguments as in the case of the fair
logarithmic score lead us to

LogSEA
n→N(mn,Sn; y) =

p
2

log(2𝜋) + 1
2

log(|Sn|)
+ N − 1

N − p − 2
n − p − 2
2(n − 1)

(y − mn)TS−1
n (y − mn)

+
p(N − 1)(n − N)
2nN(N − p − 2)

− 1
2

[
𝜓p

(N − 1
2

)
− 𝜓p

(n − 1
2

)
+ p log

( n − 1
N − 1

)]
,

which generalizes the corresponding formula in Sieger
et al. (2019). Using again Equations 6 and 9, one can easily
verify the required equality

E[LogSEA
n→N(mn,Sn; y)] = E[LogS(mN ,SN ; y)].

Furthermore, short straightforward calculation using

lim
x→∞

[𝜓p(x) − p log(x)] = 0

(see the approximation of 𝜓p(x) in Equation (15)) shows

lim
N→∞

LogSEA
n→N(mn,Sn; y) = LogSF

n(mn,Sn; y);

that is, for an infinitely large ensemble, the ensemble-
adjusted logarithmic score equals the fair one.

2.5 Ensemble size dependence
for reliable ensembles

We now calculate the expected logarithmic score for
reliable n-member ensembles. Members of a reliable
ensemble sample the same p-variate multivariate dis-
tribution p (𝝁,𝚺) as the observation. The expected

squared Mahalanobis distance of the observation from the
distribution mean is given by

Ey(y − 𝝁)T𝚺−1(y − 𝝁) = tr(𝚺−1𝚺) = p, (13)

where tr(A) denotes the trace of a matrix A. The expecta-
tion with respect to the observation of Equations 11 and 1
yields

EyE[LogS(m,S; y)] =
p
2

log(2𝜋)

+ 1
2

log(|𝚺|) + p
2

n − 1
n − p − 2

+ 1
2

[
𝜓p

(n − 1
2

)
− p log

(n − 1
2

)
+

p(n − 1)
n(n − p − 2)

]
,

EyLogS(𝝁,𝚺; y) =
p
2

log(2𝜋) + 1
2

log(|𝚺|) + p
2
,

where Equation (13) has been used to get the expected
squared Mahalanobis distance. The difference between
the two preceding equations is

ΔLogS ∶= EyE[LogS(m,S; y)] − EyLogS(𝝁,𝚺; y)

=
p
2

np + 2n − 1
n(n − p − 2)

+ 1
2

[
𝜓p

(n − 1
2

)
− p log

(n − 1
2

)]
.

(14)

Thus, the difference between the expected logarithmic
score of a reliable n-member ensemble and the expected
logarithmic score of a reliable Gaussian distribution is a
universal function of p and n and does not depend on the
covariance matrix. Figure 1 shows this difference in the

F I G U R E 1 Ensemble size dependence of ΔLogS for reliable
n-member ensemble forecasts of p-dimensional vectors. The
straight sloping lines show the asymptotic behaviour for large
ensemble size given by p(p + 3)∕4n. [Colour figure can be viewed at
wileyonlinelibrary.com]

http://wileyonlinelibrary.com
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expected logarithmic score for ensemble sizes in the range
p + 3 to 104 and vectors with dimensions in the range 1
to 500.

An asymptotic relationship can be derived for
large ensemble size by using an approximation of the
digamma function for large real arguments (see 6.3.18 in
Abramowitz & Stegun, 1964):

𝜓(z) = log(z) − 1
2z

+ O(z−2).

This implies that the multivariate digamma function can
be approximated as

𝜓p(z) = p log(z) −
p(p + 1)

2z
+ O(z−2). (15)

Inserting this in Equation (14) leads to the asymptotic
relationship

ΔLogS =
p(p + 3)

4n
+ O(n−2) (16)

for large ensemble size n. Approximation given by
Equation (16) is very accurate for sufficiently large ensem-
ble size (Figure 1); however, the minimum number of
ensemble members needed for the asymptotic relation-
ship to be sufficiently precise increases with increasing
dimension p of the predicted vector.

3 DATA AND METHODOLOGY

This section introduces the NWP data and the verification
methodology. Multiple multivariate prediction scenarios
are considered at lead times of up to 15 days using opera-
tional ensemble forecasts from ECMWF.

