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Abstract: Machine learning (ML) in queueing theory combines the predictive and opti-
mization capabilities of ML with the analytical frameworks of queueing models to improve
performance in systems such as telecommunications, manufacturing, and service industries.
In this paper we give an overview of how ML is applied in queueing theory, highlighting its
use cases, benefits, and challenges. We consider a classical GI/G/K-type queueing system,
which is at the same time rather complex for obtaining analytical results, consisting of K
homogeneous servers with an arbitrary distribution of time between incoming customers
and equally distributed service times, also with an arbitrary distribution. Different sim-
ulation techniques are used to obtain the training and test samples needed to apply the
supervised ML algorithms to problems of regression and classification, and some results
of the approximation analysis of such a system will be needed to verify the results. ML
algorithms are used also to solve both parametric and dynamic optimization problems.
The latter is achieved by means of a reinforcement learning approach. It is shown that the
application of ML in queueing theory is a promising technique to handle the complexity
and stochastic nature of such systems.

Keywords: GI/G/K queueing system; performance analysis and optimization; machine
learning; dynamic programming; reinforcement learning; deep Q-learning

MSC: 60K25; 60K30; 90C40; 68120

1. Introduction

Machine learning (ML) offers powerful tools to address challenges in queueing theory,
particularly in optimizing performance, predicting behavior, and improving decision-
making in systems involving queues. ML can be defined as a set of techniques that
automatically identify patterns in data and then use them to predict future data or make
decisions under uncertainty. ML can be broadly classified into three types: supervised,
unsupervised, and reinforcement learning [1]. In supervised ML methods [2], the goal is
to learn the mapping from input (features) to output (values of the target function), given
a set of observable input-output pairs. The two types of problems that supervised ML
is designed to solve are classification problems and regression problems. Unsupervised
learning (see, e.g., [3]) is a type of ML where the model learns patterns and structures in
data without any labeled outputs or specific guidance. Unlike supervised learning, this
type of ML works solely with input data to uncover hidden patterns, relationships, or
structures. Common tasks of this type of ML include clustering, dimensionality reduction,
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anomaly detection, and density estimation. Reinforcement learning (RL) (see, e.g., [4]) is
used to solve dynamic optimization problems, i.e., to learn what to do and how to influence
the system by periodically receiving rewards or incurring costs. Reinforcement learning
is concerned with finding appropriate control actions in a particular situation in order to
maximize rewards or minimize costs. In this case, the learning algorithm is not given any
examples of optimal outputs, unlike the supervised ML approach. Instead, it must find
the optimal solution by trial and error, gradually modifying the appropriate set of control
actions. A recent trend is to combine reinforcement learning with deep learning algorithms
such as neural networks. This hybrid method is called deep reinforcement learning. All of
the above types of machine learning can be applied in queueing theory. However, the use
of supervised learning algorithms and reinforcement learning will be the dominant topic in
our paper.

The main motivation for writing this article was the numerous discussions of the
authors with experts in classical methods of queueing theory. We noticed that some of
them do not quite understand in what context machine learning methods can be applied in
queueing problems, and they treat these methods with a certain skepticism. Unfortunately,
we have not been able to find any paper that summarizes the relevant tasks and methods
combining the machine learning approach with performance analysis and optimization of
queueing systems. The next section will provide an overview of the available related publi-
cations, but these works focus mainly on solving a specific problem. As for optimization
problems, e.g., dynamic optimization by reinforcement learning, there are practically no
such works on queueing systems. Thus, the main idea of the paper is to bring together and
solve special problems in a simple and compact form for which machine learning can be
effectively applied to solve classification and regression problems and to optimize such
systems statically and dynamically. The results presented here will help experts in the
field of queueing theory get acquainted with new possibilities and broaden their horizon
of knowledge. The training and test data sets were generated using a simulation model,
followed by their application for standard ML algorithms. We want to answer the question
of whether the noisy data generated by the simulation could be suitable to obtain the high-
quality trained ML algorithms. We do not set here the task of developing new machine
learning algorithms, finding their optimal architecture, improving the quality of features in
data sets, building new approximation models for time distributions, etc. Here, we have
collected the main directions where machine learning can be applied in queueing theory, in
principle, for almost any arbitrary queueing system and give some recommendations.

As a basic queueing model in this paper, we consider a queueing system of a general
classical type GI/G/K with one common queue, K homogeneous servers, independent
equally distributed times between customer arrivals, and independent equally distributed
service times with arbitrary distributions. Such a system has many potential applications
in computer, telecommunication, and manufacturing systems. This queueing system is also
well suited for demonstrating the effectiveness of combining the simulation required to
generate training and test samples with ML algorithms to provide performance analysis
and optimization. For this system, it is generally difficult to obtain analytical results, but
there are nevertheless relationships derived from approximation analysis of the system that
can be applied to verify the estimates obtained. This approach can be used to investigate
arbitrary complex queueing models. However, the success of ML implementation depends
on robust data, model validation, and careful integration into operational systems. It should
be noted that the initial accumulation of information when creating the necessary samples,
of course, requires considerable time expenditure. However, once trained, ML models
provide instantaneous predictions of the characteristics studied for new values of the input
parameters of the system without the need for a new statistical data simulation. Although
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it is not the purpose of this paper to describe existing methods for approximating the
performance of the system we are considering, we will nevertheless give a brief overview
of the available results that can be used to verify the computation of system performance
estimates via ML. There are several approaches to obtaining approximate results for a
system of type GI/G/K, e.g., approximating the service time distribution by a phase-type
distribution (PH distribution) in the M/G/K system, approximating the continuous-time
model by an equivalent discrete-time model, and using a two-moment approximation
based on the exact solution for GI/D/K and GI/M/K systems. More details on these
methods can be found, for example, in papers such as [5-10]. In [11], the approximation of
a more complex GI/G/K system with retrial customers was investigated using a system
of PH/PH /K where the parameters of the PH distribution were estimated from the first
three moments. In this work, the authors numerically investigated the effect of the time
between customer arrivals and service on the performance characteristics of the system. It
was found that the functions describing the performance of the queueing system are more
sensitive to changes in the moments of interarrival times than to the moments related to
the service time.

In this paper, we approximate the GI/G/K queueing system with the equivalent
PH/PH/K queue. The computation of the performance characteristics of this system
with PH time distributions will be performed through simulation. Since most of the
obtained results for approximating the average performance characteristics depend on
the first two moments, we will also use features that depend on the first two moments
in the training sample. More specifically, we plan to use the feature vector in training
and test samples, which includes the system load factor as the ratio of the average service
time to the average interval between arrivals, as well as the squares of the coefficients
of variation of the time between arrivals of customers and their service. In place of the
target value, the system performance characteristic in which we are interested will be
used. The basic idea is to use the data obtained by simulation to train ML algorithms,
which could then be used to perform analyses of GI/G/K systems with given arbitrary
specified distributions or corresponding moments. The task of training sample preparation
is a separate topic. In principle, it would be possible to vary the values of the moments
in a step and then estimate the parameters of the PH distributions from their values
(see, for example, [12]). However, this approach requires at least three moments for a
PH distribution with two transition states and five moments for three transition states.
Moreover, it is not possible to estimate the parameters of the PH distribution for every
set of moments. Thus, we propose to generate training samples by randomly selecting
from a given interval the values of the parameters of the PH distributions, calculate the
moments for them, and put these moments in correspondence with the values of the
performance characteristics of the studied queueing system. The approach presented here
is quite universal and can be used for queueing systems with arbitrary architectures and
distributions of times between events occurring in the system. This paper shows typical
examples of applying supervised machine learning to solve regression and classification
problems arising in system performance and reliability analysis, as well as parametric
optimization. We also demonstrate an example of applying reinforcement learning to a
dynamic optimization problem.

The remainder of the paper is organized as follows. Section 2 covers the related
publications. In Section 3 we represent the main queueing model and data generation.
Section 4 is devoted to the simulation algorithms. The typical regression and classification
tasks are enumerated and discussed, respectively, in Sections 5 and 6. The reinforcement
learning approach is demonstrated in Section 7. The final conclusions are given in Section 8.
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2. Related Publications

Although the first steps in the successful application of machine learning for perfor-
mance evaluation of simple and complex queueing systems have already been made, the
total number of papers on this topic in the world literature remains modest. In terms of
reviews, we can only refer to recent works [13] that offer a small systematic introduction
to the use of machine learning in the study of queueing systems and networks. The pa-
per [14] investigated the possibility of using time series data that describe the behavior
of the M/M/s queue to obtain, using artificial neural networks, a prediction of various
characteristics, such as the number of customers in the system at a given time interval.
In [15,16], the authors ask whether machine learning, namely neural networks, can be
fundamentally useful for analyzing systems of type GI/G/s and M/G/1, respectively.
In the first case, the authors trained a neural network on the first two moments of time
between customer arrivals and service to estimate characteristics such as average waiting
time and blocking probability for a finite buffer system. In the second case, a simpler system
was considered, but a global problem was solved, namely the estimation of the stationary
distribution of queue length over the arrival rate and first five moments of the service time.
Positive results were obtained, indicating the potential of using the proposed approach
for more general systems. In [17], a two-layer neural network was used to predict the
waiting time in the queueing system. Markov queues were modeled using artificial neural
networks in the work [18]. A study by [19] focused on predicting the waiting time of a
patient in an emergency department using a deep learning algorithm based on real data on
the severity of the patient’s condition collected from electronic medical records. Various
ML models and methods used in queueing theory have been discussed in [20], applied to
the multichannel M/G/n queueing system. In addition, in [21], a neural network model
was developed to efficiently approximate the performance of various multichannel tandem
queueing systems with a finite buffer, where the individual tandem nodes differed both in
service rates and in the number of servers. In [22,23] an approach based on a combination of
machine learning and simulation methods was first applied to studying the multi-priority
MMAP/PH/M/N queueing system. A method for estimating the response of the system,
probability of loss of customers, and other metrics of a large-dimensional tandem queueing
system with a correlated input flow, finite-capacity buffer and using machine learning
algorithms was described in [24-26]. The effective application of ML methods has been
demonstrated by [27,28], who analyzed complex stochastic polling systems with different
disciplines of adaptive and cyclic polling. In [29], ML was used to estimate the maximum
queue length for the queueing system during a busy period based on information about
the number of tagged customers. In [30], the authors used machine learning and data
obtained by simulation to calculate stationary performance measures of a queueing system
with splitting and merging of customers (a fork-join system with the MAP arrival flow). A
finite source queueing system is considered in [31] to analyze a k-from-n reliability system
that adequately models the operation of unmanned multirotor drones. Here, as before,
machine learning is applied to predict the reliability characteristics of this system. In [32],
the authors presented a machine learning tool to predict the mean number of customers in
the M/M/c/K queueing system with a finite buffer. The peculiarity of this work lies in its
development of supervised learning based on the Michaelis-Menten nonlinear model used
in biochemistry.

