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Introduction

By Thron [143, p. 18], topological spaces were first suggested by Tietze [144] and Alex-
androff [3]. They were later standardized by Bourbaki [12], Kelley [61] and Engelking
[39]. (For some historical facts, see also Folland [41].)

If 7 is a family of subsets of a set X such that T is closed under finite intersections
and arbitrary unions, then the family 7 is called a fopology on X, and the ordered pair
X(T)= (X, T) is called a ropological space.

The members of 7 are called the open subsets of X. While, the members of F = { A€ :
A€ T}, where A¢ = X \ A, are called the closed subsets of X. And, the members of
T N F are called the clopen subsets of X.

Since, @ = |J @ and X =) 0, we necessary have {(}, X} C 7 N F. If in particular
T ={0, X}, then T is called minimal (indiscrete). While, if TN F = {0, X}, then T
is called connected [143, p. 31].

For a subset A of X (7)), thesets A° = int(A) =] (T NP(A)),
A~ =cl(A) = int( A%)© and AT =res(A) = cl(A)\ A

are called the interior, closure and residue of A, respectively.

Thus, — is a Kuratowski closure operation on P(X). Thatis, §— = @, and — is
extensive, idempotent and additive in the sense that, forany A, B C X, wehave A C A,
A" =A" and (AUB)"=A"UB".

In particular, the members of the family

N={ACX: A =0}
are called the rare (or nowhere dense) subsets of X (T).
According to Szaz [118, 122, 124], the members of the family
E={ACX: FUeT\{0}: UCA}
may be naturally called the fat subsets of X.

Hence, it is clear that £ # ) if and only if X = (). Moreover, £ is a proper stack on X
in the sense that ) ¢ £ and & is ascending in X. Thatis,if A € £ and A C B C X, then
B € & also holds.

Moreover, it can be easily seen that

D={ACX: A°¢&}={ACX: VBef: ANB#0}.
Thus, D is just the family of all dense subsets of X.
For instance, if A C X such that there exists B € £ such that ANB = (), then B C A°.

Hence, by using that £ is ascending, we can infer that A€ € £ . Therefore, A€ ¢ £ implies
that ANB # () forall Be €.

In 1922, a subset A of a closure space X (—) was called regular open by Kuratowski
[64] if A = A~°. With suitable operations, the family of regular open subsets forms a
complete Boolean agebra [46, p. 66].
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In 1982, a subset A of X (7) was called preopen by Mashhour et al. [86] if A C A~°.
However, by Dontchev [33], preopen sets, under various names, were much earlier studied
by several mathematicians.

In 1964, Corson and Michael [15] called a subset A of X (T) locally dense if it is a
dense subset of some V € T, i.e., A CV C A~ . Moreover, they noted that this property
is equivalent to the inclusion A C A™°.

This equivalence was later also stated by Jun et al. [S8]. Moreover, Ganster [42] proved
that A is preopen if and only if there exist V € 7 and B € N suchthat A=V N B. (See
also Dontchev [33].)

In 1963, a subset A of X (7) was called semi-open by Levine [71] if there exists
V €T suchthat V. C A C V. First of all, he showed that the set A is semi-open if and
onlyif AC A°~.

Moreover, he also proved that if A is a semi-open subset of X (7), then there exist
VeT and B€ N suchthat A=V UB and VN B = (). In addition, he also noted that
the converse statement is false.

Levine’s statement closely resembles to a famous theorem of Hyers [53] which says that
an e—approximately additive function of one Banach space to another is the sum of an additive
function and an e—small function.

Analogously to the paper of Hyers, Levine’s paper has also attracted the interest of a
surprisingly great number of mathematicians. For instance, by the Google Scholar, until the
date of writing this Dissertation, it has been cited by 3080 works.

Moreover, the above statement of Levine was improved by Dlaska et al. [29] who
observed that a subset A of X (7)) is semi-open if and only if there exist V' € 7T and
B Cres(V) suchthat A=V UB.

The latter observation was later reformulated, in a more convenient form, by Duszynki
and Noiri [34] who noted that a subset A of X (7) is semi-open if and only if there exists
B Cres(A°) suchthat A= A°UDB.

In particular, in 1965 and 1971, Njastad [89] and Isomichi [55], not being aware of
the paper of Levine, studied semi-open sets under the names (-sets and subcondensed sets,
respectively.

Moreover, Njéstad called a subset A of X (7) an a-serif A C A°~°. And, among
others, he proved that the set A is an a-set if and only if there exist V € 7 and B € N/
suchthat A=V \ B.

On the other hand, in 1983 the subset A was called S—open by Abd El-Monsef et al.
[1] if A C A~°~. While, in 1986, Andrijevi¢ [5] used the term semi-preopen instead
of S-open.

Actually, Andrijevi¢ called a subset A of X (7) to be semi-preopen if there exists a
preopen subset V of X (7) suchthat V' C A C V~. And, he showed that this is equivalent
to the inclusion A C A~°—.

In 1996, a subset A of X (7) was called b—open by Andrijevi¢ [8] if A C A°~"UA~°.
He proved that A is b—open if and only if there exist a preopen subset B and a semi-open
subset C' of X (7) suchthat A=BUC.
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Now, having in mind the poset (partially ordered set) P (X ) of all subsets of X, a topology
T on X may be naturally called minimal and maximal, instead of indiscrete and discrete, if
T={0, X} and T =P(X), respectively,

Moreover, by the celebrated Riesz-Lennes-Hausdorff definition of connectedness [143,
147], the topology 7 may be naturally called connected if T N F = {(, X }. That is, the
family of clopen sets is minimal.

On the other hand, by Steen and Seebach [112, p. 29], the topology 7 may be naturally
called hyperconnected if AN B # () forall A, B € T\ {0}. Thatis, the family 7 \ {0}
is closed under pairwise (binary) intersections.

Hyperconnected topologies were formerly studied by Bourbaki [13, p. 119] and Levine
[75] under the names irreducible and dense topologies. It is noteworthy that 7 is hypercon-
nected if and only if 7\ {#} C D, orequivalently £ C D.

Also by Steen and Seebach [112, p. 29], the topology 7 may be naturally called ultra-
connected if ANB # () forall A, B € F\ {0} . Ultraconnected topologies were formerly
studied by Levine [73] under the name strongly connected topologies.

Following Kelley [61, p. 76], atopology 7 on X may be naturally called a door topo-
logy if every subset of X is either open or closed. That is, P(X) = 7 U F . Thus, unlike a
door, a subset of X can be both open and closed.

While, according to Levine [74], a topology 7 on X may be naturally called a superset
topology if every subset of X which contains a nonvoid member of 7 is also in 7 . That is,
€ C T in our former notation.

Now, following Dontchev [31], a connected superset topology 7 on X may be naturally
called superconnected. The importance of this notion lies in the fact that a topology 7 on X
is superconnected if and only if £ =T \ {0}.

Moreover, by Bourbaki [12, p. 139] and Hewitt [S51], a topology 7 on X may be
naturally called submaximal and resolvable if D C T and D € £, respectively. Namely,
D ¢ & ifand only if A¢ € D forsome A €D.

Instead of open sets, Hausdorff [49], Kuratowski [65], Weil [146], Tukey [145],
Efremovi¢ and Svarc [35, 36], Kowalsky [63], Cséaszar [19], Doicinov [30], Herrlich [50]
and others [109, 54, 14, 88] offered some more powerful tools.

For instance, from the works of Davis [28], Pervin [95] and Hunsaker and Lindgren
[52], it should have been completely clear that topologies, closures and proximities should
not be studied without generalized uniformities.

Considering several papers and some books on generalized uniformities and their induced
structures, Szaz in [114, 122, 123] offered relators (families of relations) as the most suitable
basic term on which analysis should be based on.

In the sequel, following a terminology introduced by Szdz [114, 122], a family R of
relations on a set X will be called a relator on X, and the ordered pair X (R) = (X, R)
will be called a relator space.

Thus, relator spaces are generalizations of not only ordered sets [27] and uniform spaces
[40], but also topological, closure and proximity spaces [87]. However, to include context
spaces [44] a further generalization is needed [122, 123].
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For instance, according to [126], each generalized topology 7 on X can be easily derived
from the family R+ of all Pervin’s preorder relations Ry = V2U (V¢x X) with V € T .
Thus, generalized topologies need not be studied separately.

Motivated by corresponding definitions of the various generalized open sets in topological
spaces, we introduce and study ten kinds of generalized topologically open sets in relator
spaces.

Moreover, having in mind the various connectedness properties considered in topological
spaces we introduce and study several reasonable connectedness properties of relator spaces.

The dissertation consists of three chapters. In the first chapter, we shall briefly lay out the
necessary prerequisites on relations and relators.

In the second chapter, we shall show that several well-known, basic facts on generalized
open sets can be much better treated in relator spaces than in generalized topological and
closure spaces.

In the third chapter, we shall introduce several reasonable minimality (well-chainedness)
and connectedness properties of relators, and investigate their interrelationships.

Finally, at the end of the dissertation, great possibilities for some further, more general
investigations are suggested.



Chapter 1. Relator Spaces

1.1 A Few Basic Facts on Relations

A subset I’ of a product set X xY is called a relation on X to Y. In particular, a relation on
X to itself is called a relation on X. And, Ax = {(x, x) : x € X} is called the identity
relation of X.

If Fisarelationon X to Y, then by the above definitions we may also state that F'is a
relation on X UY. However, for several purposes, the latter view of the relation F' would be
quite unnatural.

If Fiisarelationon X to Y, thenforany z € X and A C X thesets F'(z) ={y €Y :
(z,y) € F}and F[A]=J{F (z): x € A} are called the images or neighbourhoods of
x and A under F', respectively.

If (z,y) € F, then instead of y € F (x), we may also write = F'y. However, instead
of F[A], we cannot write F'(A). Namely, it may occur that, in additionto A C X, we
also have A € X.

Now, the sets Dp = {z € X: F(z) # 0} and Rr = F[X] may be called the
domain and range of F', respectively. If in particular D = X, then we may say that F'is
arelation of X to Y, orthat F is a non-partial relation on X to Y.

In particular, a relation f on X to Y is called a function if for each x € Dy there exists
y €Y suchthat f(z) = {y}. Inthis case, by identifying singletons with their elements, we
may simply write f(z) =y instead of f(z)={y}.

Moreover, a function x of X toitself is called a unary operation on X. While, a function
x of X2to X is called a binary operation on X. And, for any z, y € X, we usually write
2* and x xy instead of () and x((x, y)), respectively.

If F isarelationon X to Y, thenafunction f of Dp to Y is called a selection function
of F if f(z) € F(z) forall x € Dp. By using the Axiom of Choice, it can be shown that
every relation is the union of its selection functions.

For a relation F on X to Y, we may naturally define two sef-valued functions pp of
X to P(Y) and ®p of P(X) to P(Y) such that pp(x) = F(z) forall x € X and
Op(A)=F[A] forall ACX.

Functions of X to P(Y") can be identified with relations on X to Y. While, functions of
P(X) to P(Y') are more general objects than relations on X to Y. In [131, 137, 138], they
were briefly called corelations on X to Y.

However, a relation on P(X) to Y should be rather called a super relation on X to Y,
and a relation on P (X) to P(Y") should be rather called a hyper relation on X to Y. Thus,
closures (proximities) [143] are super (hyper) relations.

If F' is a relation on X to Y, then one can easily see that ' = J, .y {2z} x F(x).
Therefore, the images F(x), where = € X, uniquely determine F'. Thus, a relation F' on
X to Y can also be naturally defined by specifying F'(x) forall z € X.

5
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For instance, the complement F° and the inverse F~! can be defined such that F¢(z) =
F(z) =Y\ F(x) forall z € X and F~}(y)={z € X: y€ F(x)} forall y € Y.
Thus, it can be easily seen that /¢ = (X xY) \ F.

Moreover, if in addition GG is a relation on Y to Z, then the composition G o F' can be
defined such that (G o F')(xz) = G[F(x)] forall z € X. Thus, it can be easily seen that
(GoF)[A]l=G [F[AH: UyeF[A] G (y) forall AC X.

While, if G is a relation on Z to W, then the box product F' X G can be defined such
that (FXG)(z, z) = F(z) x G(z) forall z € X and z € Z. Thus, it can be shown that
(FRG)R]=GoRoF~! forall RC XxZ [129].

Hence, by taking R = {(z, z)}, and R = Ay if Y = Z, one can at once see that the
box and composition products are actually equivalent tools. However, the box product can be
immediately defined for any family of relations.

Now, a relation R on X may be briefly defined to be reflexive on X if Ax C R, and
transitive if Ro R C R. Moreover, R may be briefly defined to be symmetric if R 'CR,
antisymmetric if RN R~ C Ax, and total if X2 C RUR™!.

Thus, a reflexive and transitive (symmetric) relation may be called a preorder (tolerance)
relation. And, a symmetric (antisymmetric) preorder relation may be called an equivalence
(partial order) relation.

For any relation R on X, we may also naturally define R® = Ay and R™ = RoR" !
if n € N. Moreover, we may also naturally define R> = [J; 2 R". Thus, R is the
smallest preorder relation on X containing R [47].

For A C X, Pervin’s relation Ry = A?U (A°xX), with A2 = Ax A, is an important
preorder on X. While, for a pseudometric d on X, Weil’s surrounding B, = {(z,y) €
X2 d(z,y) < r}, with 7 > 0, is an important tolerance on X [146] .

Note that S4 = RaN Ry = RaNRac = A?N (A°)? is already an equivalence
relation on X. And, more generally if A is a cover (partition) of X, then Sa = J ¢ 4 A?
is a tolerance (equivalence) relation on X.

As an important generalization of the Pervin relation R4, forany A C X and B C Y,
we may also naturally consider the Hunsaker-Lindgren relation R4 gy = (AxB)N(A°XY")
[52] . Namely, thus we evidently have R4 = R4, A) -

The Pervin relations R4 and the Hunsaker-Lindgren relations R4, gy were actually first
used by Davis [28] and Csészéar [19, pp. 42 and 351] in some less explicit and convenient
forms, respectively.

1.2 A Few Basic Facts on Relators

A family R of relations on one set X to another Y is called a relator on X to'Y, and the
ordered pair (X,Y)(R) = ((X,Y), R) is called a relator space. For the origins of this
notion, see [114, 123].

If in particular R is a relator on X to itself, then R is simply called a relator on X.

Thus, by identifying singletons with their elements, we may naturally write X (R) instead of
(X, X)(R).Namely, (X, X)={{X},{X, X}}={{X}}.
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Relator spaces of this simpler homogeneous type are already substantial generalizations
of the various ordered sets [27] and uniform spaces [40]. However, they are insufficient for
some important purposes. ( See, for instance, [44] and [122].)

Arelator R on X to Y, or the relator space (X, Y)(R), is called simple if R = {R}
for some relation R on X to Y. Simple relator spaces of the forms (X, Y )(R) and X (R)
were called formal contexts and gosets in [44] and [134], respectively.

Moreover, a relator R on X, or the relator space X (R), may, for instance, be naturally
called reflexive if each member of R is reflexive on X. Thus, we may also naturally speak
of preorder, tolerance, and equivalence relators.

For instance, for a family A of subsets of X, the family R4 = { Ra: A € A}, where
Ry = A? U (A°x X), is an important preorder relator on X . Such relators were first used
by Pervin [95] and Levine [77].

While, for a family D of pseudo-metrics on X, the family Rp = {BZ: r > 0,d € D},
where B¢ = {(z,y) : d(z,y) <r}, is an important tolerance relator on X. Such relators
were first considered by Weil [146].

Moreover, if & is a family of covers (partitions) of X, then the family Rg = { S4 :
Aec &}, where Sq = cu A? is an important tolerance (equivalence) relator on X.
Equivalence relators were first investigated by Levine [76].

If % is a unary operation for relations on X to Y, then for any relator R on X to Y we
may naturally define R* = { R*: Re R} . However, this plausible notation may cause
some confusions whenever, for instance, x = c.

In particular, for any relator /R on X, we may naturally define R>° = { R>*: ReR } .
Moreover, we may also naturally define R? = { SCX?: S®eR } . These operations
were first introduced by Mala [80, 82] and Pataki [93, 94].

While, if * is a binary operation for relations, then for any two relators R and & we may
naturally define R xS = { RxS: ReR,SeS } . However, this plausible notation may
again cause some confusions whenever, for instance, * = M.

Therefore, in general we shall rather writt RAS = {R NS : Re R, S e S}
Moreover, for instance, we shall also writt RAR™ = { RN R~ : R € R}. Note that
thus RAR ™! is a symmetric relator such that RARC RARL.

A function O of the family of all relators on X to Y is called a direct (indirect) unary
operation for relators if, for every relator R on X to Y, the value RE =0 (R) is arelator
on XtoY (onY to X).

For instance, ¢ and —1 are "involutive operations" for relators. While, oo and O are
"projection operations" for relators. Moreover, the operation [J = ¢, oo or 0 is inversion
compatible in the sense that RF ~1 = R—15.

More generally, a function § of the family of all relators on X to Y is called a structure
Sor relators if, for every relator R on X to Y, the value §r = F(R) is in a power set
depending only on X and Y.

For instance, if clgr(B) = N {R"}[B]: R € R} forevery relator R on X to Y and
B CY, then the function §, defined by §(R) = clg, is a structure for relators such that
F(R)CP(Y)x X, andthus F(R) € P(P(Y)x X).
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A structure § for relators is called increasing if R C S implies §g C §s for any
two relators R and S on X to Y. And, § is called quasi-increasing if R € R implies
Sr € §r forany relator R on X to Y. Note that here §r = S{R}.

Moreover, the structure § is called union-preserving if § Uier Ri = U;er 8w, for any
family (R;);ecs of relators on X to Y. It can be shown that § is union-preserving if and
only if §r = Upcr Sr forevery relator R on X to Y [131].

In particular, an increasing operation [ for relators on X to Y is called a projection or
modification operation for relators if it is idempotent in the sense that RHY = RH holds for
any relator R on X to Y.

Moreover, a modification operation O for relators on X to Y is called a closure or
refinement operation for relators if it is extensive in the sense that R C RE holds for any
relator R on X to Y.

By using Pataki connections [93, 139], several closure operations can be derived from
union-preserving structures. However, more generally, one can find first the Galois adjoint &
of such a structure §, and then take Uz = & o § [125].

Now, for some operation [J for relators, a relator R on X to Y may be naturally called
Ofine if RY = R. And, for some structure § for relators, two relators R and S on X to
Y may be naturally called §—equivalent if §r = §s .

Moreover, for some structure § for relators, a relator R on X to Y may, for instance, be
naturally called §—simple if §r = §r for some relation R on X to Y. Thus, in particular
singleton relators have to be actually called properly simple.

1.3 Structures Derived from Relators

Notation 1.3.1. Throughout the sequel, for the readers convenience and the requirements
of most of the forthcoming sections, we shall assume that R is a relator on X, not a
relatoron X to Y.

Definition 1.3.2. Forany A, B C X and z, y € X, we define
(1) A€ntg(B) if R[A] C B for some ReR;
(2) AeClg(B) if R[A]NB#( forall ReR;

(3) z €intr(B) if {z} € Intr(B); 4) z€or(y) if z€intr({y}):
(5) z € clr(B) if {z} € Clr(B); 6) z€prly) if zecdr({y});
(7) B € &g if intg(B)#£0; 8) B € Dr if clr(B) = X.

Remark 1.3.3. The relations Intg , intg and oz are called the proximal, topological and
infinitesimal interiors generated by R, respectively. While, the members of the families, £x
and Dy, are called the fat and dense subsets of the relator space X (R), respectively.

The origins of the relations Clg and Intr go back to Efremovic¢’s proximity § [35] and
Smirnov’s strong inclusion € [111], respectively. While, the notations Clz and Intz , and
family £x, together with its dual Dy , were first used by Szaz [114, 116, 118, 124].
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The following theorem shows that the big closure and interior relations are equivalent tools
in a relator space.

Theorem 1.3.4. Forany A C X, we have
(1) Clg(A)=1Intr(A°)°; (2) Intr(A) = Clg(A°)°.
Proof. Forany B C X, we have
BeClg(A) < VReR: R[BINnA#0) < VReR: R[B|{Z A¢
< Bé¢Intr(A°) < Belntg(A%)°.

Therefore, assertion (1) is true. Now, assertion (2) can be derived from (1) by using comple-
mentations.

Remark 1.3.5. By using the notation Cx (A) = X \ A, assertion (1) can be expressed in
the more concise form that Clg = (Intg oCx )= (Intg) o Cx.

From Theorem 1.3.4, we can easily derive the following

Theorem 1.3.6. Forany A C X, we have
(1) clgr(A) =intg(A°)°; (2) intr(A) = clg(A%)°.

Remark 1.3.7. By using the notations A~ = clg(A) and A° = intg (A), assertion (1)
can be expressed in the more concise form that — = coc, i.e., —c = co.

The small closure and interior are usually much weaker tools than the big ones. Namely,
in general, we can only prove the following

Theorem 1.3.8. Forany A, B C X, we have
(1) A€Intg(B) impliesthat A Cintg(B);
(2) Anclg(B) # 0 implies that A € Clg(B).

Concerning closures and interiors, we can also prove the following two theorems which
show that, despite their equivalences, closures are sometimes more convenient tools than
interiors.

Theorem 1.3.9. We have

(1) Clg1 = Clg'; (2) Intg 1 = Cxo Intz'oCyx.

Theorem 1.3.10. Forany A C X, we have

() cr(A)= N R'[A]; 2) intgr(A4)= J R7[A°]°
ReR ReR

Proof. By Definition 1.3.2, for any x € X we have

ze€clgr(Ad) <= VReR: R[{z}|nA#D

< VReER: z€ R 'A] — z¢€ (| RA].
ReER

Therefore, assertion (1) is true. Hence, by using Theorem 1.3.6, we can easily see that asser-
tion (2) is also true.
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From the particular case A = {y} of this theorem, we can easily derive
Corollary 1.3.11. We have p, =R~ =(NR) .
Moreover, by using the particular case R = { R} of Theorem 1.3.10, we can prove

Theorem 1.3.12. Forany R € R and A, B C X, we have
clr-1(A)C B <= ACintg(B).

Proof. By Theorem 1.3.10 and partial converse of Theorem 1.3.8, we have

clg-1(A)C B <= R[A]CB <= AcIntr(B) < ACintg(B).

Remark 1.3.13. This shows that the mappings A — clz-1(A) and B — int z(B), where
A, B C X, establish a Galois connection between the posets P (X ) and itself.

The above important closure-interior Galois connection, used first in [136], is not inde-
pendent from the well-known upper and lower bound one [128].

The following two closely related theorems show that the fat and dense sets are also equi-
valent tools in a relator space.

Theorem 1.3.14. Forany A C X, we have
(I)AEDR g AC¢(€R; (2)A€(€R g AC¢DR

Proof. To prove (1), note that, by Definition 1.3.2 and Theorem 1.3.6, we have

AeDr <= cr(4d)=X <= intr(4A9)°=X
— Intg(49) =0 < A°¢Ex.

Theorem 1.3.15. Forany A C X, we have
(1) AeDg ifandonlyif ANE #0 forall E € Ex;
2) A€ é&r ifandonlyif AND #( forall D € Dg.

Proof. This theorem can, in principle, be derived from Theorem 1.3.14. However, it can be
more easily proved with the help of Theorem 1.3.17.

Namely, assume that A € Dx , thenforany z € X and R € R wehave R(x)NA £ 0.
Moreover, if E € £x, then there exists 2y € X and Ry € R such that Ry(zo) C E.
Therefore, () # Ro(zg) NAC ENA, andthus ANE #0.

Remark 1.3.16. By the corresponding definitions, we have R (xz) € Eg and thus also
R(x)¢ ¢ Dr forall z € X and ReR.

While, by using the notation Ug (z) = inty;' (z) = {BC X : z € intr(B)}, we can
note that & = J o x Ur ().

Now, by using the corresponding properties of the relations clz and intr , we can easily
establish the following theorem.
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Theorem 1.3.17. Forany A C X, we have
(1) Aeég ifandonlyif R(x) C A forsome x € X and RER;
(2) A€eDgr ifandonlyif R(x)NA#Q forall v € X and RER.

By using Definition 1.3.2, we may naturally introduce several further important defini-
tions. For instance, we may also naturally have the following

Definition 1.3.18. For any A C X, we define
(1) bndR(A) = CIR(A) \ thR(A) 5
(2) resg(A) =clg(A)\ 4; (3) borg(A4) = A\intg (A).

Remark 1.3.19. Somewhat differently, the border, boundary and residue of a set in neigh-
bourhood and closure spaces were also introduced by Hausdorff [49] and Kuratowski [64,
pp- 4-5]. (See also Elez and Papaz [38] for a recent treatment.)

If in particular R 1is reflexive, then by Definition 1.3.2, for any A C X, we have
intgr(A) C A C clg (A). Therefore,
bndg (A) = resg (A) U borg (A) = resg (A) U resg (A°).
Namely, by using Definition 1.3.18 and Remark 1.3.7, we can easily see that
resp(A°) = A7\ A= A" NA“=A°°NA=A\ A° = borg(4).
Note that if in particular A € Tr in the sense that A C intg (A), then borg(A) = 0.
Therefore, in this particular case, by the above equality, we state that bndg (A) = resg (A) .

1.4 Further Structures Derived from Relators

By using Definition 1.3.2, we may also naturally introduce the following

Definition 1.4.1. Forany A C X, we also define

(1) Aergr if Ae€Intg(A); (2) Aerr if A°¢ Clg(A4);
(3) AeTr if A Cintgr(A); 4) Ae Fr if clr(A) C A;
(@) AENR if CIR(A)¢(€R; 6) Ae Mg if intR(A)EDR.

Remark 1.4.2. The members of the families 7z, Tz and N are called the proximally
open, topologically open and rare (or nowhere dense) subsets of the relator space X (R),
respectively.

The family 7, was first introduced by Szdz in [116, 118]. While, the practical notation
Fr Wwas suggested by Janos Kurdics who first noticed that "connectedness" is a particular case
of "well-chainedness". ( See [66, 68, 94, 107].)

By using the corresponding results of Section 1.3, we can easily establish the following
theorems.

Theorem 1.4.3. Forany A C X, we have
(1) Aerr <— A°€ 1, 2) Aerp, «<— A€ 7 .
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Theorem 1.4.4. We have

() Fr=Tgr-1; 2) TR = Fr-1.
Theorem 1.4.5. If R is nonvoid, then
(]){®7X}g7-73; (2){®7X}g7:7€

Remark 1.4.6. Conversely, it can be shown that if A is a family of subsets of X containing
¢ and X, then there exists a nonvoid, preorder relator R such that A = 7. (See again
[126].) Thus, minimal structures should not also be studied without generalized uniformities.

Theorem 1.4.7. Forany A C X, we have
(1) A € Tr ifandonly if for each x € A there exists R € R such that R (x) C A;
(2) A € Fr ifand only if for each x € A€ there exists R € R suchthat AN R (z) = 0.

Theorem 1.4.8. Forany A C X, we have
(1) Ae Fr < A€ Tr, 2) AecTr <— A°ec Fg.

Corollary 1.49. If AC X and V € Tr suchthat ANV =0, then clr(A)NV =
also hold.

Proof. By Theorem 1.4.3, we have V¢ € Fx. Thus, by Definition 1.4.1, we also have
V¢~ C V. Hence, by using the increasingness of the operation —, we can already see that

ANV =0 = ACV® = A CV = A CV® = A nV=0.

Remark 1.4.10. Note that if R is reflexive, then A C A~ for any A C X. Therefore,
A~ NV =0 trivially implies ANV = () forany A, V C X.

Theorem 1.4.11. We have

1) 7= CTr; 2) Fr C Fr.

Remark 1.4.12. In particular, we have
(1) 7o = Trs (2) Fr = Fr.

Theorem 1.4.13. We have
(1) TrR\{0} C Er; (2 DrNFr C{X}

Remark 1.4.14. Hence, by using global complementations, we can easily infer that
FrC (Dr)“U{X} and Dr C (Fr)“U{X}.

Theorem 1.4.15. Forany A C X we have
(1) Ae&r if VC A forsome Ve Tr\{0};
2) AeDr if AW #0 forall W e Fr\{X}.

Remark 1.4.16. The fat sets are frequently more convenient tools than the topologically
open ones. For instance, if < is a relation on X, then 7< and £< are the families of all
ascending and residual subsets of the goset X ( <), respectively.

Moreover, if in particular X = R and R(z) = {x —1} U [z, +oo][ forall z € X,
then R is areflexive relation on X suchthat T = {(}, X }, but £g is quite a large family.
Namely, the supersets of each R(z) are also contained in Ex .
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However, the importance of fat and dense sets lies mainly in the following

Definition 1.4.17. If ¢ and ¢ are functions of a relator space I'({/) to X, then by using
the notation (¢, ¥)(v) = (¢(7), ¥(y)) forall v € I', we may also naturally define

(1) ¢ €Limg (¥) if (p,0) L [R]€ & forall RER,

(2) ¢ € Adhg (¢) if (¢,%) [R] € Dy forall RER.
Moreover, for any x € X, we may also naturally define

(3) z €limg(yp) if zr€ Limg (),

4) z € adhg(v) if xp€ Adhg(¥),

where x is a function of I' to X such that z(y) = « forall vy €T'.

Remark 1.4.18. Fortunately, the small limit and adherece relations are equivalent to the small
closure and interior ones.

However, the big limit and adherence relations, suggested by Efremovi¢ and Svarc [36],
are usually stronger tools than the big closure and interior ones.

In this respect, it seems convenient to only mention here the following

Theorem 1.4.19. Forany A, B C X, the following assertions are equivalent :

(1) Ae Clg(B);

(2) there exist functions ¢ and 1 of the poset R(2) to A and B respectively, such that
¢ € Limg (¢);

(3) there exist functions ¢ and 1 of a relator space T'(U) to A and B, respectively, such
that ¢ € Limg ().

Proof. For instance, if (1) holds, then foreach R € R, we have R[A]|NB # 0. Therefore,
there exist ¢ (R) € A and ¢ (R) € B such that 1 (R) € R (¢ (R)). Hence, we can
already infer that (¢,v)(R) = (¢(R), ¥(R)) € R, and thus also R € (p,v) ' [R].
Therefore, if R € R, then forany S € R, with R O S, we have
S e (o, 9) 7 [S]C (¢, %) [ R].
This shows that (¢,v) 1[R] is a fat subset of R (2), and thus ¢ € Limg (1).

Remark 1.4.20. According to [123], for any A, B C X, we may also naturally define
(1) A€Llbg(B) and B € Ubg(A) if AxB C R forsome R€ R;
(2) Ming(A)="P(A)NLbr(A);
(3) Supgr(4) = MinR(UbR(A)) .

However, the above algebraic structures are not independent of the former topological
ones. Namely, by using appropriate complements, it can be easily shown that

LbR = IntRcOCX and IntR = LbRcO CX .
Therefore, in contrast to a common belief, some algebraic and topological structures are

just as closely related to each other, by the above equalities, as the exponential and the trigono-
metric functions are so by the celebrated Euler formulas.
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1.5 Closure Operations on Relators

Similar operations for relators have formerly been studied by Kenyon [62], Nakano—Nakano
[88], Szaz [119, 121] and Pataki [93].

Definition 1.5.1. The relators

R*={SCX?: I ReR: RCS};

R#={SCX?: VACX: FReR: R[A] CS[A]};
RMN={SCX?: VzeX: FReR: R(z)CS(z)};
Re={SCX?: VezeX: JueX: FIRecR: R(u)CS(x)}

are called the uniform, proximal, topological and paratopological closures (or refinements) of
the relator R, respectively.

Remark 1.5.2. Thus, we evidently have R C R* C R# C RN C R%. Moreover, we
can also easily prove that R C R**® C R>®* C R*.

Remark 1.5.3. However, it is now more important to note that, because of Definition 1.3.2,
we also have

R#Z{SQXQ: VACX: AEIntR(S[A])},
RAz{S§X2: VzeX: xeintR(S(x))},
RA:{SQXQ: VzeX: S(x)ESR}.

Morover, by using Pataki connections [93, 139, 107], the following equivalences and
their corollaries can be proved in a unified way.

Theorem 1.54. #, A and A are closure operations for relators on X such that, for any
relator S on X, we have

(1) SCR# «— S#¥CR# «— Ints CIntg < Clg C Clg;
2) SCRN <= S"CR"N << intgCintg <= clg Ccls;
B) SCRY <= SPCRY = EsCEr < DrCDs.

Corollary 1.5.5. We have

(1) 8 = R#* is the largest relator on X such that Ints C Intg (Ints = IntR), or
equivalently Clg C Clg (CIS = ClR) ;

(2) & = R is the largest relator on X such that ints C intg (intg = intR), or
equivalently clr C clg (013 = clR) ;

(3) 8§ = R*? is the largest relator on X such that Es C Er (6’5 = SR), or
equivalently Dr C Ds (DS = ’DR).

Remark 1.5.6. To prove some similar statements for the operation *, the structures Limg

and Adhx have to be used [114].

Moreover, for instance, to investigate the structures Lbr and Ubg the compound oper-
ation @ = c# c isneeded [132].
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Concerning the above basic closure operations, we can prove the following two theorems.

Theorem 1.5.7. We have

(1) R#*¥=RO#*=R#% with O =% and #;
2) RN=RON= RN with =%, # and A;
B) R2=RO%=R2% with O =%, #, A and A.

Proof. To prove (1), note that, by Remark 1.5.2 and the closure properties, we have
R#*#CR#*CR##=R# and R*¥ CR** CR#*# =R,

Theorem 1.5.8. We have
(1) R*T=R71*; (2 R#¥1=R1#.

Proof. To prove (2), note that, by Theorems 1.3.9 and 1.5.4 we have

Clg#-1 = Clg} = Clg' = Clg
and thus in particular Clﬁ1 C Clg#-1. Hence, by using Theorem 1.5.4, we can infer that
R#~1 C R~'#. Now, by writing R ! in place of R, we can see that R ~'#~1 C R#,
and thus R~1# C R#~1. Therefore, (2) is also true.

Remark 1.5.9. For instance, the elementwise operations ¢ and co are also inversion com-
patible. Moreover, the operation 0 is also inversion compatible.

However, unfortunately, the operations A and A are not inversion compatible. Therefore,
in addition to Definition 1.5.1, we must also have the following

Definition 1.5.10. We define

RY = RN and RY =RATL.
Remark 1.5.11. The latter operations have very curious properties. For instance, if R is
nonvoid, then RV" = { pr }" [84].

Thus, in particular, the relator RV is topologically simple in the sense that it is topologi-
cally equivalent to a singleton relator.

1.6 Some Further Theorems on the Operations A\ and A

A preliminary form of the following theorem was already proved in [114].

Theorem 1.6.1. If R is nonvoid, then for any B C X we have :
() Intrn(B) =P (intr(B)); (2) Clg(B) = P(clr(B)°)".

Proof. If A € Intgn(B), then by Definition 1.3.2 and Theorem 1.5.4 we have
A Cintgra (B) = intg (B),
and thus A € P (intg (B)). Therefore, Intg (B) C P (intr(B)).
While, if A € P(intr(B)), then A C intg (B). Therefore, for each = € A, there
exists R, € R such that R, (z) C B. Now, by defining
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S(z)=Ry(z) forall z€A and S(z)=X forall xe€ A°,
we can easily see that S € R” such that S[A] C B. Therefore, we also have A €
Intz~ (B). Consequently, P (intz (B)) C Intgra (B), and thus (1) also holds.

Now, by using Theorems 1.3.4 and 1.3.6, we can also easily see that
Clrn (B) = Intga (B¢)¢ = P (intr (B¢)) = P(clr(B)°)".

Remark 1.6.2. Thus, for any A C X, we have
From Theorem 1.6.1, by using Definition 1.4.1, we can immediately derived

Corollary 1.6.3. If R is nonvoid, then

(1) Trr = Tr s (2) Frr = Fr.
Remark 1.6.4. Hence,since 7o = |J 7w = U Tgr, wecaninferthat 7 = |J Txr.
RER RER RERA

Unfortunately, in contrast to the structures Int, int, £ and 7, the increasing structure
T is already not union-preserving.

Example 1.6.5. If card(X) > 2, and R; = {z;}? U (X \ {.”L’Z'})2 forall ¢ =1, 2, then
R = { Ry, Rz} is an equivalence relator on X such that

{z1, 22} € TR\ (TrR, U TR, ), and thus Tr € Tr, U Tr,.
From Corollary 1.6.3, by using Theorem 1.5.7, we can also derive

Corollary 1.6.6. If R is nonvoid, then
(1) Tre = Tro ; (2) Fra = FRre .

Concerning the operation A, we can also prove the following

Theorem 1.6.7. If R is nonvoid, then for any B C X we have
(1) Intga (B) = {(Z)} lf B ¢ Er and Intps (B) = P(X) lf Beégr;
2) CIRA(B):Q) lfB%’DR and CIRA(B):P(X)\{(/)} if BeDg.

Proof. If A € Intga(B), then there exists S € R* such that S[A] C B. Therefore,
if A # (), then there exists z € X such that S (x) C B. Hence, since S (x) € Er, it
follows that B € £x . Therefore, the first part of (1) is true.