3.1 Forecasts and analyses

In order to consider a large range of ensemble sizes, it
was decided to use data from the extended-range ensem-
ble, which runs daily with 100 perturbed members since
July 2023 (Vitart et al., 2022). The horizontal resolution
of the forecast is about 36 km (TCo319, triangular trun-
cation at horizontal wavenumber 319 with a cubic octa-
hedral grid). Apart from horizontal resolution, time step,
and the larger ensemble size, the configuration of the
extended-range ensemble is identical to the configuration
of the medium-range ensemble. Lang et al. (2021) describe
a recent version of the ensemble methodology used with
ECMWF’s Integrated Forecasting System, where the ver-
sion introduced in July 2023 is known as cycle 48r1 (Lang
et al., 2023).

The ECMWF ensemble forecasts can be considered
as exchangeable with a few exceptions, described in the

following. The generation mechanism for the ensemble
ensures that all members sample initial uncertainties and
model uncertainties from the same underlying distribu-
tion. The atmospheric initial conditions are obtained by
adding perturbations to an unperturbed analysis; that is,
the best estimate of the initial conditions. There are 50
different ensemble of data assimilations (EDA) perturba-
tions, one each for the first 50 ensemble forecasts. The
remaining forecasts reuse the same EDA perturbations;
that is, members 𝑗 and 50 + 𝑗 are constructed with the 𝑗th
EDA perturbation. There are five different initial condi-
tions for the ocean and sea ice, which are reused every five
members. All remaining perturbations are independent
realisations for the 100 members of the extended-range
forecasts. These consist of additional perturbations of the
atmospheric initial conditions based on singular vectors
and the representation of model uncertainties with the
stochastically perturbed parametrisations scheme.

The forecasts are verified against operational ECMWF
analyses. We consider the boreal autumn season with
forecasts starting at 0000 UTC in the period Septem-
ber 1–November 30, 2023, which provides a sample of 91
ensemble forecasts in total.

3.2 Verification

Scores are computed for vector predictands at lead times
of t = 1, 2, … , 15 days, valid at 0000 UTC, where the pre-
dictands are assembled from fields on a regular 1.5◦ × 1.5◦
latitude–longitude grid. The spectral forecast and analyses
fields are truncated at horizontal wave number 120 prior
to the transformation on the grid. We will focus on spa-
tially aggregated results for the northern midlatitudes (35◦
N–65◦ N). Cosine latitude weights are used in the compu-
tation of the spatial averages to account for the area that
grid points represent.

Thirteen different vector predictands with dimension
p ranging from 2 to 12 are considered (Table 1). First,
we look at predictands consisting of single variables on a
set of different locations with a fixed spatial separation.
Let us call such a group of points a stencil. Six config-
urations consist of horizontally distributed points on
2 × 2 and 3 × 3 stencils leading to four-dimensional and
nine-dimensional vectors. The grid points are obtained
through meridional and longitudinal shifts by approx-
imately 1,000 km. Nearest grid points are selected on
the regular latitude–longitude grid for these geome-
tries. A stencil is associated with every grid point of the
latitude–longitude grid, and the scores for that point refer
to that stencil. For the 2 × 2 and 3 × 3 stencils, scores have
been computed for temperature on the 850 hPa level (con-
figurations T850dxdyL4 and T850dxdyL9 respectively),
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T A B L E 1 Configurations of p-dimensional vector predictands.

p Type Variable Levels (hPa) Stencil Configuration

4 Stencil T 850 2 × 2 T850dxdyL4

9 Stencil T 850 3 × 3 T850dxdyL9

4 Stencil ws 850 2 × 2 ws850dxdyL4

9 Stencil ws 850 3 × 3 ws850dxdyL9

4 Stencil z 500 2 × 2 z500dxdyL4

9 Stencil z 500 3 × 3 z500dxdyL9

3 Profile z 200, 500, 925 1 z200to925L3

6 Profile z 200, … , 925 1 z200to925L6

2 Vector wind u, v 850 1 uv850L2

2 Vector wind u, v 500 1 uv500L2

2 Vector wind u, v 200 1 uv200L2

4 Vector wind profile u, v 200, 850 1 uv200to850L4

12 Vector wind profile u, v 200, … , 925 1 uv200to925L12

T: temperature; ws: wind speed; z: geopotential; u: zonal wind component; v:d meridional wind component.

wind speed on the 850 hPa level (configurations
ws850dxdyL4 and ws850dxdyL9 respectively), and 500 hPa
geopotential (configurations z500dxdyL4 and z500dxdyL9
respectively).

