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Notations

The following list outlines various symbols that will be utilized later in the document. In
this list I denotes a nonempty open real interval.

R

R4

T

diag(S™)
Ay (x)
G4 (x)

The set of real numbers.

The set of positive real numbers, i.e., the set R N0, +o0[.
The set of rational numbers.

The set of integer numbers.

The set of positive integers.

The set of integer numbers between m and 4, i.e., the set Z N [m, /]
whenever m, f € Z withm < £

The set of those n-dimensional column vectors whose entries are all from
the set S, i.e., the Cartesian product S x --- x S.
—_——

n times
The set of (n x k)-type real matrices, i.e., ((R”)T)k, where n, k € N.
The transpose of a matrix x € Rk where n,k € N.

The set of the transposes of the matrices belonging to the set X C R™*¥ ie.,
the set {[z]7 | z € X C R™F},

The ith row of a matrix x € R™*, where n,k € N,i € {1,...,n},
in particular, if £ = 1 then the ¢th element of a column vector x € R".

The ith column of a matrix z € R™**, where n,k € N,i € {1,...,k},
in particular, if n = 1 then the ith element of a row vector z € (R¥)T.

The diagonal of the set S™ C R", i.e., {(z,...,z) €e R" |z € S}.
(x,...,x) € S",wherex € S CR,n e N.

G(A,(x)), wherex € S CR,n € N.

\%
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6i1,~~~7ik

€;

The n x k matrix whose jth column equals A, (y;) for j € {1,...,k},
where y € S¥ C R¥ n,k € N.

The n-variable arithmetic mean.
The n-variable geometric mean.
The n-variable harmonic mean.

The n-variable rth power mean, where r € R.

The n-variable weighted rth power mean with weight vector A € R,
AM+---+ N, =1, wherer € R.

The n-variable Gini mean with pair of parameters (r, s) € R2.

The n-variable weighted Gini mean with pair of parameters (r, s) € R? and
weight vector A € R A\ +-- -+ A\, = 1.

The n-variable quasi-arithmetic mean with generator function f: I — R.

The n-variable Bajraktarevi¢ mean with generator function f: I — R and
weight function p: 7 — R,.

The n-variable generalized Bajraktarevi¢ mean with generator function
f: I — R and weight function p: I — R}.

The convex hull of the set S C R.
The generalized left inverse of the strictly monotone function f: I — R.

The sum of the coordinate functions of a weight function p = (p1,...,pn):
I — R%,ie., py+--+ pp, wheren € N.

The extended Kronecker symbol, i.e., for k € N,k > 2,47, ...,9; € N,

5 1t ==
ot 0 otherwise.

The ith vector of the standard base of R, i.e., (0;;)7_; € R", where n € N.



Introduction

The theory of means holds significant importance in the study of functional equations and
inequalities due to its ability to bridge various mathematical concepts. Means provide a
framework for understanding the behavior and relationships between different mathemati-
cal objects, offering insights into functional relationships and inequalities. By analyzing
the properties and characteristics of means, mathematicians can develop techniques to
solve complex functional equations and inequalities, making the theory of means an
indispensable tool in mathematical analysis and problem-solving. Moreover, means serve
as essential tools for establishing connections between different mathematical domains,
facilitating interdisciplinary research and applications across various fields of mathematics.
It is still actively researched nowadays. Without wishing to be exhaustive, we mention the
books [5, 6, 15] as some of the most fundamental, comprehensive works on the subject.

In this introduction, let I C R denote a nonempty open interval. For n € N, a function
M : I — Ris said to be an n-variable mean if

min(z) < M(x) < max(z)

holds for all x € I™. We say that M is a strict n-variable mean if it is an n-variable mean
and the above inequalities are strict whenever min(x) < max(z) holds.

Let n € N. Some of the most classical means are the n-variable arithmetic mean
Al R R, the n-variable geometric mean G [n]. R — Ry, and the n-variable
harmonic mean H: R — R, which are defined as follows

A e e o 7

All(@) = =t ) = e, HI @) =
xr1 Tn

n

A notion which subsumes these means is the concept of power means. For n € N and
r € R, the n-variable rth power or rth Holder mean H,[,n} : R — Ry is defined by

1
WAl \ T
Hi”1<x>:=< n ) ifr#0

vx1 Ty, ifr=0.

The aforementioned means are indeed power means by choosing » = 1,7 = 0, and
r = —1, respectively. The theory of power means has extensive literature, most of the
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details of their theory can be found in the monographs [5,6, 15,29,30]. The class of power
means has been extended in numerous ways. One of the first extensions was introduced
by Gini in the paper [11], who for a pair of parameters (r,s) € R? defined the mean

GI'l: R - R, by
1
(xiiixg>rs if,r#s
Gll(g) .= N1 T T

e oy In(xq) 4 - - + 7, In(z,,)
exp ( - L > ifr =s.
Z o+l

This mean is nowadays called the Gini mean. The power means form a subclass of Gini
means. Indeed, for r € R, we have H" = GI") = GI"). It is important to mention
the class of quasi-arithmetic means (Definition 17. 1.4), t0(;, which, when symmetrically
weighted with one weight function, give the definition of Bajraktarevi¢ means (Defini-
tion 1.1.5). These can be generalized even further by considering possibly different weight
functions and omitting the continuity of the generator (Definition 1.1.6).

In this thesis, whenever a regularity property is assumed to be valid at each point
of the domain of a function, then we do not emphasize the set on which the property in
question holds.

Let n, k € N. In the sequel, the ¢th entry of a real vector

X1
= (Ti)icqr,.my = | ¢ | ER”
L

will be denoted by z;, and analogously, the ith row and jth column of a real matrix

1 k
a:‘l e o e xl
. J _ . . nxk
z = (@)@ j)eft,mpx {1k} = | - | R
1 k
‘Tn xTL

will be denoted by x; and 27, respectively. For convenience, we identify R™** by
((R")T)k in the standard manner, where the transpose of a set of matrices (in particu-
lar, vectors) is introduced below. We define the transpose [x]T € R¥*™ of the matrix
x € R™* by

1 1

xl o o o xn

T ._ AV o . .
[2]" = @) apeft kix{tny = | :
b gk

More generally, for a subset of matrices X C R™** the transpose X of X denotes the
set {[z]T | z € X}. For S C R, the diagonal diag(S™) of S™ is defined by

diag(S™) == {(z,...,z) e R" |z € S}.
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Let us introduce, the diagonal map A,,: S — diag(S™) by
Ap(x) = (z,...,2) € S,
and, for an n-variable function G: S™ — R, the function G®: S — R by
GA(z) = G(An(2))  (z€8).

More generally, we can define the map AF: Sk — (diag(S™))* C R™¥k: if y € S¥,
then let A% (y) denote the (n x k)-type matrix whose jth column equals A,,(y;) for
j € {1,...,k}. Lastly, for k € Nk > 2,i1,...,ir € N, we define the extended

Kronecker symbol by
et Y ) otherwise.

Letn € N, () # S C R and let us consider the functional inequality
F(z) < G(x)

for the functions F,G: S™ — R. We say that the above inequality holds in the local
sense, or F' is locally smaller than or equal to G (F is locally nongreater than GG), or G
is locally greater than or equal to F (G is locally nonsmaller than F), if there exists a
nonempty open set U C S™ which contains diag(.S™) and the above inequality is satisfied
for all x € U. Similarly, we say that the above inequality holds in the global sense, or F
is globally smaller than or equal to G (F is globally nongreater than G), or G is globally
greater than or equal to F' (G is globally nonsmaller than F'), if the inequality in question
holds true for all z € S™. Observe that, the local and the global validity of the functional
equation F' = (G is included in this definition. Clearly, the global validity of a functional
inequality or equation implies its local validity.

After clarifying the basic concepts, let us review the structure of the dissertation. It is
based on the papers [12—14] and consists of 4 main chapters. In the first one we introduce
the definition of the aforementioned generalized Bajraktarevi¢ mean and compute its
partial derivatives up to third-order. Then, separated into 3 further chapters, we investigate
some important functional equations and inequalities related to the class of means in
question.

In the second one we deal with the equality problem of n-variable generalized
Bajraktarevi¢ means, i.e., the functional equation

f(—l) (pl(wl)f(xl) +-- +pn($n)f(mn))
pl(-rl) + - +pn(mn)
(-1) (Ch (z1)g(z1) +--- + qn(xn)g(xn)>
q(x1) + -+ qnlxn) ’
where n € N,n > 2 is fixed, x € I", the unknown functions f,g: I — R are strictly
monotone, furthermore, p = (p1,...,py): I = R} andg = (q1,...,¢,): I — R} are
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also unknown functions. The functions f(—1 and ¢(~1) denote the generalized left inverse
of f and g, respectively, which will be defined precisely in Definition 1.1.2.

In the third chapter we investigate the local and global comparison of two n-variable
generalized Bajraktarevi¢ means, i.e., we establish necessary as well as sufficient condi-
tions in terms of the unknown functions f, g, p1,...,0n,q1, ..., ¢y for the comparison
inequality

1 p1($1)f(901) + - +pn(mn)f(l'n)
f< pr(an) + o+ pulan) >

< gfl (Q1(x1)g(x1) +---+ Qn(xn)g(xn))

o Q1(«T1)+"'+Qn(«rn)
to be valid in the local and in the global sense. Here the elements x1,...,x, € I are
arbitrary, f,g: I — R are assumed to be continuous, strictly monotone and the functions
Dly---sPnsql,y---,qn: I — R4 are positive valued.

The aim of the fourth chapter is to investigate inequalities that are analogous to the
Holder and Minkowski inequalities by replacing the addition and the multiplication by
a more general operation, and instead of using power means, generalized Bajraktarevié
means, and in particular, weighted Gini means, are considered. A further aim is to
characterize such inequalities both in the local and in the global sense.

Lastly, unnumbered chapters within the dissertation encompass summaries in both
English and Hungarian, bibliography, and a compilation of scientific talks related to the
topics of the dissertation.



Chapter 1

Basic notions and results

The symbol [ stands for a nonempty open real interval in this chapter, in which we
introduce the definition of the generalized Bajraktarevi¢ mean and compute its partial
derivatives up to third-order. The results are contained in our paper [12].

1.1 Definition of generalized Bajraktarevi¢ means

To extend the notion of Bajraktarevi¢ means, we shall need the following lemma about
the existence and properties of the left inverse of strictly monotone (but not necessarily
continuous) functions.

Proposition 1.1.1. Letr f: I — R be a strictly monotone function. Then there exists a
uniquely determined monotone function g: conv(f(I)) — I such that g is the left inverse

of f, i.e,

(gof)(z) == (x €1). (1.1)
Furthermore, g is monotone in the same sense as f, it is continuous,
(feg)y) =y (v f(I)), (1.2)
and
liminf f(z) <y < limsup f(x) (y € conv(f(I))). (1.3)
z—g(y) z—g(y) ’

Thus, if f is lower (resp. upper) semicontinuous at g(y), then f o g(y) < y (resp.
y < fogy)

Proof. Without loss of generality, we may assume that f: I — R is a strictly increasing
function. Then f: I — f(I) is a bijection. The interval [ is open, therefore, f has a
left and a right limit at every point x € I, which will be denoted by f_(x) and f (z),
respectively. We introduce the notation J,, := [f_(x), f+(z)], where x € I. Then, for all
elements u < z < v € I, we have that

fr(u) < f-(z) < f(z) < filo) < f-(v).

5
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From these inequalities, it follows that f(x) € J, holds forall z € I and J, N J, = ()
whenever v is distinct from x.

The convex hull of f(I) is the smallest interval .J C R containing f(I). The openness
of I implies that inf f(I),sup f(I) ¢ J, hence J :=]inf f(I),sup f(I)[. We show that

J=U (1.4)

zel

If z € I, then, for all u < =z, we have f_(z) > fi(u) = inf,<« f(¢t) > inf f(I).
Similarly, f1(x) < sup f(I), therefore, J, C J. This proves the inclusion 2 in (1.4). To
prove the reversed inclusion in (1.4), let y € J. Define

z:=sup{u €I f(u) <y}

Then, for all n € N, there exists u,, € I such that z — % < uyn and f(up) < y. Thus,
u, < x and hence u,, tends to z as n — oo. Therefore,
f-(z) <limsup f(un) <y.
n—oo

On the other hand, let u,, € I be an arbitrary sequence converging to x such that z < u,,.
Then y < f(u,), whence we obtain

y < lim fup) = f1.(2).

The above inequalities imply that y € J, holds, which completes the proof of the
inclusion C in (1.4).

Lety € J = conv(f(I)) be an arbitrarily fixed element. Then there exists a uniquely
determined element x € I such thaty € J,, hence we define the function g: J — I by
the prescription g(y) := .

Therefore, if € I is an arbitrary element, then it is obvious that f(z) € J, and
hence g(f(x)) = x. Thus, equation (1.1) is valid for all x € I.

To see that g is nondecreasing, let y; < y2 be arbitrary elements of J. Then there
exist elements x1, x2 € I such that y; € J,. If xo were strictly smaller than 1, then we
would have

Y2 < fi(w2) < f-(z1) < 1.

This contradiction shows that g(y1) = z1 < 22 = g(y2).
To prove that g is continuous, let y € J and choose € > 0 so that g(y) —¢, g(y)+¢ € 1.
Define W :=|f_(g(y) — €), f+(9(y) + €)[. Then

f-(9(y) —e) < f-(g(w) <y < f+(9(w)) < f+(g(y) + &),

hence W is neighborhood of y. By the monotonicity of g, for w € W, we have that

9(y) —e=g(f-(9(y) —¢)) < g(w) <g(f+(9(y) +¢)) = 9g(y) +¢,
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which yields that g is continuous at .
If y € f(I), then there exists a uniquely determined element = € I such that f(z) =y
and hence, using (1.1), we get that

(feg)y) = f((go [)x)) = flz) =y,

which shows that (1.2) holds for all y € f([I).
To see that (1.3) is valid, let y € J. By the definition of g(y), there exists a unique
element v € [ such thaty € J, and g(y) = v. Then, for all x < v = g(y), we have

f(@) < fr(o) < f-(v) <.
Therefore, upon taking the left limit x — v—, we get

liminf f(z) = lim f(z) <y,
z—g(y) z—g(y)—0

which proves the left hand side inequality in (1.3). The verification of the right hand side
inequality is completely analogous, therefore it is omitted.

Finally, we prove the uniqueness of g. Assume that ~: J — [ is a nondecreasing
function which is the left inverse of f. We are going to show that /A coincides with g on
J. Lety € J be arbitrary. Then there exists € [ such that f_(z) <y < fy(x) and
g(y) = . Let (x,) be a strictly increasing and (x,) be a strictly decreasing sequence
converging to x. Then, for all n € N, we have

flan) < f-(z) Sy < frlx) < f(2h,).

By the monotonicity of A, it follows that
wn = (ho f)(wn) < h(y) < (ho f)(xy) = 2,
Taking the limit n — oo, we arrive at
x < h(y) <z,
which proves that h(y) = = = g(y). O

Definition 1.1.2. The function g described in the above lemma is called the generalized
left inverse of the strictly monotone function f: I — R and is denoted by f =D,

Remark 1.1.3. From (1.1) and (1.2), we get that the restriction of f(=1) to f(I) is the
inverse of f in the standard sense. Therefore, f (=1 is the continuous and monotone
extension of the inverse of f to the smallest interval containing the range of f.

As discussed in the Introduction, a fairly general mean, which includes numerous
important means as particular cases, is the quasi-arithmetic mean, which is defined as
follows.
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Definition 1.1.4. Let n € N. Given a strictly monotone, continuous function f: I — R,
let us introduce the n-variable quasi-arithmetic mean Agfl] : I™ — I by the following

formula
flx1) + -+ fn)
n

AP = f1< > (z eI™).

We say that the function f is the generator of AB?].

The following weighted extension of the quasi-arithmetic mean was introduced and
investigated by Bajraktarevi¢ in [2] and [3].

Definition 1.1.5. Let n € N. Given a strictly monotone, continuous function f: I —
R and a positive function p: I — R, we define the n-variable Bajraktarevi¢ mean

Bl — Iby

[n]
B f.p

e (Pl f(z) + -+ plen) f(2n) re I
= (PREE ) e as

We say that the function f is the generator, while p is the weight function of B][cn]]).
Let us consider a possibly nonsymmetric generalization of the Bajraktarevi¢ mean.

Definition 1.1.6. Let n € N. Given a strictly monotone function f: I — R and an
n-tuple of positive valued functions p = (p1,...,pn): I — R}, we introduce the

n-variable generalized Bajraktarevi¢ mean AE?I]): I" — I by the following formula

) = (-1) p1(:131)f(1’1)—|—~-'+pn(.fvn)f(£6n) T n
(@)=1 ( @) T puen) ) el 49

and, to simplify the notations, we will use the following definitions

_ pi(@)f(@1) + -+ po(en) f(20)

[n]
R :
£5(®) ) E o po(en)

and  po:=pi+-+Pn

(1.7)
Similarly to the previous definitions, we say that the function f is the generator, while p
is the weight function of Agcn;).

]

Remark 1.1.7. We emphasize that, in the case when f is continuous, Ag?p

necessarily symmetric generalization of the symmetric mean B , since choosing all the
weight functions to be the same, i.e., p := p; = - - - = p,, in (1.6), we get back (1.5).

is indeed a not

Proposition 1.1.8. Lern € N, f: I — R be a strictly monotone function and p =
(P1s---ypn): I — R Then the function A[;";): I™ — I given by (1.6) is well-defined
and it is a mean, i.e.,

min(z) < A[ﬂ)(x) < max(z) (x e I™). (1.8)
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Proof. We may assume that f is strictly increasing (in the decreasing case the proof is
completely similar). To show that, for all x € I", the formula for AE?;)(:U) is well-defined

and (1.8) holds, consider the ratio R%)(x)

Due to the positivity of the values of p;(z;), we can see that R%(z) is a convex
combination of the values f(z1),..., f(x,), therefore, it is an element of conv(f(I)),

which is the domain of f(~1) and hence AEI"L(:U) = f(_l)(R%)(:c)) is well-defined. On
the other hand, this also means that

f(min(z)) = min(f(2). ... f(2a)) < Ry, (x)
< max(f(xl), SRR f("pn)) = f(max(:v))

Furthermore, using that (1) is nondecreasing and is the left inverse of f, the inequalities
in (1.9) yield

min(z) = £V (f(min(2))) < FOV(RYL(2)) < FOD(f(max(x))) = max(z).
(1.10)
This proves the mean value inequalities stated in (1.8). O

(1.9)

1.2 Partial derivatives of generalized Bajraktarevi¢ means

In the next result we determine the partial derivatives of the generalized Bajraktarevi¢ mean
up to third-order on the diagonal of the domain under tight regularity assumptions. For
instance, as stated below in assertions (1), (2b), (3¢c), for m € N, we prove the existence of
partial derivatives of the form 0] only assuming (m — 1) times continuous differentiability
of p;. The partial derivatives play an essential role in the subsequent chapters as one of the
tools that we use to prove the main theorems is solving the differential equations obtained
by differentiating the functional equation on the diagonal of the domain in question.

Theorem 1.2.1. Lern € N, ¢ € {1,2,3}, let f: I — R be an { times differentiable
function with a nonvanishing first derivative, and let p = (p1,...,pn): I — R'l. Then
we have the following assertions.
(1) Ift =1,i € {1,...,n}, and p; is continuous, then the first-order partial derivative
al-AB?]]D exists on diag(I™) and

(0ua))” = 2.

(2a) If ¢ = 2,4, € {1,...,n} with i # j, furthermore, p; and p; are differentiable,

then the second-order partial derivative 81'8]'14%) exists on diag(I™) and

o a2 wip) pip; f”
(9:0;47))" = B
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(2b) Ift =2,i € {1,...,n}, and p; is continuously differentiable, then the second-order
[n]

partial derivative 9 A f.p €xists on diag(I™) and

o )\ o Pi(po—pi) | pilpo —pi) [
(8lAf,p> —2 v 9 ! + ! 2 ! 7/
6] Py /
(3a) If ¢ =3, 1,5,k € {1,...,n} withi # j # k # i, furthermore, p;, p;, and py, are
differentiable, then the third-order partial derivative aié)jakA%) exists on diag(I")

and
)A _ PPkt Pipipk + PPipe o (ipipk) "
- 3 +2 3 Cer
20 Py f

| iy <3<f”>2 ) f>
I I I
(3b) If ¢t =3,i,j € {1,...,n} withi # j, furthermore, p; is twice differentiable and p;
is differentiable, then the third-order partial derivative 920); AE:L]]? exists on diag(I™)

(9100047

P

and
(828 Aln] )A 2pip;(2pi — po) +p;(2(0})? = P!'po)
%% fp) T 3
Py
(2pip; + pir;)(2pi —po)  f"
+ ) ¥
Py f

PiDj (o f”z_.f’">
s <(3pz p0)<f’> P )

(3c) If ¢ = 3,1 € {1,...,n} and p; is twice continuously differentiable, then the
third-order partial derivative 8?A5?;} exists on diag(I™) and

A — i " 9(ph)2 ! — 9. . "
(6745) _ 3o =) (oo = 2)%) | oileo = 20) (0 i) /"
’ Po Dy f

_pi(po—pi)< (f”)Q_ f’”)
T 3p; 7 (po + pi) 7 )

Proof. Letn € N,/ € {1,2,3}. Assume that f: I — R is an ¢ times differentiable
function with a nonvanishing first derivative. We have the following formulas for the
derivatives of f~1:

—1y/ 1 - —1\" " _ N 3 1N2 _ gl g B
B e T
(1.11)
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Furthermore, in order to make the calculations shorter, we use the notations Ay, = A%

and R := R%, where the function REZ‘L was defined in (1.7). Then we have
_oglnl _ 1 [n] _ =1
App=Apy =1 "o Ry, =f"o R
To compute the partial derivatives of R, we introduce the notations

P(z1,...,xn) = p1(z1) + - + pn(zn),
Q(x1, .-, mp) == p1(x1) f(x1) + - 4 pul@n) f(20).

Then R - P = (Q and we have
P2 =py, Q%=pof, R*=f, ['oR*=id. (1.12)

To prove the first assertion of the theorem, let x € I be fixed. Then, using the
continuity of p; and the differentiability of f at x, we get

(O:RY)(z) = lim R(An(z) + (y ;_x);i) — R(An(2))

— lim 1 ((po(z) —pi(z))f(z) +pi(y) fly) -
_z}%y—x( po(z) — pi(x) + pi(y) # )) (13
. pi(y) S —f=@) _ pif ()

v=z po(r) —pi(x) +pily)  y—= po

Therefore, using the standard differentiation rules, the last identity in (1.12) and (1.13),
we obtain

pi g1
A _o(plopA o (_OR _wl _p
0%, =0i(f o R)” = (f/of—l oR) °An = T po
This completes the proof of assertion (1).
For the proof of statement (2a), let i, j € {1,...,n} with i # j be fixed and assume
that p; and p; are differentiable and f is twice differentiable. Then, for all o, 8 € {7, 5}
with o # (3, the partial derivatives d, and 0,0z of P and () (and hence of R) exist at

every point in /™. Furthermore, for all (x1,...,x,) € I", we have that
OaP(x1,...,25) = ph(74), 0aQ(x1, ..., 20) = (Paf) (za), (L14)
0a0gP(x1,...,2,) =0, 0a0Q(x1,...,2,) = 0. '

Differentiating the identity R - P = () with respect to the jth and then with respect to the
ith variable, in view of the equalities in the second line in (1.14), it follows that

0;0;R-P+0jR-0;P+ O;R-0;P =0
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holds on ™, whence, using (1.13) and (1.14), we arrive at

A
8‘8'RA _( _ OjR- 0;P + O;R - 8jP
- P (1.15)
:_1(ij’. <+Pif’.p/.>:_<wﬂ’f’. |
Po \ Do ! Po J pg

Applying the chain rule, the first two formulas in (1.11) and then (1.12), (1.13), (1.15), it
follows that

n / A
00348, = (1) 0 B) - OiR- ;R + (/™)' o R) - 04 R)

f7onift pf L =)' S (eips) iy [
(2 po po [ p? p? p:

To justify assertion (2b), let x € I be fixed. Leti € {1,...,n} and assume that p; is
continuously differentiable and f is twice differentiable. Then the partial derivative 9; of
P and @) and hence of R exist at every point in /™. Differentiating the identity R - P = Q)
with respect to the ith variable, we have that ;R - P + R - 0; P = 0;(), whence

_ 9Q-R-9,P

OiR
P

Using this, we obtain

iR(An(z) + (y — 2)e;) — G R(An(z))

(02R%)(z) = lim

y—x y—T
g L (@) - RSN i) (@)
Y=y — po(z) — pi(x) + pi(y) po(x)
— lim < (po(z) —pi(2))pi(y)  fy) — f(2)
y—=z \ (po(x) — pi(x) + pi(y))? y—x

1 (pif')(y) (pif')(x)
T (po(x) —pi() +pi(y)  po(2) ))

_ (po—ppif’ v 1 (if) () — pif") (@)
a P @)+ <po($) — pi(z) + pi(y) y—x
_ (pif")(x) pily) — Pi(@)
(po(z) — pi(z) + pi(y))po(z) y—x
(o Pipo—pi)f | pif” .
a (2 % " >( )
(1.16)

Applying standard calculus rules, the first two formulas in (1.11) and then (1.12), (1.13),
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(1.16), we conclude

02a%, = R( o B = (((F) 0 R) - R + (7)o ) - 0FR)

o (pif\? 1 ( pi(po — pi) f! pif”)
- —(2
(f’)3< Po > Ty v} 0
_ 2p§(po —pi) . pi(po — pi) 1

P} pa i

To prove assertion (3a), let i, j, k € {1,...,n} withi # j # k # i and assume that
i, p; and py, are differentiable. Then, for all «, 3,y € {i, j, k} with o # B # v # «, the
partial derivatives 0, 0,0 and 0,030, of P,  and hence of R exist at every point in I".
Furthermore, for all (x1,...,z,) € I", we have the equalities in (1.14) and in addition

000804 P(x1,...,2,) =0, 00080,Q (1, ..., 2,) =0. (1.17)
Differentiating the identity R - P = @) with respect to the kth variable, then with respect to
the jth variable and then with respect to the ith variable, in view of the last two formulas
in (1.14) and (1.17), we get

8i8j8kR - P+ 8i8jR - O P + 0,01 R - 8jP + 8j8kR -0;P =0.

Thus, applying the first formula in (1.15) and (1.14), we arrive at

P
_ (pip)' Pt + (pivk) D f" + (pjpk) Pif
- 3
Dy
_ 2(piplpy, + plpgpk + plpjpk)f
P

9:8:00 RO ( aiajR-akPwiakR-ajp+ajakR-aip>A
10O =\ -

(1.18)

Hence, using (1.11) and then (1.12), (1.13), (1.18), (1.15), we obtain
0,0;0,A%, = 0:0;00(f ' o R)®
= ("o R)- 0ROk - 0R+ (/) 0 R) - 000,
+((f )" oR) - (iR - 0;04R + O;R - ;0 R + Ok R - 0,0; R))

(f")2 =" i pif pkf’ P
fP Po Po Do f’ )
/" ( . pgpk vl =il [T el —(mm)’f’)
(f)? Po I Po I

(pip;p), + Pipip), + Pipipr) '
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PPy, + Dipip), + PipDk
3
Do

(ippn) f" pipjpk< <f”>2_ f)
+ 2 pg f’+ pg 3 7 7 )

To verify assertion (3b), leti,j € {1,...,n} with i # j and assume that p; is twice and
p; is once differentiable. Then, for all «, 5 € {4, j} with the assumption « and 3 are not
equal to j simultaneously, the partial derivatives 9,, 9,95 and 929; of P, @ and hence

=2

of R exist at every point in I". Furthermore, for all (z1,...,x,) € I", we have (1.14),
(1.17), and in addition
OPP(x1,...,2,) = pll (), 02Q(x1,...,xn) = (pif)" (x1), (1.19)
920, P(x1,...,x,) =0, 920;Q(z1,. .., z,) = 0. '

Differentiating the equality R - P = () with respect to the jth variable, and then with
respect to the ith variable twice, using (1.14) and (1.19), we get

920;R- P+ 0?R-0;P +20;0;R - ;P + 9;R - 9} P = 0.

Thus, applying the formulas (1.16), (1.14), (1.15), (1.13), and (1.19), we arrive at the
equation

020,R® = (_ a}R.ajp+2a,-ajR.aiP+ajR.az2P>A

P
_ _<2(p0 — pi)pif’ n pz‘f”) Nz n i)' f P pif” v} (1.20)
P} po ) po Pi P po Do
(20 (2pi — po) + p;(2(P))* — p{'P0)) f' — popip; f"
- . .
Py

Therefore, using the identities in (1.11) and then (1.12), (1.13), (1.20), (1.15), and (1.16),
we get

070, A%, = (((f—l)’” oR) - (R)*-9;R+ ((f 1) oR)-0%0;R

A
+((f)" 0 R) - (20,R - 9,0;R + ;R - 62R) )
_3UP = ) it
(f)? p5 po
1 (20ip5(2pi — po) + i (2(P1)* — pl/p0)) " — popip) £
f! I
/" <_ oPif" (eip)'f  pif" po@pif’ +pif") - (I%m)'f’)
(f)? Po g Po I
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~ 2pip(2pi — po) +pg(2( i)? = pi'po) N (2pipj + pir}) (2pi —po) "
P v f

pip; f”)2 f”’)
+ po <(3pz )(f/ bi )

which completes the proof of case (3b).

To prove assertion (3¢), leti € {1,...,n} and assume that p; is twice continuously
differentiable. Then the partial derivatives 0;, 8? of P, ( and hence of R exist at every
point in I™. We have that

2R _ o (0Q-R-OP\ _02Q-P—Q 9P —20,Q 0P +2R- (3;P)*
7 — U 2 = P2 .

Then, for all z,y € I, we get that

OF R(An(2) + (y — 2)er)
_ @)W (o — pi)(@) +pi(y)) — (o — P1) ) () + (Pif) ()P} ()
((pO - pz)(‘r) +pz(y)>2
201 f) WPh() — 2 PR () ()
) (0 = i) () + pi(v))? (20
_ (po—pi)(@)(((po — pi) (x) + pi(y))rf (y) — 2(7)*(»))
((po = pi)(@) + pi(y))?
4 2o = pi) (@) (i f) () wif)
((po = pi)(@) +pi(y))* ~ (po — pi)(x) + pi(y)

(f(y) = f(x))

Therefore, using (1.21), (1.16), and the twice continuous differentiability of p;, we obtain

(O R™)(x)
iy ZR(An(@) + (y — 2)ei) — O R(An(x))
Yy—z y—x
i L (o —pi)(2) (((po — pi) (@) + pi(y))P} (y) — 2(p})*(y)) e
= (0 — p0)(@) + 2i(0))? (FG) = £2)
L 2o =) (@) (P ) (v) (pif")(y)
((po — pi)(x) +pi(y))?  (po —pi)(x) + pi(y)
pi(po — i) f' | pif”
- (Rt 2 o)
([ 3(po —pi)(por} —2(0)*) f" | 3(po — pi)pif" | pif”
= ( p% + p(z) + - )(a:)

(1.22)
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Hence, applying (1.11), (1.13), (1.22), and (1.16), we conclude

AL, = (f e R)D
=((f7)" o R)(O:R)> + (f )"0 R)BOR-07R) + ((f ') o R)- O}R
B3-S (m”)g L <3p¢f’ (2192(190 —p)f | pif”)>
(f"? Po (f3\ po % Po
o " _ 1\2Y £/ o\ £ L
N l/ (3(1)0 pz)(pozz; 2(p5)%) f L 3o zgz)pzf L oif >
f P P Po
3(po — pi) (porf —2(p})*) | ,Pi(po —2pi)(po —pi) [

= + 3
2 I f!

) o AN "
—W<3pi<§,> — (po +pi)J;,>,

which completes the proof of assertion (3c). O




Chapter 2

Equality problem

In the theory of quasi-arithmetic means the characterization of the equality of means
with different generators is a basic problem which was completely solved in the book
[15]. Using this characterization, the homogeneous quasi-arithmetic means can also be
described, they are exactly the power means. In [2] (see also [3]) Bajraktarevi¢ introduced
a new generalization of quasi-arithmetic means by adding a weight function to the formula.
He also described the equality of such means (called Bajraktarevi¢ means since then)
with fixed number of variables in the at least 3-variable setting assuming three times
differentiability. Dar6czy and Losonczi in [9], later Daréczy and Pales in [10] arrived at the
same conclusion with first-order differentiability and without differentiability, respectively,
but assuming the equality for all n € N. As an application of the characterization of the
equality, Aczél and Dardczy in [1] determined the homogeneous Bajraktarevi¢ means that
include Gini means which were introduced by Gini in [11]. Losonczi in [22] described
the equality of 2-variable Bajraktarevi¢ means under sixth-order regularity assumptions,
which was later improved to first-order restrictions in [38], and an algebraic condition that
was later removed in [23]. Using these results, the homogeneous 2-variable means were
also determined by Losonczi (see [24], [25]).