We managed to find some papers in the field of applying ML to optimal control
problems in queueing theory. The problem of optimal scheduling in a single-channel system
with parallel queues and with time intervals for switching a server to another queue is
described in [33]. In this system, a learning vector quantization (LVQ) network was used
for scheduling control; see [34] for details. The combination of a Markov decision problem
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and a neural network for a heterogeneous queueing model with processor sharing was
studied in [35]. The effective use of a neural network for the selection of control actions
in the problem of optimal scheduling of a single server in a general system with several
parallel queues was demonstrated in [36]. Gradually, works in which machine learning
methods found their application in the problems of dynamic control in queueing systems
began to appear. Until recently, the main methodology of dynamic optimization and the
study of the structural properties of optimal control in queueing theory were dynamic
programming algorithms based on the Bellman principle. Examples of the use of these
algorithms for computing and analyzing control policies of queueing systems described by
Markov (MDP) and semi-Markov (SMDP) decision processes can be found in numerous
publications, including those of the authors of this paper; see, for example, [37,38]. In
recent years, to solve dynamic optimization problems, reinforcement learning methods
have been actively developed and implemented. In RL, an agent learns to make decisions
by taking actions in an environment to maximize the average reward or minimize the
average cost. The agent interacts with the environment in a trial-and-error manner, learning
from the feedback (rewards or costs) received for its actions. The environment of queueing
systems is the state space where the states normally represent the status of the queue and
servers, actions represent decisions (e.g., scheduling of servers for multiple parallel queues,
routing of customers between parallel queueing systems, resource allocation in the form
of heterogeneous servers), and rewards or costs represent performance metrics. The RL
technique includes a large number of diverse algorithms, such as Q-learning (QL) [39],
deep Q-learning (DQN) [40], double DQN (DDQN) [41], policy gradient method (PG) [42],
actor-critic methods (AC) [43], and deep deterministic policy gradients (DDPG) [44], among
others. All of these algorithms belong to the so-called off-policy model-independent class
of RL algorithms. This means that the agent can learn from historical data generated
by any policy, not just the one it is currently following. In [45], the DQN method was
implemented for admission control in a 5G wireless network. The AC algorithm for optimal
control in a heterogeneous queueing system was discussed in [46]. Comparison analysis
of RL algorithms and random search methods for the finite source queueing system with
heterogeneous servers in the repair facility was proposed in [47]. Model-dependent RL
algorithms, where the structure of controlled queueing systems was taken into account,
were studied in [48].

3. Main Model and Data Generation

Consider the GI/G/K queueing system, which is a classical general and versatile
model used in queueing theory to analyze systems where customers or tasks arrive, wait in
a queue if necessary, and are served by one of the K servers. The time between arrivals (or
interarrival times) follows a general distribution, denoted as GI. That is, these interarrival
times are independent and identically distributed. The distribution of the interarrival time
is characterized by the first two moments defined by the arrival intensity A, where A~
specifies the mean interarrival time and CV? is the squared coefficient of variation. This
characteristic is used instead of the second moment or variance because it is dimensionless
and can be interpreted independently of the first moment. The service time for each
customer is drawn from a general distribution, also denoted as G. Similarly, it is assumed
that the distribution of service times is characterized by the mean b and the corresponding
square of the coefficient of variation CV2. Thus, to simplify the data structure, we will
describe the parameters of the queueing system by means of a three-dimensional tuple
(p, CV?,CV?2) for each fixed value of the number of servers K, where p = A?b represents the
load factor of the system. It is assumed that our system is stable, meaning the condition for
the existence of an ergodic regime is fulfilled; that is, p < 1.
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Since the goal is to obtain a trained ML algorithm that would function stably for a
number of distributions of interarrival and service times, it would be possible to generate
values of random variables belonging to different parametric families of distributions with
positive domains. We decided to simplify the problem and approximate the corresponding
distributions by means of the fitted phase-type (PH) distributions. It is well known that
any non-negative distribution can be arbitrarily well approximated by a PH distribution;
relevant results can be found in [49-51]. An expectation maximization algorithm is often
used to fit PH distributions to the data. The continuous-time PH distribution describes the
random time T to absorption in a continuous-time Markov chain with [ transition states
and one absorbing state. The PH distribution is characterized by two hyper parameters:
the vector of initial probabilities « = (ay,...,«;) of size | to start in one of a transient state
and the I x I subgenerator matrix A = [a;;] of transitions of the absorbing Markov chain
defined in the state space of the process except for the absorbing ones. The distribution
function PH is given by the relation

Fr(t) =1 —aee, (1)
where e is a all-ones column-vector with a size [. The corresponding moments are defined as
E[T"] = (—1)"nla A "e. )

In practice, however, the approximation may be inaccurate if the size of the approximating
process is fixed. There are some challenges with respect to the approximation process. The
number of states [ in the PH distribution affects the quality of the approximation and the
computational complexity. Capturing heavy-tailed distributions or specific skewness may
require many states, but optimization during fitting can become numerically unstable for
large I. In some cases, it is better to approximate some arbitrary distribution by a mixture
of phase-type distributions (1),

] ] ]
Fr(t) =) BiFr(t) =1—)_ Bjaje’'e with )~ p; =1,
=1 =1 =1

where | denotes the maximum order of the PH distribution. The machine learning algo-
rithms presented in this work are trained in parametric distribution families. It is clear
that there are empirical data for which the PH distributions with fixed dimension are not
suitable, especially if we are talking about distributions with heavy tails, which, however,
does not happen very often in queueing theory. In this case, it makes sense to use PH
distributions with higher dimensions taking into account that it can be computationally
expensive and can overfit the data, leading to poor generalization, or use other parametric
models with fewer parameters. In our model, it is also assumed that the times between
request arrivals and service times are independent random variables. However, the simula-
tion models used are not limited to these models. In principle, a similar approach can be
used for correlated arrival flows, such as the Markov arrival process, and in addition to the
first two moments, the correlation coefficient with lag 1 can be specified as an element of
the feature vector.

Let us define by x = (x1,...,x,) the feature vector and by y the value of the target
function. Then, the set D of generated observable pairs or examples can be represented as

D=D;UDy={(xW —y0y:j=1,...,|D|},

where | - | applied to a finite set denotes the number of its elements. Here, D is the set of
examples divided into a training subset D and a test subset D, and |D| = |Dy| + |Dr| is
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the total number of pairs summed from the number of examples in the training and test
subsets. Simulation-based data set generation is a possible method for training and testing
machine learning models, particularly in queueing systems where the use of analytical
results, experimentation, and data collection is infeasible. As shown in the next section, by
tailoring the simulation design to the problem at hand, it is possible to create meaningful
and high-quality data sets for various concrete tasks. Algorithms of simulation models
as well as machine learning algorithms were implemented in the computational software
system Mathematica 14.0 © of Wolfram Research (Champaign, IL, USA).

4. Simulation Techniques

Simulation techniques are methods used to model real-world processes or systems
in a virtual environment to analyze their behavior under various scenarios. For our
purposes, we use two types of simulation methods: event-based simulation and simulation
by moments of departure. The event-based simulation is a powerful tool that can be used
to estimate different system-level metrics such as stationary state distribution, average
number of customers in the system and in the queue, average length of the busy period, the
blocking probability, the probability of an idle system and the customer-level characteristics
(for example, average waiting and sojourn times), and the corresponding moments which
can be used to approximate the waiting time and sojourn time distributions. Simulation by
moments of departure can also be used to calculate the stationary state distribution and
to estimate the average characteristics. This algorithm is much faster than the previous
one but is not suitable for estimating the higher moments of the waiting time required to
approximate the distribution function of the stationary waiting and sojourn times.

4.1. Event-Based Simulation

Discrete event simulation is a technique suitable for studying processes in which
state changes occur at random moments in time rather than continuously. In this case, it
is sufficient to observe the process only at the moments of time when the state changes
occur, which are called events. For a GI/G/K-type queueing system, the events are the
moments when new customers arrive to the system and the service completion moments,
if the system is not empty. In this case, there is a change in the number of customers in the
queue, which we denote by n. The change in this state is completely determined by the
residual times until the next arrival and until the end of service on the servers if they are
busy. This is very similar to the method of introducing additional variables by analyzing
non-Markovian processes. This approach is quite universal and can be used to build a
simulation model of the queueing system with arbitrary distributions of random variables
that describe the dynamics of the system.

Denote by x, the residual time until the next customer arrives and by x;, = {xy :
k=1,2,...,K} the residual times until the service is completed on each of the busy servers.
In cases where server j is idle, we assume x;, ; = {co}. Note that it is not necessary to store
the states of the idle servers, since it is assumed that they are identical and therefore the
service time does not depend on the index of the server used. Thus, the vector x; contains
only the residual service times of the busy servers. The change in the number of customers
in the system is entirely determined by the vector state x = (1, x4, x;). To initialize the
simulation model, we use the initial state xyp = (0, x,,x;) = (0,0, {oo}) when there are
no customers in the system and no residual service time. In the approach proposed here
for building the simulation model, all time variables will be relative, i.e., defined relative
to the event at the present time. We set the total simulation time T; = 0 and the time-
weighted number of customers T;, = 0. We need these variables to estimate the average
performance of the system. If the vector state becomes x = (n, x4, x;) after the next state
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change in the number of customers, then the dwell time in the current state T is defined
as Ty = min{x,, x,}. The components of the residual times to the next event are then
redefined as follows,

Xg <= X — Ty, xp <= xp — Ty, forxy < oo, k=2,...,|x,| <K+1.

If after this operation x, = 0, then the next event is related to the arrival of a new customer,
i.e., n < n+ 1. In this case, the component x; is replaced by the generated new value of
the time to the next arrival Ty, x, < T,. Moreover, if there are idle servers in the system
after the arrival of a new customer, n < K, then a new service time T}, is also generated and
added to the vector xy, i.e., x; <= xp U Tj. In this case, the new state of the system becomes
the state

y=(n+1,x4xp).