To prove the second part of (1), it is enough to note only that if B € £, then R =
XXxB € R? suchthat R[A] C B, andthus A € Intga (B) forall AC X.

Assertion (2) can again be derived from (1) by using Theorem 1.3.4.
From this theorem, by Definition 1.3.2, it is clear that in particular we also have

Corollary 1.6.8. If R is nonvoid, then forany B C X
(1) clpes (B) =0 if B ¢ Dr and clgra (B) =X if BeDgr;
2) intgra (B) =0 if B ¢ Er and intgpa (B) =X if Beég.
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Hence, by using Definitions 1.3.2 and 1.4.1, we can immediately derive

Corollary 1.6.9. We have
(1) Trs = Er U{0}; (2) Fre = (P(X)\ Dr)U{X}.

Remark 1.6.10. Note that if in particular R = (), then € = 0. Moreover, R® = ) if
X #(, and R* = {0} if X = (. Therefore, Trs = {0}, and thus (1) is still true.

Now, since () ¢ Ex if R is non-partial, we can also state

Corollary 1.6.11. If R is non-partial, then
(1) Er =Tre \ {0}, (2) Dr = (P (X)\ Fre) U{X}.

1.7 Projection Operations on Relators

By using the basic properties of the operation oo, in addition to a particular case of Theorem
1.5.4, we can also prove the following

Theorem 1.7.1. oo is a closure operation for relations on X such that, for any two relations
R and S on X, we have

SCR® <= S®CR® < 1,C1y = F5C Fg.

Proof. To prove that 7, C 73 <= S C R, note that if x € X, then because of the
inclusion R C R*° and the transitivity of R we have
R[R>*(z)] C R®[R>(z)] = (R® o R®)(z) C R™(x).

Thus, by the definition of 7, we have R*°(z) € 7 . Now, if 7, C 75 holds, then we can
see that R*°(z) € 75, and thus S[R*>°(z)] C R>°(x). Hence, by using the reflexivity of
R, we can already infer that S(x) C R°°(x). Therefore, S C R also holds.

While, if A € 75, then by the definition of 7, we have R[A] C A. Hence, by
induction, we can see that R"[A] C A forall n € N. Now, since R°[A] =Ax[A]=A4
also holds, we can already state that

R=A] = (Unlo B")[A] = UsZy RMA] S U, A=A,

Therefore, if S C R holds, then we have S[A] C R®[A] C A, and thus A € 74 also
holds.

Now, analogously to Corollary 1.5.5, we can also state

Corollary 1.7.2. For any relation R on X, S = R is the largest relation on X such that
Tr C Ts (TR = TS), or equivalently Fr C Fg (’FR = 7:S)_

Remark 1.7.3. Preliminary forms of the above theorem and its corollary were first proved
by Mala [80].

Moreover, he also proved that R®(z) = (({A € 1n: z € A} forall z € X, and
thus R = ({Ra: A€ s}
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By using Theorem 1.7.1, as an analogue of Theorem 1.5.4, we can also prove

Theorem 1.7.4. # O is a closure operation for relators on X such that, for any relator S
on X, we have

SCR#? = S#ICR#) = 1,C 7 < 75C 7p.
Thus, analogously to Corollary 1.5.5, we can also state

Corollary 1.7.5. S = R#? is the largest relator on X such that Ts C T (7—5 = T’R) , or
equivalenily 75 C 7 (Fs = Fr).

By using the Galois property of the operations co and 0, Theorem 1.7.4 can be refor-
mulated in the following more convenient form.

Theorem 1.7.6. # oo is a projection operation for relators on X such that, for any relator S
on X, we have

S®CR# = SH#FPCR#® = 715C718 <= FsC Fx.

Remark 1.7.7. Moreover, it can be easily shown that the inclusions S C R#,
S#%° C R# and S®# C R°# are also equivalent.

Now, analogously to our former corollaries, we can also state

Corollary 1.7.8. S = R#> is the largest preorder relator on X such that 75 C Tx
(7’5 = TR), or equivalently Fs C Fr (’FS = ’FR).

Remark 1.7.9. The advantage of the projection operation # oo over the closure operation
# O lies mainly in the fact that, in contrast to # 0, it is stable in the sense

{ X2} = (X2},

Since the structure 7 is not union-preserving, by using some parts of the theory of Pataki
connections [93, 139, 107], we can only prove the following

Theorem 1.7.10. A0 is a preclosure operation for relators such that, for any relator S on
X, we have

TsCTr & FsCFr = S 'CRN = S"9C RN

Remark 1.7.11. If card(X) > 2, then by using the equivalence relator R ={ X2} Mala
[80, Example 5.3] proved that there does not exist a largest relator S on X such that
Tr =1Ts.

Moreover, Pataki [93, Example 7.2] proved that Trro € Tr and A 0 is not idempotent.
(Actually, it can be proved that R ¢ R"9 also holds [125, Example 10.11].)

Fortunately, as an analogue of Theorem 1.7.6, we can also prove

Theorem 1.7.12. A oo is a projection operation for relators on X such that, for any two
nonvoid relators R and S on X, we have

SN CRN &= SN CRN® = TsCTr <— FsCFr.

Thus, in particular, we can also state
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Corollary 1.7.13. If R is nonvoid, then S = R is the largest preorder relator on X
such that Ts C Tr (7?5 = TR), or equivalently Fs C Fr (]—"g = ]-"R).

Remark 1.7.14. In the light of the several disadvantages of the structure 7T, it is rather
curious that most of the works in general topology and abstract analysis have been based on
open sets suggested by Tietze [144] and Alexandroff [3], and standardized by Bourbaki
[12] and Kelley [61]. (See Thron [143, p. 18].)

Moreover, it also a very striking fact that, despite the results of Davis [28], Pervin [96],
Hunsaker and Lindgren [52] and Szaz [118, 126], generalized proximities and closures,
minimal structures, generalized topologies and stacks (ascending systems) are still intensively
investigated by a great number of mathematicians without using generalized uniformities.

1.8 Reflexive, Non-Partial and Non-Degenerated Relators

Definition 1.8.1. The relator R is called reflexive if each member R of R is a reflexive
relation on X.

Remark 1.8.2. Thus, the following assertions are equivalent :
(1) R isreflexive;

(2) x € R(z) forall x € X and R€ R;

(3) ACR[A] forall ACX and ReR.

The importance of reflexive relators is also apparent from the following two theorems.

Theorem 1.8.3. The following assertions are equivalent :
(1) pr is reflexive ; (2) R is reflexive ;
3) ACclr(A) forall AC X; 4) intgr(A)C A forall ACX.

Proof. To prove the equivalence of (1) and (2), recall that by Corollary 1.3.11 we have

pe=(NR)"

Remark 1.8.4. The relator R is reflexive if and only if A° C A (AC A~) forall A C X.
Therefore, if R is reflexive, then forany A C X wehave A € T (A € Fgr) if and

onlyif A°=A (A~ =A).

Theorem 1.8.5. The following assertions are equivalent :

(1) R is reflexive ;

(2) AelIntr(B) implies ACB forall A, BC X;

3) ANB#0 implies A€ Clg(B) forall A, B C X.

Remark 1.8.6. In addition to the above two theorems , it is also worth mentioning that if R

is reflexive, then

(1) Intg is a transitive relation on P(X);

(2) B€Clg(A) implies P(X) = Clg(A)°UCly'(B);

3) intR(borR(A)) = and intR(resR(A)) =0 forall AC X.

Thus, for instance, for any A C X we have resg (A) € Tr if and only if A € Fg.
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Analogously to Definition 1.8.1, we may also naturally have the following

Definition 1.8.7. The relator R is called non-partial if each member R of R is a non-partial

relation on X.

Remark 1.8.8. Thus, the following assertions are equivalent :

(1) R is non-partial ;

(2) R7[X]=X forall ReER; (3) R(xz)#0 forall z€ X and ReER.
The importance of non-partial relators is apparent from the following

Theorem 1.8.9. The following assertions are equivalent :

(1) R is non-partial ;

2) 0¢Exr; (3) Dr#£0; 4) X € Dg; (5) &r #P(X).
Sometimes, we also need the following localized form of Definition 1.8.7.

Definition 1.8.10. The relator R is called locally non-partial if for each x € X there exists
R € R such that forany y € R (z) and S € R we have S (y) # 0.

Remark 1.8.11. Thus, if either X = () or R is nonvoid and non-partial, then R is locally
non-partial.

Moreover, by using the corresponding definitions, we can also easily prove

Theorem 1.8.12. The following assertions are equivalent :
(1) R is locally non-partial ; (2) X =intg ( clr (X)) .

Proof. To prove the implication (1) = (2), note that if (1) holds, then for each x € X
there exists R € R such that for any y € R(x) and for any S € R we have S(y) N X =
S(y) # 0, and thus y € clg (X). Therefore, for each x € X there exists R € R such
that R(z) C clg(X), and thus z € intg (clg (X)) . Hence, we can already see that X C
intgr ( clp (X )) , and thus (2) also holds.

In addition to Definition 1.8.7, it is also worth introducing the following
Definition 1.8.13. The relator R is called non-degerated if X # () and R # ().
Thus, analogously to Theorem 1.8.9, we can also easily establish the following

Theorem 1.8.14. The following assertions are equivalent :

(1) R is non-degenerated ;

2) 0¢Dxg; () Er £0; 4) X €ér; () Dr #P(X).

Remark 1.8.15. In addition to Theorems 1.8.9 and 1.8.14, it is also worth mentioning that if
R is paratopologically simple in the sense that Eg = g, or equivalently R* = {S}2, for
some relation .S on X, then the stack £x has a base B with card (B) < card (X). (See
[92, Theorem 5.9] of Pataki.)

The existence of a non-paratopologically simple (actually finite equivalence) relator,
proved first by Pataki [92, Example 5.11], shows that in our definitions of the relations
Limg and Adhgi we cannot restrict ourselves to functions of gosets (generalized ordered
sets) without a substantial loss of generality.
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1.9 Topological and Quasi-Topological Relators

The following improvement of [115, Definition 2.1] was first considered in [116].

Definition 1.9.1. The relator R is called:
(1) quasi-topological if x € intg (intR(R (JJ))) forall r € X and ReR;
(2) topological if forany x € X and R € R there exists V € Tg,suchthat z € V C R(x).

The appropriateness of these definitions is already quite obvious from the following four
theorems.

Theorem 1.9.2. The following assertions are equivalent :
(1) R is quasi-topological ;

(2) intr(R(z)) € Tr forall v € X and RER;
(3) cr(A) € Fr (intr(A) € Tr) forall ACX.

Theorem 1.9.3. The following assertions are equivalent :
(1) R istopological ; (2) R is reflexive and quasi-topological .

Remark 1.9.4. By Theorem 1.9.2, the relator R may be called weakly (strongly) quasi-
topological if pr(z) € Fr (R(z) € Tr) forall z € X and R€ R.

Moreover, by Theorem 1.9.3, the relator 'R may be called weakly (strongly) toplogical if
it is reflexive and weakly (strongly) quasi-topological.

The following theorem shows that in a topological relator space X (R), the relation clg
(intr ) and the family Fr (7Tr) are equivalent tools.

Theorem 1.9.5. The following assertions are equivalent :
(1) R istopological ;

2 intr(A)=U TrNP(A) forall ACX;

(3) cdr(A) =N FrNPYHA) forall ACX.

Now, as an immediate consequence of this theorem, we can also state

Corollary 1.9.6. If R is topological, then for any A C X, we have
(1) A€ &g ifand only if there exists V € Tr \ {0} suchthat V C A;
(2) AeDg ifandonly if forall W € Fr \ {X} we have A\ W # 0.

However, it is now more important to note that we can also prove the following

Theorem 1.9.7. The following assertions are equivalent :

(1) R istopological ;

(2) R is topologically equivalent to R">° ;

(3) R istopologically equivalent to a preorder relator on X.
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Proof. To prove the implication (1) = (3), note that if (1) holds, then by Definition 1.9.1,
forany z € X and R € R, there exists V € Tx such that € V C R(z). Hence, by
considering the Pervin relator

S:RTR:{Rvi VGTR}, with RV:V2U(VCXX),
we can show that intg (A) = ints(A) forall A C X, and thus (3) also holds.
For this, we have to note that

Ry(x)=V if z€V and Ry(x)=X if zeVe,

In addition to Theorem 1.9.2, it is also worth proving the following

Theorem 1.9.8. The following assertions are equivalent :
(1) R is quasi-topological; 2) R C (R/\o R) " 3) R C (RAo RA) ",

Remark 1.9.9. By [115], the relator 'R may be naturally called topologically transitive if,
foreach x € X and R € R thereexist S, T € R suchthat T[S (z)] C R(z).

This property can also be reformulated in the more concise form that R C (R o R)
Thus, the equivalence of (1) and (3) can be expressed by saying that R is quasi-topological if
and only if R" is topologically transitive.

A

1.10 Proximal and Quasi-Proximal Relators

Analogously to Definition 1.9.1, we may also naturally have the following

Definition 1.10.1. The relator R is called
(1) quasi-proximal if A € Intg [TR n IntR(R[ Al ” forall AC X and Re R;
(2) proximal if forany A C X and R € R there exists V € 7 suchthat A CV C R[A].

Remark 1.10.2. Thus, the relator R is quasi-proximal if and only if, for any A C X and
R € R, there exists V € 7 suchthat A € Intx(V) and V € Intg(R[A]).

Now, by using the corresponding definitions, we can also easily prove the following ana-
logues of Theorems 1.9.3 and 1.9.5.

Theorem 1.10.3. The following assertions are equivalent :

(1) R is proximal ; (2) R is reflexive and quasi-proximal .

Proof. To prove the implication (1) = (2), note that if (1) holds, then for any A C X and
R € R, there exists V € 7 suchthat A CV C R[A]. Hence, by taking A = {«} for
x € X, we can see that R is reflexive.

Moreover, since V' € 7, we can also note that V' € Int (V). Hence, by using that
ACV and V C R[A], we can already infer that A € Intz (V) and V € Intr (R[A]).
Therefore, by Remark 1.10.2, R is quasi-proximal., and thus (2) also holds.
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Remark 1.10.4. Note that if R is only a weakly proximal relator in the sense that, for any
x € X and R € R, there exists V' € 7 suchthat x € V C R(x), then because of the
inclusion 7, C 7x we can already state that R is topological.

Theorem 1.10.5. The following assertions are equivalent :

(1) R is proximal ;

(2) Intg(A) =P [r=NP(A)] forall ACX;

(3) Clr(A)=N{P(W): WerNP (A} forall ACX.

Proof. Note thatif A C X and B € P |7z NP(A)], then there exists V € 75 such that
BeP(V)and V € P(A), and thus B C V C A. Hence, by using that V' € Intg (V)
we can already infer that B € Intg (A). Thus, the inclusion P [ NP (A)] C Intg (A)
is always true.

Therefore, to obtain (1), it is enough to assume only the converse inclusion. For this,
note that if A C X and R € R, then because of R[A] C R[A], we always have
A € Intg (R[A]). Therefore, if Intgr (R[A]) € P[7= N P(R[A])]. then we also
have A € P [ N P(R[A])]. Thus, there exists V € 7 such that A € P(V) and
VeP(R[A]), andthus ACV C R[A].

Remark 1.10.6. Note that P(A) = Inta, (A) forall A C X. Therefore, instead of (2) we
may write that Intg (A) = Inta, [ 7% N Inta, (A)] forall A C X.

However, it is now more important to note that we also have the following

Theorem 1.10.7. The following assertions are equivalent :
(1) R isproximal;

(2) R is proximally equivalent to R> or R#>;

(3) R is proximally equivalent to a preorder relator on X.

In principle, each theorem on topological and quasi-topological relators can be immedi-
ately derived from a corresponding theorem on proximal and quasi-proximal relators by using
the following two theorems.

Theorem 1.10.8. The following assertions are equivalent :

(1) R is quasi-topological ; (2) R" is quasi-proximal .

Proof. To prove the implication (1) => (2), assume that (1) holds, and moreover A C X
and S € R". Define V = intg (S[A]). Then,if R # 0, by Theorem 1.9.2 and Corollary
1.6.3, we have V € Tr = 7z~ . Moreover, since V' C intR(S [A] ) , by Theorem 1.6.1 we
alsohave V € Intr~ (S [A]). Therefore, V € 7on NIntra (S[A]).

Furthermore, since S[A] C S[A], we can also note that A € Intgn(S[A]). Hence,
by Theorem 1.6.1, we can infer that A C intR(S[A]) = V. Moreover, since V € 1z, wWe
can also note that V' € Intra (V). Hence, since A C V, we can infer that A € Intga (V).
Therefore, since V € 71 N Intra ( S[A] ) , we also have

A€ Intra [TRA N Int A (S[ A] )] .

This shows that (1) implies (2) whenever R # (). However, if R = @, then it can be

easily seen that R is topological and R” is proximal.
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Remark 1.10.9. If assertion (2) holds, then R” is semi-proximal in the sense that
A € Intgna [IntRA (S[A])} forall AC X and S € R".

Moreover, if in particular {2} € Intgs [Intgs (R(z))] forall z € X and R € R,
then we can already prove that assertion (1) also holds.

From Theorem 1.10.8, by using Theorems 1.9.3 and 1.10.3, we can easily derive

Theorem 1.10.10. The following assertions are equivalent :
(1) R istopological ; (2) R" is proximal.

Remark 1.10.11. By the corresponding definitions, it is clear that the relator R” is reflexive
if and only if R is reflexive.

However, if R ¢ { X?}, then there exists R € R such that R # X?2. Therefore,
there exist =, y € X such that ¢ R(y). Thus, S = ({z}xR(y)) U ({z}°xX) isa
non-reflexive relation on X such that S € R2. Therefore, R2 cannot be reflexive.

Note that if in particular either R = () or R = { X2}, then R* is also reflexive.

1.11 A Few Basic Facts on Filtered Relators

Intersection properties of relators were also first investigated in [115, 116].

Definition 1.11.1. The relator R is called

(1) properly filtered if forany R, S € R wehave RNS e R;

(2) uniformly filtered if forany R, S € R thereexists T € R suchthat T C RN .S,

(3) proximally filtered if forany A C X and R, S € R there exists 7' € R such that
T[A]C R[A]NS[A];

(4) topologically filtered if forany z € X and R, S € R there exists T € R such that
T(x) CR(x)NS(x).

Remark 1.11.2. By using the binary operation A and the unary operations *, # and A,
the above properties can be reformulated in some more concise forms.

For instance, we can see that R is topologically filtered if and only if any one of the
properties RARCR", (RAR)"=R" and R"AR"=R" holds.

However, in general, we only have (RN S)[A] € R[A]N S[A]. Therefore, the
corresponding proximal filteredness properties are, unfortunataly, not equivalent.

Despite this, we can easily prove the following theorem which shows the appropriateness
of the above proximal filteredness property.

Theorem 1.11.3. The following assertions are equivalent :

(1) R is proximally filtered ;

(2) Clgx(AUB)=Clg(A)UClg(B) forall A, BC X;
(3) Intr(ANB) =Intg(A) NIntg (B) forall A, BC X.
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Proof. To prove the implication (3) = (1), note thatif A C X and R, S € R, then
by the definition of Intz we trivially have A € Intg (R[A]) and A € Intg (S[A]).
Therefore, if (3) holds, then we also have A € Intg (R[A] N S[A]). Thus, by the defini-
tion of Intg , there exists T'€ R suchthat T[A] C R[A]NS[A].

Now, as an immediate consequence of this theorem, we can also state

Corollary 1.11.4. If R is proximally filtered, then the families Fr and T are closed under
binary unions and intersections, respectively.

From Theorem 1.11.3, we can also easily derive the following

Theorem 1.11.5. The following assertions are equivalent :

(1) R istopologically filtered ;

(2) clr(AUB) =clg(A)Uclg(B) forall A, BC X;
3) intr(ANB) =intr(A)Nintg(B) forall A, B C X.

Thus, in particular, we can also state the following

Corollary 1.11.6. If R is topologically filtered, then the families Fr and Tr are closed
under binary unions and intersections, respectively.

The following example shows that, for a non-topological relator R, the converse of the
above corollary need not be true.

Example 1.11.7. If X = {1, 2, 3} and R; isrelationon X, foreach i = 1, 2, such that
R,()={1,i+1} and R;2)=R;3)={2,3},

then R = {Rl, Rg} is a reflexive relator on X such that 7z is closed under arbitrary

intersections, but R is still not topologically filtered.

By the corresponding definitions, it is clear that 7, = {Q), {2,3}, X } Moreover, we
can note that R;(1) € R1(1) N R2(1) foreach ¢ = 1, 2, and thus by Definition 1.11.1 the
relator R is not topologically filtered.

In addition to Theorem 1.11.5, we can also prove the following generalization of [70,
Lemma 7] of Levine. The following two results were first considered in [99] .

Theorem 1.11.8. If R is topologically filtered, A, B C X and there exists V € Tr N Fr
suchthat ACV and B C V¢, then

intR(A @] B) = intg (A) U intg (B)

Proof. Because of the increasingness of intr , we evidently have
1ntR(A) U ll’ltR(B) g 1ntR(A @] B) .

Therefore, we need actually prove the converse inclusion. For this, note that if
x € intgr (A U B), then by the definition of the operation intg, there exists R € R
such that R(z) C AUB.

Now, if € V, then by the definition of Tz, we can see that there exists S € R such
that S (z) C V. Moreover, since R is topologically filtered, there exists 7" € R such that
T (z) C R(z) N S (x). Hence, we can already infer that
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Tx)CRx)NS(x)C(ANB)NV =(ANV)U(BNV)=AUub=A.
Therefore, if « € V, then x € intr(A).
A quite similar argument shows that if @ € V¢, then = € intg (B). Therefore, in both
cases, we have z € intg (A) U intg (B). Thus, the inclusion intz (AU B) C intg (A) U
intg (B) is also true.

Remark 1.11.9. More difficult conditions for the equality clg (AN B) = clg (4) Nclg (B)
to hold were given by Gottschalk [48] and Jung and Nam [59, 60] .

Concerning the latter problem, we shall only mention here the following

Theorem 1.11.10. If R is nonvoid and reflexive such that clg (AN B) = clr (A) N clg (B)
forall A, B C X, then R"*® =P(X?)>®.

Proof. For this, it is enough to prove only that 7z = P (X). Namely, in this case we have
Tr = Ta, . Hence, by using Theorem 1.7.12 and the corresponding definitions, we can
already infer that R">®° = { Ax }"® = {Ax}*>® = P(X?)>.

To prove the equality 7r = P (X), note that if this not true, then there exists A C X
such that A ¢ Tr, and thus B = A¢ ¢ Fr. Therefore, clg (B) ¢ B, and thus there exists
x € clg (B) suchthat X ¢ B. Hence, by using the assumptions of the theorem, we can easily
arrive at the contradiction that x € clg ({z}) Nclg (B) =clg ({z}NB) =clg(0) = 0.

1.12 A Few Basic Facts on Quasi-Filtered Relators

Since R C R for every relation R on X, in addition to Definition 1.11.1, we may also
naturally introduce the following

Definition 1.12.1. The relator R is called

(1) quasi-uniformly filtered if for any R, S € TR there exists 7' € R such that
TCR*NS>®;

(2) quasi-proximally filtered if forany A C X and R, S € R there exists T € R such
that T[A] C R*[A]NS>[A];

(3) quasi-topologically filtered if forany x € X and R, S € R" there exists T' € R such
that T (z) C R™®(x) NS> (z).

Remark 1.12.2. Analogously to Remark 1.11.2, the above quasi-filteredness properties can
also be reformulated in some more concise forms.

For instance, we can see that R is quasi-topologically filtered if and only if
R/\oo/\ R/\oo g R/\ , (R/\oo/\ R/\oo)/\oo — R/\oo or R/\oo A R/\oo — RAOO.

However, it is now more important to note that, by using some former results, we can
also prove the following two theorems which show the appropriateness of the above quasi-
proximal and quasi-topological filteredness properties.
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Theorem 1.12.3. The following assertions are equivalent :
(1) R is quasi-proximally filtered ;
(2) Fx is closed under binary unions ; (3) 7w is closed under binary intersections.

Theorem 1.12.4. The following assertions are equivalent :
(1) R is quasi-topologically filtered ;
(2) Fr is closed under binary unions ; (3) Tr is closed under binary intersections .

Remark 1.12.5. In this respect it is also worth mentioning that the family £x is closed under
binary intersections if and only if R is quasi-directed in the sense that for any =, y € X and
R,Se€R wehave R(x)NS(y) €ér.

From the above two theorems, by using Corollaries 1.11.4 and 1.11.6, we can derive

Corollary 1.12.6. If R is proximally (topologically) filtered, then R is also quasi-proximally
(quasi-topologically) filtered.

Now, by using Theorem 1.12.3, we can also easily prove the following
Theorem 1.12.7. If R is quasi-proximally filtered and proximal, then R is proximally filtered.

Proof. Suppose that A C X and R, S € R. Then, by Definition 1.10.1, there exist
U,V €rg suchtht ACUCR[A]and ACV CS[A].

Moreover, by Theorem 1.12.3, we can state that U NV € 7 . Therefore, by the definition
of 7x, there exists T' € R such that T[U NV ]| C U N V. Hence, we can already see that
TIA]CT[UNV]|CUNV CR[A]INS[A].

Moreover, by using Theorem 1.12.4, we can quite similarly prove the following

Theorem 1.12.8. If R is quasi-topologically filtered and topological, then R is topologi-
cally filtered.

Remark 1.12.9. Our former Example 1.11.7 shows that even a quasi-proximally filtered,
reflexive relator need not be topologically filtered.

Namely, if X and R are as in Example 1.11.7, then by the corresponding definitions it
is clear that 7, = {(7], {2,3}, X } and thus by Theorem 1.12.3 the relator R is quasi-
proximally filtered.

1.13 Some Further Theorems on Topologically Filtered Relators

In our papers [101, 102], by using the arguments of Kuratowski [65, pp. 39, 45], we have
proved some more particular theorems on the relation clg .
To make the forthcoming proofs much shorter and more readable, we shall use the follow-
1ng convenient notations
A™ = clg(4), A° = intg (A) and At = resg (A).
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Theorem 1.13.1. If R is topologically filtered , then forany A, B C X we have
clr (A)\ clg(B) = clg (A\ B) \ clg(B).

Proof. By using Theorem 1.11.5, we can see that
A"UB™ =(AUB)” =((A\B)UB) =(A\B)"UB".
Hence, we can already infer that
A\ B = (A_UB—)\B— = ((A\B)—UB—)\B— =(A\B)"\B~.

Thus, in particular, we can also state the following

Corollary 1.13.2. If R is topologically filtered, then for any A, B C X we have
clr (A)\ clg(B) C clg(A\ B).

The importance of topologically filtered relators is also apparent from

Theorem 1.13.3. If R is topologically filtered, then for any A, B C X we have
(1) clr (A) Nintr (B) C clg (A N B) N
(2) intgr(AUB) C intgr(A)U clg(B).

Proof. Assume that x € A~ N B° and R € R. Then, since x € B°, there exists S € R
such that S (z) € B. Moreover, since R is topologically filtered, there exists T € R
such that T'(xz) € R(xz) NS (x). Furthermore, since * € A~ , there exists y € A such
that y € T (z). Hence, we can already infer thaty € ANT (z) C AN S(x) € AN B and
y € T (z) C R(x). Therefore, R(x)N(ANB) # D forall R € R, andthus z € (ANB)~
also holds. This proves that A~ N B° C (AN B)~, and thus assertion (1) is true.

Now, by applying assertion (1) to the sets A¢ and B¢ and using De Morgan’s laws and
Theorem 1.3.6, we can easily see that assertion (2) is also true.

From this theorem, and by Definition 1.4.1, we can immediately derive

Corollary 1.13.4. If R is topologically filtered, then
(1) clr(A)NBCclr(ANB) forall ACX and B € Tr;
(2) intr(AUB) Cintr(A)UB forall ACX and B € Fr.

Remark 1.13.5. The important inclusion A~ N B C (AN B)~, with B being open, was
first revealed by Kuratowski [65, p. 45].

Later, Csaszar [20, 21, 22, 23, 24, 25] and Sivagami [110] assumed it as an axiom for
an increasing set-to-set function .

Now, as some improvements of the above theorem and its corollary, we can also prove the
following theorem and its corollary.

Theorem 1.13.6. If R is topologically filtered, then for any A, B C X we have
() clr (A) N intg (B) = CIR(A n B) N intgk (B) N
(2) intgr (AU B)Uclg(B) = intg (4) Uclg (B).
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Proof. To prove (1), note that, by Theorem 1.13.3, we have A= N B° C (ANDB)~, and thus
also A N B°=A"NB°NB°C(ANB) NB°.

On the other hand, by using the increasingness of —, we can see that (AN B)~ C A,
andthusalso (ANB)" N B°=(ANB)"NB°NB°C A N B°.

Corollary 1.13.7. If R is topologically filtered, then
(D) cr(A)NB=clgx(ANB)NB forall ACX and B € Tr;
(2) intr(AUB)UB =intgr(A)UB forall ACX and B € Fr.

Proof. To derive assertion (1) from that of Theorem 1.13.6, note that if B € Tx, then by
Definition 1.4.1 we have B C B°, and thus also B° " B = B.

However, Theorem 1.13.6 and its corollary are less important than Theorem 1.13.3 and
its corollary. Namely, for instance, by using Corollary 1.13.4 and our former theorems on
topological relators, we can already prove the following

Theorem 1.13.8. If R is topological and topologically filtered, then
() clg(ANB) = CIR(CIR(A) N B) forall AC X and B € Tr;
(2) intr(AUB) = intR(intR(A) U B) forall ACX and B € Fg.

Proof. To prove (1), note that if A C X and B € Tx, then by Corollary 1.13.4 we have
A~ N B C (AN B)~ . Hence, by using Theorem 1.9.2, we can infer
(A-NB)"C(ANnB)" " C(ANnB)".
On the other hand, by Theorems 1.9.3 and 1.8.3, we have A C A~ , and thus also

ANB C A™ N B. Hence, we can infer that (AN B)~ C (A~ N B) . Therefore, the
corresponding equality is also true.

From this theorem, by using the definitions of the families Dz and £z, we can imme-
diately derive the following

Corollary 1.13.9. If R is topological and topologically filtered, then
(1) clgx(ANB) =clg(B) forall A€ Dg and B € Tr;
(2) intr(AUB) =intr(A) forall Ac&f and B € Fr.

Now, by modifying an argument of Levine [72], we can also prove

Theorem 1.13.10. If R is nonvoid and topological, and A C X, then
(1) clx(ANB)=clg(B) forall B € T implies that A € Dg ;
(2) intgr(AUB) =intg(A) forall B € Fr impliesthat A ¢ Ex.

Proof. For instance, if A ¢ Dx, then there exists € X such that ¢ A~. Thus, there
exists R € R such that AN R(z) = (0. Moreover, since R is topological, there exists
B € Tr suchthat x € B C R (z). Thus, we also have AN B =10.

Hence, by using the assumptions of (1), we can infer that B~ = (ANB)” =0~ = 0.
On the other hand, from = € B, we can now infer that x € {x}~ C B~, and thus
B~ # (. This contradiction proves (1).
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Remark 1.13.11. If R is nonvoid and reflexive, and A C X such that clg (AN R (z))
=clg (R (m)) forall z € X and R € R, then we can even more easily prove that A € Dy .

1.14 Some More Particular Theorems on Topologically Filtered
Relators

The importance of Corollary 1.13.4 is also apparent from the following

Theorem 1.14.1. If R is quasi-topological and topologically filtered, then for any A, B €
Nr we have AUB € Ni.

Proof. By Theorem 1.9.2, we have B~ € Fx . Hence, by using Theorem 1.11.5, Corollary
1.13.4 and the definition of Az, we can see that
(AUB)"°=(A"UB7)°C A~°UB~ =0UB~ =B".
Moreover, by Theorem 1.9.2, we have (AU B)~° € Tr . Hence, by using the increasingness
of o and the definitions of 7 and N3 , we can see that
(AUB)"°C(AUB) °°C B °=1.
Therefore, (AU B)~° = (), and thus AU B € Ng also holds.

Now, by using this theorem, we can also easily establish the following

Corollary 1.14.2. If R is nonvoid, non-partial, quasi-topological and topologically filtered,
then N3 is an ideal on X.

Proof. By the definition of A’z and the increasingness of — o , itis clear that N is always
descending. Moreover, since R is nonvoid and non-partial, we can also note that §~° =
()° = (. Therefore, ) € Nz, and thus N # (). Furthermore, from Theorem 1.14.1, we
know that N is closed under pairwise unions.

Remark 1.14.3. Note that if R is locally non-partial, then by Theorem 1.8.12 we have
X ~° = X. Therefore, if X # (), then we can also state that X ¢ Nx, and thus N #
P(X).

While, if R is quasi-topological and A € Ny, then by using Theorem 1.9.2 and the
increasingness of o we can also see that A~ ~° C A~° = ). Therefore, A~ ~° = (), and
thus A~ € Nx also holds.

The importance of topologically filtered relators is also apparent from
Theorem 1.14.4. If R is topological and topologically filtered, then for any A € Tr we have
TesR (A) € Fr \ Er.

Proof. By Theorem 1.4.8, we have U° € Fr. Moreover, by Theorems 1.9.3 and 1.9.2, we
also have U~ € Fg . Hence, by using Corollary 1.11.6, we can already infer that
Ul=U-\U=U"nU°c Fr.
Moreover, by using Theorems 1.11.5 and 1.8.3 and the increasingness of —, we can see that
Ute=(U-\U)°=(U-nU)’=U"°nU=U"°NU°“CU NU =0,
and thus (U~ \ U)o = (). Therefore, UT ¢ Ex, andthus UT € Fr \ &Ex.
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By this theorem, it is clear that in particular we also have

Corollary 1.14.5. If R is topological and topologically filtered, then resg (A) € Nr for
all A e Tg.

Remark 1.14.6. Note that if R is topological and U € Tx, then by Theorems 1.9.3, 1.9.2
and 1.8.3 we have U = U° . Therefore, under the notation U* = bndg (U), we also have
Ul=U-\U=U-\U°="U*.

Moreover, in Theorem 1.14.4 and Corollary 1.14.5, it is also enough to assume only that
‘R is quasi-topologically filtered and topological. Namely, in this case, R is already topolog-
ically filtered by Theorem 1.12.8.

1.15 A Few Basic Facts on Simple Relators

Definition 1.15.1. The relator R is called properly simple if it is a singleton relator. That is,
there exists a relation R on X such that R = {R}.

Much more generally, the relator R is called §—simple, for some structure § for relators
on X, ifitis §—equivalent to a singleton relator. That is, there exists a relation R on X such

that §r = SR

Thus, by Theorems 1.5.4 and 1.7.12, for instance, we can at once state the following two
theorems.

Theorem 1.15.2. The following assertions are equivalent :
() R is N—simple; 2) R is cl-simple; (3) R is int—simple.

Theorem 1.15.3. The following assertions are equivalent :
(1) R is Noo—simple ; 2) R is F—simple; (3) R is T-simple.

Remark 1.154. Thus, for instance, the relator R may be naturally called fopologically
simple if it is A—simple. Moreover, the relator 'R may be naturally called quasi-topologically
simple if it is A co—simple.

Now, we can also easily prove the following

Theorem 1.15.5. Under the notation R = (| R, the following assertions are equivalent :
(1) R is topologically simple ; 2) ReER"; 3) R"={R}".

Proof. If (1) holds, then by the corresponding definitions there exists a relation .S on X such
that R™ = { S }. Hence, by Corollary 1.3.11 and Theorem 1.5.4, we can infer that
R (y) = pr(y) = clr ({y}) = cls ({y}) = ps(y) = S~ (y)
for all y € X. Therefore, R~' = S~!, and thus also R = S. Consequently, we have
RN ={S}» ={R}", and thus (3) also holds.
Now, since, (3) trivially implies (1), we need only show that (2) and (3) are also equivalent.
For this, note that by Definition 1.5.1 we always have R € {R}” and R C { R}". Hence,
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by the corresponding properties of A, itis clear that R C { R}, and thus R" C { R}".
Moreover, we can also note that

@) = {R}CR" = {R}" CRM = {R}"C R\ .

Remark 1.15.6. Note that, by Definition 1.5.1, for any relation [ we actually have
{R}" = {R}* = {R}".

While, for any relation S on X, wehave S € {R}* if and only if for each = € X there
exists ¢ (z) € X suchthat R (¢ (z)) € S(z). Thatis, there exists a function ¢ of X to

itself such that Ro ¢ C S. Therefore, {R}* = (Ro X¥)".
In addition to Theorem 1.15.5, we can also easily prove the following

Theorem 1.15.7. If R is nonvoid, then under the notation R = (| R, we have
RYA={R™1}".
Proof. By Definitions 1.3.2 and 1.5.10 and Theorems 1.3.9, 1.6.1 and 1.3.10 and Corollary
1.3.11,forany y € X and A C X, we have
y €clgv(A) <= {y} €Clgv(4) <= {y} €Clrr1(A) <= {y}cClzi(A)
— AeClrr({y}) = Andr({y}) #0 <= Anpx(y) #0
= ANR 'y #0 < yeR[A] — yecclr1(4).