The paper [12] contains the results of this chapter, in which we deal with the equality
problem of n-variable generalized Bajraktarevi¢ means, i.e., we give necessary as well
as sufficient conditions in terms of the unknown functions listed below for the functional
equation

(-1) pi(z1)f(@1) + -+ paln) (@)
/ < p1(z1) + -+ + poln) >
_ o a@)g(@) + - A gnl@n)g(@n)
I ( q1(z1) + -+ + qn(Tn) )

to be valid locally or globally, where n € N,n > 2 is fixed, I is a nonempty open
real interval, which will be the case in this entire chapter, the unknown functions
f,g: I — R are strictly monotone, furthermore, p = (p1,...,p,): I — R’ and
q=1(q1,-.-,qn): I — R’ are also unknown functions.

17
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This problem in the symmetric 2-variable case, i.e., when n = 2 and p; = p3 (see
Theorem 2.2.9) had been already investigated and solved under sixth-order regularity
assumptions by Losonczi in [22]. Later Péles and Zakaria reduced the severity of the
differentiability assumptions and obtained the same result under first-order restrictions
in their paper [38]. Apart from the aforementioned theorem, in this context, all other
results in the chapter were newly discovered in our paper [12]. More precisely, in the
nonsymmetric 2-variable case, assuming three times differentiability of f, g and the
existence of i € {1, 2} such that either p; is twice continuously differentiable and p3_; is
continuous, or p; is twice differentiable and ps—_; is once differentiable, we prove that the
equality holds if and only if there exist four constants a, b, ¢, d € R with ad # bc such
that

af +b
cf +d’
In the case n > 3, we obtain the same conclusion under weaker regularity assumptions.

Namely, we suppose that f and g are three times differentiable, p is continuous and there
existi,7,k € {1,...,n} with i # j # k 5 i such that p;, p;, py, are differentiable.

cf+d>0, g= and qe = (cf +d)pe (¢e{1,...,n}).

2.1 Sufficient conditions

Theorem 2.1.1. Let f: I — R be a strictly increasing function, n € N, and let further
p=(p1,--.,pn): I = R Then, forall x € I", the equality y = [n] (@) holds if and
only if, for z € I,

n <0 ifz<
S i) (£(2) — F(@2) ! e

i=1 >0 ifz>uy.
If f is strictly decreasing, then the inequalities in (2.1) hold with reversed inequality sign.

Proof. Assume that f: I — R is strictly increasing, let z € I"™ and y := AB?IL(JJ) If
z <y, then f(z) < REZL;(:U) because in the opposite case we would have f(z) > Rgc";)(:p)
which implies z = f(-VD(f(2)) > f& (R[n (x)) = A%(z) = y, contradicting the
choice of z. Rearranging the inequality f(z) < RE” ;(:r) it easily follows that

S pila) (F(2) — flx) < 0.
=1

In the case z > y, we get f(z) > Rgcnl])(x), which implies the second inequality in (2.1).

Observe that the function

2 (2 sz ) (f(2) = f(2i))
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is strictly increasing. Therefore, it changes sign at at most one point in /. If (2.1) holds for
Yy, then ¢ changes sign at y. On the other hand, as we have seen it above, ¢ also changes

sign at AB?Z])(:U) Hence y = A%(w) must hold. O

Corollary 2.1.2. Let f: I — R be continuous, strictly monotone, n € N, and let further
p=(P1;---s0n): L = R Then, forall x € I", the value y = A?L(m) is the unique
solution of the equation

> piwi)(fy) — fl@:) = 0.
i=1

Proof. The function

y = oly) =Y pixa)(f(y) — f(z2))
i=1

is strictly monotone and continuous. Therefore, it vanishes at most one point in I.

Applying Theorem 2.1.1, we obtain that ¢ changes sign at y = AE‘ "l (x). Thus, using that

 is continuous, ¢ vanishes at y = AB?Z]?( ). O

The next result establishes a sufficient condition for the equality of the n-variable
generalized Bajraktarevié means. We will call this situation the canonical case of the
equality.

Theorem 2.1.3. Let f,g: I — R be strictly monotone functions, n € N, and let further
p=01,---,on): I = RY, q=(q1,-..,qn): I = R} Ifthere exist a,b,c,d € R with
ad # be such that
b
Cf+d>07 g:sz_—"__dv and QZ:(Cf+d)pZ (16{1,771,})
(2.2)

hold on I, then A" = Ag'y is globally valid.
Proof. Let xz € I™ be arbitrary. Using the formulas (2.2), we obtain that

Z%’(I‘i)(g(z) —9(xi))
i=1

B o (af() W) el () + ) — (af () Bl () + d)
= 2 (/@) + dpitza) < (f () + d)(ef () + ) >

=1
- (e - se)

It shows that the function )" | ¢;(x;)(g(2) — g(x;)) changes sign at y if and only if
>y pi(zi)(f(2) — f(x;)) changes sign at y. Hence, applying Theorem 2.1.1, A[n] (@) =

A[;f;l(:v) holds. The element x being arbitrary in I™, we get the statement of the theorem.
O
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2.2 Necessary conditions

With the aid of the following lemma, we can reduce the regularity assumptions in our
statements.

Letn € N. Foralli € {1,...,n}, lete; € R™ denote the ith vector of the standard
base of R", i.e., let ¢; := (J;,j)j—;. Given two weight functions p = (p1,...,pn):
I - RYand g = (q1,-..,qn): I = R}, we will also use the following notation:

w0 @ttt

o ‘= = .
Po PpP1t--+DPn

Lemma 2.2.1. Let f,g: I — R be continuous strictly monotone functions, n € N;n > 2,
andp = (p1,...,pn): I = R}, ¢ = (q1,...,qn): I = R} Assume that AB?L = Agﬂ]z
is locally valid. Then the following two assertions hold.

(i) Foralli € {1,...,n}, the function p; is continuous if and only if the function q; is
COntinuous.

(ii) Let k € N. Assume that f,g: I — R are k times differentiable (resp. k times
continuously differentiable) functions with nonvanishing first derivatives. Then, for
alli € {1,...,n}, the function p; is k times differentiable (resp. k times continuously
differentiable) if and only if q; is k times differentiable (resp. k times continuously

differentiable).

Proof. In what follows, we will prove that the regularity properties possessed by p; are
transferred to the corresponding ¢;. The reversed statements can similarly be verified.

Assume that A%, = Ag}}l holds in the local sense, that is, on some open set U C I"
which contains diag(I™). Fori € {1,...,n}, denote

Ui = {(z,y) € I’ | Ap(2) + (y — x)e; € U}
Then U; is an open set containing diag(/?). By our assumption, we have that, for all

AE,Lq(An(‘T) +(y —z)ei) = A%L(An(l’) + (y — x)e;).

This is equivalent to the following equality

(90() — ai(2))9(x) + qi(y)9(y) _ (9o f™) ((po(l’) —pi(@))f(x) + pi(y)f(y)>
qo(x) = ¢i(x) + 4i(y) po(x) — pi(x) + pi(y) 7

where (z,y) € U;. Observe that, for z,y € I with x # y, the inequalities p;(x) < po(z)
and f(x) # f(y) imply that

(po(z) — pi(z)) f(z) + pi(y) f(y)
po(x) — pi(x) + pi(y)

# f(y).
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Therefore,

(90 F ) <(po(ﬂf) —pi(2))f(x) + pi(y) f(y)
po(z) — pi(x) + pi(y)
Thus, solving equation (2.3) with respect to ¢;(y), we get

> # 9(y)-

_ z)—pi(x z)+p;
(90 4 ) (Pt =) — 9(a)
_ x)—pi(x)) f(x)+pi(y) f ’
g(y) — (go f~1y( et ;o@)(—yi(i)lpf(ég) )

2i(y) = (qo(z) — gi(7)) (2.4)

where (z,y) € U;, x # y.
Let xy € I be an arbitrarily fixed point. The pair (z¢, zo) is an interior point of Uj,
therefore, there exists = € I \ {zo} such that (x,zo) € U;. Then the set

Vie={yel|(z,y) €U,z #y}

is a neighborhood of xy on which we have the equality (2.4) for g;.
Provided that f and g are continuous and p; is continuous at xg, it follows that g o f~!
is continuous on f(/) and hence the mapping

o 1y (((Po(@) — pi(@)) f (@) + pi(y) f(y)
v lgef )< P0(z) — pilz) T pily) ) 2>

is continuous at xg. This shows that the right hand side of (2.4) is a continuous function
of y at xg and hence ¢; is continuous at xg. This proves the first assertion.

Provided that, for some & € N, the functions f, g: I — R are k times differentiable
(resp. k times continuously differentiable) with nonvanishing first derivatives and that p;
is k times differentiable (resp. k times continuously differentiable) at z, it follows, by the
standard calculus rules, that g o f~! is k times differentiable (resp. k times continuously
differentiable) and hence the mapping (2.5) is also k times differentiable (resp. k times
continuously differentiable) at xy. This implies that the right hand side of (2.4) is a k
times differentiable (resp. k times continuously differentiable) function of y at zy and
hence ¢; is k times differentiable (resp. k times continuously differentiable) at x(. This
proves the second statement. O

The following extension theorem is of basic importance since in the proofs of the
main theorems, first we can state the validity of the canonical case of the equality only on
a subinterval of the domain. Then the next main step of the proof is to extend the validity
to the entire underlying interval.

Theorem 2.2.2. Let f,g: I — R be continuous, strictly monotone, n € N, let further
p = (p1,...,pn): I = R be a continuous function and ¢ = (q1,...,qn): I — R
Assume that Agcn; = Ag?,]] is locally valid and that there exist a, b, c,d € R with ad # bc

and a nonempty open subinterval J of I such that (2.2) holds on J. Then q is continuous
and (2.2) is also valid on 1.
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Proof. First of all, using Lemma 2.2.1 and the continuity of f, g and p, it is clear that g is
continuous.

Assume that AE:’LZ]? = Ag?l]l holds locally, that is, on some open set U C ™ containing
diag(I™) and for some constants a, b, c,d € R with ad # bc there exists a nonempty
open subinterval J of I such that (2.2) holds on J. We may assume that .J is a maximal
subinterval of I with this property. To complete the proof, we have to show that J = I.
To the contrary, suppose that J # I. Then one of the strict inequalities

infI <infJ=:« or supJ < supl (2.6)

must be valid. We may suppose that first inequality in (2.6) holds. Hence, due to the
continuity of f, p1, and ¢ at «, it follows from (2.2) that ¢1(«) = (¢f(a) + d)p1(«).
Therefore, g1(«) > 0 implies that cf () + d > 0. Consequently, using the continuity of
all functions, for all z € J := J U {«a}, by Theorem 2.1.3, we get that

af(x)+b

cf(x)+d>0, g(x):m,

and, foralli € {1,...,n},

gi(x) = (cf(z) + d)pi(x)

are valid. By the continuity of f, there is an element & € I with & < “a such that
cf(z) +d > 0forallz € I :=]a,a] UJ. Define the functions g: I — R and
q: I — R’} by

af(x)+0b

M= ) v d

and  G(2) == (cf(2) + d)pi(z), 2.7
where x € I, i € {1,...,n}. Thus, for all = € J, the equations

g@)=g(@) and  q@)=a(@) (i€{l....n}) 2.8)

hold. On the other hand, the maximality property of .J implies that there is no 5 < « such

that (2.8) is valid for all z € |3, o] U J. Furthermore, the equality AE?Z]? = AE?,]I on U and
Theorem 2.1.3 applied to the conditions (2.7) yield that

Al (z) = AT (2) = Ay () (2.9)
is also valid for all z € U := (I)" N U. The point (c, ..., ) is an interior point of U,

therefore, there exists 7 > 0 such that Ja — 7, + 7[* C U and hence (2.9) holds for all
r€la—ra+r"

In what follows, we assume that g is strictly increasing and hence g must be also
strictly increasing. The functions ¢ and g are identical on [a, o 4 7[, therefore, their
inverses are also equal on [g(«a), g(a + 7)].



CHAPTER 2 — EQUALITY PROBLEM 23

The following claim is essential for the rest of the proof.
Claim. If x € Joo — r, o + 7" such that o < Agf(]l(x), then

q(2)g(@1) + -+ @(@a)9(@n) _ @1(x1)§(01) + - + Gu(20)g(wn) (2.10)

q(z1) + -+ + qn(zp) Q1(x1) + -+ qnlxn)

Indeed, the condition on x implies that o < A%(m) < max(x) < a + r also holds,

hence g(AL[qTfl,(x)) = g(Ag}JI(a:)). On the other hand, in view of (2.9), we have the equality
A[g%(x) = A;l(:v). Therefore, g(Agf(]](:p)) = g(Agfl]j(x)), which implies the equation
(2.10).

Let yo € ], a + | be fixed. Then the inequality g(«) < g(yo) implies that

gi(a)g(a) + (g0 — i) (yo)g(vo) (ie{l,...,n}).

g(a) < qi(a) + (g0 — qi)(yo)

Now, by the continuity of the functions g, g1, . . . , gn, We can find a number oy := d(yp) €
10, min(yo — o, @ + 7 — y)[ S0, r[ such that, for all z € Jo — dp, ] and y € |yo —
b0, Yo + dol,

qi(2)g9(x) + (90 — 41)(¥)9(y) .
ai(x) + (g0 — ¢:)(y) (ie{l,...,n}).

g(a) < 2.11)

Applying the inverse of g side by side to this inequality, we get @ < A[g?;l(:cl, cey Tp),

where z; := x and x; := y for all j € {1,...,n} \ {¢}. Therefore, in view of the
Claim above and the equality (2.8), for all z € ]a — dp, ], y € |yo — o, yo + do[, and
i €{1,...,n}, we have that

qi(x)g(«) + (90 — 4i)¥)9(y) _ @(®)g(x) + (90 — a:)(¥)g(y)

qgi(z) + (90 — @) (y) Gi(x) + (g0 — i) (y)

This equality can be rewritten as
(2.12)

Consider the sets

S:i=A{z ela—raf| g(x) # g(a)},
Si={zela—rof| ¢i(x) # qx)} (e{l,...,n}).

In the next step we show that

SNja—do,a[= SiN]a — do, af (te{l,...,n}). (2.13)
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If v €]a — 6o, [ \S then g(z) = g(z). Using this, (2.12) simplifies to the product
equality
(90 — ai)(v) - (9(x) — 9(¥)) - (as(2) — @i(x)) = 0.

The first factor is not zero because it is the sum of positive terms. Using that z < o <
Yo — dp < y, the strict monotonicity of g implies that g(z) < g(y), proving that the
second factor is also not zero. Therefore, we must have ¢;(z) = ¢;(x), which shows that
x € |a — 0g, a[ \S;. Conversely, if x € Ja — dg, a[ \S;, then ¢;(x) = ;(x). In this case
(2.12) reduces to the product equality

gi(z) - (qi(x) + (g0 — ¢:)(y)) - (9(x) — g(x)) = 0.

The first two factors are positive, hence we must have g(x) = g(z), which proves that
x €)a — do,af\S and completes the proof of equality (2.13). The maximality of the
interval J, in view of (2.13), implies that

sup S N]a — dp, a[=sup S; N]a — dp, a[= & (te{l,...,n}). (2.14)

Leti € {1,...,n} be fixed and y1,y2 € |yo — do, Yo + do| be arbitrary such that
y1 # yo. Replacing y by y1 and ys in (2.12), and then subtracting the two equations so
obtained side by side, we get that

0= ((q0 — a)(y1) — (g0 — ¢:)(v2)) - (@:(x)g(x) — qi(x)g(x))
+ ((90 — a:)(y1)9(y1) — (a0 — @) (y2)9(y2)) - (Gi(x) — qi(x)).

Let 1,z € Ja — dp, | be arbitrary. Substituting z by 1 and then x5 in (2.15), we get a
homogeneous linear system of two equations of the form

& (qi(xi)g(xi) — Gi(wi)g(wi)) +n - (G(x:) — qi(wi)) =0 (i € {1,2}),

which is nontrivially solvable with respect to (£, 7) because the equalities

(2.15)

§:= (9 —a) ) — (90 — @:)(y2) =0,

= (q0 — q)(y1)g(1) — (g0 — @) (y2)g(y2) = 0 (2.16)

cannot be satisfied simultaneously. Indeed, if ¢ = 0, then (qo—¢;)(y1) = (q0—¢:)(y2) > 0.
This equality together with n = 0 implies that g(y1) = g(y2). The strict monotonicity of
g then yields y; = y2, which contradicts the choice of y; and y2. Hence the determinant
of the system (2.16) must be equal to zero, that is,

gi(z1)g(x1) — Gi(w1)g(z1)  Gi(w1) — qi(w1)| _
qi(x2)g(x2) — 4i(22)g(z2)  Gi(z2) — ¢i(22)
If 21,29 € SN]a — dp,a[= S;N]a — by, o are arbitrary, then G;(x1) # ¢;(x1) and

Gi(z2) # qi(x2), therefore, the above determinantal equality can be rewritten as

qi(z1)g(x1) — G(r1)g(x1)  qi(w2)g(x2) — Cji($2)§($2).

gi(71) — qi(71) 4i(72) — qi(72)




CHAPTER 2 — EQUALITY PROBLEM 25

Therefore, there exists a real constant ¢; such that
_ Gi(@)g(x) — gi(z)g(x)
CZ - —
i(x) — qi(x)
holds for all z € SN Ja — do, . Solving this equation with respect to g(z), we obtain
that

7] = 4:(2) T)+¢)—¢
9() = 2 o) +e) — @.17)

is valid for all z € SN]a — do, . Substituting the formula (2.17) into (2.12), for all
x € SNja—dp,af andy €]yo — do, Yo + do[, we arrive at the equation

(@(x) — ai(@)) - (ai(2)(9(2) + c5) + (a0 — @) () (9(y) + i) = O,

which simplifies to the identity

qi(x)(g9(z) +ci) = —(q0 — @) () (9(y) + ci),

where x € SN]a — do, af, y €]yo — do, Yo + do| . Therefore, there exists a real constant
d; such that

ai(2)(g(z) + ¢i) = di = —(q0 — @) (¥) (9(y) + i),
where x € SN]a — do, ], y €]yo — do, Yo + do[. Using these equalities on the domain
indicated, the inequality (2.11) implies that

g(a) < gi(x)g(x) + (0 — @) (W)g(y)  di — ciqi(x) — di — ci(qo — 4)(y)

= = —c;.
qi() + (90 — @) (y) ai() + (90 — @) (y) '

(2.18)

Therefore, for all x € SN]a — dp, af, we have that g(z) < g(a) < —¢;, which yields

that d; < 0 and ¢;(z) = (gg o Hence ¢; is strictly increasing on S N]a — dg, . As a

consequence of this property, it follows that the equality ¢;(z)(g(x) + ¢;) = d; uniquely
determines the constants ¢; and d;. Indeed, if ¢;(z)(g(z) + ¢;) = d; were also true for all
z € SNJa — &y, af and for some constant ¢ and d;, then subtracting the two equations
side by side, we get ¢;(x)(¢; — ¢;) = d; — d;. If ¢; # ¢}, then this last equality yields that
¢; is constant, which contradicts its strict monotonicity. Therefore, ¢; = ¢ implying that
d; = d, is also valid.

In the final step, instead of a fixed element yo € Ja, « + [, we take another arbitrary
element 3 € Ja, « 4 r[. Repeating the same argument as above, there exists a positive

number §* := §(y*) and real constants ¢, d; such that

qi(z)(g(2) + ;) = di = —(a0 — @) (W) (9(y) + &),

where z € SN]a — 0%, af, y €]y* —0*,y* + ¢*[. On the set S N Jow — min(d*, dp), o[,
we have both ¢;(x)(g(x) + ¢;) = d; and ¢;(z)(g(z) + ¢}) = d}. Due to the uniqueness
property, it follows that ¢] = ¢; and d} = d;. Therefore,

di = —(q0 — @) (v)(9(y) + ) (2.19)
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is valid for all y € |y* —*, y* + [, in particular, for y = y*. The point y* being arbitrary,
we can see that (2.19) holds for all y € o, & + 7[. Comparing the signs of both sides, we
obtain that g(y) + ¢; > 0 for all y € Ja, o + 7[. Upon taking the limit y — ™, it follows
that () + ¢; > 0. On the other hand, by (2.18), we also have that g(«) + ¢; < 0, whence
g(a) + ¢; = 0 follows. Using that (2.14) holds, we may also take the limit z — «~ in the
equality

qi(z)(g(x) + ¢;) = d; (x € SN]a — do, af),

whence we arrive at d; = 0, which is the desired contradiction. O

The first- and second-order necessary conditions of the equality of two generalized
Bajraktarevi¢ means are detailed in the following two lemmas, respectively.

Lemma 2.2.3. Letn € Nyon > 2 and f,g: I — R be differentiable functions with

nonvanishing first derivatives and i € {1, ...,n}. Let further p = (p1,...,pn): I — R

and q = (q1,...,qn): I = R} such that p; and q; are continuous. If(?iA%) = &-A[ﬁ]

holds on diag(I™), then

L (2.20)
do  Po
holds on I.
Proof. In view of Theorem 1.2.1, we have
4 _ (5 Al A_( | [n])A_&
.= (alAg,q) = (04]) ="
O

Lemma 2.24. Letn € Nyn > 2, f,g: I — R be twice differentiable functions with non-
vanishing first derivatives. Letp = (p1,...,pn): I = R} and q = (q1,...,qn): I —
R" be continuous functions and assume that, for all i € {1,...,n}, (2.20) holds on I.
Let j, k € {1,...,n}. Then the following two assertions hold.

(i) Provided that j # k and pj, p, q;, qi are differentiable functions, if 8]-0;914%0 =

6j8kA[g7f(]1 holds on diag(I™), then there exists a nonzero constant -y such that, for all
ie{l,...,n}
a9 =i f @21

is valid on I.

(ii) Provided that j = k and pj, q; are continuously differentiable functions, if 8?14%) =

8?14[;}!1 holds on diag(I™), then there exists a nonzero constant y such that, for all
ie{l,...,n}, (2.21) is valid on I.
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Proof. From Lemma 2.2.3 we obtain that ¢; = rop; holds for all ¢ € {0,...,n}. Assume
that j # k. Then, using Theorem 1.2.1, we have that

(pjpe) | vk " ]\ 2 A (rgpjpr) | Topior 9"
5 T = _(ajakAf,p> - —(ajﬁkA%) =22 T 29
D g [ 0Py ToPo 9

Thus, after reduction, we get that

1 1" /! ,r,/
(5-5)-3

is valid on I. Hence, there exists v € R\ {0} such that

/
ro =4[ - L/ (2.23)
g
holds on I, whence, using Lemma 2.2.3 again, it follows that, for all i € {1,...,n},
(2.21) is valid.
If j = k, then with a similar calculation we arrive at the same differential equation for
ro. ]

The following notion and a corresponding well-known lemma play a basic role in the
proofs of the subsequent results since, by solving the differential equations obtained by
differentiating the functional equation at issue, one of the cases that we get is exactly the
equality for which the next lemma gives a necessary condition under assuming only the
regularity that is needed for the definition to be correct.

Definition 2.2.5. For a three times differentiable function f: I — R with a nonvanishing
first derivative, we introduce its Schwarzian derivative Sy: I — R by the following

formula: )
f/// 3 f//

Lemma 2.2.6. Let f,g: I — R be three times differentiable functions with nonvanishing
first derivatives. If Sy = Sy is valid on I, then there exist a, b, c,d € R with ad # bc such
that cf + d is positive on I and

af +b

9= ird (2.24)

holds on 1.

Proof. Denote the function g o f~! by ¢. Then, by the chain rule for the Schwarzian
derivative (see [16, Chapter 10]), we have

S(g) = S(po f) = (S(@)o f)-(f')* +5(F).
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Therefore S(f) = S(g) holds on [ if and only if S(¢) = 0 is satisfied on J := f(I). This
latter equality however can be valid (again by [16]) if and only if  is a M6bius transform
on J, i.e., there exist a, b, ¢, d € R with ad # be such that cx + d > 0 and ¢(x) = 22+0

T cx+d
for € J. Substituting = by f(u), these properties are equivalent to the positivity of the
function cf + d and the equality (2.24) on the interval I, respectively. 0

Our first main result is contained in the following theorem. It completely characterizes
the equality of two generalized Bajraktarevi¢ means with at least three variables.

Theorem 2.2.7. Letn € Nyn > 3and f,g: I — R be three times differentiable functions
with nonvanishing first derivatives. Let p = (p1,...,pn): I — R be a continuous
function and q = (q1,...,qn) : I — RI. Assume that there exist i,j,k € {1,...,n}

with i # j # k # 1 such that p;, p;, py, are differentiable functions. Then the following
assertions are equivalent.

(i) AEZ?L = A% holds globally.
(ii) AEI?L = Ag,l(]; holds locally.

(iii) The function q is continuous, the functions q;,q;, qx are differentiable, and the

equalities
oAl = g, alll (e {1, n—1)),
0.0, A7, = 0:0; A,
;0 akA%, = 0,0, 3kAgf;1
hold on diag(I™).

(iv) There exist a, b, c,d € R with ad # bc such that

b
Q_Z;id and  qp = (cf +d)pe (Le{1,...,n})

hold on 1.

Proof. The implication (i)=-(ii) is obvious. Applying Lemma 2.2.1, it is also easy to see
that assertion (iii) follows from statement (ii). The implication (iv)=-(i) is a consequence
of Theorem 2.1.3. It remains to prove that assertion (iii) implies statement (iv).

Without loss of generality, we can assume that ¢ = 1, j = 2, and k = 3. One can
easily see that if agA["] = (%A[;f;l holds for all £ € {1,...,n — 1}, then it is also valid for

fp
¢ = n. Using Lemma 2.2.3, we have that ¢, = rop, holds for all £ € {0,...,n}. Hence,
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using the equality g, = r(p; + rop), we get

PiPoPs + PiPaps + PAPPs | o P1paps t+ pipps + pipaps "

I I f
"\ 2 " A A
p1p2p3
+ P C«fd —f,):(&®%A%) :(&@%4@)
Do f f ’
ro (PP + Pipaps + Piphps) | rord(pipaps + P1PhPs + Pipaps)
7313 7303
0Po 0Po
ro(rp)*P1p2ps roropipeps 9" 1o (P1p2py + P1php2 + Pipaps) _ g

0
16 16 R
rop; e 4 reps q

R 2
T 8191]92]03 3 q’ g’
+ r3p3 / YA
0Po g g

Thus, applying (2.22) three times, after reduction, it follows that

f// 2 f/// 3 f// g// 2 f// g// g// g// 2 g///
(7) - F=3(F %) (F-5)e () %
is valid on . Whence we obtain that Sy = S, holds on I. Therefore, using Lemma 2.2.6,

there exist a, b, c,d € R with ad # bc such that cf + d is positive and (2.24) holds on
I. Substituting (2.24) into (2.23), we get that 7o = d(cf + d) is fulfilled on I, where

6 == /== > 0. Therefore,

qe =rope = (dcf +od)p, (L€ {1,...,n}),

2

=2

and
_af+b _ daf+db

9= cf+d def +od

which proves that assertion (iv) holds with the constant vector (a, b, ¢,d) := 6 - (a, b, ¢, d).
O]

The second main theorem has two variants concerning the regularity assumptions and
characterizes the equality of 2-variable generalized nonsymmetric Bajraktarevi¢ means.

Theorem 2.2.8. Let f,g: I — R be three times differentiable functions with nonvanishing
first derivatives. Let p = (p1,p2): I — R% and q = (q1,q2): I — R? such that py # p.
Assume that there exists i € {1, 2} such that one of the following regularity conditions is
satisfied.

(a) p; is twice continuously differentiable and ps—; is continuous.

(b) p; is twice differentiable and ps—; is once differentiable.



30 INTRODUCTION

Then the following assertions are pairwise equivalent.
(i) AP = AZY holds globally.

(ii) A?]p = AE][] holds locally.
(iv) There exist a, b, c,d € R with ad # bc such that

af +b
cf +d’

g= @ = (cf + d)p1, and g = (cf +d)p2

hold on 1.

In addition, if f and p are { times continuously differentiable, then AECQ]p is also { times
continuously differentiable.

Proof. The implication (i)=-(ii) is obvious. The implication (iv)=-(i) is a consequence
of Theorem 2.1.3. It remains to prove that (ii) implies statement (iv) in both regularity
settings.

Applying Lemma 2.2.1, one can see that we have the following assertions from
statement (ii), under the regularity assumptions (a) and (b) of Theorem 2.2.8, respectively.

(iii) The function g; is twice continuously differentiable, g3_; is continuous, furthermore

2 _ 2 2 421 _ 92 42 3421 _ 93 412
OA;, =0 AR, OFAT =07ARL and  9PAT = 0FAR

2 9,9’ 9,q°

hold on diag(1?).

(iii))> The function g; is twice differentiable, ¢3_; is once differentiable, furthermore

0AY =042 924l =924 920, AT = 920, A1)

hold on diag(1?).

Without loss of generality, we can assume that ¢ = 1. Then, using the first equation of (iii)
or (iii)” and Lemma 2.2.3, we have ¢; = rop; for all j € {0, 1,2}. Due to the equality
ro = qi/Di, it follows that r( is twice differentiable. Furthermore, by the second equation
of assertion (iii) or (iii)’, we have that (2.22) also holds as we have seen in the proof of
Lemma 2.2.4. Observe that, differentiating (2.22), we obtain that

" 1 " " 1"\ 2 "\ 2 " 1"
o _ 2 QL_Qgi_ I +3 9 _2f7.gi . (2.25)
ro A\ ¢ ! g g
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Under the regularity assumption (a) of Theorem 2.2.8, the third equality in condition (iii),
and formula (3c) of Theorem 1.2.1 yields that

_p2(6(p)” = 3pi(pr+p2)  pipa(pr—p2) [7 pip (f”)2

P I f I
9 " A
L papa( P1 +p2) f/ (83,4[2]) (8"1314[92,2)
Do f
~ ropa(6rg(01)* + 127”07“0171171 +6(rp)%p7)
opg
rop2( — 3ro(p1 + p2) (ropf + 2roph + rGp1))
o r3p3
0Po
_ grope(ropy +rop1)(p1 = p2) ¢" ripipe (9”)2 | Topip2(2p1 + po) ﬂ
TP g rp \¢ o g
(2.26)
Hence, from (2.26), using (2.22) and (2.25), it follows that
(o —p2) (9" vioa (N (d")°
O==3—"">S5—""\% )3 \\7) |,
o "y o f g
n p1p2(2p1 + p2) <f/” _ 9”’) n 3]3/1192(171 —p2) (f// B 9“)
o g I g
3 p1p2 f// g// 2
2 g
_3P1p2(p1+p2)< L 29’”_(JM>2+3<£7”>2 f//')
4 P f! g I g I
L 3. 2P —pa) (f 9) 9"
2 2 frog)g’
whence we get
o L ppa(ps—p2) <f - g) 3 pipa(pL — p2) <(f>2 ~ (g">2>
2 v o) 4 v f g) )
which simplifies to
1 —
o= L. pwa(pL=py) (Sy—S,)- (2.27)

2 pg

Using that p; # po, by continuity, it follows that there exists an open nonempty subinterval
J C I such that pi(x) # pa(z) holds for x € J. Therefore, the above equation
implies that Sy = S, holds on J and hence, by Theorem 2.2.2, on I. Thus, using
Lemma 2.2.6, there exist a, b, c,d € R with ad # be such that ¢f + d is positive and
(2.24) holds on 1. Substituting (2.24) into (2.23), we get that 7o = d(cf + d) holds on
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I, where § = ﬁ > 0. Therefore, with the same argument as at the end of the
proof of Theorem 2.2.7, we can see that assertion (iv) holds with the constant vector
(@,b,¢,d) :=6 - (a,b,c,d).

Under the assumption (b) of Theorem 2.2.8, the third equality of condition (iii)’ and
formula (3b) of Theorem 1.2.1 imply that

20 ph(p1 — p2) + p2(2(0))% — P (p1 + p2)
o
2
(2pip2 + p1ph)(p1 —p2) " pip2(2p1 —p2) ([
3 TS
J23 f 7 f
2 " A A
pip2 S (24 42IND (424 A2
— Ty = (8182Af,p> = (8132A[g,]q)
Do f
_ 2ro(roph + r(’)pl)(rgpé + rop2) (P1 — p2) (2.28)
ToPo
rop2 (2(7“(2)(19/1)2 + 2rorop1p) + (7“6)2]9%))
+ T3 3
0Po
N ropa2( — ro(ropf + 2ropy + rop1)(p1 + p2))
op;
13 (2pa(ropy + rhp1) + p1(roph + 14p2))(p1 — p2) g
+ 3.3 —
ToPo g
2
rop1p2(2p1 — p2) <9”> _ ropipe g”
ropg g

_|_

+ .
T

Hence, from (2.28), using (2.22) and (2.25), we arrive at

0

_ 2p1plip2 — 294p3 + pivh — pipaph <f " 9")
- 3
Do

A
+W2<2pl—pz><<f”>2_ <9>2> _ p?PZ(f _ 9)
P I g g \f' ¢

_ 2p1pip2 — 20493 + Piph — Piparh < " 9")

Ji g
1 " " 17"\ 2 "\ 2 "noon
+7'p1p2(p13+p2) (2f,_2g/_ <f/> +3<g,) _2f/.g,>
4 Py f g f "y
1 pipa(2p1—p2) <f"_g”>2_3.p1p2(p1—pz) (f” _g”>g”
2 2 g 2 2 g )9’

whence we have that (2.27) holds, thus following a similar train of thought as above, we
get assertion (iv). ]
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As we already mentioned, the symmetric 2-variable case was solved firstly under sixth-
and then under first-order regularity assumptions in [22] and in [38], respectively.