Two configurations consist of profiles; these are pre-
dictands in a column consisting of vertically separated
fields on three and on six pressure levels. The predictands
are geopotential on the 200, 500, and 925 hPa levels and
on the 200, 300, 500, 700, 850, and 925 hPa levels. These
three-dimensional and six-dimensional configurations are
referred to as z200to925L3 and z200to925L6 respectively.

The next three two-dimensional configurations con-
sist of horizontal vector wind at three different pres-
sure levels and are referred to as uv200L2, uv500L2, and
uv850L2. The final two configurations consist of pro-
files of vector wind on two (six) pressure levels leading
to the four-dimensional (12-dimensional) configurations
uv200to850L4 and uv200to925L12.

Scores are computed for ensemble sizes of n = 8, 12,
16, 24, 32, 64, and 100 members. Computations for small
ensembles are omitted for configurations with dimension
p > n − 3 as this violates the assumptions in the derivation
of the fair logarithmic score.

3.3 Testing multivariate normality

Both the fair and the ensemble-adjusted logarithmic
scores, introduced in Sections 2.3 and 2.4 respectively,
are derived under the assumption of multivariate normal-
ity, and the same applies to the asymptotic formulae of
Section 2.5. To investigate whether the forecast vectors
studied in Section 4 follow a multivariate Gaussian law,

in accordance with the recommendations of Mecklin and
Mundfrom (2005) based on extended Monte Carlo sim-
ulations, we consider the Henze–Zirkler test (Henze &
Zirkler, 1990). Using the notation of Section 2, for a
p-dimensional sample x1, x2, … , xn with sample mean
vector m and biased sample covariance matrix Sn ∶=
[(n − 1)∕n]S, the Henze–Zirkler test statistics is defined as

Tn,𝛽(p) ∶=
1
n

n∑
i=1

n∑
𝑗=1

e−(𝛽2∕2)Di𝑗 + n(1 + 2𝛽2)−p∕2

− 2(1 + 𝛽2)−p∕2
n∑

i=1
e−[𝛽2∕2(1+𝛽2)]∕Di ,

where

Di𝑗 ∶= (xi − x𝑗)TS−1
n (xi − x𝑗),

Di ∶= (xi − m)TS−1
n (xi − m),

and, following the suggestions of Henze and Zirkler
(1990), smoothing parameter 𝛽 > 0 is chosen as

𝛽 = 1√
2

[
n(2p + 1)

4

]1∕(p+4)

. (17)

In fact, Tn,𝛽(p) is proportional to the L2 distance between
the kernel density estimator applied to the standardized
sample with a p-dimensional standard Gaussian ker-
nel and the Gaussian distribution expected under the
null hypothesis. The smoothing parameter specified in
Equation (17) corresponds to the optimal bandwidth of
the kernel density estimator (Silverman, 1986, section 4.2).
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If the sample is drawn from a multivariate Gaussian
distribution, then the limiting distribution of Tn,𝛽(p) as
n → ∞ is approximately log-normal with mean 𝔪𝛽,p and
variance 𝔰2

𝛽,p, where

𝔪𝛽,p = 1 − (1 + 2𝛽2)−p∕2
[

1 +
p𝛽2

1 + 2𝛽2 +
p(p + 2)𝛽4

2(1 + 2𝛽2)2

]
,

𝔰2
𝛽,p = 2(1 + 4𝛽2)−p∕2 + 2(1 + 2𝛽2)−p

×
[

1 +
2p𝛽4

(1 + 2𝛽2)2 +
3p(p + 2)𝛽8

4(1 + 2𝛽2)4

]
− 4𝜔−p∕2

[
1 +

3p𝛽4

2𝜔
+

p(p + 2)𝛽8

2𝜔2

]
,

with 𝜔 ∶= (1 + 𝛽2)(1 + 3𝛽2). Hence, log(Tn,𝛽(p)) is
approximately Gaussian with mean 𝜇𝛽,p and variance 𝜎2

𝛽,p
given as

𝜇𝛽,p = log
⎛⎜⎜⎜⎝

𝔪2
𝛽,p√

𝔰2
𝛽,p +𝔪2

𝛽,p

⎞⎟⎟⎟⎠ and

𝜎2
𝛽,p = log

(
1 +

𝔰2
𝛽,p

𝔪2
𝛽,p

)
.

