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Bevezetés

A semleges atomok és atomi ionok ultrahideg, jóval 1 millikelvin alatti, hőmérsék-letekre történő lézeres hűtésére és csapdázására irányuló kutatások olyanjelentős eredményekhez vezettek, mint például a kvantumdegenerált gázok előál-lítása vagy egyetlen csapdázott ion precíz manipulálása. Mintegy 25 évvel ezelőttmerült fel a két kísérleti technika egyesítésének gondolata, amely lehetővé tennéaz atom-ion kölcsönhatások kvantummechanikai természetének vizsgálatátezekben az úgynevezett hibrid csapdákban. Az ultrahideg semleges atomi gá-zokban nagy részecsketávolságoknál a dinamikát az R−6 szerint változó vander Waals-kölcsönhatás határozza meg. A hibrid csapdákban azonban az R−4

távolságfüggést mutató, töltés - indukált dipólus közötti kölcsönhatás dominál.A kvantummechanikai tartomány elérése ezért továbbra is jelentős kihívástjelent, mivel ehhez még alacsonyabb hőmérsékletekre van szükség. Az ilyenhibrid rendszerek többek között a töltéstranszport és a kvantumgázokban je-len lévő szennyeződések vizsgálatára is alkalmasak lehetnek, emellett ígéreteslehetőséget kínálnak a kvantum-szimulátorok területén.
A jelen doktori munka alkálifém atomok és alkáliföldfém ionok ultrahidegütközéseinek kvantummechanikai leírásával foglalkozik, különös tekintettelazokra a rugalmatlan folyamatokra, amelyek a csapdázott részecskék számánakcsökkenéséhez vezethetnek. Doktori munkám során két, kísérleti szempontbólreleváns, ütközési rendszert vizsgáltam: Li-atomok Ba+ ionokkal, valamint Rb-atomok Sr+-ionokkal történő ütközését, ahol az iont mindkét esetben metastabilgerjesztett állapotba preparálták. A disszertáció a kutatási terület áttekin-tésével kezdődik, a kísérletileg megvalósult atom-ion kombinációkra fókuszálva.Ezt követően bemutatom ezen rendszerek elméleti leírásához szükséges mód-szereket. A molekulaionok leírását a Born-Oppenheimer közelítés keretébentárgyalom, amely a csoportunkban fejlesztett kvantumkémiai programmal számí-tott potenciális energia görbék meghatározásának alapját képezi. Ismertetemaz impulzusmomentumok csatolásának alapjait a Hund-féle csatolási esetekenkeresztül, valamint bevezetem a munkám szempontjából kulcsfontosságú spin-pálya kölcsönhatást. Ezt követően bemutatom a Langevin-modellt, amely azatom-ion ütközések hasznos klasszikus leírását adja. Munkám alapját a kvan-tummechanikai szóráselmélet képezi, amelynek főbb lépéseit, valamint az általamhasznált és továbbfejlesztett numerikus programot mutatom be. A módszer al-kalmazása során két lépés játszott meghatározó szerepet. Egyrészt az atom-ionkölcsönhatást, amely a molekulaionhoz kötött koordinátarendszerben egysze-rűbben írható le, a dinamikai számolásokhoz a laboratóriumi vonatkoztatási



rendszerbe kell transzformálni, ami szükségessé tette a vonatkoztatási rendsze-rek közötti transzformációt. Másrészt az atom-ion kölcsönhatások összetettségétmegfelelően kell modellezni, ami esetünkben kvázi-diabatikus eljárások alkalma-zását jelentette. A disszertáció utolsó részében a Li/Ba+ és Rb/Sr+ rendszerekrevonatkozó eredményeimet mutatom be. A vizsgálatok több egymással versengőrugalmatlan folyamatot tártak fel, köztük a nem-radiatív töltéskicserélődést, azelektronikus gerjesztési kicserélődést és a finomszerkezeti legerjesztődést. Aszámított hatáskeresztmetszetek és reakciósebességek jó egyezést mutatnak arendelkezésre álló kísérleti adatokkal. Az eredmények rámutatnak a spin-pályakölcsönhatás és a rotációs csatolás erős együttes hatására, amely az alapállapotúrészecskék ultrahideg ütközéseire általában nem jellemző. A disszertációt a jövő-beli kutatási lehetőségek bemutatásával zárom, amelyek közé tartozik többekközött a modellünkben a részecskék Zeeman-alszintjeinek figyelembevétele,valamint a módszer kiterjesztése más, kísérleti szempontból lényeges atom-ionrendszerre.
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Chapter 1

Introduction

The ability to manipulate atomic systems at ultracold temperatures (i.e. whenatoms have kinetic energiesE equivalent to temperatures T = E/kB well below 1millikelvin) has opened a unique window into the quantum world. In this regime,the wave-like nature of matter becomes dominant and observable, providing pro-found insights into the fundamental laws of quantum theory and the intricate cou-pling between matter and radiation. Beyond their fundamental importance, mas-tering these controllable quantum systems is a prerequisite for the advancementof next-generation quantum technologies. Trapped and laser-cooled atomic andionic systemshave been extensively used to explore the quantumworld, achievingremarkable results in fields such asmetrology and atomic clocks [1,2], quantum in-formation [3–7], few- and many-body physics [8–12], cold chemistry [13], precisionmeasurements [14], quantum simulation [15, 16], and ultracold molecules [17–19].
During the past three decades, a new field has emerged that combines theseplatforms to investigate the quantum nature of atom–ion interactions, giving riseto the concept of hybrid traps. For trapping ions, the most commonly used trapis the radio-frequency quadrupole trap or Paul trap developed by Dehmelt andPaul [20], although the so-called Penning trap is used occasionally [21]. Hybridtraps combine the advantages of atomic and ionic platforms. They offer a highdegree of control and individual addressing typical of ion-based systems, togetherwith long coherence times and scalability of atomic systems. Experiments in hy-brid traps span a wide range of research areas, including many-body and po-laron physics [22–27] and charge mobility [28, 29]. Further applications includequantum simulation [30–32], quantum chemistry [33–39], and quantum informa-tion [40–43].
Experimental investigations began in 2003 when Makarov et al. proposed asetup including a trap for ultracold atoms combined with a trap for laser-cooledions in the same confined space [44]. Two years later, Smith et al. successfully im-plemented this approach to investigate Na-Ca+ collisions [33]. A magneto-opticaltrap (MOT) is used for trapping and cooling neutral atoms. This type of trap usu-ally includes counter-propagating laser beams in combination with two separatedcoils in anti-Helmholtz configuration. The first realization of a MOT was reportedin 1987 by Raab et al. to trap and cool sodium atoms [45]. In the next Chapter, I
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provide more information about experimental developments in relation with mythesis project.
The dynamics of ultracold gases is dominated by long-range interactions. Neu-tral atoms interactions are of van der Waals type, varying as 1/R6 where R de-notes the interparticle separation. Hybrid traps offer the opportunity to studyand control ion-atom interactions which vary as 1/R4, thus with a range signifi-cantly longer than in the van der Waals regime. Therefore, the quantum regime(i.e. when the interparticle dynamics is involving a single partial wave) is moredifficult to observe, as it requires temperatures which are much lower than forneutral atoms. A limiting factor for reaching the quantum regime is the micromo-tion which is generated by the Paul trap since it uses radio-frequency field to trapthe ion. When the ion shifts from the trap center, micromotion appears, leadingto heating of the ion. Moreover, the electromagnetic fields must be precisely con-trolled, because the charged particles are sensitive to any stray fields. However,a new trapping technique was developed in 2020 [46], which uses an optical fieldto trap the ion, thus eliminating micromotion. However, reaching the quantumregime remains challenging, and the method has not yet been widely adopted.Heating effects still remain due to spontaneous scattering of photons from thehigh-intensity laser field.
The thesis focuses on a particular class of mixed systems that includeseasily laser-coolable alkali-metal atoms (AM) and alkaline-earth ions (AE+). ForAM atoms, cooling is typically achieved via the closed optical cycling transitionbetween ground state 2S1/2 and the lowest excited state 2P1/2,3/2. In AE+, thesame cooling scheme is used with an important difference: the excited 2P1/2,3/2states can decay to metastable 2D3/2,5/2 states located in between the 2S1/2 and

2P1/2,3/2 states. These states are dark for the cooling lasers, therefore repumperlasers are required to drive the 2D3/2,5/2 states to the 2P1/2,3/2 ones. The achiev-able temperatures for the atoms are in the nK range, while for the ions it canbe in the µK range. The excited state in the cooling scheme may generate noveldynamics in the hybrid trap, as emphasized in [47]. Understanding and modelingdynamics leading to ion losses is crucial because it enables full control of thehybrid trap and reveals details of the ion-atom interactions, which can be verycomplex despite the apparent simplicity of the system, each with a single valenceelectron.
The thesis is structured as follows. Chapter 2 presents a selection of exist-ing atom–ion hybrid trap experiments including combinations of AM-AE+ andAM-AM+ species. Chapter 3 summarizes the theoretical framework underlyingmy research. It describes the widely applied Born-Oppenheimer approximationin molecular physics, Hund’s coupling cases for angular momenta, elements ofcomputational approaches to determine the electronic structure of diatomicmolecules, and asymptotic models of spin–orbit interactions. The chapter thenshifts to the classical Langevin model for atom-ion collisions, followed by thefoundations of quantum scattering theory. This part discusses the scatteringamplitude, cross sections, and partial-wave expansion. It also outlines themethodology for solving coupled-channel equations. Finally, it introduces thescattering matrix which is used to derive transition probabilities and crosssections.
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Electronic structure and spin–orbit couplings are conveniently defined in thebody-fixed coordinate system, which rotates with the molecule. However, experi-mental observations aremade in the space-fixed (laboratory) frame. A basis trans-formation is required to rigorously describe the dynamics, which is detailed inChapter 4.The Born–Oppenheimer approximation breaks down at certain internucleardistanceswhere avoided crossings occur in the potential energy curves. This leadsto mixing between electronic states. The treatment of these non-adiabatic ef-fects that I achieved in this work relies upon an original quasi-diabatization ap-proach developed in our group which is presented in Chapter 5. Such a quasi-diabatization procedure yieldsR-dependent spin-orbit couplings, and in a secondstep, allows for the treatment of perturbation of these couplings due to the abovenon-adiabatic effects.The last two Chapters present the results that I obtained on the dynamics of aalkali-metal atom in the ground state 2S and an alkaline-earth ion in a metastablestate 2D. The theoretical investigation of this system started in X. Xing’s thesis [48].Here I revisited this topic in detail in order to validate and generalize themultichan-nel quantum scattering code. I first apply the methodology to the Li–Ba+ system(Chapter 6) which is of particular interest as it involves collisions between a lightatom and a heavy ion. Due to the resulting relatively small reduced mass, thesystem is an ideal candidate for reaching the quantum regime through cooling.In this chapter, I analyze the elastic and inelastic processes observed experimen-tally and identify the main dynamical mechanisms responsible for fine-structurequenching, non-radiative charge exchange and non-radiative quenching.Subsequently, in Chapter 7, I examine the system Rb-Sr+. In this case, thenearly equal masses of the colliding particles and the more complex excited elec-tronic structure lead to dynamics that are similar to, yet distinct from, those ofthe Li–Ba+ system. I investigated the experimentally observed inelastic processes,the fine-structure quenching and electronic excitation exchange, and I showed thecomplexity of the dynamics induced by non-adiabatic terms.These twoexamples demonstrate that ultracold collisions involvingmetastablealkaline-earth ions cannot be described by a single inelastic process or simplesemiclassical models. Instead, a complete multichannel quantum scatteringtreatment is required. In both cases, satisfactory agreement with the experimenthas been found, allowing to infer the quality of the molecular data employed inthis work.
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Chapter 2

Hybrid atom-ion traps: a
selection of experimental
realizations

In this chapter I provide insights about the experimental context of my research.Thus, an experimentalist reader might rely the experimental developments to theprocesses expected in hybrid ion-atom traps. Conversely, a theorist might bet-ter appreciate the main experimental issues for such systems, for instance, whymetastable levels are considered as responsible for the observed dynamics. Iwrote this chapter without defining all experimental terms, assuming that as forusual scientific papers, the quoted references would help to understand thesetechnical terms.Several review articles have been devoted to the ongoing experiments withhybrid traps, involving neutral atoms and molecules, and atomic and molecularions [13, 34, 49–51]. In this chapter, inspired by [49], I selected several cases ofexperimental studies to illustrate the main features of the dynamical processesoccurring in hybrid traps. I focused on two distinct cases: combinations of neutralalkali-metal (AM) atoms and alkaline-earth ions (AE+), and second, of atoms andparent ions allowing for resonant charge exchange.

2.1 Hybrid traps combining alkali-metal atoms and
alkaline-earth and ytterbium ions

This case attracted a lot of attention for a good reason: both species AM and AE+

have an electronic configuration with a single valence electron, so that very sim-ilar laser cooling setups could be used to prepare them. In general, a cloud ofAM atoms is laser-cooled and trapped in one location, while AE+ ions are firsttrapped and then laser-cooled. Both traps are merged to form the hybrid trap inwhich both species are trapped at the same location. Several combinations AM-AE+ have been experimentally explored around the world, and a complete list is
4



displayed in Table 2.1.
AM AE+ DL Location Ref.
6Li 40Ca+ Li+(1S)+Ca(1S) Osaka (JP) [52–54]

138Ba+ Li(2S)+Ba+(2S) Freiburg (D) [39,55,56]
171,174,176Yb+ Li+(1S)+Yb(1S) Amsterdam (NL) [57–61]

23Na 40Ca+ Na+(1S)+Ca(1S) Storrs (USA) [33,62]
39K 40Ca+ K+(1S)+Ca(1S) Duke (USA) [38]

87Rb 40Ca+ Rb+(1S)+Ca(1S) Basel (CH) [47,63–65]
88Sr+ Rb+(1S)+Sr(1S) Rehovot (IL) [66–71]

138Ba+ Rb+(1S)+Ba(1S) Basel (CH), Ulm (D) [46,72–75]
171,174Yb+ Rb+(1S)+Yb(1S) Oxford (UK) [35,76–78]

Table 2.1: List of the combinations AM-AE+ experimentally explored. Thedissociation limit (DL) with the lowest energy for each pair is reported, be-ing either AM(2S)+AE+(2S) or AM+(1S)+AE(1S) involving particles in theirelectronic ground state.
To cool an arbitrary alkaline-earth ion, the dipole-allowed transition betweenthe ground state 2S1/2 and the excited state 2P1/2 is used similar to the coolingof alkali-metal atoms, where this transition is a closed cycling scheme. However,in the case of heavier alkaline-earth metal ions (Ca+, Sr+, Ba+), metastable states

2D3/2,5/2 lie between the states 2S1/2 and 2P1/2. Thus, the excited electron candecay not only back to the ground state 2S1/2 but also to the state 2D3/2. To closethe cooling cycle, a repumper laser is required to pump the electron back to the
2P1/2 excited state. The cooling scheme illustrated in Fig. 2.1 for the three ionsCa+, Sr+, Ba+. We note that the species Be+ and Mg+ are not specified in Table2.1. These two species are also amenable to laser cooling [79,80]. The laser coolingof these species is complicated due to their energy difference between 2S1/2 and
2P1/2 levels. Thewavelength of the cooling lasers are in theUV-regime, 313 nm and
280 nm for Be+ and Mg+, respectively. Current experimental implementationsare limited by the technical challenges associated with realizing stable, narrow-linewidth laser sources, particularly in the ultraviolet spectral region.

Due to the laser cooling scheme, the excited metastable states are populated,which opens collisional loss channels within the trap. Several experiments ex-plored the dynamics of these losses, and this is the central topic of the present the-sis. Nevertheless, these intermediate metastable states have several advantages.Since they are involved in the laser cooling scheme, they can be used for stor-ing information (qubit) due to their long lifetime (compared to the excited state
2P1/2) [3]. The stored information must be read, the shelving technique uses themetastable 2D level to read the information [81]. A further possible applicationof the metastable 2D level is precision spectroscopy. This state disposes long ra-diative lifetime, thus the natural linewidth of 2S → 2D transition is extremely de-fined which makes it suitable for high-precision measurements. Such transitionsare used in optical atomic clocks, testing fundamental constants and measuring
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Figure 2.1: The energy levels that are included in the cooling scheme of Ca+, Sr+and Ba+.

relativistic effects [1,82].
2.1.1 Li-Ba+

We see in Table 2.1 that one system stands out as qualitatively different from theothers, namely 6Li-138Ba+, which differs from all other systems: its lowest asymp-tote involves Li and Ba+ in their ground state in contrast to the other combina-tions AM-AE+ with the lowest asymptote involving a ground state AE atom and anAM+ ion with no valence electron. As a consequence, radiative charge exchange(RCE) [83]
AM(2S1/2) + AE+(2S1/2)→ AM+(1S) + AE(1S) (2.1)

is energetically forbidden, offering the possibility of long interaction times. An-other important aspect of the Li-Ba+ pair is the large mass imbalance betweenspecies. As shown in [84], a large mass ratio, (matom/mion), can mitigate the heat-ing induced by excess micromotion in radio-frequency traps, thus facilitating ac-cess to the ultracold quantum regime. It increases the density of near-thresholdbound states, which enhances the likelihood of observing Feshbach resonances[39,56,57], which is a further step to achieve full quantum control of the collision,to the formation of ultracold molecular ions [85] and for ultracold chemistry [86].Experiments for this pair of species were conducted in the group of Prof. To-bias Schätz (Freiburg, Germany). In 2021, Weckesser et al. studied the interactionbetween ultracold 6Li atoms and a single 138Ba+ ion [39]. They adjusted the exper-imental parameters to study three-body reactions and their associated loss ratesfor the identification of resonances, as well as two-body reactions to examine sym-pathetic cooling of the ion within the ultracold atomic cloud. Indeed, they ob-served 11 magnetic Feshbach resonances (MFRs) in the 70 G-330 G magnetic fieldrange with a step size of 400 mG. However, the multichannel quantum scatter-
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ing calculations (MCQSC) predicted only five MFRs, which means that beyond theelectronic interaction other ones might be important, such as second-order spin-orbit coupling. From the measured ion loss rate, they inferred that three-bodyrecombination was the dominant process. Later in 2025, Thielemann et al. [56]investigated the collision energy dependence of MFRs when Li atoms were pre-pared in their hyperfine state and the Ba+ ion was prepared in its ground state orexcitedD3/2 state. Compared to the previous investigation, they identified 49 reso-nances in the 240 G-340 Gwith the step size of 200 mG. Then, they investigated theion collision energy dependence of the MFR around 321.90 G, which correspondsto the s-wave. The survival probability of the ion was measured at different ioncollision energies below the s-wave energy in the range of magnetic field 321.6 G-
322.8 G and they found a strong collision energy dependence on MFRs. They alsoobserved that even around the s-wave energy the dependence of higher partialwaves are still not negligible.As invoked above, the presence of AE+ ions prepared in themetastable states
2D3/2,5/2 induces loss channels in the hybrid trap, which we illustrate in Fig. 2.2for the three pairs Li-Ca+, Li-Ba+, and Li-Yb+, for the sake of comparison. Lossesfrom the trap can be generated by various processes:

• Non-radiative charge exchange (NRCE):
AM(2S1/2) + AE+(2Dj)→ AM+(1S) + AE∗

where AE is left in an excited state;
• Non-radiative quenching (NRQ):

AM(2S1/2) + AE+(2Dj)→ AM(2S1/2) + AE+(2S1/2);
• Fine-structure quenching (FSQ):

AM(2S1/2) + AE+(2D5/2)→ AM(2S1/2) + AE+(2D3/2);
• Electronic excitation exchange (EEE):

AM(2S1/2) + AE+(2Dj)→ AM∗ + AE+(2S1/2)
where AM is left in an excited state.

In my thesis I studied the processes that are indeed active in Li-Ba+(2Dj ):NRCE, NRQ and FSQ. The results are presented in Chapter 6 and in a publishedpaper [55].
2.1.2 Li-Yb+

The combination Li-Yb+ system also has a largemass imbalance and is a good can-didate to reach the quantum regime at ultracold temperatures, despite the possi-bility for RCE to occur during the collision of ground state species. Experiments areperformed in the group led by Prof. R. Gerritsma in Amsterdam (Netherlands). In2017, the group firstmeasured inelastic collision rates for ground and excited statecollisions [58]. They found that RCE and radiative association producing molecu-lar ions LiYb+ during ground state collisions have rates ≈1000 times smaller thanthe prediction of the semiclassical Langevin model, which is in agreement withother theoretical predictions [57,83]. When the ion Yb+ is prepared in an excited
7



Figure 2.2: Energy thresholds and possible reaction pathways of AM-AE+ pairs in-volving Li and (a) Ca+, (b) Ba+, (c) Yb+. For simplicity, only selected energy thresh-olds are displayed for Li-Yb+, to illustrate the processes (the complete scheme isvisible in [58]. The possible reaction paths are fine-structure quenching (FSQ) orspin-exchange, non-radiative charge-exchange (NRCE), radiative charge-exchange(RCE) or non-radiative quenching (NRQ).

state (see Fig. 2.2), they observed that NRCE is the primary inelastic mechanismand that its rate is independent of the chosen isotope of Yb+ and of the collisionenergy in the range 1–120 mK×kB. In contrast, they found that the ion loss rate isone order of magnitude higher for Yb+(2F7/2) than for Yb+(2D3/2).Later, the group investigated the spin dynamics of a single Yb+ ion embed-ded in a cold, spin-polarized cloud of 6Li atoms [59]. In their experiment, 174Yb+

and 171Yb+ isotopes were used. They observed a strong spin exchange rate forboth isotopes, the atom cloud leading to the polarization of the ion spin up to
93 %. Using ab initio electronic structure and quantum scattering calculations, theobserved rates were theoretically explained.In other papers, they tried to find ways to reach the quantum regime [60], andthey assessed the importance of spin-orbit interaction in the shell transition f → din order to determine precise spectra of LiYb+ [61].

2.1.3 Rb-Sr+

This combination is composed of two equally heavy particles with a quite highreduced mass, making the quantum regime hardly accessible. However, such aconfiguration has been used for sympathetic cooling of Sr+ by Rb atoms, whichmight allow to reach the requested temperature. These remarkable experimentalefforts are undertaken in the group of Prof. R. Ozeri (Rehovot, IL).In 2016, Meir et al. started their investigation with the collision of ultracold
87Rb atoms with a 88Sr+ ion [66]. The Rb atoms were prepared in the hyperfinelevel F = 1 of the ground state 2S1/2, while the ion was prepared in the Zee-man sublevel m = −1/2 of the ground state 2S1/2. The authors first measuredthe ion energy distribution and found that it is described by a Tsallis power-lawinstead of the usual Maxwell-Boltzmann distribution. Then, they proposed and
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Figure 2.3: Energy thresholds and possible reaction pathways of AM-AE+ pairsinvolving Rb and (a) Ca+, (b) Sr+, (c) Ba+. The possible reaction paths are fine-structure quenching (FSQ) or spin-exchange, electronic excitation exchange (EEE),non-radiative charge-exchange (NRCE), radiative charge-exchange (RCE) or non-radiative quenching (NRQ).

implemented a method to measure the energy of a single-trapped ion in a sin-gle experimental realization [87]. With this new measurement, their ion energieswere in agreement within 5 % with other thermometry methods that rely on aver-aging.
Sikorsky et al. demonstrated control of spin exchange and charge exchangedynamics by spin preparation [67]. The spin of the ion was mediated by the spinexchange process, which was governed by the hyperfine state of the atom. TheRb atomswere prepared in hyperfine levels |F = 1,MF = −1⟩ or |F = 1,MF = 0⟩,while the ion was prepared in spin states |↑⟩Sr+ or |↓⟩Sr+ . The measured quantitywas the probability P (↓) of finding the ion in the |↓⟩Sr+ state after a given interac-tion time. They found that approximately 90 % ion spin polarization was achievedfor the |↓⟩Sr+ ion state, even the ion was originally prepared in the |↑⟩Sr+ or |↓⟩Sr+state with the preparation of the atom in the |F = 1,MF = −1⟩ state. For theother atom preparation |F = 1,MF = 0⟩ this probability was around 50 %.
The charge exchange process between ground state Rb atoms and groundstate Sr+ ion was further studied. Due to the low density and the fact that thereis no crossing between PECs, the only way for charge exchange is radiative (seeTable 2.1). RCE was observed only when the Rb atoms were prepared in the F = 1hyperfine level. The Rb+ reaction product was identified by disappearance of ionfluorescence and resonant excitation mass spectroscopy, and they showed thatRCE arises from two-body reaction. A simple theoretical model predicted the RCErate to be a factor of 1.45 larger for Rb atoms prepared in |F = 1,MF = −1⟩, withthe ion predominantly spin-pumped to m = −1/2, than for atoms prepared in

|F = 1,MF = 0⟩ with a fully mixed ion spin state. The measured ratio of the RCErates, 1.42 ± 0.20, was consistent with this prediction. In 2018, Meir et al. usedpreviously developed single-shot thermometry when a single Sr+ was immersedin an ultracold (µK) Rb bath to investigate sympathetic cooling of the ion. Sym-pathetic cooling was observed directly in two regimes [68]. One regime occurs
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when energy transfer through collisions is efficient and leads to net cooling ofthe system. The other arises when collisions can induce both cooling and heatingof the system as a consequence of non-equilibrium dynamics in the presence ofthe ion trap. Moreover, measurements of the scattering angles revealed predom-inantly forward-scattering events, a behavior that lies beyond the predictions ofthe Langevin model.In 2023, Pinkas et al. observed loosely-bound molecular ions formed in binarycollision [70]. Measurements of the electronic spin exchange rate were used toexplore the dependence of the bound states on both the collision energy and themagnetic field. These measurements further enabled the extraction of the aver-agemolecular binding energy and themean lifetime of themolecules. The resultswere in good agreement with the molecular dynamics simulations. The quantumcontrol of the system at higher temperatures was investigated in a cooperativework between experiment and theory by Walewski et al. in 2025 [71]. They mea-sured the probability of hyperfine relaxation of one neutral atom and a spin flipof a single ion for all possible spin projections of Rb atoms in the hyperfine state
F = 2 , used the resulting data to calibrate an extensive theoretical model. Oncecalibrated, the model showed that the spin flip dynamics in the F = 1 manifold ofRb atoms could bemanipulated via tunable Feshbach resonances that extendwellinto the ultracold quantum regime. They predict that the control can be availableat around 1 mK containing around 15 partial waves.In 2020, Ben-shlomi et al. studied in a joint experimental and theoretical workcollisions between Rb atoms and Sr+ ions prepared in the 2D3/2,5/2 states [69] (Fig.2.3). They found that after few Langevin collisions, the 2D3/2 and 2D5/2 states ofthe ion quenched,and the ion gained kinetic energy. Using single-shot thermom-etry after the collision, two quenching pathways were identified: fine-structurequenching (FSQ)

Rb(5s 2S1/2) + Sr+(4d 2D5/2)→ Rb(5s 2S1/2) + Sr+(4d 2D3/2), (2.2)
and the electronic excitation exchange (EEE)

Rb(5s 2S1/2) + Sr+(4d 2D3/2,5/2)→ Rb(5p 2P1/2,3/2) + Sr+(5s 2S1/2). (2.3)
In general, charge exchange process in atom-ion collisions is present. However,here it was not observed. The observed inelastic processes were investigated withsemi-classical Landau-Zenermodel, and possible pathways were found. They alsofound that the spin-orientation has no effect on the reactions, due to the strongCoriolis-spin mixing. In my thesis, I investigated these inelastic processes in Chap-ter 7.
2.1.4 Other atom - ion hybrid experiments
Li-Ca+: Another promising system to reach the quantum regime is the combina-tion of 6Li atoms and 40Ca+ ionswith a smaller atom-to-ionmass ratio than the sys-tems described previously, hoping that the micromotion heating is less. For thispurpose, Mukaiyama’s group investigated the collision between Li atoms and Ca+

ion [52]. They observed elastic collision in the 100 mK - 3 K temperature range. The
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elastic cross section experimentally measured was in agreement with the semi-classical model [88]. Later, inelastic collisions in the mK regime were observed byHaze et al. in 2015 [53]. The reaction product was identified as Li+ by mass spec-trometry, indicating that the observed inelastic process was non-radiative chargeexchange. Themeasured charge exchange cross sectionsweremuch smaller thanthose predicted by the Langevin model. Saito et al. further studied the charge ex-change process in the system [54]. They investigated the energy and internal statedependence of the charge exchange collision cross section. The energy varied be-tween 1 mK×kB and 2 K×kB. In order to investigate the dependence upon theinternal state, the ion was prepared in electronic states 2S1/2, 2P3/2, 2D3/2, and
2D5/2. The obtained cross sections were smaller than the Langevin cross sectionbut followed its behavior. Ab initio potential energy curves were calculated by ourgroup in Laboratoire Aimé Cotton and the route of charge exchange was identi-fied.

Rb-Ca+: In 2011, Hall et al. experimentally studied 87Rb-40Ca+ cold collisions ina hybrid atom-ion trap [47], in collaboration with our group in Laboratoire AiméCotton. The collisional energy was in the range 200 mK×kB-20 K×kB. As a re-sult of collision Rb+ product was observed showing charge exchange betweenCa+ and Rb that can be radiative charge exchange induced by photon emission ornon-radiative charge exchange driven by non-adiabatic couplings between CaRb+

molecular states. The molecular ion CaRb+ was also formed by radiative asso-ciation, and finally Rb+
2 was observed in the presence of CaRb+. Molecular po-tential energy curves were calculated up to 22nd dissociation limit, and possiblepathways for the observed processes were identified. Further investigations wereconducted for the processesmentioned above in 2013 by Hall et al. [63]. Quantum-chemical and quantum-scattering calculations were performed in order to com-pare themwith experimental results. The average collision energy was larger than

20 mK×kB while the calculations were performed from 10µK ×kB to 70 K×kB.They demonstrated that the reactive collision rates depend on the long-rangecharge-induced dipole interaction and follows the universal behavior predictedby the classical Langevin model. The magnitude of the rates are controlled byshort-range non-adiabatic and radiative couplings, which lead to reaction chan-nel specific chemical changes. Later, Eberle et al. improved the energy resolutionof the hybrid trap, where the Rb atomswere pushed through Coulomb crystals us-ing radiation pressure [64]. Thus the atom kinetic energy could be changed in the
30 mK×kB-350 mK×kB. In 2022, Xing et al. continued theoretical investigations onthe system, and they showed that the formed CaRb+ molecular ion by radiativeassociation is protected against photodissociation by blackbody radiation and bythe cooling laser [65]. They obtained that the non-radiative charge exchange isthe dominant inelastic process in the collision, and their calculated reaction rateswere in agreement with experimental observation and previous calculations.