Theorem 2.2.9. Let f,g: I — R be continuously differentiable functions with nonva-
nishing first derivatives. Let p: I — R be a continuously differentiable function and
q: I — R. Then the following assertions are equivalent.

o4l 402
(i) Af,(p,p) = Ag,(q,q) holds globally.
a2l 402
(ii) Af,(p,p) = Ag,(%q) holds locally.
(iv) Either there exist a,b,c,d € R with ad # bc such that
af +b
g_cf+d and qg=(cf+d)p

are valid on I or there exist two polynomials P and Q) of at most second degree
such that P and Q) are positive on f(I) and g(I), respectively, and there exist two
constants «, 3 € R such that

g=Glo(@Fof+B), p=Piof ad q=Q 2og
hold on I, where F and G denote a primitive function of 1/ P and 1/Q, respectively.

Proof. The implication (i)=-(ii) is obvious. The proof of the implication (iii)=-(iv) is
based on Lemma 2.2.1, the result of Pdles and Zakaria [38, Corollary 9], and a recent
characterization of the equality of 2-variable (symmetric) Bajraktarevi¢ means with two-
variable quasi-arithmetic means [37]. The proof of the implication (iv)=-(i) is also
described in the paper [37]. O






Chapter 3

Comparison problem

The global comparison problem of classical Bajraktarevi¢ means with arbitrary number
of variables was solved by Dar6czy and Losonczi in [9]. Their result was extended to
the context of deviation means by Daréczy in [8] and by Daréczy and Pales in [10].
The Gini means according to the result of Aczél and Dardczy (see [1]) are precisely the
continuous and homogeneous Bajraktarevi¢ means on I = R_. Their comparison was
also characterized by Dar6czy and Losonczi in [9]. For the setting when [ is a proper
subinterval of R, the comparison problem of Gini means was solved by Losonczi (see
[20]) and this result was extended to the setting of Gini means with complex parameters
by Péles in [35]. Another generalization of Bajraktarevi¢ means, in terms of a measure
and two functions, was introduced and their comparison problem was investigated by
Losonczi and Péles (see [27]). The notion of local and global comparison in broad classes
of means was introduced by Péles and Zakaria in [36], where such comparison problems
were in the focus of their research.

Motivated by these preliminaries, the main goal of this chapter is to investigate the
local and global comparison problem of two n-variable generalized Bajraktarevi¢ means,
i.e., to find necessary as well as sufficient conditions in terms of the unknown functions
listed below for the functional inequality

f(_l) <p1 (l'l)f(ffl) + -+ pn(l'n)f(l'n)>

pi(x1) + -+ pn(zn)
(-1) <€I1 (z1)g(@1) + - + qu(®s g(l‘n)>

) 3.1)
Q1(l‘1) + -+ Qn(xn)

<g

to be valid locally or globally, where n € N,n > 2 is fixed, I is a nonempty open
real interval, which will be the case in this entire chapter unless otherwise stated, the
unknown functions f,g: I — R are strictly monotone, and p = (p1,...,pn): I — R7}
and ¢ = (q1,...,qn): I — R’ are also unknown functions. The results of this section
were first proved in our paper [13]. We note that, as we discussed in Chapter 2, the equality
of these means in the local and in the global sense are equivalent properties. However, as
we shall see, this is not the case for the comparison problem.

35
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3.1 Local comparison

Definition 3.1.1. Letn € N;n > 2 and U € R" be a nonempty open set. A function
f: U — Ris called partially differentiable at a € U with respect to its ith variable if the

limit ;
o flathe) ~ f(a)
h—0 h

exists and finite. We say that f is partially differentiable at a € U if it is partially
differentiable with respect to all its variables. Finally, f is called partially differentiable
on U if it is partially differentiable at each point of U.

In order to investigate inequality (3.1) in the local sense, we recall the following result
from [36].

Theorem 3.1.2. Letn € N,n > 2 and let M, N : I™ — I be n-variable means such
that M is locally smaller than N. Assume that M and N are partially differentiable on
diag(I™). Then, forall i € {1,...,n},

O;.M> = O;N2. (3.2)

If, in addition, M and N are twice differentiable on the diagonal diag(I™), then the
symmetric (n — 1) x (n — 1)-type matrix
A A\yn—1
(0:0;N® — 0i0; M=), (3.3)
is positive semidefinite.

On the other hand, if the equality (3.2) holds for all i € {1,...,n}, furthermore, M
and N are twice continuously differentiable on the diagonal diag(I™) and the symmetric
(n—1) x (n — 1)-type matrix given by (3.3) is positive definite, then M is locally smaller
than N.

Our first main result of this chapter establishes necessary and sufficient conditions for
the local comparability of generalized Bajraktarevi¢ means.

Theorem 3.1.3. Letn € N,n > 2 and let f,g: I — R be differentiable functions with
nonvanishing first derivatives and p,q: I — R’} be continuous functions. Assume that

A%H is locally smaller than Agf[]]. Then

Di qi .
L. ) 1,... .
o w (te{l,...,n}) (3.4)

If, in addition, f, g are twice differentiable and p, q are continuously differentiable, then
the function

(3.5)



CHAPTER 3 — COMPARISON PROBLEM 37

is increasing.

On the other hand, if f, g and p, q are twice continuously differentiable, (3.4) holds
and the function (3.5) has a positive derivative, then A%) is locally smaller than A[grf(]].
Proof. In view of Theorem 1.2.1, the differentiability of f, g and the continuity of p, g
imply that the partial derivatives of the means M := Agc 1]3 and N := A, , exist at the
diagonal points of I™. Therefore, by Theorem 3.1.2, we have that (3.2) is valid. Thus,
using assertion (1) of Theorem 1.2.1, it follows that

A A
Z) (a A[”]> (aiA[g’jJ]) - % (e {l,...,n}),
which shows that (3.4) is valid. In what follows, let 7y denote the ratio function gg/po.
Then, according to (3.4), we have that ¢; = rgp;.

If, in addition, f, g are twice differentiable and p, ¢ are continuously differentiable,
then Theorem 1.2.1 implies that the second-order partial derivatives of the means M :=
A[n} and N := A (}1 exist at the diagonal points of I". Therefore, by Theorem 3.1.2, we
have that the matrix given by (3.3) is positive semidefinite. This yields that

o2 (AW - AEZ;]D)A > 0. (3.6)

9,9

Applying assertion (2b) of Theorem 1.2.1 and the equality g; = rop;, fori € {1,...,n},
we have that

o8 () — A1)

B 2Q§(QO —q) , q(eo—a) 9" 2191(17 —pi)  pilpo—pi) ["
- 2 + 2 T 2 - 2 T er
9 Ul 9 Py Po f
_ oropi tropi)(po —pi) | pilpo —pi) 9" o pi(po —pi) _ pilpo —pi) f”
Top% P g p3 P} f
1 1
PG o g f

The factor W is positive, therefore, the inequality (3.6) simplifies to

0
" " 20/ !

g / %19']
O<20+——<log< . (3.7)

g f p3lf|

This proves that the function (3.5) is increasing.

In the last part of the proof, assume that f, g and p, q are twice continuously differ-
entiable, (3.4) holds and the function (3.5) has a positive derivative. Then the means

M = AB?Z]? and N := A, , are twice continuously differentiable on /™ and (3.7) is valid
with strict inequality everywhere on I. We show that the matrix (3.3) is positive definite.
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The diagonal entries of this matrix have been computed above. For the entries off the
diagonal, i.e., for i, 5 € {1,...,n} with i # j, according assertion (2a) of Theorem 1.2.1
and the equalities ¢; = rop; and g; = rop;, we have

8,8(14[”] B A[n}>A _ lag)  a@g; 9" | (pip) L Pip; I
L) 9,9 fp - 2 2 / 2 2 /
90 % 9 7o g [
_ 2rorgpip; +rg(eipg) pip; 9" (o)’ pipj 7
- 2.2 -5 ot 5t 5
ToDp Py g Y2 pg f
_pzpj< 7“6+g”f”)
e \"ro g f

Therefore, fori,j € {1,...,n},

pildigpo —pj) (910 9" _ f"
ro ¢ )

0,0, (Al — )" = 5 _
0

g’q

In order to prove that the matrix (3.3) is positive definite, according to Sylvester’s criterion,
it is necessary and sufficient that the (k x k)-type minors of this matrix should have a
positive determinant.

For k € {1,...,n}, we obtain

9,9 ij=1

i 52, o ! " " k
_ det (p( o p])<27”0+9/_f/)>
Po o g ! ij=1

/ 7 AN . 2 5i k
- (2”’ +L f,) (1) Qkp’“) det (”po - 1) .
To g f V2! pj i,j=1

Now we compute the last determinant of the above expression:

det ((aiaj(A["l — Al )

o 1 . -1 1
D1
. P -1 -1
5 k P2
det (”0—1> = S :
" 1 (N T |
Pk—1
1 -1 ST |
Pk
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Poy 0o -k
b1 k
o B . 9 I
b2 Pk
0 0 Do 7]970
Pr—1 Pk
1 -1 1 Py
Pk
Po g 0 _Po
h %
0o B 0 _£0
D2 Pk
o o .. 2o _Po
Pk—1 P » Pk »
0 0 ... 0 Z2a—(E4+-+5)
Pk Po Po
k k:_l _— DY
:po(1_<pl+...+pk)):po (po — (p1 + +pk)).
b1 Pk Po Do 1D

Therefore,

det ( (8,0, (Alm — Al )"
Lt 9,4 fip ij=1
k
_ < 0, 9 f”) P pr(po— (pr+ -+ pr))
g F P
Here, each factor is an everywhere positive function, hence Sylvester’s criterion is vali-

dated, which then implies that the matrix (3.3) is positive definite. In view of the last as-
sertion of Theorem 3.1.2, it follows that M = AEPL is locally smaller than N = A, ,. [

In what follows, we consider the local comparison problem of generalized Bajrak-
tarevi¢ means when / is a nonempty open subinterval of R and the weight functions
P1,-..,Pn and qi, ..., g, are proportional to power functions.

Corollary 3.1.4. Let I C R be a nonempty open interval and let f,g: I — R be dif-
ferentiable functions with nonvanishing first derivatives. Letn € N;n > 2, (A1,...,\n),
(1 -y ) €RY, (1, ..o an), (B, .-, Bn) € R and define

pi(x) := Nz and  ¢;(x) = px’ (te{l,...,n},zel). (3.8)
Assume that AB?I]J is locally smaller than Ag?(];. Then there exist v > 0 and 6 € R such that

i = YA and  fBi=a;+6 (tef{l,...,n}). (3.9)
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If, in addition, f and g are twice differentiable, then the map

T—x

2519@)
@) G0

is increasing on 1.

On the other hand, if f, g are twice continuously differentiable, (3.9) holds and the
function (3.10) has a positive derivative, then AE:L]]? is locally smaller than A[;f;].
Proof. Assume that f,g: I — R are differentiable functions with nonvanishing first

derivatives and that Al z]v is locally smaller than A[ } Then, by Theorem 3.1.3, the
first-order necessary condltlon (3.4) holds. This, for all i,7 € {1,...,n}, implies that

P _ G
i 4
that is,
N i
e NIy
Ajx®i P
Therefore,

gm0 +Bi =B — i (z €1).
JORY
The left hand side is a power function which is constant on I, hence 3; — o; = 3 — «;
and p;/\; = pj/A;. Thus, there exist v > 0 and 6 € R such that (3.9) holds.

If, additionally, f,g: I — R are twice differentiable functions, then by the second-
order necessary condition of Theorem 3.1.3, the function (3.5) is increasing. On the other
hand, using (3.4), (3.8), and then (3.9), we have

49 9'(@)| _ s 25l9'(2)] 3.11)

(@) = Ll gy - Bz T _ sl (@)
T A T R O]

i

Therefore, the function (3.10) must be increasing.

To prove the reversed statement, suppose that f, g are twice continuously differentiable,
(3.9) holds and the function (3.10) has a positive derivative on 1.

Then, fori € {1,...,n}andz € I,

G, pri’
2z) =
qO ,Uflxﬁl _|_ . e _|_ Mng;ﬂn
A Adte Aix®

p— = = &
- 7)\1«736+a1 4+ 4 ’y)\n$6+a” N AT 4 Az Po (x>,

which shows that (3.4) is valid on I. Therefore (3.11) holds and hence we can see that
the function (3.5) has a positive derivative. Therefore, in view of the second part of

Theorem 3.1.3, it follows that AEZLL is locally smaller than A", O
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As an immediate consequence of the above corollary, we can characterize the local
comparison of generalized power means.

Corollary 3.1.5. Let I C R, be a nonempty open interval and a,b € R. Define
fy9: 1 = Rby

x? ifa#0 xb ifb#£0
f(zx) = and  g(z):= (3.12)
log(z) ifa=0 log(z) ifb=0.
Letn € Nyn > 2, (A1, ..., ), (1, ptn) € RY, (o, .., a0), (Bry--.,80) € R?
and define p,q: I — R"} by (3.8). If AEZ]? is locally smaller than A%) then there exist
v > 0and § € R such that (3.9) holds and a < b + 20.
On the other hand, if (3.9) holds and a < b+ 20, then A%) is locally smaller than

Ay
Proof. Obviously, Corollary 3.1.4 can be applied and now the functions f and g are

infinitely many times differentiable with nonvanishing first derivatives. To show the
necessity of the conditions, observe that, for some positive real constant c,

/
20 ’g (x)’ b—a+26 (
= zel)
/()]
is valid. Therefore, (3.10) is increasing if and only if @ < b + 2. For the sufficiency,
observe that the function (3.10) has a positive derivative if and only if a < b + 24. O

3.2 Global comparison

If A[”] is globally smaller than A[gnt]], then A[n] is locally smaller than A[n] and hence,
in Vlew of Theorem 3.1.3, the necessity of (3 4) follows and the function (3.5) must
be increasing. However, these conditions are not strong enough to imply the global
comparability of the aforementioned means. The first theorem of this subsection deals
with how the condition (3.4) needs to be augmented to yield global comparability.

Theorem 3.2.1. Ler f,g: I — R be strictly monotone, differentiable functions with
nonvanishing first derivatives, n € N,n > 2, and p, q: I — R'}. Assume that (3.4) holds

and
po(@)(f(2) = f(y) _ a0(=)(g(z) — 9(y))
po(y)f'(y) B 90 (y)g' (y)

Then A[ ] is globally smaller than A[ ]

(x,y €I). (3.13)

Proof. Multiplying both sides of (3.13) by 5 ;((z)) = ;1;((?) , which is valid according to
(3.4), it follows that
pi(z)(f(z) — f(y))
po(y)f' ()

<

%(X(x—g(ﬂ (zoyel,ic{l,...,n}). (3.14)

)
(y)g'
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To show that (3.1) holds, let z1, ..., z,,y € I be arbitrary. Applying the ith inequality
in (3.14) at (x;, y), then adding up the inequalities so obtained side by side, we get

— pi(z:) (f(z:) = fy) _ ~= qil@a)(g(xi) — 9(y))
LU S alem G19)

~  poly — y)

Let us now take the substitution y := A%(ml, ..., Ty) in the above inequality. Then, by

the definition of the mean AEI"L, we have

> i Pil@i) f (i)
Yo pi(wi)

fly) =

Therefore,

" i) (i) — S())
2 W

s (Lm0 - 500 S i)

__ 1 - () F (s i pil@i) f (i) " o)
= P S~ ST S i ) <o

Thus, the inequality (3.15) simplifies to

— gi(i)(g(z:) — 9(y))
- ; w9y

Assume first that ¢ is positive everywhere on I. Then g and also its inverse are strictly
increasing and the previous inequality is equivalent to

0< > ailzi)(9(x:) — 9(v)),
=1

which implies that

n n
9W) D ai(@i) <D qilwi)g(i).
i=1 i=1

Dividing this inequality by > ; ¢i(x;) and then applying g~ ! to the inequality so ob-
tained side by side, it follows that y < A[;f;](:rl, ..., Tp), that is, the inequality (3.1) is
fulfilled.

If ¢’ is everywhere negative then g and also its inverse are strictly decreasing and the
proof is similar with obvious modifications. O
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Our second result discusses how the condition on the increasingness of the function
(3.5) needs to be tightened to imply global comparability. It turns out that it is sufficient if
all the multiplicative factors of the function (3.5) are increasing.

Theorem 3.2.2. Let f,g: I — R be strictly monotone differentiable functions with

nonvanishing first derivatives, n € N,n > 2, and p, q: I — R'}. Assume that (3.4) holds
and the functions

/

Kl and @

Po /]

[n]

are increasing. Then AEZLI]) is globally smaller than Ay q.

(3.16)

Proof. To verity this statement, it suffices to show that the increasingness of the functions
(3.16) implies the inequality (3.13). We assume that f” and ¢’ are positive (and hence f
and g are strictly increasing).

Let z,y € I be arbitrary. If x = y, then (3.13) is trivial. We consider now the case
when x < y. Then, by the increasingness of the first function in (3.16), we have

qo(y

~—

<

By the Cauchy Mean Value Theorem, there exists z € |z, y[ such that

9@) —9ly) _9'() _ )
fl@)=fly)  Fz) 7 )

where, for the inequality, we used that z < y is valid and the function ¢’/ f’ is increasing.
Multiplying the respective sides of the above inequalities by go(x)/po(x), it follows that

0<

qo()(g9(z) —9(y)) _ 20y (v)
po(x)(f(z) — f(y) ~ poly)f'(y)

This inequality, using that f(x) — f(y) < 0 implies that (3.13) is satisfied if x < y. In
the case when y < x, a completely analogous argument shows that the inequality (3.13) is
also true.

The proof when f’ or ¢’ is negative is completely similar. O

<

Remark 3.2.3. In this remark we show that the sufficient condition (3.13) implies that the
function (3.5) is increasing. Using the notations of the previous theorem, we may assume
that f’ and ¢’ are positive (and hence f and g are strictly increasing). Let z,y € I be
arbitrary with z < y. Then, (3.13) implies that

Po(x)q0(y)g'(y) -

g
po(y)ao(x)f'(y) — f(x) (3.17)
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On the other hand, interchanging the roles of z and y in (3.13), we get

po(y)(f(y) — f(x)) _ ao(y)(9(y) — g(x))
po(z) f'(x) Qp(x)g ()

IN

This implies that
po)a(@)g' () _ 9(y) — g(=)
po(x)ao(y)f'(z) ~ f(y) — f(z)
Combining the inequalities (3.17) and (3.18), it follows that

Po®)an@)g (@) _ gz)
po(@)ao(®) (@) = (@)

(3.18)

and hence

w(@)’g' () _ 0)*d' ()

po(x)*f'(x) ~ po(y)*f'(y)’
which proves that the function (3.5) is increasing. The proof in the cases when at least one
of the functions f’ and ¢’ is negative is completely analogous.

In what follows, we present two particular cases when (3.13) is equivalent to the
increasingness of the function (3.5). In the first setting, the weight functions p and ¢
coincide.

Theorem 3.2.4. Let f,g: I — R be strictly monotone twice continuously differentiable
functions with nonvanishing first derivatives, n € N,n > 2, and let further p: I — R’}
be a continuous function. Then the following conditions are pairwise equivalent.

(i) AE?}]) is globally smaller than Agf;;.

(ii) AEZ:;]) is locally smaller than A[grfz],.

(iii) The function |g'/ f’| is increasing.

(iv) The following inequality is valid on I :
9"

S

(v) Provided that g is increasing (decreasing), the function g o f~1 is convex (concave)

on f(I);

(vi)
fx) = fly) _ 9(z) —9(y)
fflyy = g

(x,y €1).
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Proof. The implication (i)=-(ii) is trivial. Using Theorem 3.1.3, (iii) is an immediate
consequence of (ii).

Now assume that (iii) is valid, i.e., |¢’/ f'| is increasing. In the case ¢’/ f’ > 0 this
implies that the function (¢'/ )" = (¢'/f')(g" /9’ — f"/f') is nonnegative, whence (iv)
follows. In the case ¢’/ f’ < 0 an analogous argument yields that (iv) is also true.

Suppose that (iv) holds and g is increasing (the other case can be treated very similarly).
Since

! / ! " "
wor ™y =(ger ) = (G00) = (G (5 -5))er 20
the function g o f~! is convex.

Assume now that (v) holds and g is increasing (the other case is completely similar).
Then, by the convexity of h := gof~, forallu,v € f(I), we have h(v)+h'(v)-(u—v) <
h(u), that is,

-1 g -1 -1
gOf(w+<ﬂ°f ym«u—ngof<w.

Substituting v := f(x) and v := f(y), where x,y € I, it follows that

9'(y) B < (@)
9(y) + () (f(x) = f(y)) < g(z),
which shows that (vi) is satisfied.
Finally, suppose that (vi) is valid. Then (3.13) is also true with gg := pg. Therefore,
according to Theorem 3.2.1, we obtain that AEZ?I]) is globally smaller than A[ngI]J, e, ()is
fulfilled. O

In the second setting, the functions f and g are the same.

Theorem 3.2.5. Let f: I — R be strictly monotone twice continuously differentiable
function with a nonvanishing first derivative, n € N,n > 2, and let further p,q: I — R’}
be continuous functions. Then the following conditions are pairwise equivalent.

[n]

(i) AEZ?L is globally smaller than A far

(ii) A%} is locally smaller than Aglf]q.
(iii) The condition (3.4) holds and the function qy/py is increasing.

Proof. The implication (i)=-(ii) is obvious.

Assume first that (ii) is valid. Then, according to Theorem 3.1.3, the equalities in (3.4)
must be satisfied and the function (¢3|g’|)/(p3|f'|) = ¢?/p3 is increasing. Therefore,
condition (iii) holds true.

Finally, suppose that (iii) is satisfied. Then, with g := f, we can see that the functions
in (3.16) are increasing. Hence, according to Theorem 3.2.2, AEZ?I]) is globally smaller than

A" and assertion (i) is valid. O



46 INTRODUCTION

Corollary 3.2.6. Let I C R be a nonempty open interval and let f,g: I — R be dif-
ferentiable functions with nonvanishing first derivatives. Letn € Nyn > 2, (A1,..., \p),

(15 pm) €RY, (01, .. a), (B1, -+, Bn) € R™ and define p,q: I — R7 by (3.8).
Assume that there exist v > 0 and 6 € R such that (3.9) is satisfied and

fz) = fy) _ 2°(g(z) —9(y))
ffly) = vd()

(z,y € I). (3.19)

Then AE:?I]) is globally smaller than Agﬂl.

Proof. Due to the definition of p and ¢ by (3.8) and conditions (3.9), we have that (3.4)
is valid. We are going to prove that the inequality (3.13) is also satisfied. First, observe
that (3.8) and the conditions in (3.9) imply that go(x) = ypo(z)z? holds for all = € I.
Therefore, multiplying the inequality (3.19) by po(x)/po(y) side by side, we get

po(@)(f(x) = f(y) _ ypo(x)2’(9(x) — 9(v)) _ qo(x)(g(x) — g(1))
po(y) f'(y) )Yy (y) q(y)g'(y)

)

which shows that the inequality (3.13) is satisfied. Hence, using Theorem 3.2.1, it follows
that AEZZL is globally smaller than AL, O

The following function appears in several subsequent computations and also in the
proof of the corollary below.

Definition 3.2.7. For r, s € R, let us introduce the map x,s: Ry — R by

s

XT’,S(t) = rT—S
t"In(t) ifr=s.

ifr#s

Corollary 3.2.8. Let I C R, be a nonempty open interval, n € Nyn > 2, (A1,..., Ap),
(15 spm) €RY, (0,...,00), (Bi,...,0n) € R™, and let further a,b € R. Define
p,q: I — R by 3.8)and f,g: I — R by (3.12). Assume that there exist v > 0 and
0 € R such that (3.9) and the inequalities

min(a,0) < + min(b, 0) and max(a,0) < 4+ max(b,0) (3.20)

are satisfied. Then AB{L] is globally smaller than Agf(]].

P

Proof. Due to the definition of p and ¢ by (3.8) and conditions (3.9), we have that (3.4) is
valid. We are going to prove that the inequality (3.19) is also true.
The mapping r — t" is convex for all ¢ > 0. Therefore, if

min(r, s) < min(u,v) and max(r, s) < max(u,v),
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then
Xrs(t) < xuplt)  (t €RY).

Thus, the inequalities in (3.20) imply that

Xa,0(t) < Xp455(t)  (tE€R,). (3.21)

If ab # 0, this inequality is equivalent to

tr—1 _ stP—1
<t

" (t € Ry).

For x,y € I, substitute ¢ := x/y into this inequality. After simplifications, we obtain

xa_ya - (x)(;xb_yb

ays—1 y/) byt

This inequality, according to the definition (3.12) of f and g, can be rewritten as (3.19).
In the case when ab = 0, a similar argument shows that (3.21) also implies (3.19).
Now we are able to apply Corollary 3.2.6 and hence we can conclude the result. [J






Chapter 4

Local and global Holder- and Minkowski-type inequalities

The celebrated inequalities discovered by Holder and Minkowski can be formulated in
various contexts, for instance, in the setting of power means.

To recall the standard Holder(—Rogers) inequality, which was discovered by Rogers
in 1888 and by Holder in 1889, let p,q > 1 with % + % = 1. Then, for all n € N and
x,y € R, the inequality

A T _ (mﬁ’+---+mﬁ)i(y%+~-+yz>é
n n n

is valid. In the particular case p = ¢ = 2, this inequality reduces to the so-called Cauchy-

Bunyakovsky—Schwarz inequality, which in the above form was established by Cauchy

in 1821. Given a real parameter p > 1, the standard Minkowski inequality, that was

discovered in 1910, states that the pth power mean is subadditive, i.e., for all n € N and

x,y € R, the inequality

n n n

1 1 1
<($1+y1)p+-~+(azn+yn)p>P < <xf+'~+xﬁ>ﬁ+ <yf+'--+yﬁ>1’

holds.

Briefly, the aim of this chapter is to investigate inequalities that are analogous to the
Holder and Minkowski inequalities by replacing the addition and the multiplication by
a more general operation, and instead of using power means, generalized Bajraktarevi¢
means, and in particular, weighted Gini means, are considered. A further aim is to
characterize such inequalities both in the local and in the global sense. We are going to
derive necessary as well as sufficient conditions for the local as well as for the global
validity of the functional inequality

My(®(x1), ..., 0(x,)) < B(Mi(2)),. .., My(z")), (4.1)

where,n € Nyn > 2 k € N, fora € {0,...,k}, I, C R is a nonempty open interval,
I:=1 x - x Iy, My: I = I, is an n-variable mean and ®: I — Ij. In line with

49
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the terminology used in preceding chapters, if there ex1sts an open set U C I" such that
diag(1™) C U and (4.1) holds for all z € UT C Ha 1 17}, then we say that (4.1) holds
in the local sense. If (4.1) is valid for all z € (I")T = Hl; 1 I3, then we say that (4.1)
holds in the global sense. Clearly, the global validity of (4.1) implies its local validity.
After that we consider the particular case of (4.1) when all the means are n-variable

generalized Bajraktarevi¢ means, i.e., we consider the inequality

A (@), @) < @(AN) (ah), . AT (b)), (4.2)
where, for o € {0,...,k}, fo: Io — R is a strictly monotone function, p®: I, — R}.

We obtain necessary as well as sufficient conditions for its validity in the local and also in
the global sense.
We mention some important particular cases of (4.2).

1. Ifk=1,1Ip =1 =: J and ®(x) = z, then (4.2) reduces to the local and global
comparison problem of generalized Bajraktarevi¢ means on .J.

2. fkeNk>2Ig=I = =1Iy=J, ®,...,24) = (x1+--+13), and
fo=fi=-=fr=:f,p" =p' =--- = pF =: p, then (4.2) means the Jensen
convexity of A[ ] »on J. In this case, (4.2) is said to be a Jensen-type inequality.

3. IfkeNEkE>2,Ihg=1=--- :Ik:R_,_,q)(xl,...,:L'k) =x1+ -+ x, and
fo=fi=-=fi =1 pO = pl = ... = pl’C =: p, then (4.2) expresses the
subadditivity of AE?Z]? on R, which is often called a Minkowski-type inequality.

4. fkeNE>2, o= =---=1} :R+,(I)(.%'1,.. xk) = x1 -, then (4.2)
) gl Al

reduces to a Holder-type inequality for the means A Foptr e A e

There are many results related to the Holder- and Minkowski-type inequalities. With-
out completeness, we mention the following standard sources and the references therein:
Hardy—Littlewood—Pélya [15], Beckenbach—Bellmann [4], Bullen—Mitrinovi¢—Vasi¢ [6],
and Mitrinovi¢-Pecari¢-Fink [30]. We also quote the papers [17-21,26,28] by Losonczi
and the papers [7,31-34]. With the exception of Theorem 4.3.11, Theorem 4.3.13, and
Theorem 4.3.17, all the results of this chapter were first proved in our paper [14].

4.1 Holder- and Minkowski-type inequalities in the local sense

In the current and in the next subsection, for k£ € Nand « € {0, ..., k}, let I, C R stand
for a nonempty open interval and set I := [; X - - - X I}. For the investigation of inequality
(4.1), let us introduce the function F': I" x --- X I}’ — R by

F(z)=F(z!,... 25 = o(My(a!), ..., Mp(z®)) — Mo(®(z1),...,0(x,)). (4.3)
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Remark 4.1.1. Observe that, for all y € I, we have F'(AF (y)) = 0. Indeed, by using the
mean value property of My, My, ..., M, it follows that

F(Aﬁ(y)) = F(An(y1>v s 7An<yk)>
= O(M1(An(y1)),-- -, M(An(yr))) — Mo(An(2(y)))
= O(MP (1), -+, Mic (y)) = M (2(y)) = D(y1.-- - yx) — B(y) = 0.

For the computation of the partial derivatives of F at points of the form A¥ (y), we
formulate the following lemma.

Lemma 4.1.2. Let n,k € N,k > 2 and, for o € {0,...,k}, My: I} — I, be an
n-variable mean, define F': I7 X --- x I}' — R by (4.3), and let ®: I — I.

(i) For a € {0,...,k}, assume that M, is partially differentiable on diag(I?) and that
® is differentiable. Then, foralli € {1,...,k}, £ €{1,...,n}, andy € I,

8€+n(i—1)F(AZ(y)) = 0i®(y) (@MI'A(.%) - aeMoA(‘I’(y)))-

(ii) For a € {0,...,k}, assume that M, is twice partially differentiable on diag(1]})
and that ® is twice differentiable. Then, foralli,j € {1,...,k}, {,m € {1,...,n},
andy € 1,

a€+n(i—1)8m+n(j—1)F(AfL(y))
= 0,0, (y) (OmM;* () 0e M (i) — S0.mOm Mg (2(y)))
— 0;0(y) (02 (y)DeOm Mg (B(y)) — 65,;0e0m M (y;)).-

Proof. (i) Leti € {1,...,k}, ¢ € {1,...,n}, and y € I be arbitrary. Then the exis-
tence of the partial derivative Oy, (;i—1)F (AE(y)) and also the formula for it is a direct
consequence of the standard chain rule. More precisely,

8€+n(171)F(Aq]§(y)) = 8e+n(z>1)F(An(yl)a s An(yk))
= 0@ (M1 (An(y1)), - Mi(An(yr))) DeMi(An(yi))
which simplifies to the formula stated in (i).
(ii) For a € {0,...,k}, there exists an open set U, C I} such that it contains
diag(I), the first-order partial derivatives of M, exist over U, and their first-order

partial derivatives, that is, the second-order partial derivatives of M, exist on diag(I).
Using the continuity of ®, by shrinking the open sets Uy, . . . , U, we can also assume

(®(21),...,P(xn)) € Uy (4.4)

provided that 2! € Uy, ..., 2% € Uy.
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Leti,j € {1,...,k}, ¢,m € {1,...,n}, and y € I be arbitrary. Computing the
partial derivative of F" over Uy X --- x Uy, with respect to its (m + n(j — 1))th variable,
that is, with respect to the variable x7,, which is the jth entry of z,,, and the mth entry of
x’, we get

Omin(i—1F(z) = ;@M ("), ..., My(z"))0p M;(2)
— O Mo(® (1), ..., D(,)) 0P (1)

for all matrices z € R™* with 2! € Uy,...,2* € U,. Using this equality, we can
compute the partial derivative of Oy, 4 (j—1)F at Ak (y) with respect to its (£ +n(i —1))th
variable, that is, with respect to the variable xj, which is the ith entry of x, and the /th
entry of 2%, as follows

O tn(i—1)Oman(i—1) F (AR (1))
= aiajq)(Ml(An(yl))a e vMk(An(yk)))aéMi(An(yi))amMj(An(yj))
+ 00 (M1(An(y1))s - -+ Mi(An(Yr))) 84, 0em M (An(y;))
— 0O Mo(2(y), ..., 2(¥))0i®(y)9;®(y) — OmMo(2(y), .-, B(y))0emi0;P(y).

Using the mean value property of My, My, ..., My, this equality simplifies to the formula
asserted in statement (ii). ]

The next two results describe the first- and second-order necessary conditions for the
validity of (4.1) in the local sense, respectively.