Thus, the significance of multivariate normality can be
tested using the Wald test statistic,

Z ∶=
log(Tn,𝛽(p)) − 𝜇𝛽,p

𝜎𝛽,p
, (18)

which for large sample sizes n is approximately standard
Gaussian. Negative (positive) values of the Wald test

statistic Z imply that the sampled distribution is closer
to (further away from) a multivariate normal distribu-
tion than would be expected on average due to sampling
uncertainty.

4 RESULTS

In this section we discuss the behaviour of the logarith-
mic score and its fair version for the various multivariate
predictands introduced in Section 3.2. First, the results for
predictands consisting of stencils of points are described,
which is followed by forecasts corresponding to profiles.
Finally, our findings for vector wind and profiles of vector
wind are reported.

4.1 Stencils

Figure 2 shows the logarithmic score for 850 hPa tem-
perature verified on the 2 × 2 stencil. This corresponds
to a four-dimensional predictand of four points separated
horizontally by 1,000 km. The logarithmic score decreases
considerably with ensemble size (Figure 2a). For instance,
the 6-day prediction with 100 members has a smaller loga-
rithmic score than the 2-day prediction with 12 members.
In contrast, the fair logarithmic scores for the different
ensemble sizes are very similar (Figure 2b). At early lead
times, up to 2 days, the score values are practically iden-
tical, whereas at longer lead times the values of the fair
logarithmic score for the smallest ensemble sizes (8 and 12
members) tend to be slightly larger than the score values
for the larger ensemble sizes.

)b()a(

(days) (days)

F I G U R E 2 Ensemble size dependence of (a) logarithmic score and (b) fair logarithmic score for the four-dimensional predictand of
850 hPa temperature on the 2 × 2 stencil of points (configuration t850dxdyL4). The ensemble size ranges from n = 8 to n = 100. [Colour
figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com
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For the eight-member ensemble, the logarithmic score
does not increase with lead time up to day 4, yet the fair
logarithmic score increases monotonically with lead time.
One may wonder how the adjustment is able to make
such a qualitative change. This can be understood by
looking at the lead time dependence of the reliability term
and sharpness term in isolation (not shown). The former
decreases monotonically with lead time, whereas the lat-
ter increases with lead time. When both terms are added,
the increase and decrease of the two terms approximately
cancel for early lead times for the eight-member ensemble.
For larger ensemble sizes, the increase of the sharpness
term is larger than the decrease in the reliability term.
The multiplicative correction (n − p − 2)∕(n − 1) reduces
the contribution of the reliability term in the fair loga-
rithmic score defined by Equation (12), and thereby the
increase of the score with lead time is revealed through the
adjustment.

Figure 3 shows the corresponding results for 850 hPa
for the 3 × 3 stencil. Again, adjacent points in the stencil
are separated horizontally by 1,000 km but the sten-
cil now covers a larger area than the 2 × 2 stencil. The
dependence of the logarithmic score on ensemble size
for this nine-dimensional predictand is more pronounced
than for the four-dimensional predictand of the 2 × 2
stencil (compare Figures 3a and 2a), whereas the fair
logarithmic score again exhibits only a tiny dependence
on ensemble size (Figure 3b). Note that results for the
12-member ensemble have been omitted from the figure to
avoid an excessive increase in the range of the y-axis as
the logarithmic score reaches values of 100. However,

the adjustment of the fair score still works very well
for the 12-member ensemble even though the difference
in the logarithmic score between 12 and 100 members is
enormous.

In addition to 850 hPa temperature, the 850 hPa wind
speed and 500 hPa geopotential have been verified for the
stencil predictands. Table 2 lists differences in logarithmic
scores between 8 and 100 members at days 2 and 5 for
the 2 × 2 stencils, together with the ratio R of the differ-
ence of the fair logarithmic scores to the corresponding
difference of the logarithmic scores. This ratio quantifies
how well the ensemble size adjustment in the fair scores
works. Results for wind speed and geopotential are consis-
tent with the results for 850 hPa temperature: differences
in the logarithmic scores are between 5 and 10, whereas
the deviations in the fair logarithmic score do not exceed
0.3. Table 3 contains the score differences between 16 and
100 members and the corresponding ratios R for both the
2 × 2 and the 3 × 3 stencils and the three variables. The log-
arithmic score differences for the 3 × 3 stencils are about
an order of magnitude larger than the score differences
for the 2 × 2 stencils. Furthermore, the R values suggest
that the ensemble size adjustment works at least as well
for the nine-dimensional predictands of the 3 × 3 stencil
as for the four-dimensional predictands of the 2 × 2 sten-
cils. The ratio reaches its largest value of 0.09 for 2 × 2
stencils of temperature at 850 hPa at day 5, and, in gen-
eral, the value of R tends to be larger at day 5 than at
day 2. In terms of the three variables, the adjustment works
best for geopotential, followed by wind speed and then
temperature.