Rb-Ba+: The group of Prof. Denschlag (Ulm, Germany) started their investi-gation with Rb-Ba+ in addition to Rb-Rb+ in 2010 [72]. The RbBa+ experimentis different from the previous ones, because two heavy particles are in interac-tion. They observed both elastic and inelastic collisions. The elastic collisions werefound important while the inelastic collisions were suppressed. The dominant in-elastic channel was radiative charge exchange and was identified directly by mea-
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suring the trap frequency. Later, RbBa+ molecular ion formation was observedby Hall et al. (Basel, Switzerland) by false-color fluorescence imaging method. Themolecular ion can be formed by radiative association [73]. Moreover, Rb+ ionwas observed which indicated the occurrence of radiative or non-radiative chargeexchange process. Potential energy curves and reactive cross sections were calcu-lated, and the theoretical rate coefficients were in agreement with experimentalobservations.
In 2016, Krükow et al. studied experimentally and theoretically three-body re-combination (TBR) during the collision of two Rb atoms and a single Ba+ ion in the

mK regime [74]. They found that the TBR rate was proportional to E−3/4
coll , where

Ecoll is the collisional energy. Classical trajectory calculations were performedto calculate TBR rate and their findings were in agreement with the experiment.Later, the same group showed that two-body reaction rate can be obtained fromthe TBR rate, and they found that the TBR rate dominates the two-body reaction,which is charge exchange. Following the earlier observation of RbBa+ molecularions, Mohammadi et al. investigated the evolution of weakly bound RbBa+ molec-ular ions in 2021 [75], in collaboration with our group at Laboratoire Aimé Cotton.The RbBa+ molecular ion underwent collisions with ultracold Rb atoms, involvingelastic, inelastic, and reactive processes. Vibrational relaxation was found to bethe dominant process, while radiative processes became increasingly importantfor more deeply bound molecular ions. As a result of these collisions, Ba+, Rb+
2and Rb+ ions were observed as reaction products. Furthermore, the collision dy-namics were shown to strongly depend on the electric state of the molecular ion.

Back in 2020, Schmidt et al. (Freiburg, Germany) demonstrated a newmethodto trap the atoms and a single ion simultaneously in an optical potential trap in-stead of the usual radio-frequency trap [46]. Thismethod eliminates the disadvan-tage of radio-frequency trap that is the ion heating due to its micromotion in thetrap. They showed that the Ba+ could be cooled below the Doppler-temperatureby sympathetic cooling via collision with ultracold Rb atoms. They state that, thismethod is general enough to leave the limitations of the radio-frequency trapwhich are the large atom-ion mass ratio, furthermore, it is not limited to Rydbergatoms, or homonuclear cases. Subsequently, themethodmay open the possibilityto reach the quantum regime for atom-ion interaction.

2.2 Hybrid traps combining atoms and their parent
ions

Owing to the symmetry of atom–ion collisions, in which the ionic and neutralspecies are identical, the number of possible reactive processes is reduced, there-fore providing a clean environment for precise control of ultracold collisions. Suchcollisions are particularly suitable platform for investigating resonant charge ex-change processes, charge transport and ion mobility in ultracold gases (see forinstance [89]).
In typical experimental realizations, the neutral atoms are confined andcooled in a magneto-optical trap (MOT), which is spatially overlapped with a
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radio-frequency trap used to confine the ions. Following the preparation ofthe ultracold atomic cloud, a controlled fraction of the atoms is photoionizedby a laser pulse, and the resulting ions are subsequently trapped in the Paultrap. Due to the resonant charge transfer processes, i.e charge transfer withoutenergy release, losses in such hybrid traps are significantly reduced. Two kinds ofexperiments have been performed: either with AM-AM+ combinations, or withYb-Yb+ combination. The latter offers the possibility to laser-cool both species,which has been indeed achieved.

2.2.1 Yb-Yb+

The first cold collision with trapped atoms and ions was performed in 2007 be-tween Yb atom and Yb+ in the group of Vuletić [90], [91]. Neutral ytterbium,Yb(4f14 6s2), has a closed-shell ground state, while its ion, Yb+(4f146s), is alkalimetal-like, having very similar electronic structure. As a result, resonant charge ex-change in Yb + Yb+ collisions is highly efficient. Consequently, from an experimen-tal point of view, trap losses are considerably reduced. Another favorable charac-teristic of the Yb/Yb+ system is that both species are laser-coolable.Moreover, yt-terbiumhas stable bosonic and fermionic isotopes, whichmakesmass-dependentstudies feasible. Due to the high atomic number Z , the spin-orbit interaction isrelatively strong, leading to a well-separated excited state structure and conse-quently less complex dynamics.
In 2007, the group of Vuletić was the first to observe a cold collision withtrapped atoms and ions in Yb-Yb+ collisions [91]. In their experiment, several sta-ble isotopes, namely bosonic 172Yb, 174Yb and fermionic 171Yb, were used to in-vestigate charge exchange collision. The reaction was studied between differentisotopic combinations, αYb + βYb+ → αYb+ + βYb, enabled by isotope-selectiveion fluorescence detection. Measurements were done in the 35 mK and 40 K tem-perature range. Even at the lowest temperature, around 40 partial waves con-tributed to the collision, which is still in the semiclassical regime. The observedrate coefficients were in good agreement with theoretical predictions based onthe semiclassical Langevin model.

2.2.2 Rb-Rb+

The collision between rubidium atoms and rubidium ions is one of the most stud-ied systems in atom–ion hybrid traps, since rubidium atoms are easy to laser cooland the corresponding ions can be efficiently confined in Paul traps, allowing goodcontrol and spatial overlap between the two species. The system involves a sin-gle valence electron neutral Rb and a closed-shell ionic core with a noble-gas-likeconfiguration, Rb+. The closed-shell structure of the ion implies that laser cool-ing is not possible with standard techniques. Cooling of alkali-metal ions is typi-cally achieved via sympathetic cooling, i.e., by co-trapping them with laser-cooledalkaline-earth metal ions, or via resonant charge transfer processes. [92]. Themolecular states structure of the Rb-Rb+ system is less complex than that of theYb-Yb+ system. In Rb-Rb+ collisions, charge exchange is also a resonant process
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due to the identical atomic species, mainly governed by the non-adiabatic cou-plings, but in contrast to the Yb-Yb+ case is less efficient [91]: In the latter case, thepresence of multiple closely spaced electronic states and e.g. stronger spin–orbitcoupling leads to an increase of avoided crossings, which can enhance resonantcharge transfer. In rubidium case due to nonzero nuclear spin hyperfine interac-tions can play an important role, opening up additional collisional channels whilefor bosonic ytterbium isotopes, where the nuclear spin is zero, thus hyperfine in-teractions play no role in the ultracold collisional dynamics.The group of Prof. Denschlag investigated the interaction between an ion Rb+

with 87Rb Bose-Einstein condensate in 2010 [72]. The experimental setup is de-scribed in detail in [93]. We note that using this same apparatus, it was possibleto investigate the interaction between Rb atoms and a Ba+ ion. In Ref. [72], theydemonstrated that a single ion can be used as a probe of the atomic density dis-tribution. The number of remaining particles was measured as a function of theion’s position relative to the center of the atomic cloud. Their measurements wereperformedwith three fractions of the condensate: a thermal cloud, a partially con-densed atomic cloud, and an almost pure Bose-Einstein condensate. Based ontheir theoretical model, the temperature of the atomic sample TRb was obtainedat 50, 35 and 25 nK for the three fractions.In the same group, TBR was investigated in 2012 [94]. Two recombination pro-cesses were considered:
• Rb + Rb + Rb+ → Rb2 + Rb+. In this reaction, the ion acts as a catalyzerto produce Rb2 molecules. Then the ion gains 2/3 of the released energy.Subsequently, the ionwas sympathetically recooled via elastic two-body col-lisions with cold rubidium atoms.
• Rb + Rb + Rb+→ Rb+

2 + Rb. In this second reaction, a molecular ion and aneutral atommay be produced, but Rb+
2 molecular ions were not observedin this experiment.

Furthermore, in the experiment, the dependence of the TBR probability onthe kinetic energy of the ion (controlled by the micromotion of the ion) was in-vestigated. They found that the probability can be increased by a factor of 5 withincreasing micromotion.The Rb atom Rb+ ion collision was studied from a different point of view bythe team of Prof. Rangwala (Bangalore, India) to cool the ion by the atoms via res-onant charge exchange [92,95]. As Rb+ cannot be laser-cooled, they suggest thatresonant charge exchange could be an efficient cooling process. They showedthat resonant charge exchange can cool the ion more efficiently than elastic col-lision, leading to a lower ion kinetic energy than considering only the elastic one.During the resonant charge exchange, the internal state of the interacting parti-cles was unchanged, only the charge transferred from the atom to the ion. Thisproduces cold ion and hot atoms that leave the trap. A similar demonstration ofthe beneficial affect of the resonant charge-exchange on the ion cooling in the Csatom Cs+ collision was shown by the same group [96].
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Chapter 3

Theoretical background

In this chapter, I will introduce the theoretical approaches and methods that areused during my research. In Section 3.1, I introduce the Born-Oppenheimer ap-proximation for diatomic molecules, which is at the foundation of the so-calledquantum chemistry, i.e. the resolution of the Schrödinger equation to determinethe electronic states of the molecules. The angular momenta are very importantfor diatomic molecules. They can be coupled in various ways, leading to the for-mulation of the various Hund’s coupling schemes based on the hierarchy of theinteractions involved in the molecule. In Section 3.2, I give a brief presentationof Hund’s cases (a), (c), and (e), which are relevant to the research of this the-sis. Section 3.3 is devoted to the resolution of the time-independent Schrödingerequation given in Section 3.1 for the electronic dynamics. I present in Section 3.4the spin-orbit interaction that plays a central role in my investigation. I recall inSection 3.5 the classicalmodel for atom-ion collisions, the Langevin capturemodel,useful for the basic understanding of the processes studied. Finally, I describe inSection 3.6 the elements of scattering theory required for the investigated colli-sional processes.

3.1 Born-Oppenheimer approximation for a di-
atomic molecule

In this section, I explain the widely used approximation in molecular physics, theBorn-Oppenheimer approximation [97]. It is based on the high ratio between thenucleus mass and the electron mass. The proton is 1836 times heavier than theelectron.Consider a diatomic molecule composed of atoms A and B with massmA and
mB andn electrons. The position vectors relative to the center ofmassOCM of thesystem are RRRA and RRRB , while the electronic ones are rrri, where i = 1, 2, 3, . . . , n,see Fig. 3.1. Using these notations, the relative distances between the particlesare defined as follows: the internuclear distance is given by R =| RRRB −RRRA |, thedistance between electrons i and j is rij =| rrri − rrrj |, and the nucleus–electrondistance is riA/B =| rrri −RRRA/B |.
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The frame of reference with its origin in OCM and one axis along the molec-ular axis is referred as the body-fixed (BF) frame, or the rotating frame. The BFframe provides a natural description of the molecular system, since it separatesthe rotation of the molecule from the internal degrees of freedom (vibration andelectronic motion), thus simplifying the treatment of the electronic structure. Thecenter-of-massOCM moves in the laboratory frame, also referred to as the space-fixed (SF) frame, with a position
R⃗CM = mA

mA +mB
R⃗SF

A + mB
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Figure 3.1: Different frames of reference: (a) The collision between the two col-liding partners is described in the laboratory frame of reference, referred to asthe space-fixed (SF) frame {XSF,YSF,ZSF}. (b) The center-of-mass frame whichignores the motion of center-of-mass OCM in the SF frame. (c) The body-fixed (BF)frame {XBF,YBF,ZBF} attached to the center-of-mass OCM with ZBF along theinternuclear axis.
The time-independent Schrödinger equation for the molecule in the center ofmass coordinate system can be written as

ĤAB(rrr,RRR)Ψ(rrr,RRR) = EΨ(rrr,RRR), (3.2)

The Hamiltonian of the molecule, ĤAB , in the non-relativistic case is the sumof the kinetic energy operator T̂ , and the potential energy term V̂

ĤAB(rrr,RRR) = T̂ (rrr,RRR) + V̂ (rrr,RRR), (3.3)
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where rrr = {rrr1, . . . , rrrn} represents all position vectors of the electrons. More ex-plicitly, in the BF, the kinetic energy operator is written as the sum of the kineticenergy operator for the relative nuclear motion and the kinetic energy of the elec-trons,
T̂ (rrr,RRR) = T̂n(RRR) + T̂e(rrr) = − ℏ2

2µ∇
2
RRR −

ℏ2

2me

n∑
i=1
∇2

i , (3.4)
where the reduced mass of the nuclei is noted µ = mA mB/(mA +mB) with the iindex in the operator ∇2

i indicating that the derivatives are taken with respect tothe ririri. The potential energy operator is given by the sum of the Coulomb interac-tions between nuclei and electrons
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where ZA and ZB denote the atomic numbers of nucleiA andB. Throughout thethesis, atomic units will be used, which means 1

4πϵ0
= 1, ℏ = 1 andme = 1. Due totheir much larger mass, the nuclei move far more slowly than the electrons andcan therefore be treated as fixed from the perspective of the electronic motion.Thus, we consider electrons moving in the Coulomb field of the nuclei for fixedRRRvalues, and the electronic Hamiltonian in atomic units is given by

Ĥe(rrr,R) = −1
2

n∑
i=1
∇2

i + ZAZB

R
−

n∑
i=1

(
ZA

riA
+ ZB

riB

)
+

n∑
i=1

n∑
j>i

1
rij
. (3.6)

Themolecular wave function is written as a product of an electronic wave function
ψm(rrr,R) for every distance R and a nuclear wave function χ(RRR), also referred toas the BO ersatz,

Ψm(rrr,RRR) = χm(RRR)ψm(rrr,R). (3.7)
The wave function ψm(rrr,R) is the mth solution at distance R of the Schrödingerequation with the electronic Hamiltonian

Ĥe(rrr,R)ψm(rrr,R) = Em
e (R)ψm(rrr,R). (3.8)

Thewave function depends parametrically onR, as well as the corresponding elec-tronic eigenenergies Em
e (R), resulting in the so-called adiabatic potential energycurve (PEC) of themth electronic state. The adiabatic approximation at this stageconsists in solving the Schrödinger equation for nuclear motion and for a givenelectronic statem. Substituting Eqs 3.7 and 3.8 in Eq. 3.2 leads to(
T̂n(RRR) + Em

e (R)
)
χm(RRR) = Emχm(RRR), (3.9)

where Em is the total energy of the molecule in the electronic statem. In the adi-abatic approximation, the terms involving the derivatives of the electronic wave
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function generated by the kinetic energy operator are neglected. These terms,usually referred to as ”radial couplings”, may become important in various situa-tions, for example: (i) when two adiabatic PECs present an avoided crossing local-ized in internuclear distance reflecting an abrupt variation of the electronic wavefunction, and thus an important derivative with respect to R; (ii) when we intro-duce additional terms in the electronic Hamiltonian, like spin-orbit interactions,which might couple different adiabatic states. A way to take into account suchnon-adiabatic effects consists in expressing the full molecular wave function asan expansion over the electronic adiabatic states ψm(rrr,R) solutions of Eq.3.8
Ψ(rrr,RRR) =

∞∑
m=1

χm(RRR)ψm(rrr,R). (3.10)

where the functions χm(RRR) are not anymore solutions of Eq. 3.9. SubstitutingEq. 3.10 into the Schrödinger equation 3.2, the radial part of the nuclear kineticenergy operator T̂n(RRR) acts on one term of this expansion as
− 1

2µ
d2

dR2 [χm(R)ψm(r, R)] = − 1
2µ

[
ψm d2χm

dR2 + 2∂ψ
m

∂R

dχm

dR
+ χm ∂2ψm

∂R2

]
. (3.11)

Projecting the resulting equation onto the electronic state ψq yields a set of cou-pled equations,[
T̂n + Eq

e (R)
]
χq(R) +

∑
m̸=q

Ŵ qm(R)χm(R) = Eχq(R), (3.12)

where Ŵ qm are the non-adiabatic coupling terms
Ŵ qm(R) = − 1

2µ

[
2F qm(R) d

dR
+Gqm(R)

]
, (3.13)

with
F qm(R) =

〈
ψq

∣∣∣∣ ∂∂R
∣∣∣∣ψm

〉
, Gqm(R) =

〈
ψq

∣∣∣∣ ∂2

∂R2

∣∣∣∣ψm

〉
. (3.14)

To examine the effect of a small change in the internuclear distance,R→ R+dR,we differentiate the electronic Schrödinger equation (Eq. 3.8) with respect to R,
∂Ĥe

∂R
ψm + Ĥe

∂ψm

∂R
= ∂Em

e

∂R
ψm + Em

e
∂ψm

∂R
. (3.15)

Projecting this equation onto another electronic eigenstate ψq , and using theorthogonality of the electronic states, ⟨ψm | ψq⟩ = 0 for m ̸= q, together with
⟨ψm| Ĥe = Em

e ⟨ψm|, yields〈
ψq

∣∣∣∣∣∂Ĥe

∂R

∣∣∣∣∣ψm

〉
= (Em

e − Eq
e)

〈
ψq

∣∣∣∣ ∂∂R
∣∣∣∣ψm

〉
, m ̸= q. (3.16)
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Therefore, the first-order derivative coupling introduced above can be equiva-lently written as

F qm(R) =
〈
ψq

∣∣∣∣ ∂∂R
∣∣∣∣ψm

〉
=

〈
ψq

∣∣∣∣∣∂Ĥe

∂R

∣∣∣∣∣ψm

〉
Em

e(R)− Eq
e(R) . (3.17)

This expression shows that non-adiabatic coupling terms (NACTs) may becomelarge when two adiabatic PECs approach each other in energy. Therefore, in thevicinity of an avoided crossing, where the energy gap becomes small and the elec-tronic character of the states changes rapidly withR, the Born-Oppenheimer sep-aration may break down and transitions between the coupled electronic statescan occur. Away from avoided crossings, NACTs are generally small and can of-ten be neglected We will see in the next Sections how such coupling terms arehandled in the context of our work.The kinetic energy operator T̂n(RRR) appearing in Eq. 3.12 can be expressed inpolar coordinates (R, θ, ϕ) as
T̂n(RRR) = − 1

2µ
1
R2

∂

∂R

(
R2 ∂

∂R

)
+ 1

2µ
1
R2

(
1

sin θ
∂

∂θ
sinθ ∂

∂θ
+ 1

sin2θ

∂2

∂ϕ2

)
= − 1

2µ
1
R2

∂

∂R

(
R2 ∂

∂R

)
+ 1

2µ
ℓℓℓ2

R2 , (3.18)
where ℓℓℓ is the angular momentum associated with the mechanical rotation of themolecule. As T̂n(RRR) has a well separated radial part and an angular one, the nu-clear wave functionχm(RRR) is written as the product of anR-dependent vibrationalwave function χm

vib(R) and an angular-dependent part rotational wave function
χm

rot(θ, ϕ)

χm(RRR) = χm
vib(R)χm

rot(θ, ϕ). (3.19)
Inserting Eq. 3.19 in Eq. 3.9 leads to the two equations for the radial androtational wave functions

[
− 1

2µ
1
R2

∂2

∂R2 + ℓ(ℓ+ 1)
2µR2 + Em

e (R)
]
χm

vib(R) = E χm
vib(R) (3.20)

1
2µ

ℓℓℓ2

R2χ
m
rot(θ, ϕ) = ℓ(ℓ+ 1)

2µR2 χm
rot(θ, ϕ). (3.21)

For diatomic molecules we use the conventional relation
χm

rot(θ, ϕ) =
√

2ℓ+ 1
4π D∗ℓ

Mℓ,Λℓ
(θ, ϕ, 0)

whereD are the so-called Wigner functions that will be useful in the next Chapter.In the case, when the electronic wave functions are sensitive to the movement of
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the nuclei, the motion of the nuclei and electrons will not be decoupled anymore,i. e., the coupling terms between nuclear and electronic motions in T̂n(RRR) are notnegligible, and the electronic states are mixed. Later in the thesis, we will showsome examples, where the Born-Oppenheimer approximation is not valid, theseare the so-called avoided crossings, which enable non-adiabatic transitions, thusinelastic processes. In Chapter 5, I will show examples for the treatment of theavoided crossings.

3.2 Couplings in diatomic molecules: Hund’s cases

Being by essence a non-spherical object, the angularmomenta play an importantrole in molecules. We defined in the previous Section the mechanical rotationof the molecule ℓℓℓ. The internal angular momenta of the molecule, namely thetotal electronic angular momentum LLL and the total electronic spin SSS must beconsidered too. The total nuclear spin III is neglected in our study, as the dynamicsthat will be modeled in the next chapters can be considered as independent from
III at a first level of approximation. These angular momenta may be coupledto each other in various ways, depending on the relative strengths of the inter-actions that they characterize. Frederich Hund was the first to systematicallycategorize the various coupling schemes in a diatomic molecule. After his work,these groups are referred to as Hund’s coupling cases [98]. Five main Hund’scases exist, labeled (a), (b), (c), (d), and (e). In this Section we present threeHund’s cases (a), (c) and (e) which are relevant for our work. They are usefullyillustrated by a classical vector model, and allow to determine a set of ”good”quantum numbers as those who are conserved during the process, i.e. quan-tumnumberswhich appropriately characterize the quantum states (see Table 3.1).
Hund’s case (a): In the Hund’s case (a) coupling scheme (Fig. 3.2), the orbitalangular momentum, LLL, is strongly coupled to the internuclear axis, so that itprecesses around the internuclear axis much faster than the electronic spin SSS .The projections of LLL and SSS onto the molecular axis are well defined as ±Λ and
±Σ, respectively, and their sum Ω, Ω = Λ + Σ is also well characterized. Theelectronic Hamiltonian (Eq.3.6) does not depend on the sign of these projections,thus neither do the resulting electronic energies. In the laboratory frame, and inthe absence of external field, the mechanical rotation ℓℓℓ (which is perpendicularto the internuclear axis) can couple to their projections to form the total angularmomentum JJJ of the molecule which might depend on the sign of these projec-tions, leading to a doublet of close energy levels, usually referred to asΛ-doublingor Ω-doubling. Note that the projection of JJJ on the molecular axis is Ω, while itis denoted M along an arbitrary axis of the laboratory frame. The set of goodquantum numbers in Hund’s case (a) are then |Λ|, |Σ|, |Ω|, J , M . Note that theparity of the total wave function of the molecule is also a good quantum numberin the laboratory frame, as it will be discussed in Chapter 4.

Hund’s case (c): in this case, bothLLL and SSS rotate around the internuclear axiswith similar velocity, so they add together to form the total electronic angular mo-mentum jjj = LLL + SSS which in turn rotates around the axis with a fixed projection
20



Figure 3.2: Vector coupling model for Hund’s case (a) coupling case in diatomicmolecules.

Ω. This is the case when the spin-orbit coupling is strong with respect to the elec-trostatic interaction of the electrons with the nuclei. The momentum ℓℓℓ then addstoΩΩΩ forming JJJ (Fig. 3.3). The good quantum numbers that are now |Ω|, J ,M .

Figure 3.3: Vector coupling model for Hund’s case (c) coupling case in diatomicmolecules.
Hund’s case (e): This case corresponds to aweak electrostatic interaction of theelectronswith the nuclei, so that the total electronicmomentum jjj and the rotation

ℓℓℓ rotate with similar velocity around the total angular momentum around JJJ (Fig.3.4). This happens for instance at large internuclear distance where long-range
21



interaction between the two atoms takes place, without exchange energy, whilethe atomic spin-orbit interaction is dominant. The only good quantumnumbers inthis case are J andM . It is important to realize that inmost cases, and in particular

Figure 3.4: Vector coupling model for Hund’s case (e) coupling case in diatomicmolecules.

for describing a collision between two atoms, there is not a unique Hund’s caseunder which the atom pair can be modeled at all distances. The electronic statesare conveniently described in Hund’s case (a) or (c) in the BF frame, while thecollision starts under conditions of Hund’s case (e) in the SF frame. Therefore it isimportant to set up appropriate transformations between these various frames.This will be the topic of Chapter 4.

Hund’s Quantum Electronic Spin-orbit RotationCases numbers
(a) Λ, S,Σ,Ω, J,M Strong Medium Weak
(c) Ω, J,M Medium Strong Weak
(e) J,M Weak Medium Strong

Table 3.1: Summary of the ”good” quantum numbers characterizing Hund’scase (a), (c) and (e), with the corresponding approximate interactionregime, including electronic interaction of electrons with nuclei, spin-orbitinteraction, and rotational interaction.
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3.3 Determination of the electronic structure of a
diatomic molecule

In this section, I briefly describe themethod used in our group for solving the elec-tronic Schrödinger equation within the Born-Oppenheimer approximation (Sec-tion 3.1), in order to obtain Hund’s case (a) PECs that are at the foundation of mywork. More details about the methodology can be found in various articles fromour group, e.g. [99–101]. I first recall Eq. 3.8 of the electronic Schrödinger equationfor the electronic motion expressed at a fixed internuclear distance R,
Ĥe(rrr,R)ψm(rrr,R) = Em

e (R)ψm(rrr,R), (3.22)
where

Ĥe = −1
2

n∑
i=1
∇2

i −
N∑

α=1

n∑
i=1

Zαe
2

riα
+

n∑
i=1

n∑
j>i

e2

rij
+ ZAZB

R
. (3.23)

Equations 3.22 and 3.23 describe a complex many-body system with two nucleiand n electrons (with n usually large), and their resolution is reputed to be one ofthe most complex to solve in quantum mechanics, a research field referred to asquantum chemistry. The first step consists of finding reasonable approximationsthat allow such a resolution with controlled numerical accuracy.
Our study focuses on diatomic molecules composed of an alkali-metal atom(Li, Rb) and an alkaline-earth ion (Ba+, Sr+), both with a single valence electronmoving in the field of singly-charged (Li+, Rb+) or doubly-charged (Ba2+, Sr2+)closed-shell core. The system contains two valence electrons; therefore, it can betreated as an effective two-electron system. The closed-shell cores A+ and B2+

are represented by the so-called pseudopotentials (PP) [102, 103]. More specifi-cally, for each isolated atom, the mean field induced by inner-shell electrons onthe valence electron ismodeled by a parametric effective core potential (ECP) withspherical symmetry VECP(r). For practical use in numerical calculations, a Gaus-sian form for the ECP is chosen
VECP(r) = −Z

r
+

∞∑
i=1

Cir
nie−αir2

, (3.24)

whereZ is the charge of the core, andCi, ni andαi are adjustable parameters thatdetermine the apmlitude and radial shape of the Gaussian terms. The parametersof the ECP are determined after performing an all-electron self-consistent fieldHartree-Fock (SCF) calculation, and adjusting the obtained atomic energies to theexperimental ones. In general the results are not fully satisfactory, as an impor-tant effect is neglected: the correlation between the valence electron and the coreelectrons. In the present context, it corresponds to the instantaneous deforma-tion induced by the valence electron of the ionic core which is not a point charge,but rather a charge distribution characterized by a static dipole polarizability α+.
An additional term is added to VECP, namely, the core polarization potential
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(CPP) VCPP(r) [104, 105]
VCPP(r) = −1

2α
+fff2, (3.25)

fff = rrr

r3Fl(r, ρl). (3.26)
The so-called cut-off functions Fl(r, ρ)

Fl(r, ρl) =
{

0 r < ρl

1 r > ρl.
(3.27)

involve cut-off radii ρl depending on the orbital angularmomentumof the valenceelectron l, and are designed to limit its penetration within the ionic core. Practi-cally, three cut-off radii ρs, ρp, ρd (for l = 0, 1, 2) are adjusted to reproduce the ex-perimental energies of the lowest s, p and d levels of the considered atom [99,105].It is worth noticing that the behavior of the ECP at short internuclear distancesis not rigorous as it involves only the coulombic repulsion between the two ionicclosed-shell cores. But the repulsion between core electrons is even strongerdue to Pauli exclusion principle. It has been shown [106, 107] that such an ef-fect can be modeled by adding to the ECP a core-core repulsion term of the form
Vcc(R) = acce

−bccR. One efficient way to calculate the acc and bcc parameters is toperform an Hartree-Fock calculation on the closed-shell molecule AB3+ at shortRand fit the parameters to the results. However, under the typical conditions of thesystems used here, such a term becomes significant only below 6 a.u. (this valueis typical for alkali-metal ionic cores like Rb [107]), so that the repulsive branch ofthe PEC is noticeably affected when the minimum of a PEC lies close to that dis-tance. In our work, the dynamics of the systems is controlled by patterns of thePECs typically beyond 10 a.u., so that we will not include Vcc in the used PECs.The main outcome of the simplifications above is that standard techniquesof quantum chemistry can be applied by performing a full configuration interac-tion calculation (FCI) in the chosen Hilbert space for the two valence electrons.This opens the way to obtain results for highly-excited electronic states, in con-trast withmethod using incomplete configuration interaction. This Hilbert space isbuilt by centering a large Gaussian basis set on each ionic core and setting up two-electron configurations. Themolecular wave functions are obtained fromHartree-Fock single-electron calculations, followed by FCI, resulting in Hund’s case (a) PECsfor each molecular symmetry 2S+1Λ. Calculations are performed using the CIPSIpackage (Configuration Interaction by Perturbation of a multiconfiguration wavefunction Selected Iteratively) originally developed in Toulouse (France) [108], whichwas further adapted in our group to run via an automatic procedure. This methodhas been successfully applied to several systems in our group [83,99–101, 109–111],to calculate Hund’s case (a) PECs, permanent dipole moments (PDMs) and transi-tion dipole moments (TDMs).As a preliminary step to Chapters 6 and 7, Fig. 3.5 shows the calculated PECsfor the LiBa+ and RbSr+ molecules of relevance for my thesis. While having bothtwo valence electrons, theirmolecular structure is vastly different fromeach other.Indeed, their dissociation limits originate from the combination of the spectrum
24



-10000

-5000

0

5000

10000

15000

20000

25000

P
o

te
n

ti
al

en
er

g
y

(c
m

-1
)

5 10 15 20 25 30 35 40 45

Internuclear distance (a.u.)

