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1. Introduction

The inverse problem of Lagrangian mechanics can be formulated as follows: decide whether or not a given system of
second order ordinary differential equations (SODE) coincides with the Euler-Lagrange equations of some Lagrangian, [2,6,
11,15,17,19]. When the given system of SODE is homogeneous and the Lagrangian to search for is the square of a Finsler
function, the problem is known as the Finsler metrizability problem, [8,14,18,23]. If the sought after Lagrangian is a Finsler
function, the problem is known as the projective metrizability problem, or as the Finslerian version of Hilbert’s fourth
problem, [1,7-10,24].

In this paper we address the special case of the Finsler metrizability problem, where the Finsler function we seek for has
constant curvature. When the spray has zero constant curvature, then there is no obstruction for the existence of a locally
defined Finsler structure that metricizes the given spray, [7,9,18]. Therefore, in this work we will focus on the case when
the curvature is non-zero.

In Theorem 4.1, we solve the above mentioned problem by providing a set of equations, which contains an algebraic
equation A) and two tensorial differential equations D) and D) in (4.1), which have to be satisfied by the Jacobi en-
domorphism. One of these two tensorial equations restricts the class of homogeneous SODE (sprays), which we discuss,
to the class of isotropic sprays. Therefore, we focus our attention on isotropic sprays and their relation with the Finsler
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metrizability problem. In Theorem 4.2, we characterize the class of isotropic sprays S for which the following conditions are
equivalent:

e S is Finsler metrizable,

S is metrizable by a Finsler metric of scalar flag curvature;

S is Finsler metrizable by an Einstein metric;

S is metrizable by a Finsler metric of constant flag curvature;
S is Ricci constant.

If the Finsler function is reducible to a Riemannian metric, the equivalence of the above conditions, on manifolds of di-
mension grater than or equal to three, is always true for affine isotropic sprays, and it is not true in the general Finslerian
context. Therefore, Theorem 4.2 identifies the class of sprays where this equivalence is still true. The last condition is a
technical one, can be checked very easily, and it is common for both Theorems 4.1 and 4.2. Theorem 4.1 has the advantage
of being true for spray spaces of dimension grater than or equal to two, and it has the disadvantage of disregarding Finsler
metrizable sprays of non-constant flag curvature. The main advantage of Theorem 4.2 is that it treats sprays for which the
Finsler metrizability is equivalent with the metrizability by a Finsler metric of constant non-zero flag curvature. The key
ingredient in proving Theorem 4.2 is the Finslerian version of Schur’s Lemma, [4, Lemma 3.10.2], which is true only for
spray spaces of dimension grater than or equal to three.

Since any spray on a two-dimensional manifold is isotropic, one of the two equations (4.1) in Theorem 4.1 simplify. In
Theorem 4.3 we provide necessary and sufficient conditions for the metrizability of a two-dimensional spray space by a
Finsler function of constant (Gaussian) curvature.

To support our results, in the last section, we consider various examples of isotropic sprays that satisfy, or not, one or
more of the necessary and sufficient conditions, which we provide, for Finsler metrizability.

2. Sprays and their geometric setting

The natural geometric framework for studying systems of second order ordinary differential equations is the tangent
bundle of some configuration manifold.

In this work, M denotes a C°°-smooth, real, and n-dimensional manifold. We will denote by TM its tangent bundle and
by ToM = TM \ {0} the tangent bundle with the zero section removed. Local coordinate charts (U, (x\)) on M induce local
coordinate charts (7 ~'(U), (x!, y')) on TM, where 7 :TM — M is the canonical submersion. We will assume that M is a
connected manifold of dimension n > 2. Therefore, TM and ToM are 2n-dimensional connected manifolds.

In this section we discuss the natural geometric setting determined by a spray S, which includes canonical nonlinear
connection, dynamical covariant derivative and curvature tensors. This setting, as well as the proofs of our results in the
next sections, are based on the Frolicher-Nijenhuis theory and the corresponding differential calculus that can be developed
on TM, [11,13,22]. There are two canonical structures on TM, which we will use to develop our setting. One is the tangent
structure, J, and the other one is the Liouville vector field, C, locally given by

d ; ]
= — ® Xm, (C = 17"
J ay! Y ay!
A system of homogeneous second order ordinary differential equations on a manifold M, whose coefficients do not
depend explicitly on time, can be identified with a special vector field on ToM that is called a spray. A vector field S €
X(ToM) is called a spray if JS=C and [C, S]=S. Locally, a spray S is given by