Theorem 4.1.3. Let n,k € N,k > 2 and, for a € {0,...,k}, My: I — I, be an
n-variable mean which is partially differentiable on diag(I) and let further ®: I — I
be a surjective and differentiable fucntion with nonvanishing first-order partial deriva-
tives. Assume that inequality (4.1) holds in the local sense. Then there exist constants
A, .oy An € Ry such that, for all (yo,y) € Ip x Tand € € {1,...,n},

Ao = O ME (yo) = O M (y1) = -+ - = ME (i) (4.5)

If, additionally, for some o € {0, ..., k} and y, € I,, the mean M, is differentiable at
An(Ya), then \1 + - - - + N\, = 1 also holds.

Proof. For a € {1,...,k}, let U, C I} be a nonempty open set containing diag([}})
such that (4.1) holds for all matrices z € R™** with 2! € Uy,...,z" € Us. Then,
according to (4.1), F' is nonnegative on U; X --- x Uy and, for all y € I, we have
F(AF(y)) = 0. Therefore, the first-order partial derivatives of F' vanish at the point
Ak (y). In view of Lemma 4.1.2, forall £ € {1,...,n}andi € {1,..., k}, the equality
Dpsn(i—1)F(AL(y)) = 0 implies that

0 = 3 ®(y) (B M7 (y:) — DM (B(y))).
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Using that the partial derivatives of ® do not vanish on I, for all £ € {1,...,n} and
i €{1,...,k},it follows that

DM (yi) = 0o Mg ((y))- (4.6)

Now we prove first, for all £ € {1,...,n}, that the function 9, MZ* is locally constant
on [y. Without loss of generality, we may assume that ® is strictly increasing in its first
variable. To verify the assertion, let yg € Iy be arbitrary. Then, by the surjectivity of @,
there exists y € I such that yo = ®(y). Let y] < y1 < y{ be arbitrarily fixed elements of
1. Then, by the assumed monotonicity of ®, we have

Yo = (Y1, y2, - Uk) <yo = (Y1, Y2, yk) < Yo = (YL y2e - YR)-
Let u €]y(,y;| be arbitrary. Then, by the continuity of the function ®, there exists
v €]yy,y{] such that u = ®(v,ya,...,yk). Applying equality (4.6) for i« = 2 and
¢e{l,...,n} twice, we get
O M§* (u) = 0, Mg (®
= O M§ (@

U, Y2, .- 7yk>) = 8EM2A(y2)
Y1,Y2,--- 73//6)) = aZMOA(yO)

(
(
Therefore 84MOA is constant on |y, ([, which is a neighborhood of yg. It proves that
84MOA is differentiable at 3o and (85M0A)’ (y0) = 0. The choice of g in Iy was arbitrary,
hence (9, M{*)' is identically zero on Iy, which is an open subinterval of R. This implies

that 8gM0A is constant on [y. We will denote this constant by \y. Equality (4.6) then

implies that the partial derivatives 0y M IA, e, Ol M kA are also equal to the constant Ay on
their domains.
Finally, assume that, for some o € {0, ..., k} and y, € I,, the mean M, is differen-

tiable at (A, (y4)). Then, by the mean value property of M, we have that M2 (y) = y
for all y € I,. Differentiating this equality with respect to y at y = y,,, we get

alMiA(ya) ot 8an‘A(ya) =1,
which implies A\; 4+ --- + A\, = 1. O]

Theorem 4.1.4. Let n,k € Nk > 2 and, for « € {0,...,k}, My: I} — I be an n-
variable mean which is twice differentiable on diag(I?) and let ®: I — I be surjective
and twice differentiable with nonvanishing first-order partial derivatives. Assume that
inequality (4.1) holds in the local sense. Then there exist constants Ay, ..., \p, € Ry
with \y + -+ + A\, = 1 such that, for all (yo,y) € Io x I and { € {1,...,n}, the
equalities in (4.5) hold. In addition, for all y € I, the ((nk) x (nk))-type matrix whose
(L+n(i—1),m+n(j — 1))thentry, where i,j € {1,...,k}and t,;m € {1,...,n}, is

given by
005 (y) AmAr — St.mAm) — 0:®(y)0;@(y) e Mg (2(y)) @7
+0;,0;®(y) 9 0m M (y5)

is positive semidefinite.
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Proof. For o € {1,...,k}, let U, C I} be a nonempty open set containing diag(l]})
such that (4.1) and (4.4) hold for all matrices x € R"** with 2! € Uy,..., 2" € Uy.
Then, using Theorem 4.1.3, condition (4.5) is valid with some nonnegative constants
AL,y ..., Ay satisfying also Ap + - -- + A\, = 1.

According to (4.1), F' is nonnegative on U; X --- X Uy and, for all y € I, we
have F(AF(y)) = 0, that is, I has a (local) minimum at A¥ (). Therefore, its second
derivative at that point, i.e., the ((nk) x (nk))-type matrix (8a93F (AL (y))) is positive
semidefinite. In view of Lemma 4.1.2, for every y € I, the ((nk) x (nk))-type matrix
whose ({+n(i—1), m+n(j—1))thentry, where i, j € {1,...,k}and¢,m € {1,...,n},
is given by

Di030(5) (D M () DM (1) — B0 ME(D (1))

—0;®(y) (9;®(y) 0 MG (D(y)) — 65 ;000 M (y;))

is positive semidefinite. Applying the equalities from (4.5), the statement follows. O

4.2 Holder- and Minkowski-type inequalities for generalized Bajraktarevi¢
means

Under first- as well as second-order differentiability condition, the following theorem
describes what necessarily holds if (4.2) is satisfied in the local sense.

Theorem 4.2.1. Let n,k € N,k > 2 and, for « € {0,...,k}, fo: I — R be a differen-
tiable function with a nonvanishing first derivative and let p* = (pf,...,p%): Io — R}
be continuous, and set p§ := p{'+---+py,. Let ®: I — I be surjective and differentiable
with nonvanishing first-order partial derivatives. Assume that inequality (4.2) holds in
the local sense. Then there exist constants A1, ..., \p € Ry with A\ + - -+ + A\, = 1 such
that, forall « € {0, ...k} and 0 € {1,...,n},

Py = \epg (4.8)

holds on 1. If, additionally, for o € {0, ..., k}, fo is twice differentiable, p® is continu-
ously differentiable and ® is twice differentiable, then the (k x k)-type matrix I'(y) given

by
) | fo

I(y) = ( — 0,0,(y) — 0,(4)0i(y) <2p8 n fZ) @)

+5;500(y) (2@) ¥ ) (yj>>k

Trr
Do fj ,j=1

4.9)

is positive semidefinite for all y € 1.

Proof. For a € {0,...,k}, let M, = Agf:j po and apply Theorem 4.1.4 to this setting.
Then M, is partially differentiable on diag(I7) and inequality (4.1) holds in the local
sense. According to the first assertion of Theorem 4.1.4 and by the first statement of
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Theorem 1.2.1, there exist A\q,..., A, € Ry such that, for all (yo,y) € Ip x I and
¢ e {1,...,n}, the equalities in (4.5) hold, i.e., for « € {0, ..., k},

o A
Zg(ya) = (0l )" () = Ao
This shows that (4.8) is valid on I, forall « € {0,...,k} and £ € {1,...,n}. In view of
the definition of pf, these equalities imply that A; + - -- + A\, = 1 is also true.

Assume now that, additionally, for a € {0,...,k}, f, is twice differentiable, p®
is continuously differentiable and @ is twice differentiable. Using (4.8), according to
assertion (2b) of Theorem 1.2.1, we have

A (pa)l(pa _ pa) pa(pa _ pa) f// (pa)/ f//
aQA[”]a —9 4 0 4 +€ 0 4 Sl (1= A 2 0 _‘_704 ’
( MRLES ) (pg)? (rg)? I el =) 2
and, for ¢ # m,
WA gpe) pipy fl (5) | fa
a amA[ } N - _ tEm/ P4 Pm  Ja - _ )\m ) 0 + Jo .
CLE w32 g f s
Therefore, forall « € {0,...,k}and {,m € {1,...,n},
n A a\/ "
(8gamA£ca] pa) = )\m((;g’m - o) <2 (p()a) + f?) . 4.10)
’ p() fa

In view of the second assertion of Theorem 4.1.4, for all y € I, it follows that
the ((nk) x (nk))-type matrix whose (¢ 4+ n(i — 1), m + n(j — 1))th entry, where
i,7€{1,...,k}and {,m € {1,...,n}, is given by (4.7) is positive semidefinite. Using
formula (4.10), we can conclude that the matrix whose (¢ + n(i — 1), m +n(j — 1))th
entry is given by

Am(0em — M) j(y)

is positive semidefinite.

If a matrix is positive semidefinite, then every minor of the matrix is also posi-
tive semidefinite. Therefore, the (k x k)-type submatrix with entries (1 + n(i — 1),
1+n(j —1))th, where 4, j € {1,...,k},is also positive semidefinite, which implies the
statement. O

In the next result, we reformulate the positive semidefiniteness condition from the
above theorem in terms of a convexity property.

Theorem 4.2.2. Let n,k € Nk > 2 and, for « € {0,...,k}, fo: I, — R be a twice
differentiable function with a nonvanishing first derivative and let p® = (p%,...,p%):

I, — RY be continuously differentiable, set pg := pf + --- + p. Let ®: I — I
be surjective and twice differentiable with nonvanishing first-order partial derivatives.
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Assume that inequality (4.2) holds in the local sense. Finally, for o € {0, ..., k}, define
the function ©o: I, — R and then p: I — RF by

soarz/(pﬁ)zfé and oY) = (P1(y1)s - - - Pr(Yr))-

Then 1, ..., pr and @ are twice differentiable and invertible functions and the map
U: o(I) — R defined by

U(u) = po(@( ™" (u)))

is concave if f, > 0 and convex if fj < 0.

Proof. In view of Theorem 4.2.1, our assumptions imply that the matrix-valued map
I': I — R**F defined by (4.9) has positive semidefinite values.

Without loss of generality, we can assume f} > 0. Let « € {0,...,k}. Then the
integrand in the definition of ¢, is either positive everywhere or negative everywhere,
therefore ,, is a twice differentiable function with a nonvanishing first derivative, hence
it is strictly monotone and it has a twice differentiable inverse ¢ ': ¢o(ln) — Ia.
Furthermore, we have that, for all « € {0, ..., k},

LY O 0 5
Yo ()2 (P})2 1 n e

From the definition of ¢, it follows that

e () = (o (ur), e (ur)  (w e pr(l) x - x pi(Ii).

Thus, it is clear that ¢ and its inverse are also twice differentiable maps.

In order to show that W is concave, we will prove that ¥” is negative semidefinite on
([I). First, we compute the first and then the second-order partial derivatives of W. For
i,j € {0,...,k} and u € p(I), using standard calculus rules, we obtain

1

0,0 (u) = (@(¢™ (w)) - (¢ (w) - ————
) = (O ) 267 (0) - s
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and

1 1
A (T ) ERA ()
. 1 . 1

Oi(o; () (07 (u)

"io,—1 u;
(@l ) - By ) - 2 )

(o5 (uy))
@ @)
@l (o; (i) - (05 (uy))

0050 () = ¢4 ((¢™ () - Bid(¢™ (1)) - (¢~ (u))

+0(@(p~ (w)) - 0:0;@ (0" (u))

%o
~ o
6,50 0(™ () - (7 ()
¥
Now using the equalities in (4.11) and (4.9), it follows that
(Do Hu _
0,0,0(u) = 0L (p, (1))

(7 (i) - (05 (uy))

Therefore, for all u € ¢(I), we obtain that ¥ (u) = (8i6j‘11(u))ﬁj:1 is negative

semidefinite. This implies that ¥ is concave on ¢(7). O

Remark 4.2.3. It can be seen from the above argument that the concavity of the auxiliary
function V is not merely a consequence of the positive semidefiniteness of the matrix-
valued function I but, in fact, it is equivalent to it. On the other hand, if all the weight
functions are equal to constant 1, then ¢, = f, and, in this case, according to the theory
of quasiarithmetic means (see [15]), the concavity of the function ¥ is also sufficient for
inequality (4.2) to be valid in the global sense.

The following two theorems establish sufficient conditions for inequality (4.2) to be
valid in the local as well as in the global sense.

Theorem 4.2.4. Let k € N and, for o € {0, ...k}, fo: I, — R be differentiable with
a nonvanishing derivative, and pg : 1, — R. Furthermore, let ®: I — Iy be partially
differentiable. Assume that the following inequality is valid in the local sense on 12,

that is, there exists a nonempty open set V. .C [ 2 containing diag(I 2) such that, for all
(u,y) €V,

(@) ~ @) _ g )P0 Fs0) = f5(5)
w) J

: (4.12)
j=1 p%(“j)f]/‘(uj)
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holds. Then, for alln € N and X\ € R} with Ay + --- + A, = 1, the inequality
A (@), @) < @Al @), AT L @) (4.13)
is valid in the local sense.

Proof. Letn € N, A € R} with Ay +---+ X\, = 1 be fixed and construct the set U C I"
as follows:

U= Q{x e R | [z]T e I, (A[f{péA(a;l), - ,A%,pg/\(xk),x%, eV

(4.14)
Then, due to the continuity of the mean Ay, A, each member of the intersection is open

and hence so is U. On the other hand, if [x]7 € diag(I"), then, forall o € {1,...,k},

we have 2§ = - - - = a2y = Ay, pox(2%), whence, by the properties of V, it follows that
(qu{pé)\(xl), cee Agflip,g/\(azk)7x}7 ...,2¥) € V holds forall i € {1,...,n}. This shows

that U contains diag(I™).
We now prove that, for all z € R™*¥ with [2]T € U, inequality (4.13) is valid. Let
us define, for o € {1,...,k},

Yo 1= Af, pgr(z®)

and let v € I be arbitrary. As a consequence of this definition, it follows that
n
D o Ag (@) (fal@f) = fa(ua)) =0 (a € {1,....k}). (4.15)
i=1

On the other hand, forall « € {1,...,k} andi € {1,...,n}, we have that (u, ..., ug,

Tl ... ,;vf) € V. Therefore, we can apply the inequality (4.12) with the substitution
(Ul ooy Uk Y1y e e ey Yk) o= (Uy e e U, XL ,a:f) Then multiplying this inequality
by )\; side by side and summing up the inequalities so obtained, finally, also using the

previous equalities in (4.15), we get

z":AiPS(@(rci))(fo(@(a:i)) ~ fo(®(w))
P Po(@(u)) f5(@(u))
n k
/\ZpO (xf)(fa(l”?) - fa(ua))
- ; Zl Pl 16 (ta) £ ()

that is,
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Assume that f{ is positive. Then fy is strictly increasing and the above inequality is
equivalent to

D Aipd (@ (@) (fo(® (i) — fo(®(w))) < 0. (4.16)
i=1
Rearranging this inequality, we obtain

Doy AipQ (P () fo (P ()
> iy ipg (@ (x4))

Applying f, ! side by side and using that fo 1 s strictly increasing, we conclude that

[n] T 2)) = fL Dot Aipf (@ (1)) fo(®(x4))
A a0l 0o = 7 (SEEPTEERTE )

< ®(w) = (A7) (@), AT (@),

< fo(®(u)). 4.17)

which completes the proof of inequality (4.13). In the case when f{) is everywhere negative,
the inequalities (4.16) and (4.17) are reversed, however f;° Lis strictly decreasing, therefore
we arrive at the same conclusion. O

Remark 4.2.5. In view of Theorem 4.2.1, the weight functions of the generalized Bajrak-
tarevi¢ means appearing in (4.2) are necessarily of the form given by (4.8). Therefore, the
local as well as the global validity of (4.2) immediately follows from the local as well as
the global validity of (4.13), respectively.

Theorem 4.2.6. Let k € N and, for a € {0, ..., k}, fo: Io — R be differentiable with
a nonvanishing derivative, py: I, — Ry and let ®: I — Iy be partially differentiable.
Assume that (4.12) is satisfied in the global sense on I?, that is, for all u,y € I. Then, for
alln € N, X € R}y with Ay + - -+ + A, = 1, inequality (4.13) holds in the global sense.

Proof. 1f (4.12) is satisfied for all v,y € I, then the condition of the previous theorem is
validated with the open set V := I? and the open set U constructed by (4.14) equals I™.
Hence inequality (4.13) holds for all 2 € R™** with [2]” € U, i.e., it holds in the global
sense. O

The next result establishes a necessary condition for (4.12) to be satisfied in the local
sense.

Theorem 4.2.7. Let k € N and, for o € {0, ...k}, fo: In — R be twice differentiable
with a nonvanishing first derivative and pg : 1, — R be twice differentiable. In addition,
let &: I — Iy be twice differentiable. Assume that inequality (4.12) is satisfied in the
local sense, that is, there exists an open set V C I 2 with diag(I 2) C V such that it holds
true for all (u,y) € V. Then the matrix-valued functionT': I — R*¥*F defined by (4.9)
takes positive semidefinite values.
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Proof. If inequality (4.12) is satisfied for all (u,y) € V then, for all fixed y € I, the map
W, : I — R defined as

k
B ) (Fa(tta) — fala))  PR(®() (fo(®(w) — fol®(1)))
Ty(u) = 2 OB ) BN @W)

~

(4.18)
has a local minimum at v = y. This function is twice differentiable according to our
assumptions. Therefore, the second derivative matrix of it at v = y is positive semidefinite.
Fori € {1,...,k}, we have

01 (u) = m«pg)%un(mu» = i) + pb ) ()
82-(I>(u) 4.19)
@) fo(2()
< (7D (®(w) o(@(w)) — Fol®(y))) + PR(@W) (@ ()

Thus, for i, j € {1,...,k}, we obtain

9,0,V (u)

. 9%)

TP (w;) £ ()
8i8j<1>(u)

_ 0V (& (u W) — 0@ £ (B(a
pg(q)(y))fé@(y))((po) (®(u))(fo(P(w) — fo(P(y))) + po(P(u)) fo(P(u)))

_ 61<I>(u)8J<I>(u)
Po(2W))f5(2(y))

()" (i) (f(ug) — £ () + 2008) () fi(uy) + pg(uy) £ (uy))

(D) (@(w) (fo(@(w)) — fo(®(y)))

+2(p0)" (@ (u) fo(@(w)) +p5(®(w) f5 (D(w))-

(4.20)
Hence, after substituting » := y in the above equality, we get

0:0,%,(3) = dy0y00) (215 + ) ) - 00,000
0 (4.21)
0\/ 7
_ 0,0(5)0,0(y) (2“;%’ ; fg) (@) = Toy ().

This shows the pointwise positive semidefiniteness of the function I': I — RF**, O

The converse of the above statement is generally not valid. The conditions must be
tightened, namely, positive definiteness must be assumed instead of positive semidefinite-
ness.

Theorem 4.2.8. Let k € N and, for a € {0,...,k}, fo: Io — R be twice continuously
differentiable with a nonvanishing first derivative, pg : I, — R be twice continuously
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differentiable. Furthermore, let ®: I — Iy be twice continuously differentiable. Assume,
forall y € I, that the (k x k)-type matrix I'(y) defined by (4.9) is positive definite. Then,
foralln € N, A € Rt with Ay + --- + Ay, = 1, inequality (4.13) holds in the local sense.

Proof. For all fixed y € I, define the function ¥, : I — R by the formula (4.18). This
function is twice continuously differentiable in view of our assumptions and ¥, (y) = 0
holds for all y € I. After simple computations, fori,j € {1,...,k} and u € I, we obtain
that the equalities (4.19) and (4.20) hold.

Putting u := y into equality (4.19), we can see that

0i¥y(y) =0 (ted{l,...,k}),

that is, U, (y) = (9;¥,(y))"_, = 0 holds forall y € I.

Substituting v := y into equality (4.20), we can conclude that (4.21) is valid for all
y € I. According to the positive definiteness of the matrix-valued function I': T — R¥¥¥
defined by (4.9), it follows that W7 (y) := (aiaj\Ify(y))j.fj:1 is positive definite for all
yel.

For u,y € I, let us denote the smallest eigenvalue of the (k x k) symmetric matrix
Wy (u) = (0:0; ‘lly(u))ijzl by 9 (u, y). Considering the assumptions of twice continuous
differentiability, it follows that the map (u,y) +— W} (u) is continuous, thereby ensuring
continuity for the map (u,y) — 1 (u,y) as well. On the other hand, for all y € I, we
have that W7 (y) = I'(y) is positive definite, which implies 1(y,y) > 0. Therefore, there
exists an open set W C I? containing diag(/?) on which 1 is positive.

By the Taylor Mean Value Theorem, for all u,y € I, there exists ¢ € [0, 1] such that

Wy ) = Wy (y) + Wy )y — ) + 5y — )W+ (1= D)y — v)

= 3y — ) T+ (L= )y — ) > (et (1~ )y )y —
(4.22)

Vi={(u,y) € I’ | [y,u] x {y} = [(,9), (u, )] S W}.

We will show that V' is an open subset of I2. To see this, let (u,y) € V be arbitrary.
Since the segment [(y, y), (u, y)] is a compact subset of W, it follows that it is disjoint
from W€ := R?* \ W, which is the complement of W and hence it is a closed set.
Therefore, there exists a positive number 7 so that the distance of every point of the
segment [(y, ), (u,y)] from W€ is at least 7. Let v, z € R¥ such that ||v — u|| < r/2 and
||z —y|| < r/2hold. Let (w, x) be an arbitrary point of the segment [(x, z), (v, z)]. Then
there exists ¢ € [0, 1] such that w = tv + (1 — ¢)z. Therefore,

lw = (tu+ (1 =y)|| < t|v—uf + (1 =Dz -yl <r/2
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which implies that

[(w, z) = (tu+ (1 = )y, y)|
< |l(w, ) = (tu+ (1 = )y, 2) || + | (tu + (1 = )y, 2) — (tu+ (1 =)y, )|l
= [lw = (tu+ (1 =)y)| + [z —yll <.

In other words, any point of the segment [(z, x), (v, )] is closer to some point of the
segment [(y,y), (u,y)] than r. This yields [(z, z), (v,z)] C W,i.e., (v,z) € V whenever
|lv —u|| < r/2and ||z — y|| < r/2 hold, consequently (u,y) is an interior point of V.
This completes the proof of the openness of V. On the other hand, it is obvious that V'
also contains diag(I?).

Using that ¢ is positive on W, (4.22) yields that ¥, (u) > 0 for all (u,y) € V.
Therefore, (4.12) is valid and by applying Theorem 4.2.4, it follows that (4.13) holds in
the local sense. O

4.3 Holder- and Minkowski-type inequalities for weighted Gini means

In this section, for k € N, € {1,...,k}, let I, denote a nonempty open subinterval of
Ry,let ] :=1; x --- x I, and we apply the above results to some important particular
cases of the inequality (4.1). First, we deal with inequalities obtained by specializing
the means M, in (4.1) for all « € {0,...,k} and then we draw some conclusions by
choosing the function @ in (4.1) to be the k-variable addition and multiplication.

Definition 4.3.1. Let n € N and, for » € R, let us recall the definition of the n-variable
weighted rth power or rth Holder mean with weight vector A € Ry ;A1 +-- -+, = 1 and,
for (r,s) € R2, the n-variable weighted Gini mean with pair of parameters (r,s) € R?
and weight vector A e Rt A1 + -+ A\, = 1:

1
(Ma 44+ Apzh)m ifr #0

H[n](xl Tp) 1=
A ) yn
x?l..-x%n ifrzo’
1
)\ r )\ id s
<A1zi I i)\ni2> ifr# s
kas];x(xl,--.,xn) = 127 n TS

ox A In(zy) + -+ - + Az, In(zy,) fr— g
P Al + -+ Al '

Remark 4.3.2. It is clear that in the particular case s = 0, the mean GLM

i ’
.

., simplifies to

Remark 4.3.3. We also note that, forn € Nand ¢ € {1,...,n}, with py(t) := \st® and
ft) :=t""if r # sor f(t) := In(¢) if r = s, we can see that A% =gl Using

T8 A\°
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Theorem 1.2.1, it follows that

m \A
(agar,s;k) =X (fe{l,....n}), teR,).

and
(aﬁamGL"ﬂg’)\)A(t) - )\m(éf,m - )\E)T—i_til (Eam S {17 s ,TL}, te R+)
(4.23)
Furthermore,
po(y)(f(y) — f(w) y
e =es(y)  (wyeRy), (4.24)

where the function x, s: Ry — R s defined in Definition 3.2.7.

The next result consists of a necessary as well as a sufficient condition for a general
inequality corresponding to weighted Gini means to be valid in the local sense.

Theorem 4.34. Letn,k € Nk > 2, A € R, and, for o € {0,...,k}, (1a,54) € R?
and ©: I — R, be twice differentiable with nonvanishing first-order partial derivatives.
Then, for the inequality

G (@), B(an) <G (@Y, GM L (ah) (4.25)

70,505\ 1,515 T TR, SEA
to be valid in the local sense it is necessary that the (k x k)-type matrix T'(y) given by

o+ So— 1 T‘j—l—Sj—l k
L(y) == | — 0;0;%(y) — ajq)(y)@i@(y)W + 51,]'0]'(1)(9)7
j

be positive semidefinite for all y € 1. Conversely, if this matrix is positive definite for all
y € I, then (4.25) holds in the local sense on 1.

ij=1

Proof. The necessity of the positive semidefiniteness of I'(y), for all y € I, is an im-
mediate consequence of Theorem 4.2.4, Theorem 4.2.7, and formula (4.23). The other
direction is also obvious due to Theorem 4.2.8. O

The theorem below gives a sufficient condition for the inequality (4.25) to be valid in
the global sense.

Theorem 4.3.5. Letk € N,k > 2, fora € {0,...,k}, (7o, 5q) € R?2andlet ®: [ — R,
be partially differentiable. Assume that the inequality

B (1) Xro.50 @EZ;) < jzk;an(u)qurj,sj (zj) (4.26)

is valid in the global sense on I?, that is, for all (u,y) € I2. Then, for alln € N and
A € R} with Ay + - -+ + A\, = 1, the inequality (4.25) holds in the global sense on 1.
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Proof. The statement directly follows from Theorem 4.2.6 since inequality (4.12) turns
out to be equivalent to (4.26) by applying formula (4.24). O

For the investigation of the particular cases when @ is the sum and the product function,
we will need the following auxiliary result.

Lemma 4.3.6. Let k € N, fori € {0,...,k}, ¢; € R. Then the matrix

C:= ((51-7]‘01' + Co)f,jzl

is positive semidefinite if and only if either ¢; > 0 for all i € {0, ... k}, or there exists

i€{0,...,k} such that ¢; < 0and c; > 0 forall j € {0,...,k} \ {i} and

1 1 1
—+ =4+ =<0 (4.27)
(&) C1 Ci

and ¢; = 0 can hold for at most one index i € {0,...,k} or there exists i € {0,...,k}
such that ¢; < 0 and c; > 0 forall j € {0,...,k} \ {i¢} and (4.27) is valid with a strict
inequality.

Furthermore, C' is positive definite if and only if either ¢; > 0 for all i € {0,...,k}

Proof. The quadratic form Q: R¥ — R generated by C'is given by

k 2k
Qx) == 00<ng> JFZCZSU? (x € R¥).
(=1 (=1

Assume first that C'is positive semidefinite. This means that Q(x) > 0 for all z € RF.

With the notation xg := — 25:1 Ty, this inequality can be rewritten as
k
> cwi>0 (4.28)
=0
for all (xg, 1, ...,x) € RF with 29 + 21 4 -+ + 2, = 0. To prove the necessity
of the condition, assume that min(co, c1,...,c;) < 0. Choose i € {0,...,k} such

that ¢; = min(cp,c1,...,¢,) < 0. For a fixed j € ({0,...,k}) \ {¢}, define the
vector x = (x0,1,...,2k) by @ := §; 0 — 650 for £ € {0,..., k}, thatis, zy := 0 if
e ({0,....,k})\{i,j} and z; :== 1, 2 := —1. Thus o + 21 + - - - + 23 = 0 holds,
which, by (4.28), yields that S>5_ ¢ya? > 0, that is, ¢; 4+ ¢; > 0. This implies that ¢; > 0

forall j € ({0,...,k})\ {i}.
In order to show that the inequality (4.27) is also valid, we substitute the vector
x = (zo,21,...,Tk) given by

= e DV ad mm— Y S o

< ek} 7
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Then, obviously, g + x1 + - - - + xr = 0, which, again by (4.28), yields Z?:o cm% >0,

that is,

1\? 1\’

> cj(0> +ci< > O) > 0. (4.30)
FE{0,-..kP\{i} J G€{0,..k)\{i} 7

After simplifications, we obtain

1
1+ ci( > ) > 0, (4.31)
jed

0. kit

which, using ¢; < 0, shows that the inequality (4.27) is valid.
Assume that C is positive definite. Then Q(z) > 0 holds for all z € R* \ {0}. With
the notation xg := — Zlgzl xy, this inequality can be rewritten as

k

> e >0 (4.32)
(=0

for all (zq, 1, ..., o) € RFF1\ {0} with 2o + 21 + - - + 2 = 0. Since the positive
definiteness of () implies its positive semidefiniteness, there are two possible cases:

(@) ¢; > 0holds foralli € {0,...,k};

(b) there exists ¢ € {0,...,k} suchthat¢; < Oandc; > Oforall j € ({0,...,k})\ {i}
and (4.27) holds.

Assume first that case (a) holds. If ¢; = ¢; = 0 were valid for some ¢, j € {0, ..., k}
with 7 # j, then substituting ¢ := 6; ¢ — 0,0 for £ € {0,. .., k} into (4.32), we would get
that 0 < ZIZ:O ngﬁ = ¢; + ¢; = 0. This contradiction shows that ¢; = 0 can hold only
for at most one index i € {0, ..., k}.

Consider now the case (b). Then there exists i € {0,...,k} such that ¢; < 0 and
c; > 0forall j € ({0,...,k}) \ {i}. Substituting the vector x = (z¢, z1, ..., x)) given
by (4.29) into (4.32), it follows that le?:o cea:% > (. This implies that the inequalities
(4.30) and then (4.31) are strict. Therefore, (4.27) is also satisfied with a strict inequality.

Now we show the sufficiency of the aforementioned conditions. In the first case,
i.e., when ¢; > 0 foralli € {0,...,k}, the inequality (4.28) is obvious and hence @ is
positive semidefinite. If, in addition, ¢; = 0 holds for at most one index i € {0,...,k},
then (4.32) is also valid, that is, () is positive definite in this case.

Consider the other case when ¢; < O and ¢; > O forall j € ({0,...,k})\ {4} is valid
for some i € {0,...,k} and (4.27) holds. Then, from (4.27) it follows that

~1
Ci2—< > 1) . (4.33)
je(

0. E\i} Y
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Let (zg, x1,...,r;) € RFF with g+ 21 4 - -+ 2 = 0. Applying the Cauchy—Schwarz
inequality to the vectors

1
and — /Cix; ,
(ﬁ)je({o,...,k})\{i} ( Ve ]>J’€({0,.~7k})\{i}

we obtain that

2
1 2 2
J€({0,....kP\{i} J€({0,-..kP\{i} J€{0,....kP\{i}

Therefore, combining this inequality with (4.33), we can conclude that

k —1
1
Zle’? > Z cj:v? — ( Z ) xf > 0. (4.34)
Jj=0 N {i} Jje({

. L Gy
j€({0,....k} 0,....k})\{3}

Thus, we have proved that (4.28) is valid and hence () is positive semidefinite. If in this
case (4.27) is valid with a strict inequality, then (4.33) is also strict. Then, for a nonzero
vector (zg, Z1,...,Tk) € RF1 with g + 21 + - - - + x5, = O the first inequality in (4.34)
is strict provided that x; # 0 and the second inequality is strict if z; = 0. Thus, (4.32)
holds true, which shows that () is positive definite. O

Our next result characterizes the Minkowski-type inequality for weighted Gini means
in the local sense.

Theorem 4.3.7. Let n,k € Nk > 2and A € R"}. Fori € {0,...,k}, let further
(ri,5;) € R? and v; := r; + s; — 1. For the inequality

(@) 4+ G (@)

(4.35)
to hold in the local sense on I, it is necessary that exactly one of the following cases be
valid:

70,505\ = 71,515

(i)
Y <0 <min(yy,...,7%); (4.36)

(ii) v; > Oforalli € {0,..., k} and

3 (l _ i) supl; < 3 (710 - 71) inf I;; (4.37)

ier, i o i€

(iii) 7o < 0 and there exists i € {1,...,k} such thatv; <0, forall j € {1,...,k}\{i},
v; > 0, and inequality (4.37) is also valid,
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where, for the last two cases, we define

1 1 1 1
J+::{ie{1,...,k:}:>} and J_::{ie{l,...,k}:fy>}.

Yi o 0 0o Vi
Conversely, if either (4.36) is valid and ~; = 0 can hold for at most one i € {0, ..., k},

or Yy # e for some ¢ € {1,...,k} and one of the conditions (ii) or (iii) hold, then (4.35)
is valid in the local sense on 1.

Proof. We apply Theorem 4.3.4 with the setting Iy := R4 and ®: I — I defined by
®(y) :=y1 + - - - + yx. According to Theorem 4.3.4, for the validity of (4.35) in the local
sense, it is necessary that the values of the function I': I — R¥** defined by

I(y) == <5i,j% - %)k

Yi Y1+ -+ Yk ij=1

be positive semidefinite matrices. By Lemma 4.3.6, this property is characterized by the
following system of conditions: either

co = —¢>0 and ¢ =2 >0 (te{l,....k}), (4.38)

it Y Yi

or there exists ¢ € {0,...,k} such that¢; < 0, forall j € {0,...,k}\ {i}, ¢; > 0, and
(4.27) holds, i.e.,

1 1
— 4+ — 4+ =<0
() C1 Ck
Observe that sign(vp) = —sign(cp) and sign(y;) = sign(¢;) for all i € {1,...,k}.