)b()a(

(days) (days)

F I G U R E 3 Ensemble size dependence of (a) logarithmic score and (b) fair logarithmic score for the nine-dimensional predictand of
850 hPa temperature on the 3 × 3 stencil of points (configuration t850dxdyL9). The ensemble size ranges from n = 16 to n = 100. [Colour
figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com
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T A B L E 2 Difference (ΔLogS) between the logarithmic scores of the eight-member ensemble and the 100-member ensemble,
difference (ΔfLogS) between the fair logarithmic scores for the two ensemble sizes and ratio (R ∶= ΔfLogS∕ΔLogS) of the score differences at
lead times of 48 hr and 120 hr.

Day 2 Day 5

Configuration 𝚫LogS 𝚫fLogS R 𝚫LogS 𝚫fLogS R
t850dxdyL4 9.42 0.063 0.01 7.50 0.318 0.04

ws850dxdyL4 7.60 0.040 0.01 6.48 0.159 0.02

z500dxdyL4 5.24 0.006 0.00 6.06 0.121 0.02

z200to925L3 2.54 0.034 0.01 2.48 0.103 0.04

uv200L2 0.84 0.022 0.03 0.89 0.051 0.06

uv500L2 0.96 0.023 0.02 0.91 0.055 0.06

uv850L2 1.19 0.033 0.03 1.05 0.088 0.08

uv200to850L4 7.21 0.039 0.01 6.86 0.210 0.03

Note: All configurations of verification vectors with p + 3 ≤ 8 are shown.

T A B L E 3 Difference (ΔLogS) between the logarithmic scores of the 16-member ensemble and the 100-member ensemble, difference
(ΔfLogS) between the fair logarithmic scores for the two ensemble sizes and ratio (R ∶= ΔfLogS∕ΔLogS) of the score differences at lead times
of 48 hr and 120 hr.

Day 2 Day 5

Configuration 𝚫LogS 𝚫fLogS R 𝚫LogS 𝚫fLogS R
t850dxdyL4 1.57 0.033 0.02 1.15 0.102 0.09

t850dxdyL9 16.15 0.025 0.00 11.23 0.284 0.03

ws850dxdyL4 1.21 −0.001 −0.00 1.02 0.065 0.06

ws850dxdyL9 12.75 0.005 0.00 10.04 0.192 0.02

z500dxdyL4 0.77 −0.019 −0.03 0.92 0.036 0.04

z500dxdyL9 9.63 −0.033 −0.00 9.87 0.174 0.02

z200to925L3 0.56 0.009 0.02 0.55 0.043 0.08

z200to925L6 4.15 0.098 0.02 3.26 0.252 0.08

uv200L2 0.23 0.006 0.03 0.25 0.019 0.08

uv500L2 0.26 0.002 0.01 0.26 0.022 0.09

uv850L2 0.34 0.009 0.03 0.30 0.034 0.12

uv200to850L4 1.17 0.026 0.02 1.06 0.069 0.07

uv200to925L12 68.83 0.202 0.00 55.09 0.663 0.01

Note: All 13 configurations of verification vectors are shown.

4.2 Profiles

Now, we consider profiles; that is, predictands consisting
of a single variable at multiple levels. Figure 4 shows
the logarithmic score of geopotential at six pressure
levels between 200 hPa and 925 hPa. Again, the loga-
rithmic score has a pronounced sensitivity to ensemble
size. The 2-day prediction with 16 members has a larger
logarithmic score than the 5-day prediction with 100
members (Figure 4a). The adjustment in the fair loga-
rithmic score removes most of the sensitivity to ensemble
size (Figure 4b). The adjustment works best for early
lead times, which is consistent with the results for the
stencils.

Tables 2 and 3 list results for a three-dimensional
predictand composed of geopotential at 200, 500, and
925 hPa under configuration z200to925L3. Table 3 also
contains the results for the six-dimensional configura-
tion z200to925L6 shown in Figure 4. The results imply
that the ensemble size adjustments for the geopotential
profiles work equally well for the three-dimensional and
six-dimensional predictands.