If x;,; = 0 for some server j = argmin{x; }, then the next event corresponds to the end of
service on this server, i.e.,, n < n — 1. In this case, component j of vector x; is removed,
Xp < Xp \ {xb,j}. If there are any pending customers, n > K, left in the queue after the
end of service, a new service time T is generated, which is again added to the vector xy,
xp < xp U Ty, Otherwise, vector x;, remains the same. The state of the system at the end of
service becomes

y=(n—1,x4xp).

Next, the dwell time Ty in state y is calculated, T, = min{x,, x; }, and further redefining
the values of x; and xj, the process continues further. The simulation algorithm can be
terminated either by the total system observation time T}, or by the number Ny, of
customers arrived to the system. To ensure the independence of the process trajectory from
the initial state, we record the required values T;; <— T, + nTy and T <— T + T, after at least
Npin customers have entered the system. The sequence of steps of the proposed method is
described as the flowchart diagram in Figure 1 and as the pseudo-code in the Algorithm 1.
Using this algorithm and the entries for variables T,, and T, we can calculate the average
number of customers in the system,

E[N] = 7.

Little’s formula also allows us to calculate the average sojourn time of a customer in the
system, E[T] = E[N]/A. Since T = W + B, where W is the waiting time of the customer in
the queue and B is the service time, then E[W]| = E[T] — b, and for the average number of
customers in the queue, we obtain E[Q] = AE[W].
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cccccccc

Departure time is
generated

Figure 1. The flowchart of the event-based simulation algorithm.

Algorithm 1 Event-based simulation

Require: x4, xp, Fo(t), F(t), Nyin, Nmax, Tmax, K
L n=0%x =0,x,={0},N,=0,Ts =0,T, =0, Ty =0
2: while N; < Nyux||Ts < Tinax do

3 Ty =min{xg, x,}

4 Xg <= Xg— To, xp = xp — T, Xpp <00,k =2,...,|x]

5: if N > N,;;, then > Start recording values

6: Ty ¢ T +nTy, Ts « Ts + Ty

7: end if

8: if x; < ¢ then > Arrival of a new customer

9: N, + N, +1
10: n<n+1
11 X  Random(Fy4(t)) > The time to a new arrival
12: if n < K then > If there are servers available
13: xp < xp U{Random(Fg(t))} > Add service time
14: end if
15: else if min{x;} < ¢ then > Service completion
16: j = argmin{x;,} > Index of the vacated server
17: xp < xp \ {xp,} > Deleting an item from the list
18: n<n-—1
19: if n > K then > If there are any waiting customers
20: xp < xp U{Random(Fg(t))} > Add service time
21: end if
22: end if

23: end while
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4.2. Simulation by Moments of Departure

Here, we propose to use an Algorithm 2 based on the calculation of the departure
time of a serviced customer as a simulation model of the queueing system. In this case,
we denote the time of arrival of the ith customer to the system by T, ;, and the time of
its service by Tj ;. The total number of N, customers that are generated at once. Such an
algorithm is very simple and computationally efficient. According to this algorithm, the
ith customer observes a set of times xj,; = {x};x : k = 1,2,..., K} representing the times
when each of the servers will be available for service; that is, as in the previous algorithm,
this vector describes the residual service times. That is, x; ; can be viewed as the state of
the system when the ith customer arrives. Thus, the ith customer selects the server with
index j; from the set x; ;, which will be idle and available for service earlier than the others,
i.e, ji = argmin{x;; }. The time for the ith customer to leave the system is then defined as

Tai = max{T,;, xp; } + Ty,

since either the server must wait for a customer to arrive or the customer must wait for
the server to be released. The algorithm makes a preliminary sorting of the arrival times.
Instead of assigning to each customer i a value x;; from the N x K matrix xy, the algorithm
treats x; as a continuously updated vector of length K representing the state of the system.
In each iteration of the algorithm, we need to calculate the minimum element of the K
dimensional vector x, € RX, which is used to determine the index of the server that must
serve the ith customer, in code line 4. In terms of event-based simulation, the vector x;
represents the state of the system and the vector T, ¢ Rﬁf is a list of events, but these
two objects fully describe all events in the system. Obviously, this feature distinguishes
this algorithm from the previous classical event-based simulation algorithm. Usually, the
queue length is the state of the system and the vectors T, and T} constitute a list of events,
where the moments of arriving customers T, are defined but the moments associated
with the completion of the service must be constantly updated. Algorithm 2 can be used
for simulation of a GI/G/K-type queueing system with an arbitrary number of servers.
The interarrival and service times can be arbitrarily distributed, also without excluding a
possible dependence between them.

Algorithm 2 Simulation by moments of departure

Require: T, € Rﬂ\fc, T, € Rf”,K €N, N,
1: Define the vectors j € NNe x, € Ri and T, € RS;
204 1Lx < 0k=12,...,K
3: whilei < N; do
4 jj < argmin{x;,}
5: xpj, < max{T,;, Xy} + Ty,
6: Ty < xp,j;
7. end while

8: Arrange (T,, T;) in ascending order

As a result, the algorithm produces an ordered sequence of arrival times and service
completion times. From these data, one can easily determine the number of customers in
the system at an arbitrary point in time and, as a consequence, the values of such average
system characteristics as the average number of customers in the system and in the queue,
the average waiting time, the average number of occupied servers, as well as estimate the
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A=

probabilities of system states. However, unlike discrete event simulation, in this algorithm,
there is no possibility to track the actual waiting times for each particular customer. The
algorithm cannot estimate the values of the second- and higher-order moments of the
waiting time of a customer in the queue and its sojourn time in the system.

4.3. Validation of the Simulation Model

In this section, we would like to verify the proposed simulation algorithms by compar-
ing the calculations of the average number of customers in the system E[N] for different
types of distributions with one of the approximation results. As the latter, we will take the
simplest relation proposed in the monograph [6], namely

v/ 2(K+1) CV2 4+ CV2
]E[N]:Kp+p1_p ”er s 3)

Next, we turn to comparative analysis. Consider the GI/G/10 queueing system in which
we will use the PH, gamma, Pareto, and lognormal distributions as distributions of the
interarrival and service times. The parameters of these distributions are generated so
that the mean values and variances coincide. The procedure for calculating the values for
the system parameters and the subsequent comparative analysis includes the following
main steps.

1.  Initialize the system parameters PH/PH /10, where the PH distributions for the
arrival stream of customers and for their service times are given by two transient
states and are represented as

i=(01—a) A= (—au — a3 ai >,

az —ap1 — a3
> —bip — b3 b1»
== 7 1 - 7 B = 4
p=1F P ( by —by — bza)

The probabilities «, § are chosen randomly from the interval [0, 1], and the intensities
a;j and b;; from the interval [0,2]. A data set of parameter values (&, A) and ( B, B) with
the length 125 satisfying the condition p < 0.95 is generated. Here, we deliberately
exclude cases of heavy traffic, when the data obtained with the simulator have the
highest variance.

2. We calculate the mathematical expectation and the square of the coefficient of variation
of the corresponding random variables using Formula (2),

_a1p +a13 —aay3 +ax +aans

a12a23 + a13(az1 + a23)

2

(a? —1)a3y + 2a1z(a13 + an1) + 20(a — 1)agzars + (a1 + 2ap3 — aans) (az + aar3)

cvz= T2

(a12 + a13 — wags + ap1 + wanz)?

For b and CV?, we obtain similar relations by replacing a by B and a;j by bjj.

3. Initialization of parameters of other time distributions of T is performed depending
on the moments defined above. For the gamma distribution (G) with parameters (y, 9)
and density function

5(ox)rle—ox

——, x>0,

fr(x) = ) >



Mathematics 2025, 13, 776

12 of 36

E[N]

251

20

the parameters are calculated from the relations

1
¥ = C—%, 0= ﬁ
For a Pareto distribution (PR) with parameters (1, J) and density function
fr(x) =907 x 26,
the parameters depend on the moments of the random variable T in accordance with

\/1+C2 _
L=ty

Cr Y

the relations

=1+

Finally, for a lognormal distribution (£LN) with parameters (m, o) and density function

frlr) = ~o(1BEIM) sy,

Coox
the parameters are defined as

2
o = y/log(1+ C%), m = log(E[T]) — %.

We calculate the average number of customers in the system using the approx-
imation (3) and the simulation models proposed above for systems PH/PH/10,
G/G/10,PR/PR/10,LN /LN /10. Here, in principle, any combination of distribu-
tions could be used. We illustrate the computational results in form of pairs (p, E)
in Figure 2. The evaluation of the load factor of the system is based on the values
of parameters for arrival and service processes generated in step 1. As we can see,
the curves match to a large extent. Some deviations are observed as the system load
increases, e.g., for p > 0.9, especially for the Pareto distribution. This is due to the
increase in the variance of the estimate of the average number of customers in the
system at higher loads. In addition, the Pareto distribution has heavy tails, due to
which the system can be characterized by slower growth of the number of customers
in the system at the same load compared to other distributions. Thus, the choice of the
first two moments of the interarrival and the the service times as characteristic features
for estimating the average metrics of the given queueing system is quite justified.

0
7
14 —e— Approximation
] PH
Gamma
- Pareto

1 =+ Lognormal

P

Figure 2. Comparison of approximation and simulation model results for different distributions.

5.

The final part in the validation process of the simulation models is the comparison
of the two algorithms, discrete-event and by the departure moments, with the exact
values obtained for the M/M/K queueing system. Figure 3 shows the results of
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calculations of the average number of customers in the system M /M /10 depending
on the load factor p using simulation models and explicit formula

(Kp)**1/(KIK(1 — p)?)
Lo (Ko)"/nt + (Kp)X/(K!(1 — p))’

E[N] = Kp +

As we can see, the graphs are indistinguishable up to a certain value of p, and,
only at high load, small deviations are observed due to the large variance of the
obtained estimates. When simulating queues in heavy traffic, estimators of mean
characteristics converge slowly to their true values. This problem is exacerbated when
the distributions of interarrival and service times have heavy tails.

. I

y -e— Event-based simulation

EN|
>

| Simulation by departure moments
o Exact value for the M/M/K system

-
g9
S~

Figure 3. Comparison of calculations for two types of simulation models with exact values for the
M/M/K system.

In the following, we enumerate key ML use cases for performance analysis and
optimization of the GI/G/K queueing system.