S = ii—ch(x )i (21)
_y 8Xi 7y ayi’ .

where functions G'(x, y) are smooth functions on domains of induced coordinates on ToM and 2-homogeneous with respect
to the y-variable.
It is well known that a spray induces a nonlinear connection, with the corresponding projectors h and v given by

1 1
For a spray S, we consider the map V:X(ToM) — X(ToM), given by [6]

V=Ls+hoLlsh+VvoLgv. (2.2)

We require that the action of V on scalar functions is given by V f = S(f), for f € C>°(ToM). Further requirements that V
satisfies the Leibnitz rule and commutes with contractions allow us to extend its action to arbitrary tensor fields on ToM.
We will refer to V as to the dynamical covariant derivative induced by the spray S. Its action on semi-basic forms was called
the semi-basic derivation and studied, in connection with the inverse problem of the calculus of variation, in [11].
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An important geometric structure induced by a spray is the Jacobi endomorphism, which is the vector valued semi-basic
1-form given by

®=voLsh=Lshoh.
Locally, the Jacobi endomorphism, is given by
;0 ; aG! 3G\ aG'aG"\ @ ;
¢=Rl<—.®dXJ= 2——5 - —_ " —.®dxj. (23)
Jayi axJ oyl ayr oyl Jay!

We consider also the Ricci curvature, Ric, and the Ricci scalar, p, [5], [21, Definition 8.1.7], which are given by
Ric=(n—1)p =Rl =Tr(®). (2.4)
Definition 2.1. A spray S is called

i) Ricci-constant if d,p =0,
ii) weakly Ricci-constant if S(p) =0.

We say that a spray S is isotropic if its Jacobi endomorphism has the form,
P=p]-a®C, (2.5)
where « is a semi-basic 1-form on ToM.

It is easy to see that if a spray S is Ricci constant, then it is also weakly Ricci constant. Indeed, for a Ricci constant
spray S, it follows that the Ricci scalar satisfies d,p = 0. Using the corresponding commutation formula, we obtain

0=isdpp = —dpisp + Lpsp +in,s510 = S(p),

and hence the spray S is weakly Ricci constant.

For an isotropic spray S, due to the homogeneity condition, it follows that 0 = @(S) = (p — is@)C on ToM and hence
p =isa. Isotropic sprays can be characterized using the Weyl curvature, see Proposition 13.4.1 in [21]. The semi-basic vector
valued 1-form @ is 2-homogeneous, which means @ = [C, @]. For an isotropic spray S, we have

@ =[C,0]=[C,pJ1-[C,a ®C]=(C(p) = p)J — Lca®C,
which implies C(p) =2p and Lca = «. Therefore, the Ricci curvature Ric and the Ricci scalar p are 2-homogeneous, while

the 1-form « is 1-homogeneous.

Lemma 2.2. Consider S an isotropic spray, whose Jacobi endomorphism is given by formula (2.5). The following two conditions are
equivalent

i) d]Ol:O,
ii) djp =20

Proof. Using the fact that p =isa and the commutation rules, it follows

djp=djisa=—isdjo+ Ljsa+ijj sjo = —isdjo + 20 (2.6)

In the above equations, we have used that [ ], S]=h—v and since « is a semi-basic 1-form, it follows that i; sja = i = o.
Therefore, the assumption d;a = 0 implies that d; o = 2. The other implication is straightforward, using the fact that the
tangent structure J is integrable, and hence d2 =0. O

It is known that the projective deformations of a spray preserves the class of isotropic sprays. These deformations may
preserve or not the condition dja = 0. In Section 5.1 we provide examples of isotropic sprays such that dja # 0. See formula
(5.1) for a convenient choice of a 1-homogeneous function P € C*°(ToM).

3. Finsler metrizable sprays

In this section we recall the notion of a Finsler space and its geodesic spray. We will focus our discussions on Finsler
spaces of scalar flag curvature.

