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1 Introduction

In the theory of convex sets, a basic Cancellation Principle was discovered by Radstrom
[50] in 1952. Lemma 2 of his paper states that the inclusion

A+BCC+B

implies A € C provided that A, B, C are nonempty subsets of a normed space X, C
is closed and convex and B is bounded.

This lemma turned out to be a basic tool in various fields and hundreds of papers have
used it by now. For instance, in nonsmooth analysis [7-9,14,18-20,34], optimization
theory [15,36,38], theory of convex sets and functions [10,12,16,17,23-33,35,40,59,
60], set-valued analysis [2,13,37,39,41,44-46,48], set-valued differential equations [3,
4,11,22,43,49], set-valued functional equations [6,42,51-53,55-58], iteration theory
[1,5,21,47,54,61], etc.

These applications motivated us to extend the above Cancellation Principle to a
more general setting which, possibly, could allow one to apply it to a broader class of
problems. It turns out that the natural setting of the Cancellation Principle is a commu-
tative ordered semigroup which is equipped with a multiplication by natural numbers.
These structures will be termed cornets in our paper. The most important examples
for cornets are the families of the nonempty subsets and the nonempty fuzzy subsets
of a vector space. In a cornet, one can naturally define the convexity, nonnegativity,
Archimedean property, boundedness, closedness of an element. In Sects. 2 and 3, we
establish the basic properties related to these notions and, finally, in Sect. 4, we state
an abstract form of the Cancellation Principle and also its consequences.

2 Cornets and convexity properties in cornets

In the next two definitions, we describe the main structure, the notion of a cornet, that
we shall investigate in this paper.

Definition 1 An ordered triplet (X, +, <) is called an ordered commutative semigroup
if

(i) (X, +) is a commutative unital semigroup with a unit element 0;
(i) (X, x) is a partially ordered set, that is, < is a reflexive, antisymmetric and
transitive binary relation on X;
(iii) For all x, y, z € X with x < y, the inequality x 4+ z < y + z holds.

If the partially ordered set (X, <) is complete, i.e., every nonempty lower bounded
subset of X has a greatest lower bound, then (X, 4, <) is called a complete ordered
commutative semigroup.

A unital subsemigroup (S, +) of an ordered commutative semigroup (X, +, <) is
obviously an ordered commutative subsemigroup with the ordering restricted to S.
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In a semigroup (X, +), we naturally have the multiplication by natural numbers
which is defined recursively by

1-x:=ux, m+1)-x:=n-x+x (neN).

If the semigroup is unital, then we also define 0-x := 0. Using induction, one can easily
prove that this multiplication obeys the following rules in an ordered commutative
semigroup (X, +, X):

(i) Foralln,m e Nandx € X, (nm) -x =n - (m - x);

(i) Foralln e Nandx,ye X,n-(x+y)=n-x+n-y;

(iii) Foralln,m e Nandx e X,(n+m) -x =n-x+m - x;
(iv) Foralln e Nand x,y € X,ifx <y, thenn-x <n-y.

In the next definition we present the central concept of our paper.

Definition 2 An ordered quadruple (X, +, *, <) is called a cornet if (X, +, <) is an
ordered commutative semigroup and ““* ” is a multiplication of the elements of X by
positive integers such that the following conditions hold:

(i) Foralln,m e Nand x € X, (nm) xx = n * (m *x x);
(ii) Foralln e Nandx,ye X,nx(x +y) =n*x+nx*y;
(iii) Foralln,m e Nandx € X, (n +m) xx <n*x +m % X,
(iv) Foralln € Nandx, y € X, theinequality x < y holdsifandonlyifnxx < nxy;
V) 1xx =x;
(vi) nx0=0.

If the partially ordered set (X, <) is complete, then (X, +, *, <) is called a complete
cornet. A unital subsemigroup (S, +) of a cornet (X, +, *, <) which is also closed
with respect to the multiplication * is called a subcornet of (X, 4, *, <) with the
ordering restricted to S.