5. Regression Tasks

In this section, we will consider some typical regression problems that usually arise
in the analysis of queueing systems, for which we will use machine learning. Our goal
is to obtain such trained ML algorithms that would give a qualitative estimate of the
characteristics of the system of interest with a continuous domain of definition. The
input features of the training and test samples for a fixed value of K, as mentioned above,
are the three-dimensional map x = (p, CV?,CV?2). Note that the number of servers can
also be made an additional feature, and the data for different numbers of servers can
be accumulated accordingly. We decided to simplify the problem to speed up the data
generation and the training speed of the ML algorithms, and we will investigate a particular
case for K = 10.

Evaluation of the quality of ML algorithms is an integral part of any machine learning
project. The following performance metrics are used for the regression problem. The mean
square error

_ 1 o2
MSEL = D] Z (Vi — ;) (4)

takes the mean of the square of the difference between the true and predicted values. The
advantage of MSE] is that it is easier to compute the gradient in this way. If the square
of the error is taken instead of the difference, the effect of larger errors becomes more
pronounced compared to smaller errors, so the model may focus more on larger errors.
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The quality of the regression model estimation is also investigated using the coefficient of
determination R?, defined as

CMSE, 11X

RR=1-—1=, §=—— = 7L)% ©)
S% L ‘DL‘ ];1 (yl yL)

where S? denotes the sample variance on the training set. This characteristic represents the
fraction of the variance determined by the selected model.

5.1. Estimation of the Average Number of Customers in the System

Calculation of system- and customer-level average performance metrics plays a key
role by analyzing the queueing system’s efficiency. To estimate the average number of
customers in the system, we generate a set of values of PH distribution parameters for the
interarrival and service processes. To compute the target function y = E[N], we use a faster
simulation Algorithm 2 based on departure moments. We obtain a set D of observed pairs
for the training D; and test Dt samples,

D =D, UDy = {(p, (cvA)D, (cv?)D) - E[N]Y) :j=1,...,|D|}

with the length |D|. Note that when choosing transition rates for the PH distributions
of the interval [0, 2], we most often obtain the set of parameter values at which p < 0.95.
Therefore, in order to have enough observations in the case of heavy traffic, we created two
separate samples of size |D| = 200,000 for 0 < p < 0.95 and |D| = 2000 for 0.95 < p < 1.
The squares of the coefficients of variation for the first sample take values of

0.5 < CV? < 193,05 < CV2 < 10.3,
and for the second sample
0.5 < CV? < 35,05 < CV2 < 55.

Of course, these intervals do not cover all theoretically possible moments” values. If for real
data the values of the feature vector are outside the definition area which was used to train
the ML algorithms, the values of the estimates may contain significant errors. Here we
wanted to show exactly the principle of using supervised ML algorithms for an arbitrary
type of queueing system. Therefore, if there is a need to train the algorithms on data outside
these intervals, one can change the values of the parameters for PH distributions, as well as
the dimensionality of their representations, to obtain the required intervals for the feature
vector used.

Next, we divide the available samples into training and test parts in a ratio of 70% and
30%, respectively.

The test results of six trained ML regression algorithms are collected in Table 1 for
sample 0 < p < 0.95 (a) and 0.95 < p < 1 (b). The supervised ML methods used are:
nearest neighbor, decision tree, random forest, gradient boosted tree, Gaussian regres-
sion, and neural network. The table shows the square root of the mean square error, i.e.,
o = \/MSE[, and the coefficient of determination R2. As can be seen in the tables, the
ML algorithms produce better estimates of the data for 0 < p < 0.95 where there are not
too many outliers. The neural network with a value of R> = 0.996 showed the highest
efficiency. Cross-validation was used to assess how the results obtained can be generalized
to an independent data set. The analysis showed that trained algorithms can ensure the
high quality of estimates of the target function for unseen data. Table 2 collects verifica-



Mathematics 2025, 13, 776

15 of 36

tion data through metrics o and R? of the trained neural network for queueing systems
having certain parametric distributions of the interarrival and service times. Data of size
100 were generated for each combination of the specified distributions under condition
0 < p <£0.95. As can be seen, the values of these metrics correspond to the result obtained
in the verification of the model with PH distributions.

Table 1. The quality metrics of estimates by different ML methods for the sample 0 < p < 0.95 (a) and
0.95 < p <1(b).

(@) (b)

Method Ve R? Method o R?

Nearest Neighbors 0.147 0990  Nearest Neighbors 5860  0.765
Decision Tree 0.111 0.994 Decision Tree 6.020 0.751
Random Forest 0.447 0.903 Random Forest 5.770 0.772
Gradient Boosted Tree 0.253 0.969 Gradient Boosted Tree 5.690 0.778
Gauss Regression. 0.443 0909  Gauss Regression 5.650  0.781
Neural Network 0.088 0.996 Neural Network 5.780 0.771

At the same time, for the sample corresponding to high system load, the efficiency of
all algorithms decreased significantly. The best result was shown by Gaussian Regression
with the value R? = 0.781. Improving the quality of the estimation of average performance
measures in heavy-traffic conditions can be challenging due to increased variability and the
longer simulation times required. Some of the possible strategies which can be implemented
to enhance the accuracy and efficiency of the simulator include the following: increasing
simulation run time to ensure that the system reaches a steady state and to reduce the
impact of initial transient conditions; discarding data from the initial transient period to
avoid bias in the estimates; dividing the simulation run into several batches and calculate
the average performance measure based on these batches; using overlapping batches to
improve the estimations; using a control variable, for example, the average performance
measure of the equivalent Markov queueing system with known theoretical results, that is
correlated with the estimated measure. In addition, a possible solution to the problem is
to generate a significant amount of data for individual intervals of small size, where the p
takes values such as 0.95 < p < 0.96,0,96 < p < 0.97, ..., and then train the ML algorithms
for each interval separately.

Table 2. Verification of the neural network for the queuing system with different interarrival and
service time distributions by metrics o and R>.

Serv Arrival PH G PR N
ervice
o = 0.088 o =0.314 o =0.151 o = 0.407
PH R2=0993 R>2=0981 R>=0965 R?>=0.973
o = 0.302 o = 0415 o= 0017 o = 2.401
g R% =0.982 R%Z =0973 R% =0.995 R% =0.902
o =0284 o = 0.369 o = 0.379 o = 0.998
PR R2=0967 R?>=0954 R>=0940 R?>=0934
o = 0.169 o= 0928 o= 0254 o =2221
LN R% =0.986 R% =0.937 R? =0.949 R%Z =0.924

The scatter plots for the best algorithms to estimate the average number of customers
in the system for two intervals of load factor of the system are shown in Figure 4. As can
be seen in the plots, the scatter relative to the ideal prediction increases as the number
of customers in the system increases, which is a consequence of the greater variance in
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the estimate for the average number of customers in the system as the load increases. To
improve the performance of the ML algorithm in the case of heavy traffic, the p values
could be split into small intervals, and then the data from each subinterval could be used
to train a separate ML algorithm. Also, one could try here to perform preprocessing of the
input features of the sample by normalizing them.

(@) (b)

predictions predictions

actual value

perfect predictions perfect predictions

actual value
&

1"] 1‘5 2“] 2‘5 0 20 40 60 80

predicted value predicted value

Figure 4. Scatter plots for predicting the average number of customers in the system with the load
factor (a) 0 < p < 0.95and (b) 0.95 < p < 1.

Figure 5 shows the plots of empirical cumulative distribution functions (CDFs) for the
absolute error using ML algorithms.

For the sample p < 0.95, all algorithms show that the absolute error is almost certainly
less than 1. The random forest method is slightly inferior to all other algorithms. For
high system load, when 0.95 < p < 1, all algorithms also show similar results; that is, no
significant advantage of one of the methods is observed. The probability that the deviation
from the simulation value is less than 5 is about 0.75, and about 0.90 for less than 10.
However, the number of customers in the system is large at this high load, so we also
consider this result acceptable.

() (b)
o T T T 1ol T T
08 08
—— Nearest Neighbors —— Nearest Neighbors
506 Decision Tree 5 08 1 Decision Tree
§ Random Forest § Random Forest
O 04 o 04
—— Gradient Boosted Tree —— Gradient Boosted Tree
0.2 —— Gauss Regression 0.2 —— Gauss Regression
— Neural Network — Neural Network
0.0 0.0

) 5 10 15 20 0 5 10 15 20

error=[EINI-EINI| error=[EINI-EINI|

Figure 5. Empirical distribution functions of the absolute error (a) 0 < p < 0.95 and (b) 0.95 < p < 1.

In addition to the average number of customers in the system, the approach pro-
posed in this section can also be used to estimate other average characteristics such as
the average number of customers in the queue, the average number of busy servers, the
average duration of the busy period, the probability of blocking a customer, etc. For this
purpose, appropriate samples need to be generated and ML algorithms need to be trained.
Verification of the results can be performed using available numerical calculations on the
simulator, available approximations, or by means of analytical relations obtained for a
simplified model, usually with exponential distributions of time intervals. Thus, ML offers
a promising approach for approximating or predicting the mean performance metrics of
queueing systems using data-driven models.

5.2. Estimation of the Distribution for the Number of Customers in the System

In this section, we describe the procedure for estimating the stationary distribution
of the number of customers in the system. As is well known, there are only approximate
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solutions for this characteristic concerning the queueing system GI/G/K. As shown in [6],
the stationary probabilities 71; = P[Nx = j] of the number of Ny customers in a system
with K servers is determined by the relation

ntj = (1= Py) f1(j) + Pafa(j), (6)
where P; = Z;-";K 7; is the probability of blocking a customer, which is found by using
the ratio

E[Nk] —¢cp
Py =p—rc7—
*TPEN]

Here, the mean values of E[Nk] and E[Nj], which stand, respectively, for the system
with K servers and with one server, are determined by Formula (3). The functions fi(j),
j=0,1,...,K—1and f»(j),j = K,K+1,... are conditional probabilities for the random
variable N, respectively, for states where there is at least one idle server and when all
servers are occupied. These probabilities are approximated by the following expressions:

L (=)<
f1(])=p’1(1p1;K L j<K-1,
1

. —K .
H()=00-p)ph " j=KK+1,....

The auxiliary coefficients p; and p, are calculated, in turn, using the following system
of equations:

Kp1 — Kpf P2
1—-Pj)——+P, K) =E|N
(1—Py) 1o + d(l_p1+ ) [Nk],

P2 —
Pdl — o + Kp = E[Ng].

Formula (6) will be used to perform a comparative analysis of discrete value density
distribution functions, which we will approximate using continuous functions.