Please cite this article in press as: I. Bucataru, Z. Muzsnay, Sprays metrizable by Finsler functions of constant flag curvature, Differential Geometry and
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Definition 3.1. By a Finsler function we mean a continuous function F:TM — R satisfying the following conditions:

i) F is smooth and strictly positive on ToM;
ii) F is positively homogeneous of order 1, which means that F(x,1y) = AF(x, y), for all A >0 and (x, y) € TM,
iii) The metric tensor with components

ZFZ

———— hasranknon TgM. (3.1)
20ytayl

gij(x,y) =

The above conditions of Definition 3.1 imply that the metric tensor g;; of a Finsler function is positive definite on ToM,
see [16]. Some relaxations of the above conditions, which lead to the notion of conic pseudo-Finsler metric, were proposed
in [12]. See also [3, §1.1.2, §1.2.1] for more discussions about the regularity conditions and their relaxation for a Finsler
function. In Subsection 5.4 we will discuss an example of a spray metrizable by such a conic pseudo-Finsler function.

A Finsler function is reducible to a Riemannian metric if the metric tensor g;; in formula (3.1) does not depend on the fjber

coordinates y. If gj;(x) is a Riemannian metric on M, then F:TM — R, F(x,y) =, /gij(x)yiyf is a Finsler function.

The regularity condition iii) of Definition 3.1 is equivalent to the fact that the Poincaré-Cartan 2-form of F?, wp2 =
—dd;F 2, is non-degenerate and hence it is a symplectic structure. Therefore, the equation

isdd F? = —dF? (3.2)

uniquely determine a vector field S on ToM, which is called the geodesic spray of the Finsler function. In this work we will
use more frequently, the equation Lsd; F? =dF?, which is equivalent to Eq. (3.2).

Definition 3.2. A spray S € X(ToM) is called Finsler metrizable if there exists a Finsler function F that satisfies Eq. (3.2).

Necessary and sufficient criteria for the Finsler metrizability problem for a spray S were formulated in [18] using the
holonomy distribution #s. Also, such necessary and sufficient conditions were formulated in terms of a semi-basic 1-form
in [6]. We will use these conditions in the next section to discuss the Finsler metrizability problem of a particular class of
isotropic sprays.

Definition 3.3. Consider F a Finsler function and & the Jacobi endomorphism of its geodesic spray S.
i) F is said to be of scalar (constant) flag curvature if there exists a scalar function (constant) k on ToM, such that

® =k(F*] — Fd;F ®C). (3.3)

ii) F is called an Einstein metric if there exists a function A € C°*°(M) such that the Ricci scalar satisfies p(x,y) =
ARF? (X, ).

The notion of flag curvature extends to the Finslerian setting the concept of sectional curvature from the Riemannian
setting.

Remark 3.4. If a Finsler function F is reducible to a Riemannian metric g on a manifold of dimension grater than or equal
to three, and S is its geodesic spray, then the following conditions are equivalent, see [21, §13.4]:

i) S is isotropic;
ii) g is of scalar curvature;
iii) g is of constant curvature.

In the general Finslerian context, conditions ii) and iii) above are not equivalent anymore. In the next section, we provide
the necessary and sufficient condition for an isotropic geodesic spray such that this equivalence remains true. See the
equivalence of the conditions of Theorem 4.2.

4. Finsler metrizable isotropic sprays

In this section we use the necessary and sufficient conditions, expressed in terms of a semi-basic 1-form, which were
formulated in [6, Theorem 5.4], to discuss the Finsler metrizability problem for some classes of isotropic sprays.

Please cite this article in press as: I. Bucataru, Z. Muzsnay, Sprays metrizable by Finsler functions of constant flag curvature, Differential Geometry and
its Applications (2013), http://dx.doi.org/10.1016/j.difge0.2013.02.001
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4.1. Sprays metrizable by Finsler functions of constant curvature

In the next theorem we provide the necessary and sufficient conditions one has to check if we want to decide if a spray
is metrizable by a Finsler function of non-zero constant curvature.

Theorem 4.1. Consider S a spray with non-vanishing Ricci curvature. The spray S is metrizable by a Finsler function of non-zero
constant flag curvature if and only if its Jacobi endomorphism satisfies the following equations:

A) rankdd;(Tr®) =2n;
D1) 2m—1)® —2(Tr®)] +d;(Trd) @ C=0;
Dy) dp(Tr®) =0. (4.1)

Proof. Consider S a spray with non-vanishing Ricci curvature. We assume that its Jacobi endomorphism, &, satisfies the
algebraic assumption A) as well as the two tensorial equations (4.1). Since & satisfies Dq), it follows that the Jacobi en-
domorphism is given by formula (2.5), where 2(n — 1)a = (n — 1)djp = d;(Tr @). Therefore the spray S is isotropic and
satisfies the condition djo = 0.