Therefore, the first alternative can hold if and only if (4.36) is satisfied. The second
alternative can be valid if and only if either 7; > 0 foralli € {0,...,k}, or vy < 0 and
there exists ¢ € {1,...,k} such thaty; <0, forall j € {1,...,k}\ {i},; > 0, and

1 1 1 1
0<(c-Jm++(c-—)w  weD.
m Y Tk

One can easily see that this inequality can be rewritten as (4.37) and hence the necessity
of the other two alternatives has been established.

To prove the reversed implication of the theorem, consider first the case when (4.36)
is valid and ; = 0 can hold for at most one 7 € {0, ..., k}. Then, for every y € I, the
numbers cg, €1, . . . , ¢ defined in (4.38) are nonnegative and ¢; = 0 can hold for at most
onei € {0,...,k}. Thus, in view of the second assertion of Lemma 4.3.6, it follows that
I'(y) is positive definite.

Now consider the second case when, for some ¢ € {1,..., k}, we have that vy # 7,
and either v; > 0 forall i € {0,...,k}, or vo < 0 and there exists i € {1,...,k} such



68 4.3. HOLDER- AND MINKOWSKI-TYPE INEQUALITIES FOR WEIGHTED GINI MEANS

thaty; < 0, forall j € {1,...,k}\ {i},v; > O and (4.37) is also valid. Let y € I be
fixed. If £ € J,, i.e., % > ,%0 then

1 1
(- Lhu<
Ve Y0
1
> 5 then
1 1 1 1
<— — —) inf I, < (— — —)yg.
Y0 Ye Y0 Ve

Therefore, (4.37) implies that

1 1
(7 - 7) sup IZ?
Ye Y0

while if £ € J_, ie., +
Yo

which then yields
1 1 1 1
0< (== Jm++ (- = )ue
Yom Y Yk
Hence, (4.27) is valid with a strict inequality sign. On the other hand, with the exception

of one index, the numbers cg, c1, . . . , ¢i are positive. Thus, in view of the second assertion
of Lemma 4.3.6, it follows that I'(y) is positive definite in this case as well. O

Corollary 4.3.8. Let n,k € Nk > 2and A\ € R}. Fori € {0,...,k}, let further
(ri,8:) € R% Fora € {1,...,k}, assume that the nonempty open interval I1,, C R
Sulfills inf I, = 0. Then, in order that the inequality (4.35) be valid in the local sense on
1, it is necessary that

max (1,79 + so) < min(ry + $1,..., 7k + Sk)- (4.39)
Conversely, if this inequality is strict, then (4.35) holds in the local sense on I.

Proof. The proof is based on Theorem 4.3.7. Denote 7; := r; + s; — 1 fori € {0,..., k}.
If condition (4.36) holds, then (4.39) is obvious because

max(1,ro + sp) = 1 + max(0,79) =1
<1+ min(yq,...,7) = min(ry + s1,...,7% + Sk)-

In the remaining two cases (4.37) is valid. However, due to our assumptions on the
intervals, the right hand side of (4.37) is equal to 0. Therefore, the left hand side of this
equality must be an empty sum, i.e., J; = (), which means

1

1
> e {1,... .k 4.40
2 e (LR 440)
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should be valid. In the case when ; > 0 holds true for all i € {0,...,k}, that is,
1 < min(rg + sg, 71 + S1,. ..,k + Sk), then the inequalities in (4.40) hold if and only if
(4.39) is satisfied. In the case when 7 < 0, then for at least one j € {1,...,k}, we have
that vy; > 0, and hence (4.40) cannot hold.

Assume now that (4.39) is satisfied with a strict inequality. Then ~; > 0 for all
i€ {l,...,k}. If v <0, then (4.39) implies that (4.36) is valid with a strict inequality
and thus the first alternative of the sufficiency of Theorem 4.3.7 holds. If 9 > 0, then the
strict version of (4.39) shows that g < ~; for alli € {1,..., k}, therefore, the left and
the right hand sides of (4.37) are equal to zero and the second alternative of the sufficiency
of Theorem 4.3.7 holds. The third alternative of the sufficiency of Theorem 4.3.7 cannot
happen if (4.39) is valid. O

For the global validity of the Minkowski-type inequality the theorem below establishes
the following sufficient condition.

Theorem 4.3.9. Let k € Nk > 2 and, fori € {0,...,k}, (ri,s;) € R2 Assume that,
for all (u,y) € I, the inequality

nt Y v u y

1+t Uk j (J)
. < o 4.41
X0,$0<ul+...+uk> _j:Zlul—F..,_i_ukX’f’JyS] uj ( )

holds. Then, for alln € N and X\ € R} with \y + --- + A\, = 1, the inequality (4.35)
holds in the global sense on I.

Proof. With ®(y1,...,yx) := y1+- - -+yx, the condition (4.26) turns out to be equivalent
to (4.41) and hence the result follows from Theorem 4.3.5. ]

By specializing the underlying intervals, we can formulate a more specific statement.

Corollary 4.3.10. Letk € N k > 2 and, fori € {0,...,k}, (r;,s;) € R% Assume that,
forall z € Rﬁ andty, ...ty € 0,1 witht; + --- + tx, = 1, the following inequality is

valid
k

Xro,s0 (t121 + -+ tkzk) < Z thrj,s]- (z]) (4.42)
j=1

Then, for allmn € Nand A\ € R} with A1 + -+ + A\, = 1, the inequality (4.35) holds in
the global sense on Ri.

Proof. Let (u,y) € (RX)? be arbitrary. Then, with the substitutions

Yj ] .
zi = == and tj = ————— e{l,....k
J u; J ur + -+ up VASH 1)
inequality (4.42) implies the validity of (4.41) on (R’i)Q and, according to Theorem 4.3.9,
this condition yields that the inequality (4.35) holds in the global sense on Rﬁ. O
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In order to compare our results above to existing ones, we recall two theorems related
to the global validity of the Minkowski-type inequalities. In the setting of two-variable Gini
means the Minkowski inequality was characterized by Czinder and Péles in [7, Theorem
5] (see also [26] for a particular case).

Theorem 4.3.11. Let k € N,k > 2 and, fori € {0,...,k}, (ri,s;) € R% Then the
inequality

G2

70,50

(@14 oy o) < GEL (w,y) + -+ GRL (i) (4.43)

isvalid forall x1, ...,z y1,...,yr € Ry ifand only if

(i) 0 < min(ry, $1,--- Tk, Sk),
(ii) min(ro, 80) < min(l, r1,81y....Tk, Sk),
(iii) max(1,rg+ so) < min(r; + s1,..., 7% + Sk).

Remark 4.3.12. Observe that the third condition in the above theorem is the necessary
condition for the local validity of (4.43) on R . The conditions (i) and (ii) are, however,
not necessary for the local validity of (4.43) on R ..

Necessary and sufficient conditions for the global validity of the Minkowski-type
inequality for Gini means with arbitrary number of variables was established by Pales
in [31, Theorem 3.1].

Theorem 4.3.13. Let k € N,k > 2 and, fori € {0,... k}, (ri,s;) € R Then the
inequality

(') + -+ G (a%) (444)

TkySk

70,50 71,51

is valid for allm € Nand x € R’le if and only if

(l) 0 < min(rl, S1y.+-3Tk, Sk),
(ii) min(rg, sp) < min(1,r1,s1,...,7%, Sk),
(iii) max(1,rg, so) < min(max(ry,s1),...,max(rg, Sg))-

Remark 4.3.14. Observe that conditions (i) and (ii) of the above two theorems are
identical, therefore they may be necessary for the global validity of (4.44) for any fixed
n € N. The form of the third condition related to any fixed n € N is not known. We also
note that conditions (i)-(iii) of Theorem 4.3.13 are also necessary and sufficient for the
validity of the inequality (4.42) on the domain indicated in Corollary 4.3.10.

Our next results characterize Holder-type inequalities for Gini means in the local and
in the global sense.
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Theorem 4.3.15. Let n,k € N,k > 2 and A € R".. Let (ro,50),. .., (rg, sk) € R?
vi =1+ si fori € {0,...,k}. Then, in order that the inequality

G[flo,—so;)\(x% o 'x]fv' . '7z711‘ ) GE‘?}Sl )\( 1) "'GLZ}7Sk;)\(.'Ek) (445)
be valid in the local sense on Ri it is necessary that either v; > 0 for all i € {0, ..., k},

or there exists i € {0, ..., k} suchthatv; <O, forall j € ({0,...,k})\ {i}, v; > 0and
1
—+ =4+ =<0 (4.46)

holds. Conversely, if either ~v; > 0 for all i € {0,...,k} and v; = 0 can hold for at
most one index i € {0,...,k}, orthere exists i € {0,...,k} such that ~; < 0, for all
Je{l,...,k}\ {i}, v; > 0 and (4.46) is valid with a strict inequality, then (4.45) holds
in the local sense on ]Ri.

Proof. In the first step, we apply Theorem 4.3.4 with the function ®: I — R defined by
®(y) := y1 - - - yx. Then for the validity of (4.45) in the local sense it is necessary (and
sufficient) that the values of the function I': R’i — RF*¥k defined by

k k
I'(y) 1=< Hyz — — 1) Hye+5,g )QH.W>

yly]z 1 YiYs 1 Yi 151

k k
1
= < Hyé 1,575 +’70))

Yi¥5 ij=1

be positive semidefinite (positive definite) matrices for all y € I. However, this property
holds if and only if the scalar matrix

I = (6i v + 'YO)ijzl

is positive semidefinite (positive definite). The statement now follows from Lemma 4.3.6
with ¢; 1= ; (26{0,,k}) ]

Theorem 4.3.16. Let k € N,k > 2 and, fori € {0,...,k}, (r;,5;) € R% Assume that,
forall zy € (I1 /1), ...,z € (Ix/1I}), the inequality

X—7r0,—50 (Zl U Zk) < X7;,85 (Zj) (4.47)

IVE

I
_

J

holds. Then, for all n € N and A € R’} with \1 + --- + A\, = 1, the inequality (4.45)
holds in the global sense on I.
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Proof. With the function ®: I — R defined by ®(y1,...,yx) := y1 - - - Yx, condition
(4.26) turns out to be equivalent to

k
YL Yk Yj
X—7r0,—s0 (m) < Zer,sj <u])
7=1
Introducing the new variables z; := y; /u; fori € {1,..., k}, we can conclude that (4.47)
is valid for all z; € (I;/11),..., 2 € (Ix/I}) if and only if the above inequality holds
for all (y,u) € (I1 x --- x I})?. Hence the result follows from Theorem 4.3.5. O

The global validity of (4.45) with an unfixed number of variables was characterized
by Péles in [32,33].

Theorem 4.3.17. Let k € N,k > 2 and, fori € {0,...,k}, (ri,s;) € R% Then the
inequality

[n] 1 k 1 k
G—m,—so<m1 SRR 2 I Jei atn) < Glfﬂsl

(zh) - el (z*)

Tk,Sk
is valid for allm € Nand x € R’}er if and only if
(i) foralli € {0,...,k}, max(s;,r;) > 0, and

(ii) for all i € {0,...,k} with min(s;,7;) < 0, we have max(sj,r;) > 0 for all
J € ({0, KD\ {i}, and
k

1 1
min(s;, r;) * = max(s;, ;)
JF#i

<0.

Remark 4.3.18. We note that the conditions (i) and (ii) are necessary and sufficient for
the validity of inequality (4.47) for all z1, ..., 2 € Ry (cf. [33]).



Summary

Summary of Chapter 1 — Basic notions and results

In this chapter, I stands for a nonempty open real interval and we introduce the definition
of the generalized Bajraktarevi¢ mean and compute its partial derivatives up to third-order.
The results are contained in our paper [12].

Definition of generalized Bajraktarevi¢ means

To extend the notion of Bajraktarevi¢ means, we shall need the following lemma about
the existence and properties of the left inverse of strictly monotone (but not necessarily
continuous) functions.

Proposition. Let f: I — R be a strictly monotone function. Then there exists a uniquely
determined monotone function g: conv(f(I)) — I such that g is the left inverse of f,
ie.,

(gof)@) =2  (z€l). (1)
Furthermore, g is monotone in the same sense as f, continuous,
(fog)y)=y  (ye f(I), (2)

and
liminf f(z) <y <limsup f(x) (y € conv(f(1))).
z—g(y) z—g(y)

Thus, if f is lower (resp. upper) semicontinuous at g(y), then f o g(y) < y (resp.
y < fogy)

Definition. The function g described in the above lemma is called the generalized left
inverse of the strictly monotone function f: I — R and is denoted by f (=1,

Remark. From (1) and (2), we get that the restriction of f(~1) to f(I) is the inverse of f
in the standard sense. Therefore, f(~1) is the continuous and monotone extension of the
inverse of f to the smallest interval containing the range of f.

A fairly general mean, which includes numerous important means as particular cases,
is the quasi-arithmetic mean, which is defined as follows.

73
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Definition. Let n € N. Given a strictly monotone, continuous function f: I — R, let us
introduce the n-variable quasi-arithmetic mean AE?] : I — I by the following formula

f@) + -+ fan)

n

AP z) = f1< ) (z € I™).

We say that the function f is the generator of AE?].

The following weighted extension of the quasi-arithmetic mean was introduced and
investigated by Bajraktarevi¢ in [2] and [3].

Definition. Let n € N. Given a strictly monotone, continuous function f: I — R and
a positive valued function p: I — R, let us define the n-variable Bajraktarevi¢ mean
Bl 1m 5 I'by

P($1)f(1?1) + - +p(mn)f($n)
p(z1) 4+ p(an)

B =1 ) wem o

We say that the function f is the generator, while p is the weight function of B][fnl]).
Let us consider a possibly nonsymmetric generalization of the Bajraktarevi¢ mean.

Definition. Let n € N. Given a strictly monotone function f: I — R and an n-tuple
of positive valued functions p = (p1,...,pn): I — R, we introduce the n-variable

generalized Bajraktarevi¢ mean AE?}]? : I — I by the following formula

)y . p(=1) pr(w1) f(x1) + - - + pu(zn) f(20) ce
A= ( PL@1) + -+ pal@n) ) el @

and, to simplify the notations, we will use the following definitions

pr(z1) f(x1) + - + pulan) f(xn)
p1(z1) + -+ polzn)

R;@;(w) = and  po:=p1+---+ pn.
Similarly to the previous definitions, we say that the function f is the generator, while p
is the weight function of A%}

Remark. We emphasize that A[n]}a is indeed a not necessarily symmetric generalization of

the symmetric mean B}”I]), since, in the case when f is continuous, choosing all the weight

functions to be the same, i.e., p := p; = - - - = py, in (4), we get back (3).

Proposition. Letn € N, f: I — R be a strictly monotone functionandp = (p1,...,pn):
I — R'. Then the function AB?L: I™ — I given by (4) is well-defined and it is a mean,
ie.,

min(z) < A%)(x) < max(z) (x eI™).
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Partial derivatives of generalized Bajraktarevi¢ means

In the next result we determine the partial derivatives of the generalized Bajraktarevié
means, up to third-order at the diagonal points of the domain under tight regularity
assumptions. For instance, as stated below in assertions (1), (2b), (3c), for m € N,
we prove the existence of partial derivatives of the form 0" only assuming (m — 1)
times continuous differentiability of p;. The partial derivatives play an essential role in
the subsequent chapters as one of the tools that we use to prove the main theorems is
solving the differential equations obtained by differentiating the functional equation on
the diagonal of the domain in question.

Theorem. Letn € N,/ € {1,2,3}, let f: I — R be an ¢ times differentiable function
with a nonvanishing first derivative, and let p = (p1,...,pn): I — R'.. Then we have
the following assertions.

(1) Ift =1,i € {1,...,n}, and p; is continuous, then the first-order partial derivative
(‘?Z-ABZLI]D exists on diag(I™) and

(2ua))™ = 2.

(2a) If ¢ = 2,4, € {1,...,n} with i # j, furthermore, p; and p; are differentiable,

then the second-order partial derivative &@AE@ exists on diag(I™) and

o a2 wip) pipg [
(a:047)) " = R

(2b) Ift =2,1 € {1, .. ,n}, and p; is continuously differentiable, then the second-order

partial derivative 81-2145@“1]7 exists on diag(I™) and

2 ,m\2 _ opilpo —pi) | pilpo—pi) [
(674f)" =2 L

(3a) If ¢ =3, 4,5,k € {1,...,n} withi # j # k # i, furthermore, p;, p;, and py, are

differentiable, then the third-order partial derivative 8¢8j8kA£ZZ]D exists on diag(I"™)
and

(pipjpx) 1"

+2
J2% f!

A pipip), + Pipip), + Pip)pr
) - sttty
Do

DPiP;jPk f”>2_fm>
T <3(f’ )

5 4l
(9:0,0,47)
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(3b) If¢ =3,i,j € {1,...,n} withi # j, furthermore, p; is twice differentiable and p;
is differentiable, then the third-order partial derivative 01.283-14%]0 exists on diag(I™)

and
(82 P Am)A 205 (2pi — po) + pi(2(ph)* — pi'po)
i Y ) T 3
20
(2pip; + piv}) (2pi — po) £
+ 3 .
Do f

. "\ 2 "
+ p;gj ((3pi — o) (?) —pij;c,>-

(3c) If ¢ = 3, i € {1,...,n} and p; is twice continuously differentiable, then the
third-order partial derivative 81314%) exists on diag(I™) and

w2 L (o —pi) (popi —2(05)?) . pi(po — 2pi)(po — i) f"
(af’A m) =3 - +3 2 a
0 Do

nim ) (f) )
pg 3pi Iz (pO +pz) Iz .

Summary of Chapter 2 — Equality problem

The paper [12] contains the results of this chapter, in which we deal with the equality
problem of n-variable generalized Bajraktarevi¢ means, i.e., we give necessary as well
as sufficient conditions in terms of the unknown functions listed below for the functional
equation

(-1) pl(xl)f(xl) 4 +pn<$n)f($n)

f < p1(z1) + -+ pulxn) )
_ o a(@)g(@) + -+ gn(@n)g(zn)
7 ( 0 (21) + -+ () )

to be valid locally or globally, where n € N,n > 2 is fixed, I is a nonempty open
real interval, which will be the case in this entire chapter, the unknown functions
f,9: I — R are strictly monotone, furthermore, p = (p1,...,p,): I — R and
q=(q1,-.-,qn): I — R’} are also unknown functions.

This problem in the symmetric 2-variable case, i.e., when n = 2 and p; = ps, was
already investigated and solved under sixth-order regularity assumptions by Losonczi
in [22]. Later Péles and Zakaria reduced the severity of the differentiability assumptions
and obtained the same result under first-order restrictions in their paper [38]. Apart
from the aforementioned case, in this context, all other results in the chapter were newly
discovered in our paper [12]. More precisely, in the nonsymmetric 2-variable case,
assuming three times differentiability of f, g and the existence of i € {1, 2} such that either
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p; 1s twice continuously differentiable and p3_; is continuous, or p; is twice differentiable
and ps_; is once differentiable, we prove that the equality holds if and only if there exist
four constants a, b, ¢, d € R with ad # bc such that

af +b
cf+d>0, g= c;—i—d’ and q = (cf +d)pe (Le{l,...,n}).

In the case n > 3, we obtain the same conclusion under weaker regularity assumptions.
Namely, we suppose that f and g are three times differentiable, p is continuous and there
exist4,j, k € {1,...,n} with ¢ # j # k # i such that p;, p;, py, are differentiable.

Sufficient conditions

Theorem. Let f: I — R be a strictly increasing function, n € N, and let further
p=(P1,--.,0n): I = R Then, forall x € I", the equality y = A%j(fv) holds if and
only if, for z € 1,

n <0 ifz<
S pilan) (F(2) — Flas)) ! )

i=1 >0 ifz>y.
If f is strictly decreasing, then the inequalities in (5) hold with reversed inequality sign.

Corollary. Let f: I — R be continuous, strictly monotone, n € N, and let further
p=(P1;---sPn): L = R Then, forall x € I", the value y = AE?L(J}) is the unique
solution of the equation

> pil@)(f(y) — (@) =0.
=1

The next result establishes a sufficient condition for the equality of the n-variable
generalized Bajraktarevi¢ means. We will call this situation the canonical case of the
equality.

Theorem. Let f,g: I — R be strictly monotone functions, n € N, and let further
p=1,---,on): I = RY, q=(q1,-..,qn): I = R} Ifthere exist a, b, c,d € R with
ad # be such that

ef +d>0, gzjm, ad g =(cf+dp (G €{l,....n}) ©

hold on I, then AEZZ]D = A[;}(]] is globally valid.
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Necessary conditions

With the aid of the following lemma, we can reduce the regularity assumptions in our
statements.

Letn € N. Foralli € {1,...,n}, lete; € R" denote the ith vector of the standard
base of R", i.e., let ¢; := (6 7)}_;. Given two weight functions p = (p1,...,pn): I —
R% and ¢ = (q1,...,qn): I — R, we will also use the following notation:

@ _ @t

ro ‘= .
po P11+t DPa

Lemma. Let f,g: I — R be continuous strictly monotone functions, n € N, n > 2, and
p=P.-.on): L = R}, g = (q1,...,qn): I — RY. Assume that Agcn;) = A[grfl] is
locally valid. Then the following two assertions hold.

(i) Foralli € {1,...,n}, the function p; is continuous if and only if the function ¢; is
continuous.

(ii) Let k € N. Assume that f,g: I — R are k times differentiable (resp. k times
continuously differentiable) functions with nonvanishing first derivatives. Then, for
alli € {1,...,n}, the function p; is k times differentiable (resp. k times continuously
differentiable) if and only if q; is k times differentiable (resp. k times continuously
differentiable).

The following extension theorem is of basic importance since in the proofs of the
main theorems, first we can state the validity of the canonical case of the equality only on
a subinterval of the domain. Then the next main step of the proof is to extend the validity
to the entire underlying interval.

Theorem. Let f,g: I — R be continuous, strictly monotone, n € N, let further p =
(P1,---,pn): I = R be a continuous function and ¢ = (q1, ..., qn): I — R’} Assume

that AB@) = Agﬂ, is locally valid and that there exist a,b,c,d € R with ad # bc and a
nonempty open subinterval J of I such that (6) holds on J. Then q is continuous and (6)

is also valid on I.

The first- and second-order necessary conditions of the equality of two generalized
Bajraktarevi¢ means are detailed in the following two lemmas, respectively.

Lemma. Letn € N,n > 2and f,g: I — R be differentiable functions with nonvanishing
first derivatives and i € {1,...,n}. Let further p = (p1,...,pn): I — R and q =
(q1s---+qn): I — R such that p; and q; are continuous. If 31‘14%, = 8iA£f(]1 holds on

diag(I™), then
@ _ i

go  Po ™

holds on 1.
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Lemma. Letn € N;n > 2and f,g: I — R be twice differentiable functions with nonva-
nishing first derivatives. Let p = (p1,...,pn): I = R} and ¢ = (q1,...,qn): I = R}
be continuous functions and assume that, for all i € {1,...,n}, (7) holds on I. Let
g,k € {1,...,n}. Then the following two assertions hold.

(i) Provided that j # k and pj, py, q;, qx are differentiable functions, ifajﬁkAE?I]) =

0; 8kAgf(]1 holds on diag(I™), then there exists a nonzero constant vy such that, for all
ie{l,...,n},
a9 =i f ®)

is valid on 1.

(ii) Provided that j = k and pj, q; are continuously differentiable functions, if a}A% =

G?A[g% holds on diag(I™), then there exists a nonzero constant y such that, for all
ie{l,...,n}, (8)isvalidon I.

The following notion and a corresponding lemma play a basic role in the proofs of the
subsequent results since, by solving the differential equations obtained by differentiating
the functional equation at issue, one of the cases that we get is exactly the equality for
which the next lemma gives a necessary condition under assuming only the regularity that
is needed for the definition to be correct.

Definition. For a three times differentiable function f: I — R with a nonvanishing first
derivative, we introduce its Schwarzian derivative Sy : I — R by the following formula:

" 3 "\ 2
s 31
f/ 2 f/
Lemma. Ler f,g: I — R be three times differentiable functions with nonvanishing first

derivatives. If Sy = Sy is valid on I, then there exist a,b, c,d € R with ad # bc such that

cf + d is positive on I and
af +b

cf+d

holds on 1.

Our first main result is contained in the following theorem. It completely characterizes
the equality of two generalized Bajraktarevi¢ means with at least three variables.

Theorem. Letn € N,k > 3 and f,g: I — R be three times differentiable functions
with nonvanishing first derivatives. Let p = (p1,...,pn): I — R’} be a continuous
function and q = (q1,...,qn) : I — R'l. Assume that there exist i,j,k € {1,...,n}
with i # j # k # i such that p;, p;, py, are differentiable functions. Then the following
assertions are equivalent.

(i) AEZ?L = A% holds globally.
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(ii) AE@ = Agf[]] holds locally.

(iii) The function q is continuous, the functions q;, q;,qy are differentiable, and the

equalities
oAl = Al (e {1, n—1)),
0,0, A7), = 0,0, A,
9;0; 5kA% = 8;0;0,A)
hold on diag(I™).

(iv) There exist a,b,c,d € R with ad # bc such that

af +0b
cf+d

and g = (cf +d)pe (Le{1,...,n})

hold on 1.

The second main theorem has two variants concerning the regularity assumptions and
characterizes the equality of 2-variable generalized nonsymmetric Bajraktarevi¢ means.

Theorem. Let f,g: I — R be three times differentiable functions with nonvanishing first
derivatives. Letp = (p1,p2): I — Ri and q = (q1,q2): I — ]R?F such that p; # po.
Assume that there exists i € {1,2} such that one of the following regularity conditions is
satisfied.

(a) p; is twice continuously differentiable and ps—; is continuous.
(b) p; is twice differentiable and ps—; is once differentiable.
Then the following assertions are pairwise equivalent.

(i) AP = AL holds globally.

(ii) A?}p = AE]Q holds locally.
(iv) There exist a, b, c,d € R with ad # bc such that

_af+b
cef+d

@ = (cf + d)p1, and  qo = (cf +d)p2

hold on 1.

In addition, if f and p are { times continuously differentiable, then AE?]p is also ¢ times
continuously differentiable.

As we already mentioned, the symmetric 2-variable case was solved firstly under sixth-
and then under first-order regularity assumptions in [22] and in [38], respectively.
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Theorem. Let f,g: I — R be continuously differentiable functions with nonvanishing
first derivatives. Let p: I — R be a continuously differentiable function and q: I — R.
Then the following assertions are equivalent.

1 A )

(i) Af,(p’p) = Ag,(%q) holds globally.
okl 402l

(ii) Af,(p,p) = Ag,(q,q) holds locally.

(iii) The function q is three times differentiable and the equalities

(iv) Either there exist a, b, c,d € R with ad # bc such that
_af+b
9= cf+d

are valid on I or there exist two polynomials P and Q) of at most second degree
such that P and Q) are positive on f(I) and g(I), respectively, and there exist two
constants «, 3 € R such that

g=Glo(aFof+p), p=P2of  and q=Q 2og
hold on I, where F and G denote a primitive function of 1/ P and 1/Q, respectively.

and g=(cf+d)p

Summary of Chapter 3 — Comparison problem

The main goal of this chapter is to investigate the local and global comparison problem of
two n-variable generalized Bajraktarevi¢ means, i.e., to find necessary as well as sufficient
conditions in terms of the unknown functions listed below for the functional inequality

(-1) pl(xl)f(xl) 4 +pn(xn)f($n)
J < pl(x1)+"'+pn($n> )
(—1) (@ (z1)g(z1) + -+ + gnlzn)g(@n)
=9 ( 01(@1) -+ dn(en) )

to be valid locally or globally, where n € N,n > 2 is fixed, [ is a nonempty open
real interval, which will be the case in this entire chapter unless otherwise stated, the
unknown functions f, g: I — R are strictly monotone, and p = (p1,...,pn): I = R}
and ¢ = (q1,...,qn): I — R’} are also unknown functions. The results of this section
were first proved in our paper [13]. We note that, as we discussed in Chapter 2, the equality
of these means in the local and in the global sense are equivalent properties. However, as
we shall see, this is not the case for the comparison problem.

Concerning the global comparison problem, the main result of the chapter states
that if f, g are differentiable functions with nonvanishing first derivatives and, for all
ie{l,...,n},

(€))

<

pi_ a4 Po(@)(f(z) —{(y)) nyel)

qo(z)(g(z) — g(y)) (
Po q0 po(y)f'(y )

q0(y)9'(y
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are satisfied (where pg := p1 +--- + p, and ¢ := q1 + --- + gn), then the above
comparison inequality holds for all x1,...,x, € I.

Local comparison

Definition. Letn € N;n > 2and U € R" be a nonempty open set. A function f: U — R
is called partially differentiable at a € U with respect to its ith variable if the limit

o Jlat he) — f(a)
h—0 h

exists and finite. We say that f is partially differentiable at a € U if it is partially
differentiable with respect to all its variables. Finally, f is called partially differentiable
on U if it is partially differentiable at each point of U.

In order to investigate inequality (9) in the local sense, we recall the following result
from [36].

Theorem. Letn € N,n > 2 and let M, N: I — I be n-variable means such that M is
locally smaller than N. Assume that M and N are partially differentiable on diag(I™).
Then, foralli € {1,...,n},

OM™ = ;N> (10)

If, in addition, M and N are twice differentiable on the diagonal diag(I™), then the
symmetric ((n — 1) x (n — 1))-type matrix
A A\n—1
(0:0;N= — 9;0;M°) ., (11)

is positive semidefinite.

On the other hand, if (10) holds for all i € {1,... ,n}, furthermore, M and N are
twice continuously differentiable on diag(I™) and the symmetric ((n — 1) x (n —1))-type
matrix given by (11) is positive definite, then M is locally smaller than N.

Our first main result of this chapter establishes necessary and sufficient conditions for
the local comparability of generalized Bajraktarevi¢ means.

Theorem. Let n € N,n > 2 and let f,g: I — R be differentiable functions with
nonvanishing first derivatives and p,q: I — R’} be continuous functions. Assume that

A%}D is locally smaller than A[grftll. Then

Di qi .
—_ == 1,..., .
" w (i €{ n}) (12)

If, in addition, f, g are twice differentiable and p, q are continuously differentiable, then
the function

(13)
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is increasing.
On the other hand, if f, g and p, q are twice continuously differentiable, (12) holds
n] [n]

and the function (13) has a positive derivative, then Agc » 18 locally smaller than Ayl

In what follows, we consider the local comparison problem of generalized Bajrak-
tarevi¢ means when I is a nonempty open subinterval of R, and the weight functions
P1,-..,Pn and q1, . . ., q, are proportional to power functions.

Corollary. Let I C R be a nonempty open interval and let f,g: I — R be differen-
tiable functions with nonvanishing first derivatives. Let n € Nyn > 2, (A,...,\p),

(1 -y ) €RY, (1, ...y an), (B, - .-, Bn) € R™ and define

pi(z) == Nz and gi(z) := pia® (ie{l,...,n},x €l). (14)
Assume that A%) is locally smaller than AE,L(]]. Then there exist -y > 0 and 0 € R such that

i = YA and Bi=a; +0 (ied{l,...,n}). (15)
If, in addition, f and g are twice differentiable, then the map

519/ (@)]
) (10

T —

is increasing on I.
On the other hand, if f, g are twice continuously differentiable, (15) holds and the
function (16) has a positive derivative, then A[nz]) is locally smaller than A[;fl].

As an immediate consequence of the above corollary, we can characterize the local
comparison of generalized power means.

Corollary. Let I C R, be a nonempty open interval and a,b € R. Define f,g: I - R
by
x® ifa+#0 xb ifb#£0
flx) = and g(z) = (17)
log(xz) ifa=0 log(z) ifb=0.

Letn € Nyn > 2, (A1, An), (1, .-, pin) € RY, (a1, ..o, 0m), (Br, .., Bn) € RY
and define p,q: I — RY by (14). If Agcn]]g is locally smaller than Ag?} then there exist

7p
v > 0and § € R such that (15) holds and a < b+ 26.
On the other hand, if (15) holds and a < b + 26, then A%) is locally smaller than

Agy
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Global comparison

If A[ ] is globally smaller than A_E, }q, then A[ } is locally smaller than Ag(]l and hence
the necessuy of (12) follows and the functlon (13) must be increasing. However, these
conditions are not strong enough to imply the global comparability of the aforementioned
means. The first theorem of this subsection deals with how the condition (12) needs to be
augmented to yield global comparability.

Theorem. Let f,g: I — R be strictly monotone, differentiable functions with nonva-
nishing first derivatives, n € Nyn > 2, and p,q: I — R'.. Assume that (12) holds

and
po(x)(f(x) = f(¥) _ 90(x)(9(z) — 9(y))
po(y)f'(y) B q0(y)g'(y)

Then Agcn]]g is globally smaller than AB?(]].

(x,y €1). (18)

Our second result discusses how the condition on the increasingness of the function
(13) needs to be tightened to imply global comparability. It turns out that it is sufficient if
all the multiplicative factors of the function (13) are increasing.