Our task is to use ML algorithms for an alternative possibility of estimating the
stationary distribution of the number of customers in the system. As input feature x in
our sample, we again use, as in the previous section, three components: the system load
factor p, the coefficients of variation CV2, and CV?2. The question is what we will use as the
target function y. In fact, we are interested in the probabilities of system states. Using the
simulation model, we can compute m;,j=0,1,.... For this problem, we use Algorithm 1
of the event-based simulation, in which there is the possibility of recording the system’s
visit to a state and recording the corresponding holding time. In the algorithm, we need to
initialize a separate variable Hy = 0 of a holding time for each state x to be recorded, and
then, at line 6, add the entry

Hy < Hy + Tx.
At the end of the program cycle, the result of the approximate calculation of the state
probabilities 7, ~ % is displayed. We will calculate these probabilities, for example, up
to the system state, which corresponds to the number of customers in the system equal
to 50. This number of points should be enough to accurately determine the shape of
the distribution.

We would like to reduce the dimensionality of our data and describe the target function
in a more compact way, since a vector of dimensionality 51 in the output will clearly create
difficulties in training ML algorithms. For this purpose, we performed many experiments to
compute the density distribution of the number of customers in the system and to evaluate a
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suitable continuous parametric function. This function should have the properties of density
of distribution and depend on as few parameters as possible for the convenience of their
further estimation from the available set of state probability values. After careful analysis, we
conclude that the most universal suitable continuous function is the density of the generalized
Weibull distribution (see, e.g., [52]), where we fix the scaling parameter A and set it equal to 1,

F(x:7,8) = 762 11— o)1l 7)
Here, v and ¢ are the form parameters. Thus, data of the following structure are generated:
D =Dy UDr = {(p¥,(CV2)D, (CVH)D) = (47, 60)) : j=1,...,|D[},

where |D| = 45,000 and the target function y is given here by a two-dimensional vec-
tor of estimated parameters obtained by the least square method for the generalized
Weibull distribution.

Since the target function is given by a vector, we use a neural network to solve the
regression problem. The test of the trained algorithm on the test sample showed the
following results: ¢ = /MSE; = 1.368 and R?> = 0.854. Note that the coefficient of
determination R? in the case of a multivariate target function is calculated in the same
way as in the univariate case (see (5)), with the only being difference that the formula
calculates the accumulated sums for all components of the target function according to its
dimensionality.

In Figure 6, a comparison example of graphs for the continuous probability density
function (PDF) f(x;y,J) obtained by simulation, trained neural network, and by means
of the approximate state probability distribution (6) is presented for two different sets of
parameters corresponding to the varied system load. It can be seen that the functions are
quite close to each other, with a slight overestimation being given by the neural network at
the peak. However, in general, by the shape of the functions and the obtained estimates of
the parameters of the continuous densities, we can conclude that the proposed approach is
quite efficient. Finally, the continuous PDF f(x;y, §) with the estimated parameters can be
used to compute the state probability using a continuity correction,

PX | =P|j 1<X <j ! e d
m =P[Xg =j] = []—5_ K_]+§}~/j71/2 flx;y,0)dx.

@) | (b)

—— Simulation y=35.14, 6=0.62
Neural Network y=38.55, 6=0.65
Approximation y=33.56, 6=0.62

S o | | © — Simulation y=1291,6=075
= Neural Network y=12.03, 6=0.84 <

0.10 o
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: ———

Figure 6. Comparison of continuous density distribution functions (a) p = 0.41, C2 = 0.97, C? = 1.11
and (b) p = 0.82, C2 = 0.93, C2 = 1.11.

5.3. Estimation of the Waiting and Sojourn Time Distributions

The waiting time of a customer in the queue and the sojourn time a customer spends
in the system are very interesting and informative characteristics of any queueing system.
The sojourn time of a customer in the system is equal to the sum of waiting time and
service time. The average waiting time E[W] and the sojourn time E[T] can be calculated
by applying Little’s formula, E[T] = w, E[W] = E[T] — b if the average number of
customers in the system is calculated. The Section 5.1 is devoted to the estimation of this
characteristic. Here, we will be interested in estimating the stationary distributions of



Mathematics 2025, 13, 776

19 of 36

waiting and sojourn times using the same input feature x used earlier. The question is
how we need to describe a target function y that closely approximates the distribution
functions Fy (t) = P[W < t] and Fr(t) = P[T < t] of the continuous random variables of
waiting time W and sojourn time T. We propose using the simulation model to estimate
the moments of random variables W and T, namely the first three moments, and then
use them to fit the parameters of PH distributions with two transition states [12], which
will approximate the desired functions Fy (t) and Fr(t). We can also estimate the first five
moments. In this case, we obtain the parameters of the PH distribution with three transition
states. We generate the data as a set

D ={(p", (V)Y (VD) —
(EW]Y, E[W?), EW?) D, E(T)D, B[T%]V), E[T%)7) : j=1,..., DI},

where |D| = 60,000. Event-based simulation should be used to obtain samples of waiting
and sojourn times. It is required to capture all waiting times that occur. For this purpose, two
variables are introduced to monitor the waiting time whenever an incoming customer joins
the queue and the sojourn time when the customer enters the system. In the case where an
incoming customer immediately arrives to a free server, it is necessary to record the waiting
time 0, and we record the time of servicing the customer as the sojourn time on the server.

The difficulty in recording the waiting and sojourn times is that there may be more
than one customer in the queue at a given time. Therefore, in the event-base simulation,
we define two types of arrays: W = {} and T = {} for accumulated values; and W,, = {}
and T, = {} to store current values of waiting and sojourn times. All of these arrays are
initialized as empty sets. Thus, whenever a new customer event is logged, a check is made
first to see if a server is idle. If one of the servers is idle, a 0 is written in the W,, data
array; that is, Wy, <— {W,,0}, and the service time Ty, <— {Ty, x}}, is written. Otherwise,
we redefine W <— {W, 0} with the addition of entry 0, since the sojourn time has not yet
accumulated until this customer arrives, and T < {T, x; }. When we move on to the next
event, the sojourn time Ty is added to all entries W and T, W <~ W + Ty, T <~ T + Ty. If
a customer leaves the queue after the end of the service, we transfer the contents of the
accumulated waiting time to the waiting time sample W, <— {W,,, max{W}} and remove
the corresponding entry from the array W; thatis, W < {W \ {max{W}}}. We perform
similar manipulations with the arrays T, and T. When the simulation is complete, we have
samples of waiting and sojourn times, which are then used to compute empirical moments.

Since the target function in our data is represented as vectors of three waiting and
sojourn times moments, a multilayer neural network is used to solve the regression problem.
Verifying the trained network in a test sample gives an accuracy of the order of R?> = 0.691.
To improve accuracy, separate models could be used with the scalar values of each moment
as the target function. We could also use a data preprocessing step using [og-transformation,
since, as the moment order increases, the values of these moments grow exponentially.
In the following experiment, we take the following records from the test sample for two
different values of the p system load:

(0.409,1.154,1.136) — (0.009,0.012,0.019, 4.149, 38.094, 530.223),
(0.937,0.998,0.992) — (6.293,89.586,1682,13.354,265.413, 6687.48).
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The trained neural network produces the following estimates for the moments of the
random variables W and T:

(0.409,1.154,1.136) — (0.010,0.013,0.026,3.912, 31.948, 696.326),
(0.937,0.998,0.992) — (6.032,60.372,850, 13.290, 276.750,7779.935).

Now, estimating the values of the parameters of the PH distributions from the moment
estimates, we obtain the following approximations for p = 0.409:

—1413 1413
Fw(t) ~1— Swte iy = (0.012,0.988), Sy = ,
w(t) awe e, ay = ( ) Sw ( 0 1039.58)

—0.013 0013
Fr(t) = 1—are’e, ar = (0.0001,0.9999), St = ( 0 -0 256)

and for p = 0.937,

—1.413 1413
Fy(t) =~ 1—awe Ve, ay = (0.012,0.988), Sy = ,
w(t) awe Ve, ay = ( ), Sw ( 0 —1039.58)

—0.133 0.133
FT(t) ~1-— lXTeSTte, oarT = (0883, 0117), ST = ( 0 0 151> .

A PH distribution with two transition probabilities is not always an adequate model for
approximating the functions Fy (t) and Fr(t). For certain sets of moments, there may
simply not be suitable values of the PH distribution parameters. In this case, it is necessary
to increase the dimensionality of the PH distributions. Alternatively, one can search for
other parametric distributions that approximate the computed functions well. For example,
for Fyy(t) one can use a distribution from the exponential class, such as

F(t) =1 — e

This distribution gives us the possibility to also estimate the probability P[W > 0] of
system blocking; that is, a non-zero waiting time. Statistical testing for the conformity of
waiting time samples with the parametric distributions used confirmed the correctness
of their use for our experiments. The parameters (v, J) are estimated using the first two
moments. For p = 0.409 and p = 0.937, we obtain, respectively, (7,d) = (0.015,1.565) and
(7,0) = (0.884,0.140).

Figure 7 shows the CDF plots Fy (t) obtained empirically from a sample of random
variable values, as well as by means of two approximations, namely the exponential-type
distribution and the PH distribution. The parameters of these distributions were estimated
using the method of moments, whose values were, in turn, calculated from the regression
model of the neural network. Here, we can observe the close location of functions calculated
by different methods, which confirms the effectiveness of the proposed approach.

The Weibull distribution is also suitable for approximating the function Fr(t),

Fr(t) ~1—e%,

for which the following parameter estimates are obtained: in the case of p = 0.409, we
have (v, 6) = (0.889,0.312), and for p = 0.937, (v, 6) = (1.596,0.013). Figure 8 shows the
plots of the distribution function Fr(t) obtained, similar to the waiting time, empirically
from the sample, as well as by using two approximations: the Weibull distribution and the
PH distribution. The parameters of these functions were also estimated using moments
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computed by the neural network. Here again, we observe that the regression model of the
neural network has proved its worth in estimating stationary distributions of continuous
random variables. Note that an alternative option may be to use ML algorithms to estimate
the parameters of the approximating distributions themselves, as suggested in the previous
section, to estimate the probability distribution of states by means of a continuous function.
In this case, it is necessary to generate data in the form of

D ={(p, (cv2)D), (cV2)W) = ()60 A 69y - j=1,..., D]},

where the vector of parameters of approximating functions for random variables W and T
acts as the target function. In addition, these data should be used to train the ML algorithms,
which can then be applied to new input data.
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Figure 7. Comparison of distribution functions Fy(t) (a) p = 0.41, C2 = 1.15, C? = 1.14 and
(b) p = 0.94, C2 = 0.99, C2 = 0.99.
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Figure 8. Comparison of distribution functions Fr(t) (a) p = 0.41, C2 = 1.15,C? = 1.14 and
(b) p = 0.94, C2 = 0.99, C2 = 0.99.