Due to condition D;), we have that S is Ricci constant and, as we have seen already, it follows that the spray S is weakly
Ricci constant.

Using the fact that 2o =d; o0 we obtain

2£5a=£5d1p=d[5,]]p +d1£5,0=dv,0=d,0. (4.2)

Within the assumption that the Ricci curvature does not vanish on ToM, we may consider the function F > 0 such that
F? =sign(p)p > 0 on ToM. Since dd;(Trd)=n—1dd;p=n—1)dd, F2, the assumption A) assures that F is a Finsler
function. The condition 2« = d;p reads now 2« =d;F? and using formula (4.2) we obtain Lsd;F? = dF?, which means
that S is the geodesic spray of the Finsler function F.

We replace Tréd = (n — 1)F2 = (n — 1)p = (n — 1)isa and dj(Tr®) =2(n — 1)FdjF =2(n — 1)a = (n — 1)djp in the
expression for @ and obtain formula (3.3) for x = sign(p). It follows that spray S is Finsler metrizable by the Finsler
function F of constant curvature x = sign(p).

Conversely, if the spray S is Finsler metrizable by a Finsler function of non-zero constant flag curvature then its Jacobi
endomorphism is given by formula (3.3). It is a straightforward computation to see that & satisfies all three conditions A),
Dq) and D3) in (41). O

Some of the conditions of Theorem 4.1 are related to the conditions of Theorem 7.2 in [11] as follows. Both theorems
use the assumption of non-vanishing Ricci curvature p =isc. Condition D7), which implies that the spray S is isotropic and
dja =0, is stronger then condition 2. of Theorem 7.2 in [11]. Also condition D) implies that Vo =0 and therefore this
implies condition 3. of Theorem 7.2 in [11]. Note that V& = o' is the semi-basic derivation in [11]. However, the conclusion
in Theorem 4.1 is stronger, for a given spray, we seek for the metrizability by a Finsler function of constant flag curvature.
Theorem 7.2 in [11] characterizes local variational non-flat isotropic typical sprays. The differentiability assumptions are
different, while we use smoothness, in [11] the analyticity of all geometric structures is assumed.

The algebraic condition A) assures the regularity condition for the sought after Finsler function. Condition D1) is equiva-
lent to the fact that the spray S is isotropic, its Jacobi endomorphism is given by formula (2.5), where 2(n — 1)ae =d;(Tr @)
and hence satisfies the condition djo = 0. Condition D) says that the spray S is Ricci constant.

Conditions D1) and D;) in (4.1) are very useful to decide whether or not a given spray is metrizable by a Finsler
function of non-zero constant curvature. However, there are metrizable sprays by Finsler functions of non-constant flag
curvature, and hence where conditions D1) and D;) cannot be used. See the example in $ection 5.2. In Theorem 4.2 we will
strengthen the result of Theorem 4.1 by limiting our discussion to the case where Finsler metrizability is equivalent to the
metrizability by a Finsler function of constant curvature. In this discussion, we use the Finslerian version of Schur’s Lemma,
[4, Lemma 3.10.2]. Therefore, we will have to limit our considerations to the case where dim M > 3. The case dimM = 2
will be treated separately.

42. dmM >3
Consider S an isotropic spray, whose Jacobi endomorphism is given by formula (2.5). In the next theorem we will see

that the condition djo =0 is the best we can require to make sure that the three equivalent conditions in Remark 3.4 are
also true in the Finslerian context. We add two more conditions, the last one is condition D) in Theorem 4.1.

Theorem 4.2. Consider S a spray of non-vanishing Ricci curvature. Then, the spray is isotropic, satisfies the algebraic condition A), and
the condition d yoe = 0, if and only if the following five conditions are equivalent:

Please cite this article in press as: I. Bucataru, Z. Muzsnay, Sprays metrizable by Finsler functions of constant flag curvature, Differential Geometry and
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i) S is Finsler metrizable;
ii) S is metrizable by a Finsler metric of non-vanishing scalar flag curvature;
iii) S is Finsler metrizable by an Einstein metric;
iv) S is metrizable by a Finsler metric of non-zero constant flag curvature;

)

iv
v) S is Ricci constant.

Proof. We assume that the spray is isotropic, satisfies the algebraic condition A), and the condition djo = 0. Within these
assumptions, we will prove the following implications i) = ii) = iii) = iv) = v) = i). For some of these implications we will
not need the condition d ;o = 0. More exactly, we will use it for the implications ii) = iii), iii) = iv), and v) = i). Also, the
assumption dim M > 3 will be needed only for the implication iii) = iv).