It is obvious that if (X, +) is a commutative unital semigroup such that, for all
n € N, the mapping n +— n - x is injective, then (X, 4, -, =) is a cornet. The following
lemma summarizes the basic properties and connection between the two multiplication
operations “-” and “x”.

Lemma 1 Let (X, +, %, X) be a cornet. Then the following two assertions hold.

(i) Foralln,k e N, x1,...,x; € X,

n-x1+---4+x)=n-x1+---+n-x and
nx(x14+---+x) =nkxy+---+nkxg.

In particular, for alln,m € Nand x € X,

nx(m-x)=m-[nx*x). (1)
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(ii) Foralln,ky,...,k, € Nand x € X,

ki+--+kp) - x=ki-x+---+k,-x and
ki +---+ky)kx <kpkx+---+k, *x.

In particular, for alln,m € Nand x € X,
(mn) xx <n-(m*x). 2)

Proof We prove (i) by induction on k. If k = 1, then the equalities hold trivially. The
k = 2 case follows from property (ii) of the two operations ““-” and “x”. Assume that
(1) holds for some k € Nand letn € N and x1, ..., xx,4+1 € X be arbitrary. Then, by

9

property (ii) of the operation “x” and the inductive hypothesis, we get

no# Xy 4 X Xppr) = ok (g + e X)) Rk X
=n*X]+ -+ n*kXp+N*kXpq].

For the operation “-”, the proof is completely similar.

By taking k := m and x| := --- = x; = x, the second equality in (i) yields the
equality (1).

The relations in (ii) will be proved by induction on n. For n = 1 both of them hold
with equality. For n = 2, they are consequences of property (iii) of the two operations
“.” and “x”. Assume that (ii) holds for some n € N and let kq, ..., k,+1 € N and
x € C be arbitrary. Then, by property (iii) of the operation “*” and the inductive
hypothesis, we get

(k1 + -+ ky + k) xx 2 (kp+ -+ kp) kx + kygq xx
<kykx 4+ kykx + kg kx.

[T

For the operation “-”, the proof is completely similar.
By taking k1 := - - - = k, := m, the second inequality in (ii) yields property (2). O

For a given element x € X, the set of those numbers n for which (2) holds with
equality if m = 1 play a crucial role among the properties of x.

Definition 3 Let (X, +, %, <) beacornetand n € N. An element x € X will be called
n-convex if it fulfills the equality n * x = n - x. For fixed elements x € X andn € N,
we introduce the notations

Cy:={neN|xisn-convex}] and C":={x € X | x is n-convex},

respectively. If Cy = N, i.e., if x is n-convex for all n € N, then we say that x is
convex.

Lemma2 Let (X, +, %, X) be a cornet. Then the following assertions hold:

(i) Forall x € X, the set Cy is a unital multiplicative subsemigroup of N.
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(ii) Foralln € N, the quadruple (C", +, *, <) is a subcornet of (X, +, *, X).

Proof Let x € X be fixed. It is clear that 1 € C,. Let n, m € C, be arbitrary. Then,
by property (i) of the two multiplication operations, by the n- and m-convexity of x
and by (2), we have that

mn)sxx=mxm*x)=mxm-x)=n-(mx*xx)=n-(m-x)=(nm)-x.

This shows that x is also (mn)-convex, i.e., mn € C,.
For the second assertion, let n € N be fixed and x, y € C". Using property (ii) of
the two multiplication operations and the n-convexity of x and y, we have

nx(x+y)=nxx+nkxy=n-x+n-y=n-x-+y),

therefore, x + y is also n-convex.
If x € C" and m € N, then

nx(m*xx)=mm)xx=mn)xx=m*xmxx)=m*xm-x)=n-(mx*x),

which proves that m % x is n-convex. O

In what follows, we define the n-convex hull of elements in a cornet (X, +, *, <).