The examples presented show that ML methods for regression in queueing systems
can handle arbitrary distributions of arrival and service times, predict performance metrics
for unseen system configurations, and provide instantaneous predictions.

6. Classification Tasks

This section presents a number of examples of the application of ML algorithms to
classification problems that arise in the GI/G/K system. Here, discrete labels or classes
serve as the target function. The following metrics are used to evaluate the classification
performance. A confusion matrix is a tool that is used to evaluate the performance of a
classification model. It is a table that describes the relationship between the actual and
predicted classes for a given set of data. This is useful in supervised learning where the
target variable has discrete categories. Using the values in the confusion matrix, various
performance metrics can be calculated; for example, the accuracy, ACC, can be obtained by
taking the average of the values lying on the main diagonal of the confusion matrix. The F1
measure is a weighted harmonic mean between the precision and recall measures,

1

Fl=2—r ), 8)

1
Precision + Recall
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where precision is defined as the ratio of the number of true positives to the number of all
predicted positives and recall is defined by the ratio of the number of true positives to the
number of all data points that should have been classified as positive. This metric takes
values on the interval [0,1] and tells us about the accuracy of the classifier, in particular
how many data points it classifies correctly, as well as its robustness, i.e., it should not
miss a significant number of data points. Cross-entropy is a widely used loss function in
classification problems, particularly in multiclass classification. It measures the difference
between the true probability distribution (actual labels) and the predicted probability
distribution produced by the model. The cross-entropy loss for a single jth data point is
defined as

C
Li=— ) vijlog(¥i),
i=1

where y; is a true label for class 7 (1 if it is the correct class, 0 otherwise) and #; is a predicted
probability for class i. The average cross-entropy is then defined as

1 DI
Entropy = —W Z Lj, )
j=1

where |D| is the number of examples in the data set D. The lower Entropy in (9) indicates
that the model is assigning higher probabilities to the correct class.

6.1. Classifying by Waiting Time Threshold

There are certain situations where knowledge of a specific value of some characteristic
of the system is not required, but it is necessary to determine, for example, that at given
system parameters, the waiting time will be below or above some fixed threshold or within
some given interval. To solve such problems, let us generate data in the form of a set

D = {(pV, (cVH)V, (cv?)D)) - yU) :j=1,...,|D|},

where y(f) € {0,1,..,C — 1}, C is the number of discrete labels, categories, or classes,
which, in turn, are determined based on values of the average waiting time, i.e., y/) = ¢,
conditional on

EW]Y € (a;;bc], c=0,1,...,C—1.

First, consider the binary classification problem when, for a given threshold w, class 0 is
defined by the inequality E[W]() < w, and class 1 is defined by the inequality E[W]() > w.

In the following example, we take the values w = 0,4,7 as thresholds. For threshold
w = 0, the input data of the system will be classified for the presence of waiting time. Table 3
presents a table of binary classification performance characteristics for the two algorithms
that give the best results: logistic regression and neural network. We balanced training
and test samples to ensure that the classification results are representative. Performance
characteristics are the overall accuracy value, ACC, and the average cross-entropy. Low
values of this characteristic correspond to high values of accuracy. We can observe a rather
high quality of binary classification using the above algorithms, with the presence of a
waiting time at the threshold w = 0 determined with a lower probability. This is because,
in the training sample, there are a lot of values of the average waiting time lying around
zero which cannot be effectively classified.
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Table 3. Performance characteristics of logistic regression classifier and neural network for

different thresholds.
Method Threshold w Accuracy ACC Entropy
Logistic Regression 0 0.923 0.193
Neural Network 0 0.903 0.215
Logistic Regression 4 0.991 0.034
Neural Network 4 0.927 0.076
Logistic Regression 7 0.990 0.101
Neural Network 7 0.970 0.099

In Figure 9, we present the confusion matrices for the three thresholds and the two
classification algorithms used. As can be seen, the matrices have a clearly dominant main

diagonal, which corresponds to the results of Table 3.

(a)

actual class
actual class

predicted class predicted class predicted class

(b)

© R © £
2 8 e 8 53 <
= g b 3 3

predicted class predicted class predicted class

Figure 9. Comparison of confusion matrices for thresholds w = 0,4, 7 for classification by (a) logistic
regression and (b) neural network.

Next, let us consider an example of multiclass classification. We use the classes
introduced in the previous binary classification example; namely, E[W]() = 0 corre-
sponds to class 0, 0 < E[W]() < 4—class 1, 4 < E[W]V) < 7 - class 2, and finally,
E[W]U) > 7 - class 3. We now have C = 4 classes. The quality metrics of this classification
problem for different ML methods are summarized in Table 4.

Table 4. Performance characteristics of different classifiers for 4-class classification.

Methods Accuracy ACC Entropy
Logistic Regression 0.857 0.323
Nearest Neighbor 0.847 0.367
Decision Tree 0.880 0.339
Random Forest 0.895 0.300
Gradient Boosted Tree 0.898 0.255
Support Vector Machine 0.788 0.506
Naive Bayes 0.857 0.387
Markov Model 0.698 0.824

Neural Network 0.887 0.351
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Gradient boosted tree, random forest, and neural network methods proved to be the
most productive here. Figure 10 shows the confusion matrices for three methods that
showed the best results. As we can see, the error probability is higher for class 2 and class 3
detection. However, in general, the accuracy is almost 90%, which is a good enough result.
To further improve performance, we could experiment with different samples and collect
more data corresponding to the average waiting time values near the selected thresholds w.
The approach proposed in this section can also be used to classify the values of any other
performance and reliability characteristic of the queue, for example, to predict categorical
outcomes such as whether the system is stable or overloaded.
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Figure 10. Comparison of confusion matrices for classification by (a) gradient boosted tree, (b) random
forest, and (c) neural network methods.

6.2. Classification in Parametric Optimization Problem

In this section, we demonstrate the use of supervised ML in the parametric optimiza-
tion problem. As an example, consider a simple problem of optimizing the number of K
servers in a GI/G/K system with the aim of minimizing the following loss functional

8(K) = coK + c1E[W],

where ¢ is the usage cost per unit of time for each server in the system and c; is a holding
cost per unit of time for each waiting customer. Obviously, these two summands compete,
since as K increases, the waiting time is getting higher, but the usage cost for servers
increases, and vice versa. Figure 11 illustrates the average cost g for different values of
K and cq, with ¢y = 0.1 fixed. As we can see, the plots of the functions have an explicit
minimum corresponding to the optimal number of servers for a given cost structure.

© — y=0.1,61=0.1
cp=0.1,c1=1
T p=0.1,c=10

05 - — €p=0.1,¢,=80

0.0t L L L L =
0 2 4 6 8 10

K

Figure 11. Values of the average cost g(K) for different number of servers K, usage cost ¢y and
holding cost c;.

Our task in this section is to estimate the optimal value of K* using classification
algorithms. First, we need to generate data in the form of a set

D = {(o, (cv})D, (cv®)D,c{), ey =y . j=1,...,|D]},
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where y(j ) = K* and |D| = 20,000. The parameters of the PH distributions of the arrival
and service processes are chosen randomly from the same intervals as before, but with
the condition that the inequalities p = 42 < 1 forall K € {1,2,...,10} are met. For the
parameters ¢y and cy, the following conditions are satisfied,

0.1 < ¢y <10, 0.1<¢; < 80.

The numerical examples indicate that the parameter values of the given intervals corre-
spond to possible optimal solutions K* in the interval starting from 1 to 7; thus, it is a
matter of classifying the data into the seven available classes. Table 5 collects the test results
of nine trained ML classification algorithms for the optimal number of servers estimation
problem. As can be seen, the nearest neighbor and the random forest methods offer the
best result, with accuracy equal to almost 85%. Note that the neural network, although it
gives quite acceptable results, the accuracy is slightly higher than 74%, nevertheless this
method is not the best classifier for this problem. The Markov Model is not suitable here at
all, because it is important to obtain the sequence of appearance of certain classes, which is
not relevant for this problem, but it makes sense for tasks related to the classification of
time series.

Table 5. Performance characteristics of different classifiers for the optimization problem.

Method Accuracy ACC Entropy
Logistic Regression 0.612 0.865
Nearest Neighbor 0.847 0.465
Decision Tree 0.817 0.566
Random Forest 0.845 0.393
Gradient Boosted Tree 0.840 0.484
Support Vector Machine 0.716 0.810
Naive Bayes 0.668 0.760
Markov Model 0.527 3.350
Neural Network 0.742 0.548

The confusion matrix for the nearest neighbor method, which showed the best classifi-
cation result, is shown in Figure 12.

e
1r 1298 519 29 0 0 0 0 1846
2 122 . 154 0 0 0 0 15029
3- 0 398 1867 45 0 0 0 2310
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Figure 12. Confusion matrix for classification by nearest neighbor method.

This matrix has a pronounced tridiagonal structure with a dominant main diagonal.
This indicates that neighboring solutions K* £ 1 give rather close results for the average
cost value. Thus, these neighboring solutions for the number of servers can in principle be
taken as suboptimal solutions.
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6.3. Classification of Queueing Systems by Time Series

In this section, we present one more variant of the possible application of ML algo-
rithms for solving queueing theory problems. In queueing models, the input parameters
are often unknown in advance and may change with time. Assume that only the number
of customers in the system dependent on time is observable. In this case, it is necessary to
classify the segments of this data set by a given time series that represents the trajectory
of some piecewise stationary random process. This task may be associated, for example,
with detection of change points of the time series, where the parameters of the queueing
systems change, or with finding some anomalous areas, in connection, for example, with
DDoS hacker attacks on the server or computer system. There are a large number of various
parametric and non-parametric methods for time series classification. In this section, we
demonstrate the capabilities of ML algorithms for the classification of series describing the
realization of some arbitrary multichannel queueing system.

Next, we discuss the formulation of specific problems and data generation. As before,
it is assumed that a GI/G/K system is given in general, where the distributions of time
between arrivals of customers and the distribution of service times are approximated by
PH distributions. For this system, we need to classify the synthetic time series shown in
Figure 13, describing the number of customers X(t) at time ¢.