In order to prove that condition i) implies condition ii) we assume that the spray S is Finsler metrizable. We will prove
that the corresponding Finsler space has scalar flag curvature. This result coincides with Lemma 8.2.2 in [21], where the
proof uses different (local) techniques. Our proof is based on the differential calculus on ToM associated to a spray within
the Frolicher-Nijenhuis formalism.

We consider F a Finsler function that metricizes the spray S. It follows that S is the unique solution of the equation
LsdjF 2 = dF?. Therefore, the corresponding Helmholtz conditions are satisfied. One of these Helmholtz conditions involves
the Jacobi endomorphism @, and can be expressed using the semi-basic 1-form 6 =d; F? as follows, see [6, Theorem 4.1],

0=det =d,; gech = pd;0 —duged = —a A Leh = —a A6, (4.3)

In the above formula we used d;6 = d3 F? =0, since d3 =dj;, 1 =0, and LcO =0, since 0 is a 1-homogeneous 1-form.

Helmbholtz condition (4.3) implies a A d F2 =0 and hence there exists a function « € C>°(ToM) such that o = Kkd) F2/2 =
kFdjF. It follows that p =isa = kF? and the Jacobi endomorphism (2.5) can be written now as in formula (3.3), which
shows that the Finsler space (M, F) has scalar flag curvature «.

In order to prove that condition ii) implies condition iii) we make use of the differential assumption djo = 0. According
to Lemma 2.2 it follows djo =0 is equivalent to 2« =d p. Using the fact that p = kF? and 20 = Kkd) F?2 it follows

200 =d;p = F2djk +kdF* = F2d Kk + 2a.

Above formulae imply that d jx =0 and hence the scalar flag curvature « does not depend on the flagpole y. It follows that
o(x, ) = A(x)F2(x, y), where A(x) = k (x). Hence, the Finsler Function F is an Einstein metric that metricizes the spray S.

In order to prove that condition iii) implies condition iv) we will also make use of Schur’s Lemma. We know that the
spray S is Finsler metrizable by an Einstein metric F. Then, there exists a non-vanishing function 1 € C°°(M) such that
o(x,¥) = A(X)F2(x, y). Since S is isotropic, it follows that its Jacobi endomorphism is given by formula

@ =1F]—a®C.

Now we use the assumption that djo = 0, which by Lemma 2.2 implies that 2a =d;p = Ad; F2. This implies that the Jacobi
endomorphism is given by formula (3.3), where k(x) = A(x) is the scalar flag curvature. Since dimM > 3, we use Schur’s
Lemma and obtain that « is a non-zero constant. This implies that the spray S is metrizable by the Finsler function F of
constant flag curvature.

The implication iv) = v) is straightforward. Consider S the geodesic spray of Finsler metric F of non-zero constant flag
curvzature k. It follows that the Ricci scalar is given by p = k F2, where « is a constant. Therefore, d,p = kd, F2 = 0 since
dpF==0.

For the last implication v) = i), we use the first implication of Theorem 4.1. Since S is isotropic and satisfies djo =0
it follows that the Jacobi endomorphism @ satisfies equation D1) in (4.1). The fact that S is Ricci constant means that ¢
satisfies also equation D) in (4.1). By Theorem 4.1 we obtain that the spray S is Finsler metrizable.

To conclude the proof, we have to show that if a spray S satisfies one of the five equivalent conditions of the theorem,
then necessarily S is isotropic, satisfies the algebraic condition A), as well as the condition djo = 0. We assume that
condition iv) is satisfied and hence the spray S is Finsler metrizable by a Finsler metric F of non-zero constant curvature .
It follows that its Jacobi endomorphism is given by formula (3.3) and hence o = «Fd;F =«d; F2. Since F is a Finsler
function we obtain that rankdeF2 = 2n and hence the algebraic condition A) is satisfied. The condition dja =0 is also
satisfied. O

If a Finsler function is reducible to a Riemannian metric, and S is its isotropic geodesic spray, it follows that o =
kdF2, where djx =0, and hence we always have d ;o = 0. This shows that the equivalence of conditions i), ii) and iv) of
Theorem 4.2 generalize to the Finslerian context the equivalence of the three conditions of Remark 3.4.