Therefore, clgv = clp-1, and thus by Theorem 1.5.4 the required equality is true.
Now, as an immediate consequence of this theorem, we can also state
Corollary 1.15.8. If R is nonvoid, then R is topologically simple.

Remark 1.15.9. Note that if in particular R = (), but X # ), then by Definition 1.5.1 we
have R” = (), and thus also RY = R"~! = () which cannot be topologically simple.

1.16 A Few Basic Facts on Symmetric Relators

In contrast to the reflexivity property of the relator R, we may naturally introduce a great
abundance of important symmetry and transitivity properties of R [116, 117].

For instance, the relator R may be naturally called strongly symmetric if each member
of R is symmetric. Moreover, the relator R may be naturally called weakly symmetric if the
relation R = (] R is symmetric.

However, it is now more important to note that we may also naturally have

Definition 1.16.1. The relator R is called

(1) properly symmetric if R € R implies R™! € R ;
(2) uniformly symmetric if for each R € R there exists S € R suchthat S C R~};
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(3) proximally symmetric if foreach A C X and R € R there exists S € R such that
S[A]C R7Y[A];

(4) topologically symmetric if for each x € X and R € R there exists S € R such that
S(z) C R (x).

Remark 1.16.2. By using the operations —1, *, # and A, the above properties can be
reformulated in more concise forms.

For instance, by using some basic properties of #, we can prove

Theorem 1.16.3. The following assertions are equivalent :

(1) R is proximally symmetric ; (2) R-'C R#; 3) R1# =R#;
4) R#-LTCR#*; (5) R#~1=R#.

Thus, in particular we can also state the following

Corollary 1.16.4. The following assertions are equivalent :

(1) R# is properly symmetric ; (2) R is proximally symmetric;
(3) R~ is proximally symmetric ; 4) R and R~ are proximally equivalent .

Remark 1.16.5. Concerning topological symmetry, we can only prove that R is topologi-
cally symmetric if and only if R~! C R”, or equivalently R 1" C R".

Hence, it is clear that, topological symmetry is already not a genuine symmetry property.
Therefore, in addition to Definition 1.16.1, we must also have

Definition 1.16.6. The relator R is called
(1) properly topologically symmetric if R” is properly symmetric ;
(2) topologically bisymmetric if both R and R~ are topologically symmetric .

Remark 1.16.7. Thus, by Remark 1.16.5, we can see that R is topologically bisymmetric if
and only if R = R~'”. Thatis, R and R ! are topologically equivalent.

Moreover, by using Definitions 1.16.6 and 1.5.10 and Theorem 1.15.7, we can also prove
the following two theorems.

Theorem 1.16.8. The following assertions are equivalent :
(1) R is properly topologically symmetric ;
2) RY CR"; 3) RY=R"; 4) RVAN=R"; 5) RVV="RV.

Theorem 1.16.9. If R is nonvoid, then under the notation R = (| R the following asser-
tions are equivalent :

(1) R is properly topologically symmetric ; )R~ 'e RN, B)RN={R1}".
Proof. If (1) holds, then by Theorems 1.16.8 and 1.15.7 we have R" = RV" = { R~} ",
and thus (3) holds. While, if (3) holds, then

R/\—l — {R—l}/\—l — {R—l}*—l — {R—l}—l* — {R}* — {R}/\,
and thus (1) also holds. The equivalence of (2) and (3) is even more obvious.
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From this theorem, we can easily derive the following

Corollary 1.16.10. If R is nonvoid, then the following assertions are equivalent :
(1) R is properly topologically symmetric ;
(2) R istopologically simple and weakly symmetric.

Proof. To derive the symmetry of R = (| R from (1), note that if (1) holds, then by Corol-
lary 1.3.11, Definition 1.3.2 and Theorems 1.16.9 and 1.5.4, we have

R = pr = prr = Pir—1yn = pr—1 = R.

Remark 1.16.11. According to Remark 1.16.5, the relator R may be naturally called paratopo-
logically symmetric if R=' C R”*, orequivalently R4 C R~.

Moreover, by Definition 1.16.6, the relator R may, for instance, be naturally called prop-
erly paratopologically symmetric if the relator R2 is properly symmetric.

On the other hand, by Remark 1.16.5, the relator /R may also be naturally called guasi-
topologically symmetric if R 1> C R", or equivalently R 1" C RN,

By Theorems 1.5.4 and 1.7.12, we can at once state the following two theorems.

Theorem 1.16.12. The following assertions are equivalent :
(1) R is topologically symmetric ; (2) clgr Ceclrg-1; 3) intr-1 Cintg.

Theorem 1.16.13. If R is nonvoid, then the following assertions are equivalent :
(1) R is quasi-topologically symmetric ; 2) Tr-1 CTr; (3) Fr-1 C Fr.

Remark 1.16.14. Thus, in particular, we can also state that R is quasi-topologically bisym-
metric if and only if Tz-1 = T, orequivalently Frp-1 = Fr.

However, it is now more important to note that, by using our former results, we can also
prove the following three theorems.

Theorem 1.16.15. If R is nonvoid, then under the notation R = (| R the following asser-
tions are equivalent :

(1) R is properly topologically symmetric ;
(2) clg(A) = R[A] forall AC X; (3) intr(A) = R[A°]¢ forall AC X.

Proof. To prove the implication (1) => (2), note that if (1) holds, then by Theorem 1.15.7
we have R”" = { R™'}". Hence, by using Theorems 1.5.4 and 1.3.10 we can infer that
clr (A) = clg-1(A) = R[A] forall A C X. Therefore, (2) also holds.

Theorem 1.16.16. If R is nonvoid, then the following assertions are equivalent :
(1) R is properly topologically symmetric ;

(2) A Cintg(B) implies B¢ C intg(A°) forall A, B C X;

(3) ANnclg(B) #0 implies BNclg(A) # 0 forall A, B C X.
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Proof. To prove the implication (1) = (3), note that if (1) holds and R = (| R, then by
Theorem 1.16.15 and Corollary 1.16.10

ANclgr(B)#0 = ANR[B]#0 = R '[A]NB#
— R[AINB#0 = clg(A)NB#0
forall A, B C X. Therefore, (3) also holds.

Theorem 1.16.17. If R is nonvoid, then the following assertions are equivalent :

(1) R is properly topologically symmetric ;

2) AC intR(CIR (A)) forall AC X; 3) cln(intR(A)) C A forall AC X.
Proof. To prove the implication (1) => (2), note that if A C X, then by Theorem 1.3.6 we

have clg (A)¢ = intg (A°), and thus also clg (4)¢ C intg (A°). Therefore, if (1) holds,
then by Theorem 1.16.16 we also have A C intg (clg (4)) . Thus, (2) also holds.

Remark 1.16.18. The latter three theorems can be naturally generalized to topologically
simple relators. For instance, it can be shown that a nonvoid relator is topologically simple if
and only if under the notation & = R~ or RY we have A C intg (cls(A)) forall A C X.

1.17 Some Basic Facts on the Elementwise Unions of Relators

Notation 1.17.1. In this and the next section, in addition to Notation 1.3.1, we shall assume
that S is also a relator on X.

Definition 1.17.2. The relator
RvS={RUS: ReR, Se€8}
is called the elementwise union of the relators R and S.

Remark 1.17.3. If somewhat more generally R = (R,-)Z. el and S = (S,) e’
and S; are relations on X, then we may also naturally define RVS = (Ri U Si)

Thus, in particular for any relator R, we may also naturally write
RVRil:{RUR”: RGR} and R\/Ril:{RUSA: R,SER}.

where R;

iel”

The importance of the relator R V S is already apparent from the following

Theorem 1.17.4. We have
(1) Intrys =IntrNIntgs; (2) Clrys = ClgUClgs.

Proof. If B C X and A € Intgrys(B), then there exist R € R and S € S such
that (R U S)[A] C B. Hence, by using that (RU S)[A] = R[A]JUS[A], we can
already infer that R[A]US[A] C B, andthus R[A] C B and S[A] C B. Therefore,
A € Intgr(B)and A € Ints(B), and thus A € Intr (B)NInts(B) = (Intg NInts) (B).

This shows that Intgys(B) C (IntRﬂ Ints) (B) forall BCY, and thus Intrys C
Inti N Ints also holds.

The converse inclusion can be proved quite similarly. Moreover, assertion (2) can be
derived from (1) by using 1.3.4.
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Now, as an immediate consequence of this theorem we can also state

Corollary 1.17.5. We have

(D Trvs = TR N Ts; (2) Frvs = FrMNFs.
Proof. To prove (1), note that for any A C X, we have

A€Trys < Actrys(4) < Aec (IntgNInts)(A)
— Aehtg(A)NInts(4) < AecIntr(A4), AclInts(A)
— A€Try, Ac1s <— A€Tt,N7s.

Hence, by Theorem 1.4.4, it is clear that in particular we also have

Corollary 1.17.6. We have

(1) Trys—1 =T NFs; (2) Frys—1 =FrNTs;
From Theorem 1.17.4, we can also immediately derive

Theorem 1.17.7. We have
(1) intrys = intg Nintgs, (2) clrys =clgUcls.

Now, as an immediate consequence of this theorem, we can also state

Corollary 1.17.8. We have
D) Trvs =TrNTs; (2) Frvs=FrNFs.

However, an analogue of Corollary 1.17.6 cannot be stated. Moreover, by using Theorem
1.17.7, we can only prove

Corollary 1.17.9. We have
() Ervs CERNESs; (2) DrUDs C Drys-

Remark 1.17.10. Analogously to Definition 1.17.2 we may also naturally consider the ele-
mentwise intersection
RAS={RNS: RER,S€S}.
Thus, the relator R may, for instance, be naturally called uniformly filtered if R AN R C
R* . Thatis, forany R, S € R thereexists U € R suchthat U C RN S.

Thus, it can be shown that R is uniformly filtered if and only if R and R A R are
uniformly equivalent in the sense that R* = (R A R) *. Or equivalently, R* is properly
filtered in the sense that R* A R* C R*, or equivalently R* A R* = R*.

Now, by using the above definition, we can also easily prove the following

Theorem 1.17.11. If R is uniformly filtered, then for any O € {*,4, A, A}, we have
(RvR)” = (RVvRY)".



1.18. FURTHER RESULTS ON THE ELEMENTWISE UNIONS OF RELATORS 37

Proof. By the corresponding definitions, we have RVvR~! C R V R~!, and thus
(RVR‘l)* c (Rv R‘l)*. Furthermore, if V € (R V R‘l)*, then there exist
R, S € R suchthat R US~! C V. Moreover, since R is uniformly filtered, there exists
U € R suchthat U C RN S. Hence, we can already see that U UU ' C RUS™ ' C V,
and thus V € (RVR™!) * . Therefore, (RVR™) *C (RVR™) * . and thus the corre-
sponding equality is also true. Hence, since * [ = [J, it is clear that the required equality is
also true.

Thus, for instance, we can also state the following

Corollary 1.17.12. If R is uniformly filtered, then

1) Tror-1 = Tryr-17 () Fryr-1 = Fryr-1s
3) Tryr-—1 = Tryr-1; 4) Fror-1 = Fruyr-1.

Remark 1.17.13. Analogously to Remark 1.17.10, the relator R may be naturally called
topologically filtered if the relator R” is properly filtered. However, since in general R[A]N
S[A] € (RN S)[A], to define “proximally filtered" we have two natural possibilities [116].

Moreover, for instance, the relator 'R may be naturally called quasi-topologically
filtered if the relator R"°° is properly filtered. Namely, it can be shown that R is quasi-
topologically filtered if and only if the family 7Tz is closed under binary intersections.

1.18 Further Results on the Elementwise Unions of Relators

Concerning the relator R V S, we can also easily prove the following

Theorem 1.18.1. If O € {x, #, A}, then
(RvS)”=RON S0,

Proof. We shall only prove the particular case [] = # of the above equality. For this, note
that if V € (R V S)¥, then for each A C X there exist R € R and S € S such
that (R U S)[A] C V[A]. Hence, by using that (RU S)[A] = R[A]US[A], we can
already infer that R[AJUS[A] C V[A], andthus R[A] CV[A]and S[A] CV[A].
Therefore, V € R# and V € S#, and thus V € R# N S#.

On the other hand, if V € R#* N S#, then V € R#¥ and V € S#. Therefore, for each
A C X, thereexist R€ R and S € § suchthat R[A] C V[A] and S[A] CV[A].
Hence, it follows that (RUS)[A] = R[A]JUS[A] C V[A],andthus V € (RVS)¥.

Remark 1.18.2. By using a similar argument, concerning the operation A, we can only prove
(RVS)"C RN S-.
From Theorem 1.18.1, we can easily derive the following

Corollary 1.18.3. If O € {x, #, A}, then
M (RvS) = (RBvSH)"; @ RENsP=(RBNsE)".
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Proof. By Theorem 1.18.1 and the idempotency of [J, it is clear that
(RvS)P=RENSE=REEN SEH = (RD vSD)D.

Remark 1.18.4. From assertion (1), it is clear that
(RVS)N C (R#¥VvSH) C (RSN = (RVS),
and thus in particular (R V 8)" = (R# v S#)A is also true.

While, from assertion (2), we can at once see that the relator R UnsU s always [l—fine.
Moreover, if R and S are O—fine, then R N S is also O—fine.

In addition to Theorem 1.18.1, we can also easily prove the following

Theorem 1.18.5. If O € {*, #, A}, then the following assertions are equivalent :
(1) RvS C (RNS)"; @ (RvS)Tc (rRns)";

3 (RvS) = (rns)", @ RENSY ¢ (RnS)",

5) RENSC=(rns)".

Proof. Since 0O is a closure operation for relators, it is clear that assertions (1) and (2) are
equivalent.

Moreover, we can note that RNS € RV.S, and thus (RNS)P C (RVS)Y. Therefore,
assertions (2) and (3) are equivalent.

On the other hand, by Theorem 1.18.1, it is clear that the equivalences (2) <= (4) and
(3) <= (5) are also true.

Now, combining Theorems 1.17.4 and 1.18.5, we can also easily establish

Theorem 1.18.6. The following assertions are equivalent :
(1) RVS C (RNS)™; (2 Intrns = Intr NInts;  (3) Clrns = Clg U Cls.

Proof. If assertion (1) holds, then by Theorem 1.18.5 we also have (RN S)# = (RV S)7#.
Hence, by Theorem 1.5.4, it follows that Intgns = Intrys. Therefore, by Theorem 1.17.4,
assertion (2) also holds.

On the other hand, if assertion (2) holds, then by Theorem 1.17.4 we also have Intgrs =
Intgys. Hence, again by Theorem 1.5.4, it follows that (RN S)# = (R V S)#. Therefore,
in particular, assertion (1) also holds.

Finally, to complete the proof, we note that the equivalence of assertions (2) and (3) can
be easily proved with the help of Theorem 1.3.4.

Analogously to this theorem, we can also prove the following

Theorem 1.18.7. The following assertions are equivalent :
(1) RVS C (RNS)"; (2) intrns = intk Nintg; (3) clrns = clg U cls.



Chapter 2. Generalized Topologically Open Sets
in Relator Spaces

2.1 Some Generalized Topologically Open Sets

Notation 2.1.1. In the sequel, to shorten the subsequent proofs, we shall again use the
notations

A™ = cg(4), A° = intg (4) and At = resg (A).

Parts (2) and (3) of the following definition have been suggested by [71, Theorem 1 and
Definition 1] of Levine.

For the motivations of parts (1) and (4), see Mashhour et al. [86, p. 47] and Jun et al.
[58, Lemma 4.21].

Definition 2.1.2. A subset A of the relator space X (R) will be called topologically
(1) preopen if A C intR(CIR (A)) ;

(2) semi-open if A C clR(intR (A)) ;

(3) quasi-open if there exists V' € Tr suchthat VC A C clg(V);

(4) pseudo-open if there exists V € Tr suchthat ACV C clg(A4).

And, the families of all such subsets A of X (R) will be denoted by 7,5 with k = p, s,
q and ps, respectively.

Remark 2.1.3. The inclusions A C A~° and A C A°~ mean only that the set A is open
with respect to the composite operations — o and o —, respectively.

While, the inclusions VC A CV~ and A CV C A~ meanthat Aisnearto V from
above and below, or can be approximated by V' from below and above.

The next simple example shows that, even in a very particular case, the families Tg and
77’ may be strictly smaller than the families 7,3 and 77, respectively.

Example 2.1.4. If X = {1, 2} and R is arelation on X such that

R()={2} and R®2)={1}
then R is an injective function of X onto itself, with R~' = R, such that
) TR:Tlng}gS:{@,X}; 2) Tg = é’:P(X).

To check this, note that now, for any A C X, we have R[A°] = R[A]°. Therefore, by
Theorems 1.3.10 and 1.3.6, we can state that

A== R-UA]= R[A] and A°= A°—¢— R[A°]° = R[A]* = R[A].
Thus, by the corresponding definitions, we have Tp = {0, X} and T4 = T2* = {0, X }.
Moreover, for any A C X, we also have
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A°" =R[R[A]] =(RoR)[A]=(RoR)[A]=Ax[A]= A,
and quite similarly A=° = A. Therefore, 75 = T2 = P(X) also holds.

However, the appropriateness of Definition 2.1.2 can only be completely clear from the
subsequent generalizations of the corresponding topological results.

Theorem 2.1.5. We have
) T3S TE: ) T C TX.

Proof. If A€ 7'7‘21 , then by Definition 2.1.2, there exists V € Tg suchthatV C A C V.
Hence, by using the definition of 7T and the increasingness of o, we can infer
that V' C V° C A°. Now, by using the increasingness of —, we can also see that
A C V7~ C A°~. Therefore, by Definition 2.1.2, we also have A € 73 .

While, if A € 7.2°, then by Definition 2.1.2, there exists V € T suchthat A CV C A™.
Hence, by using the definition of 7z and the increasingness of o, we can infer that
A CV C Ve C A~ °. Therefore, by Definition 2.1.2, we also have A € Té’.

Theorem 2.1.6. If R is reflexive, then Tr C T N TE".

Proof. If A € Tg, then by taking V' = A we have V € T . And, by using Theorem 1.8.3,
wecanseethat V. =AC A~ =V~ and A=V CV~ = A~ . Therefore, by Definition
2.1.2, wealsohave A € T and A € TF°, and thusalso A € T3 N TA".

From this theorem, by using Theorem 2.1.5, we can immediately derive

Corollary 2.1.7. If R is reflexive, then Tr C TN TX.

2.2 Further Basic Properties of Generalized Topologically Open Sets

In addition to Theorem 2.1.5, we can also prove the following

Theorem 2.2.1. If R is topological, then
() Tg=Tz; Q@ TZ=Tg.

Proof. If A € T3, then by Definition 2.1.2, we have A C A°~. Hence, by taking V' = A°,
we get A C V~. Moreover, by using Theorems 1.9.3, 1.8.3 and 1.9.2, we can see that
V =A° C A and V = A° € Tg. Thus, by Definition 2.1.2, we also have A € T . This
proves that 75 C 74 .

While, if A € T7, then by Definition 2.1.2 we have A C A~ °. Hence, by taking
V. =A"°, weget A C V. Moreover, by using Theorems 1.9.3, 1.8.3 and 1.9.2, we can
seethat V.= A7° C A~ and V = A~ ° € Tg . Thus, by Definition 2.1.2, we also have
A € TF* . This proves that 75 C T°.

Now, by Theorem 2.1.5, we can see that assertions (1) and (2) are also true.

By using our former results on topological relators, we can also prove
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Theorem 2.2.2. If R is topological, then for any A C X, the following assertions are
equivalent

(1) AeTs;

(2) clr(A) = clg (intg (4));

3) clr(A) = clg (V) forsome V € T NP(A).

Proof. 1f (1) holds, then by Definition 2.1.2 we have A C A°~. Hence, by using the increas-
ingness of —, we can infer that A~ C A°~~. Moreover, from Theorems 1.9.3 and 1.9.2,
we can see that A°~ € Fg . Thus, by the definition of Fr , we also have A°~~ C A°~.
Therefore, A~ C A°—.

On the other hand, by Theorems 1.9.3 and 1.8.3, we have A° C A. Hence, by us-
ing the increasingness of —, we can infer that A°~ C A~. Therefore, we actually have
A~ = A°~, and thus assertion (2) also holds.

While, if (2) holds, i.e., A~ = A°~, then by taking V = A° weget A~ = V.
Moreover, by Theorems 1.9.3, 1.8.3 and 1.9.2, we can see that V' C A and V € Tx, and
thus V € Tr NP (A). Therefore, (3) also holds.

Finally, if (3) holds, then there exists V' € T suchthat V C A and A~ = V. Hence,
by using Theorems 1.9.3 and 1.8.3, we can see that A C A~ = V ~. Therefore, by Definition
2.1.2, wehave A € T . Thus, by Theorem 2.1.5, assertion (1) also holds.

Remark 2.2.3. Note that if R is topological, then the family 7z need not be closed under
finite intersections.

Therefore, Theorem 2.2.2 is a generalization of the corresponding observations of Njastad
[89, p.961], Isomichi [55, Theorem 2], Noiri [90, Lemma 2] and Pipitone and Russo [97,
Lemma 2.2].

Njastad and Isomichi, not being aware of Levine’s paper [71], investigated semi-open
sets under the names " —sets" and "subcondensed sets", respectively. While, Noiri, Pipitone
and Russo already used Levine’s terminology.

Theorem 2.2.2 is also a certain generalization of [4, Proposition 3.2] of Al-shami since,
for every supra topology (generalized topology) 7 on X, there exists a nonvoid preorder
relator R such that 7 = T [127].

Now, as an immediate consequence of Theorem 2.2.2, we can also state

Corollary 2.2.4. If R is topological, then for any A C X, the following assertions are
equivalent :

1) Ae FrnNT3;
(2) A= CIR(intR (A)) N
3) A =clg(V) forsome V € TR NP(A).
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2.3 Another Important Property of Topologically Semi-Open and
Quasi-Open Sets

By using similar arguments as in the proof of Theorem 2.2.2, we can also prove the following
two generalizations of [71, Theorem 3] of Levine.

Theorem 2.3.1. If R is quasi-topological,
AeTs and ACBCclg(A),
then B € T3 also holds.

Proof. By Definition 2.1.2, we have A C A°~. Hence, by using the increasingness of —,
we can infer that A~ C A°~ . Moreover, by Theorem 1.9.2, we now also have A°~ € Fx.
Hence, by using the definition of Fx , we can infer that A°~~ C A°~. Therefore, we also
have A~ C A°~.

On the other hand, because of the inclusion A C B and the increasingness properties of
o and —, we also have A°~ C B°~. Therefore, A~ C B°~ also holds. Hence, because
of B C A, we can already see that B C B°~. Thus, by Definition 2.1.2, the required
assertion is also true.

Theorem 2.3.2. If R is quasi-topological,
AeTHd and ACBCclgr(A),
then B € T also holds.

Proof. By Definition 2.1.2, there exists V € Tr such that V' C A C V ~. Hence, since
A C B, itis clear that V' C B. Moreover, by using the increasingness of —, we can also
seethat A— C V.

On the other hand, by Theorem 1.9.2, we now also have V'~ € Fgr. Hence, by the
definition of Fr, we can infer that V'~ — C V —. Therefore, A~ C V ~ also holds. Hence,
because of B C A~, we can already see that B C V ~ also holds. Thus, by Definition
2.1.2, the required assertion is also true.

Remark 2.3.3. Note that, in the above proof, we have only used a property apparently weaker
than the quasi-topologicalness of R .

Moreover, we have proved a little more than what was stated. Namely, that the "approxi-
mating set" V" used for the set B does not depend on B.

Now, as an immediate consequence of Theorem 2.3.1, we can also state

Theorem 2.3.4. If R is topological, then for every A € T3 we have

Proof. To derive this from Theorem 2.3.1, note that now by Theorems 1.9.3 the relator R is
reflexive and quasi-topological. Moreover, by Theorem 1.8.3, we have A C A~, and thus
also A C A~ C A~. Therefore, by Theorem 2.3.1, we also have A~ € 73.

From this theorem, by using Corollary 2.1.7, we can immediately derive
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Corollary 2.3.5. If R is topological, then for every V € Tr we have
clr (V) S 7—7% .

Hence, by using Theorems 1.9.2 and 1.9.3, we can immediately derive

Corollary 2.3.6. If R is topological, then for every A C X we have

Now, by using Theorems 2.1.6 and 2.3.1, we can also prove the following generalization
of [71, Theorem 5] of Levine.

Theorem 2.3.7. If R is topological, then A = T3 is the smallest family of subsets of X
such that

(1) Tr C A; 2) Aec¢ Aand AC B Cclg(A) imply Be A.

Proof. To prove the stated minimality property of 75, note that if A € 73, then by
Theorem 2.2.1 we also have A & T%. Thus, Definition 2.1.2, there exists V € Tr such
that V CAC V™.

Therefore, if A is a family of subsets of X such that (1) holds, then we have V € A.
Moreover, if (2) also holds, then we also have A € A. Therefore, 73 C A evenif R is not
assumed to be topological.

Moreover, we can also prove the following generalization of [71, Lemma 2] of Levine.

Theorem 2.3.8. If R is topological, then

Tr = {intR(A) : A€ 7'7%}
Proof. Now, by Theorem 1.9.3, R is reflexive and quasi-topological. Thus, if in particular
V € Tr, then by Corollary 2.1.7 we have also have V' € 7,5 . Moreover, by the definition
of 7 and Theorem 1.8.3, we also have V' C V° and V° C V, and thus also V = V°.
Therefore, V & (7'73 ) ° , and thus T C (’TE ) ° also holds.

On the other hand, by using Theorem 1.9.2, we have A° € T forall A C X. Thus,
P(X)° C Tr, and thus in particular (73 ) ° C Tz also holds. Therefore, the required

equality Tr = (75) ° is also true.

Remark 2.3.9. Note that, because of Theorem 2.2.1, here we may write Tfé in place of 7T3.

2.4 Another Important Property of Topologically Preopen and
Pseudo-Open Sets

Analogously to Theorems 2.3.1 and 2.3.2, we can also prove the following two theorems.

Theorem 2.4.1. If R is quasi-topological,
AeTyh and B C ACclg(B),
then B € T also holds.
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Proof. By Definition 2.1.2, we have A C A~ °. Hence, by using that B C A, we can
see that B C A~ °. Moreover, from the inclusion A C B~ , by using the increasingness
of — and Theorem 1.9.2, we can infer that A~ C B~ ~ C B~. Hence, by using the
increasingness of o, we can infer that A~ ° C B~ °. Therefore, because of B C A~ °, we
also have B C B~ °. Hence, by Definition 2.1.2, we can see that B € Té’ also holds.

Theorem 2.4.2. If'R is quasi-topological,
AeTh? and B C ACclg(B),
then B € TX*® also holds.

Proof. By Definition 2.1.2, there exists V' € Tr suchthat A C V C A~. Hence, by using
that B C A, we can see that B C V. Moreover, from the inclusion A C B~ , by using
the increasingness of — and Theorem 1.9.2, we can infer that A~ C B~ ~ C B~ . Hence,
by using the inclusion V' C A~ , we can see that V' C B~ . Therefore, we actually have
B CV C B~ . Hence, by Definition 2.1.2, we can see that B € T}° also holds.

Remark 2.4.3. Again, we have proved a little more than what was stated. Namely, that the
"approximating set" V used for the set B does not depend on B.

Unfortunately, some analogues of Theorem 2.3.4 and its corollaries do not seem possible.
However, instead of them, we can prove the following two theorems.

Theorem 2.4.4. If R is nonvoid, then Dr C T3

Proof. If A € Dz, then by the definition of Dz we have A~ = X . Moreover, since
R # 0, by the definition of o, we also have X° = X . Therefore, we actually have
A7° = X° = X. Thus, the required inclusion A C A~° trivially holds.

Theorem 2.4.5. If R is topologically filtered and A = V N B for some V € Tr and
B € D, then A e TE".

Proof. 1In this case, we have A C V. Moreover, by the definitions of Dg, 7z and Theorem
1.13.3,wealsohave V=XNV C B~ NV°C (B NV )~ = A~ . Therefore, we actually
have A CV C A~ . Thus, by Definition 2.1.2, we have A € T5*.

From this theorem, by taking V' = X whenever R # (, we can get
Corollary 2.4.6. If R is nonvoid and topologically filtered, then D C T5*.

Now, as some close analogues of Theorems 2.3.7 and 2.3.8, we can also prove the follow-
ing two theorems.

Theorem 2.4.7. If R is topological, then A = T} is the smallest family of subsets of X
such that

() Tr C A;

2) Ae¢ Aand AC B Cclg(A) imply Be A.

Proof. To prove the stated minimality property of 7.7, note that if A € 77, then by
Theorem 2.2.1we also have A € 7'755 . Thus, Definition 2.1.2, there exists V' € Tr such that
A CV C A~ . Therefore, if A is a family of subsets of X such that (1) holds, then we have
V € A. Moreover, if (2) also holds, then we also have A € A. Therefore, 73 C A.
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Theorem 2.4.8. If R is topological, then

Proof. Now, by Theorem 1.9.3, R is reflexive and quasi-topological. Thus, if in particular
V € Tr, then by Corollary 2.1.7 we have also have V € T}.

Moreover, by the definition of 7% and Theorem 1.8.3, we alsohave V C V°and V° C V,
and thus also V = V°. Therefore, V € (7% ) °, and thus T C (7% ) ° also holds.

On the other hand, by Theorem 1.9.2, we have A° € Tx for all A C X. Thus,
P(X)° C Tr, and thus in particular (T{' )0 C Tr also holds. Therefore, the required

equality 7= = (7% )" is also true.

Remark 2.4.9. Note that, because of Theorem 2.2.1, here we may write 74° in place of 7%.

2.5 The Duals of the Families 7% with « = s, p, ¢ and ps

To introduce the corresponding generalized topologically closed sets, we shall use the follow-
ing plausible notation.

Definition 2.5.1. For any x = s, p, q and ps, we define
Fr={ACX: A°eTgf}.

Thus, by using Theorem 1.3.6 and Remark 1.3.7, we can prove the following theorems

Theorem 2.5.2. Forany A C X the following assertions are equivalent :
(1) Ae F};
(2) there exists W € Fr suchthat intgr(W)C AC W.

Proof. To prove that (1) == (2), note that if (1) holds, then A¢ € T;J. Thus, by Definition
2.1.2, there exists V' € Tg such that V C A¢ C V~ . Hence, by using that co = — ¢,
we can infer that V¢° = V~¢ C A C V¢, Thus, by taking W = V¢, we can see that
W € Fr suchthat W° C A C W, and thus, by Definition 2.1.2, assertion (2) also holds.

Theorem 2.5.3. Forany A C X the following assertions are equivalent :
(1) Ae FE°;
(2) there exists W € Fr suchthat intr(A) C W C A.

Proof. To prove that (2) = (1), note that if (2) holds, then there exists W & Fx such that
A° C W C A. Hence, by using oc = ¢—, we can infer that A° C W¢ C A°¢ = A°~.
Thus, by taking V' = W€, we can see that V € T suchthat A¢ C V C A¢~ . Therefore,
by Definition 2.1.2, we have A€ € T1®, and thus (1) also holds.

Theorem 2.5.4. Forany A C X, the following assertions are equivalent :
(1) Ae Fpy» (2) intg(clg(A4)) C A.
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Proof. By the corresponding definitions, we have

(1) <= A°ec TS <= A°CA°°T <= A°°"°CA.
Moreover, by using —c = co and ¢ o ¢ = —, wecansee that A°°~¢ = A°°°° = A~°,
Therefore, we actually have (1) <— A °C A <= (2).

Theorem 2.5.5. Forany A C X, the following assertions are equivalent :
(1) Ae FR; (2) clr(intr(A)) C A.

Proof. By the corresponding definitions, we have

(1) <= A°eT] <= A°CA° < A °°CA.
Moreover, by using ¢— = oc and ¢ o ¢ = —, we can see that A°~°¢ = A°¢°¢ = A°~ .
Therefore, we actually have (1) <— A°~ C A <= (2).

Now, by using Theorem 2.2.2, we can also easily establish the following

Theorem 2.5.6. If R is topological, then for any A C X the following assertions are
equivalent :

() Ae 7y
(2) intg (clg (A)) C intg (A); (3) intg (clg (A)) = intr (4);
(4) there exists W € Fr suchthat A CW and intg (A) = intg (W).

2.6 Topologically Regular Open Sets

Regular open sets were first introduced by Kuratowski [64] with reference to a paper of Henri
Lebesgue. However, their importance became completely clear only after the considerations
of Stone [113].

Following Kuratowski’s definition, in our papers [101, 102], we have also introduced the
following

Definition 2.6.1. A subset A of the relator space X (R) will be called topologically regular
open if
A = intg ( clp (A)) .

Also, the family of all such subsets of X (R) will be denoted by 77 .

Thus, in contrast to the topological case, 77 need not be a subfamily of 7z . To show
this, we can use the following

Example 2.6.2. If X = {1,2} and R is a relation on X such that R(1) = {2} and
R(2) = {1}, then R = {R} is a symmetric relator on X such that 7r = {0, X} and
Tg =P(X).

Of course, by Theorem 1.9.2, we evidently have the following

Theorem 2.6.3. If R is quasi-topological, then T3 C Tr.



2.6. TOPOLOGICALLY REGULAR OPEN SETS 47

Moreover, by using Theorem 1.8.3, we can easily establish the following
Theorem 2.6.4. If R is reflexive, then Tr N Fr C T3.

Proof. If A € TR N Fr, then A € T and A € Fr. Thus, by Definition 1.4.1 and
Theorem 1.8.3, we have A° = A and A = A~ . Therefore, A° = A~° = A, and thus by
Definition 2.6.1 we also have A € T7 .

Thus, in particular by Theorem 1.9.3 we can also state the following
Corollary 2.6.5. If R is topological, then Tr N Fr C T5 C Tr.

The appropriateness of Definition 2.6.1 is also apparent from the following generalization
of a statement of Dontchev [33, p. 4] .

Theorem 2.6.6. We have Tj = TE N F3,.

Proof. Namely, by the corresponding definitions and Theorem 2.5.4,
AeTg <= A=A"° << ACA™°, A7 °CA
— AeTf, AcFp <= AcTinFg.

Remark 2.6.7. Now, if R is reflexive, then by Corollary 2.1.7 and Theorem 2.6.6, we can
also state that 7r N F% C Ty .

Thus, by Definition 1.4.1 and Theorem 2.5.4, we can also state
Corollary 2.6.8. If R is reflexive and A C X such that

intR(CIR (A)) Q A Q intR (A) ,
then AeTj.

Now, by using our former results, we can also easily prove
Theorem 2.6.9. If R is topological, then Tj = Tr N F%.

Proof. By Theorem 1.9.3, the relator R is reflexive and quasi-topological. Thus, by Corol-
lary 2.1.7 and Theorem 2.6.3, we have Tr C T and T3 C T . Hence, by using Theorem
2.6.6, we can already infer that 77 = TR N T = TR N TEAN Fp = Tr N Fy .

From this theorem, by using Definition 1.4.1 and Theorem 2.5.4, we can obtain

Corollary 2.6.10. If R is topological, then for any A C X the following assertions are
equivalent :

) AeTg: 2) intR(CIR(A)) C ACintr(A).
From Theorems 2.6.9 and 2.6.6, by using Theorem 2.2.1, we can also derive

Theorem 2.6.11. If R is topological, then
() Tg=TrNFg 2 Tg=TE NFz.
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Proof. Namely, by Theorem 2.2.1, we have not only 75 = T£*, but also
AeF; <= A°eTf < AeTi < AcF},
and thus F5 = Fj .

Remark 2.6.12. Counterparts of Theorem 2.6.6 were also proved by Ekici [37, Theorem 8]
and Jamunarani et al. [57, Theorem 2.2] by using the weak structures of Csdszar [26] and
the generalized weak structures of Avila and Molina [11].

2.7 Some Further Theorems on the Family 77

By using Theorem 2.6.9, we can also prove the following generalization of a statement of
Kuratowski [64] .

Theorem 2.7.1. If R is topological, then for any A € T35 we have
clr(A)° e T5.

Proof. By Theorems 1.9.3 and 1.9.2, we have A~ € Fg . Hence, by Theorem 1.4.8, we infer
that A~ ¢ € Tr . Moreover, by Theorem 2.3.4, we have A~ € T3, andthus A~¢ € F3 .
Hence, by Theorem 2.6.9, we can see that A~ ¢ € T3 .

From this theorem, by using that 7z C 7,5 whenever R is reflexive, we can easily derive
the following

Corollary 2.7.2. If R is topological and A = Tr or T3, then
Th ={cr(A)°: AcA}.

Proof. Namely, if for instance B € 7T}, then by choosing A = B°°, we can see that
A€ Tr, andthusalso A € 75, suchthat A~ ¢ = B¢°~¢= B¢°¢° =B~ °= B,
Remark 2.7.3. Following an observation of Halmos [46, p. 61], it is also worth noticing
that, if R is topological, then we have Tr = {clgr(A)°: AC X }.