1 +

3 +

1

3

1

3

Li(2s
2
S) + Ba

+
(6s

2
S)

Li
+
+Ba(6s

2 1
S)

Li(2s
2
S)+Ba

+
(5d

2
D)

Li
+
+Ba(6s5d

3
D)

Li
+
+Ba(6s5d

1
D)

Li
+
+Ba(6s6p

3
P)

Li(2p
2
P)+Ba

+
(6s

2
S)

Li
+
+Ba(6s6p

1
P)

Li(2p
2
P)+Ba

+
(5d

2
D)

Li(2s
2
S)+Ba

+
(6p

2
P)

LiBa
+

-10000

-5000

0

5000

10000

15000

20000

25000

P
o

te
n

ti
al

en
er

g
y

(c
m

-1
)

5 10 15 20 25 30 35 40 45

Internuclear distance (a.u.)

1 +

3 +

1

3

1

3

Rb
+

+ Sr(5s
2 1

S)

Rb(5s
2
S) + Sr

+
(5s

2
S)

Rb
+

+ Sr(5s5p
3
P)

Rb
+

+ Sr(5s4d
3
D)

Rb
+

+ Sr(5s4d
1
D)

Rb
+

+ Sr(5s5p
1
P)

Rb(5p
2
P) + Sr

+
(5s

2
S)

Rb(5s
2
S) + Sr

+
(4d

2
D)

RbSr
+

Figure 3.5: Hund’s case (a) PECs of LiBa+ (left panel) and RbSr+ (right panel), pre-sented with the same energy scale. The origin of energies is fixed at the dissoci-ation limit of the electronic ground state. Singlet states are displayed with solidlines, and triplet states with dashed lines.

of several atomic species, namely A, A+, B and B+. Being a heavy species, Baand Ba+ exhibit more energy levels in the energy range considered than Li, Rband Sr. However, within the energy range relevant to the present study, up to themetastable ionic entrance channel correspond to the third and eighth dissociationlimits of LiBa+ and RbSr+, respectively. Up to these limits, the LiBa+ exhibits asimpler structurewith fewer relevant dissociation limits than RbSr+. The 2S → 2Pin alkali-metal atom (i.e. the usual D line) have comparable energies in Li andRb, sothat each panel includes the dissociation limits Li(2s)+Ba+(6s) and Rb(5s)+Sr+(5s)within the same energy range.In contrast, the lowest asymptote is different for the two systems. From a colli-sional point of view, the initial channel with neutral alkali-metal atom and alkaline-earth ion in their ground state has the lowest energy in LiBa+, and not in RbSr+:therefore there is no possibility of radiative charge exchange in the former system,in contrast to the latter one [83].The metastable excited state of alkaline-earth ions, namely Ba+(5d) andSr+(4d) in the present case, plays an important role in their laser-cooling cycle, asbriefly addressed in Chapter 2. Therefore, collisions might occur between groundstate alkali-metal atoms and metastable alkaline-earth ions, which is the maintopic of my work. Surprisingly enough, despite the significantly lower number
25



of asymptotes in RbSr+ by comparison with LiBa+, the Hund’s case (a) PECscorrelated to the Li(2s 2S)+Ba+(5d 2D) and to Rb(5s 2S)+Sr+(4d 2D) asymptotesmostly interact via real crossings or avoided crossings with PECs correlated to asingle lower asymptote, i.e. Li++Ba(6s2 1S) and Rb(5p 2P )+Sr+(5s 2S). We imme-diately notice that the resulting dynamics will be different, as charge exchangeis expected in the former case, and not in the latter. We will come back to theseissues in Chapters 6 and 7.

3.4 Spin-orbit interaction in a diatomic molecule:
asymptotic model

In heavy atoms such as Rb, Ba and Sr considered in this work, the spin-orbit (SO)interaction is strong and generates SO doublets (see Table 3.2), so that within themolecule containing them, it might become stronger than the electrostatic inter-action. As explained in Section 3.2, this situation refers to Hund’s case (c) couplingcase. Themolecular SO coupling is expected to depend on the internuclear coordi-nate R in a non-trivial manner, starting from the atomic values for infinite atomicseparation. This will be discussed in Chapter 5. In order to capture the essentialfeatures of the system, it is wise to design an asymptotic model to build the SOHamiltonian. We will show later that the structure of the atomic and molecularSOC matrices are identical.
Atom/ion Level SO doublet Energy splitting ASO(cm−1) (cm−1)Rb 5p 1/2, 3/2 237.595 158.397Sr+ 5p 1/2, 3/2 801.46 534.307Sr+ 4d 3/2, 5/2 280.34 112.136Ba+ 6p 1/2, 3/2 1690.843 1127.229Ba+ 5d 3/2, 5/2 800.955 320.382Li 2p 1/2, 3/2 0.34 0.227

Table 3.2: Spin-orbit splittings and corresponding spin-orbit constantsASOof relevant energy levels in several atomic and ionic species studied in thiswork [112].
Thus, spin-orbit coupling can be handled in a two separated atom frameworkat large internuclear distances. More precisely, we consider a neutral alkali-atomand a singly-charge alkaline-earth ion, so that one valence electron is bound toeach ionic core. We consider the effective spin-orbit Hamiltonian that can beadded to the molecular Hamiltonian,

ĤSO = AA
SO l̂A · ŝA +AB

SO l̂B · ŝB , (3.28)
where AA

SO and AB
SO are the atomic splitting constants for atoms A and B, respec-tively. Themolecular wave function in Hund’s case (a) |Λ, S,Σ⟩ can then bewritten
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as a linear combination of atomic orbitals, where each atom A and B is supposedto be in a well-defined atomic state with quantum numbers lA,sA and lB ,sB

|Λ, S,Σ⟩ =
sA∑

msA
=−sA

sB∑
msB

=−sB

CS,Σ
sA,msA

;sB ,msB
|sA,msA

, sB ,msB
⟩ ×

×
lA∑

mlA
=−lA

lB∑
mlB

=−lB

CL,Λ
lA,mlA

;lB ,mlB
|lA,mlA

, lB ,mlB
⟩ , (3.29)

where Cpq
ijkl are Clebsch-Gordan coefficients [113]. It is easy to derive the matrix

elements of ĤSO for every possible value of Ω = Λ + Σ ≡ mlA
+mlB

+msA
+msBusing the usual ladder operators

l̂± | l,ml, s,ms⟩ =
√
l(l + 1)−ml(ml ± 1) | l,ml + 1, s,ms⟩ (3.30)

ŝ± | l,ml, s,ms⟩ =
√
s(s+ 1)−ms(ms ± 1) | l,ml, s,ms + 1⟩ (3.31)

l̂z | l,ml, s,ms⟩ = ml | l,ml, s,ms⟩ (3.32)
ŝz | l,ml, s,ms⟩ = ms | l,ml, s,ms⟩ (3.33)

ĤSO = AA
SO

(
l̂
(z)
A ŝ

(z)
A + 1

2(l̂+A ŝ
−
A+l̂−A ŝ

+
A)

)
+AB

SO

(
l̂
(z)
B ŝ

(z)
B + 1

2(l̂+B ŝ
−
B +l̂−B ŝ

+
B)

)
. (3.34)

We consider an atom or an ion with one valence electron and with spin-orbit instates 2P or 2D (see Table 3.2), characterized by the SO constants AP = 2∆EP /3andAD = 2∆ED/5, while the other partner remains in a 2S state. ∆EP and ∆EDare the atomic spin-orbit energy splitting of 2P and 2D states. This gives rise toasymptotic limits that we will denote S + P and S +D for simplicity. In each casewe obtain Hamiltonian matrices containing the spin-orbit interaction on diagonaland off-diagonal matrix elements. These matrices are collected in Appendix A.In this asymptotic framework, there is no SO coupling between states corre-lated to different asymptotic limits. However, considering R−dependent spin-orbit couplings, there may be couplings in the short-range that tend to zero atlarge internuclear distances. These are referred to as indirect spin-orbit couplings,whereas those involving the same asymptotic limit are known as direct spin-orbitcouplings. This feature is investigated in Chapter 5, where I introduce the determi-nation ofR−dependent spin-orbit couplings, and their influence on the dynamicsis illustrated on two specific examples in Chapter 6 and Chapter 7.

3.5 Langevinmodel: a useful classicalmodel for ion-
atom collisions

In 1905, Paul Langevin [114] proposed a classical model to describe possible tra-jectories for ion-atom collisions, in the context of ion mobility in neutral gases. Inparticular, he obtained orbiting trajectories of the ion around a neutral particle,thus corresponding to a capture (Fig. 3.6). This model was widely used afterward
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to describe ion-neutral collisions in chemistry (see, for instance, [115–117]). In thisapproach, it is assumed that the ion-neutral collision rate is determined by thelong-range part of the interaction potential, fixing the condition for the system topass across the centrifugal barrier and then leading to capture or more generallyto a reaction between the two particles.

Figure 3.6: Possible trajectories of the Langevin model depending on the choiceof the impact parameter bwith respect to the critical impact parameter bmax. Bluecurve: b < bmax and the projectile is captured by the target in a spiral trajectory,and reaction occurs with unit probability. Red curve: b = bmax corresponding toan orbiting trajectory around the target. Green curve: b > bmax and the projectileis not significantly influenced by the target.
The long-range part of the interaction potential between an ion and a neutralparticle (an atom in our case) is V (R) = −C4/R

4 where C4 is half of the staticdipole polarizability α of the atom,
C4 =

(
e

4πϵ0

)2
α/2. (3.35)

This interaction competes with the rotational interaction between the particles(with reduced mass µ) quantified by partial waves ℓ, giving rise to the effectivepotential
Veff(R) = −C4

R4 + ℓ(ℓ+ 1)ℏ2

2µR2 . (3.36)
This potential exhibits a centrifugal barrier (Fig. 3.7) with a height depending on ℓ

Veff(R∗) = ℓ2(ℓ+ 1)2ℏ4

16µ2C4
, (3.37)

and located at the position
R∗ =

√
4µC4

ℓ(ℓ+ 1)ℏ2 . (3.38)
Therefore, the collision energy must be larger than the height of the barrier forthe capture to occur. In a classical approximation, the number of partial waves is
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Figure 3.7: Effective potential energy of a hypothetical atom - positively chargedion system, including the centrifugal (rotational) term for ℓ = 0, 1, 2. In the s-wavecase (ℓ = 0) there is no barrier, while for increasing values of ℓ, a centrifugal barrieremerges.

large, so that the magnitude of the angular momentum of the system is L = ℏℓ,and its maximum value at a given collision energy Ec = ℏ2k2/(2µ) is
Lmax = (16µ2C4Ec)1/4. (3.39)

This corresponds to a maximum impact parameter for the classical collision
bmax = L/(ℏk). The classical cross section σmax

class = πb2
max, usually denoted as theLangevin cross section, is

σL = 2π
√
C4

E
. (3.40)

and the associated rate coefficientKL =
√

2E
µ σL

KL = 2π

√
2C4

µ
. (3.41)

The Langevin rate is then constant with respect to the collision energy, whichmakes ion-atom collisions remarkable. Such a capture model does not take intoaccount the possible quantum effects occurring at short ion-atom distances, sothat the Langevin rate is an upper bound for the quantum reaction rate. This is thecentral goal of the present thesis: to determine the importance of these quantumeffects and thus evaluate a realistic reaction rate to be compared to experimentalmeasurements.In [118] a generalized derivation of the capture cross section for 1/R−3 and
1/R−6 interactions is presented, and the Langevin cross section is discussed indetail.
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3.6 Elements of quantum scattering theory
Assume a typical atomic collision as shown in Fig.3.8. A homogeneous, well-collimated, monoenergetic beam formed by A particles is aimed at a target Bparticle. After a collision between particles A and B, a detector placed outsideof the path of the incident beam registers the particles emerging from theinteraction. Several types of collisions are possible:

1. Elastic collisions, when particles A and B are in the same internal state be-fore and after the collision:
A + B → A + B. (3.42)

2. Inelastic collisions, when the internal quantum state of particle A and/or Bchanges during the collision, for example, the B particle is left in an excitedstate after the collision:
A + B → A + B′. (3.43)

3. Reactive collisions, when, after the collision, two different particles are cre-ated compared to the colliding ones
A + B → C + D (3.44)

In the following, we present the main aspects of quantum scattering theorythat are relevant to our study:
• definition of the scattering amplitude and the cross section for the scatter-ing of particles and its relation to the underlying wave function of the sys-tem;
• scattering by a central potential allowing for the so-called partial wave ex-pansion of the wave function to determine the scattering amplitude;
• extension to the scattering for a multichannel problem, leading to the reso-lution of coupled Schrödinger equations;
• choice of the log-derivative algorithm for solving the coupled equations;
• extraction of S matrix of scattering amplitudes.

3.6.1 Scattering amplitude and cross section
Let us consider the incident ionic beam A directed along the z-axis toward thetarget atom B , see Fig. 3.8.The incident flux of atom A is denoted by F . The number of atoms scatteredinto a small solid angle dΩ in the direction θ, ϕ in unit time is denoted by dN . Thenumber of scattered atoms is proportional to dΩ and F , the proportionality factor
σ(θ, ϕ) is the differential cross section and has the dimension of area.

dN = σ(θ, ϕ)F dΩ.
(3.45)
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Figure 3.8: Schematic view of a scattering experiment in the lab, when a beamof particles A collides a target of particles B, and products detected at a certainangle θ with respect to the incident beam.

The total scattering cross section is obtained by integrating the differential crosssection over the whole solid angle
σ =

∫ 2π

0
dϕ

∫ π

0
σ(θ, ϕ) sin θdθ. (3.46)

In quantum scattering, the cross section reflects the intrinsic properties of the fullwave function of the interacting system, and thus the underlying interactions atwork during the collision. We derive below this relationship.The collision between two particles with masses mA and mB , interacting viaa potential, V (RRR) that depends only on their relative coordinate RRR, can be sepa-rated into the free motion of the center of mass and the relative motion of theparticles. The latter is equivalent to the motion of a single particle of reducedmass, µ = mAmB/(mA +mB), in the potential V (RRR). Therefore, we consider thesimplest collision problem: the non-relativistic scattering of a spinless particle bya potential V (RRR). The Schrödinger equation for the relative motion is[
− ℏ2

2µ∇
2 + V (RRR)

]
Ψ(RRR, t) = iℏ

∂

∂t
Ψ(RRR, t). (3.47)

The potential V (RRR) is taken to be real and time independent. Typically, it will be asingle Born-Oppenheimer (BO) potential energy curve derived along the lines ofthe previous subsections. Thus, the stationary solution of Eq. 3.47 is
Ψ(RRR, t) = ψ(RRR)e−iEt/ℏ. (3.48)

Thewave functionψ(RRR) is the solution of the time-independent Schrödinger equa-tion [
− ℏ2

2µ∇
2 + V (RRR)

]
ψ(RRR) = Eψ(RRR), (3.49)
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with E = (ℏ2k2
i )/(2µ) being the energy of relative motion and ki is the magnitudeof the incident wave vector kkki. Equation 3.49 can be rewritten using the scaledpotential U(RRR) = 2µV (RRR)/ℏ2 as[

∇2 + k2 − U(RRR)
]
ψ(RRR) = 0. (3.50)

For potentials U(RRR) vanishing faster than 1/R for large R values, the scatteringwave function satisfies the Schrödinger equation for a free particle[
∇2 + k2

]
ψ(RRR) = 0. (3.51)

In general, the wave function at large distances is expressed as the superpositionof the incident wave function ψin(RRR) and the scattered wave function ψsc(RRR),
ψ(RRR) ∼

R→∞
ψin(RRR) + ψsc(RRR). (3.52)

The function ψin is represented by a plane wave traveling along the internuclearaxis Z with momentum kkki,
ψin(RRR) = eikkkiRRR ≡ AeikiZ , (3.53)

whereA is a normalization factor. The functionψsc is written as an outgoing spher-ical wave
ψsc(RRR) = Af(ki, θ, ϕ) e

ikir

R
, (3.54)

where f(ki, θ, ϕ) is the scattering amplitude depending on the energy and direc-tion ofRRR. Thus, the scatteringwave functionmust satisfy the asymptotic boundarycondition
ψ(RRR) ∼

R→∞
A

[
eikZ + f(k, θ, ϕ)e

ikR

R

]
. (3.55)

The current of probability density jjj is defined as
jjj = ℏ

2µi

[
ψ⋆(R)(∇ψ(R))− (∇ψ⋆(R))ψ(R)

]
. (3.56)

At large distances for the flux through a spherical surface, only the radial compo-nent of jjj contributes,
j · R̂j · R̂j · R̂ ≡ jR = ℏ

2µi

[
ψ⋆(R)( ∂

∂R
ψ(R))− ( ∂

∂R
ψ⋆(R))ψ(R)

]
, (3.57)

where R̂̂R̂R = RRR/R is the radial unit vector. The scattered radial current reads as
jR

sc = iℏ
2µ

[
ψ⋆

sc(R)∂ψsc(R)
∂R

− ψsc(R)∂ψ
⋆
sc(R)
∂R

]
= ℏki

µ
| A |2| f(ki, θ, ϕ) |2 1

R2 , (3.58)
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and the incident current in the Z-direction
jR

in = ℏk
µ
|A|2. (3.59)

The incoming flux through the unit area is proportional to jR
in, while the numberof scattered particles in the dΩ solid angle in unit time is proportional to jscR

2dΩ.The differential cross section is the ratio of these two currents,
σ(θ, ϕ) = jR

sc R
2dΩ

jR
indΩ

= |f(ki, θ, ϕ)|2 .

(3.60)
This equation expresses the relationship between the cross section and the wavefunctions through the scattering amplitude.
3.6.2 Partial wave expansion
A very common situation is the scattering of a particle by a central (or spheri-cally symmetric) potential V (R), thus conserving the total angular momentum
LLL. In this case the Hamiltonian commutes with the operators L̂2 and L̂z , and theSchrödinger equation is separable in spherical coordinates. Since the incident di-rection of the particle coincides with the Z-axis, the wave function , the scatteringamplitude, and the differential cross section are independent of the azimuthalangle ϕ. Therefore, the scattering wave function can be expanded in a series ofLegendre polynomials

ψ(ki, R, θ) =
∞∑

ℓ=0
Rℓ(ki, R)Pℓ(cos θ). (3.61)

where the index ℓ is the quantum number associated to LLL. The radial wave func-tions, Rℓ(ki, R), satisfies the Schrödinger equation[
d2

dR2 + 2
R

d

dR
− ℓ(ℓ+ 1)

R2 − U(R) + k2
i

]
Rℓ(ki, R) = 0, (3.62)

where U(R) is defined in Eq. 3.50. This equation can be simplified by introducingthe function uℓ(ki, R) = R×Rℓ(ki, R),[
d2

dR2 −
ℓ(ℓ+ 1)
R2 − U(R) + k2

i

]
uℓ(ki, R) = 0. (3.63)

The solutions can be written as a power series
uℓ(ki, R) =

∞∑
n=0

anR
n. (3.64)

Equation 3.63 admits two linearly independent solutions: one with a regular be-havior at the origin
uℓ(ki, R) ∼

R→0
Rℓ+1, (3.65)
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and the other which is irregular at the origin
uℓ(ki, R) ∼

R→0
R−ℓ. (3.66)

The physical solution of Eq. 3.62 must be regular forR = 0, so thatRℓ(ki, R) ∼ Rℓ

when R→ 0.The long-range behavior of Rℓ(ki, R) is determined assuming that therescaled potential U(R) vanishes in a region R > R0. Equation 3.62 reducesto a free particle equation which is conveniently rewritten using a new variable
ρ = kiR, [

d2

dρ2 + 2
ρ

d

dρ
+

(
1− ℓ(ℓ+ 1)

ρ2

)]
Rℓ(ρ) = 0, (3.67)

known as the spherical Bessel differential equation. The general solution is a lin-ear combination of the spherical Bessel function jl(ρ) and the spherical Neumannfunction nl(ρ)

jℓ(ρ) =
(
π

2ρ

)1/2
Jℓ+1/2(ρ) (3.68)

nℓ(ρ) = (−1)ℓ+1
(
π

2ρ

)1/2
J−ℓ−1/2(ρ), (3.69)

where Jℓ+1/2(ρ) is the Bessel function of half-integer order.The long-range behavior of jℓ(ρ) and nℓ(ρ) is
jℓ(ρ) ∼

ρ→∞

1
ρ

sin (ρ− ℓπ/2), (3.70)
nℓ(ρ) ∼

ρ→∞
−1
ρ

cos (ρ− ℓπ/2). (3.71)
At large distances R > R0,Rℓ(ρ) is written as a linear combination of Bessel func-tions with coefficients Bℓ and Cℓ depending on ki

Rℓ(ρ) = uℓ(ρ)
R

= Bℓ(ki)jℓ(ρ) + Cℓ(ki)nℓ(ρ). (3.72)
The asymptotic form of Rℓ(ρ) is

Rℓ(ρ) ∼
r→∞

Bℓ(ki)
sin (ρ− ℓπ/2)

ρ
− Cℓ(ki)

cos (ρ− ℓπ/2)
ρ

. (3.73)
Since the sin and cos terms in Eq.3.73 have the same argument, it is convenient torewrite their linear combination as a single sin function with a phase shift

Rℓ(ρ) ∼
r→∞

Aℓ(ki)
ρ

sin(ρ− ℓπ/2 + δℓ(ki)). (3.74)
Using the trigonometrical identity sin(α + β) = sinα cosβ + cosα sin β with thenotation α = ρ− ℓπ/2 and β = δℓ, the Eq. 3.74 becomes

Rℓ(ρ) ∼
r→∞

Aℓ(ki)
ρ

(
cos δℓ sin (ρ− ℓπ/2) + sin δℓ cos (ρ− ℓπ/2)

)
. (3.75)
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Comparing Eq.3.73 and Eq.3.75, one can identify Bℓ(ki) = Aℓ(ki) cos δℓ(ki) and
−Cℓ(ki) = Aℓ(ki) sin δℓ(ki). Defining the phase shift δℓ(ki) as

tan δℓ(ki) = −Cℓ(ki)/Bℓ(ki) (3.76)
and the normalization function as Aℓ(ki) =

√
B2

ℓ (ki) + C2
ℓ (ki) the desired formis achievable. We see that the presence of potential U(R) induces a phase shift

δℓ(ki) on the wave function compared to the free wave function. The overall nor-malization Aℓ(ki) is arbitrary and does not affect the phase shift.

Rℓ(ki, R) ∼
R→∞

Aℓ(ki)
kiR

sin [kiR− ℓπ/2 + δℓ(ki)]. (3.77)
Since Aℓ(ki) can be arbitrary, a convenient choice is Aℓ(ki) = −2ieiδℓ(ki). In thismanner, the radial wave function in the asymptotic region is

Rℓ(ki, R) ∼
R→∞

Aℓ(ki)
kiR

sin [kiR− ℓπ/2 + δℓ(ki)] (3.78)
Rℓ(ki, R) ∼

R→∞
−2ieiδℓ(k) e

i(kr−ℓπ/2+δℓ) − e−i(kr−ℓπ/2+δℓ)

2ikiR
(3.79)

Rℓ(ki, R) ∼
R→∞

e−i(kr−ℓπ/2) − ei(kr−ℓπ/2)

kiR
e2iδℓ (3.80)

We can define the Sℓ(ki) = e2iδℓ(ki) as a single element of the scattering matrix or
S matrix.Another useful choice ofAℓ(ki) is possible in order to obtain the the scatteringamplitude f(ki, θ). Using Eq. 3.55, the plane wave can be expanded in terms ofLegendre polynomials

AeikiZ = AeikiR cos θ = A

∞∑
ℓ=0

iℓ(2ℓ+ 1) jℓ(kiR)Pℓ(cos θ). (3.81)
thus Eq.3.55 becomes

ψ(rrr) ∼
r→∞

A

[ ∞∑
ℓ=0

iℓ(2ℓ+ 1)sin (kir − ℓπ/2)
kir

Pℓ(cos θ) + f(ki, θ)
eikir

r

]
=

= A

{
eikir

r

[
f(ki, θ)−

∞∑
ℓ=0

(
i

2ki

)
(2ℓ+ 1)Pℓ(cos θ)

]
+

+ e−ikir

r

[ ∞∑
ℓ=0

(−1)ℓ

(
i

2ki

)
(2ℓ+ 1)Pℓ(cos θ)

]}
, (3.82)

where we used the asymptotic form of jl(kr) and the identity
sin(kir − ℓπ/2) = i−ℓeikir − iℓe−ikir

2i (3.83)
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On the other hand, the asymptotic form of ψ(rrr) , based on Eq. 3.61 and 3.77, canbe written as
ψ(rrr) ∼

r→∞

∞∑
ℓ=0

Aℓ(k)Pℓ(cos θ)e
i(kr−ℓπ/2+δℓ(k)) − e−i(kr−ℓπ/2+δℓ(k))

2ikr . (3.84)

Combining the two equations (Eq. 3.82 and Eq. 3.84) we obtain the normalizationcoefficient for each partial wave
Aℓ(ki) = A iℓ(2ℓ+ 1) eiδℓ(ki), (3.85)

and then the partial wave expansion of the scattering amplitude

f(ki, θ) = 1
2iki

∞∑
ℓ=0

(2ℓ+ 1)
(
e2iδℓ − 1

)
Pℓ (cos θ) , (3.86)

or in a more natural form, using the definition of S matrix

f(ki, θ) = 1
2iki

∞∑
ℓ=0

(2ℓ+ 1) (Sℓ(ki)− 1)Pℓ (cos θ) , (3.87)

and finally the differential cross section

dσ(k, θ) = 1
k2

i

∞∑
ℓ=0

∞∑
ℓ′=0

(2ℓ+ 1)(2ℓ′ + 1)ei[δℓ(ki)−δℓ′ (ki)] ×

× sin (δℓ(ki)) sin (δℓ′(ki))Pℓ(cos θ)Pℓ′(cos θ). (3.88)
It is independent of the A normalization factor, since it cancels out during thematching of Eq. 3.82 and Eq. 3.84. The total cross section is obtained by integrat-ing the differential cross section over the solid angle

σ(ki) = 2π
∫ π

0
dσ(ki, θ) sin θdθ

= 4π
k2

i

∞∑
ℓ=0

(2ℓ+ 1) sin2 δℓ(ki)

=
∞∑

ℓ=0
σℓ(ki) (3.89)

The partial cross section σℓ(ki) reaches a maximum value of 4π(2ℓ + 1)/k2
i . Inthe atom-ion experiment, the ongoing goal is to reach the s-wave regime (ℓ = 0),where the maximal cross section is 4π/k2

i .A third possible parametrization of Aℓ(ki) is when Aℓ(ki) = [cos δℓ(ki)]−1. Us-
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ing this definition the radial wave function in the asymptotic limit is
Rℓ(ki, R) ∼

R→∞

Aℓ(ki)
kiR

sin [kiR− ℓπ/2 + δℓ(ki)] (3.90)
Rℓ(ki, R) ∼

R→∞

1
kiR cos δℓ(ki)

[
sin (kiR− ℓπ/2) cos δℓ(ki)+

+ cos (kiR− ℓπ/2) sin δℓ(ki)
]

(3.91)
Rℓ(ki, R) ∼

R→∞

1
kiR

[sin (kiR− ℓπ/2) +Kℓ(ki) cos (kiR− ℓπ/2)] (3.92)
where we definedKℓ(ki) = tan δℓ(ki) and it is called reaction matrix. The relationbetween reaction and scattering matrix is

Sℓ(ki) = 1 + iKℓ(ki)
1− iKℓ(ki)

(3.93)

3.6.3 Coupled-channel equations
Up to now, we have recalled the basics of scattering theory by considering onlya single state, commonly referred to as a scattering channel, or channel, in short.In general, a collisional event induces transformations of the system via inelasticor reactive processes (see the introduction of this Section.) In other words, a col-lision involves several channels, as illustrated in Fig.3.9, which are coupled witheach other via specific terms in the Hamiltonian of the system. A collisional chan-nel is asymptotically well-defined by its momentum kkk and appropriate quantumnumbers specific to the considered system. A channel is open (resp. closed) if itsasymptotic energy is smaller (resp. larger) than the one of the incoming channelincluding the initial collision energy.My work focuses on the description of ion-atom collisions. As discussed inChapter 2, several processes might occur such as charge exchange or excitationexchange. It means that the entrance channel, described by a given adiabatic(or Born-Oppenheimer) state, is actually coupled to other BO states through non-adiabatic couplings, which are induced, for example, by radial or spin-orbit cou-plings (see Section 3.1). The Schrödinger equation of Eq.3.49, which was writtenfor a single PEC, can be generalized to the so-called coupled-channel form for acollision energy E as[

− ℏ2

2µ
1
R2

∂

∂R

(
R2 ∂

∂R

)
+ ℏ2

2µR2 L̂
2 + V̂ (R)

]
Ψ(R) = EΨ(R) (3.94)

where the wave function Ψ is expanded on a finite set of BO states |Φα⟩ as
Ψ(R, r) =

N∑
α=1

1
R
Fα(R) |Φα⟩ , (3.95)

and the V̂ operator in now expressed as a matrix with R-dependent diagonal ele-ments
Vαα ≡ Vα = ⟨Φα| V̂ |Φα⟩ (3.96)
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Figure 3.9: Schematic illustration of open and closed scattering channels with re-spect to an incoming channel. Each channel is represented by a single potentialenergy curve.

being the PECs of the BO states α, and R-dependent off-diagonal elements
Vβα = ⟨Φβ | V̂ |Φα⟩ (3.97)

representing the non-adiabatic couplings betweenBO statesα and β. Substituting3.95 in 3.94 and projecting the equation on state |Φβ⟩ we obtain a set of radialcoupled equations of the generic form[
ℏ2

2µ

(
d2

dR2 −
ℓ(ℓ+ 1)
R2

)
+ Vββ(R) + E

]
Fβ(R) =

∑
α

Vβ α(R)Fα(R). (3.98)
As all interactions are assumed to vanish for R → ∞, the PEC of each state |Φα⟩reaches its asymptotic value ϵα. If the entrance channel is a given BO state |Φi⟩,
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its asymptotic energy ϵi can be considered as the origin of energy, to which thecollision energy E is added. Therefore, a channel α is open if ϵα < ϵi + E. In thenext subsection, we present the numerical approach that we chose to solve thissystem of coupled Schrödinger equations.
3.6.4 Solving the coupled channel equations: the log-derivative

algorithm
To solve the coupled Schrödinger equations, we use the robust approach pro-posed by Johnson [119], the log-derivative algorithm, that we implemented in anumerical code developed in our group in Orsay. This algorithm offers several ad-vantages for coupled-channel scattering calculations compared to other ones. Itis simple to include in a numerical code, treats the closed channels without specialnumerical difficulties, and allows the propagation step size to be modified easily.In addition, the method is self-starting, meaning that the propagation can be ini-tiated directly from the inner boundary condition without constructing the wave-function amplitudes at several initial grid points. It can also be started inside theclassically forbidden region without introducing numerical instabilities. Moreover,Johnson showed that the method can be computationally more efficient than thematrix Numerov method for calculating the S- matrix [119, 120].We briefly recall below the main steps of the method. The system of coupleddifferential equations illustrated by Eq. 3.98 is first recast in compact matrix form(after global multiplication by 2µ/ℏ2)[

DDD2 +WWW
]
FFF = 0, (3.99)

whereDDD2 is the diagonal matrix associated with the kinetic energy operator
DDD2 = d2

dR2III, (3.100)
III being the identity matrix. The square matrixWWW includes the rescaled total en-ergy, centrifugal, and interaction terms

WWW =
[
−ℓ(ℓ+ 1)

R2 + k2
]
III −UUU, (3.101)

where UUU = (2µ/ℏ2)VVV . Equation 3.99 admits N linearly-independent solutionsrepresented by the square matrix FFF . Each column of FFF represent one indepen-dent solution of the coupled-channel equations, expressed in the BO states (Eq.3.95). To solve the system of coupled second-order linear differential equations(Eq. 3.99), we first transform it into a system of first-order nonlinear equations byinserting the logarithmic derivative (log-derivative in short) of the Fα(R) functions
Yα(R) = d

dR
lnFα(R), (3.102)

leading to the log-derivative matrix YYY
YYY = FFF ′FFF−1. (3.103)
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This allows to rewrite Eq. 3.99 in the form of a matrix Ricatti equation
YYY ′ + YYY 2 +WWW = 0. (3.104)

A direct numerical integration of this Riccati equation is problematic because thelog-derivative matrix may diverge at nodes of the wave function. The Johnsonalgorithm avoids this difficulty.The radial interval [Rmin, Rmax] is discretized on a uniform grid,
Rn = Rmin + nh, n = 0, . . . , N, (3.105)

where h is the radial step size. The number of grid points is chosen to be odd,consistent with the Simpson-type quadrature used in the Johnson recurrence. Inscattering problems, a usual boundary condition is FFF (Rmin) = 0, while its deriva-tive can be chosen arbitrarily, provided that the resulting solutions remain linearlyindependent. A convenient choice is FFF ′(Rmin) = III , where III is the identity matrix.Therefore, the log-derivative matrix formally diverges at this boundary. Follow-ing Johnson [119], this condition is implemented numerically by choosing a largediagonal initial value YYY (Rmin) = 1020III . Since the interaction matrix WWW is realand symmetric and the initial log-derivative matrix YYY (Rmin) is diagonal, the prop-agated YYY (R) remains symmetric up to the numerical precision. The Riccati equa-tion is then propagated outward using Johnson’s fixed-step recurrence relation.The method uses Simpson-type quadrature weights on the radial grid. The sys-tem of Eq. 3.104 is solved using a recurrence algorithm to determine the value of
YYY n ≡ YYY (Rn),

YYY n = (III + hYYY n−1)−1YYY n−1 − (h/3)wnuuun, (3.106)
where the matrices un are local effective interaction matrices entering the John-son propagator. Their different forms at even and odd grid points arise from theSimpson-type discretization used in the recurrence relation.

uuun =
{
WWW(Rn) n = 0, 2, 4, . . . , N[
III + (h2/6)WWW(Rn)

]−1
WWW(Rn) n = 1, 3, 5, . . . , N − 1

(3.107)
andwn weights are the same as those appearing in the Simpson’s integration ruleassigned to every grid point

wn =


1 n = 0, N
4 n = 1, 3, 5, . . . , N − 1
2 n = 2, 4, 6, . . . , N − 2.

