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1 Introduction

The Wiener sheet is one of the most important examples of Gaussian random
fields. It has various applications in statistical modelling. Wiener sheet appears
as limiting process of some random fields defined on the interface of the Ising
model [1], it is used to model random polymers [2], to describe the dynamics
of Heath—Jarrow—Morton type forward interest rate models [3] or to model
random mortality surfaces [4]. Further, Carter [5] considers the problem of
estimation of the mean in a nonparametric regression on a two-dimensional
regular grid of design points and constructs a Wiener sheet process on the
unit square with a drift that is almost the mean function in the nonparametric
regression.

In the present paper we consider a shifted Wiener sheet of the form
W (s,t) +mg(s,t), where ¢ is a known function, observed on a domain G
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of special shape, and we determine the maximum likelihood estimator (MLE)
of the unknown parameter m. In principle, the Radon-Nikodym derivative of
Gaussian measures might be derived from the general Feldman-Hajek theorem
(see, e.g. [6]), but in most of the cases explicit calculations can not be carried
out. Further, as 82;: gst’t) is a two dimensional Gaussian white noise, the prob-
lem can also be considered as a parameter estimation in a classical Gaussian
signal in white noise model (for the results in one dimension see e.g. [7]). For
some special domains G (e.g. G is a rectangle with edges parallel to the
coordinate lines, [8]) this approach directly yields the estimator, but it can
not be applied for more complicated domains.

For our particular case of a shifted Wiener sheet the MLE of m is given
e.g. in [9]. However, the MLE is expressed as a function of a usually unknown
random variable satisfying some characterizing equation. In several cases the
exact form of this random variable can be derived by a method proposed by
Rozanov [10] based on linear stochastic partial differential equations. Araté
[11] used Rozanov’s method to find the MLE of the shift parameter of a shifted
Wiener sheet observed on a special domain. In [12] the authors considered
the model of Arat6 [11], and applying an essentially simpler direct discrete
approach they found the MLE of the shift parameter under much weaker
conditions. In the present paper the discrete approach is applied for a more
general model and more complicated domain of observations. We note that
the results derived in Section 3 for discrete samples and the L’-integration
theory given in Section 4 might be of independent interest.

2 The model and the estimator

Let {W(s,t):(s,t) € Ry} be a standard Wiener sheet. Consider the process
Z(s,t) = W(s,t) + mg(s,t), (s,t) € Ry, with some known function g :
R?2 — R and with an unknown parameter m € R. Let [a,c] C (0,00) and
bi,by € (a,¢). Let v12: [a,b1] = R and =g : [b2,¢] — R be continuous,
strictly decreasing functions and let -~y : [b1,c] — R and 79 : [a,bo] —
R be continuous, strictly increasing functions with ~12(b1) = v1(b1) > 0,
Y2(b2) = Y0(b2), m2(a) = 12(a) and ~i(c) = Y(c). Consider the curve
I':= FLQ Ul'tuI'a UTy, where

Dig = {(s,71,2(5)) : s € [a,b1]}, Iy :={(s,7(s)) : s € [b1,c]},
[y := {(s,72(s)) : s € [a, b2]}, Lo :={(s,70(s)) : s € [b2, ]},
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Figure 1. A example of a set of observations G.

and for a given ¢ >0 let Iy, T'{, I'; and I'§ denote the inner e-strip of

I'i2, I't, T'9 and T'g, respectively, that is e.g.

[fq:= {(s,t) € R?:s € [a,a+¢], t €[y1.2(s),712(a)] or
€la+e,b], t €yi2(s),71,2(s) + 5]}

Suppose that there exists an € > 0 such that
riNI5=0 and TT,NIG =0,
and consider the set G := G1 U Gy U G3, where

Gri={(5,t) €R?: 5 € [a, by Ab], t € mx>w@u

G {(s,t) e R? : 5 € [by, ba], t € [71(5),72(5)]}, if by < bo,
2T s €R2is € baybul, € Irials)vo(s)]},  Of by > b,
Gz :={(s,1) ER?:s5€ by Vb, te| ()]}

An example of such a set of observations can be seen of Figure 2.