Namely, if for instance V' € Tx , then by choosing A = V¢, we can see that A € Fr,
and thus A = A~ . Therefore, V = A = A~ ¢ evenif R is assumed to be only reflexive.

From Theorem 2.7.1, by Theorem 1.3.6, we can see that A7™° = A7~ ¢ € Ff forall
A € T3 . However, this fact is of no importance for us. Namely, by using Theorem 2.6.9, we
can prove a better statement.

Theorem 2.7.4. If R is topological, then for any A C X we have
intR ( CIR (A)) S T7€ .

Proof. By Theorems 1.9.3 and 1.9.2, we have A~° € T . Moreover, quite similarly, we
also have A°° € Tg. Hence, by using Corollary 2.1.7 and Theorem 2.3.4, we can infer
that A°°~ € T3, and thus A°°~¢ € F% . However, by using the equalities co = —¢
and ¢ — ¢ = o, we can see that A°°~¢ = A7¢"¢ = A~°. Therefore, we actually have
A~° € F3 . Hence, by Theorem 2.6.9, we can already see that A=° € T7 .
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Remark 2.7.5. The topological counterparts of Theorems 2.7.1 and 2.7.4 are usually proved
directly, by using only the corresponding properties of the operations — and o.

Now, by using Theorem 2.7.4, we can also easily establish the following

Corollary 2.7.6. If R is topological, then
T = {intr(A): AecFr}={intr(cr(4)): ACX}.

Remark 2.7.7. Hence, it is clear that Stone’s definition [113, p. 376] of a regular open set
coincides with that of Kuratowski [64, p. 9].

Finally, we note that, analogously to Theorem 2.5.5, we can also prove

Theorem 2.7.8. Forany A C X, the following assertions are equivalent :
() Ae Fr; (2) A=clg(intg(A)).

Remark 2.7.9. Several further properties of the family 7 can be directly derived from
those of the family 77 .

2.8 Characterizations of Topologically Semi-Open and Quasi-Open Sets

As a generalization of [34, Lemma 1] of Duszynski and Noiri, we can prove the following

Theorem 2.8.1. If R is reflexive, then for any A C X the following assertions are
equivalent :

1) AeTs;
(2) there exists B C X suchthat A = intgr (A)U B and B C resg (intg (A)).

Proof. By Theorem 1.8.3, we have A° C A. Moreover, if (1) holds, then by Definition 2.1.2
we have A C A°~ . Hence, by defining B = A\ A°, we can already see that

A:A"U(A\AO):A"UB and B=A\A°C A°~\ A° = A°T.
Therefore, (2) also holds.
By Theorem 1.8.3, we also have A° C A°~. Therefore, if (2) holds, then we have
A=A°U B C A°U A°t = A°U (AO*\AO) = A°".
Thus, by Definition 2.1.2, assertion (1) also holds.

Remark 2.8.2. Note that if B is as in (2), then A = A° U B. Moreover, since
B C A°T = A°=\ A°, wehave A°N B =1.

Furthermore, by Theorem 1.8.3, we have A°° C A°. Therefore, by using the notation
A% =bndg (A), we can also state that B C A°T = A°~\ A° C A°~\ A°° = A°H

Now, by using our former results, we can also easily prove the following generalization of
an observation of Dlaska, Ergun and Ganster [29, p. 1163 ].
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Theorem 2.8.3. If R is topological, then for any A C X the following assertions are
equivalent :

(1) AeTg;
(2) there exist V € Tr and B C X suchthat A=V UB and B C resg (V).

Proof. 1f (1) holds, then by Theorem 2.8.1, there exists B C X such that A = A° U B and
B C A°t. Moreover, by Theorems 1.9.3 and 1.9.2, we have A° € Tr . Hence, by taking
V = A°, we can see that (2) also holds.

On the other hand, by Theorems 1.9.3 and 1.8.3, we have V' C V'~ forany V C X.
Therefore, if (2) holds, then we have not only V' C A but also

A=VUBCVUVI=VU(V \V)=V".
Hence, by Definition 2.1.2, we can see that A € 7;{7 . Thus, by Theorem 2.2.1, assertion (1)
also holds.

Remark 2.8.4. Note that if in particular R is topologically filtered and topological, then by
Corollary 1.14.5 we have VT € N . Hence, since B C V1, it is clear that B € N also
holds.

Therefore, analogously to [71, Theorem 7] of Levine, we can also state the following
stability type theorem.

Theorem 2.8.5. If R is topologically filtered, topological and A € Tj, then there exist
VeTr and B € N suchthat A=V UBandV NB = .

The following obvious reformulation of [71, Example 2] of Levine shows that the con-
verse of this theorem is false.

Example 2.8.6. Define X =R and
Ry ={(z,y) €X?: d(z,y)<n'}
forall n € N.

Then, R = { R, }22, is a properly filtered, strongly topological relator on X such that,
under the notations

V=]0,1] and B ={2},
wehave V € T and B € Ng suchthat A=V UB ¢ T3.
To check the required properties, note that

) R,=R,NR,, if n,m €N suchthat m < n;
2 Rp(z)=]x—n"t, o+n~t] forall n€ N and z € X;
(3) foreach n € N, x € X and y € R,(x), wehave R,,(y) C R,(x) if m € N such
that m~t < n=! —d(x, y).
By using (2), we can easily see that A° = Vand A°~ =V~ =[0, 1],andthus A € A°~.
Therefore, by Definition 2.1.2, A ¢ 75 . Although, A=V UB, VNB=0, Ve Tg and
B~° = B° = .
While, by using assertion (3) and the property sup (N) = 400, we can easily see that
R, (z) € T forall n € N and x € X. Therefore, R is strongly quasi-topological.
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Remark 2.8.7. Assertion (3) can also be easily derived from (2). However, it does not seem
to be a consequence of the very strong reflexivity, symmetry and transitivity properties of R .

2.9 Characterizations of Topologically Preopen and Pseudo-Open Sets

As a conterpart of [42, Proposition 2.1] of Ganster, we can also prove

Theorem 2.9.1. If R is topologically filtered and topological, then for any A C X the
following assertions are equivalent :

() AeTh;
(2) thereexist V € T and B € D suchthat A=V NB;
(3) thereexist V € T and B € D suchthat A=V NB.

Proof. 1f (1) holds, then by Definition 2.1.2 we have A C A~ °. Hence, we can infer that
A=A°\(A"°\A)=4"°n(4A7°nA°) =A"°n (A=°°U 4).

Now, by defining V = A~° and B = A"°°U A, we can state that A =V N B. And, by

Theorem 2.7.4, we can state that V = A~° € Tz.

Moreover, by using Theorem 1.11.5, we can see that B~ = ( A™°°UA) = A°“"UA".
And, by using the equality oc = c¢— and Theorems 1.9.3 and 1.8.3, we can also see that
A=°¢ =A"¢"~ D A= ¢ D A~ °. Therefore,

BT=A"°“"UA DA “UA” =X,
and thus B~ = X. Hence, by the definition of Dx, we can see that B € Dy, and thus (3)
also holds.

From Theorem 2.6.9, we know that 75 C T . Therefore, assertion (2) is an immediate
consequence of (3). Moreover, from Theorems 2.4.5 and 2.1.5, we can see that (2) implies (1)
even if the relator R is assumed to be only topologically filtered.

In addition to the above theorem, we can also prove the following

Theorem 2.9.2. If R is topologically filtered and topological, then for any A C X the
following assertions are equivalent :

(1) AeTh;

(2) there exists V € Tg suchthat ACV and clg(A) =clg(V);

(3) there exists V € T5 suchthat ACV and clg(A) =clg (V).

Proof. 1f (1) holds, then by Theorem 2.9.1 there exist V € Tz and B € Dg such that
A =V N B. Thus, in particular A C V. Hence, by using the increasingness —, we can
inferthat A— C V.

Moreover, by Theorem 2.6.9, we have 77 C Tx, and thus V' € Tr. Therefore, by
the definitions of 7z and Dx, and Theorem 1.13.3, we can also state that V = V N X =
VNB~ CV°nB~ C(VNB)~ = A~. Hence, by using the increasingness of —, Theorems
1.9.3 and 1.9.2 and the definition of F5 , we can infer that V'~ C A~ ~ C A~. Therefore,
we actually have A~ = V'~ , and thus (3) also holds.
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Again, by the inclusion 75 C Tx , itis clear that (2) is an immediate consequence of (3).
Therefore, we need only show that (2) also implies (1).

For this, note that if (2) holds, then by Theorems 1.9.3 and 1.8.3, in additionto A C V,
we also have V' C V'~ = A~ . Therefore, by Definition 2.1.2, we have A € T}°. Hence,
by Theorem 2.1.5, we can see that (1) also holds.

Remark 2.9.3. Note that, by Theorem 2.2.1, in the above two theorems we may again write
T2* in place of T} .

2.10 A Further Important Property of Topologically Semi-open and
Preopen Sets

By using Theorem 1.13.3, we can also prove the following improvement of [91, Lemma 2.5]
of Noiri.

Theorem 2.10.1. If R is topologically filtered and quasi-topological, and
AeTs, BeTk, intg (A) C C Cclg(A), BCDCX,
then
clr(A)NB =clg(CND)NB.

Proof. By Definition 2.1.2, we have A C A°~ and B C B~ °. Hence, by using the
increasingness of the operation —, Theorem 1.9.2 and the definition F% , we can infer that
A~ C A°~~ C A°~. Moreover, by Theorems 1.13.3, 1.9.2, and the definition of Frz , we
can infer that
ATNBCA° " NB °C(A°NB~) C(A°nB™)"

C(4°NB)  C(A°nB) c(CnD),

andthus A—NBC (CND) N B.

Moreover, by using the corresponding properties of — and the assumption C' C A~ , we
can also see that (CND)" CC- CA - C A-,andthus (CND)"NBC A" NB.
Therefore, the required equality is also true.

From this theorem, by choosing C and D appropriately, we can immediately derive a
great number equalities for the set A~ N B. For instance, we can at once state the following

Corollary 2.10.2. If R is topologically filtered and quasi-topological , and A € Tj; and
B cTY, then

CIR (A) NB= CIR (CIR(lntR (A)) M mtR( CIR (B))) N B.

Theorem 2.10.1 strongly suggests that some of the equalities stated by Dontchev [33, p.
4], without proofs and references, cannot be true.

To see that this is really the case, we can use the following
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Example 2.10.3. If X and R are as in Example 2.8.6, and
A =10, 1] and B=]0,1[NnQ,
then R is a properly filtered, strongly topological relator on X, and A € 75 and B € T
such that
clr(A)NB =]0,1[NQ and clg (intg (A) N B) = [0, 1],
and thus even clg (intg (4) N B) Z clg (A) N B.

Note that the inclusions A € 7,3 and B € T are immediate consequences of Corollary
2.3.5 and Theorems 2.4.5 and 2.1.5.

2.11 Some Further Generalized Topologically Open Sets

Parts (1) and (2) of the following definition have been suggested by Njastad [89] and Abd
El-Monsef et al. [1].

While, for some motivations of parts (3) and (4), see Theorems 2.3.1 and 2.4.1 and [5,
Definition 2.1] of Andrijevic.

Definition 2.11.1. A subset A of the relator space X (R) will be called topologically
(1) a-open if A C intg (CIR(intR(A))) ;

(2) B-open if A C clp (intR(clR(A))) ;
(3) ~-open if thereexists V € 75 suchthat A CV Cclgr(A4);
(4) 0-open if there exists V € T} suchthat V C A C clg (V).

And, the family of all such subsets of X (R) will be denoted by 75 with k = a, 3,
and §, respectively.

Remark 2.11.2. Note that if R is not topological, then by using the families 7,¢ and T2°
instead of 73 and 7%, respectively, we can get some stronger forms of generalized topo-
logically open sets.

Now, by using Definition 2.11.1 and the increasingness of o and —, we can easily prove
the following

Theorem 2.11.3. We have
T UTL C T

Proof. 1If A € T, then by Definition 2.11.1 there exists V € T35 such that A C V C
A~ . Hence, by using the definition of 7;; and the increasingness of o—, we can see that
ACV C Ve~ C A™°". Therefore, by Definition 2.11.1, we also have A € 7'75.

While, if A € ’7'73 , then by Definition 2.11.1 there exists V' € 7'7-5 suchthat V C A C
V ~. Hence, by using the definition of 77} and the increasingness of — and — o —, we
cansee that A C V— C V~°7 C A~ °~. Therefore, by Definition 2.11.1, we also have
AeTy.
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Moreover, by Definition 2.11.1, Theorem 1.8.3 and Corollary 2.1.7, it is clear that we also
have the following

Theorem 2.11.4. If R is reflexive, then
() TSUTE C T4 Q) TAUTICTR.

Proof. To prove (1), note thatif A € 73, then by taking V' = A we evidently have V € T3
such that A C V. Moreover, by Theorem 1.8.3, we can also see that V' C V'~ = A~. Thus,
by Definition 2.11.1, A € T also holds.

While, if A € 75, then by Definition 2.1.2 there exists V € T suchthat A CV C
A~. Moreover, by Corollary 2.1.7, we have Tz C 7, and thus in particular V' € T3 .
Therefore, by Definition 2.11.1, A € T also holds.

Now, in addition to Theorem 2.1.6 and Corollary 2.1.7, we can also prove
Theorem 2.11.5. If R is reflexive, then Tr C T also holds with k= o, B, v and 6.

Proof. By Corollary 2.1.7 and Theorems 2.11.4 and 2.11.3, we have
TRCTENTEC TANTECTIUTS C T,
Therefore, we need only show that 7z C 7,5 also holds.
For this, note that if A € T, then by Theorem 1.8.3 and the definition of 7z, we have
A C A” and A C A°. Hence, by using the increasingness of o and — o, we can infer that
A° C A= °and A=° C A°~°. Therefore, A C A°~°. Hence, by Definition 2.11.1, we
can see that A € T,3'.

Concerning reflexive relators, we can also easily prove the following

Theorem 2.11.6. If R is reflexive, then
() TR CTANTE; @) TEUTECTR.

Proof. From Theorems 2.11.4 and 2.11.4, we can see that 7,5 U 75 C T U 7'73 c 72,
and thus in particular (2) also holds. Therefore, we need only prove (1).

For this, note that if A € 7.%, then by Definition 2.11.1 we have A C A°~°. Moreover,
from Theorem 1.8.3, we can see A°~° C A°~. Therefore, we also have A C A°~. Hence,
by Definition 2.1.2, we can see that A € 73 .

Moreover, by Theorem 1.8.3, we also have A° C A. Hence, by using the increasingness
of the operation — o, we can infer that A°~° C A~°. Therefore, we also have A C A~°.
Hence, by Definition 2.1.2, we can see that A € ’Té’ also holds. Therefore, we actually have
AeTENTE, and thus (1) is true.

Remark 2.11.7. Assertions (1) and (2) actually rely on the fact that if R is reflexive, then
forany A C X wehave A°7°C A° " NA °and A°" UA°C A~ °".
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2.12 Characterizations of Topologically a—Open and 5—Open Sets

Now, as a straightforward generalization of [91, Lemma 2.1] of Noiri and [104, Theorem 3]
of Reilly and Vamanamurthy, we can also prove the following

Theorem 2.12.1. If R is topological, then
r=TaNTE.

Proof. From Theorem 2.11.6, we know that 7,3 C 7'7307'75 even if the relator R is assumed
to be only reflexive.

Moreover, if A€ 75N T4, ie., Ae T3 and A € T, then by Definition 2.1.2, we
have A C A°~ and A C A~°. Hence, by using the increasingness of the operations — and
o, Theorems 1.9.3 and 1.9.2, and the definition of F% , we can infer that A~ C A°~~ C
A°~ and A~° C A°~°. Therefore, we also have A C A°~°. Hence, by Definition 2.11.1,
we can see that A € 75 also holds even if R is assumed to be only quasi-topological.

Moreover, as an improvement of [89, Proposition 4] of Njastad, we can prove

Theorem 2.12.2. If R is topologically filtered and topological, then for any A C X the
following assertions are equivalent :

(1) AeTg;
(2) thereexist V € Tr and B € Ng suchthat A=V \ B;
(3) thereexist V € Tr and B C resR(intR (A)) such that A=V \ B.

Proof. 1f (1) holds, then by Definition 2.11.1 we have A C A°~°, and thus

A=A°"°\ (A°*° \ A) .
Hence, by defining V' = A°~°and B = A°~°\ A, we can obtain A =V \ B. Moreover,
by Theorems 1.9.3, 1.9.2 and 1.8.3, we can state that V' € T and B C A°~ \ A° = A°t,
Therefore, (3) also holds.

To prove the implication (3) = (2), it is enough to note only that, by Theorems 1.9.3
and 1.9.2, we have A° € Tx . Thus, by Corollary 1.14.5, we have A°t e Ng . Therefore, if
B C A°T, then we also have B € Nk .

Finally, if (2) holds, then by Theorems 1.11.5, 1.9.3, 1.9.2 and 1.8.3 we can see that

A°=(V\B)"=(VNnBe)"=V°nB=VnBe.
Hence, by definition of 7% and by using Theorem 1.13.3, we can infer that V' N B¢°~ C
VenBe°~ C (VN Be°) = A°~. Moreover, by using that co = —¢ and ¢— = oc,
we can see that
B¢°" =B ¢ =B °“= ()¢ = X.
Therefore, we actually have V' C A°~, and hence also A C V = V° C A°~°. Thus, by
Definition 2.11.1, assertion (1) also holds.

Remark 2.12.3. If R is topological, then by Theorems 1.9.3, 1.9.2 and 1.8.3, for any A C
X, we have A°° = A°.
Therefore, by using the notation A* = bndx (A), we can also state that
AO]L — A°— \ A° = A°— \ A°° — AOI.
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Now, by using the above theorem, we can also prove the following improvement of
[89, Corollary] of Njastad.

Corollary 2.12.4. If R is nonvoid, topologically filtered and topological, then the following
assertions are equivalent :

1) Tg € Tr; Q) Tg =Trs (3) Ngr C Fr; 4 Nr =Fr\Er.

Proof. From Theorem 2.11.5, we can see that T7r C 75 . Therefore, (1) and (2) are
equivalent even if R is only reflexive.

Moreover, if A € Nx, then by using Theorem 1.8.3, the increasingnes of o, and the
definitions of D and £, we can see that A° C A~° = (), and thus A° = 0, i.e,
A ¢ Er . Therefore, (3) and (4) are also equivalent even if R is only reflexive.

From Theorem 1.9.3, we know that a topological relator is reflexive. Therefore, to com-
plete the proof, we need only show that now (1) and (3) are also equivalent. For this, note that
now X € Tr since R # (). Therefore, if B € Nz, then by Theorem 2.12.2 we also have
B¢ = X \ B € T%. Hence, if (1) holds, we can infer that B® € T, and thus B € Fg.
Therefore, (1) implies (3).

On the other hand, if A € 7%, then by Theorem 2.12.2 there exist V € Tz and B €
Nz suchthat A =1V \ B. Moreover, if (3) holds, we can also state that B € Fr , and thus
B¢ € Tr . Hence, by using Corollary 1.11.6, we can inferthat A=V \B=VNB°e Tr.
Therefore, (1) also holds.

Now, by using the plausible notation 7, = { A°: A € TZ}, as a partial counterpart
of [37, Theorem 26] of Ekici and [57, Theorem 3.7] of Jamunarani et al., we can also prove
the following

Theorem 2.12.5. If R is topological, then for any A C X the following assertions are
equivalent :

() AeTy; ) g (A) € T3 ; (3) clg(A) € T, @) clg (A) € F5.

Proof. From Theorem 2.2.1, we know that (2) and (3) are equivalent. Therefore, we need
only prove the equivalence of (1), (2) and (4).

For this, note that if (1) holds, then by Definition 2.11.1 we have A C A~°~ . Hence, by
using the increasingness of —, Theorems 1.9.3 and 1.9.2, and the definition of Fr , we can
infer that A~ C A=°~~ C A~°7 . Therefore, by Definition 2.1.2, assertion (2) also holds.

While, if (2) holds, then by using Theorems 1.9.3, 1.8.3, 1.9.2 and 2.2.2, we can see that
A~ = A=~ = A=°~ . Hence, by using that — ¢ = co and oc = ¢—, we can infer that

A*C:Afofc:AfocO:A7C7O.
Thus, by Definition 2.6.1, we have A¢ € 77 , and thus (4) also holds.

Finally, if (4) holds, then A¢ € Tz . Therefore, by Definition 2.6.1, we have A~¢ =
A~¢7°. Hence, by using a similar argument as above, we can infer that A= = A7°7.
Moreover, by Theorems 1.9.3 and 1.8.3, we also have A C A~ . Therefore, A C A™°~,
and thus by Definition 2.11.1 assertion (1) also holds.

Remark 2.12.6. From this theorem, by using our former results on the families 73 and 7z ,
we can derive several properties of the family 7'75 .
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For instance, from Theorem 2.12.5, by using Theorems 2.2.2 and 2.8.3, we can imme-
diately derive the following

Theorem 2.12.7. If R is topological, then for any A C X the following assertions are
equivalent :

(1) AeTy;
(2) there exists V € Tr such that clg(A) = clg(V);
(3) there exist V € Tr and B C X suchthat clgr(A) =V UB and B Cresg (V).

Hence, we can easily derive the following counterpart of [37, Theorem 27] of Ekici and
[57, Theorem 3.8] of Jamunarani et al.

Corollary 2.12.8. If R is topological, A € 7'75 and A C B Cclgr(A), then B € TRﬁ also
holds.

Proof. By using the increasingness of —, Theorems 1.9.3 and 1.9.2, and the definition of
Fr, wecanseethat A= C B~ C A=~ C A~ , and thus A~ = B~. Hence, by Theorem
2.12.7, it is clear that the required assertion is also true.

Moreover, from Theorem 2.12.5, by using Theorem 2.8.5, we can also easily derive

Theorem 2.12.9. If R is topologically filtered, topological and A € 7'75 , then there exist
V € Tr and B € N such that

cr(A)=VUB and VNnB=40.

Now, analogously to [37, Theorem 23] of Ekici and [57, Theorem 3.5] of Jamunarani et
al., we can also prove the following

Theorem 2.12.10. If R is topological and A € 7'75 , then there exist V € T3 and B € Dr
suchthat A=V NB.

Proof. DefineV = A~ and B = AU A~¢. Then, by Theorem 2.12.5, we have V € T3 .
Moreover, by using the increasingness of — and Theorems 1.9.3 and 1.8.3, we can see that
B =(AUA¢) CA UA " CA UA =X,
Therefore, B~ = X, and thus B € Dy .
Moreover, by using Theorems 1.9.3 and 1.8.3, we can also see that
VNB=A"N(AUA ) =(A"NA)U(A " NA°)=AUb=A.
Therefore, the required assertion is also true.

The following example shows that the converse of this theorem is false.

Example 2.12.11. If X = {1, 2, 3,4} and R; is arelationon X, forevery i =1, 2, 3,
such that

Ri(l) = {1}, Ri(2) = R1(3) = i) = X;

Ro(1) = R2(2) = {1, 2}, Ry(3) = Ro(4) = X

R3(1) = X, R3(2) = R3(3) = {2, 3}, R3(4) = X;
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then R = {R;, Ra, R3} is a preorder relator on X such that, under the notations V' =
{2,3}and B={1,3,4},wehave V € T3 and B € D suchthat A=V NB ¢ 7;5.
To check this, note that Ry, Ry and Rj3 are just the Pervin preorders generated by the
sets {1}, {1, 2} and {2, 3}, respectively. Moreover, we have
A7 ={3}7°" ={3,4}°" =0"=0,V°" ={2,3}°" ={2,3} " = {2, 3,4}
and B~ =1{1, 3,4} = X.

2.13 Some Further Results on Topologically a—Open and 5-Open Sets

By using our former results and the plausible notation F2 = {Ac: Ae 7'75 }, we can also
easily prove the following counterpart of [37, Theorem 7] of Ekici and [57, Theorem 2.1] of
Jamunarani et al.

Theorem 2.13.1. If R is topological, then T = T,3 N Fi .

Proof. By Theorem 2.6.9, we have T3 = Tr N F3 . Moreover, by Theorems 2.11.5 and
2.11.6, we have Tr C 75 and T3 C 7'75 ,and thus F3, C .7-"7@ . Therefore, T35 C Tz N ]—'ﬁ.

On the other hand, if A € 75N .7-'7/;, then we have A € 7.3 and A € ]-'7’5 , and thus also
A€ € ’7'75 . Hence, by using Definition 2.11.1, we can infer that A C A°~°and A¢ C A¢7°~,
and thus also A¢7°~¢ C A. Moreover, by using the equalities c— = oc, —c¢ = co and
— = ¢ o ¢, we can see that A°°~¢ = A°c°~¢ = A°c°c® = A°~°  Therefore,
A°~° C A, and thus A = A°~° also holds. Hence, by using Theorem 2.7.4, we can
already infer that A € 77 . Therefore, 75 N ]:f; C Tz ., and thus the required equality is
also true.

Now, by using Theorem 2.11.3 and 2.12.5, we can also easily prove the following two
counterparts of [5, Theorem 2.4] of Andrijevic.

Theorem 2.13.2. If R is topological, then T = ’TRB .

Proof. By Theorem 2.11.3, we always have 75 C TRB . Therefore, we need only prove that
now 7'75 - ’7'7-3 also holds. For this, note that if A € 7'75 , then by Theorem 2.12.5 we have
A~ € T3 . Hence, by defining V = A~, we can note that V € 73 suchthat V C A~.
Moreover, by Theorems 1.9.3 and 1.8.3, it is clear that A C V is also true. Therefore, by
Definition 2.11.1 we also have A € T .

Theorem 2.13.3. If R is topologically filtered and topological, then T7g = Tg .

Proof. By Theorem 2.11.3, we always have 7'73 C 7'75 . Therefore, we need only prove that
now Tg C T3 also holds.

For this, note that if A € ’TRﬁ , then by Theorem 2.12.5 we have A~ € 7; . Hence, by
using Theorems 1.9.3, 1.8.3, 1.9.2 and 2.2.2, we can again infer that A~ = A=~ = A7°".

Now, by defining V = AN A~°, we can note that V' C A. Moreover, by using Theorems
1.13.3,1.9.3, 1.9.2 and 1.8.3, we can see that
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V- = (AﬂA*C’)* DATNA P =A"NA°=A4"°.
Hence, we can infer that V~° 2 A7°° = A=° D AN A~° = V. Thus, by Definition
2.1.2, we also have V € T} .

Moreover, we can now also note that A C A~ = A=°~ C V~~ = V. Therefore, by
Definition 2.11.1, we also have A € ng .

Unfortunately, concerning the relationship of the families 7;¢ and 77, we can only
prove the following

Theorem 2.13.4. If R is reflexive, then T;5 C T NTZ.

Proof. If A € T,¢, then by Theorem 2.11.6 we also have A € 73 and A € T3 . Hence,
by Theorem 2.11.4, we can see that A € 7;% and A € T7g also hold. Therefore, the required
inclusion is also true.

Remark 2.13.5. Later, we shall see that the corresponding equality need not be true. More-
over, 7,3 may also be a proper subset of T -

2.14 Topologically a—Open and b—Open Sets

In topological spaces, [S-open sets were actually called semi-preopen by Andrijevi¢ [5].
Later, this terminology was also used by Ganster and Andrijevi¢ [43] and Dontchev [32].

In a subsequent paper [8], Andrijevi¢ also introduced the notion of a b—open subset of a
topological space. Motivated by his definition, we may also naturally introduce the following

Definition 2.14.1. A subset A of a relator space X (R) will be called topologically
(1) a—open if A C clg (intg(A4)) Nintg (clg (4));
(2) b-open if A C clg (intg (A)) U intg (clg (A)).

And, the family of all such subsets of X (R) will be denoted by 755 with x = @ and b,
respectively.

Thus, analogously to Theorem 2.11.6, we evidently have the following

Theorem 2.14.2. We have
D) TE=TENTE; ) TEUTECTS.

Moreover, by using Theorems 2.11.6 and 1.8.3 and Definition 2.11.1, we can also prove

Theorem 2.14.3. If R is reflexive, then
(1) T CTH: 2) T C TR

Proof. Since (1) follows immediately from Theorems 2.11.6 and 2.14.2, we need only prove
(2). For this, note that if A € TRZ?, then by Definition 2.14.1 and Remark 2.11.7, we have
AC A°~ U A~°C A=°" . Thus, by Definition 2.11.1, A € 7;; also holds.
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Remark 2.14.4. Note that, by Theorem 2.14.2, we always have 732 C T2 . Thus, if R is
reflexive, then by Theorem 2.14.3 we also have 73 C Tf; .

Now, in accordance with [8, Remark 1] of Adrijevi¢, we can also prove

Theorem 2.14.5. If R is topologically filtered and topological, then for any A C X the
following assertions are equivalent :

(1) AcTh;
(2) there exist B € T and C € T} suchthat A=BUC.

Proof. If (2) holds then by Definition 2.1.2 we have B C B°~ and C C C'~°. Moreover,
we can see that B C A and C' C A. Hence, by using the increasingness of o — and —o,
we can infer that B°~ C A°~ and C~° C A~°. Therefore, we have A = BUC C
A°~ U A™°. Thus, by Definition 2.14.1, assertion (1) also holds even if R is not assumed to
have any particular properties.

Conversely, if (1) holds, then by Definition 2.14.1, we have A C A°~ U A~°. Hence, we
can infer that A = AN (AO_ U A_o) = (A N AO_) U (A N A‘O) . Thus, by defining
B=ANA°" and C = AN A~°, we can at once state that A = BUC'.

Now, by using Theorems 1.11.5, 1.9.3, 1.9.2 and 1.8.3, we can also see that

B°=(ANA°")° = A°NA°°D A°NA°° = A°N A° = A°,
and thus B°~ D A°~ D AN A°~ = B. Therefore, by Definition 2.1.2, we have B € T3 .
Moreover, by using Theorems 1.13.3, 1.11.5, 1.9.3, 1.9.2 and 1.8.3, we can see that
c— = (AﬂA*O)7 DATNA P =A"NA°=A"°,
andthus C7° D A7°° = A"°D2 AN A~° = C. Therefore, by Definition 2.1.2, we also
have C' € T} .

Remark 2.14.6. The above proof shows that if R is topologically filtered and topological,
then forany A C X wehave ANA°" € 7§ and ANA~° e TS.

2.15 The Duals of the Families 75 with x = «, 3, v, 6, @ and b

Analogously to Definition 2.5.1 we also introduce some further corresponding generalized
topologically closed sets, we shall also use the following plausible notation.

Definition 2.15.1. Forany x = «, 3, 7, 6, a and b, we define
]-}';:{AQX: ACE’T/{”}.

Analogously to Theorems 2.5.3 and 2.5.2, we can also prove the following two theorems.

Theorem 2.15.2. Forany A C X the following assertions are equivalent :
(1) Ae F;
(2) there exists W € F3 such that intr(A) C W C A.
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Theorem 2.15.3. Forany A C X the following assertions are equivalent :

() Ae Fp;

(2) there exists W € Fi such that intg(W) C AC W.

Proof. To prove that (1) = (2), note that if (1) holds, then A°¢ € ng . Thus, by Definition
2.11.1, there exists V € 7% such that V' C A°¢ C V. Hence, by using that co = —¢,

we can infer that V<° = V—¢ C A C V¢. Thus, by taking W = V¢, we can see that
W e }"7% such that W° C A C W, and thus (2) also holds.

Moreover, analogously to Theorems 2.5.4 and 2.5.5, we can also prove the following two
theorems.

Theorem 2.15.4. Forany A C X, the following assertions are equivalent :
(1) Ae FRs 2) clr (intn(cln (A))) C A.

Theorem 2.15.5. Forany A C X the following assertions are equivalent :
() Ae Fp: (2) intg (clg (intr (4))) C A.

Proof. By the corresponding definitions, we have
(1) <= A°CTj <= A°CA° = A°°°CA,
Moreover, by using the equalities c— = oc, —c = co and ¢ o ¢ = —, we can see that
AC*O*C — AOCO*C — AOCOCO — AO*O.
Therefore, we actually have (1) < A° " °C A << (2).

Now, by using Theorem 2.14.2, we can also easily prove the following
Theorem 2.15.6. We have Fj = Fy N Fp.

Proof. By the corresponding definitions and Theorem 2.14.2, for any A C X, we have
AeFf — AeTs < A°eTs;, A°eTh
— AeFp, AcF < AcFynF}.

Therefore, the required equality is true.

Hence, by using Theorems 2.5.3 and 2.5.4, we can immediately derive

Corollary 2.15.7. Forany A C X, the following assertions are equivalent :
(1) Ae Fa; (2) intg (clg (A)) Uclg (intr (A)) C A.

The latter statement can be proved directly, by using only the corresponding definitions.

Moreover, by using a direct argument, we can also easily prove the following counterpart
of this corollary.

Theorem 2.15.8. Forany A C X, the following assertions are equivalent :
(1) AeFh; (2) intg (clg (A)) Nclg (intr (A)) C A.
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Proof. By the corresponding definitions, we have

(1) < A°€TE = A°CA® UAT = (A UA°) CA.
Moreover, by using De Morgan’s law and the equalities established in the proofs of Theorems
2.5.3 and 2.5.4, we can see that (ACO’ U AC*O)C = AN A°7°c = A"°nN A°.
Therefore, we actually have (1) < A °NA°~ CA < (2).

2.16 Generalized Topologically Open Sets Derived from Topologically
Simple Relators

By Definition 2.1.2 and Theorem 1.16.17, we can at once state the following

Theorem 2.16.1. If R is nonvoid, then the following assertions are equivalent :
() Tg =P(X):
(2) R is properly topologically symmetric.

Hence, by using Theorems 2.6.6 and 2.14.2, we can immediately derive

Corollary 2.16.2. If R is nonvoid and properly topologically symmetric, then

() Tz =Fp; Q) T =Ts: 3) Tg = P(X).

Proof. Namely, by Theorems 2.6.6 and 2.14.2 and 2.16.1, we have

TR =TENFy =PX)NFs =Fp and TE=TENTE=TsNPX)="T5s.

Moreover, by Theorems 2.14.2 and 2.16.1, we have P(X) = T UP(X) = TRUTE C T2,
and thus 775 = P(X) also holds.

Remark 2.16.3. By using equality (1), we can also easily see that
AcFL <= A°cTy = A°cFp < AcTg.
Therefore, in addition to Corollary 2.16.2, we can also state that F, = T3 .
Now, in addition to Corollary 2.2.4, we can also state the following

Corollary 2.16.4. If R is nonvoid and properly topologically symmetric, then for any A C
X, the following assertions are equivalent :

() AeTs; (2) A = clg (intg (A)).

Proof. By Remark 2.16.3 and the equalities c— = oc and ¢ o ¢ = —, we have
AeTy <= AcFp < ATy < A°=A°"°
= A=AT° = A=A°°°° = A=A"".

Moreover, from Theorem 2.16.1, by Theorems 2.2.1 and 2.12.1, we can also derive

Corollary 2.16.5. If R is nonvoid, properly topologically symmetric and topological, then
) T = PX); @ TE = TR,
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From Corollary 1.16.10, we know that R is properly topologically symmetric if and only
if it is topologically simple and weakly symmetric.

Therefore, as a straightforward generalization of properly symmetric relators, we may also
naturally consider here topologically simple relators.

Theorem 2.16.6. If R is topologically simple and R = (| R, then forany A C X we have

(1) AeTs ifandonlyif AC R™'[R7'[A°]];

() AeTE ifandonlyif AC RTY[R™I[A]°]%;

(3) A€ TF ifand only if there exists V C X suchthat R[V]CV C AC R7'V];

(4) A€ TE® ifand only if there exists V C X suchthat AUR[V]CV C R™'[A].

Proof. By Theorem 1.15.5, we have R”™ = {R}". Hence, by Theorems 1.5.4 and 1.3.10,

we can see that clg (A) = clg(A) = R7'[A] and intg (A) = intg(A) = R[] A°]¢ for

all A C X. Moreover, by the corresponding definitions and Theorem 1.5.4, we can see that
AeTr < ACintg(4) <= ACintg(A) < R[A]CA.

Hence, by Definition 2.1.2, it is clear that required assertions are true.

Remark 2.16.7. By Definitions 2.6.1 and 2.11.1, in addition to assertions (1)—(4), we can,
for instance, also state that

(@ A€ T} ifandonlyif A= R™![R™1[A]]]%;
(b) A e T ifandonly if there exists V' C X such that
ACV CR'AIN R RI[A°]].
By using our former results on the various refinements of relators, we can also easily prove
the following

Theorem 2.16.8. Forany 0= x, # or A and Kk =5s,p, q,ps, r,a, B3,7,0,a orb,

we have T = Thn.

Proof. By Theorems 1.5.7 and 1.5.4, we have R" = RH”. Thus, by Theorem 1.5.4 and
the definition of 7z, we have clg = clgyo, intg = intizo and Tr = Tzo. Hence, by
Definitions 2.1.2, 2.6.1, 2.11.1 and 2.14.1, it is clear that the required equality is also true.