(3.108)

The truncation error of the method scales as h4, as discussed in Ref. [119]. Asemphasized in [119], recurrence is designed to provide the log-derivative matrix atthe final matching point Rmax. This is sufficient for scattering calculations, sincetheKKK and SSS matrices are extracted by matching the propagated solution to theasymptotic channel functions at Rmax.
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3.6.5 Scattering matrix
Along the lines similar to Section 3.6.2, the matrix of solutionsFFF can be written inthe asymptotic region (R→∞) as

FFF =
R→∞

JJJ +NNNKKK (3.109)
where nowappears the reactionmatrixKKK containing all the information about thescattering process, which has the block structure incorporating the open (index”o”) and closed (index ”c”) channels

KKK =
(
KKKoo KKKoc

KKKco KKKcc

)
. (3.110)

This expression illustrates how closed channels have an influence on open chan-nels, through the off-diagonal blocksKKKoc andKKKco. The diagonal matrices JJJ and
NNN , with elements depending on the nature of channels:

• Open channels: the elements are Ricatti-Bessel functions
JJJ ij(R) = δijk

−1/2
j jℓj

(kjR), (3.111)
NNN ij(R) = δijk

−1/2
j nℓj

(kjR). (3.112)
• Closed channels: the elements are modified spherical Bessel functions

JJJ ij(R) = δijk
1/2
j Iℓj+1/2(kjR) (3.113)

NNN ij(R) = δijk
1/2
j Kℓj+1/2(kjR) (3.114)

The reaction matrix in the asymptotic region, based on Eq. 3.103 and 3.109,reads as
KKK = [YYY (R)NNN(R)−NNN ′(R)]−1 [YYY (R)JJJ(R)− JJJ ′(R)] (3.115)

The unitary scattering matrix SSS we defined as
SSS = 111 + iKKKoo

1− iKKKoo
, (3.116)

considering only the open-open block of the reaction matrix, since the contribu-tion of possible resonances are negligible. The quantity |Sα,β |2 is the probabilityfor a system initially in channel α to scatter into channel β. In our investigations,we will model scattering processes in the space-fixed frame in the absence of ex-ternal fields, where the total angularmomentum J and parity p are good quantumnumbers. Therefore, the partial cross section for the inelastic process from chan-nel α to β, for a given total angular momentum J and parity p, and after averagingover all projections of J , is given by
σ(β ← α, J, p, kα) = π

k2
α

(2J + 1)
∣∣∣SJ,p

α,β

∣∣∣2
, (3.117)
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The total inelastic cross section for a given parity is obtained by summing partialcross sections for all values of J which energetically allowed in the entrance chan-nel
σ(β ← α, p, kα) =

∑
J

σ(β ← α, J, p, kα). (3.118)
In the calculations, the twoparity cases are treated separately, thus the unitarity ofthe associated S matrices is assured independently. Therefore, the total state-tostate inelastic cross section reads as

σ(β ← α, kα) = σ(β ← α, p = 1, kα) + σ(β ← α, p = −1, kα)
2 .

(3.119)
To compare our calculations to experimental observations, rate coefficients aredetermined,

K(β ← α, kα) = ℏkα

µ
σ(β ← α, kα). (3.120)

Assuming a Maxwell–Boltzmann distribution of collision energies, thermalizedrate coefficients at an effective temperature Teff are obtained by averagingthe energy-dependent rate coefficient over the corresponding collision-energydistribution,
K(Teff ; f) = 2√

π(kBTeff)3/2

×
∫ ∞

0
K(E; f)

√
E e−E/kBTeffdE,

(3.121)

where the effective temperature in the center-of-mass frame [38] is given by
Teff = mATB+ +mB+TA

mA +mB+
. (3.122)

The presented quantum scattering model for the description of ion-atom colli-sions, considering all the relevant channels, will be referred to later in the thesisas the Multi-Channel Quantum Scattering calculation, MCQS.
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Chapter 4

Frame transformation: from
body-fixed to space-fixed
frame

The developments presented in Chapter 3, while being general, assume that thediatomic molecule of interest is described in its own frame, referred to as thebody-fixed (BF) frame. This choice is very convenient to describe the electronicstates of the molecule through potential energy curves (PECs) depending of theinternal coordinate R along the molecular axis. But the molecule rotates in thelab frame, referred to as the space-fixed (SF) frame, so that it is submitted to Cori-olis effect. In other words, the angular momentum ℓℓℓ associated to the rotationof the molecule in the SF frame can be coupled to the electronic angular momen-tum and spin which are well-defined in the BF frame. In many ultracold atom-ioncollisions involving ground state colliding partners, the electronic structure is rel-atively simple, and the ℓℓℓ can be used to characterize the relative motion of thecolliding partners. In the systems considered in this thesis, however, the alkaline-earth ion is prepared in a metastable D state carrying a non-zero electronic an-gular momentum jjj. Consequently, the mechanical rotation ℓℓℓ and the electronicangular momentum jjj must be coupled to form the total angular momentum JJJ .To properly account for this angular momentum coupling in the scattering calcu-lations, the molecular states defined in the BF frame must be expressed in theSF frame. This is the purpose of the so-called ”frame transformation” presentedin this Chapter. We first define the total parity of the molecular state which is anadditional ”good” quantum number of the system, and then themathematical for-malism based on rotations allowing to transform quantum numbers valid in theBF frame into quantum numbers valid in the SF frame.
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Figure 4.1: The action of the parity operator on the position vector of a singleelectron. In spherical coordinates (r, θ, ϕ), it corresponds to the transformations
r → r, θ → π − θ and ϕ→ π + ϕ.

4.1 Parity

The parity is associated with spatial inversion. The parity operator P̂ acts only onthe spatial coordinates by inverting the sign rrr → −rrr. For a single-particle wavefunction Ψ(rrr), the action of the parity operator is defined as
P̂Ψ(rrr) = Ψ(−rrr). (4.1)

The parity operator is linear, unitary, Hermitian and satisfies the following relation
P̂ 2 = Î , (4.2)

where Î is the identity operator. This implies that the eigenvalues of the parityoperator are p = ±1. If the particle wave function Ψ(rrr) is an eigenfunction of theparity operator P̂ , then
P̂Ψ(rrr) = pΨ(rrr), (4.3)

with p = +1 corresponding to even parity, and p = −1 to odd parity. Conse-quently,
Ψ(−rrr) =

{
+Ψ(rrr) even parity
−Ψ(rrr) odd parity.

(4.4)
Assuming that the wave function of a single electron in an atom is characterizedby quantum numbers (n, l, ml), the wave function can be written as

Ψn, l, ml
(rrr, θ, ϕ) = Rn,l(r)Pl,ml

(cos θ)eimlϕ, (4.5)
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where n is the principal quantum number, l is the orbital angular momentumquantum number, ml its projection, and Pl,ml
(cos θ) is a Legendre polynomial.Due to the spatial inversion, θ → π − θ and ϕ → π + ϕ, see Fig. 4.1 the angulardependent parts of the wave function becomes

Pl,ml
(− cos θ) = (−1)l−mlPl,ml

(cos θ)
eiml(π+ϕ) = (−1)mleimlϕ . (4.6)

The effect of the parity operator P̂ on the wave function is
P̂Ψn, l, ml

(rrr, θ, ϕ) = (−1)lΨn, l, ml
(rrr, θ, ϕ). (4.7)

Hence, the parity of the wave function of a single electron in an atom is
P = (−1)l. (4.8)

If the atom has many electrons, then the parity is
P = (−1)

∑n

i=1
li , (4.9)

where n is the number of electrons.In this work, I focus on diatomic molecules rotating in the space-fixed framewith a rotational angular momentum ℓℓℓ with quantum number ℓ. The inversionoperation will also act on the spatial coordinates of the nuclei, inducing a parity of
(−1)ℓ, leading to a total parity of the rotating diatomic molecule of

P = (−1)lA+lB+ℓ. (4.10)

4.2 Euler rotations and Wigner functions in di-
atomic molecule

To describe the rotational degree of freedom of a diatomic molecule, we intro-duce the BF coordinate system (XBF,YBF,ZBF), where the ZBF axis coincides withthe internuclear axis. The orientation of the BF frame relative to the SF frame,
(XSF,YSF,ZSF), is specified by the Euler angles (α, β, γ). The CM motion is elimi-nated by a simple translation leading to the CM frame (XCM,YCM,ZCM), which canthen be rotated to the BF frame (XBF,YBF,ZBF), through the following steps:

• Rotate the ZCM axis with an angle α until the YCM axis becomes perpendic-ular to the molecular axis, leading to the frame (X′
CM,Y′

CM,Z′
CM).

• Rotate the Y′
CM axis with an angle β until the Z′

CM axis aligns with the molec-ular axis, leading to the frame (XBF,YBF,ZBF).
The first rotation on the ZCM axis is described by theRRRz(α, β, γ) rotation ma-trix,

RRRz(α, β, γ) =

cosα − sinα 0
sinα cosα 0

0 0 1

 . (4.11)
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2. Since OCMY’CM ⊥ (Z’CM OCM B) plane, a rotation 
about the Y’CM- axis by an angle ) aligns the Z’CM- axis 
with the rotating molecular axis AB. Thus, we obtain the 
molecular rotating frame (XBFYBF ZBF), with Z’CM = ZCM.

Figure 4.2: Illustration of the two-step rotation from the CM to themolecular rotat-ing BF frame of reference, corresponding to transition from panel b) to panel c) ofFig. 3.1 (the change from panel a) to panel b) is obtained by a simply translation).

Then, the rotation on the Y′
CM is described by the rotation matrixRRRy(α, β, γ)

RRRy(α, β, γ) =

 cosβ 0 sin β
0 1 0

− sin β 0 cosβ

 . (4.12)

In case of diatomic molecules, a third rotation is not necessary to fully determinethe orientation of the molecule, i.e. γ = 0. Consequently, the full rotation matrixis
RRR(α, β, 0) = RRRz(α, β, 0)RRRy(α, β, 0) =

cosα cosβ − sinα cosα sin β
sinα cosβ cosα sinα sin β
− sin β 0 cosβ

 . (4.13)

It is known that the angular momentum is a generator of rotation, thus a gen-eral rotation operator with angles (α, β, γ) angle in the frame (x, y, z) can be writ-ten as
R̂(α, β, γ) = e−iαĴze−iβĴye−iγĴz , (4.14)

where Ĵz , Ĵy , and Ĵy are the components of the total angularmomentumoperator
Ĵ . The components satisfy the identity Ĵ2 = Ĵ2

x + Ĵ2
y + Ĵ2

z .The Wigner function D gives the matrix elements of the rotation operator in
| JM⟩ basis representation [121]. In this case, the Wigner function D with Eulerangles (α, β, γ) is

DJ
M ′M (α, β, γ) = ⟨JM ′ | R(α, β, γ) | JM⟩

= ⟨JM ′ | e−iαĴxe−iβĴye−iγĴz | JM⟩, (4.15)
where M and M ′ are the projections of JJJ on the molecular axis in BF frame ofreference and on the Z-axis in SF frame of reference, andM ,M ′ = −J, . . . ,+J .
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4.3 Transformation matrix

The state describing the collision between an atomand an ion is a continuum stateof a diatomic molecular ion. For large interparticle separations, the wave func-tion can be expanded, to a good approximation, in terms of the eigenstates ofthe separated atomic system, while for small separations, it is more convenientlyexpanded in themolecular Born–Oppenheimer electronic states. The aim is to de-termine the transformation between these two representations of the molecularstates. The molecular basis |ΛS Σ⟩ for Hund’s case (a) states in the asymptoticregion can be expanded on the basis of products of atomic states [122]

| ΛSΣ⟩ =
∑

ΛA,ΛB

|lA ΛA⟩ |lB ΛB⟩ |S Σ⟩ ⟨ΛA ΛB | Λ⟩, (4.16)

where Λ = ΛA +ΛB , and ΛA, ΛB are the quantum numbers for the projections onthe molecular axis of lllA and lllB , respectively. The coefficient ⟨ΛA ΛB | Λ⟩ combin-ing the two atomic projections on the molecular one is 1, for cases where one ofthe angular momenta is zero. This will be the case in our study, since one of thecolliding partners is in the ground state s, while the other partner is in the state
s,p or d. In the coupled atomic basis, the molecular basis can be written as

|ΛS Σ⟩ =
∑

ΛA,ΛB

|lA ΛA⟩ |lB ΛB⟩
∑

ΣA,ΣB

CS Σ
sA ΣA sB ΣB

|sA ΣA⟩ |sB ΣB⟩

=
∑

ΛA,ΛB

ΣA,ΣB

CS Σ
sA ΣA sB ΣB

∑
jA,ΩA

CjA ΩA

lA ΛA sA ΣA
|(lA sA)jA ΩA⟩ ×

×
∑

jB ,ΩB

CjB ΩB

lB ΛB sB ΣB
|(lB sB)jB ΩB⟩ . (4.17)

The states |jA ΩA⟩ and |jB ΩB⟩ defined in the BF frame can be transformed to theSF frame by means of the Wigner functionDq
mqΩq

(αβ 0)

|jA/B ΩA/B⟩ =
∑

m
A/B
j

|jA/Bm
A/B
j ⟩DjA/B

m
A/B
j

ΩA/B

(αβ 0), (4.18)

wheremq and Ωq are the quantum numbers related to the projection of the angu-lar momentum qqq on a SF and on the molecular axis, respectively. The α, β anglesare the Euler angles for the rotation between the SF and BF frames (Fig. 4.2). Us-ing this transformation and expanding the product of twoWigner functionsDwith
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the same arguments in a series of Wigner functions [113], Eq. 4.17 becomes
|ΛS Σ⟩ =

∑
ΛA,ΛB

ΣA,ΣB

∑
jA,ΩA

jB ,ΩB

∑
mA

j
,mB

j

CS Σ
sA ΣA sB ΣB

CjA ΩA

lA ΛA sA ΣA
CjB ΩB

lB ΛB sB ΣB
×

× DjA

mA
j

ΩA
DjB

mB
j

ΩB
|jAm

A
j ⟩ |jBm

B
j ⟩

=
∑

ΛA,ΛB

ΣA,ΣB

∑
jA,ΩA

jB ,ΩB

∑
mA

j
,mB

j

CS Σ
sA ΣA sB ΣB

CjA ΩA

lA ΛA sA ΣA
CjB ΩB

lB ΛB sB ΣB
×

×
∑

j
mj ,Ω

C
j mj

jA mA
j

jB mB
j

Dj
mj ΩC

j Ω
jA ΩA jB ΩB

|(lA sA)jA m
A
j ⟩ |(lB sB)jB m

B
j ⟩ ,

(4.19)
where, for simplicity, the argument of the Wigner functions is not written. Forsmall internuclear distances, the symmetrized molecular basis can be given as
|ΛS Σ ΩJ M p⟩ = 1√

2− δΛ,0δΣ,0

√
2J + 1

8π2

[
DJ⋆

MΩ(αβ 0) |ΛS Σ⟩+

+ (1− δΛ,0δΣ,0) (−1)p+J−S+σDJ⋆
M−Ω(αβ 0) |−ΛS − Σ⟩

]
,

(4.20)
whereM is the quantum number of the projection of the total angular momenta
JJJ on a SF axis, p = ±1 is the parity eigenvalue, and σ = 1 for the electronic state
Σ−, and is zero for other symmetries. The termDJ⋆

MΩ(αβ 0) |ΛS Σ⟩ can be furtherexpanded using Eq.4.19 and the properties of Wigner D-function regarding theproduct of twoD functions and the relation with the spherical harmonics
DJ⋆

MΩ(αβ 0) |ΛS Σ⟩ =
∑

ΛA,ΛB

ΣA,ΣB

∑
jA,ΩA

jB ,ΩB

∑
mA

j
,mB

j

∑
j

mj ,Ω

∑
ℓ, µ

(−1)J−ℓ−Ω+Σ−S

√
2jA + 1
2lA + 1 ×

×
√

2jB + 1
2lB + 1 C

j mj

jA mA
j

jB mB
j

CJ M
j m ℓ −µ C

ℓ 0
j −Ω Jl Ω ×

× CS Σ
sB ΣB sA ΣA

ClA ΛA

jA −ΩA sA ΣA
ClB ΛB

jB −ΩB sB ΣB
Cj −Ω

jB −ΩB jA −ΩA
×

× |(lA sA)jA m
A
j ⟩ |(lB sB)jB m

B
j ⟩Yℓ−µ(β, α).

(4.21)
The products of four Clebsch–Gordan coefficients can be recast in terms of 9jsymbols [113]∑

βγϵφ

Caα
bβcγC

dδ
eϵfφC

gη
eϵbβC

jµ
fφcγ =

√
2a+ 1

√
2d+ 1

√
2g + 1

√
2j + 1×

×
∑
kκ

Ckκ
gηjµC

kκ
dδaα

c b a
f e d
j g k

 . (4.22)
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Thus the expression in Eq. 4.21 simplifies to

DJ⋆
MΩ(αβ 0) |ΛS Σ⟩ = (−1)J−Ω−S+Σ

∑
ΛA, ΛB

∑
jA, jB

∑
mA

j
,mB

j

∑
j

mj Ω

∑
ℓ, µ

(−1)−ℓ ×

× C
j mj

jA mA
j

jB mB
j

CJ M
j mj ℓ −µ C

ℓ 0
j −Ω J Ω

√
2jA + 1

√
2jB + 1×

×
√

2j + 1
√

2S + 1
∑

L, ML

CL ML

j −Ω S Σ CL ML

lB −ΛB lA −ΛA
×

×

sA jA lA
sB jB lB
S j L

 |(lA sA)jA,m
A
j ⟩ |(lB sB)jB ,m

B
j ⟩Yℓ−µ(β, α)

(4.23)

Considering the coupled basis for the electronic total angular momentum jjj in theSF frame

|(jA jB)j mj⟩ =
∑

mA
j

,mB
j

C
j mj

jA mA
j

jB mB
j

|(lA sA)jA,m
A
j ⟩ |(lB sB)jB ,m

B
j ⟩ ,

(4.24)

and the symmetry properties of Clebsch-Gordan coefficients and 9j symbols, weobtain

DJ⋆
MΩ(αβ 0) |ΛS Σ⟩ = (−1)J−Ω

∑
jA, jB

∑
j, mj

∑
ℓ, −µ

(−1)−ℓ ×

× CJ M
j mj ℓ −µ C

ℓ 0
j −Ω J Ω

√
2jA + 1×

×
√

2jB + 1
√

2S + 1
∑

L, ΛA, ΛB

√
2L+ 1×

× Cj Ω
L Λ S Σ CL Λ

lA ΛA lB ΛB

lA sA jA

lB sB jB

L S j

 |(ja, jB)j,mj⟩ Yℓ−µ(β, α).

(4.25)

Considering the coupled basis for the total angular momentum JJJ in the SF frame

|(j ℓ)J M⟩ =
∑

mj ,−µ

CJ M
j mj ℓ −µ |(ja jB)j mj⟩ Yℓ−µ(β, α),

(4.26)
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for a given jA, jB , j, ℓ, J andM

DJ⋆
MΩ(αβ 0) |ΛS Σ⟩ = (−1)J−Ω−ℓ

√
2jA + 1

√
2jB + 1

√
2S + 1 ×

× Cℓ 0
j −Ω J Ω ×

×
∑

L, ΛA, ΛB

√
2L+ 1 Cj Ω

L Λ S Σ CL Λ
lA ΛA lB ΛB

×

×

lA sA jA

lB sB jB

L S j

 |(j ℓ)J M⟩
(4.27)

Thus, the transformation matrix element from Hund’s case (a) BF frame basis tothe Hund’s case (e) SF frame basis reads as
⟨(j ℓ)J M |DJ⋆

MΩ(αβ 0) |ΛS Σ⟩ = (−1)J−Ω−ℓ
√

2jA + 1
√

2jB + 1
√

2S + 1 ×

× Cℓ 0
j −Ω J Ω

∑
L, ΛA, ΛB

√
2L+ 1 Cj Ω

L Λ S Σ CL Λ
lA ΛA lB ΛB

×

×

lA sA jA

lB sB jB

L S j

 .

(4.28)
For the symmetrized state, Eq.4.20, the transformationmatrix element for a givenparity becomes
⟨(j ℓ)J M p |ΛS Σ ΩJ M p⟩ = 1 + p(−1)lA+lB+ℓ(1− δΛ,0 δΣ,0)√

2[1 + δ(Σ, 0)δ(Λ, 0)]
×

× (−1)J−Ω−ℓ
√

2jA + 1
√

2jB + 1
√

2S + 1 ×

× Cℓ 0
j −Ω J Ω

∑
L, ΛA, ΛB

√
2L+ 1 Cj Ω

L Λ S Σ CL Λ
lA ΛA lB ΛB

×

×

lA sA jA

lB sB jB

L S j

 ,

(4.29)
where the first factor ensures parity conservation and reflects the normalizationof the symmetrized basis, including the Λ = Σ = 0 case, in which the Σ± statesare built from only a single Ω term. As an example, Hund’s case (a) and Hund’scase (e) basises for J = 0, 1, 2, 3 are presented in Appendix B.
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Chapter 5

Quasi-diabatization: a way to
treat dynamical couplings

With knowledge of the molecular interactions described and elements of quan-tum molecular dynamics presented in Chapters 3 and 4, it is in principle possi-ble to fully predict the reactions that can occur during the collision of a neutralatom and an atomic ion of the types that are exposed in Chapter 2. However, weadopted the adiabatic representation of the potential energy curves describingthe electronic states of the relevant molecules, meaning that we neglected the so-called non-adiabatic couplings that can exist between adiabatic states. In general,such couplings are responsible for any transformation (change of internal state,chemical reaction, etc) of a quantum molecular system. We have seen in Chap-ter 2 examples of situations where such couplings might be strong in a diatomicsystem. In the vicinity of an avoided crossing between two PECs, the relevant elec-tronic wave functions abruptly vary with the internuclear distance R, thus gener-ating large derivative terms in the Schrödinger equation. Such terms are usuallytedious to evaluate theoretically, as their accurate calculation may require an ar-bitrary small grid step in R. This issue is even worse for polyatomic systems, assuch couplings are multidimensional quantities that could be singular at conicalintersections of potential energy surfaces (PESs), making them impossible to fiteasily.
To solve such a problem, scientists continuously search for a general solution,consisting of finding appropriate representations of the electronic states of thesystem other than the adiabatic one, in which they would be represented by PECs(or PESs) and couplings (usually referred to as non-adiabatic coupling terms, orNACT) which smoothly vary with the internal coordinates (i.e. the internuclear dis-tance R for a diatomic system). The very first approach that has been formulatedin this context is probably the famous Landau-Zener (LZ) model [123, 124], a semi-classical linearization approach which is remarkably intuitive and accurate givenits simplicity. We present it in Section 5.1.
As numerical calculations on computers were developing, a wealth of propos-als have been published in the scientific literature which are impossible to quote
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here, being far beyond the purpose of this thesis. A well-known reference text-book has been written by M. Baer in 2006 [125], describing in mathematical termsthe adiabatic-to-diabatic transformations allowing one to transform a diagonal(adiabatic) Hamiltonian matrix into a non-diagonal (diabatic) one, based on theseminal works of F. Smith [126] and W. Lichten [127]. A two-state analytical modelis proposed, and examples mostly devoted to multidimensional systems (with atleast three atoms) are provided. In principle, both representations must providethe same results when treating the dynamics of the system, provided that somemathematical conditions (presented in [125]) are fulfilled, which is practically notoften the case. In practice, numerical approximate models are developed, so thatit is usual to refer to quasi-diabatic approaches, which we will use in this chapter.Our groupwas concerned for a long timewith quasi-diabatic approaches. Thisstarted withmodeling the process of associative ionization (AI) occurring betweentwo excited sodium atoms [128, 129], producing a molecular ion and an electron.Schematically, the Hilbert space of the diatomic system is divided in two sub-spaces, one for (singly-excited) Rydberg states, and one for doubly-excited states.The AI process is then described as the interaction between these two blocks ofstates with a well defined character, so that dynamics occurs when coupling termsare strongly mixing these two characters. This approach is referred to as ”diabati-zation by block diagonalization”. An approach based on projection operators hasbeen used in the context of long-range photoassociation of two excited sodiumatoms [130]: the Hilbert space was projected on a subspace with covalent states(i.e. associatedwith twoneutral atoms) and a subspacewith ionic states (i.e. associ-ated with a positive and negative ion pair). It happens that local avoided crossings(and thus NACTs) are present in the relevant PECs. With such a separation, it wasthen possible to introduce the spin-orbit (SO) interaction on the neutral sodiumatoms and then determine the molecular SOCs via the projection backwards.In the presentwork, I have a similar objective: introducing SO interaction in thetheoretical description of cold atom-ion collisions. To that end, the group has ex-plored another quasi-diabatic approach, based on a rotation of the Hilbert spaceonto a set of reference states representing the atomic states, thus allowing the in-troduction of atomic SO operators. In Section 5.2, we present the principle of thisapproach. Similarly as in the example above [130], NACTs are present betweenadiabatic states of our molecular systems. We present in Section 5.3 the secondstep of our quasi-diabatic method.