Theorem. Let f,g: I — R be strictly monotone differentiable functions with nonvanish-
ing first derivatives, n € N,n > 2, and p,q: I — R}. Assume that (12) holds and the
functions
/
Kl and @
o /]
[n]

are increasing. Then AE?Z]Q is globally smaller than Ag.q.

We note that the sufficient condition (18) implies that the function (13) is increasing.
In general, the converse is not valid, however, in what follows, we present two particular
cases when it is. In the first setting, the weight functions p and g coincide.

Theorem. Let f,g: I — R be strictly monotone twice continuously differentiable func-
tions with nonvanishing first derivatives, n € N,n > 2, and let further p: I — R} be a
continuous function. Then the following conditions are pairwise equivalent.

(i) A%) is globally smaller than A%.
(ii) AEZL}]) is locally smaller than A[;fz],.
(iii) The function |g'/ f'| is increasing.
(iv) The following inequality is valid on 1

f// < 7
=

Q
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1

(v) Provided that g is increasing (decreasing), the function g o f~* is convex (concave)

on f(I);

(vi)
flx) = fly) _ 9(z) —g(y)
ffly)  —

In the second setting, the functions f and g are the same.

(x,y €1).

Theorem. Let f: I — R be strictly monotone twice continuously differentiable function
with a nonvanishing first derivative, n € N,n > 2, and let further p,q: I — R’ be
continuous functions. Then the following conditions are pairwise equivalent.

(i) AEZ?L is globally smaller than AB@J.

(ii) ALY is locally smaller than A",
(iii) The condition (12) holds and the function qo/py is increasing.

Corollary. Let I C Ry be a nonempty open interval and let f,g: I — R be differen-
tiable functions with nonvanishing first derivatives. Let n € Nyn > 2, (A,...,\p),

(1 -y i) €ERY, (0, ... an), (B, ..., Bn) € R™ and define p,q: I — R’} by (14).
Assume that there exist v > 0 and § € R such that (15) is satisfied and

f@) = fly) _ 2°(g9(x) — g(y))

< z,y €1).

7(y) Pd) @y € l)

Then Agfi is globally smaller than AB?(]].

Corollary. Let I C Ry be a nonempty open interval, n € Nyn > 2, (A,...,\p),

(15 spm) €RY, (01,.. . 00), (B1,...,Bn) € R™, and let further a,b € R. Define
p,q: I — R by (14) and f,g: I — R by (17). Assume that there exist v > 0 and ) € R
such that (15) and the inequalities

min(a,0) < 0 4+ min(b, 0) and max(a,0) < § + max(b,0)

are satisfied. Then AE?I}D is globally smaller than Agf]q.

Summary of Chapter 4 — Local and global Holder- and Minkowski-type
inequalities

The celebrated inequalities discovered by Holder and Minkowski can be formulated in
various contexts, for instance, in the setting of power means.
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To recall the standard Holder(—Rogers) inequality, which was discovered by Rogers
in 1888 and by Halder in 1889, let p, ¢ > 1 with % + % = 1. Then, for all n € N and
x,y € R, the inequality

At (x§+...+xg>i<yg+...+yg)é
n n n

is valid. In the particular case p = ¢ = 2, this inequality reduces to the so-called Cauchy-

Bunyakovsky—Schwarz inequality, which in the above form was established by Cauchy

in 1821. Given a real parameter p > 1, the standard Minkowski inequality, that was

discovered in 1910, states that the pth power mean is subadditive, i.e., for all n € N and

x,y € R%, the inequality

1 1 1
<(x1+y1)p+---+(a?n+yn)p>P < (x’f+-~-+xﬁ>p+<y’1’+--~+y£>p
n o n n

holds.

Briefly, the aim of this chapter is to investigate inequalities that are analogous to the
Holder and Minkowski inequalities by replacing the addition and the multiplication by
a more general operation, and instead of using power means, generalized Bajraktarevié
means, and in particular, weighted Gini means, are considered. A further aim is to
characterize such inequalities both in the local and in the global sense. We are going to
derive necessary as well as sufficient conditions for the local as well as for the global
validity of the functional inequality

My(®(z1), ..., 0(z,)) < (M (2)), ..., My(zF)), (19)

where,n € Nyn > 2,k € N, for € {0,...,k}, I, C R is a nonempty open interval,
I:=1 x: - x Iy, My: I} — I, is an n-variable mean and ®: I — . In line with
the terminology used in preceding chapters, if there exists an open set U C I" such that
diag(I™) C U and (19) holds for all x € UT C HZ:I 17}, then we say that (19) holds in
the local sense. If (19) is valid for all z € (I")” = HZ:I 17!, then we say that (19) holds
in the global sense. Clearly, the global validity of (19) implies its local validity.

After that we consider the particular case of (19) when all the means are n-variable

generalized Bajraktarevi¢ means, i.e., we consider the inequality

A @), () < @AY @), Al @Ry, (20)
where, for o € {0,...,k}, fo: In — R is a strictly monotone function, p*: I, — R%.

We obtain necessary as well as sufficient conditions for its validity in the local and also in
the global sense.
We mention some important particular cases of (20).

1. If k=1, Iy =1 =: J and ®(z) = =, then (20) reduces to the local and global
comparison problem of generalized Bajraktarevi¢ means on J.
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2. IfkeNEk>2Ig=1 = =1Iy=J, ®(x1,...,24) = (x1+--+13), and
fo=fi=-=fp=:f p’ =p' =--- = pF = p, then (20) means the Jensen
convexity of A ; »On J. In this case, (20) is said to be a Jensen-type inequality.

3. IfkeNEkE>2,Ih =1 =--- :Ik:R+,<I>(a:1,...,xk) =x1+ -+ x, and
fo=fi=-=fn=f,p°=p' = = p* = p, then (20) expresses the
subadditivity of A% on R, which is often called a Minkowski-type inequality.

4. fkeNk>2, Iy =1=---=1; :R+,@($1,...,$k) = x1 - Tk, then (20)
reduces to a Holder-type inequality for the means A Fop® A Foplie A gk

With the exception three theorems, all the results of this chapter were first proved in
our paper [14]. Two of three theorems deals with the characterization of the global validity
of the Minkowski-type inequality for Gini means in the 2-variable case and with unfixed
number of variables. The third one gives a necessary and sufficient system of conditions
for the global validity of the Holder-type inequality for Gini means with unfixed number
of variables. Each of these three theorems is preceded by an emphasis on the author(s)
and publications in which the result is found.

Holder- and Minkowski-type inequalities in the local sense

In the current and in the next subsection, for ¥ € Nand « € {0, ..., k}, let I, C R stand
for a nonempty open interval and set [ := I; X - - - X I. For the investigation of inequality
(19), let us introduce the function F': I{* X --- x I}’ — R by

F(z) = F(z!,...,2%) = o(My(z!), ..., Mp(z®)) — Mo(®(x1),...,®(x,)). 1)

Remark. Observe that, for all y € I, we have F'(AF(y)) = 0. Indeed, by using the mean
value property of My, M, ..., M, it follows that

F(Aﬁ(y» = F(An(yl)a s >An(yk))
= (I)(Ml(An(yl))a R Mk(An(yk))) - MO(An(q)(y)))
= O(MP (Y1), -, Mic (y)) — M (2(y)) = D(y1.-- -, yx) — B(y) = 0.

For the computation of the partial derivatives of F' at points of the form AfL (y), we
formulate the following lemma.

Lemma. Letn,k € Nk > 2 and, for o € {0,...,k}, My: I} — I, be an n-variable
mean, define F': I X --- x I’ — R by (21), and let ®: I — I.

(i) For o € {0, ..., k}, assume that M, is partially differentiable on diag(I) and that
O is differentiable. Then, foralli € {1,...,k}, ¢ € {1,...,n}, andy € I,

Opn(i—1) F(AL(y)) = 0:2(y) (0 M (ys) — 0 MG (D(y)))-



88 SUMMARY OF CHAPTER 4

(ii) For o € {0, ..., k}, assume that M, is twice partially differentiable on diag(I)
and that ® is twice differentiable. Then, foralli,j € {1,...,k}, {,m € {1,...,n},

andy € 1,
Otsn(i-1)Omn(i—1) F (AL ()
= 8;0;®(y) (Om M (y7) 0 ME (yi) — 60,mOm ME (2(y)))
— 0;0(y) (0P (y)0eOm Mg (B(y)) — 6,j0e0m M (y;)).-

The next two results describe the first- and second-order necessary conditions for the
validity of (19) in the local sense, respectively.

Theorem. Letn,k € N,k > 2 and, fora € {0, ..., k}, My: I — I, be an n-variable
mean which is partially differentiable on diag(I2) and let further ®: I — Iy be a surjec-
tive and differentiable function with nonvanishing first-order partial derivatives. Assume
that inequality (19) holds in the local sense. Then there exist constants \1, ..., \, € Ry
such that, for all (yo,y) € Io x I and L € {1,... ,n},

e = 0eM (yo) = O M (y1) = - -+ = e M () (22)

If, additionally, for some o € {0, ..., k} and yo € I,, the mean M, is differentiable at
A (Ya), then A1 + - -+ + N, = 1 also holds.

Theorem. Letn,k € N,k > 2 and, for « € {0, ..., k}, My: I' — I be an n-variable
mean which is twice differentiable on diag(I?) and let ®: I — Iy be surjective and twice
differentiable with nonvanishing first-order partial derivatives. Assume that inequality (19)
holds in the local sense. Then there exist constants Ay, ..., A\, € Ry with\i+-- -+, =1
such that, for all (yo,y) € Ip x I and ¢ € {1,...,n}, the equalities in (22) hold. In
addition, for all y € I, the ((nk) x (nk))-type matrix whose ({+n(i—1),m+n(j—1))th
entry, where i,j € {1,... .k} and {,m € {1,...,n}, is given by

0i0;9(y) (AmAe = Se.mAm) — 0i®(y)0; ()00 M5 (B (y))
+ 0;,;0;®(y) 0e0m M (y;)
is positive semidefinite.
Holder- and Minkowski-type inequalities for generalized Bajraktarevic
means

Under first- as well as second-order differentiability condition, the following theorem
describes what necessarily holds if (20) is satisfied in the local sense.

Theorem. Letn,k € N,k > 2 and, fora € {0,...,k}, fo: I, — R be a differentiable
function with a nonvanishing first derivative and let p* = (pf,...,p5): In — R} be
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continuous, and set py := p{' + - -+ + p;,. Let ®: I — Iy be surjective and differentiable
with nonvanishing first-order partial derivatives. Assume that inequality (20) holds in the
local sense. Then there exist constants A1, ..., \p € Ry with A\ + -+ 4+ Ay = 1 such
that, forall « € {0, ...k} and 0 € {1,...,n},

pe = \pg (23)

holds on 1. If, additionally, for o € {0, ..., k}, fo is twice differentiable, p® is continu-
ously differentiable and ® is twice differentiable, then the (k x k)-type matrix I'(y) given
by
wo) | fo
I(y) == — 0:0;®(y) — 0;2(y)0i®(y) | 25— + %7 | (2(y))
Do fo
TN/ 1 k
n) 1
+0,0) (2224 2 ) )
Py J ,j=1

is positive semidefinite for all y € I.

(24)

In the next result, we reformulate the positive semidefiniteness condition from the
above theorem in terms of a convexity property.

Theorem. Letn,k € Nk > 2 and, for a € {0, ..., k}, fo: In — R be a twice differen-
tiable function with a nonvanishing first derivative and let p* = (pf,...,p5): Io — R}
be continuously differentiable, set py := p{ + --- + py. Let ®: I — Iy be surjective
and twice differentiable with nonvanishing first-order partial derivatives. Assume that
inequality (20) holds in the local sense. Finally, for o € {0, ..., k}, define the function
Ya: In — Rand then ¢: I — RF by

o = /(p%)% and  p(y) = (01(1): - - or(u).

Then @1, ..., pr and @ are twice differentiable and invertible functions and the map
U: o(I) — R defined by
U(u) = po(®(p ™" (u)))

is concave if f), > 0 and convex if f, < 0.

Remark. We note that the concavity of the auxiliary function ¥ is not merely a conse-
quence of the positive semidefiniteness of the matrix-valued function I' but, in fact, it is
equivalent to it. On the other hand, if all the weight functions are equal to constant 1, then
»a = fao and, in this case, according to the theory of quasiarithmetic means (see [15]), the
concavity of the function W is also sufficient for inequality (20) to be valid in the global
sense.

The following two theorems establish sufficient conditions for inequality (20) to be
valid in the local as well as in the global sense.
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Theorem. Let k € N and, for a« € {0,...,k}, fo: Io — R be differentiable with a
nonvanishing derivative, and pg: 1, — R,. Furthermore, let ®: I — Iy be partially
differentiable. Assume that the following inequality is valid in the local sense on I?,
that is, there exists a nonempty open set V. C I* containing diag(I?) such that, for all

(u,y) €V,

PY@(Y)) (fo(®(y)) — fo(® i Ph i) (f5(y;) — £i(uy))
25
PB(@ (W) £ ((u) g 7 (u3) 1) @

holds. Then, for alln € N and A € R} with \y + -+ + A, = 1, the inequality
Al (@), D)) < (AN (@Y, Al () (26)

fo,p5A J1.pgA frPEX

is valid in the local sense.

Remark. Observe that the weight functions of the generalized Bajraktarevi¢ means
appearing in (20) are necessarily of the form given by (23). Therefore, the local as well as
the global validity of (20) immediately follows from the local as well as the global validity
of (26), respectively.

Theorem. Let k € N and, for a € {0,...,k}, fo: In — R be differentiable with a
nonvanishing derivative, py: 1o, — Ry and let ®: I — Iy be partially differentiable.
Assume that (25) is satisfied in the global sense on I?, that is, for all u,y € I. Then, for
alln € N, A € Rt with \y + - - - + A\, = 1, inequality (26) holds in the global sense.

The next result establishes a necessary condition for (25) to be satisfied in the local
sense.

Theorem. Let k € N and, for « € {0,...,k}, fo: I, — R be twice differentiable with a
nonvanishing first derivative and pg : 1, — R be twice differentiable. In addition, let
®: I — Iy be twice differentiable. Assume that inequality (25) is satisfied in the local
sense, that is, there exists an open set V C | 2 with diag(I 2) C V such that it holds true
for all (u,y) € V. Then the matrix-valued function T": I — RF¥*k defined by (24) takes
positive semidefinite values.

The converse of the above statement is generally not valid. The conditions must be
tightened, namely, positive definiteness must be assumed instead of positive semidefinite-
ness.

Theorem. Let k € N and, for o € {0,...,k}, fo: Io — R be twice continuously
differentiable with a nonvanishing first derivative, pg : I, — R be twice continuously
differentiable. Furthermore, let ®: I — Iy be twice continuously differentiable. Assume,
forally € I, that the (k x k)-type matrix T (y) defined by (24) is positive definite. Then,
foralln € N, X € Ry with Ay + - -- + A\, = 1, inequality (26) holds in the local sense.
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Holder- and Minkowski-type inequalities for weighted Gini means

In this section, for k € N, € {1,...,k}, let I, denote a nonempty open subinterval of
Ry,let ] :=1; x --- x I, and we apply the above results to some important particular
cases of the inequality (19). First, we deal with inequalities obtained by specializing the
means M, in (19) forall « € {0,..., k} and then we draw some conclusions by choosing
the function @ in (19) to be the k-variable addition and multiplication.

Definition. Letn € Nand, forr € R, let us recall the definition of the n-variable weighted
rth power or rth Hélder mean with weight vector A € R’} ;A\ + -+ + A, = 1 and, for
(r,5) € R?, the n-variable weighted Gini mean with pair of parameters (r,s) € R? and
weight vector A € Rt ) Ay + -+ A, = 1

1
Axl 4o+ M) 7 if 0
H[n/]\(xh 7$TL) - ( i nmn) T;é
’ e if r =0,
1
ATy + o Ay \ T itr £ s
[n] Arzf + -+ Az
Graa(@1,. . an) =

ox )\1:67{ ln(azl) + -+ )\nxa ln(:cn) ifr=s
P M|+ -+ Apal, '

Remark. It is clear that in the particular case s = 0, the mean G[Tns] ,, simplifies to H, 7[”;\

We also note that, forn € Nand ¢ € {1,...,n}, with ps(t) := A\t® and f(t) := "% if
r # sor f(t) := In(t) if r = s, we can see that A% = GE,”S]_)\.

The next result consists of a necessary as well as a sufficient condition for a general
inequality corresponding to weighted Gini means to be valid in the local sense.

Theorem. Let n,k € N,k > 2, A € R, and, for a € {0,...,k}, (Ta,5q) € R? and
®: I — Ry be twice differentiable with nonvanishing first-order partial derivatives. Then,
for the inequality

G (@), B(wn) <G (@Y, G (@) 27)

70,50} 71,51; T Tk, Sk
to be valid in the local sense it is necessary that the (k x k)-type matrix T'(y) given by

ro+ So— 1 Tj—l—Sj—l k
[(y) == —@@¢@%—@@@W@@%—6@T*+ﬁm@@@%4774*
j

be positive semidefinite for all y € 1. Conversely, if this matrix is positive definite for all
y € I, then (27) holds in the local sense on I.

ij=1

The theorem below gives a sufficient condition for the inequality (27) to be valid in
the global sense.
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Theorem. Let k € N,k > 2, fora € {0,...,k}, (Ta,54) € R? and let ®: I — R, be
partially differentiable. Assume that the inequality

e (505) = 000, (2)

is valid in the global sense, that is, for all (u,y) € I%. Then, for alln € N and \ € R7
with A1 + - - - + A\ = 1, the inequality (27) holds in the global sense on 1.

For the investigation of the particular cases when @ is the sum and the product function,
we will need the following auxiliary result.

Lemma. Let k € N, fori € {0,...,k}, ¢; € R. Then the matrix

k
C .= ((SZ'JQ + C(])Z.J.:1
is positive semidefinite if and only if either ¢; > 0 for all i € {0, ..., k}, or there exists
i €{0,...,k} suchthat¢; < 0and cj > 0 forall j € {0,...,k}\ {i} and
1 1 1

—+ =4+ =<0 (28)
Co C1 Ci

Furthermore, C' is positive definite if and only if either ¢; > 0 for all i € {0,...,k}
and c¢; = 0 can hold for at most one index i € {0,...,k} or there exists i € {0, ...k}
such that ¢; < 0 and ¢c; > 0 forall j € {0,...,k} \ {i} and (28) is valid with a strict

inequality.

Our next result characterizes the Minkowski-type inequality for weighted Gini means
in the local sense.

Theorem. Let n,k € N,k > 2and X\ € R%. Fori € {0, ...k}, let further (r;,s;) € R?
and ~y; :=r; + s; — 1. For the inequality
(4ol ah b al) SGIL (@) 4+ G (@) 29)

71,513\ TkySkiA

G [n]

70,50;A

to hold in the local sense on 1, it is necessary that exactly one of the following cases be

valid:

(i)
Y <0 <min(yy,...,7%); (30)

(ii) ~v; > Oforalli € {0,...,k} and

$ <l _ i) supl; < ) (i - l) inf I;; 31)

7 N\ S V00
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(iii) 7o < 0 and there exists i € {1,...,k} such thatv; <0, forall j € {1,...,k}\{i},
v; > 0, and inequality (31) is also valid,

where, for the last two cases, we define

1 1 1 1
Jr=<ie{l,... )k} | — > — and J_=<ie{l,...)k}: — > — ).
- { { }‘71 ’YO} { { } Y0 %’}

Conversely, if either (30) is valid and ~y; = 0 can hold for at most one i € {0, ..., k}, or
Yo 7 Yo for some € € {1,...,k} and one of the conditions (ii) or (iii) hold, then (29) is
valid in the local sense on I.

Corollary. Letn,k € N,k > 2and X € R'}. Fori € {0,...,k}, let further (r;, s;) € R
For o € {1,...,k}, assume that the nonempty open interval I,, C R fulfills inf I, = 0.
Then, in order that the inequality (29) be valid in the local sense on I, it is necessary that

max (1,79 + so) < min(ry + $1,...,7% + Sk)-
Conversely, if this inequality is strict, then (29) holds in the local sense on 1.

For the global validity of the Minkowski-type inequality the theorem below establishes
the following sufficient condition.

Theorem. Let k € N,k > 2 and, fori € {0,...,k}, (vi,s;) € R2 Assume that, for all
(u,y) € I?, the inequality

k
y1+"'+yk) U; (?/;)
XTO,SO(U1+,..+UI€ _;u1+"'+uerj75] uj
holds. Then, for alln € N and A\ € R’} with Ay + - -+ + X\, = 1, the inequality (29) holds
in the global sense on 1.

By specializing the underlying intervals, we can formulate a more specific statement.

Corollary. Let k € N,k > 2 and, fori € {0,...,k}, (ri,s;) € R Assume that, for all
z€RE andty,. .. .t € [0,1] withty + - - - + t}, = 1, the following inequality is valid

k
Xro,s0 (tlzl +---+ thk Z FXT5,85 Z] (32)

Then, for alln € Nand X € R"} with \y + --- + \,, = 1, the inequality (29) holds in the
global sense on Rﬁ.

In order to compare our results above to existing ones, we recall two theorems related
to the global validity of the Minkowski-type inequalities. In the setting of two-variable Gini
means the Minkowski inequality was characterized by Czinder and Pales in [7, Theorem
5] (see also [26] for a particular case).
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Theorem. Let k € N,k > 2 and, fori € {0, ...,k}, (ri,s;) € R% Then the inequality
GE},SO(% + A xg Y+ ) < GE},SI(OCL y1) + -+ G%Sk (zk k) (33)

isvalid forall x1, ...,z y1,...,yr € Ry ifand only if

(i) 0 < min(ry, s1,....Tk, Sk),
(ii) min(rg, so) < min(1, 71, $1,....Tk, Sk),
(iii) max(1,rg+ so) < min(r; + s1,...,7% + Sk).

Remark. Observe that the third condition in the above theorem is the necessary condition
for the local validity of (33) on R... The conditions (i) and (ii) are, however, not necessary
for the local validity of (33) on R,..

Necessary and sufficient conditions for the global validity of the Minkowski-type
inequality for Gini means with arbitrary number of variables was established by Péles
in [31, Theorem 3.1].

Theorem. Let k € N,k > 2 and, fori € {0,...,k}, (;,5;) € R% Then the inequality
Gl (@l + ok, a4 ) <GHL (@) + -+ G (R 34

70,50

is valid for allm € Nand x € R’}er if and only if

(i) 0 < min(ry,S$1,...,7k, Sk)s
(ii) min(rg, sp) < min(1,ry,s1,..., 7%, Sk),
(iii) max(1,ro, sp) < min(max(ry,s1), ..., max(rg, g)).

Remark. Observe that conditions (i) and (ii) of the above two theorems are identical,
therefore they may be necessary for the global validity of (34) for any fixed n € N. The
form of the third condition related to any fixed n € N is not known. We also note that
conditions (i)-(iii) of the above theorem are also necessary and sufficient for the validity
of the inequality (32) forall z € RY and t1,...,t; € [0,1] witht; + -+ + ¢, = 1.

Our next results characterize Holder-type inequalities for Gini means in the local and
in the global sense.

Theorem. Let n,k € N,k > 2and X\ € R'}. Let further (ro, 50), ..., (%, 5) € R2,
vi =1+ si fori € {0,...,k}. Then, in order that the inequality

Gl k) S OB @ B @9
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be valid in the local sense on ]R]f|r it is necessary that either v; > 0 for all i € {0, ..., k},
or there exists i € {0, ..., k} such thatv; <0, forall j € ({0,...,k})\ {i}, v; > 0 and

1
—+— 4+ —<0 (36)

holds. Conversely, if either ~v; > 0 for all i € {0,...,k} and v; = 0 can hold for at
most one index i € {0,...,k}, orthere exists i € {0,...,k} such that ; < 0, for all
Jge{l,...,k}\ {i}, v; > 0 and (36) is valid with a strict inequality, then (35) holds in
the local sense on R’j_.

Theorem. Let k € N, k > 2 and, fori € {0,...,k}, (ri,s;) € R2 Assume that, for all
z1 € (I/1),...,zk € (Ix/I}), the inequality

k
Xrorso(2126) < 3 Xryus; (25) 37)
j=1

holds. Then, for alln € N and X\ € R} with Ay + - -+ + A\, = 1, the inequality (35) holds
in the global sense on 1.

The global validity of (35) with an unfixed number of variables was characterized by
Pales in [32,33].

Theorem. Let k € N,k > 2 and, fori € {0,...,k}, (ri,s;) € R% Then the inequality

G (xt---ah, . al - af) < gl

—T0,—S0 71,51

(") -Gl (%)

Tk,Sk
is valid for alln € N and x € R’}er if and only if
(i) foralli € {0,...,k}, max(s;, ;) > 0, and
(ii) for all i € {0,...,k} with min(s;,7;) < 0, we have max(sj,r;) > 0 for all
j€(0,....k})\ {i}, and
1 k 1
_— + N
min(s;, 7;) = max(s;, ;)
J#i

<0.

Remark. We note that the conditions (i) and (ii) are necessary and sufficient for the
validity of inequality (37) for all 21, ..., zx € R4 (cf. [33]).






Summary in Hungarian — Osszefoglal6

Az 1. Fejezet osszefoglalgja — Alapveto fogalmak és eredmények

Ebben a fejezetben I egy nemiires, nyilt, val6s intervallumot. Bevezetjiik az ltaldnositott
Bajraktarevi¢-kozép fogalmét és harmadrendig kiszdmitjuk a parcidlis derivaltjait. Az
eredmények megtaldlhat6 a [12] dolgozatunkban.

Az altalanositott Bajraktarevi¢-kozép definicidja

A Bajraktarevi¢-kozép fogalmanak kiterjesztéséhez sziikségiink lesz az aldbbi lemmara,
amely szigordan monoton (de nem feltétleniil folytonos) fiiggvények altalanositott bal
inverzének 1étezésérdl és tulajdonsigairdl szol.

Allitas. Legyen f: I — R egy szigoriian monoton fiiggvény. Ekkor létezik egy egyértel-
mifen meghatdrozott g: conv(f(I)) — I monoton fiiggvény, amely bal inverze f-nek,
azaz

(gof)(x) =z  (zel). (38)
Tovdbbd g folytonos, ugyanabban az értelemben monoton, mint f,
(feg)w) =y  (yef)), (39)

liminf f(z) <y < limsup f(x) (y € conv(f(I))).
z—g(y) z—g(y)

Igy, ha f alulrdl (feliilrél) félig folytonos g(y)-ban, akkor f o g(y) <y (y < f o g(y)).

Definicié. A fenti lemmaban jellemzett g fiiggvényt a szigorian monoton f: I — R
fiiggvény dltaldnositott bal inverzének neveziink és az f(—1) szimbslummal jelsljiik.

Megjegyzés. Az (38) és (39) egyenletekbdl vildgos, hogy f(~1) lesziikitése f (I)-re az
f filggvény klasszikus inverze. Tehét f(—1) az f inverzének a folytonos és monoton
kiterjesztése a legsziikebb olyan intervallumra, amely tartalmazza f ért€kkészletét.

Egy meglehet6sen dltaldnos kdzép, amely szdmos nevezetes kdzepet specidlis esetként
magéban foglal, a kvaziaritmetikai k6z€ép, amelyet az aldbbiak szerint definidlunk.
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Definici6. Legyen n € N. Adott f: I — R szigorian monoton, folytonos fiiggvény
esetén az AE:L]: I" — I médon jeldlt n-vdltozds kvdziaritmetikai kozepet az aldbbi
képlettel definidljuk:

AP () = f1<f(‘“””'

n

i f(x”)) (@ € I™).

Azt mondjuk, hogy f az AB?] generdtorfiiggvénye.

Bajraktarevi¢ [2]-ben, illetve [3]-ban a kvaziaritmetikai k6z€p aldbbi silyozott kiter-
jesztését vezette be és vizsgalta.
Definicié. Legyen n € N. Adott f: I — R szigordan monoton, folytonos és p: I — R4
pozitiv értékii fiiggvény esetén a By'): I" — I médon jeldlt n-vdltozds Bajraktarevic-
kozepet az alabbi képlettel definidljuk:

ol (o o p-1 (PO (@1) + -+ plzn) f(zn)
Brate) =1 < p(x1) + -+ play)

| ) (z eIm™). (40)

Azt mondjuk, hogy f a B}[cnz]) generdtorfiiggvénye, mig p a B}n;) sulyfiiggvénye.
Tekintsiik a Bajraktarevi¢-kozEép egy esetlegesen aszimmetrikus dltaldnositasat.

Definicié. Legyen n € N. Adott f: I — R szigortian monoton fiiggvény és p =

(P1,---,pn): I = RY pozitiv koordinatdju vektorértékd fiiggvény esetén az AH} AL

I szimbo6lummal jelolt n-vdltozos dltaldnositott Bajraktarevié-kdzepet az alabbi keplettel
definidljuk:

[n pl(‘rl)f(xl) + +pn(xn)f(xn)
App() =11 ( P1(@) -+ pu(@n)

és, a jelolések egyszerlsitése végett, az aldbbi definicidkat is hasznélni fogjuk:

> (x e I™), 41)

[n] L pl(xl)f(xl) ++pn<xn)f<wn) . L
Rf,p(x) = pl(xl) ¥ +pn($n) es Po:=p1+ + Pn.

P

Hasonldan az el6z6 definicidkhoz, azt mondjuk f az A[ ) , generdtorfiiggvénye, mig p az
A[ sulyfuggvenye

Megjegyzés. Kihangsiilyozzuk, hogy AE?;)

[n]

altalanositasa B f p-hek, hiszen, abban az esetben, amikor f folytonos, az dsszes suly-
fliggvényt egyformdnak vélasztva, azaz a p := p; = - - - = p,, helyettesitést végrehajtva
(41)-ben, visszakapjuk (40)-mat.

valéban egy nem sziikségképpen szimmetrikus

Allitas. Legyenn € N, f: I — R egy szigoriian monoton fiiggvény és legyen p =
(p1,---,pn): I = R Ekkor a (41) képlettel definidlt AB?L: 1" — 1 fiiggvény joldefini-
dlt és egy kozép, azaz

min(z) < Al

i)(ac) < max(z) (x e I™).
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Az altalanositott Bajraktarevi¢-kozép parcialis derivaltjai

Az alébbi tételben, feszes regularitdsi feltételek mellett, ™ diagondlis pontjaiban, har-
madrendig meghatdrozzuk altalanositott Bajraktarevi¢-k6zép parcidlis derivéltjait. Feszes
regularitasi feltételek alatt azt értjiik, hogy példaul, ahogy aldbb az (1), (2b), (3c) alli-
tasokban lathat6, m € N esetén csupan (m — 1)-szeri folytonos differencidlhatésagot
feltételeziink p;-r6l ahhoz, hogy bizonyitsuk a 0] alaki parcidlis derivéltak 1étezését és
kiszamitsuk azokat. A parcidlis derivaltak kulcsszerepet jatszanak a késébbi fejezetekben,
hiszen az egyik eszkoz, amelyet a f6 tételek bizonyitdsdhoz haszndlunk az nem ma4s,
mint a széban forg6 fliiggvényegyenlet értelmezési tartomanyanak diagonalisdn torténd
differencidlésa éltal nyert differencidlegyenletek megolddsa.

Tétel. Legyenn € N, ¢ € {1,2,3}, f: I — R egy (-szer differencidlhatd, nemnulla elsé
derivdlttal rendelkezd fiiggvény, és legyen p = (p1,...,pn): I — R}, Ekkor az aldbbi
dllitdasok érvényesek.

(1) Hat = 1, i € {1,...,n}, és p; folytonos, akkor a 8Z~A£?;J
derivdlt létezik a diag(I™) diagondlison, és

(a)” = 2

elsérendil parcidlis

(2a) Hat =2,1i,j € {1,...,n}, hogy i # j, tovdbbd p; és p; differencidlhatok, akkor

a 8,;8]-145?1; mdsodrendii parcidlis derivdlt létezik a diag(I™) diagondlison, és

oA\ wip) pip; f”
(a:0;47)) " = i

(2b) Ha t =2, i € {1,...,n}, és p; folytonosan differencidlhatd, a 61-214%]0 mdsodrendii
parcidlis derivdlt létezik a diag(I™) diagondlison, és

: ) _ oPilpo—pi) | pilpo —pi) [”
v P2 P} f!