In Theorem 4.2, the condition dim M > 3 was very important, since it allowed us to use the Finslerian version of Schur’s
Lemma.
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43. dmM=2

In this subsection we pay attention to the Finsler metrizability problem on 2-dimensional manifolds. It is known that
any spray on a 2-dimensional manifold is isotropic. This result allows us to simplify the two conditions (4.1) of Theorem 4.1.

Theorem 4.3. Consider S a spray of non-vanishing Ricci curvature that satisfies the algebraic condition A), forn = 2.

i) The spray S is isotropic, which means that its Jacobi endomorphism is given by formula (2.5), where the semi-basic 1-form o =
ajdx' has the components

R} _—Ri —R) _Rj
C(]ZF:?, Ol2=y—1=ﬁ (44)
ii) The spray S is metrizable by a Finsler function of non-zero constant flag curvature if and only it satisfies the following two condi-
tions
d]Ol:O, dpp =0. (4.5)

Proof. i) Due to the homogeneity conditions of the spray we have that ¢ (S) =0 and by formula (2.3) we obtain ngf =0.

It follows that @ can be written as in formula (2.5), where p = R} + R% and the semi-basic 1-form o = ojdx’ has the
components (4.4).

Since any spray S is isotropic we have that the Jacobi endomorphism ¢ satisfies Eq. D1) in (4.1) if and only if it satisfies
first equation in (4.5). This part is then a consequence of Theorem 4.1. O

The first part of Theorem 4.3 coincides with Lemma 8.1.10 in [21] and formulae (4.4) coincide with formulae (8.37) and
(8.38) in [21].
The two conditions (4.5) can be written as follows

0orq 00y ap ap
d](XZO < Z(X:d]p 8—}’2:W =4 20[1:W and Zazzm,
8 8 B 9 3 3Gl 9
dip=0 <« L _°P _0o wherel =p(>)=2_2% 2 (4.6)
sx1 5x2 8xi axi axi 9yl oyl

We will use the above conditions in the next section to test whether or not some sprays on a two-dimensional manifold
are metrizable by Finsler functions of constant curvature.

5. Examples
In this section we provide examples to show the consistency of the conditions we discussed so far.
5.1 Thecased;a =0

It is well known that the class of isotropic sprays is invariant under projective deformations of sprays. We start with a
Finsler metrizable isotropic spray, So, which satisfies the condition djo = 0. We will study projective deformations of Sy,
which also satisfy the condition d ;o = 0. Within this projective deformations, we will seek for those which do not preserve
the condition of being Ricci constant. Using Theorem 4.2, this will lead us to examples of non-Finsler metrizable isotropic
sprays.

Let So be the geodesic spray of a Finsler function Fg, which has constant flag curvature «g. Denote by hg the horizontal
projector induced by the spray Sp and Vj the corresponding dynamical covariant derivative. The spray Sg is isotropic, its
Jacobi endomorphism is given by

(o) :KO(F(Z)J — Fod | Fg ®(C).

Consider the projectively equivalent spray S = So —2PC, where P € C**(ToM) is a 1-homogeneous function. According to
formulae (4.8) in [8, Proposition 4.4], the horizontal projector and the Jacobi endomorphism of the spray S are given by

h=hy—2(PJ+d;P®C),
® = ®g + (P? — So(P)) ] + (2dy, P — Pd ;P — Vod; P) ® C.
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The spray S is also isotropic. We will study now when a projective deformation preserves the condition d;a = 0, where
the 1-form « is given by o = «koFodjFo — 2dy,P + Pd;P 4 Vod;P. The 2-form d;a has been computed in the proof of
Proposition 4.4 in [8] and it is given by

d]a=3d1dhop=—3dh0djp. (5.1)

Therefore djo = 0 if and only if dy, P =d g, for some function g € C*°(ToM). For g = P2/2 the function P is called a Funk
function, see [21, Definition 12.1.4]. It has been shown in [21, Proposition 12.1.3] that projective deformations by a Funk
function preserve the Jacobi endomorphism.