5.1 Landau-Zener model

In 1932 L. Landau and C. Zener independently published their seminal works enti-tled ”Non-Adiabatic Crossing of Energy Levels” [124] and ”On the Theory of EnergyTransfer” [123]. The Landau-Zener model provides a simple semiclassical descrip-tion of the transition probability between two electronic states in the vicinity of anavoided crossing. Although the model is based on a local linearization of the po-tential energy curves, it gives a useful physical picture of how non-adiabatic tran-sitions may occur during a molecular collision. Let us consider a diatomic system,where R denotes the internuclear distance and r represents the electronic co-
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ordinates. In the Born-Oppenheimer representation, the electronic Schrödingerequation is solved at fixed values of R, as discussed in Section 3.3,
Ĥe(rrr,R)ψm(rrr,R) = Em

e (R)ψm(rrr,R), (5.1)
provides the adiabatic potential energy curves (PECs). As two PECs related tostates of the same symmetry cannot cross, they might undergo avoided crossingswhen they approach each other. In the vicinity of such a region, the electronicwave functions changes rapidly with R, leading to significant non-adiabatic cou-plings. These couplings can induce transition between adiabatic states during thecollision.The scheme of Fig.5.1 illustrates this situation. The two PECs have differentcharacters on the two sides of the avoided crossing. For example, a curve thathas a character of mainly type 1 for R < Rc may acquire a character of mainlytype 2 for R > Rc. Thus, following the same adiabatic curve through the avoidedcrossing does not necessarily mean preserving the same diabatic character.
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Figure 5.1: Schematic representation of two adiabatic potential energy curvesforming an avoided crossing. The two curves have different electronic characters,denoted here as type 1 and type 2. Around the avoided crossing at Rc, the charac-ters of the adiabatic curves are exchanged.
The essence of the Landau-Zener model can be understood from a simpletwo-state Hamiltonian. First, consider two uncoupled diabatic states |1⟩ and |2⟩
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assuming their energy variation is linear with R described by
E1(R) = αR

2 , E2(R) = −αR2 , (5.2)
where α > 0 is constant, leading to the simple Hamiltonian

H =
(

αR
2 0
0 −αR

2

)
. (5.3)

If there is no coupling between the two states, the PECs cross at R = 0 (Fig.5.2). When an off-diagonal couplingWc is introduced between the two states, theHamiltonian becomes
H =

(
αR
2 Wc

Wc −αR
2

)
. (5.4)

The eigenvalues of this Hamiltonian are

E±(R) = ±

√(
αR

2

)2
+W 2

c . (5.5)
The coupling produces an avoided crossing between the two PECs (Fig. 5.2). Theenergy gap is minimal at R = 0 with a value 2|Wc|.This example illustrates the difference between the ”diabatic” and ”adiabatic”descriptions. In the diabatic representation, the states preserve their character,and the coupling appears as an off-diagonal matrix element. In the adiabaticrepresentation, the Hamiltonian is diagonal, but the character of the eigenstateschanges rapidly around the avoided crossing. A non-adiabatic transition corre-sponds to a change between adiabatic curves during the nuclear motion throughthe crossing region. The Landau-Zener transition probability depends on the cou-pling strength at the crossing point, the relative velocity of the particles, and thedifference between the slopes of the diabatic curves. In atomic units, the proba-bility can be written as

P = exp

(
−2πW 2

c

vc∆Fc

)
, (5.6)

whereWc is the energy difference between the adiabatic curves, vc is the relativeradial velocity at Rc

vc =

√
2(Ei − Uc)

µ
, (5.7)

where µ is the reduced mass, Ei is the initial relative energy to the entrance chan-nel, and Uc the potential energy at Rc. The difference between the slopes of thetwo diabatic curves at the crossing point is defined as
∆Fc =

∣∣∣∣dV1

dR
− dV2

dR

∣∣∣∣
R=Rc

. (5.8)
At ultracold temperatures, Ei is small compared to the potential energy such thatthe relative velocity is characterized mainly by Uc.
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Figure 5.2: Avoided crossing produced by the off-diagonal coupling Wc. Thedashed lines represent the uncoupled diabatic curves, while the solid lines arethe adiabatic eigenvalues of the coupled two-state Hamiltonian. The minimumenergy gap at the crossing point is 2|Wc|.

The Landau-Zenermodel can also be used as a practical tool for constructing aquasi-diabatic representation from adiabatic PECs displaying an avoided crossing.In this approach, the adiabatic curves are locally replaced by two crossing diabaticcurves, and a coupling function is introduced to reproduce the original avoidedcrossing. In the present work, the coupling between the two diabatic curves ismodeled by a Gaussian function

G(R) = 2Wc exp−( R−Rc
δ )2 (5.9)

where 2Wc is the energy gap between the two curves at the crossing point and
δ characterizes the width of the coupling region. The parameters Rc, Wc and δare chosen so that the resulting adiabatic curves reproduce the original avoidedcrossing as closely as possible. This quasi-diabatic representation makes it possi-ble to include the effect of localized radial non-adiabatic couplings in scattering cal-culation without explicitly evaluating the derivative couplings between adiabaticelectronic wave functions.
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5.2 Quasi-diabatization of Hund’s case (a) PECs:
obtaining molecular spin-orbit couplings

From the presentation of various experiments in Section 2.1, it appears that spin-dependent processes take place, therefore, spin-orbit (SO) interaction plays animportant role and must be included in our theoretical model. The asymptotic(R-independent) model of spin-orbit couplings (SOCs) presented in Section 3.4provides an appropriate description at large interatomic distances. Since reactiv-ity is expected to be significant in short range, it is necessary to determine SOCsvarying with R. Of course, commercial quantum chemistry packages offer such apossibility, but as we are interested in highly-excited states, we relied on the cal-culations described in Section 3.3 performed with the code CIPSI available in thegroup. Note that a version of this code, called CIPSO, has been developed in thepast to include SO interaction by determining an effective SO operator adaptedto the employed ECPs and CPPs [131].Instead, in our group, we determinedR-dependent SOCs based on a so-called”quasi-diabatic” method: The idea carried by this word is to express the adiabaticstates of a givenHamiltonian (in our case, the Hund’s case (a) states) in a represen-tation in which the electronic states possess a well-defined character. As SO inter-action is well known in atoms (being characterized by the fine-structure splittingof atomic energy levels resulting from the diagonalization of atomic SO matrices
wso

Ω of Eqs. A.1-A.9) 1, it is wise to express the adiabatic states in an atomic rep-resentation, so that atomic SO (Section 3.4) could be accurately introduced. Theprinciple of the chosen approach was first published in 1985 [133] and applied tothe van der Waals molecule NaCd in 1996 [134]. Since then, our group has appliedto KCs [135], RbCa+ [65], LiBa+ [55], RbSr+ [132].The quasi-diabatization is applied to the lowestNa Hund’s case (a) molecularstates of symmetry 2S+1Λp with electronic wave functions ψi(2S+1Λp; r, R), i =
1, . . . , N , noted in short |ψi

a⟩ = ψi
a(r, R) in the following, where r holds for allelectronic coordinates. In this work, we consider the symmetries 1,3Σ+,1,3 Π,1,3 ∆(see Chapters 6 and 7). The corresponding Hund’s case (a) PECs are assembled ina Na ×Na diagonal matrix Wa(R).For each molecular symmetry 2S+1Λp, at a sufficiently large internuclear dis-tanceRref , a set ofNa reference states is defined as the lowestNa Hund’s case (a)states |ψi

ref⟩ = ψi
a(r, Rref). The distance Rref is chosen sufficiently large to ensurethat these states are a good representation of the separated ion-atom pair. Wewill name the ensemble {

ψi
ref

} as the ”atomic basis” or ”atomic states”, in short.
Then, at each distanceR < Rref the set of adiabatic states {

|ψi
a⟩

} is rotated to theatomic basis through the unitary transformation matrixU(R) applied to Wa(R),
Wqd

a (R) = U(R) Wa(R)UT (R), (5.10)
to form the quasi-diabatic matrix Wqd

a (R). This matrix contains on the diagonalthe energies of quasi-diabatic states |ψk
qd⟩ = ψk

qd(r, R) expressed on the atomic
1In the following, we adopt the notation of our paper [132] to present the quasi-diabaticapproach.
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basis, while off-diagonal terms are their couplings. The rotation matrix U is cho-sen so that the quasi-diabatic states resemble as much as possible the ”atomicstates”, thus by maximizing the sum of overlaps at each R

ρ = 1
Nρ

Nρ∑
i=1

∣∣⟨ψi
a| |ψi

ref⟩
∣∣2
, (5.11)

on the lowest Nρ < Na atomic states of interest for the considered system. Thus,the closer ρ is to 1, the better the transformation. In the present case, we chose
Na = 30, and Nρ = 10 for LiBa+ up the asymptote Li(2s)+Ba+(6p), or Na = 40,
Nρ = 8 for RbSr+ up the asymptote Rb(5s)+Sr+(4d).At this stage, themolecular states are expressed in the ”atomic basis” for everysymmetry 2S+1Λp, with the corresponding quasi-diabatic potential energy matrix
Wqd

a . Following Section 3.4, the matrices Wqd
a involved in every value of Ω can

be collected into a larger block-matrix Wqd
a,Ω at every R, in which we distributethe spin-orbit matrix elements reported in Eqs. A.1-A.9 (e.g. for P + S and S +Ddissociation limits),

Wqd−so
a,Ω (R) = Wqd

a,Ω(R) + wso
Ω . (5.12)

Diagonalizing thematrixWqd−so
a,Ω (R) at everyR yields the Hund’s case (c) PECs

for a given Ω symmetry (Fig. 5.3, panel a) for LiBa+ and panel b) for RbSr+): us-ing this quasi-diabatic methodology, the PECs now includeR-dependent SOCs be-tween Hund’s case (a) states. The avoided crossings present in Hund’s case (a)PECs are highlighted with circles in the figure, now showing a complex structurewhich will be discussed in connection with the studied inelastic processes in Chap-ters 6 and 7.Themolecular SOCs can be extracted by performing the inverse rotation fromthe ”atomic basis” back to the Hund’s case (a) representation, applied on Wqd−so
a,Ωas

Wso
a,Ω(R) = U(R)T

WWW qd−so
a,Ω (R)U(R) (5.13)

leading to the matrix Wso
a,Ω containing Hund’s case (a) PECs on its diagonal for allsymmetries which are relevant for the chosen value Ω, and SOCs as off-diagonalelements. The resulting R-dependent SOCs are displayed in Fig. 5.4 for LiBa+,and in Fig. 5.5 for RbSr+. At large distances, direct SOCs (concerning states cor-related to the same asymptote) reach their atomic value (see Section 3.4). Thequasi-diabatization allows one to determine the indirect SOCs (also referred to assecond-order SOCs [136, 137]) between states correlated to different asymptotesand that are obviously not accessible in the asymptotic model. These couplingsvanish at large distances.
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Figure 5.3: Hund’s case (c) PECs for a) LiBa+, and b) RbSr+, panel b), tending tothe dissociation limits relevant for the studied inelastic processes, after the diago-nalisation of matrix Wqd−so
a,Ω (R) or Wso

a,Ω(R). The region of the avoided crossingsbetween Hund’s case (a) PECs is marked with red shaded area and blue, green,black circles.
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Figure 5.5: Calculated molecular SOCs Ap, q (this notation anticipated the dynami-cal treatment of RbSr+ in Chapter 7, see Table 7.1) for the asymptotes P + S and
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5.3 Quasi-diabatization of spin-orbit couplings

Hund’s case (a) PECs generally exhibit avoided crossings between adiabatic statesof same symmetry, as illustrated in Fig. 3.5 for LiBa+ and RbSr+ for 1Σ+ and 3Σ+

symmetries. They reflect abrupt changes in electronic wave functions, so thatSOCs will reflect them too. Their existence induces complex patterns in Hund’scase (c) PECs (Fig. 5.3). As these avoided crossings are localized and distinct inFig. 3.5, they can easily be ”diabatized” with the Landau-Zener approach (Section5.1), as recalled in Fig. 5.6 for convenience: the local linearization of the PECsallows for determination of diabatic states with smooth energy variation with R,maintaining their smooth electronic character. We will use this simple model inthe dynamical calculations for LiBa+ (Chapter 6), in which the linearization of theavoided crossing between the PECs 2 1Σ+ and 3 1Σ+ is easily transferred to theirSOCs with the 1 3Π state via a smooth (”manual”) connection before and after thecrossing (see Fig. 6.4). However, this linearization must be properly implementedin the quasi-diabatization of the previous section to derive accurate SOCs, for amore complex case like RbSr+. As illustrated by Figs. 5.5 and Fig. 5.4, SOCs exhibitamore complex behavior than in LiBa+. The two avoided crossings in the relevantRbSr+ states generates more complex patterns in the SOCs (see panels for Ω =
0+, 0−, 1) making tedious such a ”manual” matching.

Ψ2
a

Ψ1
a

Ψ2
d

Ψ1
d

Ψ2
asy

Ψ1
asy

Ψ2
asy

P+S

S+D

Figure 5.6: Landau-Zener model: local linearization of the potential energy of twoadiabatic statesΨa
1 andΨa

2 , yielding linear potential energies of two diabatic states
Ψd

1 and Ψd
2. Index 1 holds for the wave function that relate to the PECs tending tothe lower dissociation limit, (P + S here), and index 2 for those tending to thehigher one (S +D here)

The Hund’s case (a) PECs and the corresponding electronic wave functions
|ψi

a⟩ are calculated independently at each internuclear distance R. Therefore, theglobal phase of a given electronic wave function is arbitrary andmay change fromone grid point to the next. Such phase changes are also transferred to the trans-formationmatrixU, which connects the set ofNa adiabatic states {
|ψi

a⟩
} to theNareference states {

ψi
ref

} used to construct the quasi-diabatic states {
ψi

qd
}. Whenthe adiabatic states are uncoupled or only weakly coupled through NACTs, their
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character can be followed smoothly from large to short internuclear distances.A consistent phase convention can then be maintained by comparing the wavefunctions at neighboring grid points and, when necessary, inverting their globalsign. In this way, the quasi-diabatic states can be correlated continuously with thereference states. When NACTs are locally strong (i. e. for a localized avoided cross-ing between two Hund’s case (a) PECs), the atomic decomposition of ψi
qd mightabruptly vary, making the phase tracking tedious or even wrong. Therefore thequasi-diabatic states before and after the avoided crossing could be improperlycorrelated, thus yielding erroneous SOCs in the procedure described in the previ-ous section.To ensure phase consistency in our work, we therefore check the evolutionof the unitary matrix U(R) as a function of the internuclear distance. Arbitraryphase changes were detected and corrected by looking at the discontinuity in thederivative of the unitary transformation. The calculations were done on a fairlydense internuclear grid (0.01 a.u. near crossings) to discriminate between rapidchanges of character and actual discontinuity. To make discontinuity easier todetect, it is recommended to have some arbitrary phase convention set in thequantumchemistry codeused. In thisway, phase changes occur at a fewdistancesinstead of being completely chaotic.Through an avoided crossing between two PECs, the two corresponding adi-abatic wavefunctions |ψi

a⟩ undergo an abrupt change of character, as recalled inFig. 5.6. This transformation can be viewed as a rotation T(φ(R)) applied to thewavefunctions |ψi
a⟩ characterized by a 2× 2 matrix(

|ψ1
d(R)⟩
|ψ2

d(R)⟩

)
=

(
cosφ(R) sinφ(R)
− sinφ(R) cosφ(R)

) (
|ψ1

a(R)⟩
|ψ2

a(R)⟩

)
, (5.14)

yielding diabatic wavefunctions |ψi
d⟩ which do not exhibit an abrupt change ofcharacter at the crossing point. We need to choose the angle of the inverse ro-tation φ(R) correctly, otherwise the diabatic wavefunction will incorrectly acquirean extra phase compared to the asymptotic wavefunction. In general, in the fullnumerical calculation including all adiabatic states, it is difficult to extract a singleeffective rotation angle in order to ensure a proper determination of SOCs. Wehave indicated above that a straightforward approach can be applied in a caselike LiBa+ by manually smoothly connect the pre-crossing SOC curve to the post-crossing curve. However, to visualize and ensure that we are doing the connectioncorrectly in a case like RbSr+, we developed a reduced 2× 2 toy model for the ex-ample of the 51Σ+ and 61Σ+ states in RbSr+.First, we looked, for each symmetry, at the off-diagonal element, sin θ(R), ofthe unitary matrix U(R) that couples the two states we are focusing on. These

R-dependent sin θ(R) values correspond to the rotation from the atomic basis(e.g. |ψ(5p 5s)⟩, |ψ(5s 4d)⟩) to the adiabatic basis (e.g. |ψ(51Σ+)⟩, |ψ(61Σ+)⟩) (seeFig. 5.7 panel b)). The corresponding values of cos θ(R) are then obtained, allowingthe transformation matrix U(R) to be constructed. This leads to the equation inwhich we ignored the R-dependence of the rotation angle,(
|ψ(51Σ+)⟩
|ψ(61Σ+)⟩

)
=

(
cos θ1Σ+ − sin θ1Σ+

sin θ1Σ+ cos θ1Σ+

) (
|ψ(5p 5s)⟩
|ψ(5s 4d)⟩

)
. (5.15)
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Figure 5.7: Panel a) shows the Hund’s case (a) PECs of RbSr+ tending to the P +Sand S + D dissociation limits, with the two avoided crossings encircled. Panelb) shows the off-diagonal element of the rotational matrix, sin θ1Σ+ , in red solidline, the sin θ3Σ+ in red dashed line, sin θ1Π in blue solid line and sin θ3Π in bluedashed line, associated with the avoided crossings marked by black and greencircles, and the ones not highlighted on panel a) between the 1Π states and 3Πstates, respectively.

63



We note here that we rescaled the rotation angle values so that
θ(R) ∈ [-π/2;π/2]. Equivalent equations for the wave functions as Eq. 5.15 can bewritten for the other relevant symmetry 3Σ+ in RbSr+. The diabatic states can beexpressed by the adiabatic ones, see Eq. 5.14, as(

ψ1
d

ψ2
d

)
=

(
cosφ1Σ+ sinφ1Σ+

− sinφ1Σ+ cosφ1Σ+

) (
ψ(51Σ+)
ψ(61Σ+)

)
, (5.16)

whereψ1
d (resp. ψ2

d) is the diabatized 1Σ+ state converging to the lower asymp-tote P + S (resp. the upper asymptote S + D). Based on Eqs. 5.15 and 5.16 thediabatic basis as a function of the atomic basis can be thus expressed as:

Ψd
1 = cosφ1Σ+ cos θ1Σ+Ψ(5p 5s)

+ sinφ1Σ+ sin θ1Σ+Ψ(5p 5s)
− cosφ1Σ+ sin θ1Σ+Ψ(5s 4d)
+ sinφ1Σ+ cos θ1Σ+Ψ(5s 4d) (5.17)

and

Ψd
2 = cosφ1Σ+ sin θ1Σ+Ψ(5p 5s)

− sinφ1Σ+ cos θ1Σ+Ψ(5p 5s)
+ cosφ1Σ+ cos θ1Σ+Ψ(5s 4d)
+ sinφ1Σ+ sin θ1Σ+Ψ(5s 4d). (5.18)

Let’s analyze these diabatic states far away from the crossing, i.e., in long rangeand in short range. At long range, before we reach the avoided crossing, the dia-batic state coincides with the atomic state, i.e. Ψd
1 = Ψ(5p 5s) and Ψd

2 = Ψ(5s 4d),see Fig. 5.6. Furthermore, considering Fig. 5.7we can see that in long range θ1Σ+ =
0, which based on Eqs. 5.17 and 5.18, implies that φ1Σ+ = 0. In short range, be-low the avoided crossing, the adiabatic element can have a complex behavior asthe state can remain slightly mixed but the rotation tends toward θ = ±π/2, seeFig. 5.7. In particular for the 1,3Σ+ states we have θ1,3Σ+ = π/2. The P +S (S+D)-character of the diabatic state Ψd

1 (Ψd
2) is preserved also in the short range, whichimplies that φ1Σ+ = π/2 based on Eqs. 5.17 and 5.18. With the above definitionof the rotation matrix T(R) and defining φ ∈ [0;π/2] we ensured that there is noextra phase factor.In the adiabatic basis we compute the adiabatic SOCs of the toy model, e.g.

⟨Ψ(51Σ+)| ĤSO |Ψ(43Π)⟩), using the fact that EP +S = ⟨Ψ(5s 5p)| ĤSO |Ψ(5s 5p)⟩,
ES+D = ⟨Ψ(4d 5s)| ĤSO |Ψ(4d 5s)⟩ are the known asymptotic SOCs (fine-structuresplitting of Rb 5p and Sr+ 4d level, respectively) and that the terms connectingtwo different asymptotes in the atomic basis vanish. We note that the obtained"toy" curves are recognizable compared to the full numerical results showing theweak influence on the system of far away electronic states. We have equivalentmatrix for the 3Σ+ symmetry (only Σ states were diabatized in this work). We nowanalyze the effect of the diabatization of the adiabatic states on the SOCs through
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the example of the Ω = 0+ symmetry. Thus, we focus on the SOCs between theadiabatic states 5, 61Σ+ and 3, 43Π (the SOCsA1,2, A2,3, A1,4, A3,4, of Fig. 5.5). Weintroduce the following notations for the adiabatic SOCs presented in panel a) ofFig. 5.8:
V a

11 = A1,2 = ⟨Ψ(51Σ+)| ĤSO |Ψ(33Π)⟩ P + S

V a
21 = A2,3 = ⟨Ψ(61Σ+)| ĤSO |Ψ(33Π)⟩ (P + S)− (S +D)
V a

12 = A1,4 = ⟨Ψ(51Σ+)| ĤSO |Ψ(43Π)⟩ (S +D)− (P + S)
V a

22 = A3,4 = ⟨Ψ(61Σ+)| ĤSO |Ψ(43Π)⟩ S +D. (5.19)
On the right hand side in color are indicated the dissociation limits of the in-volved adiabatic states they are tending to in the long range. Black and red colorsare for couplings between states tending to the same dissociation limit, namely

P +S and S+D. The adiabatic SOCs in green and blue are for couplings betweenstates tending to different dissociation limits (P+S)−(S+D) and (S+D)−(P+S),respectively. The colors correspond to the colors of the adiabatic SOCs of panela) of Fig. 5.8.Considering the diabatized states Ψd
1 and Ψd

2 related to the NACT between theadiabatic states 51Σ+ and 61Σ+ we introduce the following notations for the dia-batized SOCs:
V d

11 = ⟨Ψd
1| ĤSO |Ψ(33Π)⟩

V d
21 = ⟨Ψd

2| ĤSO |Ψ(33Π)⟩
V d

12 = ⟨Ψd
1| ĤSO |Ψ(43Π)⟩

V d
22 = ⟨Ψd

2| ĤSO |Ψ(43Π)⟩ , (5.20)
wherewe neglected theweak non-adiabatic coupling between the adiabatic states
33Π and 43Π. These compact notations also apply for the other relevant couplings(3Σ+−3Π and 3Σ+−1Π) related to the X2 avoided crossing in Fig. 5.7. Note that,because we only diabatized Σ states, the SOCs between two Π states, as well asthose involving the∆ states, remain unchanged. Now, if we take the Eqs. 5.20 andexpand the diabatic wavefunctions using Eq. 5.16 we obtain the diabatized SOCsmatrix elements:

V d
11 = V a

11 cosφ1Σ+ + V a
21 sinφ1Σ+

V d
21 = V a

21 cosφ1Σ+ − V a
11 sinφ1Σ+

V d
12 = V a

12 cosφ1Σ+ + V a
22 sinφ1Σ+

V d
22 = V a

22 cosφ1Σ+ − V a
12 sinφ1Σ+ . (5.21)

The diabatized couplings, Eqs. 5.21, at long range with φ1Σ+ = 0, are equal tothe asymptotic values
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V d
11 = V a

11 = EP +S P + S

V d
21 = V a

21 = 0 (P + S)− (S +D)
V d

12 = V a
12 = 0 (S +D)− (P + S)

V d
22 = V a

22 = ES+D S +D, (5.22)
while as we reach short range with φ1Σ+ = π/2, we have:

V d
11 = V a

21 (P + S)− (S +D)
V d

21 = −V a
11 P + S

V d
12 = V a

22 S +D

V d
22 = −V a

12 (S +D)− (P + S). (5.23)
The toymodel above is useful to understand this issue of the phase tracking ofthe states through the avoided crossing. This procedure has been implementedin a more general way in our numerical code for the two avoided crossings rele-vant in RbSr+. Thus, the matrix Wqd−so

a,Ω (R) (eq. 5.12) is transformed into a matrix
Wqd−so2

a,Ω (R) including the diabatized SOCs after this second step.In panel b) of Fig. 5.8, the long-range diabatized SOCs are plotted on the right-hand side of the X1 avoided crossing according to Eqs. 5.22, whereas the short-range diabatized SOCs are plotted on the left-hand side according to Eqs. 5.23. Inthis later case, we can see that the black and blue curves change sign with respectto the short range part of panel a). The shaded area of panel b) around the X1avoided crossings hides the region where the adiabatic SOCs are strongly mixed,resulting in an abrupt behavior of certain diabatized SOCs.In panel c) of Fig. 5.8 the diabatized SOCs are presented connecting "by hand" thelong-range and short-range regions based on Eqs. 5.22 and 5.23. In panel c) wechoose the color of the diabatized SOCbeing identical with the one of the adiabaticone in long range, thus in short range the green of panel b) becomes black, theblack becomes green, the red becomes blue and finally the blue becomes red.In Appendix C the diabatization procedure of SOCs is presented for the Ω = 0−,Fig C.1, and for the Ω = 1, Fig C.2 and Fig C.3, symmetries.
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Figure 5.8: The relevant SOCs in the Ω = 0+ symmetry. Panel a) shows the adi-
abatic spin-orbit couplings between 1Σ − 3Π states for all asymptotic limits weconsider in our calculations. Black (A1,2) and red (A3,4) solid lines are the SOCs be-tween states belonging to the same asymptotic limit, i.e. P+S and S+D, respectively.Green (A2,3) and blue (A1,4) solid lines are the SOCs between states belonging todifferent asymptotic limits, i.e. one of them belonging to the P+S and the other toS+D limit. In the later case the SOCs are tending to 0 asymptotically. Ai,j notationcorresponds to the SOC notation of Fig. 5.5. Grey vertical line indicates the posi-tion of the X1 avoided crossing. Panel b) shows the inverted black and blue curvesbefore the crossing point according to the phase convention. Panel c) shows the
diabatized curves used in the calculations. The black curve is the A′

1,2, the red curveis the A′
3,4, the blue curve is the A′

1,4 and the green curve is the A′
2,3 SOCs of Fig.7.2 and Hamiltonian matrix 7.1.
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Chapter 6

Competing excitation
quenching and charge
exchange in ultracold Li-Ba+

collisions

The present chapter is based on the first paper that I co-authored during this the-sis [55]. Our study was motivated by the experiment reported in [55, 138], whereultracold collisions between a single 138Ba+ ion and a cloud of 6Li atoms wereinvestigated in a hybrid atom–ion setup. The combination Li-Ba+ is particularlyinteresting because of its large mass imbalance with one light component, whichis favorable for approaching the quantum regime of atom–ion collisions. As wasmentioned in Chapter 2 the ground state collision of Li+Ba+ is related to the en-ergetically lowest asymptotic limit of LiBa+. Radiative charge exchange, which is atypical process in ion-atom collisions, is thus suppressed. This makes the systeman experimentally promising candidate for obtaining a stable ion-atom mixturefor various applications.

6.1 Experiment and relevant observables

In the experiment, the Ba+ ion was prepared in one of the two metastable finestructure states, 5 2D3/2 or 5 2D5/2, and immersed in an ultracold gas of groundstate 6Li atoms. The relevant energy levels of Ba+ used for state preparation anddetection are shown in Fig. 6.1. The detailed laser excitation sequence is not dis-cussed here, since the present chapter focuses on the theoretical interpretationof the observed inelastic processes. The complete experimental sequence and de-tection protocol are described in detail in [55,138]. The radiative lifetimes of thesemetastable states are much longer than the interaction time, so that changes inthe internal state of the ion can be attributed to collision induced processes.
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Figure 6.1: Relevant energy levels of 138Ba+ involved in the laser cooling, prepa-ration and detection of the metastable 5 2D3/2 and 5 2D5/2 states used in the ex-periment. The state preparation and the full experimental protocol is describedin Ref. [55].

In Fig. 6.2 the scheme of relevant energy levels of Li-Ba+ pair is presentedtogether with the experimentally observed inelastic processes.

Figure 6.2: Schematic representation of the relevant energy levels of the Li-Ba+

system and the observed inelastic processes, including non-radiative charge ex-change (NRCE), non–radiative quenching (NRQ), and fine–structure quenching(FSQ). The panels illustrate the hierarchy of couplings governing the dynamics: (a)radial (non–adiabatic) coupling, (b) radial and spin–orbit couplings, and (c) radial,spin–orbit, and rotational couplings.
Several competing inelastic processes were identified. Non-radiative chargeexchange (NRCE) corresponds to

Li(2s 2S1/2) + Ba+(5d 2D3/2,5/2) → Li+ + Ba(6s2 1S), (6.1)
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while non-radiative quenching (NRQ) transfers the ion from the metastable 5d 2Dstate to the ground 6s 2S1/2,
Li(2s 2S1/2) + Ba+(5d 2D3/2,5/2) → Li(2s 2S1/2) + Ba+(6s 2S1/2). (6.2)

For ions initially prepared in the 5 2D5/2 state, fine structure quenching (FSQ) canalso occur,
Li(2s 2S1/2) + Ba+(5d 2D5/2) → Li(2s 2S1/2) + Ba+(5d 2D3/2), (6.3)

as a result the ion’s initial fine structure state is changed to 5 2D3/2.The experimentally determined branching ratios, together with the rate coef-ficients normalized to the Langevin rate, prove the reference observables for thetheoretical comparison. The experimental observations for the initial state 5 2D3/2show that the inelastic processes are dominated by NRQ, while NRCE represents aweak contribution. For the initial state 5 2D5/2, both FSQ andNRCEwere observed,and not NRQ. These experimental probabilities, together with the theoretical re-sults obtained in the present work, are summarized in Table 6.4. The aforemen-tioned asymptotic limits, namely Li(2s 2S1/2) +Ba+(5d 2D3/2,5/2), Li+ +Ba(6s2 1S)
and Li(2s 2S1/2) + Ba+(6s 2S1/2) are referred to further in the text as S+D, Ion+Sand S+S respectively. Another shorthand notation is defined for the incomingchannels Li(2s 2S1/2) + Ba+(5d 2D3/2) and Li(2s 2S1/2) + Ba+(5d 2D5/2) as D3/2and D5/2.

6.2 Electronic structure of the LiBa+ ion
An accurate treatment of inelastic processes relies on the precise characteriza-tion of the PECs of the LiBa+ molecular system, including those associated withexcited electronic configurations, as well as the couplings between them. The elec-tronic structure methods used to obtain the LiBa+ potential energy curves andspin–orbit couplings were introduced in Sections 3.3 and 5.2. In the present sec-tion, only the features relevant for the multichannel quantum scattering (MCQS)treatment are discussed: the Hund’s case (a) PECs, the avoided crossings, the
R-dependent SOCs, and the resulting interactionmatrix used in the scattering cal-culations.The theoretical investigation of the Li-Ba+ collision dynamics was initiallystarted in the framework of Xiaodong Xing’s thesis [48]. In the present work, thissystem is revisited in detail with two main objectives: first, to validate the devel-opments I have optimized a general MCQS Fortran code for describing collisionsbetween an alkali-metal atom and an alkaline-earth ion used throughout thisthesis, and second, to provide a deeper analysis of the dynamical mechanismsunderlying the experimentally observed inelastic processes.
6.2.1 Hund’s case (a) PECs
The Hund’s case (a) PECs obtained from quantum-chemistry calculations (Section3.3) are shown in Fig. 6.3, and their spectroscopic constants are displayed in Ta-ble 6.1. The calculated PECs include the molecular symmetries 1,3Σ+, 1,3Π and
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1,3∆. These curves provide the electronic-structure basis for the subsequent scat-tering calculations. Here, we focus on the features that are directly relevant to thecollision dynamics, namely the dissociation limits involved in the experiment, thecrossings and avoided crossings between PECs that enter the MCQS model.