(3a) Ha { = 3, i,j,k € {1,...,n}, hogy i # j # k # 1, tovdbbd p;, pj és py
differencidlhatok, akkor a 8iaj8kA£an harmadrendii parcidlis derivdlt létezik a
diag(I™) diagondlison, és

)A 2pip§-p2; + pipspl, + 0iPiok | (pipipk) f"
- 3 +2 3 e
Py Py f

DPiP;jPk f”>2_fm>
T <3(f’ )

o 5 4l
(0:0,0,47)
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(3b) Ha ¢ = 3, 1,5 € {1,...,n}, hogy i # j, tovdbbd p; kétszer differencidlhaté és
pj differencidlhato, akkor a 81»283'14%) harmadrendii parcidlis derivdlt létezik a
diag(I™) diagondlison, és

o \A  20i0)(2pi — po) + pi(2(P})* — pi'po)
(620,47)) " =
7p 3
Do
(2pipj + pip})(2pi —po)  f"
+ 3 r
Po f

. 1"\ 2 1"
+ p;zgj <(3pz’ — o) (?,) - pﬂ;,)
nj

(3¢) Hat =3,i € {1,...,n}, ésp; kétszer folytonosan differencidlhatd, akkor a 82314& »
harmadrendii parcidlis derivdlt létezik a diag(I™) diagondlison, és

,p)A _ 3o —p)(pop! —2(p)%)  pPi(po = 2pi) (0 —pi) 1"

Jo Py f
_Pi(po—pz‘)< '<f">2_ f’")
o 3p; 7 (po + pi) 7 )

A 2. Fejezet osszefoglaloja — Egyenloségi probléma

(97 AT

A [12] dolgozat tartalmazza az eredményeket ebbdl a fejezetbdl, amelyben az n-véltozds
altalanositott Bajraktarevi¢-kozEép egyenléségi problémadjaval foglalkozunk, azaz sziiksé-
ges, illetve elégséges feltételeket adunk az aldbb felsorolt ismeretlen fiiggvényekre nézve
ahhoz, hogy az

(1) (Pr(@1)f(z1) + -+ pa(an) f(20)

/ < p1(z1) + -+ + pn(n) >

(-1) <Q1 (x1)g(z1) +--+ Qn(zn)g(xn)>
q1(@1) + -+ qn(@n)

(42)

fiiggvényegyenlet fenndlljon lokélisan vagy globdlisan, ahol n € N,n > 2 rogzitett,
I egy nemiires, nyilt, valds intervallumot jelol, amely az egész fejezetben igy lesz, az
f,g: I — Rismeretlen fiiggvények szigordan monotonak, ésp = (p1,...,p,): I — R,
illetve ¢ = (q1,-..,qn): I — R} szintén ismeretlen fiiggvények.

Ezt a kérdést a szimmetrikus 2-valtozés esetben, azaz amikor n = 2 és p; = po,
Losonczi [22]-ben mdr vizsgélta, és meg is oldotta hatodrendd regularitési feltételek mel-
lett. Késébb Pdles és Zakaria [38]-ben megjavitotta ezt az eredményt, sikeriilt ugyanazt
igazolniuk els6rendli megszoritdsok mellett. Az el6bb emlitett eset kivételével, ebben a
forméban, a fejezet minden mas eredményét mi publikaltuk el6szor [12]-ben. Pontosabban,



A 2. FEJEZET OSSZEFOGLALOJA 101

az aszimmetrikus 2-valtozds esetben, azt feltételezve, hogy f, g haromszor differenci-
alhato, és hogy 1étezik i € {1, 2}, hogy vagy p; kétszer folytonosan differencidlhaté és
p3—; folytonos, vagy p; kétszer differencidlhat6 és ps_; differencidlhatd, azt bizonyitjuk,
hogy az egyenl6ség pontosan akkor teljesiil, ha 1éteznek a, b, ¢, d € R konstansok, hogy
ad # be, és

_af+b ‘s
Y

cf+d>0, qg:(cf—i-d)pg (56{1,...,7@}).
Az n > 3 esetben ugyanezt a konkliziét kapjuk gyengébb regularitasi feltételek mellett.
Nevezetesen, azt tessziik fel, hogy f és g haromszor differencidlhatd, p folytonos és
léteznek 4, j, k € {1,...,n}, hogy i # j # k # i és p;, p;, pi, differencidlhatok.

Elégséges feltételek

Tétel. Legyen f: I — R egy szigoriian monoton ndvekedd fiiggvény, n € N, és legyen
p=(p1,.-.,pn): 1 — R} Ekkorazy = A?L(w) egyenlet pontosan akkor dll fenn
minden x € I"-re, ha, z € I esetén,

n <0 ifz<
S pilan) (F(2) — Flas)) g’ 43)
=1

>0 ifz>y.

Ha f szigoriian monoton csokkend, akkor a (43)-beli egyenlétlenségek forditott reldcios
jellel teljestiilnek.

Kovetkezmény. Legyen f: I — R folytonos, szigoriian monoton, n € N, és legyen
p = (p1,--.,pn): I — R%. Ekkor, minden x € I" esetén, azy = AEZLL(:U) érték
egyértelmii megolddsa az aldbbi egyenletnek:

Zpi(xi)(f(y) — f(z;)) = 0.

A kovetkez6 eredmény egy elégséges feltételt ad két n-véltozds dltaldnositott Bajrakta-
revié-kozép egyenlGségére. Ezt az esetet az egyenldség kanonikus esetének fogjuk hivni.

Tétel. Legyenck f,g: I — R szigoriian monoton fiiggvények, n € N, és legyenek
p=(P1,---spn): I = RY, q=(q1,...,qn): I — R} Ha léteznek a,b,c,d € R
konstansok, hogy ad # bc, és

f+d>0, g:jjj{sz & g=(cfrdp (ef{l,...,n}) @

teljesiilnek I-n, akkor AB?L = Ag}}l globdlisan érvényes.
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Sziikséges feltételek

Az aldbbi lemma segitségével csokkenteni tudjuk a regularitasi feltételeket llitdsainkban.

Legyenn € N. Minden i € {1,...,n} esetén jelolje R™ természetes bazisdnak i-edik
vektordt e; € R", azaz legyen e; := (0;;)7_;. Kétadott p = (p1,...,pn): I — RY és
q=(q1,---,qn): I — R silyfiiggvény esetén az alabbi jelolést is haszndlni fogjuk:

ppi= B0 _ Bt
Po p1t-o+pn

Lemma. Legyenek f,g: I — R szigoriian monoton, folytonos fiiggvények, n € N;n > 2,
és legyenek p = (p1,...,pn): I = R, q = (q1,...,qn): I — R} Tegyiik fel, hogy

A%} = AL@, lokdlisan teljesiil. Ekkor az aldbbi két dllitds érvényes.
(i) Minden i € {1,...,n} esetén a p; fiiggvény pontosan akkor folytonos, ha q; folyto-

nos.

(ii) Legyen k € N. Tegyiik fel, hogy f,g: I — R k-szor differencidlhaté (k-szor
folytonosan differencidlhato) fiiggvények nemnulla elsd derivdlttal. Ekkor, minden
i € {1,...,n} esetén, a p; fiiggvény pontosan akkor k-szor differencidlhato (k-
szor folytonosan differencidlhatd), ha q; k-szor differencidlhaté (k-szor folytonosan
differencidlhato)

v

A kovetkezd kiterjesztési tétel alapvetd fontossagu, hiszen a {6 tételek bizonyitasaiban
el6szor csak az értelmezési tartomdny egy részintervalluman tudjuk garantdlni az egyenld-
ség kanonikus esetének fennallasat. Aztan a kovetkezé f6 1épés a bizonyitdsokban az az,
hogy kiterjessziik ezt az egész intervallumra.

Tétel. Legyenek f,g: I — R szigoriian monoton, folytonos fiiggvények, n € N, p =
(P1,---,pn): I — R egy folytonos fiiggvény, és legyen q = (q1,...,qn): I — R,
Tegyiik fel, hogy AE:;]) = A[;f;] lokdlisan fenndll, és hogy léteznek a,b,c,d € R kons-
tansok, melyekre ad # bc érvényes, tovdbbd, hogy létezik I-nek egy J nemiires, nyilt
részintervalluma, amelyen (2.2) érvényes. Ekkor q folytonos és (2.2) az I intervallumon is
teljestil.

Két altalanositott Bajraktarevié-k6zEép egyenléségére vonatkozd elsd- €s masodrendi
sziikséges feltételeket az alabbi két lemmaban részletezziik.

Lemma. Legyenn € Nyn > 2és f,g: I — R differencidlhato fiiggvények nemnulla
elsd derivdlttal, és legyen i € {1,...,n}. Legyenek tovdbbd p = (p1,...,pn): I — R
ésq=(q1,--.,qn): I = R olyan fiiggvények, hogy p; és q; folytonosak. Ha 8@14%, =
5‘1-143?,]1 fenndll a diag(I™) diagondlison, akkor
di Pi
— = — 45
do  Po (45)

teljesiil az I intervallumon.
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Lemma. Legyen n € Nyn > 2 és f,g: I — R kétszer differencidlhato fiiggvények
nemnulla elsé derivdlttal. Legyenek tovdbbd p = (p1,...,pn): I — R} és ¢ =
(q1,---,qn): I = R folytonos fiiggvények, és tegyiik fel, hogy, minden i € {1,...,n}
esetén, a (45) egyenldség fenndll az I intervallumon. Legyen j,k € {1,...,n}. Ekkor az
aldbbi két dllitds érvényes.
(i) Feltéve, hogy j # k és a pj, pr, q;, illetve gy, fiiggvények differencidlhatok, ha
ajﬁkAEZZL = 8]-3;@14[97};1 teljesiil a diag(I™) diagondlison, akkor létezik egy olyan
nemnulla y konstans, hogy minden i € {1,... ,n} esetén

a'q =i I’ (46)
érvényes az I intervallumon.

(ii) Feltéve, hogy j = k és a pj;, q; fiiggvények folytonosan differencidlhatok, ha
3?14%3 = 8]2-145?;1 teljesiil a diag(I™) diagondlison, akkor létezik egy olyan nemnulla
~y konstans, hogy minden i € {1,...,n} esetén (46) érvényes az I intervallumon.

A kovetkezd fogalom és egy kapcsol6dé lemma kulcsszerepet jétszik a fejezet kés6bbi
bizonyitasaiban hiszen, megoldva a széban forgé fiiggvényegyenlet differencidlasaval
kapott differencidlegyenleteket, az egyik eset, ami adédik az pontosan az az egyenlet,
amire a kovetkezd lemma ad egy sziikséges feltételt, csupan annyi regularitast feltételezve,
ami joldefinidltsdghoz elengedhetetlen.

Definicié. Egy f: I — R hiromszor differencialhatd, nemnulla els$ derivalttal rendelke-
z0 fiiggvény esetén definidljuk a fiiggvény Sy: I — R mddon jelolt Schwarz-derivaltjdt

az alabbi képlettel:
" 3 n\ 2
oo I 31
f/ 2 f/

Lemma. Legyenek f,g: I — R hdromszor differencidlhato, nemnulla elsd derivdlttal
rendelkez0 fiiggvények. Ha Sy = S, fenndll az I intervallumon, akkor léteznek a, b, c,d €
R konstansok, hogy ad # be, cf + d pozitiv I-n, és

_af+b
cf+d

teljesiil az I intervallumon.

A fejezet elso 6 tétele kovetkezik, amely teljes mértékben karakterizalja két legalabb
3-véltozos altalanositott Bajraktarevic-kozép egyenldségét.

Tétel. Legyen n € Non > 3 és f,g: I — R hdromszor differencidlhato, nemnulla
elsd derivdlttal rendelkezd fiiggvények. Legyen tovdbbd p = (p1,...,pn): I — R} egy
folytonos fiiggvény és legyen q = (q1,...,qn) : I — R}, Tegyiik fel, hogy léteznek
i,j,k € {1,...,n} indexek, hogy i # j # k # i és a p;, pj, pi, fiiggvények differencidl-
hatok. Ekkor az aldbbi dllitdasok pdronként ekvivalensek.
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(i) AEZL = Agf[]] teljesiil globdlisan.

(ii) Agcn; = Agf}l teljesiil lokdlisan.
(iii) A q fiiggvény folytonos, a q;, q;, qi. fiiggvények differencidlhatok, és a

0T, = DAl (Ce {1, n—1}),
0,0,A") = 9,0, Al

1p g7q7
0,0;00 A" = 0,0,0, AL,

egyenletek teljesiilnek a diag(I™) diagondlison.

(iv) Léteznek a, b, c,d € R konstansok, hogy ad # bc és

9:2:12 ¢ q=(cf+dp  (Lefl,....n})

teljesiilnek az I intervallumon.

A maésodik 6 tételnek két valtozata van a regularitasi feltételek szempontjabdl, és ez
karakterizélja a 2-valtozés altaldnositott aszimmetrikus Bajraktarevic-kozepek egyenldsé-
gét.

Tétel. Legyenck f,g: I — R hdromszor differencidlhatd, nemnulla elsé derivdlttal
rendelkezd fiiggvények. Legyenek p = (p1,p2): I — R2 és ¢ = (q1,q2): I — R2, hogy
p1 # pa. Tegyiik fel, hogy létezik i € {1,2}, hogy az aldbbi regularitdsi feltételek egyike
teljesiil.

(a) p; kétszer folytonosan differencidlhato és ps—; folytonos.
(b) p; kétszer differencidlhato és ps—; differencidlhato.
Ekkor az aldbbi dllitasok pdronként ekvivalensek.

(i) A?}p = A[%]q teljesiil globdlisan.

(ii) AE?]p = Ag%]q teljesiil lokdlisan.
(iv) Léteznek a, b, c,d € R konstansok, hogy ad # bc és

_af+b
Y=y d

q1 = (cf +d)p1, és g2 = (cf + d)p2

teljesiilnek az I intervallumon.
Ha rdaddsul az f és p fiiggvények (-szer folytonosan differencidlhatok, akkor A[f2
L-szer folytonosan differencidlhato.

] .
plS
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Ahogy kordbban is emlitettiik, a szimmetrikus 2-valtozés esetet mar megoldottak
el6szor hatod-, majd pedig elsérendd regularitasi feltételek mellett a [22], illetve [38]
dolgozatokban.

Tétel. Legyenek f,g: I — R folytonosan differencidlhato, nemnulla elsé derivdlttal
rendelkezd fiiggvények. Legyen tovdbbd p: I — Ry egy folytonosan differencidlhato
fiiggvény és q: I — R. Ekkor az aldbbi dllitdsok ekvivalensek.

a2 2 o .
(i) A;’](p’p) = AL,](q,q) teljesiil globdlisan.
(ii) A?](p,p) = A[;’](q’q) teljesiil lokdlisan.
(iv) Vagy léteznek a, b, c,d € R konstansok, hogy ad # bc és
af+b )
9=va & q=(cf+dp

teljesiilnek az I intervallumon, vagy léteznek P és Q) legfeljebb mdsodfokii polinomok,
hogy P, illetve Q) pozitivak f(I)-n, illetve g(I)-n, és léteznek o, f € R konstansok,
hogy

g=Glo(aFof+8), p=Pof & g=Qlog

fenndllnak az I intervallumon, ahol F, illetve G az 1/ P, illetve 1/Q) egy-egy primitiv
fiiggvényét jelolik.

A 3. Fejezet osszefoglaloja — Osszehasonlitasi probléma

Ennek a fejezetnek az a 6 célja, hogy vizsgaljuk két n-valtozés altalanositott Bajraktarevic-
kozép lokdlis és globdlis Osszehasonlitdsi problémadjat, azaz, hogy sziikséges, illetve
elégséges feltételeket adjunk az alabb felsorolt ismeretlen fiiggvényekre nézve ahhoz,

ey () F() - + pulea) (@)
(-1 ( P1\T1)J\T1) T - 1 PnlTn) ] (Tn
! < 1) T pul@n) )

<g q(z1)g(z1) + -+ qulzn)g(2n) (47)

- (_1)< a(@1) + - + gnlan) )

fliggvényegyenl6tlenség érvényes legyen lokélisan vagy globdlisan, aholn € Nyn > 2
rogzitett, I egy nemdiires, nyilt, valés intervallum, amely az egész fejezetben igy lesz, ha
csak mast nem mondunk, az f, g: I — R ismeretlen fiiggvények szigordan monotonak,
illetve p = (p1,...,pn): I = R} ésq = (q1,...,qn): I — R is ismeretlen fiiggvé-
nyek. Ezen szekci6 eredményeit a [13] dolgozatunkban bizonyitottuk. Megjegyezziik,
hogy, ahogyan a 2. Fejezetben is lattuk, ezen kozepek egyenléségének lokdlis és globalis
fenndlldsa ekvivalens. Viszont, ahogyan ebben a fejezetben olvashatd, az 6sszehasonlitési
probléma esetében nem ez a helyzet.
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A globdlis 6sszehasonlitdsi problémédt illetGen a fejezet f6 eredménye azt mondja ki,
hogy ha az f, g fiiggvények differencidlhatok és nemnulla elsé derivalttal rendelkeznek,
ésmindeni € {1,...,n} esetén

pi @ .. po@)(flx) - fy)

wow O )

q0(x)(g(x) — g(y))
q0(y)9'(v)

(z,y €1I)

teljesiilnek (ahol pg := p1 + -+ + pn és qo := q1 + - - - + qn), akkor a fenti 6sszehasonlit-
hatésagi egyenl6tlenség fennall minden x4, ..., x, € I esetén.

Lokalis osszehasonlithatésag

Definicié. Legyenn € N,n > 2 és U € R" egy nemiires, nyilt halmaz. Az f: U — R
fliggvényt az a € U pontban az i-edik vdltozojdra nézve parcidlisan differencidlhatonak
hivjuk, ha a

i J(@F he) = f(a)
h—0 h

hatdrérték 1étezik és véges. Azt mondjuk, hogy f az a € U pontban parcidlisan differen-
cidlhato, ha minden véltozdjara nézve parcidlisan differencidlhaté. Végezetiil, azzal a
sz6hasznalattal éliink, hogy f parcidlisan differencidlhaté az U halmazon, ha U minden
pontjiban parcidlisan differenciédlhat6.

A (47) osszehasonlithatésagi egyenldtlenség lokalis vizsgélatdhoz felelevenitjiik [36]
alabbi eredményét.

Tétel. Legyen n € N,n > 2 és legyenek M, N : I™ — I olyan n-vdltozds kozepek, hogy
M lokdlisan kisebb, mint N. Tegyiik fel, hogy M és N parcidlisan differencidlhatok a
diag(I™) diagondlison. Ekkor mindeni € {1, ... ,n} esetén

O;M™ = ;N> (48)
Ha rdaddsul M és N kétszer differencidlhatok a diag(I™) diagondlison, akkor a

A Ayn—1
(0;0;N —&@M’%Fl (49)
szimmetrikus ((n — 1) x (n — 1))-tipusii mdtrix pozitiv szemidefinit.

Mdsfeldl, ha a (48) egyenlet érvényes minden i € {1,...,n} esetén, tovibbd M és
N kétszer folytonosan differencidlhatok a diag(I™) diagondlison és a (49) dltal adott
szimmetrikus ((n — 1) X (n — 1))-tipusii mdtrix pozitiv definit, akkor M lokdlisan kisebb,
mint N.

E fejezet els6 £6 eredménye sziikséges, illetve elégséges feltételeket ad az éltaldnositott
Bajraktarevi¢-kozepek lokdlis 6sszehasonlithatésdgara.
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Tétel. Legyenn € Nyon > 2, f,g: I — R differencidlhato, nemnulla elsd derivdlttal
rendelkezd fiiggvények, tovdbbd legyenek p, q: I — R} folytonos fiiggvények. Tegyiik fel,

hogy ABZ]? lokdlisan kisebb, mint Agf}l. Ekkor

Dpi qi .
—_ == 1,... .
P (ie{l,....n}) (50)

Ha rdaddsul f, g kétszer differencidlhatdk és p, q folytonosan differencidlhatok, akkor a

(D)

fiiggvény monoton novekedd.

Mdsfeldl, ha f, g és p, q kétszer folytonosan differencidlhatok, (50) teljesiil és a (51)-
ben ldtott fiiggvény derivdltja pozitiv, akkor A ]? ]]7 lokdlisan kisebb, mint Ag},]].

A kovetkez8kben az altalanositott Bajraktarevié-kozepek lokalis 6sszehasonlithatosagi
probléméjinak azt az esetét tekintjiilk, amikor I egy nemiires, nyilt részintervalluma
R, -nak, és a py,...,pn, illetve qi, . . ., g, stulyfiiggvények hatvanyfiiggvények pozitiv
szdmszorosai.

Kovetkezmény. Legyen I C Ry egy nemiires, nyilt intervallum, f,g: I — R diffe-
rencidlhato, nemnulla elsé derivdlttal rendelkezd fiiggvények. Legyen n € Nyn > 2,
Aty An), (p1y o) €RY, (a1, .oy am), (B1s - -+, Bn) € R™, és a siilyfiiggvénye-

ket a

pi(x) == Nz és gi(z) == P (te{l,...,n},zel) (52)

formuldkkal definidljuk. Tegyiik fel, hogy A%) lokdlisan kisebb, mint Agﬁ]. Ekkor léteznek
v > 0¢és 6 € R konstansok 1igy, hogy

Ha rdaddsul f és g kétszer differencidlhatok, akkor az

19 (@)
@) o9

leképezés monoton novekedd az 1 intervallumon.

Masfeldl, ha f, g kétszer folytonosan differencidlhatok, (53) teljesiil és a (54)-ban

ldtott fiiggvény derivdltja pozitiv, akkor AE?Z]? lokdlisan kisebb, mint Agf(]].

T —

A fenti eredmény egy azonnali kdvetkezményeként karakterizalni tudjuk az 4ltaldnosi-
tott hatvanykozepek lokdlis 6sszehasonlithatdsagat.
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Kovetkezmény. Legyen I C Ry egy nemiires, nyilt intervallum, a,b € R pedig konstan-
sok. Definidljuk az f,g: I — R fiiggvényeket az aldbbi képletekkel:

x® haa # 0 b hab # 0
flz) = és g(@) == (55)
log(x) haa=0 log(z) hab=0.
Legyenn € Nyn > 2, (A1,..., ), (p1,---5ptn) € RY, (a1, 00), (B1,-..,58,) €

R™, és definidljuk a p,q: I — R} fiiggvényeket (52) szerint. Ha A[ ] lokdlisan kisebb,

mint AE?;), akkor léteznek v > 0 és § € R konstansok, hogy (53) tel]esul ésa < b+ 290

Mdsfeldl, ha (53) fenndll és a < b+ 20, akkor A" lokdlisan kisebb, mint Ay,

Globalis osszehasonlithatésag

Ha A[ "l » globilisan kisebb, mint A[g t]z’ akkor A ;} lokdlisan is kisebb, mint Ag 21’ és ezért
(50) szuksegessege azonnal addédik, és a (51)-ben latott fiiggvény monoton novekedd
kell legyen. Viszont ezek a feltételek nem elég er6sek ahhoz, hogy maguk utan vonjak
az el6bb emlitett kdzepek globdlis 6sszehasonlithatdsdgat. Az alfejezet elsd tétele azzal
foglalkozik, hogy az (50) feltételt mivel kell kiegésziteni ahhoz, hogy adédjon a globdlis
Osszehasonlithatdsag.

Tétel. Legyenek f,g: I — R szigoriian monoton, differencidlhato, nemnulla elsd deri-
vdlttal rendelkezd fiiggvények, n € N,n > 2, és legyenek p,q: I — R'}. Tegyiik fel, hogy
(50) teljesiil, és
po(z)(f(z) — f(y))
Po(y).f'(y)

Ekkor A[ o » globdlisan kisebb, mint Ag ;1

qo(z)(g9(z) — 9(y))
q0(v)9'(y)

< (z,y €1). (56)

A masod1k eredményliink pedig azzal, hogy az (51) fliggvény monoton névekedésére
vonatkozd feltételt hogyan kell szigoritani ahhoz, hogy az maga utdn vonja a globalis
Osszehasonlithat6sagot. Az deriil ki, hogy ha az (51) fiiggvényt alkot6 szorzétényezdk
mindegyike monoton ndvekedd, akkor az mar elegendd.

Tétel. Legyenek f,g: I — R szigoriian monoton, differencidlhato, nemnulla elsd deri-
vdlttal rendelkezd fiiggvények, n € N,n > 2, és p,q: I — R'}. Tegyiik fel, hogy (50)
teljesiil, illetve

w4 1
o /']
monoton novekedok. Ekkor AEPIL globdlisan kisebb, mint Agfl,.

Megjegyezziik, hogy az (56) elégséges feltétel maga utdn vonja az (51) fliiggvény
monoton ndvekedését. Altalanossigban a megforditds nem igaz, azonban az aldbbiakban
bemutatunk két specidlis esetet, amikor az. Az els6 esetben p és g azonosak.
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Tétel. Legyenek f,g: I — R szigoriian monoton, kétszer differencidlhatdé, nemnulla elsé
derivdlttal rendelkez0 fiiggvények, n € N,n > 2, és legyen p: I — R} egy folytonos

fiiggvény. Ekkor az aldbbi dllitdsok pdronként ekvivalensek.
(i) A%) globdlisan kisebb, mint A[gz],.

(ii) AEZ?; lokdlisan kisebb, mint Ag},]g.
(iii) A |g'/ f'| fiiggvény monoton névekedd.

(iv) Az aldbbi egyenlétlenség teljesiil az I intervallumon:

1! !
L <2
f g

Q

(v) Feltéve, hogy g monoton névekedd (csokkend), a g o f~! fiiggvény konvex (konkdv)

f@)-n;

(vi)
flx) = fly) _ g(z) —g(y)
f'(y) = 9'(y) (=9 € 1)

A masodik esetben az f és g fiiggvények egyeznek meg.

Tétel. Legyen f: I — R egy szigoriian monoton, kétszer folytonosan differencidlhato,

nemnulla elsd derivdlttal rendelkezd fiiggvény, n € N,n > 2, és legyenek p,q: I — R}
folytonos fiiggvények. Ekkor az aldbbi dllitdsok pdronként ekvivalensek.

(i) AEZ:LZ]) globdlisan kisebb, mint AEZ:L(]I.
(ii) AEZ?; lokdlisan kisebb, mint AE:?!I.
(iii) A (50) feltétel teljesiil és a qo/po fiiggvény monoton novekedo.

Kovetkezmény. Legyen I C R egy nemiires, nyilt intervallum, f,g: I — R differenci-
dlhato, nemnulla elsé derivdlttal rendelkezd fiiggvények. Legyen tovdbbd n € N,n > 2,
Ay An)s (15 pin) € RY, (ar, ..o, 00), (Br,--.,0n) € R™ és definidljuk a

p,q: I — R fiiggvényeket (52) szerint. Tegyiik fel, hogy léteznek v > 0és 6 € R
konstansok, hogy (53) fenndll, és

f@) = fly) _ 2°(g(x) — g(v))
OB @y e

n] [n]

Ekkor Agc7 » globdlisan kisebb, mint Ag
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Kovetkezmény. Legyen I C Ry egy nemiires, nyilt intervallum, n € N,n > 2,
Ay An) (15 pin) €RY, (a1, .0 0), (Br, -+, Bn) € R™, éslegyeneka,b € R
konstansok. Definidljuk a p,q: 1 — R} fiiggvényeket (52), a f,g: I — R fiiggvényeket
pedig (55) szerint. Tegyiik fel, hogy léteznek v > 0 és § € R konstansok, hogy (53), illetve
a

min(a,0) < § + min(b, 0) és max(a,0) < § + max(b,0)

egyenlotlenségek teljesiilnek. Ekkor A%H globdlisan kisebb, mint A[gtll,.

A 4. Fejezet osszefoglaloja — Lokalis és globalis Holder- és Minkowski-tipusi
egyenlotlenségek

A Holder, illetve Minkowski 4ltal felfedezett hires egyenl6tlenségek szamos forméban fel-
ifrhat6k, példdul hatvdnykdzepekre vonatkozéan is. Ahhoz, hogy felidézziik a Rogers 4ltal
1888-ban és Holder altal 1889-ben kitalalt klasszikus Holder(—Rogers) egyenl6tlenséget,
legyen p, ¢ > 1 olyanok, hogy % + é = 1. Ekkor minden n € N és z,y € R’} esetén az

1 1
1YL+ A Ty _ (xf%—‘--—i-a:ﬁ)z’(y?—k---%—y%)q

n - n n

egyenlGtlenség teljesiil. A p = g = 2 specidlis esetben ez az egyenltlenség az igynevezett
Cauchy—Bunyakovsky—Schwarz egyenl6tlenségre redukélddik, amelyet a fenti formaban
Cauchy fedezett fel 1821-ben. Egy adott p > 1 val6s paraméter esetén az 1910-ben
publikalt klasszikus Minkowski-egyenl6tlenség azt allitja, hogy a p-edik hatvanyko6zép
szubadditiv, azaz minden n € N és x,y € R’} esetén az

1 1 1
((x1+y1)P+---+(xn+yn)P>p - <x’1’+---+x£>p+(y’f+---+yﬁ>ﬁ
n o n n

egyenl6tlenség fenndll.

Tomoren, ennek a fejezetnek az a célja, hogy az Osszeaddst, illetve a szorzdst egy altald-
nosabb miiveletre és a hatvanykozepeket pedig altaldnositott Bajraktarevié-kozepekre, spe-
cidlisan sulyozott Gini-kozepekre cserélve, a Holder- és Minkowski-egyenlStlenségekkel
anal6g egyenl6tlenségeket vizsgaljunk. Ezenfeliil az is célkitlizésiink, hogy karakteri-
zaljuk ezeket az egyenlGtlenségeket lokalis €s globdlis értelemben is. Sziikséges, illetve
elégséges feltételeket fogunk levezetni az

Mo(®(x1), ..., 0(z,)) < (M (2)), ..., My(zF)), (57)

fuggvényegyenl6tlenség lokdlis, illetve globalis teljesiilésére, aholn € Nyn > 2,k € N,
minden « € {0, ..., k} esetén I, C R egy nemiires, nyilt intervallum, [ := I X -+ - x I,
My : I" — I, egy n-valtozés kozép, és ®: I — I adott leképezés. Osszhangban a
korabbi fejezetekben haszndlt terminoldégiaval, ha 1étezik olyan U C I™ nyilt halmaz,
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amely tartalmazza a diag(I™) diagonalist, és a (57) egyenlStlenség teljesiil minden x €
UT C Hk I esetén, akkor azt mondjuk, hogy (57) lokdlisan érvényes. Ha (57) fenndll

a=1"«
minden z € (I")T = szl I7! esetén, akkor azt mondjuk, hogy (57) globdlisan érvényes.
Vilagos, hogy (57) globdlis érvényessége maga utdn vonja annak lokalis érvényességét.
Ezt kovetben azt a specidlis esetét tekintjiikk a (57) egyenl6tlenségnek, amikor az

0sszes kozép n-valtozos altalanositott Bajraktarevié-kozép, azaz az

AR (@), @) < @Al [t Al @y, (58)
fiiggvényegyenlGtlenséggel foglalkozunk, ahol minden o € {0, ..., k} esetén az ismeret-

len fo: I, — R fiiggvény szigordan monoton, és p*: I, — R’} is ismeretlen fiiggvény.
Sziikséges, illetve elégséges feltételeket kapunk a lokdlis, illetve a globdlis érvényességére.
Megemlitjiik (58) néhany fontos specidlis esetét.

1. Hak =1,Iy = I, =: J és ®(x) = z, akkor (58) az dltaldnositott Bajraktarevic-
kozepek J intervallumon valé lokdlis és globdlis 0sszehasonlithatdsdgara egyszer-

sodik.
2.HakeNk>2Ig=5==1I,=J ®@1,...,75) = 1(x1+ - + 1),
ésfo=fi=-=fo=f,p0=pl=-..=pF ::p,akkor(SS)azAE:L}]Dkbzép

J-n valé Jensen-konvexitasat jelenti. Ebben az esetben (58)-mat Jensen-tipusd
egyenl6tlenségnek mondjuk.

3. HakEN,kZQ,I():Il:---:Ik:]RJr,(I)(ml,...,a:k):x1+-~-+mk,és
fo=fi=-=fo=f.p° =p" = = pF =t p, akkor (58) az A} kizép

R halmazon valé szubadditivitdsat fejezi ki, amelyet gyakran Minkowski-tipusu
egyenl6tlenségnek is mondunk.

4 Hak e NNk > 2, [p =1 = - =1 = R+, (I)(l'l,...,l'k) = X1 Tk,
akkor (58) egy az A%}po, Agz]pl, e ,Agf;] ok kozepekre vonatkozé Holder-tipusi

egyenl6tlenségre redukalodik.

Harom tétel kivételével a fejezet 6sszes eredményét a [14] dolgozatunkban bizonyi-
tottuk el6szor. A harom tétel koziil kettd a Gini-kdzepekre vonatkozé Minkowski-tipusu
egyenlStlenség globdlis fennallasat karakterizalja a 2-valtozds esetben, illetve rogzitetlen
valtozészdm mellett. A harmadik a Gini-kdzepekre vonatkozé Holder-tipusi egyen-
16tlenség globdlis teljesiilésére ad sziikséges és elégséges feltételrendszert rogzitetlen
valtozészam mellett. Mindharom emlitett tétel el6tt kihangstilyozzuk, hogy az adott
eredmény mely szerz6(k)nek kdszonhets, és melyik publikdcidban taldlhatd meg.

Holder- és MinkowskKi-tipusu egyenlotlenségek a lokalis értelemben

Ebben és a kovetkezd alfejezetben minden k € Nés o € {0, ..., k} esetén I, C R egy
nemiires, nyilt intervallumot fog jelolni, és az [ := I} x --- x [} jelolést is rogzitjiik.
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A (57) egyenlotlenség vizsgalatdhoz vezessiik be az F': I x - -+ x I}' — R fliggvényt,
amely az alabbi képlettel definidlt:

F(x)=F(z',... 2% = oM (ah),..., Mp(aF)) — Mo(®(21), ..., ®(x,)). (59)

Megjegyzés. Vegyiik észre, hogy minden y € I esetén F'(A% (y)) = 0. Valéban, felhasz-
ndlva az My, My, . .., M} fiiggvények kozépérték tulajdonsdgat, azt kapjuk, hogy
F(AL () = F(An(1), -, An(yr))
= (Mi(An(y1)),-- > Mp(An(yk))) — Mo(An(2(y)))
= O(M{ (1), ., M () — M§*(2(y)) = @(yn, -, y) — B(y) = 0.
Megfogalmazzuk a kdvetkezd lemmat az F' fliggvény parcidlis derivaltjainak kiszami-

tasahoz a A (y) alakd pontokban.