In order to simplify some of the calculations we assume that the function P satisfies dy, P =0 and hence d;a = 0. It
follows that So(P) =0 and using the commutation formula (4.11) in [8] we have Vod ;P =d;VoP —dj, P = 0. Therefore, the
Jacobi endomorphism @ of the spray S is given by

@ = (koF§ + P?) ] — (koFod Fo + Pd;P) ® C. (5.2)
It follows that the Ricci scalar is given by
p =KoFg + P2
We check now the last condition of Theorem 4.2. Using the assumption that dy, P = 0 it follows that dj, 0 = 0 and hence

we have

2
dnp =—2dpjra pecp = —2(Pd;p +2pd; P) = —7d,; (pP?). (5.3)

From the above formula, we see that we can choose a function P such that djp # 0, which will imply that the spray S is
not Ricci constant. According to Theorem 4.2 we conclude that the spray S is not Finsler metrizable. Indeed, we can take
P = AFp, where A is a constant. If we replace this in formula (5.3), we obtain

dpp = —4h (ko + 22)d F§. (5.4)

In this case we have that the spray S is Ricci constant, and hence it is Finsler metrizable, if and only if either A =0 or
A2+ ko = 0. See also Theorem 5.1 in [8]. When the spray Sg is projectively flat, we can view this as an alternative proof of
Theorem 1.2 in [24].

5.2. The casedjo #0.

We present now an example of a Finsler metrizable, isotropic spray, which does not satisfy the condition djo = 0. This
also shows that the assumption d ;o = 0, which we made in Theorem 4.2, is the best assumption we could consider in order
to have the equivalence of the five conditions.

We will use the following Randers metric studied by Shen, see Example 11.2 in [20]. Consider a domain M C R", where
A(x) =1—|a]?|x|* > 0. Denote by B(x, y) =2(a, x){(x, y) — |x|*(a, y). The Finsler function F : M x R" — R, given by

VB2, )+ Ay 2 + B, y)

Fix,y)=
*x. ) NG
has scalar flag curvature given by
a,
K(x, ) :3% +3(@.%)2 — 2/a? 2.

The geodesic spray S of the Finsler function F is isotropic and the 1-form «, in formula (2.5), is given by o =« Fd;F and
hence

d]Ol=Fd]KAd]F.

The scalar flag curvature « is 0-homogeneous and therefore 0 = C(k) =isd k. Moreover the flag curvature ¥ depends on
the flagpole y, which means that dj« # 0. Therefore,

isd]Ol = Fisd]Kd]F — Fisd]Fd]K = —de]K 760,

and this implies that djo # 0. Therefore, the spray S is Finsler metrizable and isotropic. However, the five conditions in
Theorem 4.2 are not equivalent and this is due to the fact that d o # 0.

5.3. Two-dimensional examples

We consider now some examples of sprays on a two-dimensional manifold and use the conditions (4.5) to test if they
are metrizable by a Finsler function of constant curvature.
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5.3.1. The Poincaré model and the Finslerian Poincaré disk
Consider the geodesic equations of the Poincaré half plane M = {(x!, x?) e R, x*> > 0}:
d’x' 2 dx! dx?

a2 x2 dt dt =

d*x? N 1//dx"\?  [dx®\? —o

de2  x2\\ dt dt o
The above system of second order ordinary differential equations determines a spray S € X(TM). For this spray S, the local
components (2.3) of the Jacobi endomorphism are given by

(y?)? Rl_pz_ Y . h?

ECZA T A
According to first part of Theorem 4.3, it follows that the spray S is isotropic, with the two components of the semi-basic
1-form « given by formula (4.4):

R =

alzR—%z——yl a2=R_‘}=_—y2
y! x*)?* v ()2
It is very easy to check that djo =0 and hence the first condition (4.5) is satisfied. The Ricci scalar of the spray is given by
1 2 2
1 2 1 2
P=R1+R22—W{(y) + ()7} (5.5)

It follows that dypo = 0 and hence the second condition (4.5) is satisfied. By the second part of Theorem 4.3 we obtain
that S is metrizable by a Finsler function of constant negative sectional curvature. From formula (5.5) it follows that, up to
a multiplicative constant, the Finsler function F is given by

1 2 2
Fxy) = (y1)™+ (»?)".
The above Finsler function is reducible to a Riemannian metric, which we can recognize to be the Poincaré metric of the
upper half plane.
Although the previous example is Riemannian, one can modify it to obtain a Finslerian one. Consider the disk M =
{(x!, x2) e R2, (x")%2 + (x3)% < 4} with the following Finsler function F:TM — [0, +00), known as the Finslerian Poincaré
disk [4,5],

/(y1)2_|_(y2)2 16 lez +X2y1

F=4 ,
4—r12 4—-r2)(4+r1?)

where 12 = (x')2 + (x2)2. In the first term of the right-hand side of the above formula we can recognize the Poincaré metric
on the disk M. The above Finsler function has constant flag curvature ¥ = —1/4, and its geodesic spray satisfies all the
assumptions of Theorem 4.3.