(2.1)

THEOREM 2.1 If g is twice continuously differentiable inside G and the
partial derivatives Oi1g, Oaog and 01029 can be continuously extended to G
then the probability measures Pz and Py, generated on C(G) by the sheets
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Z and W, respectively, are equivalent and the Radon-Nikodym derivative of
Pz with respect to Py equals

dPz

o (2) = exp { =g an? ~20m)}.

where

b1
g(b1,y1.0(b1))? [9(s,11.2(5)) — sD1g(s,71.2(5))]
A= bivi,2(b1) / $271.2(s) ds

a

X / LYERNC) “’/2(“) 22901300

n(s) M (t)
b1 ’Yl,z(bl) 1,2

_ 2
N / (02903 ' (1), 1)] dH// [(61029(s, )] 2ds dt,

—1
Yo (T
Lt 5 (1) g

and

C

_9(b1,71,2(b1)) Z (b1, 71,2(b1)) 09(5,71(5)) Joas (s
<= b171,2(b1) +/ Y1(8) Z{ds,m(s))

1
by

s,71,2(s — 80 $,71,2(8
+/ [g( 71.2( )227172(5( 71,2( ))] [Z(S,’Yl,Q(s))dS_SZ(dS”yl’Q(S))}

a

T,2(a) Ya(b

/ 9021 o1 4y /2>MW Z(75 (1), dt)
Y1.2(b1) Vfé(t) e Y2(a Vgl(t) A |

+é/3132g(5,t) Z(ds, dt).

The mazimum likelihood estimator of the shift parameter m based on the
observations {Z(s,t): (s,t) € G} has the form m = (/A and has a normal
distribution with mean m and variance 1/A.

The integrals in the expression for ¢ above are meant as L?-integrals and
will be discussed in Section 4.
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Remark 1 The form of A and ¢ in Theorem 2.1 is very similar to the form of
the corresponding quantities in [13, Theorem 4], where G = [c1, o] X [d1, d2],
with [e1, ¢2], [d1, d2] C (0,00). This particular result can also be derived from
the results of [8]. Moreover, if g =1 one can show that A and ¢ gives back
the corresponding quantities of [11, Theorem 2] and [12, Theorem 1.1].

3 Radon-Nikodym derivatives of finite samples

Let 0<s1<s9<---<sy and 0 <ty <ty <--- <ty bereal numbers
andlet 1= < - <A <A1 < <Apgm=L, 1 =N <--- <A, <
Ny < - <)\;L+m,_L, L=y < < pip < flpg1 < o+ < fpanr = M
and 1=p) < < pp, < fin,q < < iy, =M be integers,

R:={(,j)eN*:1<i<L,1<j<M},
1

R1,23:U (i,§) € Nt N\ < i < M1, 1 <5 < gt

n+m—1

Ri= J {(G)eN": M <i<Neqn, 1 <G < phnia )
k=n+1

n’'—1

Ry = U {(i,7) € N* t N, <0 < Nyq, pnnrk < § < MY,
k=1
n'+m’—1

Ro:= |J {(6,5) eN?: N, <i < Ny i pmremi <J < M},
k=n'+1

H:=R\ (RisURy URyU Ry),
Hy = {( M, pin—iy1) : k=1,...,n},
H_ = {( M, pin—ny2) 1 k=2,...,n},
H, = {(i,,uk) ck=1,...,n, Ap_gy1 <1 < )‘n—k+2}
U{(pk)  k=2,...,m, Mgt <0 < Apy},
Hy = {(\,J) i k=1,...,n, fin_p1 <J < fin—ki2}
U{Nd) k=20 k1 <J < pnsr )
Hys:=H\ (Hy UH_UH, UH,).
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Figure 2. An example of index sets R, Hi, H_, Hi, Hy and Hi2 for n=m=m/=5 and

n' = 6.

(See Figure 2 for an example.)
LEMMA 3.1 The joint density of {W(s;,t;): (4,5) € H} is
C f(xl,j : (27]) € H+ UH*) g(‘rl,j : (27]) € H)7
where ¢ is a norming constant,
2 2

f(xi,ji(i7j)€H+UH—)_eXp{_ Z 27;.4_ Z 25-7;
il

X Silj -
(4,5)€H (4.9)€H -

. Az ) Aazij)’
g(xi,ji(Z,J)GH):eXP{— ) g(islf)zj_ 2 <28i2(Atj))

(4,7)€H. (4,7)€H.