Remark 2.16.9. By [89, 17, 18, 16, 9, 6, 7], for any two relators R and S on X, the
possible consequences and equivalents of the inclusion 7% C T& should also be investigated.

2.17 Generalized Topologically Open Sets Derived from the Paratopo-
logical Refinements of Relators

In addition to Theorem 2.16.8, we can also prove the following

Theorem 2.17.1. If R is non-degenerated, then for any A C X the following assertions
are equivalent :

() AeTg \{0}; (2) A€ &r and R is non-partial .
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Proof. By Definition 2.1.2, (1) is equivalent to the statement (a) A C clga (intgs (A))
and A # (). Therefore, if (1) holds, then in particular we have (b) clra (intRA (A )) #0.

Next, we show that (b) implies (2). For this, note that if A ¢ £, then by Corollary 1.6.8
we have intga(A) = 0. Therefore, if (b) holds, then clgs () = clga (intgs (4)) # 0.
Hence, by using Corollary 1.6.8, we can infer that () € Dg . Thus, by Theorem 1.8.14, R
cannot be non-degenerated. This contradiction proves that (b) implies A € &5 .

However, if A € £, then by Corollary 1.6.8 we have intga(A) = X. Therefore, if (b)
holds, then clga(X) = clgs (intgs (4)) # 0. Hence, by using Corollary 1.6.8, we can
infer that X € Dg . Thus, by Theorem 1.8.9, R is non-partial. Consequently, (b) implies
(2), and thus (1) also implies (2).

In the sequel, we shall show that (2) implies that (¢) clgs (intRA (A)) =Xand A#£0.
For this, note thatif A € £x, then by Corollary 1.6.8, we have intga (A) = X . Moreover, if
R is non-partial, then by Theorem 1.8.9 we have () ¢ £r and X € Dg . Thus, in particular
A # 0. Moreover, by Corollary 1.6.8, we have clga (X) = X. Therefore, if (2) holds, then
in addition to A # () we also have clrs (intRA (A)) = clra(X) = X, and thus (c) also
holds. Hence, since (2) = (c) = (a) = (1), we can see that (2) also implies (1).

Now, by using the above theorem, we can also easily establish the following

Corollary 2.17.2. If R is non-partial and non-degenerated, then
T”;:A :é’RU{@} with @%L(:R

Proof. To prove this, note that by Theorem 2.17.1 we have 75s \ {0} = Ex . Moreover, by
Definition 2.1.2, we have ) € Tr for any relator R. And, by and Theorem 1.8.9, we have
() ¢ Ex for any non-partial relator R.

Concerning the family 77, , instead of an analogue of Theorem 2.17.1, we can only
prove the following counterpart of Corollary 2.17.2.

Theorem 2.17.3. If R is non-partial and non-degenerated, then
TL =DrU{0}  with 0¢Dr.

Proof. If A€ T}, \ {0}, then by Definition 2.1.2 we have
(a) A C intre (clgs(A)) and A #0.
Thus, in particular we have
(b) intra (clra(A)) #0.

Next, we show that (b) already implies A € Dg . For this, note that if A ¢ Dx, then by
Corollary 1.6.8 we have clgs(A) = (). Therefore, if (b) holds, then we have

intra (@) =intra (ClRA (A)) #* 0.

Hence, by using Corollary 1.6.8, we can infer that ) € Ex . Thus, by Theorem 1.8.9, the
relator R cannot be non-partial. This contradiction proves that (b) implies A € Dx, and
thus A € 75, \ {0} alsoimplies A € Dg.

In the sequel, we shall show that if A € Dx, then
(c) intgra (CIRA (A)) =X and A # 0.
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For this, note that if A € Dx, then by Corollary 1.6.8 we have clgs (A) = X . Moreover,
by Theorems 1.8.14 and 1.8.9, we have () ¢ Dr and X € Dg . Thus, in particular A # 0.
Moreover, by Corollary 1.6.8, we have clga (X) = X. Therefore, in addition to A # (),
we also have intra (CIRA (A)) = intgs(X) = X, and thus (c) also holds. Hence, since
AeDr = (c) = (@ = AeTE \{0}, wecansee that A € D also implies
AeTI N\ {0}.

Thus, we have proved that 7,5, \ {0} = Dx . Therefore, to obtain the required assertion,
we need only note that, by Definition 2.1.2, we have ) € ’Té’ for any relator R. Moreover,
by Theorem 1.8.14 we have () ¢ Dy for any non-degenerated relator R.

From Theorem 2.17.3 and Corollary 2.17.2, by using Theorem 2.6.6, we can derive
Theorem 2.17.4. If R is non-partial and non-degenerated, then Tz, = {0, X}.

Proof. If A € TZ., then by Theorem 2.6.6 we have A € T}, and A € Fj., and
thus A¢ € T7. . Hence, by using Theorem 2.17.3 and Corollary 2.17.2, we can infer that
(AeDr or A=0)and (A°€€Er or A°=0),andthus A¢ Dg or A= X.
Therefore, if A € Dg, then only A = X can hold. Hence, we can see thatif A € 77,
then either A = X or A = () holds. Thus, 77, C {0, X}.

On the other hand, from Theorems 2.17.3 and 1.8.9, we can see that (), X € 7'7& . More-
over, from Corollary 2.17.2 and Theorem 1.8.14, we can see that §, X € Txs , and thus
also 0, X ¢ Fa . Therefore, by Theorem 2.6.6, we also have 0, X e TRs » and thus also
{0, X} CTH,.

In addition to Theorem 2.17.1, we can also prove the following

Theorem 2.17.5. If R is non-degenerated, then for any A C X the following assertions are
equivalent :

(1) AeTHZ. \{0}; (2) there exists V € Er N Dy suchthat V C A.

Proof. If (1) holds, then A # (. Moreover, by Definition 2.1.2, there exists V' C X such
that V € Trs and V C A C clgs (V). Thus, in particular clgs (V) # 0. Hence, by
using Corollary 1.6.8, we can infer that V' € Dy . Moreover, from Theorem 1.8.14, we can
see that ) ¢ Dg, and thus V # (). Furthermore, from Corollary 1.6.9, we can see that
Tre = Er U {0} . Therefore, we necessarily have V € £ , and thus (2) also holds.

On the other hand, if (2) holds, then we have both V' € £z and V € Dx . Hence,
by using Corollary 1.6.9, we can also see that V' € Tra . Moreover, from Theorem 1.8.14,
we can see that V' # (), and thus A # (). Furthermore, from Corollary 1.6.8, we can see
that clga (V) = X, and thus A C clgs (V) trivially holds. Therefore, by Definition 2.1.2,
assertion (1) also holds.

Now, by using the above theorem, we can also easily establish the following

Corollary 2.17.6. If R is non-degenerated, then
T’]gA :gRﬁDRU{@} with @%DR
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Proof. To derive this from Theorem 2.17.5, note that £5 and Dy are ascending families of
subsets of X. Therefore, if assertion (2) in Theorem 2.17.5 holds, then we necessarily have
A € Er N'Dx . Moreover, by Definition 2.1.2, we have () € 7}% . And, by Theorem 1.8.14,
we have () ¢ Dx.

Analogously, to Theorem 2.17.5, we can also prove the following

Theorem 2.17.7. If R is non-degenerated, then for any A C X the following assertions are
equivalent :

(1) AeTRi\{0};

(2) A € D and there exists V € E suchthat A C V.

Proof. 1f (1) holds, then A # (). Moreover, by Definition 2.1.2, there exists V' C X such
that V € Trs and A C V C clga(A). Thus, in particular V' # () and clgs (A) # 0.
Hence, by using Corollary 1.6.8, we can infer that A € Dg . Moreover, from Corollary 1.6.9,
we can see that Trs = Ex U {0} . Therefore, V € £ , and thus (2) also holds.

On the other hand, if (2) holds, then by Theorem 1.8.14 and Corollary 1.6.8 we have
A # 0 and clgs (A) = X. Thus, we trivially have V' C clgs (A) . Moreover, from Corollary
1.6.9, we can see that V' € Trs . Therefore, by Definition 2.1.2, assertion (1) also holds.

Now, by using the above theorem, we can also easily establish the following

Corollary 2.17.8. If R is non-degenerated, then
7§i :DRU{Q)} with @%DR

Proof. To derive this from Theorem 2.17.7, note that, by Definition 2.1.2, for any R we have
0 e 7755. Moreover, by Theorem 1.8.14, we have X € Egr. Therefore, in assertion (2) of
Theorem 2.17.7, we can take V' = X. Furthermore, by Theorem 1.8.14, we have () ¢ Dx.

Remark 2.17.9. If R is non-partial and non-degenerated, then by Theorem 2.17.3 and Corol-
lary 2.17.8 we have 7%, = TA% .

However, the following theorem shows that, for non-degenerated R, the above equality
need not be true.

Theorem 2.17.10. If R is partial, then
TEr ={0} and = =P(X).

Proof. By Theorem 1.8.9, we have () € g and X ¢ Dg . Hence, since D is an ascending
family of subsets of X, we can see that, for any A C X, we also have A ¢ D . Now,
by using Corollary 1.6.8, we can see that intgs (clgs (A)) = intga () = X . Thus, by
Definition 2.1.2, we have 7'7§A = P(X). Moreover, by Corollary 2.17.8, we can also see
that 75 = Dr U{0} = 0 U {0} = {0}. Namely, since R is a partial relator, there exist
z € X and R € R suchthat R(z) = (. Thus, in particular X # () and R # 0. Therefore,
‘R is a non-degenerated relator.

Moreover, by using Theorems 1.8.9 and 1.8.14 and Corollary 1.6.8, we can also prove
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Theorem 2.17.11. If R is non-partial and non-degenerated, then
T7€A =&r U {@} with ®¢8R

Proof. If A € T4, then by Definition 2.11.1 we have A C intgrs (CIRA (iIltRA (A))) .
Hence, if A # (), we can infer that intgas (CIRA (intRa (A))) = (). Therefore, by Corollary
1.6.8, we necessarily have clga (intRA (A)) € Er . Moreover, from Theorem 1.8.9, we can
see that () ¢ £, and thus clgs (intRA (A)) # (). Hence, by using Corollary 1.6.8, we can
infer that intga (A) € Dg . Moreover, from Theorem 1.8.14, we can see that 1] ¢ Dr, and
thus intga (A) # (. Hence, by using Corollary 1.6.8, we can already infer that A € & .
Thus, we have proved that 7,34 \ {0} C €z, and hence T34 C Er U{0}.

On the other hand, if A € &g, then by Corollary 1.6.8 we have intg:(A4) = X.
Moreover, from Theorem 1.8.9, we can see that X € Dz . Hence, by using Corollary 1.6.8,
we can infer that clge (intra (4)) = clga (X) = X.

Moreover, from Theorem 1.8.14, we can see that X € £x . Hence, by using Corollary 1.6.8,
we can infer that intgs (clgs (intge (4))) = intgs (X) = X .

Therefore, A C intga (CIRA (intRA (A))) , and thus A € T, trivially holds. Thus, we
have proved that £r C 744 . Hence, since () € T3, trivially holds, we can see that
Er U{0} C T% isalso true.

Now, quite similarly, we can also prove the following

Theorem 2.17.12. If R is non-partial and non-degenerated, then
TE. =DrU {0}  with )¢ Dr.

Remark 2.17.13. Thus, in contrast to Theorem 2.11.6, we usually have T34 € TRBA . This,
in accordance with Remark 1.10.11, also shows that the relator R is not reflexive in general.
In Definition 3.12.1, the relator R will be called hyperconnected if £ C Dy . That is,
the identity function Ax of X is fatness reversing in the sense of [141, Definition 12.3].
Such relators have several remarkable properties. For instance, it can be easily shown that
R is hyperconnected if and only if R (x) NS (y) # 0 forall , y € X and R, Se€ R.
Thus, in particular, a hyperconnected relator is non-partial. Therefore, if R is non-

degenerated and hyperconnected, then by Theorems 2.17.11 and 2.17.12 we already have
T C Tt .

Now, by using Corollaries 1.6.8 and 2.17.2, we can also prove the following

Theorem 2.17.14. If R is non-partial and non-degenerated, then for any A C X the
following assertions are equivalent :

(1) AeTg \ {0}

(2) A € Dr and there exists V € Exr suchthat A C V.

Proof. If (1) holds, then A # (). Moreover, by Definition 2.11.1, there exists V' C X such
that V € 75, and A CV C clgs (A). Thus, in particular, V' # ) and clga (A) # 0 also
hold. Hence, by using Corollaries 2.17.2 and 1.6.8, we can already infer that V' € £x and
A € Dr, . Therefore, (2) also holds.
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Conversely, if (2) holds, then by using Corollaries 2.17.2 and 1.6.8 we can easily see that
V € T5. and clra (A) = X . Thus, in particular V' C clga (A) trivially holds. Hence, by
Definition 2.11.1, we can see that T7€’A . Moreover, by Theorem 1.8.14, we can also note that
A # (. Thus, (1) also holds.

Hence, analogously to Corollary 2.17.8, we can also derive

Corollary 2.17.15. If R is non-partial and non-degenerated, then
T%A =Dr U {@} with 0 ¢’DR

Concerning the family Tﬁ;, instead of an analogue of Theorem 2.17.14, we can only
prove the following counterpart of Corollary 2.17.15.

Theorem 2.17.16. If R is non-partial and non-degenerated, then
T2, =Dr U {0} with 0 ¢ Dr.

Proof. If A e ’TTfA , then by Definition 2.11.1 there exists V' C X such that V € 7'7§A and
V C A C clgs (V). Hence, if A # (), then we can infer that clgs (V) # @. Thus, by
Corollary 1.6.8, we necessarily have V' € Dg. Hence, since Dy is ascending, it is clear that
A € Dg also holds. This already shows that 7,3, C D U {0} .

On the other hand, if A € Dg, then by using Theorem 2.17.3 and Corollary 1.6.8, we
can see that A € T%A and clgs (V) = X . Hence, by taking V' = A, we can see that
V e Th, and V. C A C clge (V). Thus, by Definition 2.11.1, we also have A € T2, .
Hence, since () € Tx is always true, we can already infer that D U {0} C T2, .

2.18 A Few Illustrating Examples and a Diagram

The following example will show that, for a non-reflexive relator R, the six inclusions
derivable from Theorems 2.1.6 and 2.11.5 need not be true.
Example 2.18.1. If X = {1, 2, 3}, and R; and R; are relations on X such that
Ri(1) = {1}, Ri(2) = {1}, Ri(3) = {2, 3}:
Ro(1) = {1}, Ry(2) = {2, 3}, Ry(3) = {1, 2};
then R = { Ry, Ry} is a non-partial relator on X such that:
() Tg={0, X};
2 Tr=TAU{{2,3}};
B) Ta=TE={0, {1}, {1,2}, X};
@ TR=TR=TE=TR=T¢=Tg =T =T = TR U {{1, 3}}.
To check this, recall that for any x € X and A C X we have
r€A° < JRER: R(z)CA (z€A” < VReER: R(x)NA#0).

Therefore, concerning the relevant operations on subsets of X, we can state :
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P(X) o — o— —o o—o — 0 —
0 0 0 0 0 0 0
{1} {1,2} {1} X {1,2} X X
{2} 0 {3} 0 0 0 0
{3} 0 0 0 0 0 0
{1,2} X X X X X X
{1,3} {1,2} X X X X X
{2,3} {2,3} {3} {3} 0 0 0
X X X X X X X

By using Theorems 2.1.5, 2.1.6, 2.6.6, 2.11.3, 2.11.4, 2.11.5, 2.14.2 and 2.14.3, we can
easily establish the following

Diagram 2.18.2. For a reflexive relator R, the following implications hold :

AeTh

%

AeTh AeTh AeTy

AeTg AeTy

AeTr

Remark 2.18.3. Note that, by Theorems 2.1.5,2.6.6, 2.11.3 and 2.14.2, nine from the above
implications do not require the relator R to be reflexive.
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The following simple example will show only that eight implications in Diagram 2.18.2
are not reversible.

Example 2.18.4. If X = {1, 2, 3} and Ris arelation on X such that
R(1)={1,2} and R2)=R@) =X,

then R = {R} is areflexive relator on X such that:

D) Tr=T5=T5 =40, X};

Q) Tip=Tg=Tg={0,{1,2}, X};

() T =T = Te = Te = T3 = T = P(X)\{{3}}.

To check this, note that now we have :

'P(X) o — o— —o o—o0 — 0 —
0 0 0 0 0 0 0
1] 0 X 0 X 0 X
(2} 0 X 0 X 0 X
{3} ) {2,3} U 0 0 0
{1,2} {1} X X X X X
(1.3} 0 X 0 X 0 X
{2,3} 0 X 0 X 0 X
X X X X X X X

The following, more difficult example will already show that sixteen implications in Dia-
gram 2.18.2 are not reversible.

Example 2.18.5. If X = {1, 2, 3, 4} and R; and R, are relations on X such that
Ri()= R (2) =1{1, 2, 3}, Ri(3) = Ri(4) ={1, 3, 4};

Ry()={1, 2, 3}, Ry (2) ={1, 2}, Ro(3) = Ra(4) = {3, 4};

then R = { Ry, Ry} is areflexive relator on X such that:

(D) Tr =T =10, {3, 4}, X}; 2 T =TrU{{2}};
B) TA=Tg="TrU{{1,3,4}}; @ T5=TIU{{1,2}};
&) T =PX)\{{1}, {1,2}}; ©) T =TE\{{2}};
D) TR=TR=P(X)\{{1}}: ®) T =T =P(X).

To check this, note that now we have :
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P(X) ) — o— —o o—o —0o—
0 0 0 0 0 0 0
{1} 0 {1,2} U {2} 0 {1,2}
{2} 0 {1,2} 0 {2} 0 {1,2}
{3} 0 {1,3,4} 0 {3,4} 0 {1,3,4}
{4} 0 {3,4} U {3,4} 0 {1,3,4}
{1,2} {2} {1,2} {1,2} {2} {2} {1,2}
{1,3} 0 X U X 0 X
{1,4} 0 X 0 X 0 X
{2,3} 0 X U X 0 X
{24} 0 X 0 X 0 X
(3,4} | {34} |{1,3.4F |{1,3,4F | {34} (3.4} | {1,3,4}
{1,2,3} {1,2} X {1,2} X {2} X
{1,2,4} {2} X {1,2} X {2} X
{1,3,4} {3,4} X {1,3,4} X {3,4} X
{2,3,4} | {3,4} X {1,3,4} X (3,4} X
X X X X X X X

Remark 2.18.6. Examples 2.18.4 and 2.18.5, together, already show that seventeen implica-
tions in Diagram 2.18.2 are not reversible.

However, unfortunately, they cannot be used to show that the remaining implication
AeTy = AeT, isalsonot reversible.

Note that, by Theorem 2.11.3, the above implication does not require the relator R to be
reflexive. Moreover, if R is topological, then by Theorem 2.13.2 the reverse implication is
also true.



Chapter 3. Minimality and Connectedness
Properties in Relator Spaces

3.1 Quasi-Proximally and Quasi-Topologically Minimal Relators

Analogously to the definition of a minimal topology, we may naturally introduce

Definition 3.1.1. The relator R will be called
(1) quasi-proximally minimal if 7o C {0, X};
(2) quasi-topologically minimal if Tr C {0, X }.

Remark 3.1.2. Ifin particular R # (}, then by Theorems 1.4.5 and 1.4.11 we have {0, X } C
Tr C Tr . Therefore, in this case, we may write equalities instead of inclusions in the above
definition.

The use of the term quasi-proximally and quasi-topologically instead of proximally and
topologically is only motivated by the fact that the families 7, and 75 are, in general, much
weaker tools than the relations Intx and inty.

Now, as an immediate consequence of Definition 3.1.1, we can state
Theorem 3.1.3. If R is quasi-topologically minimal, then R is quasi- proximally minimal.

Proof. By Theorem 1.4.11, we have 7, C Tx for any relator R. Moreover, if R is quasi-
topologically minimal, then we also have Tr C {0, X}. Therefore, in this case 7o C
{0, X} also holds. Thus, R is quasi-proximally minimal.

Moreover, by using Definition 3.1.1, we can also easily prove the following

Theorem 3.1.4. The following assertions are equivalent :
(1) R is quasi-topologically minimal;
(2) R” is quasi-proximally minimal .

Proof. Note that if R # ), then by Corollary 1.6.3 we have 71 = Tx. Therefore, 7o C
{0, X} if and only if T C {0, X }. Thus, assertions (1) and (2) are equivalent.
While, if R = ), then it is clear that Tz = {0} . Therefore, assertion (1) holds. Moreover,
we can also note that

(a) if X #£ 0, then R" =0, and thus 7xr = 0;

(b) if X =0, then R" = {0}, and thus 7.~ = {0} .
Therefore, assertion (2) also holds.

Consequently, if R = @, then assertions (1) and (2) trivially hold. Thus, in particular,
they are equivalent.

72
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Remark 3.1.5. Note that R C R”, and thus 7, C 7z~ . Therefore, the quasi-proximal
minimality of R” implies that of R. Thus, Theorem 3.1.3 can be derived from Theorem
3.1.4.

Now, as an immediate consequence of Theorem 3.1.4, we can also state

Corollary 3.1.6. If R is topologically fine, then R is quasi-proximally minimal if and only
if R is quasi-topologically minimal.

Proof. Here, we have R = R . Therefore, by Theorem 3.1.4, the equivalence is true.
In addition to this corollary, it is also worth proving the following

Theorem 3.1.7. If R is proximally simple, then R is quasi-proximally minimal if and only
if R is quasi-topologically minimal.

Proof. Now, there exists a relation S that R# = {S}#, and thus also R" = {S}".
Hence, by using Corollary 1.5.5 and Remark 1.4.12, we can see that

TR = Tr# = Tysy# = Tysy = T{sy = Tisyn = Tra = Tr.
Therefore, by Definition 3.1.1, the required assertion is true.

Concerning quasi-minimal relators, we can also easily prove the following two theorems.

Theorem 3.1.8. The relator R is quasi-proximally minimal if and only if any one of the
relators R, R*, R#* and R~ is quasi-proximally minimal.

Proof. Recall that 7 = 7,0 forall O € {co,*,#}, and 7o 1 = Fr = {AC A€ TR}.
Therefore, by Definition 3.1.1, the required assertion is true.

Remark 3.1.9. From Theorem 3.1.8, we can see that the relator R is quasi-proximally min-
imal if and only if any one of the relators R#> and R>°# is quasi-proximally minimal.

Theorem 3.1.10. The relator R is quasi-topologically minimal if and only if any one of the
relators R*, R¥ | R" and R">° is quasi-topologically minimal.

Proof. Recall that Tr = Tpo forall O € {*, #, A, Aco}. Therefore, by Definition
3.1.1, the required assertion is true.

Remark 3.1.11. Note that R®° C R”, and thus Tre C Tx . Therefore, if R is quasi-
topologically minimal, then R is also quasi-topologically minimal.

3.2 The Main Characterizations of Quasi-Minimal Relators

From Theorem 3.1.4, we can see that the properties of the quasi-topologically minimal relators
can, in priciple, be immediately derived from those of the quasi-proximally minimal ones.

Therefore, it is of major importance to prove the following basic characterization theorem
of quasi-proximally minimal relators.
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Theorem 3.2.1. The following assertions are equivalent :
(1) R is quasi-proximally minimal ;
@R (X2}, R C{X2}; @R*¥C{X?}?; (HR*>C{X2).
Proof. By taking S = { X2}, we can note that 7s = {(), X} and S = S#. Moreover, by
using Theorem 1.7.4 and the Galois property of the operations oo and J, we can see that
TR C{0, X} <= 7 C1s < R C S#9
= RPCS* <= R¥CS «— RCSY.
Therefore, assertions (1), (2) and (3) are equivalent.

Now, by using Theorem 3.1.8 and the above equivalences, we can see that assertions (1),
(4) and (5) are also equivalent.

Remark 3.2.2. Note that, by Theorem 3.1.8, instead of # we may also write co, * or —1
in the assertions (4) and (5) of the above theorem.

Detailed reformulations of assertion (3) of Theorem 3.2.1 give the following

Corollary 3.2.3. The following assertions are equivalent :

(1) R is quasi-proximally minimal ;

(2) foreach R € R wehave R® = X?2;

(3) foreach Re R and a,be X In € {0} UN such that (a, b) € R™;

4) foreach Re R and a,be X In € {0} UN and afamily (x;)7_, in X such that
xo=a, T,=0b and (x;_1, ;) €R forall i=1,2,..., n.

Proof. To derive this from Theorem 3.2.1, recall that R = {R°° : R € R} with
R>® = |J R",where R" = Ax if n=0, and R" = RoR" ! if n e N.

n=0
Remark 3.2.4. From the equivalence of assertions (1) and (4) in this corollary, we can see
that, for Euclidean and metric spaces, our quasi-proximal minimalness coincides with the
well-chainedness (chain-connectedness) studied by G. Cantor in 1883. (See Thron [143, p.
291, and also Wilder [147].)
While, from the equivalence of assertions (1) and (3) in Theorem 3.2.1, we can see that, for
uniformities and nonvoid relators, our quasi-proximal minimalness coincides with the well-

chainedness and proper well-chainedness studied mainly by Levine [78] and Kurdics, Pataki
and Széz [66, 67, 68, 94].

Now, as an immediate consequence of Theorems 3.1.4 and 3.2.1, we can also state
Theorem 3.2.5. The following assertions are equivalent :
(1) R is quasi-topologically minimal ; ) RNC{X2}9; (3) R">® C {X?}.

Remark 3.2.6. By Theorems 3.2.1 and 3.2.5, the relator 'R may be naturally called -
minimal, for some unary operation [ for relators, if RP C {X?2}.

Moreover, in particular the relator R may be naturally called quasi— O—minimal, for some
unary operation [J for relators on X, if itis [Joo—minimal. That is, RUe - { X2} .
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3.3 Further Characterizations of Quasi-Minimal Relators

A simple reformulation of Definition 3.1.1 gives the following

Theorem 3.3.1. The following assertions hold :
(1) R is quasi-proximally minimal if and only if 7, C {0, X};
(2) R is quasi-topologically minimal if and only if Fr C {0, X}.

Proof. By Theorem 1.4.3, for any A C X, we have A € 7 if and only if A°¢ € 7.
Hence, it is clear that 7, C {0}, X} if and if 7 C {0, X}. Therefore, assertion (1) is
true. Assertion (2) can be proved quite similarly by using Theorem 1.4.8.

Concerning quasi-proximally minimal relators, we can also easily prove

Theorem 3.3.2. If () ¢ R, then the following assertions are equivalent :

(1) R is quasi-proximally minimal ;

(2) X =AUB implies A€ Clg(B) forall A, BC X with A, B#0;

(3) A€ Intgr(B) implies BZ A forall A, BC X with A#( and B # X.

Proof. If (1) does not hold, then 7, € {#, X }. Therefore, there exists A € T such that
A#( and A # X . Hence, since A C A and A € Intg(A), itis clear that (3) does not
also hold. Therefore, (3) implies (1).

Conversely, if (3) does not hold, then there exist A, B C X such that A # 0,
B # X, BC Aand A € Intg(B). Hence, by the definition of the relation Intg, it
is clear that we also have A € Intg(A) and B € Intg(B), and thus A, B € 75 . Now,
we can already see that 7, Z {0, X}, and thus (1) does not also hold. Therefore, (1) also
implies (3).

Namely, if 7. C {}, X}, then because of A, B € 7, wealsohave A, B € {0, X}.
Hence, since A # () and B # X, we can infer that A = X and B = (). Therefore, because
of A € Intg(B), we actually have X € Int (). Thus, there exists R € R such that
R[X]C0, andthus R[X ] = 0. This implies that R = ), and thus () € R . And, this is a
contradiction.

Now, to complete the proof, it remains only to show that (2) and (3) are also equivalent. For
this, note that if for instance (2) does not hold, then there exist A, B C X suchthat A, B #
0,X =AUB and A ¢ Clg(B). Hence, by using that Clg(B) = P(X) \ Intg (B), we
can infer that A € IntR(BC) . Moreover, since B # () and X = AU B, we can also note
that B¢ # X and B¢ C A. Therefore, assertion (3) does not also hold. This shows that (3)
implies (2).

Remark 3.3.3. Note that the implications (2) <= (3) = (1) do not require the extra
conditionon R that f ¢ R.

Moreover, if R is a quasi-proximally minimal relator such that () € R, then by the
definition of co and Theorem 3.2.1 we necessarily have Ax = (0 € R> C {XQ},
and thus Ay = X 2. Therefore, X is either the empty set or a singleton. Consequently, in
Theorem 3.3.2, instead of () ¢ R we may also naturally assume that card (X) > 1.
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Theorem 3.3.4. If card (X) > 1, then the following assertions are equivalent :

(1) R is quasi-topologically minimal ;

(2) X =AUB implies ANclr(B)#0 forall A, BC X with A, B#0;
(3) ACintgr(B) implies BZ A forall A, BC X with A#0 and B # X .

Proof. If R # (), then by Theorems 3.1.4, 3.3.2 and 1.6.1 it is clear that the following
assertions are equivalent :

(a) R is quasi-topologically minimal;

(b) R" is quasi-proximally minimal;

(c) A€ Intra(B) implies BZ A forall A, BC X with A#0 and B # X;
(d) ACintg(B) implies BZ A forall A, BC X with A# () and B # X .
Therefore, in this case, assertions (1) and (3) are equivalent.

While, if R = (J, then it is clear that Tz = {0}, and thus (1) trivially holds. Moreover,
in this case, we can note that intg(B) = (). Therefore, if A C intg(B), then A = (.
Thus, (3) also trivially holds.

Now, it remains only to show that (2) and (3) are also equivalent. For this, one can recall
that clg(B) = X \ intg (B¢) forall B C X. Therefore, a similar argument as in the proof
of Theorem 3.3.2 can be applied.

Remark 3.3.5. Note that in this theorem, instead of card(X) > 1 we may assume that
() ¢ R”™. That is, there exists z € X such that for any R € R we have R (z) € (), and thus
R(z) # 0.

3.4 Paratopologically Minimal Relators

Analogously to the definition of a minimal topology, a stack (ascending family) A of subsets
of a set X may be naturally called minimal if 4 C {X}.

Therefore, having in mind the family £ of all fat sets generated by a relator R, we may
also naturally introduce the following

Definition 3.4.1. The relator R will be called paratopologically minimal if
Er C{X}.

Remark 3.4.2. Note that if R is non-degenerated in the sense that both X and R are non-
void, then by Theorem 1.8.14 we have X € Egr . Therefore, in this case, we may write
equality instead of inclusion in Definition 3.4.1.

The following theorems will show that paratopological minimalness is a much stronger
property than quasi-topological minimalness.

Theorem 3.4.3. If R is paratopologically minimal, then R is both quasi-proximally and
quasi-topologically minimal.
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Proof. By Theorem 1.4.13, we have T \ {0} C Ex for any R. Moreover, if R is paratopo-
logically minimal, then we also have g C { X }. Therefore, in this case T \ {0} C {X}
also holds. Hence, we can infer that Tz C {0, X }. Therefore, R is quasi-topologically
minimal. Now, by Theorem 3.1.3, we can see that R is quasi-proximally minimal too.

From Theorem 3.4.3, we can easily derive the following stronger statement.

Corollary 3.4.4. If R is paratopologically minimal, then R* is also both quasi-proximally
and quasi-topologically minimal.

Proof. By Corollary 1.5.5, we have Exa = Ex for any R. Therefore, if in particular R is
paratopologically minimal, then the relator R* is also paratopologically minimal. Thus, by
Theorem 3.4.3, it has the required quasi-minimalness properties.

Now, in addition to Corollary 3.4.4, we can also easily prove the following

Theorem 3.4.5. If R is non-partial, then the following assertions are equivalent :
(1) R is paratopologically minimal;

(2) R*2 is quasi-proximally minimal ;

(3) R*2 is quasi-topologically minimal.

Proof. From Corollary 3.4.4, we know that (1) implies (2). Moreover, from Theorem 1.5.7,
we know that R2" = R . Therefore, by Corollary 3.1.6, assertions (2) and (3) are equiva-
lent.

Thus, we need only prove that (3) also implies (1). For this, note that if (3) holds, then by
Corollary 1.6.11 and Definition 3.1.1 we have Ex = Tre \ {0} C {0, X }\ {0} ={X}.
Therefore, by Definition 3.4.1, R is paratopologically minimal.

Now, combining Theorems 3.2.1 and 3.4.5, we can also state

Theorem 3.4.6. If R is non-partial, then the following assertions are equivalent :
(1) R is paratopologically minimal ;
(2) RAQ{XQ}a,’ (3) RAOOQ{XQ}.

Remark 3.4.7. Note that the implications (1) = (2) <= (3) in the above two theorems do
not require the relator R to be non-partial.

Moreover, by Theorem 3.4.6, a non-partial relator R is paratopologically minimal if and
only if it is quasi-A—minimal in the sense of Remark 3.2.6.

3.5 Further Characterizations of Paratopologically Minimal Relators

By using Definition 3.4.1, we can also easily prove the following

Theorem 3.5.1. The following assertions are equivalent :
(1) R is paratopologically minimal ; 2) RC{X?}.
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Proof. If R € R, then by Theorem 1.3.17 we have R (z) € £g forall z € X. Hence, if (1)
holds, i.e., Er C { X}, we can infer that R (z) = X forall x € X, and thus R = X2
This shows that either R = () or R = { X2} . Therefore, (2) also holds.

Conversely, if (2) holds, then either R = ) or R = { X2}. Now, if R = (), then by
Theorem 1.3.17 we can see that £ = (. While, if R = { X2}, then we can note that
Er=0if X =0 and Eg = { X} if X # 0. Therefore, in both cases, £ C { X }, and
thus (1) also holds.

Remark 3.5.2. By this theorem and Remark 3.2.6, the relator R is paratopologically minimal
if and only if it is [J-minimal with [J being the identity operation for relators.

Now, analogously to Theorems 3.1.8 and 3.1.10, we can also easily prove

Theorem 3.5.3. The relator R is paratopologically minimal if and only if any one of the
relators R*, R#*, R", R® and R~" is paratopologically minimal.

Proof. By Theorem 1.5.7 and Corollary 1.5.5, we have Eg = Exn forall O € {*,#, A, A}
Therefore, by Definition 3.4.1, the paratopological minimalness of R is equivalent to that of
R,

Moreover, we evidently have R C { X2} if and only if R~! C { X2} . Therefore, by
Theorem 3.5.1, the paratopological minimalness of R is also equivalent to that of R 1.

Remark 3.5.4. Note that R C R2, and thus Er~ C Er . Therefore, if R is paratopo-
logically minimal, then R is also paratopologically minimal.

Moreover, as some useful reformulations of Definition 3.4.1, we can also easily prove the
following two theorems.

Theorem 3.5.5. The following assertions are equivalent :
(1) R is paratopologically minimal ; (2) P(X)\ {0} C Dr.

Proof. If (1) holds, then £x C {X }. Hence, by using Theorem 1.3.14, we can see that
B#0) = B°4Y = B°¢&r = BeDg
for all B C Y. Therefore, (2) also holds.
Conversely, if (2) holds, then by using Theorem 1.3.14 we can similarly see that
Beér = B°¢Dr — B°=0) = B=X.
Therefore, Er C { X }, and thus (1) also holds.

Theorem 3.5.6. The following assertions are equivalent :
(1) R is paratopologically minimal ;

(2) Intg(B) C{0} forall BC X with B+# X;

3) P(X)\{0} C Clg(B) forall BC X with B # 0.

Proof. If S = X2, then we can note that {S}# = {S}. Moreover, by using Theorems
3.5.1 and 1.5.4, we can see that

(1) <= RC{S} «— RC{S}*# < Intg C Intg.
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On the other hand, we can also note that S[A] =0if A=0 and S[A]=Xif A#0
forall A C X. Hence, by using Definition 1.3.2, we can see that Intg(B) = {0} if B # X
and Ints(B) = P(X) if B = X forall B C X. Therefore,

1) <—= IntrCIntg <— VBCX: IntR(B) - IntS(B)
<— VBeP(X)\{X}: Intg(B) C{l} <= (2).
The equivalence of assertions (2) and (3) can be proved with the help of Theorem 1.3.4.

Now, as an immediate consequence of this theorem, we can also state

Theorem 3.5.7. The following assertions are equivalent :
(1) R is paratopologically minimal ;

(2) intr(B) =0 forall BC X with B # X;

(3) X =clr(B) forall BC X with B#0.

Proof. To prove the equivalence of assertions (2) of Theorems 3.5.6 and 3.5.7, note that for
any B C X, we have intg(B)=0 <= Intg(B) C{0}.

From this theorem, it is clear that in particular we also have

Corollary 3.5.8. If in particular R is paratopologically minimal, then Tr \ {X} C {0},
and thus also T, \{X} C {0}.

Remark 3.5.9. Analogously to the various minimal relators, the corresponding maximal
relators can also be naturally introduced.

However, these are certainly less important than the corresponding minimal ones which
are generalizations of well-chained (chain-connected) uniformities.