Lemma. Legyenck n,k € N,k > 2 és minden o € {0, ..., k} esetén My: I — I, egy
n-vdltozos kozép, definidljuk az F': 17" x --- x I} — R fiiggvényt (59) szerint, és legyen
P: I — Io.
(i) Minden o € {0,. .., k} esetén tegyiik fel, hogy M, parcidlisan differencidlhaté a
diag(I7) diagondlison, és hogy ® differencidlhaté. Ekkor minden i € {1,... k},
te{l,...,n}ésy € I esetén

Opn(i-1) F(AR(y)) = 8i®(y) (0eMP (y:) — e ME* (2(y)))-

(ii) Minden o € {0,. .., k} esetén tegyiik fel, hogy M, kétszer parcidlisan differenci-
dlhaté a diag(1}) diagondlison, és hogy ® kétszer differencidlhato. Ekkor minden
i,je{l,....k} t,me{l,...,n} ésy € I esetén

Otn(i—1)Omni—1) F (AR (1))
= 0,0, (y) (Om M2 ()0 M (i) — S0,mOm MG (2(y)))
— 0;9(y) (9 (y) 00 Mg (B (y)) — 0i,0e0m M (y5)).-
Az alabbi két eredmény az els6- €s masodrendi sziikséges feltételeket irja le (57)
lokalis teljestiléséhez.

Tétel. Legyenck n,k € N,k > 2 és minden a € {0,...,k} esetén My: I} — I,
egy n-vdltozds kozép, amely parcidlisan differencidlhaté a diag(I?) diagondlison, és
legyen tovdbbd ®: I — I sziirjektiv és differencidlhato, nemnulla elsérendii parcidlis
derivdltakkal rendelkezd fiiggvény. Tegyiil fel, hogy a (57) egyenlotlenség lokdlisan

érvényes. Ekkor léteznek A1, . .., A, € Ry konstansok, hogy minden (yo,y) € Iy X I és
te{l,...,n} esetén
— A _ A _ _ A
Av = 0¢My (yo) = Oe My~ (y1) = - = Oe M (yk).- (60)
Ha rdaddsul néhdny o € {0,...,k} és yo € I, esetén az M, kozép differencidlhaté

Ay (Yya)-ban, akkor \y + - -+ + \, = 1 is fenndill.
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Tétel. Legyenek n,k € N,k > 2 és minden o € {0,...,k} esetén My: I — I egy
n-vdltozos kozép, amely kétszer parcidlisan differencidlhaté a diag(1}}) diagondlison, és
legyen ®: I — Iy egy sziirjektiv, kétszer differencidlhato, nemnulla elsérendii parcidlis
derivdltakkal rendelkezd fiiggvény. Tegyiik fel, hogy az (57) egyenlbtlenség lokdlisan
érvényes. Ekkor léteznek A1, . .., A, € Ry konstansok, hogy A1 +- - -+ A\, = 1, és minden
(yo,y) € Ipx1ést € {1,...,n} esetén a (60)-beli egyenldségek fenndllnak. Ha rdaddsul
minden y € I esetén az ((nk) x (nk))-tipusi mdtrix, amelynek ({+n(i—1), m+n(j—1))-
edik eleme, aholi,j € {1,... k} éstl,m e {l,...,n}, a

8;0;0(y) AmAe — 0r.mAm) — 0i®(y)0;® (y)Dpd ME (B(y))
+05,0;®(y) 0 M (y5)

modon adott, pozitiv szemidefinit.

Altalanositott Bajraktarevié-kozepekre vonatkozé Holder- és Minkowski
tipusu egyenlotlenségek

Az alébbi tétel azt irja le, elsd, illetve masodrendii differencidlhatésagi feltétel mellett,
hogy (58) lokdlis érvényessége esetén mi teljesiil sziikségszeriien.

Tétel. Legyenek n,k € Nk > 2 és minden o € {0,...,k} esetén fo: I, — R egy
differencidlhato, nemnulla elsé derivdlttal rendelkezd fiiggvény, legyen tovdbbd p® =
(F, ..., p5%): I — R folytonos és pg := p§ + - - - + pfy. Legyen ®: I — Iy sziirjektiv,
differencidlhato, nemnulla elsérendii parcidlis derivdltakkal rendelkezd fiiggvény. Tegyiik
fel, hogy a (58) egyenlétlenség lokdlisan érvényes. Ekkor léteznek A\i,..., A\, € R4
konstansok, hogy \1 + - - + A\, = 1 és minden o € {0, ...k}, illetve £ € {1,...,n}
esetén

p§ = Aepy (61)

fenndll az I, intervallumon. Ha rdaddsul minden o € {0, ..., k} esetén f, kétszer
differencidlhato, p™ folytonosan differencidlhato és ® kétszer differencidlhato, akkor a

0)/ "

= =89 — 5. , (po Jo
r(y) .—( 010;(y) 33‘1’(@/)&‘1)(?;)(2 ) fé)@(y))

J\/ " k
#0500 (22804 ) )
Py J i,j=1

(62)

képlettel adott (k x k) tipusi I'(y) mdtrix pozitiv szemidefinit minden y € I esetén.

Az alabbi eredmény egy konvexitési tulajdonsdg form4djaban djrafogalmazza a fenti
tétel pozitiv szemidefinitségi feltételét.

Tétel. Legyenek n,k € N,k > 2 és minden o € {0,...,k} esetén fo: I, — R egy
kétszer differencidlhato, nemnulla elsd derivdlttal rendelkezd fiiggvény, legyen tovdbbd
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p* = (pf,...,p5): 1o — R} folytonosan differencidlhaté és py = p§ + --- + pj.
Legyenk ®: I — Iy egy sziirjektiv, kétszer differencidlhato, nemnulla elsérendii parcidlis
derivdltakkal rendelkezd fiiggvény. Tegyiik fel, hogy a (58) egyenlétlenség lokdlisan
érvényes. Végiil, minden o € {0, ..., k} esetén defindljuk a p,: I, — R és aztdn a
©: I — RF fiiggvényeket az aldbbiak szerint:

Pa 1= /(pﬁ)zf& é o) = (e1(1), - er(yr)-
Ekkor ©1, ..., @y, és  kétszer differencidlhato, invertdlhato fiiggvények, és a

U(u) == po(P(p~" (1))
formuldval definidlt ¥ : o(I) — R leképezés konkdv, ha fl > 0, és konvex, ha f} < 0.

Megjegyzés. Megjegyezzilk, hogy a ¥ segédfiiggvény konkdvitdsa nem csupan egy
kovetkezménye a I métrixértékd fliggvény pozitiv szemidefinitségének, hanem igazdbdl
ekvivalens azzal. Madsfel6l, ha minden sulyfiiggvény a konstans 1 fiiggvény, akkor
Yo = fa, €s a kvaziaritmetikai kozepek elmélete szerint (1d. [15]) ebben az esetben ¥
konkdvitdsa elégséges is az (58) egyenlGtlenség globdlis teljesiiléséhez.

Az alabbi két tétel elégséges feltételeket ad az (58) egyenl6tlenség lokalis, illetve
globadlis fennélldséra.

Tétel. Legyen k € N és minden o € {0, ..., k} esetén fo: I, — R egy differencidlhatd,
nemnulla elsd derivdlttal rendelkezd fiiggvény, pg : 1o — Ry, és legyen tovdbbd ®: I —
Iy parcidlisan differencidlhaté. Tegyiik fel, hogy az aldbbi egyenlétlenség lokdlisan teljesiil
az I? halmazon, azaz létezik egy V' C I? nemiires, nyilt halmaz, amely tartalmazza a
diag(I?) diagondlist, és minden (u,y) € V esetén

pO(® (1)) (fo(®(y )) (63)
O

fo(® i y] )(fi(y;) — fi(uy))
®(u)) 2:: ph(uj) £1(u;)

fenndll. Ekkor minden n € N és olyan \ € R} konstansok esetén, amelyekre \y + - - - +
An = 1 érvényes, az

A;O{% (@ (1), ..., B(xn)) <c1>(A["{pOA( zh), .. ,AﬁpgA(xk)) (64)

egyenldtlenség lokdlisan teljesiil.

Megjegyzés. Vegyiik észre, hogy az (58)-ben el6fordul6 dltalanositott Bajraktarevié-koze-
pek sulyfiiggvényei sziikségszerlien olyan alakdak, mint (61)-ben. Ezért a (58) egyenl6t-
lenség lokalis, illetve globalis teljesiilése azonnal kovetkezik a (64) egyenl6tlenség lokdlis,
illetve globdlis érvényességébdl.
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Tétel. Legyen k € N és minden o € {0, ..., k} esetén fo: I, — R egy differencidlhato,
nemnulla elsé derivdlttal rendelkezd fiiggvény, pg: In — Ry, és legyen ®: 1 — I
parcidlisan differencidlhato. Tegyiik fel, hogy (63) globdlisan, azaz minden u,y € I
esetén teljesiil az I? halmazon. Ekkor minden n € N és olyan \ € R} konstansok esetén,
amelyekre \1 + - - - + A\, = 1 érvényes, a (64) egyenldtlenség globdlisan teljesiil.

Az alabbi eredmény egy sziikséges feltételt ad a (63) egyenlStlenség lokélis fennalla-
séra.

Tétel. Legyen k € N és minden o € {0,. ..k} esetén f,: I, — R egy kétszer differen-
cidlhato, nemnulla elsé derivdlttal rendelkezd fiiggvény, py : 1o — Ry pedig egy kétszer
differencidlhato fiiggvény. Legyen tovabbd ®: I — Iy kétszer differencidlhato. Tegyiik
fel, hogy a (63) egyenlétlenség lokdlisan teljesiil, azaz létezik olyan V- C I? nemiires,
nyilt halmaz, amely tartalmazza a diag(I1?) C V diagondlist, és (63) fenndll minden
(u,y) € V esetén. Ekkor a (62) dltal definidlt T': I — R¥*F mdtrixértékii fiiggvény
értékei pozitiv szemidefinit mdtrixok.

A fenti dllitdsa megforditdsa dltaldnossdgban nem igaz. A feltételeken szigoritani kell,
nevezeten pozitiv definitséget kell feltételezni pozitiv szemidefinitség helyett.

Tétel. Legyen k € N és minden o € {0, ..., k} esetén fo: I, — R egy kétszer folytono-
san differencidlhato, nemnulla elsd derivdlttal rendelkezo fiiggvény, py : 1o — Ry pedig
egy kétszer folytonosan differencidlhato fiiggvény. Legyen tovdbbd ®: I — Iy kétszer
folytonosan differencidlhato. Tegyiik fel, hogy minden y € I esetén a (62) szerint adott
(k x k)-tipusii I'(y) mdtrix pozitiv definit. Ekkor minden n € N és olyan X € R’} esetén,
amelyekre A1 + - - - + A\, = 1 érvényes, a (64) egyenldtlenség lokdlisan teljesiil.

Silyozott Gini-kozepekre vonatkozé Holder- és Minkowski-tipusi
egyenlétlenségek

Ebben a fejezetben k € N, € {1,...,k} esetén I, az R halmaz egy nemiires, nyilt
részintervallumat jeloli, legyen I := I} X - - - x Iy, és a fenti eredményeket alkalmazzuk a
(57) egyenl6tlenség néhany fontos specidlis esetére. El6szor olyan egyenltlenségekkel
foglalkozunk, amelyeket tigy kapunk (57)-b6l, hogy, minden v € {0,..., k} esetén, az
M, kozepeket konkretizaljuk, aztdn pedig az olyan esetekben vonunk le kovetkeztetéseket,
amikor (57)-ben a ® fiiggvényt a k-valtozds Osszeaddsnak, illetve szorzdsnak valasztjuk.

Definicié. Legyen n € N és elevenitsiik fel adott » € R esetén az n-vdltozos \ €
R, A1 + -+ + Ay = Lsiilyvektorral siilyozott r-edig hatvdny vagy r-edik Holder kozép,
adott (r, s) € R? esetén pedig az n-vdltozés A € R? , \; + --- + X\, = 1 siilyvektorral
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siilyozott, (r,s) € R? paraméterii Gini-kizép fogalmat:

(M + -+ A2])™ har #£0

H[n](ﬂUl Tn)
A ) )
r -1'1\1372” har:(),
1
)\ r )\ T —
<A1xi j: 1;@?) har # s
GL?A,A(xla,xn) = 1 1 nLy,

p Az In(@y) + - - + Ay, In(ay,) har = s.

Megjegyzés. Vilagos, hogy a s = 0 specidlis esetben ngl yaH T[n/]\ kozepet adja vissza.
Azt is megjegyezzilk, hogy minden n € Nés ¢ € {1,...,n} esetén a py(t) := A\gt® és

f(t) :==t""% har # svagy f(t) := In(t), har = s vdlasztdsokkal Agff; = G[:s];)\ adodik.

Az aldbbi 4llitas egy, a stlyozott Gini-kozepekre vonatkoz6 dltaldnos egyenlStlenség
lokdlis fennallasara ad sziikséges, illetve elégséges feltételt.

Tétel. Legyenek n,k € N,k > 2, X\ € R} és minden o € {0,...,k} esetén legyen
(Tas Sa) € R2. Legyen tovdbbd ®: I — R kétszer differencidlhatd, nemnulla elsérendit
parcidlis derivdltakkal rendelkezd fiiggvény. Ekkor a

G (@), ., B(wn) <G (@Y, G (@) (65)

70,505 T1,51; T TR, Sk
egyenldtlenség lokdlis teljesiiléséhez sziikséges, hogy a
ro+so—1 ri+s; —1 K
T(y) == ( — 0:0;®(y) — 0;®(y)dP(y)—5 ~— + 5i,j<9j‘1’(y)jj>
(y) Yj ij=1

formuldval definidlt (k x k)-tipusii T'(y) mdtrix pozitiv szemidefinit legyen minden y € I
esetén. Megforditva, ha ez a mdtrix pozitiv definit minden y € I esetén, akkor (65)
lokdlisan fenndll I-n.

Az aldbbi tétel egy elégséges feltételt ad a (65) egyenlStlenség globdlis érvényességére.

Tétel. Legyen k € N,k > 2 és minden € {0,...,k} esetén legyen (ro,5,) € R2.
Legyen tovabbd ®: I — R egy parcidlisan differencidlhato fiiggvény. Tegyiik fel, hogy

() Xro ey (;’;gg) < éaj‘l’(u)qumsa‘ ()

globdlisan, azaz minden (u,vy) € I1?-re teljesiil. Ekkor minden n € N és olyan \ € R%
esetén, amelyre \1 + - - - + A\, = 1 fenndll, a (65) egyenldtlenség globdlisan érvényes I-n.
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Azon specidlis esetek vizsgédlatdhoz, amikor ® az 6sszeg-, illetve a szorzatfiiggvény,
sziikségiink lesz az alabbi segédallitdsra.

Lemma. Legyen k € N és minden i € {0, ..., k} esetén ¢; € R. Ekkor a

k

C = (Gijci+co); jy

mdtrix pontosan akkor pozitiv szemidefinit, ha vagy ¢; > 0 minden i € {0, ..., k} esetén,

vagy létezik i € {0, ...k}, hogy ¢; < 0ésc; > 0minden j € {0,...,k}\ {i} indexre,
és

1 1 1
—+—+--+—<0. (66)
Co C1 Ci

Tovdbbd C' pontosan akkor pozitiv definit, ha vagy ¢; > 0 minden i € {0, ... k} esetén,

és c; = 0 legfeljebb egy i € {0, ..., k} indexre teljesiil, vagy létezik i € {0,...,k}, hogy
¢ <0ésc; > 0mindenj € {0,...,k}\ {i} esetén és (66) szigorii egyenldtlenséggel dll
fenn.

Az alabbi eredmény karakterizélja a stlyozott Gini-kdzepekre vonatkozé Minkowski-
tipusui egyenlStlenséget a lokdlis esetben.

Tétel. Legyenek n,k € N,k > 2 és A € R'}. Minden i € {0,...,k} esetén legyen
tovdbbd (r;,s;) € R% ésy; :=r; + 5, — 1. A
(@4 tab by <e™ @Y+ + 6" (@R 67)

— Tr,s1A TkySkiA

G [n]

70,803\

egyenlotlenség 1-n valo lokdlis fenndlldsdhoz sziikséges, hogy az aldbbi esetek koziil
pontosan egy teljesiiljon:

(i)

(ii) v; > O mindeni € {0, ..., k} indexre, és

S Dmeg G- e

(iii) vo < 0 és létezik i € {1,...,k}, hogy vi <0, minden j € {1,...,k} \ {i} esetén
vj > 0, és a (69) egyenldtlenség fenndll,

ahol, az utolso két esethez definidljuk az aldbbi halmazokat:
1 1 1 1
Jpi=3<1€e{l,...,k >} és J::{ié 1,...,k:>}.
i { t a Yi 0 { J Yo Vi

Megforditva, ha vagy (68) teljesiil és emellett ~; = 0 legfeljebb egy i € {0, ..., k} index
esetén teljesiil, vagy o # e valamilyen ¢ € {1, ... k} indexre és (ii) vagy (iii) koziil az
egyik feltétel teljesiil, akkor (67) lokdlisan érvényes I-n.
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Kovetkezmény. Legyenek n,k € Nk > 2és A € R'}. Mindeni € {0,...,k} esetén
legyen tovdbbd (r;,s;) € R%. Minden o € {1,...,k} index esetén tegyiik fel, hogy az
I, C Ry nemiires, nyilt intervallum kielégiti az inf I, = 0 megszoritdst. Ekkor ahhoz,
hogy a (67) egyenldtlenség lokdlisan fenndlljon az I intervallumon, sziikséges az, hogy

max (1,79 + so) < min(ry + $1,...,7k + Sk)-

Megforditva, ha ez az egyenlétlenség szigori, akkor (67) lokdlisan teljesiil I-n.

7 2z

Az kovetkez6 allitds a Minkowski-tipusu egyenl6tlenség globdlis érvényességére ad
egy sziikséges feltételt.

Tétel. Legyen k € N,k > 2 és mindeni € {0,. .., k} esetén legyen (r;, s;) € R2. Tegyiik
fel, hogy minden (u,y) € I? esetén a

k
y1+--'+yk> Uj (%)
- 0 I < Y — N A
XT0’80<U1+"'+Uk = ;Ul _|_..,_i_uerg,sA7 u;

egyenldtlenség igaz. Ekkor mindenn € N ésolyan A € R} esetén, amelyre A1+ - -+, =
1 teljesiil, a (67) egyenldtlenség globdlisan fenndll az I intervallumon.

A mogottes intervallumot specializdlva egy konkrétabb 4llitdst is meg tudunk fogal-
mazni.

Kovetkezmény. Legyen k € N,k > 2 és minden i € {0,...,k} index esetén legyen
(4, 8;) € R2. Tegyiik fel, hogy minden z € Ri ésolyanty, ..., ty € [0, 1] esetén, amelyre
t1 + - -+t = 1 teljesiil, az aldbbi egyenldtlenség fenndll:

k
X7r0,50 (tlzl +oF tkzk Z JX1j,85 Z] (70)

Ekkor minden n € N és olyan A € R} esetén, amelyre A\ + - - - + A\, = 1 teljesiil, a (67)
egyenldtlenség globdlisan érvényes az Ri halmazon.

Ahhoz, hogy az eredményeinket 6sszehasonlitsuk a mar meglévéekkel, felelevenitiink
két, a Minkowski-tipusti egyenldtlenség globdlis fenndllasdra vonatkozo tételt. A 2-
valtozds Gini-kozepek esetében a Minkowski-tipusu egyenltlenséget Czinder és Pales
karakterizalta (1d. [7, Theorem 5] és egy specidlis esetért [26]).

Tétel. Legyen k € N, k > 2 és mindeni € {0, ..., k} esetén legyen (r;, s;) € R2. Ekkor

a

G, (w1 + -+ gy + - +yp) < GL’I]sl(an,m) + G (g, yr) (7D

TkySk

egyenldtlenség pontosan akkor teljesiil minden 1, ..., Tk, y1,- ..,y € Ry esetén, ha
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(i) 0 < min(ry, S1,....Tk, Sk),
(ii) min(rg, sp) < min(1, 71, $1,....7%, Sk),
(iii) max(1,ro + sp) < min(ry + $1,...,7% + Sk).

Megjegyzés. Vegyiik észre, hogy a fenti tétel harmadik feltétele nem mas, mint a (71)
egyenlStlenség R -on vald lokdlis fenndlldsanak sziikséges feltétele. Az (i) és (ii) feltéte-
lek azonban nem sziikséges feltételei (71) R,.-on vald lokalis érvényességének.

Rogzitetlen véltozészam mellett a Gini-kézepekkel kapcsolatos Minkowski-tipusi
egyenl6tlenség globalis teljesiilésére vonatkozé sziikséges és elegends feltételeket Péles
hatdrozta meg (1d. [31, Theorem 3.1]).

Tétel. Legyen k € N,k > 2 és mindeni € {0, ..., k} esetén legyen (r;,s;) € R2. Ekkor
a

G (@4 +af, L ah 4+ al) <GM (@) o+ G @M (72)

70,50

egyenldtlenség pontosan akkor dll fenn minden n € N és x € RfﬁXk esetén, ha

(i) 0 < min(ry,$1,..., 7k, Sk)s
(ii) min(rg, sp) < min(1,r1,s1,..., 7%, Sk),
(iii) max(1,rg, so) < min(max(ri,si),...,max(rg, Sg)).

Megjegyzés. Vegyiik észre, hogy az el6z6 két tétel (i) és (ii) feltételezi megegyeznek,
ezért ezek sziikséges feltételei lehetnek (72) globdlis teljesiiléséhez minden rogzitett
n € N esetén. A harmadik feltétel alakja nem ismert rogzitett n € N esetén. Azt is
megjegyezziik, hogy a fenti tétel (i)-(iii) feltételrendszere sziikséges és elégséges ahhoz,
hogy a (70) egyenl6tlenség fenndlljon minden 2 € Rﬁ ésolyantq,...,t; € [0,1] esetén,
amelyre 1 + - - - + ¢, = 1 teljesiil.

Az alabbiakban Gini-kozepekre vonatkoz6 Holder-tipusi egyenl6tlenségeket karakte-
rizadlunk mind a lokélis, mind pedig a globdlis esetben.

Tétel. Legyenek n,k € N,k > 2 és A\ € R, Legyenek (ro,50), ..., (T, Sk) € R? és
vi := 1 + s; minden i € {0, ..., k} esetén. Ekkor ahhoz, hogy a

GM o a@teah el k<@l @l el @) 73
egyenldtlenség lokdlisan fenndlljon ]le_-n, sziikséges az, hogy vagy v; > 0 minden 1 €
{0,...,k}-ra, vagy létezik i € {0,...,k}, hogy v; < 0, minden j € ({0,...,k})\ {i}

esetén y; > 0 és

1 1 1
—+— <+ 4+ —<0 (74)
YN Vi
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teljesiil. Megforditva, ha vagy v; > 0 minden i € {0, ..., k} esetén és emellett v; = 0
legfeljebb egy i € {0,...,k} index esetén dll fenn, vagy létezik i € {0,...,k} hogy
vi < 0, minden j € {1,...,k} \ {i} esetén v; > 0 és (74) szigorii egyenldtlenséggel
teljesiil, akkor (73) érvényes lokdlisan az Rﬁ halmazon.

Tétel. Legyen k € N,k > 2 és mindeni € {0,. .., k} esetén legyen (r;, s;) € R2. Tegyiik
fel, hogy minden zy € (I1/1), ...,z € (Ir/1}) esetén a

Xrj,s;(25) (75)

X*TO,*SO

||Mw

fenndll. Ekkor mindenn € N és olyan \ € R"} esetén, amelyre \1 + - - - + A\, = 1 teljesiil,
+
a (73) egyenldtlenség globdlisan érvényes I-n.

Rogzitetlen véltozészam mellett a globdlis esetben a (73) egyenl6tlenséget Pales
karakterizalta a [32,33] dolgozatokban.

Tétel. Legyen k € N,k > 2 és minden i € {0,...,k} esetén legyen (r;, s;) € R2. Ekkor
a

G [n]

1 k 1
_TO’_SO(w1~‘-$1,...,xn ) <G[n}

71,51

(ah)--- Gl (a")
egyenldtlenség pontosan akkor teljesiil mindenn € N és x € RZL_X’“ esetén, ha
(i) mindeni € {0, ..., k} esetén max(s;,r;) > 0, és

(ii) mindenolyani € {0,. .., k} esetén, amelyre min(s;, ;) < 0 teljesiil, max(s;,r;) >
0 érvényes minden j € ({0,...,k}) \ {i} esetén és

1 k 1
_ + -
min(s;, 7;) = max(sj,r;)

J#

<0.

Megjegyzés. Megjegyezziik, hogy az (i) és (ii) feltételek sziikségesek és elégségesek
ahhoz, hogy a (75) egyenl6tlenség fenndlljon minden 21, . . ., 2 € Ry esetén (1d. [33]).



Bibliography

[1] J. Aczél and Z. Daréczy. Uber verallgemeinerte quasilineare Mittelwerte, die mit
Gewichtsfunktionen gebildet sind. Publ. Math. Debrecen, 10:171-190, 1963.

[2] M. Bajraktarevi¢. Sur une équation fonctionnelle aux valeurs moyennes. Glasnik
Mat.-Fiz. Astronom. Drustvo Mat. Fiz. Hrvatske Ser. 11, 13:243-248, 1958.

[3] M. Bajraktarevi¢. Sur une généralisation des moyennes quasilinéaires. Publ. Inst.
Math. (Beograd) (N.S.), 3 (17):69-76, 1963.

[4] E. FE. Beckenbach and R. Bellman. Inequalities. Springer-Verlag, Berlin, 1961.

[5] P.S. Bullen. Handbook of means and their inequalities, volume 560 of Mathematics
and its Applications. Kluwer Academic Publishers Group, Dordrecht, 2003.

[6] P. S. Bullen, D. S. Mitrinovi¢, and P. M. Vasi¢. Means and Their Inequalities,
volume 31 of Mathematics and its Applications (East European Series). D. Reidel
Publishing Co., Dordrecht, 1988. Translated and revised from the Serbo-Croatian.

[7] P. Czinder and Zs. Pales. A general Minkowski-type inequality for two variable Gini
means. Publ. Math. Debrecen, 57:203-216, 2000.

[8] Z. Daréczy. Uber eine Klasse von Mittelwerten. Publ. Math. Debrecen, 19:211-217
(1973), 1972.

[9] Z. Daréczy and L. Losonczi. Uber den Vergleich von Mittelwerten. Publ. Math.
Debrecen, 17:289-297 (1971), 1970.

[10] Z. Dar6czy and Zs. Pales. On comparison of mean values. Publ. Math. Debrecen,
29(1-2):107-115, 1982.

[11] C. Gini. Di una formula compressiva delle medie. Metron, 13:3-22, 1938.

[12] R. Griinwald and Zs. Péles. On the equality problem of generalized Bajraktarevic¢
means. Aequationes Math., 94(4):651-677, 2020.

[13] R. Griinwald and Zs. Pales. Local and global comparison of nonsymmetric general-
ized Bajraktarevi¢ means. J. Math. Anal. Appl., 512(2):Paper No. 126172, pp. 12,
2022.

121



122 BIBLIOGRAPHY

[14] R. Griinwald and Zs. Pales. Local and global Holder- and Minkowski-type in-
equalities for nonsymmetric generalized Bajraktarevi¢ means. J. Math. Anal. Appl.,
535(2):Paper No. 128214, pp. 22, 2024.

[15] G. H. Hardy, J. E. Littlewood, and G. Pélya. Inequalities. Cambridge University
Press, Cambridge, 1934. (first edition), 1952 (second edition).

[16] E.Hille. Ordinary Differential Equations in the Complex Domain. Wiley, New York,
1976.

[17] L. Losonczi. Subadditive Mittelwerte. Arch. Math. (Basel), 22:168-174, 1971.

[18] L. Losonczi. Subhomogene Mittelwerte. Acta Math. Acad. Sci. Hungar., 22:187-195,
1971.

[19] L. Losonczi. General inequalities for nonsymmetric means. Aequationes Math.,
9:221-235, 1973.

[20] L. Losonczi. Inequalities for integral mean values. J. Math. Anal. Appl.,
61(3):586-606, 1977.

[21] L. Losonczi. Holder-type inequalities. In E. F. Beckenbach and W. Walter, editors,
General Inequalities, 3 (Oberwolfach, 1981), volume 64 of International Series of
Numerical Mathematics, page 91-106. Birkhiuser, Basel, 1983.

[22] L. Losonczi. Equality of two variable weighted means: reduction to differential
equations. Aequationes Math., 58(3):223-241, 1999.

[23] L. Losonczi. Equality of two variable means revisited. Aequationes Math.,
71(3):228-245, 2006.

[24] L. Losonczi. Homogeneous non-symmetric means of two variables. Demonstratio
Math., 40(1):169-180, 2007.

[25] L. Losonczi. Homogeneous symmetric means of two variables. Aequationes Math.,
74(3):262-281, 2007.

[26] L. Losonczi and Zs. Pdles. Minkowski’s inequality for two variable Gini means.
Acta Sci. Math. (Szeged), 62:413—-425, 1997.

[27] L. Losonczi and Zs. Pales. Comparison of means generated by two functions and a
measure. J. Math. Anal. Appl., 345(1):135-146, 2008.

[28] L. Losonczi and Zs. Péles. Minkowski-type inequalities for means generated by two
functions and a measure. Publ. Math. Debrecen, 78(3-4):743-753, 2011.



BIBLIOGRAPHY 123

[29] D. S. Mitrinovi€. Analytic inequalities. Die Grundlehren der mathematischen
Wissenschaften, Band 165. Springer-Verlag, New York-Berlin, 1970. In cooperation
with P. M. Vasié.

[30] D.S. Mitrinovié, J. E. Pecari¢, and A. M. Fink. Inequalities Involving Functions
and Their Integrals and Derivatives, volume 53 of Mathematics and its Applications
(East European Series). Kluwer Academic Publishers Group, Dordrecht, 1991.

[31] Zs. Pales. A generalization of the Minkowski inequality. J. Math. Anal. Appl.,
90(2):456—462, 1982.

[32] Zs. Péles. Inequalities for homogeneous means depending on two parameters. In
E. F. Beckenbach and W. Walter, editors, General Inequalities, 3 (Oberwolfach,
1981), volume 64 of International Series of Numerical Mathematics, page 107-122.
Birkhéuser, Basel, 1983.

[33] Zs. Péales. On Holder-type inequalities. J. Math. Anal. Appl., 95(2):457-466, 1983.

[34] Zs. Péles. Holder-type inequalities for quasiarithmetic means. Acta Math. Hungar.,
47(3-4):395-399, 1986.

[35] Zs. Pales. On comparison of homogeneous means. Ann. Univ. Sci. Budapest. E6tvos
Sect. Math., 32:261-266 (1990), 1989.

[36] Zs. Pédles and A. Zakaria. On the local and global comparison of generalized
Bajraktarevi¢ means. J. Math. Anal. Appl., 455(1):792-815, 2017.

[37] Zs. Pales and A. Zakaria. On the invariance equation for two-variable weighted
nonsymmetric Bajraktarevi¢ means. Aequationes Math., 93(1):37-57, 2019.

[38] Zs. Péles and A. Zakaria. On the equality problem of two-variable Bajraktarevic¢
means under first-order differentiability assumptions. Aequationes Math., 97(1),
2023.






List of talks related to the topics of the dissertation

Characterization of the equality of generalized Bajraktarevi¢ means
The 18th International Conference on Functional Equations and Inequalities
Bedlewo (Poland), June 9-15, 2019

Local and global inequalities for nonsymmetric generalized Bajraktarevi¢ means
The 22nd Debrecen-Katowice Winter Seminar on Functional Equations and
Inequalities

Hajdudszoboszld, February 1-4, 2023

Local and global Holder- and Minkowski-type inequalities for Gini and Holder
means

The 59th International Symposium of Functional Equations

Hajdiszoboszl, June 18-25, 2023

Holder- and Minkowski-type inequalities for nonsymmetric generalized Bajrak-
tarevi¢ means

XXXVII International Summer Conference on Real Functions Theory

Rowy (Poland), September 10-15, 2023

125



	Notations
	Introduction
	Basic notions and results
	Definition of generalized Bajraktarević means
	Partial derivatives of generalized Bajraktarević means

	Equality problem
	Sufficient conditions
	Necessary conditions

	Comparison problem
	Local comparison
	Global comparison

	Local and global Hölder- and Minkowski-type inequalities
	Hölder- and Minkowski-type inequalities in the local sense
	Hölder- and Minkowski-type inequalities for generalized Bajraktarević means
	Hölder- and Minkowski-type inequalities for weighted Gini means

	Summary
	Summary in Hungarian – Összefoglaló
	Bibliography
	List of talks related to the topics of the dissertation