(A1 Qg 5)°
2 2(Asi)(Atg) }

(4,4)EH1 2

b

(3.1)
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where Az = x5 — Ti—15, Dowiji=x;j — Tij—1 and As;:= 8 — s;_1,
Atj = tj — tj_l.

Proof The joint density of {W(s;,t;): (i,7) € R} equals

cexp{ — Ty EL: (Arwin)? f: (Aoz15)* if: (A1Asz)°
P 2s1t1 Q(Asi)tl 281(Atj> Q(Asi)(At]‘) ’

i=2 =2 i=2 j=2

which is, in fact, a special case of the statement for n = m =n' =m/ = 1,
l=XA=XN<X=XN=L, 1 =p =p) <pz=py=M, hencefor H=R,
R1,2 =R =Ry =Ry=0 with H, = {(1,1)}, H =0, H = {(Z',l) 12 <
i< Ly, Hy={(1,j):2<j<M}, and Hip={(i,j):2<i<L,2<j<
M?}. From this we calculate the joint density of {W(s;,t;) : (i,j) € H} by
integrating with respect to the variables {z;; : (i,j) € Ri2UR1 U Ry U Ry}
such that in each step we obtain a set which can be represented in the same
form as H. Hence, it is sufficient to show that by integrating formula (3.1)
for H with respect to a variable z;; with

(i) (i+1,7),(i,j+1) € H and (i—1,7),(i,j—1) &
(ii) or (i—1,75),(é,j+1) € H and (i+1,j),(i,j—1) &
(iii) or (¢,7—1),(i+1,j) € H and (i—1,7),(i,j+1) &
(iv) or (i,7—1),(i—1,5) € H and (i+1,75),(i,j+1) &
we obtain formula (3.1) for H \ {(7,7)}.

Let us start from the south-west corner, and consider a variable x;; with

(i,j) € Hy, (i+1,5) € H and (i,j+ 1) € H. We have only four terms in
the exponent of formula (3.1) containing z;;, namely

H (south-west corner),
H (south-east corner),
H (north-west corner)
H (north-east corner),

)

S i— o (Armigng)? (Qamijin)? (AAgwipi )’
L 28ty 2(Asi)t; 2si(Ata)  2(Asi)(Atjia)

After forming a full square in the variable z;; and integrating with respect
to x;j, S1 can be replaced by (see [12])

2 2 2 2 2
Lit1,j Tii+1 Lit1,j+1 (A1miq1541) (Aowitj+1)

S 2siat; 2sitie1 2sivitin 2(Asipi)tisr 2sii1(Atj1)

This means that formula (3.1) is valid for H \ {(¢,7)}.

After integrating with respect to {z;; : (¢,7) € R12}, one can continue with
the south-east corner. Consider a variable x;; with (i,j) € H, (i—1,j) € H
(i,j+1) € H and (i,j—1)¢ H, (i+1,7) ¢ H. The part of the exponent
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of (3.1) containing z;; is

Sy = — (Aq; j)* B (A1 Ao j41)?
2(Asi)t; 2(As)(Atjp)

After integrating with respect to x;;, one can replace S> by

(A1 41)?
2(Asi)tji1’

so (3.1) is valid for H \ {(¢,7)}.

The north-west corner can be handled in a similar way. Consider a variable
x;; with (i,j5) € H, (i+1,j) € H, (i,j—1) € H and (i,j+1) & H,
(i—1,7) € H. The part of the exponent of (3.1) containing x;; is

(Azij)?  (A1A2wi41,)?

S3 = — 2si(At;)  2(Asiy1)(At;)

After integrating with respect to x;j, one can replace S3 by

(Aazia)?
28i+1 (Atj) ’

so (3.1) is valid for H \ {(¢,7)}.