3.6 Quasi-Proximally and Quasi-Topologically Connected Relators

Analogously to the definition of a connected topology, we may naturally introduce the
following

Definition 3.6.1. The relator R will be called
(1) quasi-proximally connected if 1o N Fr C {0, X};
(2) quasi-topologically connected if Tr N Fr C {0, X}.

Remark 3.6.2. If in particular R # (), then by Theorems 1.4.5 and 1.4.11 we have
{0, X} CmrNFr C TrNFr.
Therefore, in this case, we may write equalities instead of inclusions in the above definition.

By using Definitions 3.1.1 and 3.6.1, we can easily establish the following

Theorem 3.6.3. If R is quasi-proximally (quasi-topologically) minimal, then R is quasi-
proximally (quasi-topologically) connected.
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Proof. If R is quasi-proximally minimal, then by Definition 3.1.1 7, C {(, X }. Thus, in
particular we also have 7, N 7 C {0, X }. Therefore, by Definition 3.6.1, R is quasi-
proximally connected.

This proves the first statement of the theorem. The second statement can be proved quite
similarly.

Now, as an immediate consequence of Theorems 3.4.3 and 3.6.3, we can also state

Corollary 3.6.4. If R is paratopologically minimal, then R is both quasi-proximally and
quasi-topologically connected.

Moreover, analogously to the corresponding results of Section 3.1, we can also prove the
following statements.

Theorem 3.6.5. If R is quasi-topologically connected, then R is quasi-proximally con-
nected.

Proof. By Theorem 1.4.11 and Definition 3.6.1, we have 7, N 7 C Tr N Fr C {0, X }.
Therefore, by Definition 3.6.1, R is quasi-proximally connected.

Theorem 3.6.6. The following assertions are equivalent :
(1) R is quasi-topologically connected ;
(2) RN is quasi-proximally connected .

Proof. If R # (), then by Corollary 1.6.3 we have 7x» = Tz and Frr = Fg, and thus
also 7rr N Fra = Tr N Fr . Therefore, by Definition 3.6.1, assertions (1) and (2) are
equivalent.

While, if R = (), then from the proof of Theorem 3.1.4 we know that R is quasi-
topologically minimal and R” is quasi-proximally minimal. Hence, by using Theorem 3.6.3,
we can infer that R is quasi-topologically connected and R” is quasi-proximally connected.

Corollary 3.6.7. If R is topologically fine, then R is quasi-proximally connected if and only
if R is quasi-topologically connected.

Theorem 3.6.8. If R is proximally simple, then R is quasi-proximally connected if and only
if R is quasi-topologically connected.

Proof. From the proof of Theorem 3.1.7, we know that 7, = Tx . Hence, it is clear that
Fr = Fr, and thus also 72 N Fr = Tr N Fr . Therefore, by Definition 3.6.1, the required
assertion is also true.

Theorem 3.6.9. The relator R is quasi-proximally connected if and only if any one of the
relators R, R*, R* and R~ is quasi-proximally connected.

Proof. Recall that, for any O € {oo,*, #}, we have 7 = TRO . Hence, it is clear that
FR = FpO, and thus also 7 N Fr = TRpO N Frpo.

Moreover, we also have 7, -1 = #r , and thus also 75, -1NFz -1 = FRATR = TRNFR .
Hence, by Definition 3.6.1, it is clear that the required assertion is true.
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Remark 3.6.10. From this theorem, for instance, we can see that R is quasi-proximally con-
nected if and only if any one of the relators R#°° and R>°# is quasi-proximally connected.

Theorem 3.6.11. The relator R is quasi-topologically connected if and only if any one of the
relators R*, R* and R" is quasi-topologically connected.

Proof. Recall that, for any O € {*, #, A}, we have Tgr = Txo. Hence, it is clear that
Fr = Fro, and thus also Tg N Fr = Tro N Fro. Therefore, by Definition 3.6.1, the
required assertion is true.

Remark 3.6.12. From Remark 3.1.11, we know that 7r~ C Tr . Hence, it follows that
Fre C Fr, and thus also Tre NFre C Tr N Fr . Therefore, if R is quasi-topologically
connected, then R is also quasi-topologically connected.

3.7 The Main Characterizations of Quasi-Connected Relators

From Theorem 3.6.6, we can see that the properties of quasi-topologically connected relators
can, in principle, be immediately derived from those of the quasi-proximally connected ones.

Therefore, it is of major importance to note that, by using the relator
RVR'={RUS™': R,SeR},
we can also prove the following

Theorem 3.7.1. The following assertions are equivalent :
(1) R is quasi-proximally connected ;
(2) RV R~ is quasi-proximally minimal .

Proof. By Corollary 1.17.6, we have T, ,z-1 = Tx N Fx . Thus, by Definitions 3.1.1 and
3.6.1, assertions (1) and (2) are equivalent.

Now, as an immediate consequence of Theorems 3.6.6 and 3.7.1, we can also state

Theorem 3.7.2. The following assertions are equivalent :
(1) R is quasi-topologically connected ; (2) RANVRY is quasi-proximally minimal.
Proof. From Theorems 3.6.6 and 3.7.1, we can see that

R is quasi-topologically connected <= R” quasi-proximally connected

— RV (R/\)_l quasi-proximally minimal.
Thus, since RY is defined by (RA)_l, assertions (1) and (2) are also equivalent.

Remark 3.7.3. The latter two theorems show that the properties of the quasi-proximally and
quasi-topologically connected relators can, in principle, be also immediately derived from
those of the quasi-proximally minimal ones.

The fact that minimalness is a more important notion than connectedness was first es-
tablished by Kurdics, Pataki and Szdz [66, 68, 94] by using well-chainedness instead of
minimalness and the relator RVR ! instead of RV R,
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Now, from Theorem 3.7.1, by using Theorem 3.2.1, we can easily derive

Theorem 3.7.4. The following assertions are equivalent :
(1) R is quasi-proximally connected ;

2) RVR™' C{X?}9; 3) (RVR™)™ C{X?};
@ R¥O(RY) T (X ) (RPN (RY)T)T C (X2},

Proof. To obtain assertions (4) and (5), instead of the equalities
(RVR-1)* =R#n (R-1)* =R#n (R#) ",
it is better to use Theorem 3.6.9 and the equivalence of assertions (1), (2) and (3).

Moreover, from Theorem 3.7.2, by using Theorem 3.2.1, we can similarly derive

Theorem 3.7.5. The following assertions are equivalent :
(1) R is quasi-topologically connected ;
(2) RAVRY C{X?}?; 3) (R"VRY)™ C{X?}.

Remark 3.7.6. By Theorems 3.7.1, 3.1.8 and 3.7.2, the relator R may be naturally called
quasi- [J—connected, for some unary operation [J for relators on X, if the relator

RYV(RY) ~! is quasi-proximally minimal.

3.8 Further Characterizations of Quasi-Connected Relators

Now, in addition to Theorems 3.7.1 and 3.7.4, we can also prove the following

Theorem 3.8.1. If () ¢ R, then the following assertions are equivalent:

(1) R is quasi-proximally connected ;

(2) Aentg(B) and B € Intg(A°) imply BEZ A forall A, BC X with A# 0
and B # X;

(3) X = AU B implies that either A € Clg(B) or B € Clg(A) forall A, BC X
with A, B # (.

Proof. Clearly, ) ¢ R implies ) ¢ R UR L. Thus, by using Theorems 3.7.1, 3.3.2, 1.17.4
and 1.3.9, we can see that the following assertions are equivalent :

(a) R is quasi-proximally connected ;

(b) RV R™! is quasi-proximally minimal ;

(¢) X =AUB implies A € Clgyr-1(B) forall A, BC X with A, B#0;

(d) X = AUB implies that either A € Clg(B) or A € Clg-1(B) forall A, BC X
with 4, B #0;

(d) X = AU B implies that either A € Clg(B) or B € Clg(A) forall A, BC X
with A, B#0.

Therefore, assertions (1) and (3) are equivalent.
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Now, it remains only to show that (2) and (3) are also equivalent. For this, note that if for
instance (2) does not hold, then there exist A, B C X suchthat A# (), B#X,BC A,
A €Intg(B) and B¢ € Intg ( A°). Hence, by using that Intg (B) = P(X) \ Clg(B°),
we can infer that A ¢ Clg (B¢) and B¢ ¢ Clg(A).

Moreover, we can also note B¢ # () and X = AU B¢. Therefore, (3) does not also hold.
This shows that (3) implies (2).

Remark 3.8.2. By Remark 3.3.3, the implications (3) <= (2) = (1) do not require the
extra condition that () ¢ R .

Moreover, analogously to Theorem 3.3.4, we can also prove the following

Theorem 3.8.3. If card(X) > 1, then the following assertions are equivalent :

(1) R is quasi-topologically connected ;

(2) ACintg(B) and B¢ Cintg (A€) imply BEZ A forall A, BC X with A# 0
and B # X;

3) X = AU B implies that either ANclg(B) # 0 or clg(A)N B # 0 for all
A, BC X with A, B#0.

Proof. If R # (), then by Theorems 3.6.6, 3.8.1 and 1.6.1 it is clear that the following
assertions are equivalent :
(a) R is quasi-topologically connected;
(b) R”" is quasi-proximally connected ;
() A €Intgra(B) and B° € Intga(A°) imply BZ A forall A, B C X with
A#0 and B # X;
(d ACintg(B) and B¢ C intg(A°) imply B Z A forall A, B C X with
A#0 and B # X.
Therefore, in this case, assertions (1) and (2) are equivalent.

While, if R = (J, then it is clear that Tz = {0}, and thus (1) trivially holds. Moreover,
in this case, we can note that intg (B) = ) forall B C Y. Therefore, if A C intg (B) and
B¢ Cintg (A°), then A=0 and B° =0, i.e., B = X. Thus, (2) also trivially holds.

Now, it remains only to show that (2) and (3) are also equivalent. For this, one can note
that clg(B) = X \ intR(B C) for all B C X. Therefore, a similar argument as in the proof
of Theorem 3.3.1 can be applied.

3.9 Relationships Between Quasi-Connectedness and Mild Continuity

Concerning quasi-proximally connected relators, we can also prove the following

Theorem 3.9.1. The following assertions are equivalent :
(1) R is quasi-proximally connected ;

() f~Yo f ¢ R¥ forany function f of X onto {0, 1};
(3) f~Yo f ¢ R¥ for any function f of X onto {0, 1}.
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Proof. If (2) does not hold, then there exists a function f of X onto {0, 1} such that
f~lof e R¥. Define A= f~1(0) and E= f~lo f.
Then, since A = {x € X : f(z) = 0}, itis clear that A is a proper, nonvoid subset of
X suchthat A° = {z € X : f(x) =1} = f~!(1). Moreover, we can note that E is a
relation on X such that
BlA]=(f~ro )LfH O = [FLFHO)]] = f71(0) = A,
and quite similarly
E[A]=(f"lo IOl = [FFD]] =11 = Ac.
On the other hand, since f~'o f € R#, we can also state that there exist R,S € R
suchthat R[A]C E[A] and S[A°] C E[A°].
Hence, since E[A] = A and F[A°] = A€, we can see that R[A] C A and S[A°] C A°.
Therefore, A, A° € 7, and thus A € 7, N Fr . Hence, it is clear that 7 N7 £ {0, X},
and thus (1) does not also hold. Consequently, (1) implies (2).

Conversely, if (1) does not hold, then there exists a proper, nonvoid subset A of X
such that A € 7 N 7, and thus A, A® € 7. Therefore, there exist R, S € R
such that R[A] C AandS[A°] C A°. Now, by defining f(z) =0 if 2 € A and
f(z) = 1if x € A° we can see that f is a function of X onto {0,1}. Moreover, we can
show that f~1o f € R* , and thus (2) does not also hold. Consequently, (2) also implies (1).

Namely, if £ = f~lo f, thenforany =, y € X we have
(z,y) € E < yeE(x) < ye(flof)()
= yef(f(2) = fly)=[(2).

Therefore, if V' C X, then for any y € X we have
yeEFE[V] «— JzeV: yecE(x) < JzeV: f(x)=f(y),
and thus

0 if V=0,
oA i oxvea,
EIVI=0 4c i grvcac
X if ANV #0, ANV £0.

E[V]if0£VCA

Hence, wecanseethat R[V]|=0=E[V]if V=0,R[A]C A=
—E[V]if ANV #0 and

and S[A°]C A =FE[V]if0#V C A and S[V]|C X
A°NV # 0. Therefore, £ € R#, and thus f~'o f € R#.

Now, to complete the proof, it remains to prove only that assertions (2) and (3) are also
equivalent. For this, note that R* C R*, and thus in particular R#® C R#* = R# .
Therefore, £ ¢ R* implies E ¢ R#>°, and thus (2) implies (3).

Moreover, for any =,y € X, we have (z,y) € E if and only if f(x) = f(y).
Therefore, F is an equivalence relation on X, and thus in particular £*° = E'. Hence, it is
clear that £ € R# implies E = E> € R# . Therefore, E ¢ R*> implies FE ¢ R#,
and thus (3) also implies (2).

From this theorem, by using Theorem 3.6.6, we can immediately derive
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Theorem 3.9.2. The following assertions are equivalent :
(1) R is quasi-topologically connected ;

(2) f~tof & R" forany function f of X onto {0, 1};
(3) flof & R forany function f of X onto {0, 1}.

Proof. By Theorem 3.6.6, R is quasi-topologically connected if and only if R” is quasi-
proximally connected. That is, by Theorem 3.9.1, f ~1o f ¢ R"# resp. f lo f ¢ RN#>
for any function f of X onto {0, 1}. Hence, by using that R"# = R", we can already
see that assertions (1), (2) and (3) are also equivalent.

Remark 3.9.3. Because of Theorems 3.9.1 and 3.9.2, the relator R may be naturally called
[O—connected, for some unary operation (] for relators on X, if f~'o f ¢ RY for any
function f of X onto {0, 1}. Moreover, in particular the relator R may be naturally called
quasi—[J-connected if it is Joo—connected.

Hence, by noticing that f~'o f = f~'o Ay, 130 f, we can see that the relator R is (-
connected ( quasi—Cl—connected ) if and only if the constant functions of X to {0, 1} can be
mildly O-continuous ( quasi— [—continuous) with respect to the relators R and {A{O, 13}
( Concerning continuity properties, see [135].)

3.10 Quasi-Hyperconnected Relators

Analogously to the definition of a hyperconnected topology, we may also naturally introduce
the following

Definition 3.10.1. The relator R will be called
(1) quasi-proximally hyperconnected if AN B # () forall A, B €, \ {0};
(2) quasi-topologically hyperconnected it AN B # () forall A, B € T\ {0}.

Remark 3.10.2. Thus, R is quasi-proximally (quasi-topologically) hyperconnected if and
only if the family 7 \ {0} (7= \ {0}) has a certain pairwise intersection property.

Theorem 3.10.3. If R is quasi-proximally (quasi-topologically) minimal, then R is quasi-
proximally (quasi-topologically) hyperconnected.

Proof. If R is quasi-proximally minimal, then 7 C {@), X } . Hence, we can infer that
0 if X=0,
myrewxnm={ 5 & X0

Therefore, if A, B € 7, \{0}, then we necessarily have X # (), and moreover ANB =
X NX = X . Thus, R is quasi-proximally hyperconnected.

This proves the first statement of the theorem. The second statement can be proved quite
similarly.

From this theorem, by using Theorem 3.4.3, we can immediately derive
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Corollary 3.10.4. If R is paratopologically minimal, then R is both quasi-proximally and
quasi-topologically hyperconnected.

Concerning quasi-hyperconnected relators, we can also easily prove the following

Theorem 3.10.5. If R is quasi-proximally (quasi-topologically) hyperconnected, then R is
quasi-proximally (quasi-topologically) connected.

Proof. If R is not quasi-proximally connected, then 7, N Fr € {0, X }. Thus, there exists
A C X suchthat A €7, and A € 7, but A # () and A # X. Hence, by using Theorem
1.4.3, we can infer that A € 7, and A° # (). Therefore, A, A¢ € 7 \ {0} such that
AN A¢=(. Thus, R cannot be quasi-proximally hyperconnected.

This proves the first statement of the theorem. The second statement can be proved quite
similarly.

Remark 3.10.6. This theorem shows that Theorem 3.6.3 and Corollary 3.6.4 are actually
consequences of Theorem 3.10.3 and Corollary 3.10.4.

Now, analogously to Theorems 3.6.5 and 3.6.6, we can also easily prove the following two
theorems.

Theorem 3.10.7. If R is quasi-topologically hyperconnected, then R is quasi-proximally
hyperconnected.

Proof. By Theorem 1.4.11, we have 7 \ {0} C Tz \ {0}. Therefore, if 7% \ {0} has the
binary intersection property, then 7 \ {(} also has this property. Thus, by Definition 3.10.1,
the required assertion is true.

Theorem 3.10.8. The following assertions are equivalent :
(1) R is quasi-topologically hyperconnected ;
(2) R is quasi-proximally hyperconnected.

Proof. If R # (), then by Corollary 1.6.3 we have 71 = Tx, and thus also 7, \ {0} =
Tr \ {0} . Therefore, by Definition 3.10.1, assertions (1) and (2) are equivalent.

While, if R = (), then from the proof of Theorem 3.1.4 we know that R is quasi-
topologically minimal and R” is quasi-proximally minimal. Hence, by Theorem 3.10.3, we
can see that R is quasi-topologically hyperconnected and R” is quasi-proximally hyper-
connected.

Moreover, analogously to Theorems 3.6.9 and 3.6.11, we can also prove the following two
theorems.

Theorem 3.10.9. The relator R is quasi-proximally hyperconnected if and only if any one of
the relators R, R* and R¥ is quasi-proximally hyperconnected.

Remark 3.10.10. From this theorem, for instance, we can see that R is quasi-proximally
hyperconnected if and only if any one of the relators R#°° and R>°# is quasi-proximally
hyperconnected.
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Theorem 3.10.11. The relator R is quasi-topologically hyerconnected if and only if any one
of the relators R*, R¥, R" and R">° is quasi-topologically hyperconnected.

Remark 3.10.12. From Remark 3.1.11, we know that Tz~ C Tz, and thus Tre \ {0} C
Tr \ {0} . Therefore, if R is quasi-topologically hyperconnected, then R°° is also quasi-
topologically hyperconnected.

From Definition 3.10.1, by using Theorems 1.4.3 and 1.4.8, we can also easily derive the
following two theorems.

Theorem 3.10.13. The following assertions are equivalent :
(1) R is quasi-proximally hyperconnected ;

(2) AUB#X forall A, Be 7 \{X};

3) A\B#0 forall Ac 7, \{0} and B € 7, \ {X}.

Theorem 3.10.14. The following assertions are equivalent :
(1) R is quasi-topologically hyperconnected ;
(2) AUB#X forall A, Be Fr\{X};
(3) A\B#0 forall Aec Tx\{0} and B € Fr\{X}.

Proof. For instance, if A, B € Fgr \ {X}, then by Theorem 1.4.8 we evidently have
A€, B¢ € Tr \ {0}. Therefore, if (1) holds, then A¢N B¢ # ) also holds. Hence, since
(AUB)¢ = A°N B¢, we can infer that (AU B)¢ # ), and thus AU B # X. Therefore,
(1) implies (2).

3.11 Quasi-Ultraconnected Relators

Analogously to the definition of an ultraconnected topology, we may also naturally introduce
the following

Definition 3.11.1. The relator R will be called
(1) quasi-proximally ultraconnected if AN B # () forall A, B € 75 \ {0};
(2) quasi-topologically ultraconnected if AN B # () forall A, B € Fr\ {0}.

Remark 3.11.2. Thus, R is quasi-proximally (quasi-topologically) hyperconnected if and
only if the family 7 \ {0} (Fz \ {0}) has a certain pairwise intersection property.

Now, analogously to our former statements on hyperconnected relators, we can also easily
prove the following assertions.

Theorem 3.11.3. If R is quasi-proximally (quasi-topologically) minimal, then R is quasi-
proximally (quasi-topologically) ultraconnected.

Corollary 3.11.4. If R is paratopologically minimal, then R is both quasi-proximally and
quasi-topologically ultraconected.
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Theorem 3.11.5. If R is quasi-proximally (quasi-topologically) ultraconnected, then R is
quasi-proximally (quasi-topologically) connected.

Proof. If R is not quasi-proximally connected, then 7 N Fr € {0, X }. Thus, there exists
A C X suchthat A € 7 and A € 7, but A # () and A # X. Hence, by using Theorem
1.4.3, we can infer that A° € 7 and A¢ # (). Therefore, A, A € Fr \ {0} such that
AN A€ ={. Thus, R cannot be quasi-proximally ultraconnected.

This proves the first statement of the theorem. The second statement can be proved quite
similarly.

Theorem 3.11.6. If R is quasi-topologically ultraconnected, then R is quasi-proximally
ultraconnected.

Theorem 3.11.7. The following assertions are equivalent :
(1) R is quasi-topologically ultraconnected ;
(2) R" is quasi-proximally ultraconnected.

Theorem 3.11.8. The relator R is quasi-proximally ultraconnected if and only if any one of
the relators R>, R* and R*¥ is quasi-proximally ultraconnected.

Remark 3.11.9. From this theorem, we can see that R is quasi-proximally connected if, for
instance, any one of the relators and R#>° and R°°# is quasi-proximally ultraconnected.

Theorem 3.11.10. The relator R is quasi-topologically ultraconnected if and only if any one
of the relators R*, R#, R" and R">° is quasi-topologically ultraconnected.

Remark 3.11.11. From Remark 3.1.11, we know that Tr- C 7% . Hence, we can infer that
Fre C Fr, and thus Fre \ {0} C Fr \ {0}. Therefore, if R is quasi-topologically
ultraconnected, then R is also quasi-topologically ultraconnected.

Theorem 3.11.12. The following assertions are equivalent :
(1) R is quasi-proximally ultraconnected ;

(2) AUB#X forall A, Be - \{X};

(3) A\B#0 forall A€ 7 \{0} and B € 7. \ {X}.

Theorem 3.11.13. The following assertions are equivalent :
(1) R is quasi-topologically ultraconnected ;

(2) AUB#X forall A, Be Tr \{X};

(3) A\B#0 forall Ac Fr\{0} and B € T \{X}.

Proof. For instance, if (1) holds and A € Fr \ {0} and B € Tg \ {X}, then because of
B¢e F\{0}, wehave A\ B= AN B¢ # (. Therefore, (1) implies (3).

Remark 3.11.14. This theorem shows that our quasi-topologically ultraconnectedness also
extends the strong connectedness of Levine [73] studied also by Leuschen and Sims [69].

Namely, it can be easily seen that assertion (2) of Theorem 3.11.13 can be reformulated
in the form that X = A U B, together with A, B € Tgr , implies that either A = X or
B=X.
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Now, in addition to the above theorems, we can also easily prove the following

Theorem 3.11.15. The following assertions are equivalent :
(1) R is quasi-proximally ultraconnected ;
(2) R~ is quasi-proximally hyperconnected .

Proof. By Theorem 1.4.4, we have 7 = 7 -1, and thus also 7 \{0} = 7, -1\ {0} forany
relator R. Therefore, 7 \ {0} has the binary intersection property if and only if 7, -1\ {0}
has this property. Thus, by Definition 3.11.1, assertions (1) and (2) are equivalent.

Remark 3.11.16. This theorem shows that, in contrast to the independence of quasi-topologi-
cal ulraconnectedness and quasi-topological hyperconnedtedness [112, p. 29], the quasi-
proximal ultraconnectedness is not completely independent of the quasi-proximal hypercon-
nectedness.

3.12 Hyperconnected Relators

Because of a reformulation of the definition of a hyperconnected topology mentioned earlier
in the introduction, we may also naturally introduce the following

Definition 3.12.1. The relator R will be called hyperconnected if
Er C Dr.

Remark 3.12.2. This property can be expressed in a more instructive form that the identity
function A x of X is fatness reversing.

Therefore, some of the forthcoming results can be greatly generalized according to the
ideas of a former paper [141] of Szaz.

Theorem 3.12.3. If R is hyperconnected, then R is both quasi-proximally and quasi-
topologically hyperconnected.

Proof. By Theorem 1.4.13 and Definition 3.12.1, we have Tr\{0} C Er C Dg . Therefore,
if A, Be Tr\ {0}, then we have both A € £ and A # (). Hence, by using Theorem
1.3.15, we can infer that A N B # (). Thus, by Definition 3.10.1, R is quasi-topologically
hyperconnected. Now, by Theorem 3.10.7, we can state that R is also quasi-proximally
hyperconnected.

From this theorem, by using Theorem 3.10.5, we can immediately derive

Corollary 3.12.4. If R is hyperconnected, then R is both quasi-proximally and quasi-
topologically connected.

However, as a certain converse to the above results, we can only prove

Theorem 3.12.5. If R is paratopologically minimal on a nonvoid set X, then R is
hyperconnected.
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Proof. By Theorem 3.5.5, we have P(X)\ {0} C Dr. Hence, since Ex C P(X),
it is clear that &g \ {#} C Dx also holds. Moreover, since X # ), we can note that
P(X)\ {0} # 0, and thus also Dr # (). Hence, by Theorem 1.8.9, we can see that
0 ¢ Er, and thus Exg = Ex \ {0} . Therefore, we actually have £x C Dx, and thus R is
hyperconnected.

Remark 3.12.6. Note that if in particular R is arelator to (), then because of R C P (X 2) =
P(0) = {0} wehaveeither R=0 or R ={0}.

Hence, by Theorems 1.3.17 and 1.3.14, we can see that either € = () and Dr = {0},
or &g = {0} and Dr = 0. Therefore, in the latter case R is not hyperconnected despite
that in both cases it is paratopologically minimal.

By using the corresponding definitions, we can also easily prove the following

Theorem 3.12.7. The following assertions are equivalent :
(1) R is hyperconnected ;

(2) R(z) € Dr forall x € X and Re R;

3) R(z)NS(y)#0 forall x,y€ X and R, S€R.

Proof. Since by Remark 1.3.16 we have R (z) € Eg forall x € X and R € R, itis clear
that assertion (1), i.e., the inclusion &r C Dy , implies (2).

On the other hand, if A € Ex, then there exists x € X and R € R, such that
R(z) C A. Moreover, if (2) holds, then we have R (z) € Dx . Hence, since Dg is as-
cending, we can already infer that A € Dx also holds. This shows that £x C Dy , and thus
(1) also holds. Therefore, (2) also implies (1).

The equivalence of (2) and (3) can be proved most directly by noticing that, forany z € X
and R € R, we have

R(z) eDr <= X Ccgr(R(z)) < VyeX:VSeR: S(y)NnR(x)#0.

Remark 3.12.8. According to [116], the relator R may be called semi-directed if (3) holds.
Thus, a relator is hyperconnected if and only if it is semi-directed.

Moreover, the relator R may be called quasi-directed if R (x) N S (y) € Eg holds for
all x, y € X and R, S € R. Thus, a non-partial, quasi-directed relator is semi-directed.

From Theorem 3.12.7, we can also immediately derive
Corollary 3.12.9. If R is hyperconnected, then R is non-partial.
Proof. By Theorem 3.12.7, we have R(x) = R(z) N R (x) # () forall z € X and R € R.

Remark 3.12.10. Moreover, for instance if we have R = {(z,y) € R*: z <y} and
S={(z,y) €eR?*: |z —y|<r} forsome r > 0, then by using Theorem 3.12.7 we
can also at once see that R = { R} is hyperconnected, but S = {.S} is not hyperconnected.

However, it is now more important to note that, by using Theorem 3.12.7 and the plausible
notation R~1 o R = {S_l oR: R,5€¢R }, we can also easily prove some more
instructive characterizations of hyperconnected relators.
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Theorem 3.12.11. The following assertions are equivalent :
(1) R is hyperconnected ; 2) X2=S"10R forall R, SER;
3) R7'oRC{X?}; 4 X?2=NR'oR.

Proof. Note that, forany xz, y € X and R, S € R, we have
R(z)NS(y) #0 < ye ST R(z)] « ye (S7'oR)(z) < (z,y) €S 'oR.
Therefore, by Theorem 3.12.7, assertions (1) and (2) are equivalent.

Thus, to complete the proof, it remains only to note that (3) and (4) are only concise
reformulations of (2).

Remark 3.12.12. By using the equality pr = () R !, assertion (4) can be written in the
shorter form that X2 = pr-1,5 .

Moreover, by using the cross product of relations [130], assertion (4) can also reformu-
lated in the shorter form that Ax € Exrmr .

3.13 Further Characterizations of Hyperconnected Relators

Now, analogously to Theorem 3.10.11, we can also easily prove

Theorem 3.13.1. The relator R is hyperconnected if and only if any one of the relators
R*, R#*, R" and R® is hyperconnected.

Proof. By Theorem 1.5.7 and Corollary 1.5.5, we have &g = Epn and D = Dpo forall
O € {x, #, A, A}. Therefore, by Definition 3.12.1, the required assertion is also true.

However, it is now more important to note that by using Corollary 1.6.9, we can also prove
the following

Theorem 3.13.2. If R is non-partial, then the following assertions are equivalent :
(1) R is hyperconnected ;

(2) R% is quasi-proximally connected ;

(3) R is quasi-topologically connected.

Proof. By Definition 3.6.1, assertion (3) is equivalent to the inclusion

(a) T’RA ﬂ]:RA - {@, X}
Moreover, by Corollary 1.6.9, we can see that inclusion (a) is equivalent to the inclusion

b) (&= U{0}) N ((P(X)\Dr)U{X}) {0, X}.
However, this inclusion can easily be seen to be equivalent to the simplified inclusions

(©) Er\Dr C{0, X}, @ Er\{0} CDrU{X}.
Namely, because of € \ Dr = Er N (P(X) \ Dr), assertion (b) trivially implies (c).
Moreover, if (b) does not hold, then there exists A C X such that

Aec (ErU{0}) N ((P(X)\ Dr)U{X}),
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but A ¢ {0, X}. This implies that A € g U{0} and A € (P(X)\ Dr)U{X}, but
A # () and A # X . Hence, we can already infer that A € Eg \ Dg,but A ¢ {0, X}.
Therefore, (c) does not also hold. This shows that (c) also implies (b). Therefore, assertions
(b) and (c) are equivalent.

The equivalence of assertions (c) and (d) can be proved even more easily. Namely, if (d)
does not hold, then there exists A C X suchthat A € Eg \ {0}, but A ¢ Dg U{X}. This,
implies that A € £ and A # 0, but A ¢ Dr and A # X . Hence, we can infer that
AEé’R\DR,but A¢ {(Z), X}

Therefore, (c) does not also hold. This shows that (c) implies (d). The converse implication
can be proved quite similarly.

Now, to complete the proof, it is enough to note only that, since R is non-partial, we have
() ¢ Er and X € Dg . Therefore, inclusion (d) is equivalent to the more simple inclusion
Er C Dx . Thus, assertion (3) is equivalent to (1).

Moreover, by Corollary 3.6.7, assertions (2) and (3) are also equivalent. Namely, the
relator R2 is topologically fine in the sense that R = R2.

Remark 3.13.3. This theorem shows that the properties of non-partial hyperconnected rela-
tors can, in principle, be immediately derived from those of the quasi-proximally connected
ones.

For instance, from our former Theorems 3.7.1 and 3.7.4, by using Theorem 3.13.2, we can
immediately derive the following

Theorem 3.13.4. If R is non-partial, then the following assertions are equivalent :
(1) R is hyperconnected ; (2) R4V RY is quasi-proximally minimal ;
(3) RAVRY C{X?}9; @ (RoVRY)™ C{X?}.

By using Theorem 3.12.7, and some basic properties of the families £z and Dx , we can
also easily prove the following two theorems.

Theorem 3.13.5. The following assertions are equivalent :
(1) R is hyperconnected ;
(2) A° ¢ Ex forall A€ &R; (3) ANB#0 forall A, B € Ex.

Theorem 3.13.6. The following assertions are equivalent :
(1) R is hyperconnected ;

2) A€ Dr or A€ Dy forall AC X;

(3) A€ Dgr or B € Dr whenever X = AUB.

Proof. For instance if (3) does not hold, then there exist A, B C X suchthat X = AUB,
but A ¢ Dr and B ¢ Dx . Hence, by using Theorem 1.3.14, we can infer that A€ € £
and B¢ € &g . Moreover, we can also note that AN B¢ = (AUB )¢ = X ¢ = (). Therefore,
by Theorem 3.13.5, assertions (1) does not also holds. This shows that (1) implies (3).
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3.14 Some Particular Theorems on Minimal and Connected Relators

In addition to Theorem 3.4.3, Corollary 3.1.6 and Theorem 3.1.7, we can also prove

Theorem 3.14.1. If R is weakly proximal, then the following assertions are equivalent :
(1) R is paratopologically minimal;

(2) R is quasi-proximally minimal;

(3) R is quasi-topologically minimal.

Proof. From Theorems 3.4.3 and 3.1.3, we know that (1) = (3) = (2) even if R is not
supposed to be weakly proximal. Therefore, we need only prove that now (2) also implies (1).
For this, note that if (1) does not hold, then by Theorem 3.5.1 we have R Z {X 2}.
Therefore, there exists R € R such that R # X 2. Thus, there exist z, y € X such that
(z,y) ¢ R. Hence, we can infer that y ¢ R (z), and thus R (z) # X. Moreover, since R
is weakly proximal, there exists A € 7, such that z € A C R(x), and thus () # A # X.
This shows that 7 € {0, X }, and thus (2) does not also hold. Therefore, (2) implies (1).

Quite similarly, we can also prove the following theorem which will now be rather proved
as a consequence of the above theorem.

Theorem 3.14.2. If 'R is topological, then the following assertions are equivalent :
(1) R is paratopologically minimal;
(2) R is quasi-topologically minimal.

Proof. If R is topological, then from Theorem 1.10.10 we can see that R” is proximal.
Thus, by Theorem 3.14.1, the following assertions are equivalent :

(a) R” is paratopologically minimal; (b) R" is quasi-topologically minimal.
Moreover, from Theorems 3.5.3 and 3.1.10 we can see that (a) is equivalent to (1), and (b) is
equivalent to (2). Therefore, (1) and (2) are also equivalent.

Remark 3.14.3. Now, for an easy illustration of Theorems 3.14.2 and 3.5.7, one can note that
if in particular 7 is a topology on X, then under the notations int (4) =J T NP(A) and
E= {A CX:int(A)#0 } , the following assertions are equivalent :

() E={X} 2 T={0, X} (3) int (A) =0 for A e P(X)\ {X}.

However, it is now more important to note that, in addition to Theorem 3.14.2, we can also
prove the following

Theorem 3.14.4. If R is topological, then the following assertions are equivalent :
(1) Tr\{0} C Dr;
(2) R is hyperconnected; (3) R is quasi-topologically hyperconnected.

Proof. From Theorem 3.12.3, we know that (2) always implies (3). Moreover, if (2) holds,
then by Definition 3.12.1 we have £r C Dx . Hence, by using that Tz \ {#} C £x, we can
see that (1) also holds even if R is not supposed to be topological.
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On the other hand, if A € Ex, then by Corollary 1.9.6, there exists V € T \ {0} such
that V' C A. Hence, if (1) holds we can infer that V' € Dy . Now, since Dy is ascending,
we can also state that A € Dy . Therefore, £ C Dx , and thus (2) also holds.

Quite similarly, if A, B € Er, then by Corollary 1.9.6 we can state that there exist
V,W e Tr\ {0} such V C A and W C B. Therefore, if (3) holds, then VNW # (),
and thus A N B # () is also true. Now, by Theorem 3.13.5, we can see that (2) also holds.

The following two theorems show that quasi-ultraconnected relators are less important
than the quasi-hyperconnected ones.

Theorem 3.14.5. If R is T\ —separating and card(X) > 1, then R is not quasi-topologically
ultraconnected.

Proof. By the assumption, for any x, y € X, with x # y, there exists R € R such
that « ¢ R(y), and thus R (y) N {xz} = (. Hence, by Definition 1.3.2, we can see that
y ¢ clr({z}), and thus clg ({z}) C {a}. Therefore, {x} € Fr . and thus also {z} €
Fr\ {0} forall x € X. Thus, if R is quasi-topologically ultraconnected, i.e., the family
Fr\{0} has the binary intersection property, then the family {{x}},cx also has the binary
intersection property. Therefore, {x} N {y} # 0 forall =, y € X. Hence, we can infer that
X is either the empty set or a singleton, and thus card(X) < 1. This contradiction shows
that R cannot be quasi-topologically ultraconnected.

Theorem 3.14.6. If R is weakly topological, then the following assertions are equivalent:
(1) R is quasi-topologically ultraconnected;

2) cr(@)ncgr(y) #0 forall z,ye X;

(3) cdr(A)Nclg(B) #0 forall ) # A, BC X.

Proof. By Remark 1.9.4 and Theorem 1.8.3 for any x € X we have
cdgr(z) =cgr({z}) € Fr \ {0}.

Moreover, if (1) holds, then the family g \ {0} has the binary intersection property. Thus,
in this case, the family {clg (x)},ex also has the binary intersection property. Therefore,
(2) also holds.

On the other hand, if (2) holds, then by using that clg (z) = clg ({z}) C clg(A) for
all x € A C X, we can at once see that (3) also holds. While, if (3) holds and z, y € X,
then by taking A = {z} and B = {y}, we can at once see that (2) also holds.