This time series is obtained by combining three series generated by simulation of the
queueing system PH/PH /10 for different load factors of the system. In Figure 13, p = 0.5
forO <t <ty,p=09fort; <t <ty p=03fort > tp, and vertical lines are also shown
at the locations of the change points, t; = 287 and ¢, = 513, where changes occur in the
arrival and service processes of the system. The values of the system parameters are chosen
so that the load factor is equal to three different values. According to this criterion, we
define the following classes:

e C(lass1: p=0.95,
—2265 1772 —-0.943  0.862
& = (0.078,0.922), A = ( a0 2.453) B = (0.179,0.921),B = < 0,840 1'807)
e C(lass2: p=05

0921 0.229 —0415 0236
= (0.981,0.019), A = = (0.783,0.217), B = .
@ = (0.981,0.019), ( 0.678 2.552)’ p =(0783,0217), < 1.642 1.678)

¢ C(lass3: p=03
—1.942  0.337 —2.161 1.804
1.826 —2516)°

1.889  —3.055

a = (0.911,0.089), A = ( ) B = (0.535,0.465), B
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Figure 13. Time series of the number of customers with two change points t; = 287 and t, = 513.

Next, we show that trained ML algorithms cope well with the task of estimating
change points t; and t;. Although this task seems simple, it can be used to solve more
extensive classification problems where there are a large number of classes, and more
complex criteria are used to define them.
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To train ML algorithms, we use simulation for three types of system parameters. In
each case, the calculation is performed until the end of service of 10,000 customers. For the
calculations, we use data after 1000 customers are received to remove the influence of the
initial state. The resulting series are split into partial series, each containing 20 events. Next,
we define the features for training the ML algorithms:

*  p—system load factor, estimated as the average number of occupied servers, i.e., % ;

e A—arrival rate, estimated as the number of incoming customers per unit of a given
time interval;

*  AN-—rate of change of the number of customers in the system at the corresponding
time interval;

¢ At—length of the partial series interval containing 20 events.

Figure 14 shows from left to right the pathmark of the process for the number of
customers in the system for three possible states according to the value of the load factor of
the system. According to the hidden Markov model, the time series in blue corresponds
top = 0.5,inred —to p = 0.95, and in green — to p = 0.3. Here, only estimates of the load
factor p were used as observed attributes.

\ \ 1
30} 1

N

0 100 200 300 400 500 600
t

Figure 14. Time series of the number of customers in the GI/G/10 queueing system with real and
estimated segments for p = 0.5,0.95,0.3 marked in blue, red and green.

The parameters of the hidden Markov model with a normal distribution for the values
of the observed features are obtained from the training sample

0.532 0.134 0.334
7t = (0.393,0.414,0.193), A = | 0.344 0521 0.135 |,
0.128 0.237 0.635

Xn|B1 ~ N(0.963,0.103), x,|By ~ N (0.516,0.173), x| B3 ~ N (0.325,0.127).

The classification results are satisfactory; although, as we see, false classification is also
not excluded.

In addition, we used all the observed features mentioned above to train alternative
machine learning methods used for classification tasks. Based on the results of apply-
ing the trained algorithms in the path of the test process shown in Figure 13, we ob-
tained the result that the nearest neighbor method gives the best classification accuracy
ACC = 0.92. The confusion matrix, shown in Figure 15, obviously has a dominant main di-
agonal. In this case, precision and recall take the values Precision = (0.76;1.00;0.94)
and Recall = (0.93;0.86;1.00) for classes 1, 2, and 3, respectively, and the measure
F1 = (0.84;0.92;0.97).
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Figure 15. Confusion matrix for classification of queueing systems’ parameters by nearest neigh-
bor method.

According to the trained nearest neighbor algorithm, as can be seen from the confusion
matrix, the first 28 partial rows are identified as belonging to class 2, the next 14 rows
belong to class 1, and then 17 partial rows of the last group are classified as class 3. Note
that although some partial rows were misclassified several times, for example, four rows
of class 1 were identified as class 2 and one row of class 3 was identified as class 1, this
nevertheless had almost no effect on the precision of the estimation of change points in
the values of the queueing system parameters, which can be clearly seen in Figure 16.
Identification of change points as boundaries of classes shows values ] = 289 and t; = 514,
marked as a red vertical dashed line, which practically coincide with the time thresholds
initially set. Note that classification tasks can also be solved using unsupervised ML, e.g.,
by using the cumulative sum charts (CUSUM) change point detection algorithm, for which,
as mentioned above, there is no need to specify the values of the target function.
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Figure 16. Time series of the number of customers in the GI/G/10 queueing system with real and
estimated segments marked in blue, red and green with change points t] = 289 and t; = 514.

7. Reinforcement Learning for Dynamic Optimization

As is known, many dynamic optimization problems arising in queueing theory can be
formulated as Markov (MDP), continuous-time Markov (CTMDP), or semi-Markov decision
problems (SMDP) which can be solved using dynamic programming (DP) approach. In
case of general distributed interarrival and service times, one defines the generalized
semi-Markov decision problem (GSMDP). As shown in [53], arbitrary GSMDP can be
approximated by MDP or CTMDP using PH distributions. In this case, instead of the
original controlled queueing system GI/G/K, we obtain the equivalent queue of the type
PH/PH/K. The classical DP algorithms, such as value iteration and policy iteration
algorithms, generally face the problem of dimensionality. Moreover, these algorithms
require knowledge of the transition probabilities and the immediate cost structure, which is
not always explicitly available. Thus, an alternative approach should be used, for example,
reinforcement learning (RL). RL is a type of ML technique in which an agent learns to
make decisions by interacting with an environment. It can be treated as a simulation-
based dynamic programming. Here we illustrate the application of the deep Q-learning
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algorithm, where the Q-values are estimated using neural networks. This algorithm will be
adapted to minimize the average cost per unit of time. For controlled queueing systems,
the environment is a state space of the corresponding random process. In the dynamic
control problem considered, it is assumed that all states of the system are observable. This
assumption is used for a large number of controlled queueing systems. By presenting
reinforcement learning in this paper, we wanted to show the principle of using this type of
machine learning for a queueing system. However, although there are many publications
on reinforcement learning, there is little description of its use in queueing theory. The
presence of incomplete information on the process trajectory may degrade the estimation
of the optimal policy but is not a critical problem since neural networks are used to
estimate the quality function. This may require a larger number of episodes and associated
computational time. The example we have chosen here to demonstrate the usage of
the RL in the queueing theory can be easily generalized to a whole class of controlled
queueing systems, where it is necessary to solve the problem of optimal resource allocation,
scheduling, and routing.

7.1. DP Approach

For simplicity, let us take a concrete example of the CTMDP. Consider a queueing
system M /M /K with an arrival rate A and a service rate y. We chose a Markovian system
because we can find an exact solution to the dynamic optimization problem, which we
will then use to verify the results of reinforcement learning. However, in general, the RL
approach can also be applied to the arbitrary system GI/G/K. The agent or controller can
activate an idle server and deactivate a busy one. The server’s activation and deactivation
are associated with switching costs cs > 0. The dynamics of the system are described by a
continuous-time Markov chain {X(t) };>¢ with a state space E, where the random vector
X(t) = (Q(t), D(t)) specifies the number of customers in the queue Q(t) € Ny and in the
service D(t) € {0,1,...,K}. Define the action space A = {0,1}. In case of a new arrival,
a = 0 means keeping the idle server deactivated, and 4 = 1 means activating an idle server.
In case of service completion, 2 = 0 means deactivating the released server and a = 1
means keeping the server activated. If there is no idle server, then at the moment of a new
arrival, no control action must be performed. In this case, the customer joins the queue. If
the queue is empty, then at service completion, the server becomes deactivated. Actions
can be selected in states at the moment of arrival if there is an idle server in the system or
at the moment of service completion if the queue is not empty. Define a control policy as a
function f = (fo, f1) : E — A that for any state x = (q,d) € E C E from a subset of states E,
where the control action can be performed, specifies the action fy(x) upon a new arrival in
state x and the action f1(x) upon a service completion in state x. The optimization problem
consists of the evaluation of optimal policy f* which minimizes the long-run average cost

t—oo t

¢ = ¢f(x) = lim 1Ef[/otc(xw))am + cSS(t)‘X(O) - x] (10)

t
= Jim B[ [(q(X(0) + d(X ()i + eS| X(0) = x] = min,
where c(X(u)) is an immediate cost in state X (1) associated with the number of customers
in the queue and in service in this state, defined as g(X(u)) +d(X(u)), S(¢) is a random
number of switches up to time t. The problem (10) was solved using the DP policy iteration
algorithm. This algorithm iteratively improves the given arbitrary available policy by
evaluating the Bellman equation for the state value function V : E — R, defined as

V(x) = lim ]Ef[/ot(c(X(u)) — ¢f)du + ¢:S(t) )X(O) = x| (11)

t—o0
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or, in detail for the system under study

V() = 1 (160 + 400 =8 + AV (x-+eq) + sl )

+d(x)p(V(x —eg —e1 +eay + 51y —01) Ligx)>0y) +d(x)u(V(x —e1) + Cs)l{q(x)zo}:| , (12)

where ¢; is a null vector with 1 at jth position starting from Oth, g(x) and d(x) are the
components of a vector state x. The components of the optimal policy are defined as fo(x) =
argmin{V(x +ep), V(x+e1) +¢s} and f1(x) = argmin{V(x —e3) +cs, V(x —¢g)}. The
system (12) is uniquely solved for the relative value function v(x) = V(x) — V(xg), where
Xo is a chosen reference state, for example xy = (0,0). The optimal policy for the proposed
optimization problem (10) has a hysteresis form. This policy is defined by two threshold
levels a > b for the upper a and lower b bounds of the queue length to activate and
deactivate the servers. For our system and given cost structure b = 0 for all states, x € E
and a depends on the number of busy servers in state x. According to this policy, when
a customer arrives in the state with d busy servers and the queue length becomes greater
than a(d), then another available idle server must be activated. Otherwise, the number
of waiting customers increases by one. The activated servers remain active until they
become empty in states with no waiting customers. The following are examples of specific
calculations for the system M/M/10 withA =10and u = 7:

o Casel:cs =04, =4373,a*(d) = {2,4,7,9,12,14,17,19,22} for d =1,2,...,9,
e Case2: cs=02,¢* =3507,a*(d) = {2,3,4,6,7,9,10,12,13} for d =1,2,...,9.