Figure 6.3: Potential energy curves of the LiBa+ molecule in Hund’s case (a), calcu-lated in the body-fixed (BF) frame up to the Li(2s)+Ba+(6p) dissociation limit. Thered shaded region highlights theX1 avoided crossing occurring between the 21Σ+

and 31Σ+ PECs, which gives rise to NRCE. The blue circle marks the X3 crossingbetween the 1 3Σ+ and 1 3Π states, responsible for NRQ. (Note that this figureis extracted from [55] so that the notations for atomic states is different –butconsistent– with those used in this thesis.)
The three lowest dissociation limits relevant to the present study namelyLi(2s 2S)+Ba+(6s 2S), Li+(1S)+Ba(6s2 1S) and Li(2s 2S)+Ba+(5d 2D) are well sepa-rated from the higher ones. A notable feature of the PECs is the avoided crossing(hereafter denotedX1) between the 3 1Σ+ state correlated with the Li(2s)+Ba+(5d)entrance channel and the 2 1Σ+ state around R = 11 a.u.. This avoided crossingreflects a strong localized non-adiabatic coupling that we do not extract from ourelectronic structure calculations. It plays an important role in the present study,
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State Re (a.u.) De (cm−1) C6 (a.u.)
11Σ+ 6.60 12189 −14820.26

6.70 [139] 11627 [139]
6.61 [140] 11846 [140]
6.75 [39] 11860 [39]
6.71 [141] 11674 [141]

13Σ+ 7.28 5619 −14821.26
7.56 [139] 4784 [139]
7.41 [140] 5401 [140]
7.46 [39] 5178 [39]

21Σ+ 7.02 1580 −21744.76
7.57 [139] 1206 [139]
7.05 [140] 2246 [140]

31Σ+ 11.20 1524 −2327.73
10.90 [139] 1833 [139]
11.41 [140] 1569 [140]

23Σ+ 7.98 3905 −2327.73
7.48 [139] 5961 [139]
8.11 [140] 3952 [140]

11Π 7.60 3915 −3180.61
7.75 [140] 4034 [140]

13Π 6.28 9589 −3180.72
6.42 [139] 8935 [139]
6.29 [140] 9390 [140]

11∆ 7.29 6473 −5686.68
7.18 [139] 5729 [139]
7.35 [140] 6250 [140]

13∆ 7.20 6477 −5686.68
7.42 [140] 6235 [140]

Table 6.1: Equilibrium distances Re and potential well depths De of theLiBa+ potential energy curves. The last column lists the van der Waals co-efficients C6 employed for the long-range extrapolation of the PECs.
as being responsible for the occurrence of NRCE. The NACT ismodeled by lineariz-ing the two adiabatic PECs around the positionRX1 of avoided crossing, where theadiabatic PECs are split with an energy 2WX1 = 0.00359 a.u. (or 781.7 cm−1). Wesuppose a Gaussian-type variation of the coupling with R

GX1 = 2WX1 exp
[
− (R−RX1)2

δ2

]
, (6.4)

where the width of the function is chosen with a value δ = 0.75 a.u.. These fea-
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tures define the minimal electronic-structure landscape required for dynamicalcalculations: the entrance channel, the charge exchanged asymptote, and the non-adiabatic connection between them through the avoided crossingX1.Another remarkable feature is the crossing between the 1 3Σ+ and 1 3Π statesnear 6 a.u., hereafter labeled X3. This crossing contributes to the complexity ofthe spectrum of magnetic Feshbach resonances (MFRs) experimentally recordedin the ground-statemanifold [39] and plays an important role in the occurrence ofNRQ process. The position and energy of crossings X1 and X3 are listed in Table6.2.
Position (a.u.) Energy (cm−1)

X1 11.06 3450
10.88 [139] 4171 [139]
11.30 [140] 3465 [140]

X3 6.15 −4205
6.02 [139] −2326 [139]
6.14 [140] −3973 [140]

Table 6.2: Positions and energies of the X1 and X3 crossings with respectto the lowest dissociation limit Li+(1S)+ Ba(6s2 1S), compared with othertheoretical determinations. The agreement between our result and [140] isexcellent, while a larger discrepancy with Ref. [139] is observed most prob-ably due to the different used method and basis.

6.2.2 Spin-orbit couplings
We have determined R-dependent SOCs based on the first step of quasi-diabatization described in Sections 5.2. The calculated SOCs for the three relevantasymptotic limits are shown in Fig. 6.4 for the Ω = 0+, 0−, 1, 2, 3 symmetries.At large internuclear separations, the SOCs between states correlated withthe dissociation limit Li(2s 2S)+Ba+(5d 2D) match energies defined by the fine-structure splitting∆ED = 800.955 cm−1 of Ba+(5d 2D). In contrast, SOCs betweenstates correlated with different dissociation limits (hereafter referred to asindirect SOCs) vanish asymptotically.A subtle point arises from the avoided crossing X1, where the two states in-volved 1Σ+ undergo an abrupt exchange of electronic character in this region.Since these two adiabatic states are diabatized around RX1 , the effect of the re-lated NACTs on the related SOCs must also be considered for consistency. Theconsequence on SOCs is clearly visible in Fig. 6.4 panel a), with a clear characterexchange between A2,4 and A3,4. As both terms A2,4 and A3,4 involve the sameadiabatic state 1 3Π, they follow the same behavior as the electronic wave func-tions of the two states 1Σ+. We used here a simple ”diabatic” model in which theleft- and right-hand branches of the couplings were smoothly connected alongthe black dashed curves. This procedure ensures that each coupling maintains a
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Figure 6.4: Molecular spin-orbit couplings (SOCs) labeled according to the notation
Apq introduced in Table 6.3, for pair of states correlated with the three lowestdissociation limits of LiBa+. a) Ω = 0+; b) Ω = 0−; c) Ω = 1; d) Ω = 2, 3. In panel a),the dashed black curves represent the diabatized SOCs (Section 5.3) generated bythe presence of theX1 avoided crossing.

consistent physical character throughout the range of internuclear distances ex-plored in the scattering calculation. This step, together with the diabatization ofthe adiabatic PECs is important because in this way the different asymptotic char-
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acter of the scattering state evolves into its short range in a consistent way.
6.2.3 The interaction matrix in BF frame
UsingHund’s case (a) PECs,R-dependent SOCs, andGaussian coupling associatedwith the avoided crossing X1, the interaction energy matrix can be constructed inthe BF frame. The resulting matrix is a real symmetric 16× 16 block-diagonal ma-trix, shown schematically in Table 6.3. It is organized according to the Ω quantumnumber and includes the electronic states that tend to the three relevant disso-ciation limits of LiBa+. The PECs appear on the diagonal elements, while the off-diagonal elements contain spin-orbit couplings and the non-adiabatic GaussiancouplingGX1 . Colored entries denote direct SOCs between states correlated withthe same dissociation limit, whereas blank entries correspond to indirect SOCsconnecting different limits. Empty entries represent zero matrix elements.

Table 6.3: Schematic representation of interaction energy matrix
W̄so−qd

a (R) for LiBa+ in the BF frame constructed from the Hund’s case (a)PECs, the R-dependent SOCs, and the Gaussian coupling GX1 associatedwith theX1 avoided crossing. Empty cells denote zero matrix elements.

6.2.4 Long-range extrapolation of PECs and SOCs
Ab initio PECs and SOCs are calculated up to 45.0 a.u., whereas the atom-ion in-teraction extends over much larger internuclear distances due to its long-rangecharge-induced dipole character. Therefore, both the PECs and the SOCs must beextrapolated toward the asymptotic region before they are used in the scatteringcalculations.The PECs are extrapolated using the usual multipolar expansion of atom-ioninteraction De − C4/R

4 − C6/R
6, where De is the dissociation energy of the con-sidered PEC (Table 6.1). The coefficient C4 = 82.2 a.u. corresponds to half of the
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static dipole polarizability of the Li atom, evaluated with the same electronic struc-ture calculation as for PECs for consistency [142]. The values of the van der WaalscoefficientC6 were then evaluated atR = 45 a.u. using the above expression. Thevalues obtained for C6 are listed in Table 6.1.We checked that the R-dependent SOCs have nearly reached their asymp-totic value at R = 45 a.u.. Therefore, beyond this distance, the direct SOCs wereset equal to the corresponding atomic fine-structure values, whereas the indirectSOCs were set to zero.

6.3 Results

Before introducing the full multichannel quantum-scattering model, it is useful torecall why such a treatment is required for the Li-Ba+ collision. Previously in ourgroup, simplified descriptions provided valuable qualitative insight into the roleof the most important crossings. A simple Landau–Zener model was first used toestimate the efficiency of the avoided crossing X1 associated with NRCE. This ap-proach was then extended to a four-channel Landau–Zener model based on the
Ω = 0+ Hund’s case (c) PECs. In addition, a reduced quantum-scattering calcu-lation was performed within the same subspace of Ω = 0+ symmetry. Althoughthese models, based on the same Hund’s case (a) PECs as in the present calcu-lations, capture part of the underlying mechanism, they do not reproduce theexperimentally observed hierarchy of inelastic processes.This limitation indicates that the collision dynamics cannot be described solelywithin a single molecular symmetry or by a purely local treatment of the avoidedcrossings. In particular, the competition between NRCE, NRQ, and FSQ requiresthe simultaneous inclusion of the relevantR-dependent spin-orbit and rotationalcouplings. Therefore, in the following, we use the complete MCQS model, basedon the 16×16 interactionmatrix introduced above. The complete 16×16 potentialenergy matrix is given in Table 6.3. The total angular momentum of the collisioncomplex is defined as

JJJ = jjjLi + jjjBa+ + ℓℓℓ ≡ jjj + ℓℓℓ, (6.5)
where jjjLi and jjjBa denote the total electronic angular momentum of Li and Ba+,and ℓℓℓ the rotational angular momentum of the colliding partners. The associatedquantum numbers are J , j, and ℓ.The HamiltonianHℓ that describes the system includes electronic interactionsthrough potential energy curves and spin-orbit couplings, and is written as

Hℓ(R) = − ℏ2

2µ
d2

dR2 I + ℏ2ℓ(ℓ+ 1)
2µR2 I + W̄so−qd

a (R), (6.6)
where µ = 10 481.62 a.u. is the reduced mass of LiBa+ and I denotes the iden-tity matrix. The matrix W̄so−qd

a (the bar indicating that the matrix of Section 5.2is restricted to the submatrix involving states correlated to S + D, S + S, andIon+S asymptotes) contains Hund’s case (a) PECs on the diagonal (including thelocally-linearized PECs 2 1Σ+ and 3 1Σ+), the Gaussian coupling functions, and themolecular spin-orbit couplings.
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Coupled equations are solved using the log-derivative method described inSubsection 3.6.4, employing a constant propagation step size of 0.005 a.u. up to
Rmax = 104 a.u., chosen sufficiently large to ensure that the interaction potentialbecomes negligible compared to collision energy
6.3.1 Hund’s case (e) PECs
The transformation connecting Hund’s case (c) and Hund’s case (e)molecular rep-resentations is described in Chapter 4. The relevant quantumnumbers associatedwith the S+S, Ion+S, and S+D dissociation limits are summarized in Appendix ??.The Hund’s case (e) PECs are obtained by diagonalizing the potential energy ma-trix expressed in the SF frame for a given value of the total angular momentum Jand parity p. The Hund’s case (e) PECs for J = 0, 1, 2, 3 are shown in Figure 6.5for both parities.Due to the available angular momenta (see Appendix ??), the number of cou-pled channels (listed in Table B.5) quickly saturates with up to 12 or 13 channelsfor J ≥ 3 depending on the particular combination (J, p). For example, the (J =
0, p = +) case involves only the Ω = 0+ subspace together with ℓ = 2 (Figure 6.5panel a) ). The variation of the maximum number of channels originates from thecontribution of the singleΩ = 0+ state correlated with the Ion+S dissociation limit.This channel is present for (J even, p = +) and (J odd, p = −) symmetries, whileit is absent for (J odd, p = +) and (J even, p = −).At short internuclear distances, the Hund’s case (e) PECs closely resemblethose obtained in Hund’s case (c) shown in Fig. 5.3 panel a). However, the in-clusion of rotational (Coriolis) couplings leads to a more complex structure. Inparticular, the avoided crossing X1 remains clearly visible, although its detailedpattern now depends on the value of J .A notable modification is observed for the crossing X3 located near
R ≈ 6.2 a.u., which becomes an avoided crossing in this representation (Fig-ure 6.5 panels j) and k)). This behavior arises from the combined action ofrotational coupling and indirect spin-orbit interaction and is associated with thematrix element A8,11 in Table 6.3. As a consequence, the present model stronglysuggests that the NRQ process might play a significant role in the dynamics. Werecall that this crossing was previously considered in [39]. A related mechanisminvolving indirect spin–orbit coupling has also been proposed to account foranomalous hyperfine relaxation in cold Rb–Yb+ collisions [143].
6.3.2 Cross sections and rate coefficients
The cross sections and rate coefficients are calculated according to the method-ology exposed in Section 3.6.5. Calculations were performed for the two possibleincoming channels Li(2 2S1/2)+Ba+(5 2D3/2) and Li(2 2S1/2)+Ba+(5 2D5/2), and ex-tracted for each inelastic process (FSQ, NRCE,NRQ). Both parities can be treatedseparately as they characterize two independent Hilbert spaces of the system. Be-fore comparing to experiment, it is worth investigating parity-dependent cross sec-tions to decipher their dependency on total angularmomentumquantumnumber
J and thus identify the role of possible resonances.
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Figure 6.5: Hund’s case (e) potential energy curves associated with the three dis-sociation limits S+S, Ion+S, and S+D, shown for both values of parity +/− andfor total angular momentum values J = 0, 1, 2, 3. The red shaded area highlightsthe avoided crossing X1 . Panels j) and k) magnify the PECs in the vicinity of the
X3 avoided crossing highlighted by blue circles in panels g) and h).
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The infinite sum over J , see Eq.3.118, was truncated. The maximal value, Jmax,was determined as follows: first we determined the partial wave ℓ′ for which thepotential barrier exceeds the collisional energy. In the case of the S + D-limit
Jmax = ℓ

′ + 3. As an example, at T = 3× 10−5 K, where the measurements wereperformed, ℓ′ = 2 thus Jmax = 5. The largest partial wave to be considered forthe limit S +D is ℓmax = 8. A characteristic distance Rmax can be associated witheach partial wave, defined as the separation at which the kinetic energy begins todominate the effective potential. For the previously discussed case with ℓmax = 8,this distance is Rmax ∼ 6000 a.u., as illustrated in Fig.6.6.
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Figure 6.6: Long-range effective potential energy curves of LiBa+ (in atomic units),represented by −C4/R
4 + ℓ(ℓ + 1)/(2µR2), as the function of the internucleardistance R, are shown for different values of partial wave ℓ, in colored solid lines.The horizontal dashed black lines indicate the collisional energies expressed astemperature T = Ecol/kB .

Fixing ℓ = 8, we can see thatRmax increases as the temperature decreases. Forexample, at T = 10−5 K the Rmax is ∼ 10 000 a.u., while at T = 10−4 K it falls be-low ∼ 5 000 a.u.. This example highlights that, at low energies, even though fewerpartial waves need to be considered, the large value of Rmax increases the com-putational cost. Although Rmax decreases for higher temperatures, the numberof partial waves increases considerably, which also increases the computationalcost.
Inelastic partial cross sections for parity

The results of the quantum scattering calculation in the parity-dependent caseare shown in Fig. 6.7, together with the predictions of the Langevin model vary-
ing as E−1/2col with energy, presented in Section 3.5. In addition, we determined aso-called ”scaled Langevin cross section” σ̄L by adjusting the coefficient ξ of the
function ξE−1/2col to match the cross section in the classical regime involving many
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partial waves (Ei ≳ kB×1 mK). This confirms that the computed cross sections re-flect the expected Langevin behavior controlled by long-range interactions varyingasR−4. This is better viewed on the same results drawn on a linear scale in energy,see Fig. 6.8.Partial cross sections for inelastic and elastic collisions (EC) are presented inAppendix D and Appendix E, respectively. These results are useful to understandthe underlying structures visible in the total cross sections.The calculated cross sections reveal the same hierarchy between the in-elastic processes for both parities. Comparing scaled quantities σ̄L, theFSQ process is dominant for the entrance channel Li(2 2S1/2)+Ba+(5 2D5/2),with σ̄L(FSQ) ≈ 4σ̄L(NRCE) ≈ 3000σ̄L(NRQ) for parity ”+”, and σ̄L(FSQ) ≈
8σ̄L(NRCE) ≈ 2000σ̄L(NRQ) for parity ”−”. The FSQ process does not obviously oc-cur from the entrance channel Li(2 2S1/2)+Ba+(5 2D3/2), and NRQ now dominatesNRCE, with σ̄L(NRQ) ≈ 10σ̄L(NRCE) for parity ”+”, and σ̄L(NRQ) ≈ 22σ̄L(NRCE)for parity ”−”. This hierarchy is consistent with the Hund’s case (c) PECs shown inFig. 5.3:

• NRQ is induced by the crossing X3 that involves a PEC correlated toLi(2 2S1/2) + Ba+(5 2D3/2), which implies that this process is negligible ifthe collision starts from the other entrance channel.
• When the collision starts from Li(2 2S1/2)+Ba+(5 2D3/2), our results demon-strate that the X3 crossing at short distances is predicted to be more ef-ficient than the X1 crossing at intermediate distance, as NRQ dominatesNRCE in this case.
• The outgoing channel of FSQ (Li(2 2S1/2)+Ba+(5 2D3/2)) is the closest in en-ergy to the entrance channel (Li(2 2S1/2) + Ba+(5 2D5/2)) and thus easier toreach than the NRCE outgoing channel.
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Figure 6.7: Parity-resolved total cross sections (Eq. 3.117) as a function of collisionenergy Ecol/kB expressed as a temperature for the inelastic processes FSQ (solidgreen line), NRCE (solid orange line) and NRQ (solid red line). The shortened nota-tions D5/2 and D3/2 refer to the two entrance channels Li(2 2S1/2)+Ba+(5 2D5/2)and Li(2 2S1/2)+Ba+(5 2D3/2). Black line: Langevin cross section σL. Dashed col-ored lines: scaled Langevin cross sections σ̄L (see text).
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Figure 6.8: Same as Fig. 6.7 with a linear scale in Ecol/kB .
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Total cross sections

The total state-to-state cross sections σ(β ← α, kα) (Eq. 3.119) and rate coefficients
K(β ← α, kα) (Eq. 3.120) for each inelastic process are presented in Fig. 6.9 forboth entrance channels S + D5/2 and S + D3/2, where resonant structures arestill visible after the summation over J .To compare our theoretical results with the experimental observations, wealso calculated the thermalized rate coefficients K(Teff ; f) (Eq. 3.121) assuming aMaxwell-Boltzmann distribution of collision energies. The resonant structures aresignificantly smoothed out (Fig. 6.9 panels c) and d)), thus they would likely remainunobserved in experiments.The experimental rate coefficients were determined from the measurementof survival probabilities and branching ratios. The atomic density n was obtainedfrom independent measurements, such as atom number, trapping frequencies,cloud size, and temperature. This calibration gives n3/2 = 1.3(2)× 1011cm−3 and
n5/2 = 1.6(4)× 1011cm−3 for the ion initially prepared in the 5 2D3/2 and 5 2D5/2state, respectively. The measured rate coefficient for the S+D3/2 incoming chan-nel wasRL = 610(100) s−1, while for the S+D5/2 channelRL = 770(180) s−1. Theexperimental Langevin rate coefficients are obtained as

Kexp
L = RL

n
, (6.7)

resulting in Kexp,3/2
L = 4.69 × 10−9 cm3s−1 for S + D3/2 and Kexp,5/2

L = 4.81 ×
10−9 cm3s−1 for S + D5/2. The survival probability of the ion in the 5 2D3/2 state
in the atomic cloud was experimentally found to be P 3/2sur = 0.30(4)stat(6)sys, while
in the 5 2D5/2 state P 5/2sur = 0.17(5)stat(3)sys. The statistical and systematic errorsare denoted by "stat" and "sys", respectively. A total of 510 and 116 events, includ-ing elastic and inelastic ones, see Table 6.4, were recorded for the ions initiallyprepared in the 5 2D3/2 and 5 2D5/2 states, respectively.To obtain the reaction rate coefficient for each inelastic process, the survivalprobabilities and the measured branching ratios of the different processes wereconsidered. For the incoming channel S + D3/2, 90.6% of the observed inelasticevents is NRQ, while 9.4% is NRCE, see Table 6.4. Therefore, the correspondingrate coefficients are

KNRQ
exp = 0.906× P 3/2sur ×Kexp,3/2

L

= 7.22× 10−10 cm3s−1 (6.8)
KNRCE

exp = 0.094× P 3/2sur ×Kexp,3/2
L

= 7.49× 10−11 cm3s−1. (6.9)
Similarly, for the incoming channel S+D5/2, the branching ratios are 66% for FSQand 34% for NRCE, see Table 6.4, yielding

KFSQ
exp = 0.66× P 5/2sur ×Kexp,5/2

L

= 9.52× 10−10 cm3s−1, (6.10)
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KNRCE
exp = 0.34× P 5/2sur ×Kexp,5/2

L

= 4.90× 10−10 cm3s−1. (6.11)
The experimental and theoretical results are collected in Table 6.4. The table liststhe event statistics, the experimental branching ratios, the deduced experimentalrate coefficients normalized to the Langevin rate, and the corresponding MCQSpredictions. Theoretical values are reported for the experimental temperature
Teff = 30 µK.
Table 6.4: Experimental and theoretical reaction rate coefficients for theobserved processes in the collision between Ba+ ion, initially prepared inthe 5 2D3/2 or 5 2D5/2 state, and Li atom in its 2 2S1/2 ground state. Thetotal number of counts of the elastic (EC), inelastic (FSQ, NRQ) and reactive(NRCE) processes, their relative abundance (%) with respect to the totalnumber of counts, excluding EC, are also listed. Kproc.

exp /Kexp
L , for each pro-cess are given, normalizing the experimental rate coefficients (Kproc.

exp ) bythe experimental Langevin rate coefficients (Kexp
L ). The theoretical onesare obtained similarly: the non-thermalized rate coefficients (KMCQS ) ob-tained from the MCQS calculations are normalized with the theoreticalLangevin rate coefficients (Kth

L ). The ratio between the scaled Langevinrate coefficients, which is adjusted to the high energy tail of MCQS ratecoefficients, and Langevin rate, is also presented in order to give a rangeof acceptable theoretical values in the last column of the table. The non-thermalized rates are calculated at collisional energy T =30µK, that isstated in Ref. [39].
Event Process Counts Ratio(%) Kproc.

exp /Kexp
L KMCQS/Kth

L ;KMCQS−L/Kth
L

5 2D3/2: Kexp
L = 4.69 × 10−9 cm3/s; Kth

L = 4.81 × 10−9 cm3/s

EC 177 - - -
Hot NRQ 302 90.6(16) 0.154(45)stat(27)sys 0.21;0.18

Loss NRCE 31 9.4(16) 0.016(5)stat(3)sys 0.021;0.012

Total 510

5 2D5/2: Kexp
L = 4.81 × 10−9 cm3/s; Kth

L = 4.81 × 10−9 cm3/s

EC 41 - - -
Cold+Hot FSQ 42 + 8 66(6) 0.198(26)stat(40)sys 1.06;0.725

Loss NRCE 25 34(6) 0.102(14)stat(20)sys 0.052;0.16

Total 116
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In conclusion, we can say that the agreement between theory and experimentis very good, confirming the importance of the coupling between internal angu-lar momenta and the relative rotation of the colliding partners, as already sug-gested in [69]. However, a notable discrepancy is observed for the FSQ processin the Li(2 2S1/2)+Ba+(5 2D5/2) channel, where the calculated rate exceeds the ex-perimental value by approximately a factor of four. This deviation may originatefrom residual inaccuracies in the spin-orbit couplings obtained within the quasi-diabatic representation or the absence of hyperfine levels in the model, since thecollisional partners are polarized in the experiment.One limitation of the present model is that Li atoms are not explicitly treatedas being polarized in the |f = 1/2,mf = −1/2⟩ hyperfine state. A more completetreatment would require an enlarged Hilbert space including additional SF frameangular momentum projections and hyperfine degrees of freedom. Such anextension could be important for describing collisions involving spin-polarizedpartners or different hyperfine preparations. Nevertheless, previous resultson Rb–Sr+ collisions suggest that strong Coriolis mixing involving higher partialwaves can reduce the sensitivity to the relative spin orientation [69].
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Chapter 7

Quantum study of electronic
excitation exchange between
ultracold metastable Sr+ ion
and Rb atoms

In this chapter, I present the results that I obtained on a second ion-atom system,namely RbSr+. The chapter is based on the paper that I co-authored and recentlysubmitted [132]. It might contain several repetitions of arguments presented inthe previous Chapter, as it follows a similar progression, but I decided to keepthem for internal consistency.
The combination Rb-Sr+ is interesting because the colliding partners havecomparable masses, which might enable efficient energy transfer in elastic col-lisions and is therefore favorable for sympathetic cooling of the ion. When the ionSr+ is excited in a metastable state due to the presence of cooling and trappinglasers in the experiment, inelastic processes compete with elastic energy transferand limit the efficiency of sympathetic cooling. In 2020, our group contributed toa joint experimental and theoretical study [69] in which the 88Sr+(4d 2D5/2,3/2)ion collides with ground state 87Rb(5s 2S1/2) atoms. Two inelastic processes wereidentified as the dominant loss mechanisms in the experiment. Theoretical inves-tigations [69] demonstrated the complexity of PECs that need to be considered forthe proper description of the collision, and established a strong mixing of internalangular momenta with the rotational one. The semiclassical Landau-Zener modelwas applied on these PECs, and did not reproduce the experimental observations,which suggested the need for quantum scattering calculations. In this chapter Iwill present a full quantum scattering description of this collision in the ultracolddomain.
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7.1 Electronic structure of RbSr+ molecular ion

7.1.1 Hund’s case (a) PECs
The adiabatic Hund’s case (a) PECs of RbSr+, obtained using the quantum chem-istry approach described in Section 3.3, are presented in Fig. 7.1. The calculatedPECs are displayed up to the eighth dissociation limit Rb(5s 2S)+Sr+(4d 2D) includ-ing all possible molecular symmetries. A real crossing X3 occurs around R =
7 a.u. the PECs (1 3Σ+ and 1 3Π), which is responsible for the complexity of thespectrum ofmagnetic Feshbach resonances in the ground-state entrance channelRb(5s 2S)+Sr+(5s 2S) [71]. Two avoided crossings X1 and X2 are also highlightedbetween PECs of states 5 1Σ+ and 6 1Σ+, and of states 4 3Σ+ and 5 3Σ+. As inthe previous chapter, the couplings around these avoided crossings are treatedby local linearization of adiabatic PECs at the avoided crossing, and modeled by agaussian function GXi

(R) in the interaction Hamiltonian matrix

GXi
(R) = UXi

exp
−

(
R−RXi

δXi

)2

, (7.1)
The resulting parameters for the crossings are:

• X1: RX1 = 14.9 a.u., UX1 = 2.51× 10−4 a.u., δX1 = 0.15 a.u.
• X2: RX2 = 13.7 a.u., UX2 = 5.74× 10−4 a.u., δX2 = 0.30 a.u..
These avoided crossings induce two main inelastic processes, fine-structurequenching (FSQ) and electronic excitation exchange (EEE):
FSQ: Rb(5s 2S1/2) + Sr+(4d 2D5/2)→ Rb(5s 2S1/2) + Sr+(4d 2D3/2), (7.2)

EEE: Rb(5s 2S1/2) + Sr+(4d 2D3/2,5/2)→ Rb(5p 2P1/2,3/2) + Sr+(5s 2S1/2). (7.3)
The entrance channels will be called S + D, or S + D3/2,5/2, and the outgoingchannel of EEE as P + S, or P1/2,3/2 + S. Based on the energy-level schemeof Fig. 2.3 panel b), non-radiative quenching (NRQ) and non-radiative charge ex-change (NRCE) are also energetically allowed. However, the PECs in Fig. 7.1 do notshow any obvious manifestation of NACTs for these processes.
7.1.2 Spin-orbit couplings
The R-dependent SOCs have been determined following the two steps of quasi-diabatization described in Sections 5.2 and 5.3. They are presented in Fig. 7.2. Atlong distances, direct SOCs (panels a-e) approach the atomic values related to theatomic SO splitting of Sr+(4d 2D) or Rb(5p 2P ), while indirect SOCs vanish. Dueto the necessity of a second step for quasi-diabatization (Section 5.3), SOCs for
Ω = 0+, 0−, 1 are identified by primes anddrawnwith thick lineswhen they involveHund’s case (a) states of 1Σ+ or 3Σ+ symmetry. Other SOCs remain unaffectedby the diabatization procedure.
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Figure 7.2: Direct (panels a-e) and indirect (panels f-j) molecular SOCsApq andA′

pqas a function of the internuclear distance between Hund’s case (a) states corre-lated to the dissociation limits S + D and P + S. Ω = 0+: panels a), f). Ω = 0−:panels b), g). Ω = 1: panels c), d), h), i). Ω = 2, 3: e), j). Thick lines and primescorrespond to diabatized SOCs (Section 5.3).
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7.1.3 Interaction matrix in the BF frame
Using the Hund’s case (a) PECs and the SOCs diabatized via the two steps de-scribed in Chapter 5, the interaction energy matrix is constructed in the BF frame.The first step of quasi-diabatisation of the SOCs (Section 5.2) results in the matrix
W̄so−qd

a,Ω (R) matrix, and the second step of quasi-diabatisation step of the SOCs
(Section 5.3) leads to the matrix W̄so−qd2

a,Ω (R) presented in Table 7.1. The matrix isa 20× 20 symmetric block-diagonal matrix organized according to the Ω = Λ + Σquantum number. Each Ω block is further divided according to the two consid-ered asymptotic limits, P + S and S + D. The notation of the matrix elements inthe interaction matrix is consistent with that used in Fig. 7.2, and the labels A.1-A.9 refer to the matrices given in Section 3.4. Diagonalization of this matrix yieldsthe Hund’s case (c) PECs previously presented in Fig. 5.3 panel b) and recalled inFig. 7.3 for convenience. The X1 and X2 avoided crossings are still recognizable,but a series of avoided crossings emerges due to the strong spin-orbit coupling be-tween the electronic states. Therefore, simple models such as the Landau–Zenerapproach cannot accurately predict possible outcomes, as discussed in Ref. [69].Consequently, a full quantummechanical treatment is needed in order to explainthe experimentally observed events.
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Figure 7.3: Hund’s case (c) PECs of RbSr+ in the BF frame up to the eighth disso-ciation limit, namely Rb(5s 2S)+Sr+(4d 2D), panel a), after the diagonalisation ofmatrixWqd−so
a,Ω (R) orWso

a,Ω(R). Panel b) is a zoom for the highest two dissociationlimits, S +D and P + S relevant for the experimentally observed processes.
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Table 7.1: Schematic representation of the 20 × 20 interaction energy ma-trix W̄so−qd2
a (R) in the BF frame. The PECs denoted by V appear on thediagonal, V ′ being the linearized PECs. Spin-orbit couplings terms are de-noted as Ap,q , with a prime (A’p,q) when they are corrected by the secondstep of quasi-diabatization. Cells with colored background correspond tostates and couplings correlated to the same asymptotic limit, whereas cellswith white background correspond to indirect SOCs. Blank elements de-note zero matrix elements. The G1 and G2 terms denote the Gaussiancouplings associated with the X1 and X2 avoided crossings, respectively.
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7.1.4 Long-range extrapolation of PECs and SOCs

PECs

The PECs and SOCs were calculated up to a distance of 45.0 a.u., which is insuffi-cient to accurately describe the long-range behavior of the atom-ion interaction.Therefore, the PECs are extrapolated up to 104 a.u. using themultipolar expansionvalid at large distances
V (R) = D0 + C3

R3 −
C4

R4 −
C6

R6 , (7.4)
where C3, C4, and C6 are the coefficients associated with the charge–quadrupole,charge–induced dipole, and van der Waals interactions, respectively. EnergiesD0of the corresponding dissociation limits are determined from the sum of atomicenergy levels displayed in Table 7.2, calculated within the framework of the CIPSIcode as the Hund’s case (a) PECs to ensure consistency with the calculated PECs.By construction, the first four rows of the table below are exact, because the pa-rameters of the ECPs and CPPs were optimized to reproduce the correspondingexperimental values. The energies of neutral Sr atom result from FCI calculations,and thus cannot be exact. However, the calculated energy levels agree with thecorresponding NIST energies within a few 100 cm−1.