Therefore, it remains to show only that (2) also implies (1). For this, note that if A, B €
Fr \ {0}, then by taking z € A and y € B, we have

cr(z) = clg({z}) Ccr(A) €A and clr(y) =clr ({y}) Cclr (B) C B.

Moreover, if (2) holds, then clr (z) Neclr (y) # 0, and thus AN B # (. Therefore, (1) also
holds.

Remark 3.14.7. Note that the implications (3) <= (2) = (1) do not require any extra
assumptions on R.

Moreover, instead of the weak-topologicalness of R, it is enough to assume only that R
is weakly quasi-topological and pr = () R~! is non-partial.
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3.15 Quasi-Door, Quasi-Superset and Quasi-Submaximal Relators

Analogously to the definition of a door topology by Kelley [61], we may naturally introduce
the following

Definition 3.15.1. The relator R will be called
(1) a quasi-proximally door relator if P(X) =1 U Fg;
(2) aquasi-topologically door relator if P(X)=Tr U Fr.

Now, by using this definition, we can easily establish the following two theorems.

Theorem 3.15.2. The following assertions are equivalent :
(1) R is quasi-proximally door ;
2) P(X)\ 7= C #r; 3) P(X)\ 7z C 7=.

Theorem 3.15.3. The following assertions are equivalent :
(1) R is quasi-topologically door ;
(2) P(X)\Tr C Fr; 3) P(X)\ Fr C Tr.

Proof. To prove the implication (2) = (1), note that if (2) holds, then we have
P(X) = Tr U (P(X)\ Tr) C T U Fr. Therefore, P(X) = Tr U Fr, and thus
(1) also holds.

Remark 3.15.4. Now, for instance, we can also easily see that R is quasi-topologically door
if and only if, for any A C X, we have either A € T or A° € T.

Namely, if for instance R is quasi-topologically door, then by Theorem 3.15.3 we have
P(X)\ Tr C Fr . Therefore, if A C X such that A ¢ Tg, then we necessarily we have
A € Fr . Hence, by Theorem 1.4.8, it follows that A€ € Tx .

Because of a reformulation of the definition of a superset topology by Levine [74], we
may also naturally introduce the following

Definition 3.15.5. The relator R will be called
(1) quasi-proximally superset relator if Ex C 71 ;
(2) quasi-topologically superset relator if Er C T

Thus, we can easily prove the following two theorems.

Theorem 3.15.6. The following assertions are equivalent :
(1) R is quasi-proximally superset ;

2) Er\T=0; 3) P(X)=7rrUDg;
@) PX)\7r € Dr: (5) P(X)\Dr C #x.

Theorem 3.15.7. The following assertions are equivalent :
(1) R is quasi-topologically superset ;

) Er\Tr=10; (3) P(X)=FrUDg;
4) P(X)\ Fr C Dr; 35 P(X)\Dr C Fr.
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Proof. 1t is clear that the inclusion g C T is equivalent to the property Er \ Tr = 0.
Therefore, assertions (1) and (2) are equivalent.

Moreover, if (3) does not hold, then there exists A C X such that A ¢ Fr U Dg, and
thus A ¢ Fr and A ¢ Dx . Hence, by using the equality A = ( A°)¢ and Theorems 1.3.14
and 1.4.8, we can infer that A € £x and A€ ¢ T . Therefore, Er € Tr(1), thus (1) does
not also hold. Consequently, (1) implies (3).

The converse implication (3) = (1) can be proved quite similarly. Therefore, assertions
(1) and (3) are also equivalent. Moreover, analogously to Theorem 3.15.3, it is clear that
assertions (3), (4) and (5) are also equivalent.

Concerning superset relators, we can also easily prove the following

Theorem 3.15.8. If R is non-partial, then the following assertions hold :
(1) R is quasi-proximally superset if and only if Er = T \ {0};
(2) R is quasi-topologically superset if and only if Er = Tr \ {0}.

Proof. By Theorems 1.4.11 and 1.4.13, we have 7 \ {0} C Tr \ {0} C Ex for any relator
R. Moreover, if R is non-partial, then by Theorem 1.8.9 we have () ¢ Ex . Therefore, in
this case, R is quasi-proximally (quasi-topologically) superset if and only if Er C 7 \ {0}
(€r € TR\ {0}).

Analogously to the definition of a submaximal topology by Bourbaki [12], we may also
naturally introduce the following

Definition 3.15.9. The relator R will be called
(1) quasi-proximally submaximal if Dr C 7 ;

(2) quasi-topologically submaximal if D C Tr .

Thus, analogously to Theorems 3.15.6 and 3.15.7, we can also easily prove the following
two theorems.

Theorem 3.15.10. The following assertions are equivalent :
(1) R is quasi-proximally submaximal ;

(2) Dr\ 7= =0; 3B) P(X)=FrUEr;
@) PX)\ 7= CEr; (5) P(X)\ Er C #x.

Theorem 3.15.11. The following assertions are equivalent :
(1) R is quasi-topologically submaximal ;

(2) Dr\Tr =0; (3) P(X)=FrUEr;,
@ PX)\ Fr CEr; 6) P(X)\ér C Fr.
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3.16 Relationships Among Door, Superset and Submaximality

Now, in contrast to Theorems 3.1.3, 3.6.5, 3.10.7 and 3.11.6, we have the following

Theorem 3.16.1. If R is quasi-proximally door, superset, resp. submaximal, then R is
quasi-topologically door, superset, resp. submaximal.

Proof. By Theorem 1.4.11, we have 7, C Tr and 7 UFr C Tr U Fx for any R. Hence,
by the corresponding definitions, it is clear that the required implications are true.

For instance, if R is quasi-proximally door, then by Definition 3.15.1 and the above
observation, we have P(X) = 7o U 7 C Tr U Fr, and thus also P(X) = Tr U Fr .
Therefore, by Definition 3.15.1, R is a quasi-topologically door relator.

Theorem 3.16.2. If R is nonvoid and quasi-proximally (quasi-topologically) door, then R
is quasi-proximally (quasi-topologically) submaximal.

Proof. Suppose first that R is quasi-topologically door and A € Dz . Then, by the corre-
sponding definitions, we have P(X) = Tr U Fr and X =clg(A).

Now, if A ¢ T, then because of X € Tr we can state that A # X. Moreover, because
of P(X) = Tr U Fr, we can state that A € Fg, and thus clg(A) C A. Hence, since
X =clr(A), we can infer that X C A, and thus A = X . This contradiction proves that
A € Tg. Therefore, Dr C Tr, and thus R is quasi-topologically submaximal.

Next, suppose that R is quasi-proximally door and A € Dy . Then, by Definitions 3.15.1,
1.3.2 and Theorem 1.3.10, we have P(X) = 7 U Fr and X = R~![A] forall R€ R.

Now, if A ¢ 7, then because of X € 7, we can state that A # X. Moreover, because
of P(X) = 7= U Fx, we can state that A € 7 . Hence, by using Theorem 1.4.4, we can
infer that A € 7,-1. Therefore, by Definitions 1.4.1 and 1.3.2, there exists R € R such
that R~'[A] C A. Hence, since X = R![A], we can infer that X C A, and thus
A = X. This contradiction proves that A € 7. Therefore, Dr C 7z, and thus R is
quasi-proximally submaximal.

Remark 3.16.3. Note that if R is quasi-proximally door, then because of 7 U 7 = P(X)
and 7, U 7y = () we necessarily have R # ().

While, if R is quasi-topologically door, then by using Tr UFgr = P(X) and TgUFy =
{@, X} we can only prove R # @ if card (X) > 1.

Theorem 3.16.4. If R is hyperconnected, quasi-proximally (quasi-topologically) submaxi-
mal, then

(1) R is quasi-proximally (quasi-topologically) door;
(2) R is quasi-proximally (quasi-topologically) superset.

Proof. By Definitions 3.12.1 and 3.15.9, we have £&gx C Dg and Dgr C 7= (Dr C Tr).
Therefore, Er C 7= (Er C Tr), and thus assertion (2) is true. Therefore, actually we need
only prove assertion (1).

For this, suppose that R is hyperconnected, quasi-proximally submaximal. Then, by
Definitions 3.12.1 and 3.15.9, we have £r C Dr and Dr C 7. Now, if A € Dg,
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then because of D C 7, we also have A € 7. While, if A € P(X) \ Dg, then by
Theorem 1.3.14 we have A¢ € E£r . Hence, by using that £ C Dg, we can infer that
A€ € Dy . Thus, again by D C 7, we also have A€ € 7 . Hence, by Theorem 1.4.8,
we can infer that A € 7 . Therefore, in both cases, we have A € 7 U 75 . This proves that
P(X) C 7o UFg, and thus P(X) = 7 U Fr . Therefore, R is quasi-proximally door.

Thus, we have proved the first statement of (1). The second statement of (1) can be proved
quite similarly.

Now, as an immediate consequence of Theorems 3.16.2 and 3.16.4, we can also state

Corollary 3.16.5. If R is nonvoid and hyperconnected, then the following assertions are
equivalent :

(1) R is quasi-proximally (quasi-topologically) door ;

(2) R is quasi-proximally (quasi-topologically) submaximal.

Remark 3.16.6. Note that the implication (2) = (1) does not require the extra condition
that R # (. However, Dy = P(X), but 7y = {@}. Therefore, @ is a topologically
submaximal relator if and only if X = 0.

Concerning quasi-topologically superset relators, we can also easily prove the following
two theorems.

Theorem 3.16.7. If R is quasi-topologically superset, then R is strongly quasi-topological.

Proof. Now, forany x € X and R € R, we have R(z) € Eg C Tgr. Therefore, by
Remark 1.9.4, the required assertion is true.

Theorem 3.16.8. If R is quasi-topologically filtered and quasi-topologically superset such
that ‘R is not quasi-topologically maximal, then R is quasi-topologically hyperconnected.

Proof. Assume on the contrary that R is not quasi-topologically hyperconnected. Then by
Definition 3.10.1, there exist A, B € Tg \ {0} such that AN B = (). Thus, for any = € X,
wehave {z} = (AU{z})n(BU{z}).

Moreover, because of T \ {0} C £r, we also have A, B € Ex . Thus, since Ex is
ascending, we can also state that A U {z}, BU {x} € Er. Hence, by using that R is
quasi-topologically superset, and thus Ex C Tr, we infer that AU {z}, BU {z} € Tx.
Now, since R is quasi-topologically filtered, and thus 7% is closed under binary intersection,
we can also state that (AU {z})N (BU{xz}) € Tr. Therefore, {z} € Tr, and thus
{x} € Tr \ {0}

Hence, by using that Tz \ {0} C &g, we can infer that {2} € £x . Now, since z € X
was arbitrary and Ex is ascending, it is clear that P (X) \ {0} C &g . Hence, by using
again that &g C Tr, we can infer that P (X) \ {0} C Tx . Therefore, we actually have
Tr = P(X), and thus R is quasi-topologically maximal. This contradiction proves that R
is quasi-topologically hyperconnected.
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3.17 Resolvable and Irresolvable Relators

Because of a reformulation of the definition of a resolvable topology by Hewitt [S1], we may
also naturally introduce the following

Definition 3.17.1. The relator R will be called resolvable if
Dr € Ex.

The importance of this definition can easily be clarified by the following

Example 3.17.2. If X and R are as in Example 2.8.6, then R 1is a resolvable tolerance
relator.

To prove the resolvability of R, note that R, (z) =]z —n"1, z+n~1[ forall z € X
and n € N. Moreover, recall that every nonvoid, open interval in R contains both rational
and irrational numbers. Therefore, Q € D and Q ¢ £x and thusQ € D Z & .

By using Theorem 1.3.14, Definition 3.17.1 can be reformulated in the following

Theorem 3.17.3. The following assertions are equivalent :
(1) R is resolvable ;
2) DrR\Er #D; (3) there exists A € Dy such that A € Dg.

Now, by calling the relator R irresolvable if it is not resolvable, we can also easily estab-
lish the following

Theorem 3.17.4. The following assertions are equivalent :
(1) R is irresolvable ; 2) Dr CEr; 3) Dr\Eér=0.

Hence, by Definition 3.12.1, it is clear that in particular we also have

Corollary 3.17.5. The following assertions are equivalent :
(1) Dr=¢Egr; (2) R isirresolvable and hyperconnected .

Moreover, by using Theorem 3.17.4 and Definitions 3.15.5 and 3.15.9, we can also easily
establish the following

Theorem 3.17.6. If R is irresolvable, quasi-proximally (quasi-topologically) superset, then
R is quasi-proximally (quasi-topologically) submaximal.

Proof. By Theorem 3.17.4 and Definition 3.15.5, we have
Dr CErand Ex C 7% (573 - TR)
Therefore, Dr C 7= (Dr C Tgr), thus by Definition 3.15.9 the required assertion is true.

Now, by using Definition 3.17.1 and Theorem 3.17.3, we can also easily prove following
counterpart of Theorem 3.13.6.

Theorem 3.17.7. The following assertions are equivalent :
(1) R isirresolvable;
(2) A ¢ Dg forall A€ Dr; (3) ANB#0 forall A, B Dg.
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Proof. 1f (2) does not hold, then there exists A € Dy such that A¢ € Dy . Therefore, by
Theorem 3.17.3, R is resolvable, and thus (1) does not hold. Consequently, (1) implies (2).

While, if (3) does not hold, then there exists A, B € Dy suchthat ANB = (. Hence, we
caninfer that B C A€, and thus A€ € Dy . Therefore, (2) does not also hold. Consequently,
(2) implies (3).

Finally, if (1) does not hold, then by Theorem 3.17.3 there exists A € Dg such that
A°¢ € Dy . Thus, since AN A¢ =, assertion (3) does not also hold. Consequently, (3) also
implies (1).

Moreover, analogously to Theorems 3.13.6 and 3.13.1, we can also easily prove the
following two theorems.

Theorem 3.17.8. The following assertions are equivalent :
(1) R isirresolvable ;

) A€lr or A€ &R forall AC X;

(3) A€ &g or B€ Er whenever X = AUB.

Theorem 3.17.9. The relator R is resolvable (irresolvable) if and only if any one of the
relators R*, R#, R" and R is resolvable (irresolvable).

3.18 A Few Illustrating Examples and a Diagram

The following example, given by Pataki [94], will show that even a very particular quasi-
proximally minimal relator need not be topologically minimal. Thus, the converse of Theorem
3.1.3 is not true.

Example 3.18.1. If X ={1,2,3} and Ry, Ry C X? such that
Ri(1) =X, Ri(2) ={1, 2}, Ri(3)={1,3},
Ry(1) ={1, 2}, Ry (2) = X, Ry(3) ={2,3},

then R = { Ry, Ry} is atolerance relator on X such that:

(1) R is quasi-proximally minimal ;

(2) R is both irresolvable and hyperconnected ;

(3) R is neither paratopologically nor quasi-topologically minimal ;

(4) R is neither quasi-proximally nor quasi-topologically door, superset and submaximal ;

(5) R is both quasi-proximally and quasi-topologically connected, hyperconnected and
ultraconnected .

It can be easily seen that R, and Ry are reflexive and symmetric relations on X. There-
fore, R is a tolerance relator on X. Moreover, by using Theorem 3.12.7, we can easily
see that R is hyperconnected. Thus, by Corollary 3.12.4 and Theorem 3.12.3, R is both
quasi-proximally and quasi-topologically connected and hyperconnected.
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On the other hand, by using Theorem 1.4.7, we can easily see that Tr = {0, {1,2}, X }.
Therefore, Tr € {0, X}, and thus R is not quasi-topologically minimal. Hence, by The-
orem 3.4.3, it follows that ‘R is also not paratopologically minimal. ( This is also immediate
from the fact that {1, 2} = R1(2) € Er )

Now, by using Theorem 1.4.8, we can also note that Fr = {@, {3}, X } Therefore,
Fr \ {0} also has the binary intersection property, and thus R is quasi-topologically ultra-
connected. Hence, by Theorem 3.11.6, it follows that R is quasi-proximally ultraconnected.

On the other hand, concerning the set A = {1, 2}, we can also easily see that
Ri[A]=Ri(HUR,2)=XZA
forall i =1, 2, and thus A ¢ 7 . Hence, by using that 7, C 7%, we can already infer that
7= = {0, X'}, and thus R is quasi-proximally minimal.
Now, we can also note that
TRU]:R: {®7 {3}7 {17 2}7 X} #P(X)
Therefore, R is not quasi-topologically door. Moreover, by using Theorems 1.3.17 and
1.3.14, we can also easily see that
Er = {{1, 2}, {1, 3}, {2, 3}, X} =Dg.
Therefore, g € Tr and Dr € Tr, and thus R is not also quasi-topologically superset
and submaximal. Hence, by Theorem 3.16.1, we can see that R is also not quasi-proximally
door, superset and submaximal. Moreover, since D \ Eg = @), we can also state that R is
not resolvable.

Remark 3.18.2. In connection with the above relator R, it is also noteworthy that

(RioRj)(z) = Ri[Rj(x)] = U Rily)=X
YER; ()

forall x € X and ¢, j = 1, 2. Therefore, R; o R; = X2 forall i =1, 2, and thus
RoR={RoS: R, SeR}={X?}.

Hence, in particular we can see that R? = {R2 : R € R} = {XQ} , and thus R 1is

2-well-chained in a natural sense.

Moreover, if R is as in Example 3.18.1, then by Theorem 3.1.7 and Corollary 3.1.6, it is
clear that R cannot be proximally simple and topologically fine. However, by using direct
arguments, we can prove some much better assertions.

Example 3.18.3. If R is as in Example 3.18.1, then
(1) R is not uniformly, proximally and topologically simple ;
(2) R is quasi-proximally, quasi-topologically and paratopologically simple.

Now, by using the preorder relations U = X2 and V = A% U (A°x X) with A =
{1, 2}, we can easily see that

Tm={0,X}=710u ad Tr={0,4,X}="Tuy;.
Hence, by using Theorem 1.5.4, we can already infer that
Rt — {U}7 and R — (VI

Therefore, R is both quasi-proximally and quasi-topologically simple.

Moreover, if W is a relation on X such that
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W(l):{lvz}’ W(2)2{273}7 W(3)={1,3},

then by using Theorem 1.3.17 we can easily see that Eg = £y . Hence, by using Theorem
1.5.4, we can infer that R® = {W }® . Therefore, R is also paratopologically simple.

Next, we show that R is not topologically simple. For this, assume on the contrary that
R is topologically simple. Then, there exists a relation S on X such that R = {S}".
Hence, by using that A is extensive, we can infer that Ry, Ry € { S }” and S € R". Thus,
in particular by the definition of A, we have both S (3) C R;(3) and S (3) C R2(3), and
moreover either R;(3) C S(3) or R2(3) C S(3). Hence, by using that R;(3) = {1, 3}
and R2(3) = {2, 3}, we can infer that either {1, 3} C {3} or {2,3} C {3}. This
contradiction shows that R cannot be topologically simple.

Hence, it is clear that R cannot also be [J—simple for any operation [J for relators with
OA = A. Thus, in particular, R cannot also be uniformly and proximally simple.

Remark 3.18.4. Concerning the relator R, considered in Example 3.18.1, we can also note
that X2 ¢ R, and thus R cannot be [Jfine for any operation [J for relators with X2 € RY.

Recall that the relator considered in Example 3.18.1 is quasi-topologically connected.
Therefore, to see that the converse of Theorem 3.6.5 is also not true, we have to consider
another example.

The following somewhat more difficult example, given also by Pataki [94], will show
that even a very particular quasi-proximally connected relator need not be quasi-topologically
connected.

Example 3.18.5. If X = {i}} , and R; C X? forall i € X such that

Ri(1)={1,2}, Ri(2) = X, Ri(3) = Ri(4) ={2,34},

Ry (1) = X, Ry(2) ={1, 2}, Ra(3) = R2(4) ={1, 3,4},

R(1) = Ry(2) = {1, 2,4}, Ry(3)={3,4),  Rs(4)= X,
Ra(1) = Ra(2) = {1,2, 3}, Ru(3) = X, Ru(4) = {3, 4},

then R = { R; }?:1 is a tolerance relator on X such that:

(1) R is not resolvable, hyperconnected and paratopologically minimal ;

(2) R is quasi-proximally minimal, connected, hyperconnected and ultraconnected ;

(3) R is neither quasi-proximally nor quasi-topologically door, superset and submaximal ;
(4) R is not quasi-topologically minimal, connected, hyperconnected and ultraconnected .

It can again be easily seen that each R, is a reflexive and symmetric relation on X.
Therefore, R is a tolerance relator on X.

Moreover, we can at once see that Rq(1) N R3(3) = 0. Therefore, by Theorem 3.12.7,
we can state that R is not hyperconnected. Hence, by using Theorem 3.12.5, we can infer
that R is not paratopologically minimal. ( This statement is also immediate from the fact that
{1,2} =R:1(1)€ér))

On the other hand, by using Theorems 1.4.7 and 1.4.8, we can see that

Tr ={0, {1,2}, {3,4}, X } = Fxr.
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Therefore, TR N Fr = Tr € {0, X}, and thus R is not quasi-topologically connected.
Hence, by using Theorems 3.6.3, 3.10.5 and 3.11.5, we can infer that R is also not quasi-
topologically minimal, hyperconnected and ultraconnected. (The latter statements are now
also quite obvious by the corresponding definitions .)

On the other hand, concerning the sets A = {1, 2} and B = {3, 4} we can also easily
seethat R;[A] = R;,(HDUR;(2)Z A and R;[B]= R;3)UR;(4) € B forall i € X,
and thus A, B ¢ 75 . Hence, by using that 7, C T , we can infer that 7, = {(}, X }, and
thus R is quasi-proximally minimal. Hence, by using Theorems 3.6.3, 3.10.3 and 3.11.3,
we can infer that R is also quasi-proximally connected, hyperconnected and ultraconnected.
( The latter statements are now also quite obvious by the corresponding definitions.)

Now, we can also note that T U Fr = Tr # P(X). Therefore, R is not a quasi-
topologically door relator. Moreover, by Theorems 1.3.17 and 1.3.14, we can easily see that

Er={{1,2}, {3,4}, {1,2,3}, {1,2,4}, {1,3,4}, {2,3,4}, X }
and Dr = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, X }.
Therefore, £ € Tr and Dr € T, and thus R is not also a quasi-topologically superset
and submaximal relator. Hence, by Theorem 3.16.1, we can see that R is also not a quasi-
proximally door, superset and submaximal relator. Moreover, since Dr \ Eg = 0, we can
also state that R is not resolvable.

Remark 3.18.6. In connection with the above relator R, it is also noteworthy that
R?*={R?*:ReR}={X?}, but RoR={RoS:R, SeR}Z{X?}.
Namely, for instance, we have R; [R3(3)] = R1[{3,4}]={2,3,4} #X.
Moreover, if R is as in Example 3.18.5, then again by Theorem 3.1.7 and Corollary 3.1.6,
itis clear that R cannot be proximally simple and topologically fine. However, by using direct
arguments, we can again prove some better assertions.

Example 3.18.7. If R is as in Example 3.18.5, then
(1) R is not uniformly and proximally simple ;
(2) R is quasi-proximally, quasi-topologically, topologically and paratopologically simple .

By taking U = X2, we can note that U is an equivalence relation on X such that
7= = {0, X } = 7(v, . Hence, by using Theorem 1.5.4, we can infer that R#>° = {U }#°°,
and thus R is quasi-proximally simple.

Moreover, by taking V = A% U B2, with A = {1, 2} and B = {3, 4}, we can note
that V' is an equivalence relation on X such that V(1) = V(2) = {1,2} and V(3) =
V(4) = {3, 4} . Hence, it is clear that in addition to R C {V }", we also have V € R".
Therefore, R = {V}", and thus R is topologically simple. Hence, it is clear that R is
also quasi-topologically simple. Moreover, since A A=A, we can also state that R is also
paratopologically simple.

Next, we show directly that R is not proximally simple. For this, assume on the contrary
that R is proximally simple. Then, there exists a relation S on X such that R# = {S}# .
Then, by using that # is extensive, we can infer that R C {S}# and S € R¥. Thus, in
particular we have S(3) C R1(3) and S(3) C R2(3), and thus S(3) C R1(3) N R2(3) =
{3, 4} . Moreover, quite similarly we can also see that S(4) C {3, 4} . Therefore, for the set
A =1{3,4}, wehave S[A] C A. On the other hand, since S € R#, we have R;[A] C



104 CHAPTER 3. MINIMALITY AND CONNECTEDNESS PROPERTIES

S[A], and thus R;[A] C A for some i € X. However, this is a contradiction since
card (A) = 2, while card (R;[A]) > 3 forall i € X. Therefore, R is not proximally
simple. Hence, since *# = #, itis clear that R cannot also be uniformly simple.

Remark 3.18.8. Concerning the relator R, considered in Example 3.18.5, we can also
note that X2 ¢ R, and thus R cannot be [l—fine for any operation [J for relators with
X2 eRrH.
Remark 3.18.9. Simple and quasi-simple relators have formerly been intensively investigated
by Szaz and Mala [116, 79, 83, 84, 81].

However, the characterization of paratopologically simple relators and the existence of
non-paratopologically simple relators were serious problems.

They were first established by J. Dedk and G. Pataki. (See [92].) In particular, Pataki has
constructed a non-paratopologically simple equivalence relator.

This justified an old conjecture of Arpad Szaz that, in addition to preordered nets, multi-
preordered nets also have to be intensively investigated.

Now the following example, suggested probably also by Pataki [93], will show that
even some very particular quasi-topologically minimal relators need not be paratopologically
minimal. Thus, in particular, the converse of Theorem 3.4.3 is not true.

Example 3.18.10. If X =R and R is arelation on X such that
R(x)={z-1}U[z, +0o]
forall x € X, then R = {R} is areflexive relator on X such that:
(1) R is not paratopologically minimal ;
(2) R is both resolvable and hyperconnected ;
(3) R is neither quasi-proximally nor quasi-topologically door, superset and submaximal ;
(4) R is both quasi-proximally and quasi-topologically minimal, connected, hyperconnected
and ultraconnected .

It is clear that R is a reflexive relation on X, and thus R is a reflexive relator on X.
Moreover, we can at once see that R (z) N R (y) # 0 for all «, y € X. Thus, by Theorem
3.12.7, R is hyperconnected.

On the other hand, we can at once see that R # X2, and thus R € {X?}. Therefore,
by Theorem 3.5.1, R is not paratopologically minimal. Moreover, we can also note that
NNR(z)# 0 and R(z) € N forall z € X. Therefore, by Theorem 1.3.17, N € Dg \ &x,
and thus R is resolvable.

Now, actually it remains only to show that 7r = {0, X}, and thus R is quasi-
topologically minimal. Namely, in this case, by Theorems 3.1.3, 3.6.3, 3.10.3 and 3.11.3,
the remaining parts of assertion (4) are also true. Moreover, by Definitions 3.15.1, 3.15.5 and
3.15.9, assertion (3) is also true.

For the proof of 7 = {0, X}, note that if A € Tr, then by Theorem 1.4.7, for
any a € A, we have R(a) C A, and thus {a — 1} U [a, +00[ C A. Therefore, if
x € A, then {x —1}U[z, +oo[ C A, and thus in particular z — 1 € A. Therefore,
{z—2}U[z—1, +oo[ C A, and thus in particular x — 2 € A. Hence, is clear that we
can only have either A =0 or A = X . Therefore, Tr = {0, X}.
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Remark 3.18.11. If R is as in Example 3.18.10, then it is also worth noticing that
Rx)={z—-1}U[z, +oo|€ &r,
but
clr(z) = R (z)=] —oco,z]U{x+1} ¢ {0, X} = Fr
forall x € X.
Therefore, despite of Tr = {0, X}, Er is quite a large subfamily of P (X ). Moreover,
the relator R is very far from being even weakly quasi-topological.

The following example will show that, despite of the close resemblance of Definitions
3.10.1 and 3.11.1, quasi-proximal and quasi-topological ultraconnectedness properties are
quite independent from the corresponding hyperconnectedness ones.

Example 3.18.12. If X = {1, 2, 3} and Ry, Ry C X? such that
Ry(1)={1}, Ri(2)=X, Ri(3)=X,
Ry(1)=X, Ry(2) ={2}, Ry(3) =X,
then R = { Ry, Ry} is a preorder relator on X such that:
(1) R is both quasi-proximally and quasi-topologically ultraconnected ;
(2) R is neither quasi-proximally nor quasi-topologically hyperconnected .
For this, note that Ry = {1}? U ({1}°xX) and Ry = {2}? U ({2}“x X). Therefore,
by a basic property of Pervin relations, R; and Rs are preorder (reflexive and transitive)
relations on X. Thus, R is a preorder relator on X.

Moreover, by using some further basic properties of Pervin relations, we can see that
m={0,{1}.,{2}, X} and T ={0,{1}.{2}, {1, 2}, X},
and thus
7o ={0,{1,3},{2,3}, X} and Fr={0,{3},{1,3},{2,3}, X}.
Therefore, the families 7 \ {#} and Fr \ {0} have the binary intersection property, but the
families 7 \ {0} and T \ {#} do not have the binary intersection property.

Remark 3.18.13. By using the equality R;l = R4, we can quite easily see that
Ry'(1) =X, Ry'(2)={2, 3}, Ry'(3) ={2,3},
Ry'(1) = {1, 3}, Ry'(2)=X, Ry'(3) = {1, 3}.

Hence, by some other basic properties of Pervin relations, it is clear that
Tr1 = {0,{1,3},{2,3}, X} and Tr-:={0,{1,3},{2,3}, X},
and thus
o1 ={0,{1},{2}, X} and  Fr-={0,{1},{2}, X}.
Therefore, we can also state that R ! is a both quasi-proximally and quasi-topologically
hyperconnected preorder relator on X such that R ~! is neither quasi-proximally nor quasi-
topologically ultraconnected.
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Summary

The purpose of this PhD dissertation is to investigate, in relator spaces, counterparts of several
types of generalised open sets and connectedness properties which have been studied by a
great number of authors in topological spaces.

The Introduction contains several historical facts on the investigations of these two enor-
mous topics. Moreover, it indicates that by using relators (families of relations) instead of
topologies we can get some substantial generalizations.

Actually, by the results of Pervin [95] and Sz4z [126], each minimal structure and gener-
alized topology can be easily derived from families of preorder relations. Thus, in contrast to
a common belief, they should not also be studied separately.

Chapter 1 is devoted to collect some relevant facts on relators and their induced basic
tools, such as proximal and topological interiors, open and fat sets, for instance. Moreover,
here some primary classifications of relators are also included.

In Chapter 2, ten types of generalized open sets are introduced and investigated. For
instance, a subset A of a relator space X (R) is called semi-open if A C clg (intg (A)),
and quasi-openif V C A C clg (V') for some open subset V of X (R).

Thus, for instance, it is shown that if in particular the relator R is topological, then A
is a semi-open (quasi-open) subset of X (R) if and only if there exist an open subset V' of
X (R) and asubset B of resg(A)=clg(A)\ A suchthat A=V UB .

While, in Chapter 3, a relator R on X is, for instance, called quasi-proximally minimal if
7= C {0, X}, and quasi-topologically connected if TrNFr C {0, X}, where 7 and T
denote the families of all proximally and topologically open subsets of X (R), respectively.

There, for instance, it is shown that R is quasi-topologically connected if the relator
RAVRAMT={RUS™': R,SeR"}, where R"={SCX?: VzeX: z€
intr (S (z))}, is quasi-proximally minimal.

The latter statement shows that the properties of quasi-topologically connected relators
can, in principle, be immediately derived from those of the quasi-proximally minimal ones.
Hence, it can be seen that connectedness is a particular case of well-chainedness.

At the end of the dissertation, several possibilities for some further, more general inves-

tigations are suggested. The results of this dissertation have been published in two papers
[101, 107] and one chapter [102].

A family R of relations on one set X to another Y is called a relator on X toY, and the
ordered pair (X,Y)(R) = ((X,Y), R) is called a relator space. For the origins of this
notion see [114, 123] and the references in [114].

If in particular R is a relator on X to itself, then R is simply called a relator on X.
Thus, by identifying singletons with their elements, we may naturally write X (R) instead of
(X, X)(R). Namely, (X, X) = {{X}, {X, X}} = {{X}}.

Relator spaces of this simpler homogeneous type are already substantial generalizations
of the various ordered sets [27] and uniform spaces [40]. However, they are insufficient for
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some important purposes. ( See, for instance, [44] and [122].)

Arelator R on X to Y, or the relator space (X, Y)(R), is called simple if R = {R}
for some relation Ron X to Y. Simple relator spaces (X, Y)(R) and X (R) were called
formal contexts and gosets (generalized ordered sets) in [44] and [134], respectively.

In the dissertation, we shall mainly be considering relators on X . A relator R on X,
or the relator space X (R), will, for instance, be called reflexive if each member of R is
reflexive on X. Thus, we may also naturally speak of preorder, tolerance, and equivalence
relators.

For instance, for a family A of subsets of X, the family R4 = { R4 : A € A}, where
Ry = A? U (A°x X), is an important preorder relator on X . Such relators were first used
by Pervin [95], and later also by Levine [77] and Széaz [126].

While, for a family D of pseudo-metrics on X, the family Rp = {B%: r >0,d €D},
where B¢ = {(x,y): d(x,y) <r}, is an important tolerance relator on X. Such relators
were first considered by Weil [146].

Moreover, if & is a family of covers (partitions) of X, then the family Rg = {S4 :
Aec&}, where Sy =U e A? | is a tolerance (equivalence) relator on X. Equivalence
relators were first investigated by Levine [76].

If R isarelator on X, then in Chapter 1, forany A, B C X and z,y € X, we define

() Ae€ntg(B) if R[A] C B forsome RER;
2) A€ Clg(B) if R[A]NB#0 forall RER:

(3) x €intr(B) if {z} € Intr(B); 4) x eclg(B) if {z} € Clg(B);
and moreover

(5) Aerr if A€Intr(A); 6) AcFr if A°¢ Clg(A4);

(7) AeTr if A C intg(A4); 8) Ae Fr if clg(A) C A;
9) Aeér if intr(A)#£0; (10) AeDg if clg(4)=X.

The relations Intr and intg are called the proximal and topological interiors generated
by R, respectively. While, the members of the families 7., Tz and Ex are called the
proximally open, topologically open and fat subsets of the relator space X (R ), respectively.

The relators
R*={SCX?: JReER: RCS};

R#={SCX?: VACX: I ReR: R[A] CS[A]};
RN = {S§X2: VeeX: FJReR: R(x)QS(az)};
Re={SCX?: VzeX: JueX: FReR: R(u)CS(x)}.

are called the uniform, proximal, topological and paratopological closures (or refinements) of
the relator R, respectively.

Thus, R#, R”" and R*“ are the largest relators on X such that Intg = Intps,
intg = intga and Egx = Ers . However, in general there is no largest relator S on X
such that 7z = Ts. This is a serious disadvantage of the topologically open sets compared
to the fat and proximally open ones.
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In Chapter 2, motivated by some similar definitions in topological spaces, a subset A of
the relator space X (R) is called topologically

(1) preopen if A C intg (clr(A));

(2) semi-open if A C cln(intn ) ;

(3) regular open if A = mtR(clR (A ) ;

4) a-open if A C intr (clR(mtR (A )) ;

(5) B-open if A Cclg (mtR (CIR ))

(6) a-open if AC CIR(IHtR ) N 1nt7g(cl7g (A) )

(7) b-open if A C cln(intn ) U 1nt7g(cl7g (A) )

(8) quasi-open if there exists V € T suchthat VC A C clg(V);
(9) pseudo-open if there exists V € Tr suchthat ACV C clg(4).

The families of the above sets A are denoted by 75 with
k=p,s,T,a,,a,b, g and ps, respectively.

Moreover, the set A is called fopologically

(10) ~y-open if thereexists V € T3 suchthat A CV Cclg(A4);
(11) d-open if there exists V € T suchthat V C A C clg (V).
And, the families of the latter sets are denoted by 7 and 7.

In Chapter 3, motivated by some similar definitions in topological spaces, a relator R on
X iscalled

(1) quasi-proximally minimal if 7, C {0, X};

(2) quasi-topologically minimal if Tr C {0, X};

(3) paratopologically minimal if Er C{X};

(4) quasi-proximally connected if T, N Fr C{0, X};

(5) quasi-topologically connected if T N Fr C {0, X};

(6) hyperconnected if Exr C Dr;

(7) quasi-proximally hyperconnected if ANB#() forall A, Be, \{0};
(8) quasi-topologically hyperconnected if AN B #( forall A, B € T \ {0}
(9) quasi-proximally ultraconnected it ANB#( forall A, Be 7, \{0};
(10) quasi-topologically ultraconnected if AN B #( forall A, Be Fr\{0};
(11) quasi-proximally door relator if P(X) =1, U Fr;

(12) quasi-topologically door relator if P(X)=Tr U Fr;

(13) quasi-proximally superset relator if Er C 7p;

(14) quasi-topologically superset relator if Ex C Tr;

(15) quasi-proximally submaximal if Dr C 7 ;

(16) quasi-topologically submaximal if Dr C Tr;

(17) resolvable if Dr € Ex.