Definition4 Letn € N, (X, +, %, <) and x € X. The n-convex hull of x, denoted as
convy(x), is an element y € C” such that x < y and, whenever x < z € C", then
y=xz

In general, the n-convex hull of an element may not exist, but if it exists, then it
is unique. In order to formulate conditions which are sufficient for the existence, we
say that the x-multiplication in a complete cornet (X, +, *, <) is n-continuous (with
respect to the ordering “<”) if, for all nonempty lower bounded subsets H C X, we
have

inf(nx H) =n xinf(H).

Proposition1 Let n € N and let (X, +, %, X) be a complete cornet in which the
s-multiplication is n-continuous. Then (C", 4, x, <X) is a complete subcornet of the
cornet (X, +, *, X). Furthermore, for every element x € X, x admits an n-convex
hull if and only if it has an n-convex majorant.

Proof Let H C C" be a lower bounded subset and denote x := inf(H). Then, for all
heH,

n-x<n-h=nxh,
hence
n-x <inf(nx H) =nxinf(H) =n % x.
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The reversed inequality is a consequence of (2) withm = 1, hence n-x = n*x holds,
which shows that x is also n-convex. This proves that (C", <) is a complete partially
ordered set.

To prove the last assertion, let x € X be arbitrary. If x has an n-convex hull, then
it also has an n-convex majorant. Conversely, if x admits an n-convex majorant, then
the set

H:={zelC"|x=<7z}

is nonempty and lower bounded. According to the first part, the infimum u of H
belongs to C”, that is, u is n-convex. It is clear that u is the n-convex hull of x. O

In a cornet (X, +, *, <), let K" denote the collection of those elements which
have an n-convex hull and let M" denote the set of those elements that have an n-
convex majorant. Obviously, we have C* € K" € M". Using this terminology, the
previous proposition asserts that if (X, 4, %, <) is a complete cornet in which the
s-multiplication is n-continuous, then K" = M".

Proposition 2 Let (X, +, *, <) be a cornet and let n € N. Then we have the following
assertions.

(i) If x € K", then convy(x) € C" and x < convy(x). Furthermore, convy, : K" —
C" is a monotone mapping whose set of fixed points is equal to C". In addition,

convy (x + y) < convy(x) 4 convy (y) ifx,y,x+yeK",

convy(m * x) < m * convy (x) ifx,m*x e K". 3)

(ii) (M", +, %, <) is a subcornet of (X, +, *, X).

Proof (i) For an arbitrary x € K", the inclusion conv,(x) € C" and the inequality
x = convy(x) are consequences of the definition of the n-convex hull. If x € C",
then the smallest n-convex element which is not smaller than x is equal to x, that is,
x = convy(x). Conversely, if x = convy, (x), then conv,(x) € C" implies that x must
bein C". To see that conv,, is monotone, let x, y € K" withx < y. Thenx < conv,(y),
which yields that conv,(x) < convy(y). If x, y,x + y € K", then the inequalities
x <X convp(x)and y < convy(y) imply that x + y < convy, (x) + convy(y) € C”". This
proves the first inequality in (3). If x, m x x € K", then the inequality x < convy(x)
yields that m % x < m * convy(x) € C". This shows the second inequality in (3).

(ii) Let x, y € M". Then there exist u, v € C" such that x < u and y < v. Thus
yields that x + y < u 4+ v € C”, which proves that x + y € M". If x € M" and
m € N. Then there exists u € C” such that x < u. This impliesm xx <m*xu € C",
which shows that m * x € M". O

To illustrate the rich applicability of the above concepts, we provide the most basic

examples for cornets in the subsequent three propositions. For these definitions, we
introduce the notion of wedge in abelian group setting.
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Definition 5 If (G, +) is an abelian semigroup and n € N, then for a subset S C G,
define

n (S :={xeG|n-xeS).

A subsemigroup S of the semigroup (G, +) is said to be n-divisible if, for all x € S,
the set n~ ' ({x}) N S is nonempty. If this set is a singleton, then S is called uniquely
n-divisible and its unique element will be denoted by x /n.