4.3 Vector wind

Next, two-dimensional predictands consisting of the hor-
izontal wind components u and v at a single location are
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)b()a(

(days) (days)

F I G U R E 4 Ensemble size dependence of (a) logarithmic score and (b) fair logarithmic score for the six-dimensional predictand of
geopotential on the levels of 200, 300, 500, 700, 850, 925 hPa (configuration z200to925L6). The ensemble size ranges from n = 12 to n = 100.
[Colour figure can be viewed at wileyonlinelibrary.com]

considered. Scores have been computed for vector wind at
200, 500, and 850 hPa. Results are listed in Tables 2 and
3 under configurations uv200L2, uv500L2, and uv850L2.
The score adjustment in the fair logarithmic score works
well overall for vector wind. As for all previously shown
results, the adjustment is very precise (|R| ≤ 0.03) at day 2
and a bit less accurate (|R| ≤ 0.08) at day 5 (Table 2). Fur-
thermore, there is also an indication that the adjustment
at day 5 works slightly better at 200 and 500 hPa than at
850 hPa.

4.4 Profiles of vector wind

Lastly, we consider forecasts consisting of horizontal vec-
tor wind at multiple levels. Figure 5 shows the logarithmic
scores of the 12-dimensional predictand of vector wind at
six pressure levels between 200 and 925 hPa. This is the
highest dimensional example considered in this study and
it exhibits the largest sensitivity to ensemble size of all
the 13 configurations considered. The 15-day 100-member
ensemble forecast has a lower logarithmic score than the
2-day 24-member ensemble forecast (Figure 5a); never-
theless, the score adjustment again reduces the sensitivity
to ensemble size to a large extent (Figure 5b). Consistent
with all earlier results, the adjustment is nearly perfect for
early lead times up to day 2 and than degrades slightly
with increasing lead time. Scores have been computed
also for a 16-member ensemble. The logarithmic scores
reach values of about 90 and have been excluded from the
figure as this would have required an excessive range for
the y-axis. However, the score adjustment still works well

despite having to make large corrections (cf. configuration
uv200to925L12 in Table 3).

Scores have been computed as well for the
four-dimensional predictand of vector wind at 200 and
850 hPa (configuration uv200to850L4). Results for this
configuration are included in Tables 2 and 3. The score
adjustment also works well for this lower dimensional
predictand and is not worse than the adjustment of vector
wind at single levels.

4.5 Deviation from normality

It is expected that ensemble forecasts generally sample
distributions that do not follow a multivariate Gaussian
distribution. In order to quantify the level of deviation
from normality, the Henze–Zirkler test statistic introduced
in Section 3.3 has been computed for all 100-member
ensemble forecasts, and the corresponding Wald test statis-
tic Z defined in Equation (18) has been averaged over all
forecast start dates and all grid points in the northern mid-
latitudes. In addition, multivariate normal distributions
have been sampled in order to obtain reference values for
the null hypothesis.

The deviation from normality varies with the particu-
lar configuration of the predictands and the forecast lead
time (Figure 6). The values of the Wald test statistic are
smallest at early lead times and then rapidly grow. Several
configurations of predictands have the largest deviations
from normality in the medium range between day 4 and
day 8 and then become again somewhat closer to Gaussian
distributions. An exception is the configuration with the

http://wileyonlinelibrary.com


12 LEUTBECHER and BARAN

)b()a(

(days) (days)

F I G U R E 5 Ensemble size dependence of (a) logarithmic score and (b) fair logarithmic score for the 12-dimensional predictand of
horizontal vector wind on the levels of 200, 300, 500, 700, 850, and 925 hPa (configuration uv200to925L12). The ensemble size ranges from
n = 24 to n = 100. [Colour figure can be viewed at wileyonlinelibrary.com]

)b()a(

(days) (days)

F I G U R E 6 Wald test statistic Z based on the Henze–Zirkler test for multivariate normality. The values are computed from
100-member ensemble forecasts and are averaged over start dates and the northern midlatitudes verification region. Results for (a) vector
wind at single levels and (b) the four configurations shown in Figures 2–5. Also shown are numerical estimates of the mean Wald test statistic
for the null hypothesis of a p-variate normal distribution (horizontal black lines with the same line style as the numerical weather prediction
data). [Colour figure can be viewed at wileyonlinelibrary.com]

vector wind profile uv200to925L12, which after day 1
results in a monotone increasing Wald test statistic with
a maximum at a lead time of 15 days. The configurations
of wind speed on the stencils also exhibit monotonously
growing deviations from normality up to day 15 (not
shown).