Finally, let us deal with the north-east corner and consider a variable z; ;
with (4,) € H, (i—1,7) € H, (i,j—1) € H and (i, j+1) & H, (i+1,5) & H.
It is easy to see, that x;; is contained only in one term of (3.1), namely in

(Al AQ.%‘Z'J')Q
2(Asi)(Aty)’

which disappears after integration with respect to x;;. Hence, we obtain
formula (3.1) for H \ {(4,7)}, completing the induction step. O

LEMMA 3.2 The probability measures PIZ{ and Pg,, generated by the random
variables {Z(si, tj) : (i,j) € H} and {W(s;,t;): (i,5) € H}, respectively,
are equivalent and

dP¥

. 1 ,
@(xm :(i,j) € H) = exp{—2(AHm — 2yHm)},



Parameter estimation of a Wiener sheet 9
where
4+ )2 A . tA))2
Z g S’L?tj . Z g(sut]) + Z ( 19(317 j
- sit; 4 (As;)t;
( 7] 6H+ (Z,])er (Z7J)EH1

i Z Agg SZ, )2 n Z (A1A29(8i7tj))2

si(At;) (Asi)(At;)

( 7])€H2 (7;7]')6H1,2

,_ i jg(sist;) i jg(sist5) (Arzig) (Arg(sit))
YH = Z B Z Sit]’ + Z (Asi)t]’

4 8t - 4
(Z)])GH-F (Zvj)EH— (’LJ)GHl

S Agn:u Azg(sn i) 3 (A18awi) (ArB2g(sis )

Atj) (Asi)(At;)

(1,5)€H> (i,5)€H1 2

The MLE of m based on {Z(si,tj): (i,j) € H} has the form mpy = (uy/An

where

9(si, tj)Z(si, 4 g(si, tj)Z(si,t5)
Z 7 SZ 1 Z 1 St 7

(i.j)€H J (i.j)€H -

Y (A1g(sinty)) (A1 Z (s, ))+ 3 (Aag(sisty)) (AaZ(si,t;))

( 7] EHI ASZ) (i»j)€H2 SZ(AtJ)
S (A1A29(si, t5)) (A1 A2 Z(si, )
(i) H . (As)(At5) |

and mpy has a normal distribution with mean m and variance 1/Ap.

Proof Lemma 3.1 implies that the joint density of {Z(s;,t;): (4,5) € H} is

c‘f(:z:iJ mg(sz,t):(ZJ)€H+UH) (:Em—mg(si,tj):(i,j)EH).

Hence
dPI%I (21, (5,§) € H) = f(xm my(si,tj) < (4,7) € Hx UH_ )
dPy, flaij:(i,j) e HL UH_)

ij irtj):(i,5) € H
y g(zij —mg(s .].) (4,7) ) _ exp{—l(AHm2 — 2yHm)},
g(fci,j :(i,4) € H) 2

which implies the given form of the MLE of m. Obviously, Emg = m.
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Finally, using the independence of the increments in the terms of (z one can
easily show that D?Cy = Ag. O

4 Weighted L?-Riemann integrals of the ‘partial derivatives’ of a
Wiener sheet

We define L?-Riemann integrals of a product of a function and a ‘partial
derivative’ of an L?-process along a curve I' = {(s,7(s)) : s € [a,b]}.

DEFINITION 4.1 Let Z be an L?-process given along an e-neighborhood of a
curve T :={(s,7(s)) : s € [a,b]}, where ~:[a,b] — R is strictly monotone.
Consider a function vy : [a,b] — R. Then

b b
[ v 2@s2) =i [ (6) 20+ b () - Z(s7(5)] s,
7(b) ) v(b)
v ) 207 @,d0) =L [ w7 0)
v(a) v(a)

if the right hand sides exist.

This definition is compatible with the notion of a weighted L?-Riemann
integral of the normal derivative of an L?-process along a curve, see, for in-
stance [12]. A weighted L?-Riemann integral of the normal derivative along a
curve can be expressed by the help of weighted L2-Riemann integrals of the
partial derivatives, namely

_ ° "0 y(y (1) —1
vz = [ Ao 26s a0+ [ 5 267 0.

However, we have to use weighted L?-Riemann integrals of the partial deriva-
tives, since the random variable ¢ in Theorem 2.1 cannot be expressed only
by the help of weighted L?-Riemann integrals of the Wiener sheet and of its
normal derivative. Note that by Lemma 3.5 of [12],

v(b) b
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whenever v is differentiable on (a,b) and the improper integrals on the right
hand side exist. Hence a notation

~(b) b
/ y(v 1) Z(y (1), dt) = / ¥ ()5()02Z (5, 7(s)) ds
v(a) a

would also be justified.
Next we give sufficient conditions for the existence of the integrals

f; y(s) W(ds,~(s)) and fj((;)) y(y L)) W(y~(t),dt), and we present ap-

proximating sums.