In a unital abelian semigroup G, a subset W C G is called a wedge if the following
properties are satisfied:

(i) W is a unital subsemigroup of G.
(i) Ifu,v e Wsuchthatu + v =0,thenu =v =0.
(iii) For all n € N, the inverse image n~1(W) is contained in W.

In terms of a wedge W C G, we can define a partial order <y in the following way:
For x,y € G, we say that x <y y if y € x + W. It immediately follows that <y,
is a reflexive, and transitive relation on G. If, in addition, G is cancellative (which is
always the case if G is group), then <y is antisymmetric and hence it is a partial order
on G.

Proposition 3 Let (G, +) be an abelian group and let W C G be a wedge. Then, for a
subsemigroup S of G containing W, the quadruple (S, +, -, <w) is a cornet in which
every element is n-convex for all n € N. In particular, by taking W := {0}, it follows
that (G, +, -, =) is a cornet.

Proof The properties (i), (ii), (iii) of Definition 2 can easily be verified by induction,
moreover, (iii) holds with equality. Thus, it suffices to show that property (iv) is also
valid.

Letn € N and x,y € § be arbitrary. Assume first that x <y y holds. Then
y € x + W. The set W is a subsemigroup, therefore, y € x 4+ W implies that
n-yen-x+n-W Cn-x+ W, which yields that n - x <w n - y. On the other
hand, if n - x <w n - y holds, thenn - (y — x) € W, consequently y — x € n’l(W).
By condition (iii) of Definition 5, it follows that y — x € W must be valid and hence

X =w Y.
The operation - being the cornet-multiplication implies that every element of S is
n-convex for all n € N. O

Proposition 4 Let (G, +) be an abelian group, W awedge and let S be a subsemigroup
of G containing W. Let Pw(S) denote the collection of all nonempty W -invariant
subsets A of S, which means that A + W C A holds. Define the operations + and %
by:
A+B:={a+blaecA, be B} (A, B € Py(S)),
nxA={n-a+wl|aecA weW} (A e Py(S),neN). (@)

Then (Pw(S), +, x, ©) is a complete cornet with the unit element W. Furthermore,
the mapping

px):=x4+W (xef) 5)
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772 G. M. Molnar, Z. Pales

is an injective order reversing homomorphic mapping of (S, +, -, <w) into the cornet
(Pw (S), +, *, ©). In addition, if n € N and W is n-divisible, then A € Pw(S) is
n-convex if and only if, for all x1, ..., x, € A, we have

D NA £ ©6)

Proof If A, B € Pyw(S),then A+ BC S+SC Sand(A+B)+W=A+(B+
W) € A + B, which show that A + B € Pw(S). Therefore, Py (S) is an abelian
semigroup with the addition defined in (4). Clearly, for A € Pw/(S), the property
0 € Wimplies A € A+ W C A, which proves that W is the unit element of the
semigroup (Pw (S), +).

The inclusion of sets is trivially a partial order on Py (S) and the implication
A C B = A+ C C B+ C is also obvious for A, B,C € Pw(S). Therefore,
(Pw(S), 4, ©) is an ordered abelian semigroup.

First observe that the definition of the multiplication operation * is correct, i.e.,
n*xA € Py(S)foralln € Nand A € Py (S).

To see that property (i) holds, letn, m € Nand A € Py (S). First,letu € (nm) *x A.
Then there exist elements a € A and w € W such that u = (nm) - a + w. We have
that m - a € m % A. Therefore,

u=n-m-a)+wCnx*x(@msxA).

This proves that (nm) x« A € n x (m % A). To verify the reversed inclusion, let u €
n* (mx* A). Then there existb € m*x A and w € W such thatu = n-b+ w. Similarly,
there exista € A and z € W such that b = m - a + z. Combining these equalities, we
get that

u=n-m-a+z2)+w=mm)-a+n-z+w) € (nm) %A,

which completes the proof of the reversed inclusion n % (m x A) € (nm) * A and
property (i) of Definition 2.