The condition |Z| ≥ 1.96 indicates a significant
deviation from normality for individual forecasts at the
5% level, since the Wald test statistic Z follows a standard
Gaussian law under multivariate normality. The frequency

T A B L E 4 Mean Wald test statistic values Z for p-variate
uniform distributions. Values have been estimated numerically
from a sample size of 105.

p 2 3 4 6 9 12⟨Wald⟩ 3.225 3.450 3.423 3.039 2.435 2.053

of individual forecasts that deviate substantially from
multivariate normality as diagnosed by |Z| > 3 has been
computed for all configurations of verification vectors (not

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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(a) n = 6 (b) n = 12

(c) n = 100 (d) n = 6

F I G U R E 7 Logarithmic scores for n-member ensemble forecasts of a bivariate predictand. (a)–(c) The scores for ensemble sizes (a)
n = 6, (b) 12, and (c) 100. (d) The fair logarithmic score for a six-member ensemble. The members have perfectly reliable marginal
distributions with unit variance. The observed correlation of the components of the predictand is 0.9. The correlation of the components in
the sampled predictive distribution is varied between 0.64 and 0.96. Scores are estimated numerically from a sample of 106 ensemble
forecasts for each correlation value. [Colour figure can be viewed at wileyonlinelibrary.com]

shown). Large (small) values of Z coincide with high (low)
frequencies of |Z| > 3. The averaged frequencies show the
highest values at similar forecast lead times as the average
value of Z. The frequencies reach peaks between about
15% and 25% for the vector wind configurations uv…L2.
For the configurations of t850dxdyL4 and t850dxdyL9
the largest frequencies are about 60% at day 7, and for
z200to925L6 and uv200to925L12 the frequencies exceed
80% after day 7.

The fair logarithmic scores (Figures 2–5, Tables 2 and
3) show the least dependence on ensemble size at early
lead times, when deviations from normality are smallest,
as one might expect. Vice versa, large deviations from
normality, as quantified by the Wald test statistic, tend to

coincide with slightly larger ensemble size dependence
of the fair logarithmic score. For instance, configuration
z200to925L6 exhibits a peak of the Wald test statistic at
day 8, and this coincides roughly with the largest ensemble
size dependence of the fair logarithmic score (Figure 4b).
Likewise, the maximum Wald values for configuration
uv200to925L12 at day 15 coincide with the largest spread
among ensemble sizes of the fair logarithmic scores
(Figure 5b).

In order to gauge how large the deviations from nor-
mality are in the different configurations, we have also
computed mean Wald test statistic values for p-variate
uniform distributions (Table 4). These are in the range
from 2 to 3 depending on the dimension p. Therefore, we

http://wileyonlinelibrary.com
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conclude that mean Wald values exceeding values of about
2 would suggest substantial deviations from normality.
These occur in several configurations except for vector
wind at single levels.

5 DISCUSSION

Scores play a role when developing ensemble forecast
systems. In order to increase the computational effi-
ciency of the development process it is beneficial to test
ensemble configurations with fewer members than in the
operational ensemble. In this context, the ensemble size
dependence matters even if one always compares ensem-
ble forecasts with the same number of members. Siegert
et al. (2019) emphasize this point for the logarithmic
score in the univariate case. They show that the ensem-
ble variance minimising the logarithmic score depends
on ensemble size. For small ensembles, an overdisper-
sive ensemble appears superior to an ensemble with the
correct amount of variance. To avoid problems due to
extrapolating results obtained with small ensembles, fair
scores are crucial. They permit one to correctly predict the
score differences of ensemble configurations in the limit
of large ensemble size from numerical experiments that
have only a few members.

When comparing ensemble skill with the logarithmic
score for multivariate predictands this is equally impor-
tant. To illustrate this, let us consider an ensemble pre-
diction of a two-dimensional vector. We assume that the
sampled marginal distributions of the vector components
are perfectly reliable while the correlation between the
components may have an error. Let 𝜚o and 𝜚f denote the
correlations between the components for the observa-
tion y and the forecasts x respectively. We assume that
observations and forecasts sample the bivariate normal
distributions

x ∼ 2

(
𝝁,

(
1 𝜚f

𝜚f 1

))
and

y ∼ 2

(
𝝁,

(
1 𝜚o

𝜚o 1

))
.