PROPOSITION 4.2 Let [a,b] C Ry, let v:[a,b] = Ry and y:[a,b] = R
be continuous functions, and let ~ be strictly monotone. Then the integrals

Jry(s)W(ds,y(s) and [0 y(y=1() W (v~} (t),dt) exist and

b
/ y(s) W(ds,(s)) = Lim. Sy,
v(b)
y( T O) W (1), dt) = Lim. Sy,
v(a)
where
Nl N . N N
Sn = 3y W) (™) = Ws™M (™)),
=1

N
Sy =3y W™ As™M)) = W(s™ 4 (s8],
1=2

and Py : a:sgN)<sgN)<~~-<s§\],vjl<s§\j,v):b, N =1,2,...

sequence of partitions such that |Pn| — 0 as N — oo.

Proof The existence of the limit lim.Sy follows from lim ESnNSy =

N—oo

f; v(s)y(s)?ds, which is a consequence of Lemma 4.3 of [12]. In order to prove
the first statement, we will show that for an arbitrary sequence hy — 0, we
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have lim E(Sy — Ij,)? =0, where
N—oo

b
=1 /y(s) (Z(s + hor(s) — Z(s,7(s)] ds,  heR, h#£0.

a

Again by Lemma 4.3 of [12],

b
lim ES% = Jim EIf = lim ESnI;, = / v(s)y(s)? ds,
N—oo N—o00 a

which completes the proof of the first statement.

Next suppose that function -~ is strictly increasing. Let tz( ). = (s (N)),
i=1,...,N. Then Py: ~(a) = th) < th) < < t%v_)l < tgv) = ~(b),
N =1,2,..., is a sequence of partitions such that [Py| — 0 as N — oo by
the continuity of . Moreover,

N
Sn =Yy N ) = Wi (1), 1)),
=2

N =1,2,.... Now, the arguments of the proof of the first statement imply the
second statement. O

PROPOSITION 4.3 Let [a,b] C Ry and let -~ : [a,b] — Ry be a contin-
uwous strictly monotone function. Let z be a real function given along an
e-neighborhood of the curve T := {(s,7(s)): s € [a,b]}. Let

N-1

Swi=_ [t AN (s A =26 (s N (A ))]
=1
(5™ (s (N) /(N
25877 = 2™ A ()]
T: Z ) _ (V)
i+1 z
x [W (s 4(s™)) = w(s™ 4 ()],

o N T D) — 2™ ()
V=2 S _ ()
i=1 Si+1 — S

x W (s (s = w(s™ 4 (s8],
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If z and Oz are continuous then

b b
Liam, S = [ 25,7 Wlds(5)) + [ Wis,(5)012(5.7(5) ds,

a

N—oo N—o0

b
Lim. Ty = Lim. Uy — / D12(5,7(s)) W (ds, v(s)).

If z and Osz are continuous then

v(b)
Lim. Vy = Doz(yH(t), t) W (v~ (), dt).
)

N—oo
Proof Consider the decomposition Sy = S](\P —+ S](\?) + Sz(\?) +SsW , where
N N N N N N
Y = 32 A W s (58 = Wt 4 (5],
i=1

% )

SV =S W(s™ A (s [0z, (s8] (s8] — s,
i=1

N—-1
S = 3 (st (™) = 2™ (s ™))
=1
s W) (5™ = w(s™ 4 ()],
N—-1
S = 3 L2 M) = 254 = (s8] = 5012 (s, A (58
=1

x W (™ y(s™)).