The verification of property (ii) of Definition 2 is similar, and therefore it is left to
the reader.

To show that (iii) of Definition 2 holds, let n,m € N and A € Pwy(S) and u €
(n+m) % A. Then there exista € Aand w € W suchthatuy = (n +m) -a +w =
n-a+m-a+w)en*xA+ms*A. Therefore, (n +m)* A Cn*xA+mx* A.

For the proof of property (iv) of Definition 2, letn € N, A, B € Py (S).IfAC B
holds, then the inclusionn A C nx* B is obvious. Conversely, assume thatnxA C n*B
holds. Then, for an arbitrary a € A, we getthatn-a € n*x A C n* B, therefore, there
existb € Band w € W suchthatn-a =n-b+ w. This yields thatn - (a —b) € W,
ie.,a—b e n'(W). Now the condition (iii) of Definition 5 givesthata —b € W,
which proves thata = b 4+ w € B.

The properties (v) and (vi) of Definition 2 can easily be seen.

We verify now the completeness of (Pw (S), +, %, S). Let A :={A, | y € I'}
be a nonempty and lower bounded family of elements of Py (S). Define A C S by
A= ﬂye r Ay. Then A is nonempty by the existence of a lower bound for the family
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A. We show that A also belongs to Py (S). Indeed, if u € A + W, then there exists
a € Aandw € W suchthatu = a+w. We have thata € A, forall y € I', therefore,
u=a+wecA,+W C A, forall y € I'. This proves u + w € A showing that
A+ W C A holds. Thus, A € Pw(S) is valid. Clearly, A is the greatest lower bound
for A in Py (S), and hence (Pw (S), ) is a complete partially ordered set.

Now consider the mapping ¢ defined by (5). For x € S, we have that ¢(x) =
x4+ WC Sand p(x) + W =x + W + W C x + W, which show that ¢(x) is in
Pw (S). If, for some x, y € S, the equality ¢ (x) = ¢(y) holds, thenx + W =y + W,
which yields that x € y + W and y € x + W. Therefore, x —y € W N (=W) = {0},
showing that x = y, which proves the injectivity of ¢.

The structure preserving properties are easily seen from the following identities.

px+y)=x+y+W=x+W)+ O+ W) =09k +e0)),
pm-x)=n-x+W=n-x+W)+W=n-9ox)+W=nxep(x).

To see that ¢ is also order reversing, observe that the following inequalities of inclu-
sions are pairwise equivalent:

xX2wy & yex+W & y+WCx+W & o) Cok).

Therefore, ¢ is an order reversing and homomorphic embedding of (S, +, -, <w) into
(Pw(S), +, *, ©).

Finally, letn € N, A € Pw(S) and assume that W is n-divisible. First suppose that
A is n-convex. Let x1, ..., x, € A be arbitrary. Then

X{t+-4+xp,en-ACnxA={n-a+wl|lacA weW}

Therefore, there exista € A and w € W such thatx; +--- 4+ x, =n-a + w. By the
n-divisibility of W, n ! ({w}) N W is nonempty, therefore, w = n - v for some v € W.
On the other hand,a +ve A+ W C A, thusa+v € n_l({xl + -4+ x, ) NA.
To prove the converse, assume that (6) is valid for all x1, ..., x, € A. To prove that
A is n-convex, it is sufficient to show thatn - A C n x A. Let x € n - A. This means
that there exist x1, ..., x, € A such that x = x; +--- + x,,. By (6), for some a € A,
we have that x; +---+x, =n-a € n*x A. Thus x € n x A, which was to be proved.
O

Proposition5 Let (G, +) be an abelian group, W a wedge and let S be a uniquely
divisible subsemigroup of G which contains W. Let, for p €10, 1],
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F{;,(S) ={f:S—>1[0,1]|supf > p and f is W -nondecreasing} @)

and define the addition and the scalar multiplication in Fvl(,(S) by

(f @) = sup min(f().gw). (1O HE) =1 (=)

u,ves
u+v=x

(f.g e F(S), x €S, neN). ®)