Figure 7a–c shows the logarithmic score for different
predictive correlations 𝜚f and three ensemble sizes when
𝜚o = 0.9. The minimum of the logarithmic score is at
𝜚f = 𝜚o only for the 100-member ensemble. The six- and
12-member ensembles have the score minimum at weaker
correlations. In contrast, the fair logarithmic score com-
puted from just six members has the score minimum at
the correct correlation (Figure 7d).

Wilks (2017) examined metrics for assessing mul-
tivariate calibration and found that in many cases of

miscalibration the Gaussian BOT proposed by Gneiting
et al. (2008) was the most sensitive metric. However,
Wilks (2017) cautioned that a large ensemble size n ≫ p is
required for the practical usability of the BOT. We expect
that the logarithmic score will exhibit a sensitivity to mis-
calibration similar to the BOT as the BOT simply assesses
the distribution of the reliability term of the logarithmic
score (see Section 2.1). As shown here, the demand on
large ensemble sizes identified by Wilks (2017) can be
dropped when the fair logarithmic score is used as the
metric. Thus, the fair logarithmic score is expected to
be a practical metric to monitor multivariate calibration
together with sharpness.

This study has highlighted how the logarithmic score
scales with the dimension p of the predictand and ensem-
ble size n (see Figure 1). With increasing dimension of
the predictand, ensemble size has to increase quadrat-
ically to achieve the same score improvement in the
logarithmic score. It may be challenging to drastically
increase ensemble size beyond 100 for traditional NWP
ensembles. Multivariate postprocessing techniques (Lerch
et al., 2020; Schefzik & Möller, 2018) could help to bet-
ter estimate dependency structures for higher dimensional
predictands. It is an interesting research question whether
these methods might help to boost skill as measured with
the logarithmic score without the need to increase ensem-
ble size quadratically as the dimension of the predictand
increases.

6 CONCLUSIONS

This work has been concerned with the logarithmic score
for vector predictands and its dependence on ensemble
size. An adjustment to the logarithmic score has been
derived under the assumption that the ensemble forecasts
can be considered independent realisations from a multi-
variate normal distribution and the score is computed from
the normal distribution with mean and covariance deter-
mined by the ensemble forecasts. This generalises earlier
work by Siegert et al. (2019) for scalar predictands. The
adjustment, which involves a multiplicative correction as
well as additive ones, can be used to estimate the logarith-
mic score of an N-member ensemble from the logarithmic
score of an n-member ensemble. When the limit N → ∞
is considered, one obtains the fair logarithmic score for
p-dimensional vector predictands under the assumption of
normality.

In NWP, ensemble forecasts are expected to exhibit
considerable deviations from normality. Therefore, the
derived adjustment of the logarithmic score can only
approximate the actual ensemble size dependence. In
order to judge its usefulness in such situations, a range of
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different multivariate predictands with dimensions from
2 to 12 have been considered. The data come from the
extended-range forecasts of ECMWF. These forecasts are
initialised daily and have 100 perturbed members that are,
to first order, exchangeable. Forecasts initialised in boreal
autumn 2023 have been verified and results are focused on
the midlatitudes of the Northern Hemisphere. The ensem-
ble size is varied between 8 and 100 by selecting subsets of
members. Forecasts of instantaneous values up to day 15
are considered here.

The results demonstrate how sensitive the logarith-
mic score is to ensemble size, in particular for the higher
dimensional predictands. The ensemble size adjustment
works extremely well at early lead times up to day 2 and
is still considered good enough for practical use at longer
lead times. In order to quantify how large the deviations
from multivariate normality are in the NWP ensemble
forecasts, a statistic proposed by Henze and Zirkler (1990)
has been computed. This diagnostic shows that devia-
tions from normality quickly increase with lead time,
peaking somewhere between day 4 and day 15 depend-
ing on the predictand considered. The largest deviations
from normality were observed for vector wind profiles
(p = 12), whereas the smallest ones appeared for vector
wind at a single pressure level (p = 2) at early lead times.
Although substantial deviations from normality are diag-
nosed, the ensemble size adjustment still approximates the
true ensemble size dependence well.

Here, the focus has been on the application of the
ensemble size adjustment of the logarithmic score to the
verification of medium-range weather forecasts. However,
the methodology is generic and could be exploited in many
other fields. Given its robustness in situations with some
deviation from normality, it is expected to be of wider
interest. It may become a useful tool in model develop-
ment, in particular for computationally demanding mod-
els where large ensembles are not desirable. In such sit-
uations, using the fair logarithmic score together with
moderate ensemble sizes promises a more efficient devel-
opment process due to savings in computing resources and
faster turnaround times.
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