The results were obtained for the queueing system with a truncated buffer. Here,
the buffer capacity was set to 50, which guarantees a very small probability of loss of
the customer. We use these results in the next subsection to check the quality of the
RL algorithm.

7.2. RL Approach

Here, we briefly discuss such value-based RL methods as Q-learning (QL) and deep
Q-learning (DQN). The latter algorithm will be used for the numerical experiments. Using
an event-based simulator, we generate data sets D in the form of tuple sequences

D« DU{x,a;,y,q(x) +d(x), Ty, S(Txy) }-

Here, x is a state of the system, a; is an action for arrival if j = 0 and service completion
if j = 1 associated with the state x, y is the next state after transition, g(x) + d(x) is the
number of customers in state x, and 7y is a holding time in state x before a transition to
¥, S(txy) € {0,1} counts the number of activations/deactivations in a transition period.
Moreover, the simulator calculates for the policy f the corresponding average cost g/. To
approximate the average cost ¢/ for the given policy f from (10), we have

gifﬂ ! [/Oti“ C(X(u))du+csS(tiH)] =

tit1

1
fit1

[ [ @000 + 40+ qX(0) + X)) 1 — )

+esS(t) + cs(S(tin) = S(8))]
= gl B (1) + () o 2Vt =S
i+1 i+1 i+1

=g/ + :ﬂ(q(x) +d(x) - gl) “Sst@y)
i1 i+1

4

where {ti}ieNo is a sequence of transition moments from one state to another, ;1 — t; = Txy
is a holding time in state x with X(t;) = x, and X(¢;,1) = y. The transitions in the model
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are based on residual times until the arrival of customers and until service completion at
busy servers. Such a scheme of the simulation model allows for its use in systems with
arbitrary time distributions.

The value-based algorithms, QL and DQN, calculate the action-state value function
(quality function) Q: E x A — R,

t
Q(x,a) = lim Bf | /0 (9(X(u) +d(X(u)) — g)du+c;S(1)|X(0) = x,a]  (13)
which represents the expected utility (or quality) of taking action a in state x € E and
following the optimal policy thereafter. The actions ag and a; are selected using an e-greedy
exploration-exploitation policy

{random action from A = {0,1}, with probability ¢, (14)
an =

argmin{Q(x,0),Q(x,1) + ¢},  with probability 1 — ¢

random action from A = {0,1}, with probability ¢,
! argmin{Q(x —e1,0) +¢5, Q(x — 9, 1)}, with probability 1 — «.
The Q-value (13) update is then of the following form: the QL algorithm provides a Q-table
update. If X(0) = x and the selected action is a for the transition type j, then after a
transition, the system state is X(#;) = y with the next selected action b and the type of
transition k. In this case Ty, = #; specifies a holding time in state x before a transition to y.
According to (13), we have

QG0 =B [ [ (aX(0) +d(X(w)) ~ &) + 5 (12) [ X(0) = (15)

+ lim Ef

[/( (X(u))+d(X(u))—gf)du—i—cs(S(t)—S(tl))’X(tl) =y,b,X(0) :x,a].

fy

Using the Robbins-Monro method of numerical evaluation of the expectation, where E|[Z]
can be evaluated from the sequence {z;} which converges to E[Z] with learning rate «;,

zi1 =21+ a)(Z) - z)),
taking into account (15), the Q-values can be approximated by

Q(x,a9) < Q(x,a0) + a[(q(x) +d(x) = g )Ty + &s1p00-13 (16)
+Q(y,argmin{Q'(y,0),Q'(y,1) + ¢s}) — Q(x,a0)], b = bo,

Q(x,a1) < Q(x,a1) +af(g(x) +d(x) — gf)Txy+Csl{a1 =0}
+Q(y,argmin{Q'(y,0), Q'(y, 1) + ¢s}) — Q(x,a1)], b = by,

Q(x,a0) + Q(x,a0) +af(g(x) +d(x) — gf)Txy+Csl{a0 1}
+Q(y,argmin{Q'(y —e1,0) +¢5, Q'(y —e0, 1)}) — Q(x, )], b = by,

Q(x,a1) < Q(x,a1) +af(g(x) +d(x) — g )Txy"‘csl{al =0}

+ Q(y, argmin{Q’(y —e1,0) + ¢5, Q" (y —e0, 1)}) — Q(x,a1)], b = by,

for different transition types in state x and y, where « is a learning rate and Q' is the old

vector of Q-values which define new policy to be evaluated. Next, we present the main

steps of the algorithm.

1. Initialization. Initialize quality function Q(x,a) = 0,x € E,a € A, Q'(x,a) =
Q(x,a),I(x) = 0,x € E which counts the times of occurrence of the state x.
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2. Policy evaluation. While Q-values are not converged, perform the following steps.
3. Evaluation and update of the sample Q. D < simulate(). For

{x,a5,y,q(x) +d(x), Txy, S(Txy) } € D
update the values of Q with respect to (16) with a learning rate & = I(xlﬁ
4.  Policy improvement. Q to Q' conversion. After a convergence in one episode, a new
policy is generated using the relation Q'(x,a) + Q(x,a). Then set

fo(x) = argmin{Q’(x,0),Q"(x,1) +¢s},
fi(x) = argmin{Q’(x —e1,0) +¢cs, Q'(x — e, 1)}

forall x € E.

The value ¢ in (14) is initialized to ¢ = 1 and updated with decay according to the rule
e =1— (k—1)0.001, where k is an episode index. In this case, if k = 1, then ¢ = 0, and
the actions should be chosen at random. If k is equal to the maximum number of episodes
K = 1000, then ¢ = 0 and the decision is made based on the estimated Q-values.

If the state space is large and the queueing system operates with low and medium load
factors, then there is a situation where Q values remain equal to zero for a large number
of pairs (x,a), which makes a lookup table for each state action pair infeasible. A possible
solution is to approximate the values of Q using neural networks. Deep Q-learning updates
Q-values by minimizing the loss between predicted and target Q-values using gradient
descent. The main steps of the DQN algorithm are listed below.

1. Initialization. Initialize the policy network Qw (x,a) with random weights W, initial-
ize D. For k = 1 to K, perform the following steps.

2. D < simulate().

3. Calculate the target Q-value

) = &) Ty + el ap=1y + Qu (v, argmin{Qw (y,0), Qw(y, 1) +¢5}), b = b,

) — & )Ty + ¢slig =1y + Qw(y, argmin{Qw(y,0), Qw(y, 1) +cs}), b = bo,
) — &) Ty + cs1gy—1} + Qu (v, arg min{Qu (y — €1,0) + s, Qw (y — €0, 1)}), b = by,
)—¢8") ( (v

—gf Ty + Cslyg—1y + Qw y,argmin{Qw(y —e1,0) +c5, Qw(y —eo,1)}), b = by.

4.  Calculate the loss between predicted and target Q-values

L(W) « €

|D| {xr”]"yﬂ(x)+d(x)rTxy/S(Txy)}€D
5. Back propagate the loss and update the weights W <~ W —aV iy L(W).
6. Periodically update W' + W.

[Q— Qw(x,a)]. (17)

Figure 17 illustrates the architectures of the Q-network and the corresponding training
network that is used to update the Q-network with respect to the loss of the mean square
(MS) (17). For the system state, we use a feature vector

X == (18)

normalized by N to ensure that [x’| < 1. As we can see, the Q-network is a neural network
that takes a state x as input (for 5 servers the length of the state vector is 6) and outputs a
Q-value Q(x, a) for each possible action a. Here, two fully connected linear layers with the
output vectors of sizes 400 and 300 and an activation function ReLU are used. A separate



Mathematics 2025, 13, 776

33 of 36

training network is introduced to optimize the MS between the Q-network and the target
Q-value Q.

° >9 ..... _/ u.o.o _/ o...u °

State . QValue
Catenate Linear1 Ramp1 Linear2 Ramp2 LinearEnd

-]

Action

;

State
QNetwork

@

Action Target Loss

loss

Figure 17. The architectures of Q-network and training network to update the Q network.

In Figure 18, we present the convergence rates for the average cost of the DON
algorithm for the parameter of Cases 1 and 2 proposed in the previous subsection. The
dashed red line illustrates the actual optimal value obtained by the DP approach. The data
sets obtained were smoothed a bit so that, on the one hand, it was possible to track the
convergence of the algorithm and, on the other hand, to preserve the fluctuations inherent
in this approach. In addition to calculating neural network parameters that minimize the
average cost per unit of time, reinforcement learning can also be used to test convergence to
the optimal solution for different types of distribution. Hence, it is possible to analyze the
sensitivity of the optimal control policy to the form of distribution in complex controlled
queueing systems.

(@) | | | ()

average cost g
average cost g

|  DP solufion | | ) | DP solution | | )
0 200 400 600 800 1000 0 200 400 600 800 1000

episods episods

Figure 18. Convergence rates of the DQN for Case 1 (a) and Case 2 (b).

We can see that applying RL to queueing systems can offer significant advantages
but also presents notable challenges. RL can adapt to changes in the queueing system’s
environment, enabling real-time decision-making for tasks like load balancing, scheduling,
and resource allocation, and does not require explicit system modeling. Advanced RL
algorithms such as DQN can scale to large queueing systems or distributed networks.
However, it should be noted that training RL models requires significant computational
resources, especially in complex queueing systems with high-dimensional state and action
spaces. RL algorithms may converge slowly or become unstable in this case.

8. Conclusions

We have presented typical problems in queueing theory that arise in the framework of
performance analysis and optimization for which ML algorithms can be applied. As an
example of a system, we have taken the GI/G/K model and solved various regression,
classification, and optimization problems. We believe that this approach is quite universal
and suitable for arbitrary systems. Of course, a number of preparatory works are necessary
for any arbitrary queueing system. A high-quality simulator is needed. It can be tested
with the analytical results available from the simplified system. Next, it is necessary to
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empirically test the quality of the approximating parametric function and then to create
samples of the necessary volume for further training and testing of the ML algorithms
used. The results of reinforcement learning were verified using the equivalent dynamic
programming approach. It is obvious that the application of machine learning in queueing
theory has definitive advantages but also certain difficulties in realization. However, the
development of artificial intelligence methods and their synergy with queueing systems
significantly expands the possibilities of queueing theory and is an effective addition to the
existing classical methodology.
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