Level Energy (a.u.)Rb(5s) −0.153507732592Rb(5p) −0.095471900952Sr+(5s) −0.405204475915Sr+(4d) −0.338269312485Sr(5s2 1S) −0.615276171121Sr(5s5p 3P ) −0.548793716582Sr(5s4d 3D) −0.529764040902Sr(5s4d 1D) −0.520635929285Sr(5s5p 1P ) −0.517653559858

Table 7.2: Atomic energy levels calculated with the CIPSI code, in the caseof the first four values the calculations were optimized to reproduce thecorresponding experimental values.
In general, the coefficients C3, C4, and C6 are obtained by fitting Hund’s case

(a) PECs on 25 points in internuclear distance between 40 a.u. and 45 a.u.. When
Rb in its ground state is involved, the coefficient C4 = α

(0)
d /2 related to the static

dipole polarizability α(0)
d is fixed to the value previously calculated in the group[142], namely, C4(S + S) = C4(S + D) = 159.05 a.u.. These parameters arecollected in Table 7.3.The reliability of the long-range behavior of the calculated Hund’s case (a)PECs and the consistency of the fitting are demonstrated by an analysis of the
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C3 and C4 coefficients. Regarding the ratio of the fitted C3 coefficients for the
Σ+ and Π symmetries in the P + S asymptote, we obtain −2.13. This value is inreasonably good agreement with the analytical result given in the next paragraph.
Relation between the quadrupole moment of Rb(5p) and the C3 coef-
ficient

Considering the multipolar expansion of the electrostatic interaction V̂AB(R) be-tween an atom A and an ion B, R being the internuclear distance, the matrix ele-ment in the separated, uncoupled atomic basis |nAlAmA nBlBmB⟩ can be writtenas [144]
⟨nAlAm

′
A nBlBm

′
B | V̂AB(R) |nAlAmA nBlBmB⟩ =

=
+∞∑

pA,pB=0

+p<∑
m=−p<

fpA,pB ,m

R1+pA+pB

C
lA,m′

A

lA,mA,pA,mC
lB ,m′

B

lB ,mB ,pB ,−m√
(2lA + 1)(2lB + 1)

×

× ⟨nAlA||Q̂pA
||nAlA⟩⟨nBlB ||Q̂pB

||nB lB⟩, (7.5)
where the quantum numbers lA and lB are the angular momenta of atom A andion B, mA, mB are the corresponding magnetic quantum numbers, and all theremaining quantum numbers are given in the compact form nA,B . The Clebsch-Gordan coefficients are denoted by C , Q̂ denotes the multipole tensor operator,and ⟨ || ⟩ represents the reduced matrix elements. The fpA,pB ,m factor is

fpA,pB ,m = (−1)pB (pA + pB)!√
(pA +m)!(pA −m)!(pB +m)!(pB −m)!

,

and p< = min(pA, pB) is the smaller of pA and pB . Here, pA and pB are the ranksof the multipole tensor operators. In our specific case, the Rb atom is in a P stateand the ion in an S state, thus lA = 1 and lB = 0. The quadrupole moment ofthe atom is associated with a tensor of rank 2, therefore pA = 2, while the chargeof the ion is associated with a tensor of rank 0, thus pB = 0. For the P state mAcan be 0 or ±1, while for the S state mB = 0. Substituting these values into the
equation 7.5, we obtain CΣ

3 = −
√

2
15 for mA = 0 and CΠ

3 = 1√
30 for mA = ±1.

The ratio between these two values is CΣ
3 /C

Π
3 = −2, which is in good agreementwith the fitted value of −2.13.

The dipole polarizability of Rb(5p) and the C4 coefficient

The quality of the calculated PECs is further strengthened by the fitted C4 coef-ficients, which are in good agreement with previously reported theoretical val-ues [145]The anisotropic coefficient C4(P + S; Λ) for Rb(5p) can be written as
C4(P + S; Λ) = 0.5×

[
α

(0)
d + α

(2)
d

3Λ2 − L(L+ 1)
L(2L− 1)

]
, (7.6)
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where α(0)
d (5p) is the static dipole polarizability (isotropic), and α(2)

d (5p) is the ten-sor dipole polarizability (anisotropic). The static dipole polarizabilities calculated
in [145], α(0)

d (5p 2P1/2)/2 = 407 a.u. and α(0)
d (5p 2P3/2)/2 = 437.5 a.u., lead to

the statistically averaged value of 427 a.u. for α(0)
d (5p)/2, where the statistical

weights are 2 and 4 for α(0)
d (5p 2P1/2) and α(0)

d (5p 2P3/2) respectively. This valueis in good agreement with the value obtained with our CIPSI code, after applyingthe same summation over atomic transitions with dipole moments as in [145], re-
sulting α(0)

d (5p)/2 = 430 a.u.. The agreement for the tensor dipole polarizabilities
is also satisfactory, the data reported in [145] being α(2)

d (5p 2P3/2) = −167 a.u.,
while the one calculated by CIPSI is α(2)

d (5p) = −162 a.u.. Based on Eq. 7.6 weobtain C4(P +S; Σ) = 592.5 a.u. and C4(P +S; Π) = 348.5 a.u., which are in goodagreement with the C4 coeffiecients obtained from the fit,see Table 7.3.
Asymptote State C3 (a.u.) C4 (a.u.) C6 (a.u.)

(S +D) 6 1Σ 0.00 159.05 10138.70
5 3Σ 0.00 159.05 10138.70
4 1Π 0.00 159.05 9336.57
4 3Π 0.00 159.05 9336.57
2 1∆ 0.00 159.05 13121.60
2 3∆ 0.00 159.05 13121.60

(P + S) 5 1Σ+ −25.43 477.59 194309.02
4 3Σ+ −25.43 477.59 194309.02
3 1Π 11.94 345.59 −17451.10
3 3Π 11.94 345.59 −17451.10

(S + S) 2 1Σ+ 0.00 159.05 11879.36
1 3Σ+ 0.00 159.05 11879.36

Table 7.3: Long-range coefficients C3, C4, C6 Hund’s case (a) PECs deter-mined in the present work.

SOCs

The long-range extrapolation of SOCsAp,q follows the approach proposed of [146]using the function
A(R) = α+ βk

Rk
, (7.7)

where α is the asymptotic value of the coupling (Table 7.4) and βk a fitting param-eter. According to [146], the exponent is k = 6 for the direct SOCs and k = 3 forindirect SOCs. Thus, SOCs are fitted on 9 points in R between 43 a.u. and 45 a.u.,and resulting fitted parameters are collected in Table 7.4.
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Direct SOCs Indirect SOCs
Ω Ai,j α β6 (a.u) Ai,j α β3 (a.u)
Ω = 0+ A′1,2 AP

1√
2 −12430.53 A′1,4 0.0 0.04

A2,2 −AP
1
2 4809.16 A′2,3 0.0 0.02

A′3,4 −AD

√
3
2 2139.57 A2,4 0.0 0.0083

A4,4 −AD
1
2 878.59

Ω = 0− A′5,6 AP
1√
2 −12462.81 A′5,8 0.0 −0.12

A6,6 −AP
1
2 4809.16 A′6,7 0.0 0.11

A′7,8 AD

√
3
2 −2151.52 A6,8 0.0 0.0083

A8,8 −AD
1
2 878.59

Ω = 1 A′9,10 −AP
1
2 8803.81 A′9,13 0.0 −0.028

A′9,11 AP
1
2 −8812.54 A′9,14 0.0 −0.084

A10,11 AP
1
2 −4812.24 A9,15 0.0 0.0

A′12,13 AD

√
3

2 −1513.28 A′10,12 0.0 −0.012

A′12,14 AD

√
3

2 −1521.35 A10,14 0.0 −0.048

A12,15 0.0 0.0 A10,15 0.0 −0.028

A13,14 −AD
1
2 882.45 A′11,12 0.0 0.080

A13,15 −AD
1√
2 1254.05 A11,13 0.0 −0.048

A14,15 AD
1√
2 −1254.80 A11,15 0.0 0.028

A15,15 −AD 1787.54

Ω = 2 A16,16 AP
1
2 −4809.16 A16,17 0.0 −0.0083

A17,17 AD
1
2 −878.59 A16,18 0.0 0.021

A17,18 AD
1√
2 −1254.82 A16,19 0.0 0.021

A17,19 AD
1√
2 −1254.80

A18,19 −AD 1787.57

Ω = 3 A20,20 AD −1787.54

Table 7.4: Parameters used for the long-range extrapolation of the directand indirect SOCs.The factors AD = 2
5∆ED = 112.136 cm−1 and AP =

2
3∆EP = 158.39 cm−1 are related to the atomic fine-structure splittings ofSr+(4d) ∆ED = 280.34 cm−1 and of Rb(5p) ∆EP = 237.595 cm−1.
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7.2 Results
The input of our quantum scattering calculations are the PECs of the system inHund’s case (e) expressed in the SF frame, obtained by the procedure of Chapter4. They are shown in Fig. 7.4 for parity ”+” and ”−”, and for the lowest values of Jbetween 0 and 3. For J = 0, 1, 2 the number of channels are 4, 11 and 15, respec-tively, reaching a maximum value of 16 for J ≥ 3, smaller than the dimension ofthe interaction matrix (20× 20). Indeed, the symmetry Ω = 0+ is allowed for evenvalues of J for parity ”+”, and for odd values of J for ”−” parity. The trace of theavoided crossingsX1 andX2 in Hund’s case (a) avoided crossings remains visible,with an increased complexity of consecutive avoided crossings resulting from thecouplings between the internal angular momenta and the rotational one.
7.2.1 Cross section and rate coefficients
In Subsection 3.6.3, the general coupled-channel formalism was introduced. Inthe following, this approach is applied to the Rb-Sr+ system using the interactionHamiltonian Hℓ

Hℓ(R) = − ℏ2

2µ
d2

dR2 I + ℏ2ℓ(ℓ+ 1)
2µR2 I + W̄WW so−qd2

a (R), (7.8)
where µ = 79 664.38 a.u. is the reduced mass of RbSr+ and I the identity ma-trix. The matrix W̄WW so−qd2

a contains the Hund’s case (a) PECs together with the fourlinearized PECs and the two Gaussian coupling functions describing the avoidedcrossings X1 and X2. The bar aboveWWW indicates that only the subspace relatedto the limits P + S and S +D are considered. All other notations are similar as incase of Eq. 6.6.As an illustration, we give the long-range behavior of the PECs governed bythe charge-induced dipole interaction and the centrifugal term up to 104 a.u. ( Fig.7.5). A similar figure 6.6 has been shown in Chapter 6 where detailed explana-tions can be found. Comparing Figs. 6.6 and 7.5, it can be seen that for the sametemperature-range a significantly larger number of partial waves (30) is requiredto describe the collision Rb+Sr+ than for the collision Li+Ba+ (12). This differencecomes from the substantially larger reduced mass of RbSr+, by a factor of 7.6.
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Figure 7.4: Hund’s case (e) PECs related to the P +S and S+D dissociation limitsfor parities "+" and "−", and for total angular momentum J = 0, 1, 2, 3.
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Inelastic partial cross sections for parity

Calculations are performed for each parity value ”+” and ”−” for the incomingchannels Rb(5 2S1/2)+Sr+(4 2D5/2) and Rb(5 2S1/2)+Sr+(4 2D3/2), referred to as S +
D5/2 and S +D3/2 in the following.Like in the preceding Chapter 6, partial cross sections for inelastic and elasticcollisions (EC) are presented in Appendix F and Appendix G, respectively. Theseresults are useful to understand the underlying structures visible in the total crosssections.Two inelastic processes take place in Rb-Sr+ when the ion is prepared in itsmetastable state. Starting first from the ion in the 4 2D5/2 state, fine-structurequenching (FSQ) was also present in Li-Ba+,

Rb(5 2S1/2) + Sr+(4 2D5/2)→ Rb(5 2S1/2) + Sr+(4 2D3/2), (7.9)
the second process being electronic excitation exchange (EEE)

Rb(5 2S1/2) + Sr+(4 2D5/2)→ Rb(5 2P1/2,3/2) + Sr+(4 2S1/2), (7.10)
with two possible outgoing channels with Rb left in its 5 2P1/2 or 5 2P3/2 state. Ifthe ion is prepared in 4 2D3/2 , only EEE can occur,

Rb(5 2S1/2) + Sr+(4 2D3/2)→ Rb(5 2P1/2,3/2) + Sr+(4 2S1/2). (7.11)
The resulting cross sections for FSQ and EEE inelastic processes are shown in Fig.7.6. The classical Langevin cross section σL = 2π

√
C4/Ecol (Eq. 3.40) is showntogether with the scaled Langevin cross sections σ̄L = A 2π

√
C4/Ecol, where A isthe scaling factor. The scaling factor is obtained by fitting this expression to thecross section between 10 mK and 100 mK. The scaling factors for each case arelisted in Table 7.5.For the S+D5/2 incoming channel, the FSQ process is the dominating inelasticprocess for both parities, similarly as in the case of the Li-Ba+ collision (Fig. 6.7).The cross sections represent a significant fraction of the Langevin cross sectionwhich suggests that the system is very reactive.
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Figure 7.6: Parity-resolved total cross sections (Eq. 3.117) as a function of collisionenergy Ecol/kB expressed as a temperature for the inelastic processes FSQ (solidgreen line), EEE (solid orange line) in Rb-Sr+. The shortened notations D5/2 and
D3/2 refer to the two entrance channelsS+D5/2 andS+D3/2. Black line: Langevincross section σL. Dashed colored lines: scaled Langevin cross sections σ̄L (seetext). Gray line: cross sections for EEE toward the final channel P1/2 + S and
P3/2 + S.
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In. channel Process "A"
p = +1

D5/2 FSQ 0.60
EEE 0.32

D3/2 EEE 0.55
p = −1

D5/2 FSQ 0.59
EEE 0.28

D3/2 EEE 0.58

Table 7.5: Scaling factor "A" for the scaled Langevin cross section associ-ated with the FSQ and EEE processes, evaluated for the two possible in-coming channels for both parities in Fig.7.6.
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Total cross sections

The parity-averaged elastic and inelastic cross sections and the rate coefficientsof FSQ and EEE processes in the incoming channels S + D5/2 and S + D3/2 areshown in Fig. 7.7. Thermalized rate coefficients are also calculated assuming aMaxwell-Boltzmann energy distribution in the atomic cloud.Elastic collisions are found to dominate the dynamics over the entire energyrange explored here. This is expected in the classical regime valid here, far fromthe quantum regime occurring well below 1 µK. The inelastic cross sections exhibit
the characteristic dependence inE−1/2col of the classical Langevin cross section overthe entire energy range of our study, which is consistent with large number ofinvolved partial waves previously noted. Weak structures superimposed to thisvariation at low energies, induced by the individual contribution of partial crosssections for given values of J .In the experiment, the cloud of Rb atom was cooled down to 3µK, and theion to 40µK [69]. Due to the micromotion in the trap the ion gains extra energy,which was estimated in the experiment as 0.5 mK. We deduced experimental ratecoefficients Kin.channel

process for each process from the measured and calculated prob-abilities
Kin.channel

process = P in.channel
process ×KL, (7.12)

where the compact notation 5/2 (3/2) of " in. channel" is used for the incomingchannels S +D5/2 (D3/2), andKL = 2.43× 10−9 cm3/s is the Langevin rate coeffi-cient defined in Eq. 3.41. In the experiment [69], these probabilities are meant toexpress the frequency of inelastic collisionswith respect to the so-called ”Langevincollisions” representing the upper limit for the inelastic rate. Therefore, a fractionof Langevin collisions are actually elastic. These probabilities are collected in Table7.6.Both Figure 7.7 and Table 7.6 illustrate that our MCQS calculations are in goodagreement with experiment for EEE in both entrance channels, with the right hier-archy between the two channels: indeed we can expect that EEE is more probablefrom the entrance channel S + D3/2 which is closer in energy to the outgoingchannels S + P1/2,3/2 than the S + D5/2. This agreement strongly supports thequality of our representation of molecular interactions described in the previouschapters.In contrast, MCQS calculations predict that the FSQ dominates inelasticcollisions over EEE, and overestimate the experimental FSQ rate by a factor of
≈ 7 − 8. We found a similar pattern in the previous Chapter on Li-Ba+. Heretoo, the explanation arises from the fact that the colliding partners in the exper-iment [69] were polarized: the 87Rb(5s 2S1/2) atoms in the hyperfine Zeemanlevel |fRb = 2, mf = −2⟩ implying an electronic spin projection ms = −1/2, andthe 88Sr+(4d 2D5/2) ion in mj = ±5/2 (88Sr+ having no nuclear spin). Suchpolarization effects are not yet included in our model and will be the topic offurther studies. Despite this default, we found above that our calculations arein satisfactory agreement for EEE with the experiment involving spin-polarized
88Sr(4d 2D5/2) and unpolarized 88Sr(4d 2D3/2) ion. This observation implies thatthe EEE process depends less on the initial Zeeman sublevel than FSQ. This mightbe consistent with Hund’s case (e) PECs (Fig. 7.4) showing that the entrance flux
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has to travel through multiple crossings where the memory of initial Zeeman sub-levels would be lost. In contrast, FSQ dynamics relies on a very specific avoidedcrossing that we expect to strongly depend on initial Zeeman sublevels.
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Figure 7.7: Computed total elastic (EC) and inelastic cross sections (panel a) and b))and rate coefficients (panel c) and d)) for the incoming channel S + D5/2 (panelsa) and c)), and S + D3/2 (panels b) and d)), respectively . The classical Langevincross section is displayed with black solid line, as well as the scaled Langevin oneswith dashed colored lines. The scaling factors are listed in Table 7.5. The panel c)and d) also show the thermalized rate coefficients, assuming Maxwell-Boltzmanndistribution for the collisional energy, with thick long-dashed gray lines. The greendot and yellow square with error bars represent the rate coefficients deducedfrom experimental probabilities for the FSQ and EEE processes, respectively.
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Probability Experiment This work
P in.channelprocess Kf←i(Ei)/KL

P
3/2
EEE 0.45 ± 0.018 0.64

P
5/2
EEE+F SQ 0.34 ± 0.017 0.96

P
5/2
EEE/P

3/2
EEE 0.53 ± 0.043 0.50

P
5/2
F SQ/P

5/2
EEE 0.39 ± 0.050 2.05

P
5/2
F SQ 0.10 ± 0.01 0.66

P
5/2
EEE 0.24 ± 0.02 0.32

Table 7.6: Experimental and calculated inelastic probabilities for FSQ andEEE processes in the two incoming channels S +D5/2 and S +D3/2 at theexperimental temperature of 0.5 mK. The probabilitiesP are labelled withthe angular momentum of Sr+ (3/2 or 5/2), and by the process EEE andFSQ. The first four lines (in boldface) were reported in Ref. [69], while thetwo last lines are deduced from the previous one for the present work.
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Summary and outlook

In this thesis, I investigated the quantum dynamics of ultracold collisions betweenalkali-metal atoms and alkaline-earth ions in hybrid-trap experiments. Such sys-tems combine several advantages of neutral-atom and trapped-ion platforms andprovide a promising environment for studying controlled atom–ion interactions,cold chemistry, and quantum many-body phenomena. However, before thesesystems can be fully exploited for such applications, the quantum dynamics lead-ing to trap losses must be understood. Inelastic collisions represent one of thepossible loss mechanisms, especially when the ion is prepared in a metastableelectronic excited state.A particular motivation of this work is that metastable D-states of alkaline-earth ions are naturally involved in laser cooling schemes and can also be delib-erately prepared as entrance channels of the collision. These excited entrancechannels open additional energetically accessible reaction pathways comparedto ground-state collisions. Their theoretical description requires molecular poten-tial energy curves, R-dependent spin–orbit couplings, non-adiabatic couplings,quasidiabatic transformations, frame transformations, and coupled-channelquantum scattering calculations. The dynamical calculations therefore not onlyprovide cross sections and rate coefficients, but also serve as a validation of theunderlying electronic-structure data and coupling models.The first system investigated in detail was LiBa+. In this case, three inelasticprocesses compete when Ba+ is initially prepared in a metastable (5d 2D) state:fine-structure quenching (FSQ), non-radiative charge exchange (NRCE) and non-radiative quenching (NRQ). For this system, parity dependent cross sections werecalculated for both entrance channels. The partial wave contributions were thenanalyzed in order to identify the origin of themain structures in the cross sections.Finally, parity independent cross section, non-thermalized and thermalized ratecoefficients were obtained and compared with the available experimental data.The LiBa+ calculations reproduce the main experimental trends and the ob-served hierarchy between the dominant inelastic channels. In particular, theNRCEand NRQ rates are found to be in good agreement with experiment for both inves-tigated entrance channels. The analysis shows that NRCE is driven by a localizednon-adiabatic coupling between the relevant 1Σ+ states at a prominent avoidedcrossing between two potential energy curves, whereas NRQ results from a morecomplex mechanism involving electronic state crossings, indirect spin–orbit cou-plings at short internuclear distance, and rotational couplings. In contrast, the FSQrate is overestimated by the presentmodel. This discrepancy ismost likely related
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to the fact that the experiment involves spin-polarized collision partners, whereasthe present calculations do not explicitly include the corresponding hyperfine andZeeman structures.The second systemconsideredwas RbSr+, where two inelastic processeswereexperimentally observed : fine-structure quenching (FSQ) and electronic excita-tion exchange (EEE). In contrast to many other atom–ion systems, no charge ex-change process was observed in the experiment when the ion was prepared inone of the excited 2D states. Compared with LiBa+, the RbSr+ system involves amore complex excited electronic manifold, since the asymptotic limitRb(5p 2P )+Sr+(5s 2S) lies close to the Rb(5s 2S)+Sr+(4d 2D) channels. As a con-sequence, several electronic states are involved and avoided crossings appear be-tween the 1,3Σ+ states. To describe this structure, a two-step quasi-diabatizationprocedure was applied to obtain a consistent set of diabatic PECs and spin–orbitcouplings.The calculations show that EEE can be described in satisfactory agreementwith experiment, confirming the quality of the molecular data and the quasi-diabatic treatment of the spin–orbit couplings. The analysis also shows that thedynamics is strongly affected by the interplay between non-adiabatic, spin–orbit,and rotational couplings. However, as in LiBa+, the calculated FSQ rate is largerthan the experimental value. This suggests that FSQ is particularly sensitive to theinitial spin preparation of the collision partners. Because one or both reactantsare prepared in specific spin states in the experiments, a spin-resolved treatmentincluding the relevant hyperfine and Zeeman degrees of freedom would likely berequired for a fully quantitative description of this process.Taken together, the LiBa+ and RbSr+ studies demonstrate that ultracold col-lisions involving metastable alkaline-earth ions cannot be understood in terms ofa single inelastic process or by a single isolated coupling mechanism. Instead, theobserved inelastic dynamics results from the combined action of non-adiabaticcouplings, spin–orbit interactions, and molecular rotation. Simplified models,such as Landau–Zener-type approaches, provide useful qualitative insight, buta complete multichannel quantum scattering treatment is necessary to obtainthe experimental observations. The results of this thesis therefore contributeto a more detailed understanding of loss mechanisms in hybrid atom–ion sys-tems and provide a theoretical framework for interpreting future experimentsinvolving electronically excited collision partners.The limitations identified above naturally define several possible directionsfor future work. The most direct extension would be the inclusion of hyperfineand Zeeman degrees of freedom in the molecular basis [147]. This would makeit possible to describe the experimentally prepared spin states explicitly, ratherthan treating only the fine-structure channels. Such an extension would providea direct test of whether the overestimation of the FSQ rates in LiBa+ and RbSr+

is indeed related to the spin-polarized character of the entrance channels. Moregenerally, a spin-resolved model would allow for a closer comparison with state-selective hybrid-trap experiments.Another promising direction is the application of the present methodology toother experimentally relevant atom–ion systems. In particular, LiCa+ representsan interesting candidate. Similarly to LiBa+, the large mass imbalance between
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the light Li atom and the heavier Ca+ ion is favorable for approaching the quan-tum regime. In addition, experimental data are available for several collision en-ergies (1 mK–1 K), providing multiple reference points for comparison with thetheory [54]. Since Landau–Zener-type studies have already been performed forthis system [54], a complete multichannel quantum scattering treatment wouldmake it possible to assess the validity of simplified models and to identify thequantum mechanisms responsible for the observed energy dependence of theinelastic processes.A further perspective concerns the formation and control of molecular ions.The observation of Feshbach resonances in atom–ion systems, such as thosereported in LiBa+ and RbSr+ experiments [39,71], indicates the presence of near-threshold molecular states that could be exploited for creating weakly boundmolecular ions. Suchmolecular ionsmay be formed throughmagnetoassociationacross a Feshbach resonance [39,71], radiative association [63,65,73,83] or laser-assisted photoassociation [47, 148] schemes. Their stability and internal structurecould also be probed through photodissociation, which provides complementaryinformation on molecular binding energies and transition pathways.Finally, the control of inelastic atom–ion collisions by external fields repre-sents a particularly appealing long-term direction. In analogy to optical-shieldingschemes proposed in other cold collision contexts [149–151], one could investigatewhether one- or two-photon couplings can be used to modify the collision dynam-ics before the particles reach short internuclear distances. By coupling the en-trance channel to a suitably chosen repulsive molecular potential, external laserfieldsmay suppress unwanted inelastic losses by preventing the collision complexfrom accessing the short-range region or redirect the dynamics toward desiredfinal channels. Such a possibility would connect the microscopic molecular de-scription developed in this thesis with the broader goal of controlling atom–ioncollisions in hybrid traps.
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Appendix A

Atomic spin-orbit coupling
matrices

In this appendix we present the spin-orbit coupling matrices which were used re-lated to LiBa+ and RbSr+ molecular ions.
• P + S asymptotic limit:
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• S +D asymptotic limit:
6 1Σ+ 4 3Π

HHHso
Ω=0+ =


0 −AD

√
3
2

−AD

√
3
2 −AD

2

 6 1Σ+

4 3Π

(A.5)

5 3Σ+ 4 3Π

HHHso
Ω=0− =


0 AD

√
3
2

AD

√
3
2 −AD

2

 5 3Σ+

4 3Π

(A.6)

5 3Σ+ 4 1Π 4 3Π 2 3∆

HHHso
Ω=1 =



0 AD

√
3

2 AD

√
3

2 0

AD

√
3

2 0 −AD

2 −AD√
2

AD

√
3

2 −AD

2 0 AD√
2

0 −AD√
2

AD√
2

−AD



5 3Σ+

4 1Π

4 3Π

2 3∆

(A.7)

4 3Π 2 1∆ 2 3∆

HHHso
Ω=2 =



AD

2
AD√

2
AD√

2
AD√

2
0 −AD

AD√
2
−AD 0


4 3Π

2 1∆

2 3∆

(A.8)

2 3∆

HHHso
Ω=3 =

(
AD

)
2 3∆

(A.9)

When both valence electrons are on the same atom (which might happenin our case when the initial alkaline-earth ion will be neutralized by charge ex-change) the considered states are 3P or 3D. The definitions of the SO constantsare A′
P = ∆E3P /3 and A′

D = ∆E3D/5, where ∆E3P and ∆E3D are the corre-sponding atomic spin-orbit energy splitting. The resulting atomic spin-orbit Hamil-tonian matrix are:
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• Rb++Sr(5s5p 3P ):
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• Rb++Sr(5s4d 3D):
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3∆

HHHso
Ω=3 =

(
2A′

D

)
3∆

(A.18)
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Appendix B

Hund’s case (a) and Hund’s
case (e) basis functions

The states in Hund’s case (a) basis functions are defined with | L,Λ, S,Σ⟩, where
L and S are the orbital angular momentum and electronic spin of the molecule,respectively, Λ and Σ are their projection on the molecular axis. The angular mo-mentum and spin can vary as | lA−lB |≤ L ≤ lA +lB and | sA−sB |≤ S ≤ sA +sB .Their projections can vary as −L ≤ Λ ≤ L and −S ≤ Σ ≤ S. The Hund’s case
(e) basis functions are defined with | j, ℓ, J,M, p⟩, where j is the electronic angularmomentum and it is defined j = jA +jB , J is the total angularmomentum, it is de-termined J = j+ ℓ. The electronic angular momentum for atomA is jA = lA + sAand for ion B, jB = lB + sB . M is the projection of the total angular momentumon the molecular axis. The parity is defined p = (−1)lA+lB+ℓ. The lA and lB estab-lish a clearly defined dissociation limit of the systems treated in this work, namely,associating alkali-metal (AM) and alkaline-earth (AE) species. The limits of interestare AM(2S)+AE+(2S), AM(2P )+AE+(2S), AM(2S)+AE+(2D), and AM++AE(1S), wherethe states 2S and 1S are ground states, while 2P and 2D hold for the lowest levelin the symmetry. They are hereafter labeled with the shortened notations S + S,
P + S, S + D, and Ion + S. For the limit Ion + S, the two electrons lie on thesame atom. As an illustration the basis functions (indicating the good quantumnumbers) for the three considered Hund’s cases at a given dissociation limit arecollected in Tables B.1, B.2, B.3, B.4 for J = 0, 1, 2, 3.In Table B.5 we present the number of states in different Hund’s case repre-sentations for the LiBa+ and RbSr+ molecular ions.
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J = 0
(a) (2S+1Λ|Ω|) (c) (|Ω|) (e) (jA, jB, j, ℓ)

p = +1 p = −1 p = +1 p = −1 p = +1 p = −1
S + S

1Σ+
0

3Σ+
0 0+ 0− (12 ,12 ,0,0) (12 ,12 ,1,1)

Ion + S
1Σ+

0 − 0+ − (0,0,0,0) −
P + S

1Σ+
0

3Σ+
0 0+ 0− (12 ,12 ,1,1) (12 ,12 ,0,0)

3Π0
3Π0 0+ 0− (32 ,12 ,1,1) (32 ,12 ,2,2)

S +D
1Σ+

0
3Σ+

0 0+ 0− (12 ,32 ,2,2) (12 ,32 ,1,1)
3Π0

3Π0 0+ 0− (12 ,52 ,2,2) (12 ,52 ,3,3)
Table B.1: The good quantum numbers in Hund’s case (a), (c) and (e) forgiven total angular momentum J = 0.