)

13

)]

By Proposition 4.2 we have S](\}) Lo, fab z(s,7(s)) W(ds,y(s)) and S](\?) L,
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f; W (s,v(s))012(s,7(s))ds as N — oco. Moreover, SJ(\‘?) L2, 0 and S](\Z,l) R
0. Indeed,

2
1S HmZ\ (s, (s8)) = 2N AN P () (s8] = sy

< (b—a) sup ¥(8)|2(5,7(s)) = 2(5,7(s)) | — 0
s,s€|a,
[s—3|<|Pn|

(N)

as N — oo. Further, by the mean value theorem we have z(szﬂ,y(sfm))

2™ ™)) = 012G, M) (W) = s with some 3 €

(S(N) (N))

i »Sit1), hence

N—1
158 01z2 < D7 012G (7)) — d12(s™ At

N N)\ [ (N N)\\ 1/2
x (s3] = s (™)
<(b—a)b'/? su[p } 7(5)1/2‘81,2(’5,7(3)) d1z(s,y(s))| — 0
s,5€[a,b
[s=3]<|Pw]|

as N — oo.
Next consider the decomposition Ty = T](\,1 ) + TJ(\,2 ), where

Ty =3 [0t AN W (s (58™) = W (™ (s8],
=1
T = [0 7M7) = 2(™, () = (s8N M) a1 25N 4 (s8]

< (s s = W™ )] /s = 5).

By Proposition 4.2 we have T(1 f O12(s,7v(s)) W(ds,y(s)) as N —

oo. Moreover, T ](\[2) L. Indeed, again by the mean value theorem,

258 () = 2(s 4 (s4M)) = alzr( LA (s8] — sy with some

K3 3
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§§N) € (SZ(N),SZ(-_J:?), hence

N—-1
N N N N N N N
T2 < S 102G A(s8)) = (8™ A (5™ Pr(s™) (58 = s

<(b-a) sup, 1(8)|812(3,7(5)) — dr2(s,7(5))|* — 0
s,s€|a,
[s—3|<|Pw|

as N — oo. In a similar Way one can prove Uy Lo, fbalz(s,v( ) W(ds,~(s))

N N N Lo
as N — oo using S y(sid)) W (i) 2(sd)) = W™ (si)))]
fa y(s) W(ds,v(s)) as N — oo for a continuous function y : [a,b] — R

Which can be shown as the first statement in Proposition 4.2, with a slight
suitable modification of Lemma 4.3 of [12]. The last statement can be proved
by similar arguments. O

5 Proof of Theorem 2.1

In order to determine Radon-Nikodym derivatives we have developed the fol-
lowing general method based on the results of [14, Section 2.3.2] (see e.g.
[12,13]). Let X be a separable metric space. For a random field {, : x € X}
with continuous trajectories on a probability space (2, .4,P), the induced
mapping £ : @ — C(X) is measurable. Let P¢ denote the probability
measure generated by the process ¢ on (C(X),B(C(X))). For a finite set

= {z1,...,2} C X, we denote by Pg( " the probability measure generated

by the random variable ¢(X') := (&,,...,&,) on (RF B(R")).

PROPOSITION 5.1 Let {& :a € X} and {& :x € X} be random fields
with continuous trajectories. Suppose that there exists a measurable function
f:C(X) — R such that Ef(§) =1 and that for any finite set Xo C X,
there exists a sequence of finite subsets X,,, n=1,2,... with Xo C X, C X,
n=12,..., and with

dPe’ -
X (g(Xn)) _>f(€) as n — 00.
dpgr
dPz
Then Pg is absolutely continuous with respect to P¢ and Fot = f.
3

(The proof can be found in [13].)
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H.:0 H_:0O Go = {90} : *

Figure 3. A example of a grid on [a,c] X [y1(b1),v2(b2)] containing a one point set Go.

We will apply Proposition 5.1 for X = G and for the random fields { =W
and £ = Z. Observe, that ¢ can also be expressed in integrals with respect
to the Wiener sheet {W(s,t):s,t >0}, namely ( =7+ mA, where

C

_9(b1,71,2(01))W (b1, 71,2(b1)) /519(3»71(8))
T b1y1,2(b1) 71(5)

W (ds,v1(s))

by

+/ [9(3771,2(3) —Salg(s,’ylz(s)]

5%71,2(5)

[W(s, 71,2(8)) ds — sW(ds, 7172(5))}

a

71,2(a) v2(bz2)

829(’71_,21 (t)v t) -1
/ WW(’h,z(t)adt) +7(/a)

Bag(yy ' (1), 1)

Sy Woa' (0,40

i

71,2(b1)

+£/01329(83t)w(d5adt)-

Let us consider a finite subset Gy C G. Condition (2.1) ensures that one
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can construct a grid on the rectangle [a,c| X [y1(b1),72(b2)] containing Gy
such that the grid points on the boundaries I'; 2, I'y and I's have the forms