In the dissertation, we are mainly dealing with characterizations of these 28 properties
and establishing the relationships among some of them.



Possibilities for Some Further, More General
Investigations

1. A Stacked Three Relator Space

Most of the results of the present dissertation can be unified and generalized by using some
particular cases of a non-conventional, stacked three relator space

(X,Y)(R,U,V)(D)=((X,Y), (R, U,V),D)

suggested by Szaz [142], where

(1) R isarelatoron X to Y,i.e., asetof relations on X to Y,

(2) U is asuperrelatoron X to Y, i.e., arelatoron P (X) to YV';

(3) V isahyperrelatoron X to Y, i.e., arelatoron P (X) to P(Y);

(4) DisastackonY,ie., DCP(Y) suchthat D€ Dand DCECY imply E€D.
Here, by Szaz [126], we may assume, without any loss of generality, that
D:DS:{BQY: Y:CIS(B)}:{BQY: vVSes: Y:Sfl[B]}

for some preorder relator S on Y.

Therefore, instead of the above non-conventional, stacked three relator space, we may,
equally well, consider a non-conventional, four relator space

(X, Y)(R, U, V)(S)=(X,Y)(R, U, V)(Ds),
where S is arelator on Y, or on an arbitrary set to Y.
Note that if in particular Y # () and Sy = Y2, then
Do = Ds, = Dis,y = P\ {0} ={BCY: B#0}.
Thus, this will be the most important particular case of our subsequent treatment.
Namely, by using (2) and (4), for any B C Y we may naturally define
Clwy,p)(B) = {AQX: vUel: U(A)ﬂBeD}
and
Int ¢/, p) (B) = Cl,p)(B°) =P (X)\ Cly,p) (Y \B).
Thus, we can easily prove that
Intg,p)(B)={ACX: 3Uecl: U(A\B¢D}.
Moreover, by using the dual
E={ECY: E°¢D}={ECY: YVDeD: END#0}
of the stack D, we can easily establish that
Int g py(B)={ACX: JUeld: U(A°UBef}.
Now, by using the above hyper relations, we may also naturally define
CI(M,D)(B) = {.’IJGX : {l‘} S Cl(b{,D)(B)}
and
int(uyp)(B) = {.%‘EX : {.%‘} S Int(uyp)(B)}.
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Moreover, by using the latter super relations, we may also naturally define
D(M,D) = {D g Y: X= CI(U’D)(D) }
and
EZ/{D) {ECY lntz,{p) 75(2)}

The hyper and super relations Int ;4 py and int ¢4 py are called the proximal and topo-
logical interiors generated by the super relator ¢/ and the stack D, respectively. While, the
members of the family & w,p) are called the far subsets of the stacked super relator space
(X, Y)U)(D).

Now, for instance, we may also naturally define

Clu =Cl (U, Do) and Cl (R, D) = Cl (R>,D) »
where
D:{RD: RER}, with R"(A)=R[A]
forall A C X.
In addition to the super relator R”, now we may also naturally consider the ordinary relator
<={U*: veu}, with U(z) =U ({=z})
for all x € X. Moreover, we may also naturally consider the super relator
ue={U°: Uel}, with Ue=u0"".
Note that R*< = R forall R€ R, andthus R**={R"Y: ReR}=TR

Concerning the latter relators, we can easily prove that
CI(Z/N,D) = CI(MO,D) and Cl(L{q,D) = Cl(uojp) S Cl(uﬂ)).
Therefore, by using super relators instead of the ordinary ones, the structures cl and D cannot
be generalized.

However if for instance X = {1, 2} and U is a super relation on X such that, for any
A C X, we have

UA)=A if A#X, and UA)={1} if A=X,

then it can be shown that Cly = Clyyy # Clg for any relator R on X.

Now, in accordance with our former definitions, the super relator &/ may, for
instance, be naturally called
(a) D-irresolvable if Dy py S Ew,pys
(b) D-hyperconnected if Eupy S D, py;
(¢) D-paratopologically minimal if Eqpy C{Y}.

Recall that &y py = E«, py,and thus Eyy = €y, py) = € W=, py) = Eus - Therefore,

the particular cases D = Dy of the above definitions are only some slight generalizations of
our former similar definitions.

Moreover, if for instance X = R and
R,={(z,y)eX?: d(z,y)<n '}
forall n € N, then R = { R, } nen 18 an important tolerance relator on X, with several
useful additional properties, which does not have the above properties.
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However, despite this, the above curious properties, in the particular case X = Y and
D = Dy, have several interesting characterizations and applications.

2. The Homogeneous Particular Case

Now, to simplify our preceding considerations, we shall assume that :
(1) R isarelatoron X,

(2) U is a super relator on X;

(3) V isahyper relator on X;

(4) D isastack on X, and thus in particular Dy = P (X)\ {0} .

That is, instead of the possibly inhomogeneous, non-conventional, stacked three relator
space ( X,Y ) ( R, U,V ) (D), we shall now consider the homogeneous, non-conventional,
stacked three relator space

X (R, U, V)(D) = (X, X)(R, U, V)(D)
In this particular case, in addition to the corresponding particular cases of our former basic
tools, we may also naturally define the families

Tumy ={ACX: AcIntyp(A)}; Fup ={ACX: A°¢ Cly.py(A)};
Tup) ={ACX: ACinty p)(4)}; Fupy={ACX: cy,p(4) CA}.
The members of the families, 74, », and Ty, p) are called the proximally open and topolog-
ically open subsets of the stacked super relator space X (U)(D), respectively.

We have seen that the open sets are usually less important tools than the interior relations
and the fat sets. For instance, it may occur that Tz = T(re p,) = {0, X } , but & =
Er>,py) 18 a quite large subfamily of P (X)) . Moreover, for instance, by using the fat and
dense sets, we may naturally define the convergence and adherence of nets to nets and points
even in an inhomogeneous relator space (X, Y)(R). Thus, the relations Limg and Adhg
are usually more powerful tools, than the relation Clgz and Intg .

Now, in accordance with our former definitions, the super relator &/ may, for instance, be
naturally called

(1) D-quasi-proximally minimal if 74, C {0, X};
(2) D—quasi-topologically connected it Ty py N Fu,py {0, X}.
Again, the particular cases D = Dy of these definitions are only slight generalizations of our
former similar definitions.
Moreover, we can also prove that

?M:{AQX: IUelU: AQU*(A)}
and

Fo={ACX: IUeU: ACUA)},
where

U*:{U*: UEL{}, with U*(A)=U (A°)¢



Possibilities for Some Further, More General Investigations 113

forall A C X.
Therefore, if for instance U is a super relation on X such that
U (A) = clg (intg (A))
forall A C X, then
Fy = {A CX: AC intR(CIR(A))}
and
Fur = {A CX: AC CIR(intR(A))}.

Thus, 7, and 7, are just the families 773 and 7 of all topologically preopen and semi-
open subsets of the relator space X (R).

Now, for any A C P (X), we may also naturally define

AF = Akv = cly(A) and Al = AW = cly-1(A).
Thus, by Theorem 1.3.10, we can at once state that
AL =Nyey VIA] and AR =Ny ey VAL

Moreover, we can easily establish that

A'={BCX: VYVeV: F3AcA: BeV(4)}
and

AP ={BCX: VVeV: FA4eA: AcV(B)}.
Therefore, if for instance V' is a hyper relation on X such that
V(A)={BCX: ACBCcdg(4)}
forall A C X, then forany A C P (X) we have

AV ={BCX: JAcA: ACBCcdg(A)}
and
Abv ={BCX: JA€A: BCACdxr(B)}.

Thus, T%V and TRkV are just the families 77 and 72° of all topologically quasi-open and
pseudo-open subsets of the relator space X (R).



Bibliography

[1] M. E. Abd El-Monsef, S.N. El-Deeb R. A. Mahmoud, S-open sets and S—continuous
mappings, Bull. Fac. Sci. Assiut Univ., 12 (1983), 77-90.

[2] S. Acharjee, M. Th. Rassias and A. Szaz, Upper and Lower Semicontinuous Relations
in Relator Spaces, In: Th. M. Rassiass and P. M. Pardalos(Eds.), Mathematical Analysis,
Optimization, Approximation and Applications, World Scientific, 2022, to appear.

[3] P. Alexandroff, Zur Begriindung der n-dimensionalen mengentheorischen Topologie,
Math. Ann., 94 (1925), 296-308.

[4] T.M. Al-shami, On supra semi open sets and some applications on topological spaces,
J. Adv. Stud. Topol., 8 (2017), 144-153.

[5] D. Andrijevié, Semi-preopen sets, Mat. Vesnik, 38 (1986), 24-32.

[6] D. Andrijevié, On SPO—-equivalent topologies, Suppl. Rend. Circ. Mat. Palermo, 29
(1992), 317-328.

[7] D. Andrijevié, A note on a—equivalent topologies, Mat. Vesnik, 45 (1993), 65-69.

[8] D. Andrijevi¢, On b—open sets, Mat. Vesnik, 48 (1996), 59-64.

[9] D. Andrijevi¢, M. Ganster, On PO-equivalent topologies, Suppl. Rend. Circ. Mat.
Palermo, 24 (1990), 251-256.

[10] H. Arianpoor, Preorder relators and generalized topologies, J. Lin. Top. Algebra, 5
(2016), 271-277

[11] J. Avila, F. Molina, Generalized weak structures, Int. Math. Forum 7 (2012), 2589-2595.

[12] N. Bourbaki, General Topology, Chap 1—4, Springer-Verlag, Berlin, 1989.

[13] N. Bourbaki, Eléments de Mathématique, Algébre Commutative, Chap. 1-4, Springer,
Berlin, 2006.

[14] E. Cech, Topological Spaces, Academia, Prague, 1966.

[15] H.H. Crossley, E. Michael, Metrizability of certain countable unions, lllinois J. Math, 8
(1964), 351-360.

[16] S.G. Crossley, A note on semitopological classes, Proc. Amer. Math. Soc, 43 (1974),
416-420.

[17] S.G. Crossley, S. K. Hildebrandt, Semi-closure. Texas J. Sci., 22 (1971), 99-112.

[18] S.G. Crossley, S. K. Hildebrandt, Semi-topological properties. Fund. Math., 74 (1972),
233-254.

[19] A. Csészér, Foundations of General Topology, Pergamon Press, London, 1963.

[20] A. Csaszar, Generalized open sets, Acta Math. Hungar., 75 (1997), 65-87.

[21] A. Csészar, On the ~y—interior and ~y—closure of a set, Acta Math. Hungar., 80 (1998),
89-93.

[22] A. Csészar, y—quasi-open sets, Studia Sci. Math. Hungar., 38 (2001), 171-176.

[23] A. Csaszar, Remarks on y-quasi-open sets, Studia Sci. Math. Hungar., 39 (2002),
137-141.

[24] A. Csaszér, Further remarks on the formula for the ~—interior, Acta Math. Hungar., 113
(2006), 325-332.

[25] A. Csdszar, Remarks on quasi-topologies, Acta Math. Hungar., 119 (2008), 197-200.

114



BIBLIOGRAPHY 115

[26] A. Csaszar, Weak structures, Acta Math. Hungar. 131 (2011), 193-195.

[27] B. Davey and H. Priestley, Introduction to Lattices and Order, Cambridge University
Press, Cambridge, 2002.

[28] A. S. Davis, Indexed systems of neighbordoods for general topological spaces, Amer.
Math. Monthly, 68 (1961), 886-894.

[29] K. Dlaska, N. Ergun, M. Ganster, On the topology generated by semi-regular sets, Indian
J. Pure Appl. Math., 25 (1994), 1163-1170.

[30] D. Doicinov, A unified theory of topological spaces, proximity spaces and uniform
spaces, Dokl. Acad. Nauk SSSR, 156 (1964), 21-24. (Russian)

[31] J. Dontchev, On superconnected spaces, Serdica, 20 (1994), 345-350.

[32] J. Dontchev, The characterization of spaces and maps via semi-preopen sets, Indian J.
Pure Appl. Math., 25 (1994), 939-947.

[33] J. Dontchev, Survey on preopen sets, Meetings on Topological Spaces, Theory and
Applications, Yatsushiro College of Technology, Kumamoto, Japan, 1998, 18 pp.

[34] Z. Duszynski, T. Noiri, Semi-open, semi-closed sets and semi-continuity of functions,
Math. Pannon., 23 (2012), 195-200.

[35] V. A. Efremovic, The geometry of proximity, Mat. Sb., 31 (1952), 189-200. (Russian)

[36] V. A. Efremovi¢ and A. S. Svarc, A new definition of uniform spaces, Metrization of
proximity spaces, Dokl. Acad. Nauk. SSSR, 89 (1953), 393-396. (Russian)

[37] E. Ekici, On weak structures due to Csdszdr, Acta Math. Hungar., 134 (2012), 565-570.

[38] N. Elez, O. Papaz, The new operators in topological spaces, Math. Moravica, 17 (2013),
63-68.

[39] R. Engelking, General Topology, Polish Scientific Publishers, Warszawa, 1977.

[40] P.Fletcher and W. F. Lindgren, Quasi-Uniform Spaces, Marcel Dekker, New York, 1982.

[41] G. B. Folland, A tale of topology, Amer. Math. Monthly, 117 (2010), 663-672.

[42] M. Ganster, I. L. Reilly and M. K. Vamanamurthy, Dense sets and irresolvable spaces,
Ricerche Mat., 36 (1987), 163-170.

[43] M. Ganster, D. Andrijevi¢, On some questions concerning semi-preopen sets, J. Inst.
Math. Com. Sci., 1 (1988), 65-72.

[44] B. Ganter and R. Wille, Formal Concept Analysis, Springer-Verlag, Berlin, 1999.

[45] M. Ganster, M. Steiner, On some questions about b—open sets, Quest. Answers in Gen.
Topology, 25 (2007), 45-52.

[46] S. Givant, P. Halmos, Introduction to Boolean Algebras Springer-Verlag, Berlin, 2009.

[47] T. Glavosits, Generated preorders and equivalences, Acta Acad. Paed. Agrienses, Sect.
Math., 29 (2002), 95-103.

[48] W.H. Gottschalk, Intersection and closure. Proc. Amer. Math. Soc. 4 (1953), 470-473.

[49] F. Hausdorff, Grundziige der Mengenlehre, (German) Chelsea Publishing Company,
New York, N. Y., 1949.

[50] H. Herrlich, Topological Structures, Math. Centre Tracts, 52 (1974), 59-122.

[51] E. Hewitt, A problem of set-theoretic topology, Duke Math. J, 10 (1943), 309-333.

[52] W. Hunsaker and W. Lindgren, Construction of quasi-uniformities, Math. Ann., 188
(1970), 39-42.

[53] D.H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci.
U.S.A, 27 (1941), 222-224.

[54] J. R. Isbell, Uniform Spaces, Amer. Math. Soc., Providence, 1964.



116 BIBLIOGRAPHY

[55] Y. Isomichi, New concept in the theory of topological spaces—Supercondensed set,
subcondensed set, and condensed set, Pacific J. Math., 38 (1971), 657-668.

[56] B.M. Ittanagi, S.S. Benchalli, On paraopen sets and maps in topological spaces,
Kyungpook Math. J., 56 (2016), 301-310.

[57] R. Jamunarani, P. Jeyanthi, T. Noiri, On generalized weak structures, Journal of
Algorithms and Computation, 47 (2016), 21-26.

[58] Y.B. Jun, S. W. Jeong, H.j. Lee, J. W. Lee, Applications of pre-open sets, Appl. Gen.
Top., 9 (2008), 213-228.

[59] S.-M. Jung, Interiors and cosures of sets and applications, Int. J. Pure Math. 3 (2016),
41-45.

[60] S.-M. Jung, D. Nam, Some properties of interior and closure in general topology, Math-
ematics, 7 (2019), 10 pp.

[61] J. L. Kelley, General Topology, Van Nostrand Reinhold Company, New York, 1955.

[62] H. Kenyon, Two theorems on relations, Trans. Amer. Math. Soc., 107 (1963), 1-9 .

[63] H.J. Kowalsky, Topologische Rdumen, Birkhduser, Basel, 1960.

[64] K. Kuratowski, Sur [’opération A del ‘analysis situs, Fund. Math., 3(1922), 182-199.
( An English translation: On the operation A in analysis situs, prepared by M. Bowron in
2010, is available on the Internet.)

[65] K. Kuratowski, Topologie I, Revised and augmented eddition: Topology I, Academic
Press, New York, 1966.

[66] J. Kurdics, A note on connection properties, Acta Math. Acad. Paedagog. Nyhazi.,
12,(1990), 57-59.

[67] J. Kurdics and A. Szdz, Well-chained relator spaces, Kyungpook Math. J., 32 (1992),
263-271.

[68] J. Kurdics and A. Széaz, Well-chainedness characterizations of connected relators, Math.
Pannon., 4 (1993), 37-45.

[69] J.E. Leuschen and B. T. Sims, Stronger forms of connectivity, Rend. Circ. Mat. Palermo,
21 (1972), 255-266.

[70] N. Levine, On the commutivity of the closure and interior operators in topological
spaces, Amer. Math. Montly, 68 (1961), 474—477.

[71] N. Levine, Semi-open sets and semi-continuity in topological spaces, Amer. Math.
Monthly, 70 (1963), 36-41.

[72] N. Levine, Some remarks on the closure operator in topological spaces, Amer. Math.
Monthly, 70 (1963), p. 553.

[73] N. Levine, Strongly connected sets in topology, Amer. Math. Monthly, 72 (1965),
1098-1101.

[74] N. Levine, The superset topology, Amer. Math. Monthly, 75 (1968), 745-746.

[75] N. Levine, Dense topologies, Amer. Math. Monthly, 75 (1968), 847—852.

[76] N. Levine, On uniformities generated by equivalence relations, Rend. Circ. Mat.
Palermo, 18 (1969), 62-70.

[77] N. Levine, On Pervin’s quasi uniformity, Math. J. Okayama Univ., 14 (1970), 97-102.

[78] N. Levine, Well-chained uniformities, Kyungpook Math. J., 11 (1971), 143-149.

[79] J. Mala, An equation for families of relations, Pure Math. Apll., Ser. B, 1 (1990),
185-188.



BIBLIOGRAPHY 117

[80] J. Mala, Relators generating the same generalized topology, Acta Math. Hungar., 60
(1992), 291-297.

[81] J. Mala, Finitely generated quasi-proximities, Period. Math. Hungar., 35 (1997),
193-197.

[82] J. Mala, A. Széz, Modifications of relators, Acta Math. Hungar. 77(1997), 69-81.

[83] J. Mala and A. Széz, Equations for families of relations can also be solved, C. R. Math.
Rep. Acad. Sci. Canada, 12 (1990), 109-112.

[84] J. Mala and A. Széz, Properly topologically conjugated relators, Pure Math. Appl., Ser.
B, 3 (1992), 119-136.

[85] Z.P. Mamuzié, Introduction to General Topology, Noordhoff, Groningen, 1963.

[86] A.S.Mashhour, M. E. Abd El-Monsef, S. N. El-Deeb, On precontinuous and weak pre-
continuous mappings, Proc. Math. Phys. Soc. Egypt, 53 (1982), 47-53.

[87] S. A. Naimpally and B. D. Warrack, Proximity Spaces, Cambridge University Press,
Cambridge, 1970.

[88] H. Nakano and K. Nakano, Connector theory, Pacific J. Math., 56 (1975), 195-213.

[89] O. Njastad, On some classes of nearly open sets, Pacific J. Math., 15 (1965), 195-213.

[90] T. Noiri, On semi-continuous mappings, Lincei-Rend. Sci. Fis. Mat. Nat., 54 (1973),
210-214.

[91] T. Noiri, Hyperconnectedness and preopen sets, Rev. Roum. Math. Pures Appl., 29
(1984), 329-334.

[92] G. Pataki, Supplementary notes to the theory of simple relators, Radovi Mat., 9 (1999),
101-118.

[93] G. Pataki, On the extensions, refinements and modifications of relators, Math. Balk., 15
(2001), 155-186.

[94] G. Pataki and A. Szdz, A unified treatment of well-chainedness and connectedness pro-
perties, Acta Math. Acad. Paedagog. Nyhdzi. (N.S.), 19 (2003), 101-165.

[95] W. J. Pervin, Quasi-uniformization of topological spaces, Math. Ann., 147 (1962),
316-317.

[96] W.]. Pervin, Quasi-proximities for topological spaces, Math. Ann., 150 (1963),
325-326.

[97] V. Pipitone, G. Russo, Spazi semiconnessi e spazi semiaperty, Rend. Circ. Mat. Palermo,
24 (1975), 273-285.

[98] M. Th. Rassias and A. Szaz, Basic tools and continuity-like properties in relator spaces,
Contrib. Math., 3(2021), 77-106

[99] Th. M. Rassias, A. Szdz, A General Framework for Studying Certain Generalized Topo-
logically Open Sets in Relator Spaces, In: Th.M. Rassias (Ed.), Nonlinear Analysis,
Differential Equations, and Applications, Springer Optimization and Its Applications 173,
Springer Nature Switzerland AG, 173, 2021, 415-491.

[100] Th. M. Rassias and A. Szédz, Ordinary, Super and Hyper Relators Can Be Used to Treat
the Various Generalized Open Sets in a Unified Way, In: N.J. Daras and Th. M. Rassias
(Eds.), Approximation and Computation in Science and Engineering, Springer Optimi-
zations and Applications 180, Springer Nature Switzerland AG, to appear.

[101] Th. M. Rassias, M. Salih, A. Sz4z, Characterizations of generalized topologically open
sets in relator spaces, Montes Taurus J. Pure Appl. Math., 3 (2021), 39-94.



118 BIBLIOGRAPHY

[102] Th.M. Rassias, M. Salih, A. Széz, Set-theoretic Properties of Generalized Topolog-
ically Open Sets in Relator Spaces, In: 1.N. Parasidis, E. Providas and Th. M. Rassias
(Eds.), Mathematical Analysis in Interdisciplinary Research, Springer Optimizations and
Its Applications 179, Springer Nature Switzerland AG, 2022, to appear.

[103] Th. M. Rassias, M. Salih, A. Szaz, Characterizations and Set Theoretic Properties of
Some Generalized Open and Fat sets in Relator Spaces, In: Th. M. Rassiass and P. M.
Pardalos(Eds.), Mathematical Analysis, Optimization, Approximation and Applications,
World Scientific, 2022, to appear.

[104] I.L. Reilly, M. K. Vamanamurthy, On «-continuity in topological spaces, Acta Math.
Hungar., 45 (1985), 27-32.

[105] F Riesz, Die Genesis der Raumbegriffs, Math. Naturwiss. Ber. Ungarn, 24 (1906),
309-353.

[106] F. Riesz, Stetigkeitsbegriff und abstrakte Mengenlehre, Atti IV Congr. Intern.Mat.,
Roma, IT (1908), 18-24.

[107] M. Salih, A. Szaz, Generalizations of some ordinary and extreme connectedness prop-
erties of topological spaces to relator spaces, Elec. Res. Arch., 28 (2020), 471-548.

[108] M.S. Sarsak, On some properties of generalized open sets in generalized topological
spaces, Demonstr. Math., 46 (2013), 415-427.

[109] W. Sierpinski, General Topology, Mathematical Expositions, University of Toronto
Press, Toronto, 7, 1952.

[110] P. Sivagami, Remarks on ~—interior, Acta Math. Hungar., 119 (2008), 81-94.

[111] Yu. M. Smirnov, On proximity spaces, Math. Sb., 31 (1952), 543-574. (Russian.)

[112] L. A. Steen and J. A. Seebach, Counterexamples in Topology, Springer-Verlag, New
York, 1970.

[113] M. H. Stone, Application of the theory of Boolean rings to general topology, Trans.
Amer. Math. Soc., 41 (1937), 374-481.

[114] A. Széz, Basic tools and mild continuities in relator spaces, Acta Math. Hungar., 50
(1987), 177-201.

[115] A. Széz, Directed, topological and transitive relators, Publ. Math. Debrecen, 35 (1988),
179-196.

[116] A. Szaz, Relators, Nets and Integrals, Unfinished doctoral thesis, Debrecen, 1991.

[117] A. Szaz, Inverse and symmetric relators, Acta Math. Hungar., 60 (1992), 157-176.

[118] A. Szdz, Structures derivable from relators, Singularité, 3 (1992), 14-30.

[119] A. Szaz, Refinements of relators, Tech. Rep., Inst. Math., Univ. Debrecen 76 (1993),
19 pp.

[120] A. Szdz, Cauchy nets and completeness in relator spaces, Collog. Math. Soc. Janos
Bolyai 55 (1993), 479-489.

[121] A. Szdz, Neighbourhood relators, Bolyai Soc. Math. Stud. 4 (1995), 449-465

[122] A. Szdz, Somewhat continuity in a unified framework for continuities of relations, Tatra
Mt. Math. Publ., 24 (2002), 41-56.

[123] A. Széz, Upper and lower bounds in relator spaces, Serdica Math. J., 29 (2003),
239-270.

[124] A. Széz, Rare and meager sets in relator spaces, Tatra Mt. Math. Publ., 28 (2004),
75-95.



BIBLIOGRAPHY 119

[125] A. Szdz, Galois-type connections on power sets and their applications to relators, Tech.
Rep., Inst. Math., Univ. Debrecen, 2 (2005), 38 pp.

[126] A. Sziz, Minimal structures, generalized topologies, and ascending systems should not
be studied without generalized uniformities, Filomat, 21 (2007), 87-97.

[127] A. Szaz, Applications of fat and dense sets in the theory of additive functions, Tech.
Rep., Inst. Math., Univ. Debrecen, 3 (2007), 29 pp.

[128] A.Sziz, Galois type connections and closure operations on preordered sets, Acta Math.
Univ. Comen., 78 (2009), 1-21.

[129] A. Széz, Lower semicontinuity properties of relations in relator spaces, Adv. Stud.
Contemp. Math., (Kyungshang), 23 (2013), 107-158.

[130] A. Széz, Inclusions for compositions and box products of relations, J. Int. Math. Virt.
Inst., 3 (2013), 97-125.

[131] A. Szaz, A particular Galois connection between relations and set functions, Acta Univ.
Sapientiae, Math., 6 (2014), 73-91.

[132] A. Szaz, Generalizations of Galois and Pataki connections to relator spaces, J. Int.
Math. Virt. Inst., 4 (2014), 43-75.

[133] A. Szdz, Remarks and problems at the conference on inequalities and applications,
Hajddszoboszld, Hungary, Tech. Rep., Inst. Math., Univ. Debrecen, 5 (2014), 12 pp.

[134] A. Széz, Basic Tools, Increasing Functions, and Closure Operations in Generalized
Ordered Sets, In: P. M. Pardalos and Th. M. Rassias (Eds.), Contributions in Mathematics
and Engineering: In Honor of Constantion Caratheodory, Springer, 2016, 551-616.

[135] A. Széz, Four general continuity properties, for pairs of functions, relations and rela-
tors, whose particular cases could be investigated by hundreds of mathematicians, Tech.
Rep., Inst. Math., Univ. Debrecen, 1 (2017), 17 pp.

[136] A.Sziz, The closure-interior Galois connection and its applications to relational equa-
tions and inclusions, J. Int. Math. Virt. Inst., 8 (2018), 181-224.

[137] A. Sziz, A unifying framework for studying continuity, increasingness, and Galois con-
nections, MathLab J., 1 (2018), 154-173.

[138] A. Széz, Corelations are More Powerful Tools Than Relations, In: Th. M. Rassias
(Ed.), Applications of Nonlinear Analysis, Springer Optimization and Its Applications,
134, 2018, 711-779.

[139] A. Széz, Galois and Pataki connections on generalized ordered sets, Earthline J. Math.
Sci., 2 (2019), 283-323.

[140] A. Szaz, Super and hyper products of super relations, Tatra Mt. Math. Publ. 78 (2021),
85-118.

[141] A. Szaz, Contra continuity properties of relations in relator spaces, In: S. Acharjee and
G. Bosi (Eds.), Advances in Topology and Their Interdisciplinary Application, Springer, to
appear.

[142] A. Szaz, Non-Conventional Stacked Three Relator Spaces In: S. Acharjee, C. Ozel, J.F.
Peters and G. Bosi (Eds.), Advances in Topology and its Structures: Foundations, Theory
and Application, John Wiley and Sons, submitted.

[143] W.J. Thron, Topological Structures, Holt, Rinehart and Winston, New York, 1966.

[144] H. Tietze, Beitrdge zur allgemeinen Topologie I. Axiome fiir verschiedene Fassungen
des Umgebungsbegriffs, Math. Ann., 88 (1923), 290-312.



120 BIBLIOGRAPHY

[145] J. W. Tukey, Convergence and Uniformity in Topology, Princeton Univ. Press, Prince-
ton, 1940.

[146] A. Weil, Sur les Espaces d Structure Uniforme et sur la Topologie Générale, Actual.
Sci. Ind. 551, Herman and Cie, Paris, 1937.

[147] R. L. Wilder, Evolution of the topological concept of connected, Amer. Math. Monthly,
85 (1978), 720-726.



List of Talks

1. Two Important Operations in Generalized Uniformities, 2" International Hazar Scient-
ific Researches Conference, Khazar University, Baku, Azerbaijan, April 10-12, 2021.

2. Minimality Properties of the Family T;} in Relator Spaces, 64" Annual Online
Meeting of the Australian Mathematical Society, University of New England, Australia,
December 8-11, 2020.

3. Closure and Interior Operations in Relator Spaces, 9" Interdisciplinary Doctoral
Conference, Doctoral Student Association of the University of Pécs, Hungary, Novem-
ber 27-28, 2020.

4. An Important Property of Topologically Semi-open and Preopen sets, 34" International
Summer Conference on Real Functions Theory, Slovak Academy of Sciences, Slovakia,
September 7-13, 2020.

5. Two Important Operations in Relator Spaces, Sikfékit Seminar of the Department of
Analysis, University of Debrecen, Sikfékiit, Hungary, August 28-30, 2020.

6. Generalized Open Sets Should Not Also Be Studied Without Generalized Uniformities,
The 16'" International Students’ Conference on Analysis, Sikfékit, Hungary, February
1-4, 2020.

7. Ordinary and Extreme Connectedness Properties of Relator Spaces, Analysis Research
Seminar, Institute of Mathematics, University of Debrecen, Hungary, March 20, 2019.

8. A New Type of Weakly Commutative Groups, The 2™ International Scientific Confer-
ence, The University of Zakho, Kurdistan Region of Iraq, April 18 — 20, 2017.






UNIVERSITY of
DEBRECEN

UNIVERSITY AND NATIONAL LIBRARY
UNIVERSITY OF DEBRECEN

H-4002 Egyetem tér 1, Debrecen
Phone: +3652/410-443, email: publikaciok@lib.unideb.hu

Registry number: DEENK/101/2022.PL
Subject:

PhD Publication List
Candidate: Muwafaq Mahdi Salih

Doctoral School: Doctoral School of Mathematical and Computational Sciences
MTMT ID: 10076180

List of publications related to the dissertation

Foreign language international book chapters (1)

1. Rassias, T. M., Salih, M. M., Szaz, A.: Set-theoretic Properties of Generalized Topologically Open
Sets in Relator Spaces.

In: Mathematical Analysis in Interdisciplinary Research, Springer, Natural Switzeland

[Accepted by publisher], 1-70, 2022

Foreign language scientific articles in international journals (2)

2. Rassias, T. M., Salih, M. M., Szaz, A.: Characterizations of Generalized Topologically Open Sets
in Relator Spaces.

Montes Taurus J. Pure Appl. Math. 3 (3), 39-94, 2021. ISSN: 2687-4814
3. Salih, M. M., Szaz, A.: Generalizations of some ordinary and extreme connectedness properties of
topological spaces to relator spaces

Electron. Res. Arch. 28 (1), 471-548, 2020. EISSN: 2688-1594

DOI: http://dx.doi.org/10.3934/era.2020027
IF: 1.833

List of other publications

Foreign language international book chapters (1)

e LVU N &
4. Rassias, T. M., Salih, M. M., Szaz, A.: Characterizations and Set Theoretic Propelj/gs“of So
Generalized Open and Fat sets in Relator Spaces.

a/,

In: Mathematical Analysis, Optimization, Approximation and Applications, Wtirld Sci
Singapore, [Accepted by publisher], 1-96, 2022.

é/
&
Z
¥
\'2 -“:7/
’(x N
. N &/
U R Me



N
5P

@

S Ol
UNIVERSITY of e NtveRstTY oF DEBRECEN

ﬂ D E B R E C E N H-4002 Egyetem tér 1, Debrecen
Phone: +3652/410-443, email: publikaciok@lib.unideb.hu

Foreign language scientific articles in international journals (3)

5. Abdullah, H. N., Ahmed, D., Salih, M. M.: Using fibonacci number to integrate 2x2 and 3x3
matrices.
The Journal of Duhok University. 21 (1), 1-5, 2018. ISSN: 1812-7568.
DOI: http://dx.doi.org/10.26682/sjuod.2018.21.1.1

6. Ibrahim, H. Z., Salih, M. M.: A New Type of Weakly Commutative Groups.
Science Journal of University of Zakho. 5 (2), 228-231, 2017. ISSN: 2410-7549.
DOI: http://dx.doi.org/10.25271/2017.5.2.373

7. Salih, M. M., Ahmed, D.: a-Q-fuzzy Subgroups.
Acad J. Nawroz Univ. 6 (3), 26-31, 2017. EISSN: 2520-789X.
DOI: http://dx.doi.org/10.25007/ajnu.v6n3a74

Total IF of journals (all publications): 1,833
Total IF of journals (publications related to the dissertation): 1,833

The Candidate's publication data submitted to the iDEa Tudéstér have been validated by DEENK on
the basis of the Journal Citation Report (Impact Factor) database.

25 February, 2022




	Introduction
	Relator Spaces
	A Few Basic Facts on Relations
	A Few Basic Facts on Relators
	Structures Derived from Relators
	Further Structures Derived from Relators
	Closure Operations on Relators
	Some Further Theorems on the Operations 80 愀渀搀 
	Projection Operations on Relators
	Reflexive, Non-Partial and Non-Degenerated Relators
	Topological and Quasi-Topological Relators
	Proximal and Quasi-Proximal Relators
	A Few Basic Facts on Filtered Relators
	A Few Basic Facts on Quasi-Filtered Relators
	Some Further Theorems on Topologically Filtered Relators
	Some More Particular Theorems on Topologically Filtered Relators
	A Few Basic Facts on Simple Relators
	A Few Basic Facts on Symmetric Relators
	Some Basic Facts on the Elementwise Unions of Relators
	Further Results on the Elementwise Unions of Relators

	Generalized Topologically Open Sets
	Some Generalized Topologically Open Sets
	Further Basic Properties of Generalized Topologically Open Sets
	Another Important Property of Topologically Semi- and Quasi-Open Sets
	Another Important Property of Topologically Preopen and Pseudo-Open Sets
	The Duals of the Families  TR  with  =尰〰　猀ⱜ〰〸0 瀀ⱜ〰〸0 焀㠀〠and ps�
	Topologically Regular Open Sets
	Some Further Theorems on the Family  TRr
	Characterizations of Topologically Semi-Open and Quasi-Open Sets
	Characterizations of Topologically Preopen and Pseudo-Open Sets
	A Further Important Property of Topologically Semi- and Preopen Sets
	Some Further Generalized Topologically Open Sets
	Characterizations of Topologically 9040ጀ伀瀀攀渀 愀渀搀 㤀　㐀〓Open Sets
	Some Further Results on Topologically –Open and –Open Sets
	Topologically a尰〰〠ጀ佰en and b尰〰〠ጀ佰en Sets
	The Duals of the Families  TR  with  =尰〰　Ⰰ ⱜ〰〸0 Ⰰ Ⰰ愀㠀〠and b�
	Generalized Open Sets Derived from Simple Relators
	Generalized Open Sets Derived from the Paratopological Refinements
	A Few Illustrating Examples and a Diagram

	Minimality and Connectedness Properties
	Quasi-Proximally and Quasi-Topologically Minimal Relators
	The Main Characterizations of Quasi-Minimal Relators
	Further Characterizations of Quasi-Minimal Relators
	Paratopologically Minimal Relators
	Further Characterizations of Paratopologically Minimal Relators
	Quasi-Proximally and Quasi-Topologically Connected Relators
	The Main Characterizations of Quasi-Connected Relators
	Further Characterizations of Quasi-Connected Relators
	Relationships Between Quasi-Connectedness and Mild Continuity
	Quasi-Hyperconnected Relators
	Quasi-Ultraconnected Relators
	Hyperconnected Relators
	Further Characterizations of Hyperconnected Relators
	Some Particular Theorems on Minimal and Connected Relators
	Quasi-Door, Quasi-Superset and Quasi-Submaximal Relators
	Relationships Among Door, Superset and Submaximality
	Resolvable and Irresolvable Relators
	A Few Illustrating Examples and a Diagram

	Summary
	Possibilities for Some Further, More General Investigations
	1.   A Stacked Three Relator Space
	2.   The Homogeneous Particular Case

	Bibliography
	List of Talks
	List of Publications