J = 1
(a) (2S+1Λ|Ω|) (c) (|Ω|) (e) (jA, jB, j, ℓ)

p = +1 p = −1 p = +1 p = −1 p = +1 p = −1
S + S

1Σ+
0

3Σ+
0 0+ 0− (12 ,12 ,1,0) (12 ,12 ,0,1)

3Σ+
1

3Σ+
1 1 1 (12 ,12 ,1,2) (12 ,12 ,1,1)

Ion + S
− 1Σ+

0 − 0+ − (0,0,0,1)
P + S

1Σ+
0

3Σ+
0 0+ 0− (12 ,12 ,0,1) (12 ,12 ,1,0)

3Σ+
1

3Σ+
1 1 1 (12 ,12 ,1,1) (12 ,12 ,1,2)

1Π1
1Π1 1 1 (32 ,12 ,1,1) (32 ,12 ,1,0)

3Π0
3Π0 0+ 0− (32 ,12 ,2,1) (32 ,12 ,1,2)

3Π1
3Π1 1 1 (32 ,12 ,2,3) (32 ,12 ,2,2)

S +D
1Σ+

0
3Σ+

0 0+ 0− (12 ,32 ,1,0) (12 ,32 ,1,1)
3Σ+

1
3Σ+

1 1 1 (12 ,32 ,1,2) (12 ,32 ,2,1)
1Π1

1Π1 1 1 (12 ,32 ,2,2) (12 ,32 ,2,3)
3Π0

3Π0 0+ 0− (12 ,52 ,2,2) (12 ,52 ,2,1)
3Π1

3Π1 1 1 (12 ,52 ,3,2) (12 ,52 ,2,3)
3∆1

3∆1 1 1 (12 ,52 ,3,4) (12 ,52 ,3,3)
Table B.2: The good quantum numbers in Hund’s case (a), (c) and (e) forgiven total angular momentum J = 1.
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J = 2
(a) (2S+1Λ|Ω|) (c) (|Ω|) (e) (jA, jB, j, ℓ)

p = +1 p = −1 p = +1 p = −1 p = +1 p = −1
S + S

1Σ+
0

3Σ+
0 0+ 0− (12 ,12 ,0,2) (12 ,12 ,1,1)

3Σ+
1

3Σ+
1 1 1 (12 ,12 ,1,2) (12 ,12 ,1,3)

Ion + S
1Σ+

0 − 0+ − (0,0,0,2) −
P + S

1Σ+
0

3Σ+
0 0+ 0− (12 ,12 ,1,1) (12 ,12 ,0,2)

3Σ+
1

3Σ+
1 1 1 (12 ,12 ,1,3) (12 ,12 ,1,2)

1Π1
1Π1 1 1 (32 ,12 ,1,1) (32 ,12 ,1,2)

3Π0
3Π0 0+ 0− (32 ,12 ,1,3) (32 ,12 ,2,0)

3Π1
3Π1 1 1 (32 ,12 ,2,1) (32 ,12 ,2,2)

3Π2
3Π2 2 2 (32 ,12 ,2,3) (32 ,12 ,2,4)

S +D
1Σ+

0
3Σ+

0 0+ 0− (12 ,32 ,1,2) (12 ,32 ,1,1)
3Σ+

1
3Σ+

1 1 1 (12 ,32 ,2,0) (12 ,32 ,1,3)
1Π1

1Π1 1 1 (12 ,32 ,2,2) (12 ,32 ,2,1)
3Π0

3Π0 0+ 0− (12 ,32 ,2,4) (12 ,32 ,2,3)
3Π1

3Π1 1 1 (12 ,52 ,2,0) (12 ,52 ,2,1)
3Π2

3Π2 2 2 (12 ,52 ,2,2) (12 ,52 ,2,3)
1∆2

1∆2 2 2 (12 ,52 ,2,4) (12 ,52 ,3,1)
3∆1

3∆1 1 1 (12 ,52 ,3,2) (12 ,52 ,3,3)
3∆2

3∆2 2 2 (12 ,52 ,3,4) (12 ,52 ,3,5)
Table B.3: The good quantum numbers in Hund’s case (a), (c) and (e) forgiven total angular momentum J = 2.
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J = 3
(a) (2S+1Λ|Ω|) (c) (|Ω|) (e) (jA, jB, j, ℓ)

p = +1 p = −1 p = +1 p = −1 p = +1 p = −1
S + S

1Σ+
0

3Σ+
0 0+ 0− (12 ,12 ,1,2) (12 ,12 ,0,3)

3Σ+
1

3Σ+
1 1 1 (12 ,12 ,1,4) (12 ,12 ,1,3)

Ion + S
− 1Σ+

0 − 0+ − (0,0,0,3)
P + S

1Σ+
0

3Σ+
0 0+ 0− (12 ,12 ,0,3) (12 ,12 ,1,2)

3Σ+
1

3Σ+
1 1 1 (12 ,12 ,1,3) (12 ,12 ,1,4)

1Π1
1Π1 1 1 (32 ,12 ,1,3) (32 ,12 ,1,2)

3Π0
3Π0 0+ 0− (32 ,12 ,2,1) (32 ,12 ,1,4)

3Π1
3Π1 1 1 (32 ,12 ,2,3) (32 ,12 ,2,2)

3Π2
3Π2 2 2 (32 ,12 ,2,5) (32 ,12 ,2,4)

S +D
1Σ+

0
3Σ+

0 0+ 0− (12 ,32 ,1,2) (12 ,32 ,1,3)
3Σ+

1
3Σ+

1 1 1 (12 ,32 ,1,4) (12 ,32 ,2,1)
1Π1

1Π1 1 1 (12 ,32 ,2,2) (12 ,32 ,2,3)
3Π0

3Π0 0+ 0− (12 ,32 ,2,4) (12 ,32 ,2,5)
3Π1

3Π1 1 1 (12 ,52 ,2,2) (12 ,52 ,2,1)
3Π2

3Π2 2 2 (12 ,52 ,2,4) (12 ,52 ,2,3)
1∆2

1∆2 2 2 (12 ,52 ,3,0) (12 ,52 ,2,5)
3∆1

3∆1 1 1 (12 ,52 ,3,2) (12 ,52 ,3,1)
3∆2

3∆2 2 2 (12 ,52 ,3,4) (12 ,52 ,3,3)
3∆3

3∆3 3 3 (12 ,52 ,3,6) (12 ,52 ,3,5)
Table B.4: The good quantum numbers in Hund’s case (a), (c) and (e) forgiven total angular momentum J = 3.
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Hund’s case (a) Hund’s case (c) Hund’s case (e)

2S+1Λ LiBa+ RbSr+ Ω LiBa+ RbSr+ J LiBa+ RbSr+
p = +1 p = −1 p = +1 p = −1

1Σ+ 3 2 0+ 4 4 0 4 3 4 4
3Σ+ 2 2 0− 3 4 1 8 9 11 11
1Π 1 2 1 5 7 2 12 11 15 15
3Π 1 2 2 3 4 ≥ 3 12 13 16 16
1∆ 1 1 3 1 1
3∆ 1 1 3 1 1
number
of states: 9 10 16 20 36 36 46 46

Table B.5: Number of molecular states in the Hund’s case (a) (Section 3.3)corresponding to the restricted number of dissociation limits included inthe dynamical calculations for LiBa+ and RbSr+ (Chapters 6 and 7). Theygenerate the number of states in Hund’s case (c) (Sections 3.4, 5.2), andHund’s case (e) (Section 4.3) representations. The total number of statesrelated to the Rb-Sr+ collision is considerably larger because, in the experi-ment [69], population of the excited Rb(5p) atomwas observed, introducingone additional unit of angular momentum in our calculations. For Li-Ba+

collision the Li atom was either ionized or remained in the Li(2s) groundstate [55]. The number of states for Hund’s case (e) representation corre-sponds to a quantum scattering calculations where the total angular mo-mentum quantum number J is considered up to 3. The difference of 10in the number of states between the two collisional systems holds for allcases in which the largest J considered is greater than 3.
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Appendix C

Diabatized SOCs for Ω = 0−
and Ω = 1 symmetries

Figures C.1 shows the steps of the diabatization method for the Ω = 0− symmetry,while figures C.2 and C.3 for the Ω = 1 symmetry related to the SOC between the
3Σ+ state and 1Π and 3Π, respectively. These diabatizations of SOCs are necessarydue to the presence of theX2 avoided crossing, see panel a) of Fig. 5.7.
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Figure C.1: The relevant spin-orbit couplings in theΩ = 0− symmetry. Grey verticalline indicates the position of the X2 avoided crossing. In panel a): black is A5,6, redis A7,8, green is A6,7, and blue is A5,8 adiabatic SOCs. Panel c): black is A′
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7,8, green is A′
6,7, and blue is A′

5,8 diabatic SOCs. For more explanation see thecaption of Fig. 5.8.
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Figure C.3: The relevant SOCs in the Ω = 1 symmetry between 3Σ − 3Π states.Grey vertical line indicates the position of the X2 avoided crossing. Panel a): blackis A9,11, red is A12,14, green is A11,12, and blue is A9,14 adiabatic SOCs. Panel c):black is A′
9,11, red is A′

12,14, green is A′
11,12, and blue is A′

9,14 diabatic SOCs. Formore explanation see the caption of Fig. 5.8.
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Appendix D

Inelastic partial cross sections
for Li-Ba+ collisions

We note that the partial cross sections for parity ”−” decrease at low collision en-ergy, in contrast to those for parity ”+”. This comes from the fact that the latteronly involve even partial waves ℓ, and thus the s-wave at very low energy, allow-ing for barrier-less processes. This is illustrated by a series of graphs in the nextpages (Figs. D.1, D.2, D.3, D.4, D.5) showing the partial inelastic cross sections foreach process, depending on parity and J . The non-vanishing contributions to theinelastic cross section are those of J = 2, 3, which indeed involve ℓ = 0 (s-wave)as jLi = 0 and jBa+ = 2.For low collisional energies the MCQS cross sections locally exceed theLangevin cross section due to the presence of quantum shape resonances asso-ciated with specific values of J that are clearly visible in the partial cross sectionsdepending on J and on parity ”+”. In contrast, partial cross sections for ”−”parity are much smoother without marked resonances. The positions in energyof these resonances are highly sensitive to molecular potentials and cannot bereliably predicted; however, the model clearly indicates that they contribute tothe dynamics in the ultracold regime. As expected, when the collision energyincreases, all J values tend to contribute equally to the total cross section, thusreproducing the semiclassical behavior of the Langevin cross section.For example, in the entrance channel S +D5/2 with parity "+", a pronouncedshape resonance is observed in the FSQ process around 10−4 K, which is mainlythe result of J = 4 and J = 5 (Fig. D.1). As a consequence, the FSQ cross sec-tion slightly exceeds the Langevin limit. The cross sections for NRCE and NRQ areweaker, but they are also structured by shape resonances in the case of parity ”+”.For NRCE, only even values of J contribute since the only molecular state corre-lated to the limit Ion + S is 2 1Σ+, which appears for combinations with even Jand parity "+", and odd J and parity "−" . The states J = 2 and J = 4 generatethe strongest resonances in this energy region. We observe similar patterns inthe entrance channel S +D3/2 with parity "+", with prominent resonances in thedominant NRQ process due to J = 1 and J = 3, and for the NRCE process due tothe J = 4 around Ecol/kB ≈ 10−4 K.
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Figure D.1: Partial cross sections (Eq.3.117) up to J = 11 and for parity ”+” and ”−”for the FSQ process (staring from the S +D5/2 entrance channel) as a function oftemperatureEcol/kB (colored solid lines). Green solid line: total parity-dependentcross section for FSQ. Black solid line: Langevin cross section.
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Figure D.2: Same as Figure D.1 for NRCE, with the total cross section drawn inorange solid line.
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Figure D.3: Same as Figure D.1 for NRQ, with the total cross section drawn in redsolid line.
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Figure D.4: Same as Figure D.3 for the entrance channel S +D3/2.
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Figure D.5: Same as Figure D.4 for NRCE, with the total cross section drawn inorange solid line.
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Appendix E

Elastic partial cross sections
for Li-Ba+ collisions

The elastic channel deserves particular attention. The calculations predict thatelastic collisions dominate the overall dynamics overmost of the investigated tem-perature range, cross sections exceeding the Langevin estimate for inelastic crosssections, see Fig. 6.9 panel a) and b). This is expected as in the classical picture,only collisions with an impact parameter smaller than bmax might induce an in-elastic process, while all other collisions are elastic (see Section 3.5).Figures E.1 and E.2 show at low energies that J = 2 and J = 3 with parity ”+”containing the s-wave (see above) are the only noticeable contributions, decreas-ing in 1/E with increasing energy, as expected. Extending calculations at evenlower energy would show a saturation toward a constant cross section propor-tional to the squared scattering length characterizing the set of used PECs.At low collision energy (Ecol/kB < 10 µK), the FSQ cross section exceeds theelastic one, due to the contribution of the s-wave. This might be themanifestationof a resonant feature at very low temperature, but the inelastic cross section is ex-pected to vanish as the energy decreases, as predicted by scattering theory [152].We note a prominent narrow feature in theD3/2 entrance channel and parity”+” associated to the J = 4 cross section, probably induced by a Feshbach reso-nance in the entrance channel. This resonance was also visible in the NRCE crosssection (Fig. D.5).For the D5/2 entrance channel and parity "+", the low–temperature elasticcross section below 5µK is mainly governed by the J = 2 and J = 3 contribu-tions.
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Figure E.1: The parity dependent elastic collision (blue thick line) and the firsteleven J -dependent partial cross sections (thin colored lines) as a function of thetemperature forD5/2 incoming channel.
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Figure E.2: The parity dependent elastic collision (blue thick line) and the first eight
J -dependent partial cross sections (thin colored lines) as a function of the temper-ature forD3/2 incoming channel.
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Appendix F

Inelastic partial cross sections
for Rb-Sr+ collisions

These cross sections are displayed in the series of Figs. F.1, F.2, F.3. Asmore partialwaves than in LiBa+ participate to the processes, the cross-sections undergo smalloscillations that are induced by their cumulative effect without any real prominentfeature. In other words, the displayed energy regime already corresponds to theclassical collisional regime. Most of the partial cross sections have a smooth vari-ation in energy consistent with the influence of the top of the centrifugal barrier.Sharper structures are visible in the partial cross section for J = 7, 8 in theS+D5/2and S + D3/2 entrance channels and for parity ”−”, and for all processes, whichare consistent with the presence of Feshbach resonances.
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Figure F.1: Partial cross sections up to J = 18 and for parity ”+” and ”−” for the FSQprocess starting from the entrance channel S + D5/2 incoming channel as func-tions of temperature Ecol/kB (colored solid lines). Green solid line: total parity-dependent cross section for FSQ. Black line: Langevin cross section. Vertical col-ored lines indicate the centrifugal barrier heights corresponding to different ℓ val-ues. The barriers for ℓ = 1, 2 lie below 1µK and are not visible in the figure.
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Figure F.2: Same as Figure F.1 for EEE, with the parity-resolved total cross sectiondrawn in yellow solid line.
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Figure F.3: Same as Figure F.2 for the entrance channel S +D3/2.
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Appendix G

Elastic partial cross sections
for Rb-Sr+ collisions

In addition to the inelastic partial cross sections, we also determined elastic partialcross sections, which are shown in Fig. G.1 and G.2 for the two incoming channels.Elastic collisions play an important role in the sympathetic cooling when a coldion collides with ultracold atoms to reduce the kinetic energy of the ion. Since inthe present case the collision partners have almost equal masses, the efficiencyof sympathetic cooling could be high.The overall behavior of the partial elastic cross sections is similar to that ofthe inelastic ones, building up a monotonous cross section with temperature. Astructure consistent with a Feshbach resonance is visible in J = 4 and parity ”−”of the entrance channel S + D3/2, while being of low magnitude. We note theoscillating behavior of the J = 0 contribution in both entrance channels, for whichwe have not found a satisfactory explanation.
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Figure G.1: Partial elastic cross sections up to J = 18 and for parity ”+” and ”−” inthe entrance channel S+D5/2 as functions of temperatureEcol/kB (colored solidlines). Solid blue line: parity-dependent cross section after summation on J .
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Figure G.2: The same as Fig. G.1 but for entrance channel S +D3/2. Partial elasticcross sections up to J = 18 and for parity ”+”’ and ”-”.
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Összefoglalás és kitekintés

Doktori munkám során alkálifém atomok és alkáliföldfém ionok hibrid csapdák-ban lejátszódó ultrahideg ütközései során fellépő rugalmatlan folyamatok kvan-tummechanikai leírásával foglalkoztam. Ezen rendszerek egyesítik a semlegesatomokkal és a csapdázott ionokkal végzett kísérletek számos előnyét, és ígéreteslehetőséget kínálnak többek között a kontrollált atom–ion ütközések, a hidegkémia, a töltéstranszport és a szennyeződéseket tartalmazó rendszerek vizs-gálatára, valamint a kvantum-szimulátorok területén. Mielőtt azonban ezenrendszerek teljes mértékben alkalmazhatók lennének a fentebb említett célokra,elengedhetetlen a csapdaveszteséget okozó kvantummechanikai folyamatokmegértése. Ebben a rugalmatlan folyamatok fontos szerepet játszanak, mivela csapdázott részecskék számának csökkenését eredményezik, ami az alkalma-zások szempontjából kedvezőtlen. A rugalmatlan folyamatok szerepe akkornő meg különösen, amikor a kísérletben jelen levő hűtő és csapdázó lézerekhatására az ion metastabil állapotba kerül, és a gerjesztett bemeneti csatornatöbbletenergiája miatt több, egymással versengő reakció nyílhat meg.A munkám egyik fontos motivációját az adja, hogy az alkáliföldfém ionok léze-res hűtési sémáiban a metastabil D-állapot is szerepet játszik, ugyanakkor ezekaz állapotok az ütközések kezdeti csatornáiként célzottan is preparálhatók. A ger-jesztett kezdeti állapotok az alapállapoti ütközésekhez képest további, energetika-ilag megengedett reakciócsatornákat nyitnak meg. E megnyíló reakciócsatornákkvantitatív leírása képezi doktori munkám fő célját: a kísérletileg megfigyelt rugal-matlan folyamatok hatáskeresztmetszeteinek és reakciósebességeinek elméletimeghatározása, a folyamatokért felelős nem-adiabatikus csatolások azonosítása,valamint az elméleti eredmények összehasonlítása a rendelkezésre álló kísér-leti adatokkal. Számításaim sok-csatornás kvantummechanikai szóráselméletimegközelítésen alapulnak, amelynek során molekuláris potenciális energia gör-béket, spin-pálya és nem-adiabatikus csatolásokat vettem figyelembe, bázistranszformációt, valamint csatolt-csatornás számításokat végeztem. A dinamikaiszámítások ezért nemcsak hatáskeresztmetszeteket és reakciósebességeket szol-gáltatnak, hanem egyúttal lehetőséget adnak a felhasznált molekulaszerkezetiadatok és csatolási modellek ellenőrzésére is.Az első részletesen vizsgált rendszerben alapállapotban levő 6Li-atom ésmetastabil (5d 2D3/2 vagy 5d 2D5/2) állapotban levő 138Ba+-ion ultrahidegütközését vizsgáltam. A kísérletileg megvalósítható két bemeneti csatornaesetén, amikor a Ba+ ion kezdetben metastabil (5d 2D) állapotban van háromrugalmatlan folyamat verseng egymással: a finomszerkezeti legerjesztődés (fine-
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structure quenching, FSQ), a nemradiatív töltéskicserélődés (non-radiative chargeexchange, NRCE) és a nemradiatív legerjesztődés (non-radiative quenching, NRQ).Mindkét bemeneti csatornára paritásfüggő hatáskeresztmetszeteket határoztammeg. Ezt követően elemeztem az egyes parciális hullámok járulékait annakérdekében, hogy azonosítsam a hatáskeresztmetszetekben megjelenő főbbstruktúrák eredetét. Végül paritásfüggetlen hatáskeresztmetszeteket, valamintnem termalizált és termalizált reakciósebességeket számítottam, amelyeketösszehasonlítottam a rendelkezésre álló kísérleti eredményekkel. A rugalmatlanfolyamatok mellett a rugalmas ütközésre vonatkozó hatáskeresztmetszeteket ésreakciósebességeket is meghatároztam, amelyek ugyanazon dinamikai számítá-sokból egyidejűleg adódnak.
A Li-Ba+ rendszerre végzett számítások jól reprodukálják a kísérletben megfi-gyelt főbb tendenciákat, valamint a domináns rugalmatlan folyamatok egymáshozviszonyított erősségét. Különösen az NRCE és NRQ folyamatokra kapott reak-ciósebességek mutatnak jó egyezést a kísérleti eredményekkel mindkét vizsgáltbemeneti csatorna esetén. Az elemzés alapján az NRCE folyamatot elsősorbankét 1Σ+ állapot közötti lokalizált nem-adiabatikus csatolás idézi elő, amely ahozzájuk tartozó potenciális energia görbék úgynevezett "avoided crossing"-jaközelében válik jelentőssé. Ezzel szemben a nem-radiatív legerjesztődés, NRQ,egy összetettebb mechanizmus eredménye, ahol az egymást keresztező poten-ciális energia görbéknek van fontos szerepe, amit a kis magtávolságoknál fellépőindirekt spin-pálya csatolások és rotációs csatolások együttesen határoznakmeg. A finomszerkezeti legerjesztődés, FSQ, reakciósebességét ugyanakkor ajelenlegi modell felülbecsüli. Ezen eltérés legvalószínűbb oka, hogy a kísérletbena Li-atomokat a metastabil 2D állapot valamely Zeeman alállapotába gerjesztik,amelyet a modellünk nem vesz figyelembe.
A második vizsgált rendszer az alapállapotban levő 87Rb-atom és a metastabilállapotban levő 88Sr+(4d 2D3/2,5/2)-ion ultrahideg ütközésének tanulmányozá-sára irányult, ahol a kísérletben két rugalmatlan folyamatot figyeltek meg: afinomszerkezeti legerjesztődést, FSQ, és az elektronikus gerjesztési kicserélő-dést (electronic excitation exchange, EEE). Számos más atom-ion rendszerrelellentétben ebben az esetben nem figyeltek meg töltéskicserélődést . A LiBa+

molekulaionhoz képest a RbSr+ jóval összetettebb gerjesztett elektronállapottalrendelkezik a bemenő ütközési csatornák közelében, Rb(5s 2S)+Sr+(4d 2D) , aRb(5p 2P )+Sr+(5s 2S) aszimptotikus limit közelsége miatt. Ennek következtébentöbb elektronállapot vesz részt a dinamikában, valamint amegjelenő két "avoidedcrossing" két 1Σ+, illetve két 3Σ+ adiabatikus állapot között még összetettebbéteszi az ütközés leírását. A modellünkben a potenciális energia görbék diaba-tizálása az "avoided crossing"-ok jelenléte miatt szükségessé tette egy kétlépéseskvázi-diabatizációs eljárás alkalmazását a molekuláris spin-pálya csatolásokmeghatározásánál.
Az EEE folyamatra számolt reakciósebességek kielégítő egyezést mutatnaka kísérleti eredményekkel. Ez alátámasztja a felhasznált molekuláris adatokmegbízhatóságát, valamint a spin-pálya csatolások kvázi-diabatikus kezelésénekfontosságát. Vizsgálataink azt is megmutatták, hogy az ütközési dinamikát je-lentősen befolyásolja a nem-adiabatikus-, a spin-pálya- és a rotációs csatolásokegyüttes hatása. Ugyanakkor, a LiBa+ rendszerhez hasonlóan, a modellünk
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ebben az esetben is felülbecsüli a FSQ folyamat reakciósebességét a kísérleti-leg mért értékhez képest. Ez arra utal, hogy a finomszerkezeti legerjesztődéskülönösen érzékeny lehet az ütköző részecskék kezdeti spinállapotára. Mivel akísérletekben az egyik vagymindkét ütköző részecskétmeghatározott spinállapot-ban preparálják, a folyamat teljes kvantitatív leírásában figyelembe kell venni areleváns hiperfinom- és Zeeman-alszinteket is.
A Li-Ba+ és Rb-Sr+ ütközési rendszerek összehasonlítása rávilágít arra,hogy metastabil alkáliföldfém ionokkal való ultrahideg ütközések nem írhatókle egyetlen rugalmatlan folyamattal, egyetlen izolált csatolási mechanizmussal,vagy egyszerűsített modellekkel. A megfigyelt rugalmatlan dinamika ehelyetta nem-adiabatikus csatolások, a spin-pálya kölcsönhatás és a molekuláris rotá-ció együttes hatásának eredménye. Az egyszerűsített modellek, például aLandau-Zener-típusú közelítések, hasznos kvalitatív képet adhatnak az egyesfolyamatokról, azonban a kísérleti megfigyelések kvantitatív leírásához teljes,sok-csatornás kvantumszórási leírásra van szükség. A disszertációban bemu-tatott eredmények így hozzájárulnak a hibrid atom-ion rendszerek veszteségimechanizmusainak részletesebb megértéséhez, és elméleti keretet biztosítanaka gerjesztett elektronállapotú ütköző részecskékkel végzett jövőbeli kísérletekértelmezéséhez.
A fent azonosított korlátok több lehetséges irányt is kijelölnek a modellünktovábbfejlesztésére. Ilyen továbblépést jelent a hiperfinom- és Zeeman-alszintekfigyelembe vétele a molekuláris bázisban [147]. Ez lehetővé tenné a kísérletilegpreparált spinállapotok explicit leírását ahelyett, hogy kizárólag a finomszerkezeticsatornákat vennénk figyelembe. Egy ilyen kiterjesztés közvetlenül vizsgálhatóvátenné, hogy a Li-Ba+ és Rb-Sr+ rendszerekben tapasztalt FSQ reakciósebességekfelülbecslése valóban a bemeneti csatornák spin-polarizált jellegével függ-eössze. Általánosabban, egy a hiperfinom- és Zeeman-alszinteket explicit mó-don figyelembe vevő modell pontosabb összehasonlítást tenne lehetővé azállapotszelektív hibrid csapdás kísérletekkel.
Egy másik ígéretes kutatási irány a jelenlegi módszertan alkalmazása további,kísérleti szempontból releváns atom–ion ütközésekre. Különösen érdekes jelölta Li-Ca+ rendszer, mivel a Li-Ba+-hoz hasonlóan a könnyű Li-atom és a jóval ne-hezebb Ca+ ion közötti nagy tömegkülönbség kedvező a kvantumos tartománymegközelítése szempontjából. Emellett több ütközési energián (1 mK–1 K) is ren-delkezésre állnak kísérleti adatok, amelyek több referenciapontot biztosítanak azelméleti eredményekkel való összehasonlításhoz [54]. Mivel erre a rendszerremárvégeztek Landau–Zener-típusú vizsgálatokat [54], egy teljes sok-csatornás kvan-tumszórási számítás lehetőséget adna az egyszerűsített modellek érvényességitartományának felmérésére, valamint a rugalmatlan folyamatokat létrehozó kvan-tummechanikai mechanizmusok azonosítására.
További perspektívát jelent a molekulaionok létrehozása és kontrollálása. Azatom-ion rendszerekben megfigyelt Feshbach-rezonanciák, például a Li-Ba+ ésRb-Sr+ kísérletekben megfigyelt rezonanciák [39, 71], a disszociációs küszöbhözközeli molekuláris kötött állapotok jelenlétére utalnak, amelyek felhasználhatókgyengén kötött molekulaionok létrehozására. Ilyen molekulaionok előállíthatókpéldául egy Feshbach-rezonancián keresztül történőmágneses asszociációval [39,71], radiatív asszociációval [63, 65, 73, 83], illetve lézeres fotóasszociációval [47,
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148]. Stabilitásuk és belső szerkezetük fotódisszociáció segítségével is vizsgálható,amely további információt szolgáltathat a molekuláris kötési energiákról és azátmeneti útvonalakról.Végül, hosszabb távon különösen ígéretes lehet a rugalmatlan atom-ionütközések külső terekkel történő szabályozása. Más hideg ütközési rendszerekrejavasolt optikai árnyékolási eljárásokhoz hasonlóan [149–151] vizsgálható lenne,hogy egy- vagy kétfotonos csatolások segítségével módosítható-e az ütközési di-namika még azelőtt, hogy a részecskék elérnék a kis magtávolságok tartományát.A bemeneti csatornának egy megfelelően megválasztott taszító molekulárispotenciálhoz történő csatolásával a külső lézerterek a nem kívánt rugalmatlanveszteségeket csökkenthetik azáltal, hogy megakadályozzák, hogy az ütközőpartnerek közel kerüljenek egymáshoz. Egy ilyen lehetőség közvetlen kapcsolatotteremtene a disszertációban kidolgozott mikroszkopikus molekuláris leírás és ahibrid csapdák atom-ion ütközéseinek kontrollja között.
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