(s,7,2(5)), (s,71(s)) and (s,72(s)), respectively. More precisely, there exist
k,meN, ¢ € NU{0} and real numbers

a:51<"‘<3k:b1/\b2<5k+1<"'<5k+£

=0b1 Vb < Spypp1 <+ < Sgaprm =C¢C
such that the grid (s;,t;), i =1,...,k+£¢+m, j=1,...,2k+ ¢ with
tir=v12(8r—it1), i=1,...,1, tryi="2(s;), i=1,...,2k+L—r, (5.1)
satisfies
v1(s;) =ti—p for i=r+1,...;k+L+m,
where

. k if by < by,
T k44 if by > be.

Figure 3 shows an example of an appropriate grid for Gy containing a single
point go € G.
Now, using the notations of Section 3 let

H:={(i,j) eN*:1<i<k+l+m, 1<j<2k+ (s;,1;) € G}.
From the special form of the grid follows that

Hy={(i,r—i+1):i=1,...,r}, H_={(i,r—i+2):i=2,...,r},
H1:H_U{(i,i—r):izr+1,...,k+€+m},
Hy=H_ U{(i,r+i):i=1,...,.2k+{—1}.

Using Lemma 3.2 we conclude, that

drP¥
dPf,

(W (si,tj) : (1,7) € H) = exp {—;(AHm2 - 277Hm)} ,
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where
oy s iliwfjf;:;f”“i-“”2
St )]
+ 2 l9(si gl(ﬁszg))l)— fii;?;;f”” i

and

= Z g(siyv1,2(8:))W (84, 71,2(54)) Z 9(si,71,2(8i-1)) W (s3,71,2(86-1))

i1 Si1, 2(32 SivV1 2(31 1)

I Z (A AQQ(S’H ))(AlAQW(SZ ))

S (Asi)(Aty)

9(sq, 712 5i-1)) — 9(5i717'71,2(5i71))}
*Z (Dsi)a(si1)

X [W(si,11,2(8i-1)) = W(si-1,71,2(5i-1))]
k+€+m

9(sis1(s1)) = g(si—1,71(50)] [W (56,71 (s0)) = W(si-1,71(50))]
i Z} (Bsim(s)

9(si,11,2(5i-1)) =g (56 7.2(50)] [W (53, y1.2(5i-1)) = W (50, 11.2(53))]
+Z si(y1,2(8i-1) — 71,2(84))

+2k§: "l(si,2(si)) — 9(51',72(&‘—1))] [W<3i’72(si)) _ W(Si’W(Si_l))] .

si(v2(si) —v2(si-1))

Hence, by Proposition 5.1, it is sufficient to prove that for any sequence of
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partitions

Py : a:sgN)<---<8,(€]1\V[)=b1/\b2<31(;§1r1<"'<Sl(c]1\vf)+£1v

(N)

< SkN+ZN+mN =6

N
bV <s™, <

with |Py| — 0, for tg-N), j=1,....2kn+4n, N =1,2,..., defined as in
(5.1), and for

HY = {(i,§): 1<i<ky+ Ly +myand 1 < j < 2ky + by — 1

and (s, 1) € G\ (T12UT UT)},  N=1,2,...,

we have Ap, — A and npy, Lo, n, where

6
AHN :ZAE\Z])7 NH N :ZT/](\Z[)
; =1
with

TN (N) (M2 7w (N) (N)
1 g(Sz ’712( ) )) g( Z ’/712( Z ))
AEV) ::Z - L ;

eI )712(( ) = MM

el [9(s™ 325 = g a5
N _Z (N) (N) ’
(Asz )71,2(8,-1)
4@ R g™ (™) — g m ()]
No= ) ™) ™) ’
i=ryn41 (Asi )71(31 )
4 m(sﬂ))—g(sﬁm,mz(si“))ﬁ
N _Z (N (N) ’
(71,2(5i—1)—71,2(5i )
A9 =S {g<s§N>,w<s§N>>> — g™ (s )]
N = )
= s (2(s™) — 2 (st™))
(N) 4(N)