5.3.2. Non-constant Ricci scalar

We consider an example proposed by Bao and Robles in [5] of a two-dimensional spray, which is metrizable by a Finsler
function of non-constant Ricci scalar. For this example, the first condition (4.5) is satisfied, but the second condition (4.5) it
is not.

Consider the portion of the elliptic paraboloid M = {(x!,x,x3) e R3,x3 = (x1)2 + (x%)%, (x)? + (x*)%2 < 1}. We denote
A@x', x") =1— (x")% — (x3)%2 > 0. The Randers metric F:TM — [0, +00), F = « + 8, where

VY2 =2y + (A +46DH D2 + 812y Ty + (1 +406)2) (P A
A

2yl —x1y2
A(x1, x2)

has scalar flag curvature

ﬂ:

)

4
1,2
K(x',x%)= .
( ) (14 4(x1)2 + 4(x2)2)2
Let S be the geodesic spray of the Finsler function F and h the horizontal projector. It follows that S is isotropic, its Jacobi
endomorphism is given by formula (2.5), where

,O=KF2, o =kFdjF.
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For the two-dimensional spray S, we check now the conditions of Theorem 4.3. The Ricci scalar p does no vanish in ToM.
Since djx = 0 it follows that djo =0 and hence first condition (4.5) is satisfied. However, since dpk # 0 and dyF =0 it
follows that dpp # 0, which shows that the spray S is not Ricci constant, which means that second condition (4.5) is not
satisfied.

5.4. The non-vanishing condition of the Ricci curvature

In this subsection we discuss the non-vanishing condition of the Ricci curvature, which we assumed in our results. We
will explain that although the Ricci curvature might vanish, if it is not identically zero, then the conditions of metrizability
in Theorems 4.1, 4.2 and 4.3 are still necessary and sufficient, but the metrizability to consider has to be with respect to a
conic pseudo-Finsler function, as defined in [12].

Consider the following affine spray on some open domain M c R?

izi_1212i_1222i
ot T g TP s v ) g

For this spray S, the local components (2.3) of the Jacobi endomorphism are given by

S=y!

2 2
Ri=—02y'y%.  Ry=02(y")". Ri=va(¥)". Ri=—vay'y>
The spray S is isotropic and the two components of the semi-basic 1-form « are given by formula (4.4):
R 2 i i
1=t =—Yay, o=—5=—¢ay.
y! ¥ y2 ¥
In view of the local formulae (4.6), the condition d;«a =0 is satisfied if and only if

dap  J00p L . .
W = W which is equivalent to: ¥,1 = ¢,2.

Next, we assume that the above condition is satisfied. Within this assumption, it follows that the Ricci scalar is given by

P ==Yy e +va)==2y"Vbo =2y'y’ ¥
To test the second condition (4.5), we use the local expression (4.6):

sp sp
Q:2y1y2(¢’¢x2 — Px1x2), ﬁzz}’lyz(‘/”//x‘ = ¥2)-

For the functions ¢, ¢ € C°°(M) we consider the following system of partial differential equations:

G2 =Y, P12 — PPy2 =0, Yyiye — ¥fra =0. (5.7)
For example on M = {(x!,x*) e R?, x! + x*> > 0} we can consider the functions
2
1,2 1,2
X, X )=vY(x,x)=————, 5.8
) = ) =~ 5

which satisfy the above system of partial differential equations. For this choice of functions, the spray

d a2 8 200%% @
ax1 ox2  x1 4 x2 9yl " x14x29y?
satisfies the two conditions (4.5) of Theorem 4.3. Since the Ricci curvature of the spray S is given by
_ 4y1y2
- (x1 + x2)2 ’

it follows that the spray S is metrizable by a conic pseudo-Finsler function, see [12], F : A = {(x!,x%, y!, y*) € TM, y'y? >
0} c TM — [0, +00), where
4y'y?
F2(x,y) = ——2——,
has constant sectional curvature k = —1.
The case when the Ricci scalar p is identically zero, which corresponds to ¢,> = —,1, has been studied in [21, Exam-
ple 8.2.4], where it has been shown that the spray S, given by (5.6) is not Finsler metrizable.
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