(i.j)€H{Y



20 Baran et al.

and

) ._ig(é 1o (s (™) 41 ()
Y = <) (( )
=1 7 7172 Sz )
=S g(s™ 12D W (s 31,0(s0))
i— SEN)Wl,z(SEﬂ))
O [9(s™ 2™ — g 71 2(5)]
P (As™)y1a(stM))
x W (™ 71208 = W (™) 71208,
O ._“”“”fmfv (9™ 71 (s™)) = g(s$™), ()]
N
Bt (As™M )y (s
s W (™ (™)) = W (s, 3 ()],
@ 2 g™ a(s™M)) = g(s™) 0 (s8)]
W .
P s (y.2(s™)) = 71 2(s™))
x W (™ y12(s™))) = W (5™ 712(s8))],
NCI S TGS R (C Ul
N
= s (12(s™) = (™))

) = W (s (s,
) (M2 (™ 7))

)

x [W(s™, 7a(s™)
) )

SO (A1Dag(si™, el
N N N
(Z,j)GH{Z;) (ASE ))(At§ ))

It is easy to see that Ay — A as N — oo since

)

TN N
L0 9y (b)) 1 (a6 ana6™)? g™
T el S yas) s E

g(b1112(b1))? 7 9(5,71.2(5)) [g(5, 11.2(5) — 2501 9(5,71.2(5)]
b171,2(b1) 52y1,2(s)

a
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b1 2 c 2
Aﬁ)+A§3)—>/ [019(s,71,2(5))] ds+/ [819(?1?1(8))] ds,

71,2(8) ; 5)
~1,2(a) o 2 v2(b2)
0 1), t),t
A(4) _I_A(5) _ [ 29(732() )] at + [ 29 (75 (1), )] at,
N a (1) v5 ' (t)
Y1,2(b1) ’ Y2(a)
A1 Agg(s™) M)y
6 _ 122905 b (N)
Ay’ = Z (A (N))(At(N)) (A t —>// O1029(s,t)|" dsdt
(ivj)erf\zl) G

The aim of the following discussion is to prove convergence 7y Ly 7 as
N — oo which completes the proof. We have

@) _ g(b1,71,2(b1))W (b1, 71,2(b1))
NN =

b1v1,2(b1)
& [ s W™ ()
=2 71,2(51@1)) SZ(N)
g D)W (s 1a(sM))
s ’

hence applying Proposition 4.3 for the curve «; 2 and for the function (s,t) —
s~ 1g(s,t), we obtain

(1) L g(b1,71,2(b1))W (b1, 71,2(b1)) /b‘ g(s 712 W(ds,%’g(s))

N

biv1,2(b1) Csya(s)
_/ 1 [salg(s m.2(8)) —g(s,m 2(8))]W(3a71,2(5)) ds
- )
o $%71,2(s)

Applying Proposition 4.3 we also conclude

by
(2)3/819(577172(5))

71205) W (ds,v1,2(s)),
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ng\?) i / 619(8771(8)) W(dS,’yl(S)),

Y1(s)
by
71,2(a)
D29(115(1),1)
Lo 29\ , ) _
) A [ SR SR .,
71,2(’5)
71,2(b1)
" oug07 00,0
Lo ; _
oy A [ 200 D w0, a).
() Y2 (t)

© _ (6, A)+77(6B)

Finally, consider the decomposition 7y’ = 1y , where

n](\?’A) = Z [61829(351\7), t;N))] [A1A2W<S£N), téN))] y

(i.4)eH{
T et o [ LTI i )
s Bl

(i) i i

X [AlAQW(SZ(-N) s t§N))] .

Clearly 7753’“ L, JJq 01029(s,t) W(ds,dt) as N — oo. Moreover ng\?’B) L,
0 as N — oo. Indeed, by the mean value theorem, A Agg(sgN),tﬁ.N)) =
(AS(N))(At(- ))81829(%]\[) A(N)) with some §§N) € (s (V) s(N)) and fE.N) €

7J 1 1%
N N
(t§ i,t( )

), hence

P13 < Y 10009 EY) — d10ag (s 1) P (AS) (AY)
(i) Hy Ty
< AG) sup |01029(3, 1) — D1029(s,1)|* — o0

(s), GDEC
ls=3], [y = () =y~ (OIS [Pw]

as N — oo. g
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