Finally, let < denote the pointwise ordering in FV’:, (S). Then (FVI;, (8),d,06,)isa
complete cornet whose unit element is the characteristic function of the wedge W.
Furthermore, the mapping

P(A):=xa (A€ Py(S) &)

is an injective cornet-preserving mapping of (Pw (S), +, *, C) into (F‘}V S, ®, O, ).
In addition, a function f € Fvlf, (S) is n-convex if and only if it is n-quasiconcave, i.e.,
forall x1,...,x, €8,

min(f(x1),..., f(xp) < f

(Xl +-’~1-+xn). (10)

Proof Let p €10, 1]. First we show that F, v[:/ (S) is closed under the operation @. To
see this, let f, g : § — [0, 1] be W-nondecreasing functions with sup f, sup g > p.
If x € Sand w € W, then

(f@x+w) = sup min(f(u),gW))

u,ves
u+v=x+w

sup min (f(u), gV’ + w))
u,v'eS
u+v'=x

sup min (f (), g)) = (f © &),
u,v'es
u+v'=x

v

IV

which shows that f @ g is also W-nondecreasing. Let n < p be arbitrary. Then
there exist ug, vo € S such that f(up) > n and g(vgp) > n hold. Then we have
(f @ &)(uo + vo) = min (f (o), g(vo)) > 7, proving that sup(f & g) > 7. Taking
te limit n — p, this implies that f @ g € FV[:,(S).

The commutativity of the operation @ is a consequence of the commutativity of
the group operation + in G. To verify the associativity, let f, g, h € F‘f",(S). Then,
forall x € S,
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(f @) @ h)(x) = sup min((f S g)u), h(v))

u,ves
u+v=x

= sup min | sup min (f(s), g(1)),h(v)
u,ves s,teS
u+v=x S+t=u

= sup sup min (min (f(s), g(t)), h(v))
u,veS s.,tes
u+v=x s+t=u

= sup min(f(s),g(®), h(v)).
s,t,vES
S+t+v=x

A similar argument shows that

(feEdh)(x) = Sups min (f (u), g(s), h(1)),
Lt,S,[E
u+s—+t=x

which results the desired equality ((f @ g) D h)(x) = (f ® (g ® h))(x).
To see that the characteristic function xw of W is a unital element of the semigroup
F V[i, (S), observe that xw is a W-nondecreasing function and, for all x € S,

(f @ xw)(x) = sup min (f(u), xw(v))

u,ves
u+v=x
= sup fw) = sup fu+v)=r[(x).
ueS,veW ueS,veW
u+v=x u+v=x

On the other hand, by taking v = 0, we can see that the inequality

fx)= sup  f(u)
s

holds, which finally implies the equality (f @& xw)(x) = f(x).

It is obvious that (F' V’f,(S), <) is a partially ordered set. We prove that the operation
@ is monotone with respect to the ordering <. Indeed, if f, g, h € Fv’f,(S) andg <h
on S, then, forall x € §,

(f ®g)(x) = sup min (f(u), g(v)) < sup min(f(u), h(v)) = (f S h)(x).

u,ves u,veSs
u+tv=x u+v=x

So far we have shown that (F V"’,(S), @, <) is an ordered commutative semigroup.

In the rest of the proof, we prove that, this structure with the operation ® forms a
cornet.

First we show thatn © f € F‘f",(S) whenever n € Nand f € F‘f,(S). Indeed,

sup(n © £)(0) = sup f (%) = sup £ () = sup £(») = p.

xes xeS yes n yes
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which proves that sup(n® f) > p.On the other hand, if x <y y,then% <w %.Bythe
W-nondecreasingness of f, thisimplies f(5;) < f(%),thatis, O fHx) <nOf)).
Therefore, (n © f) is also W-nondecreasing.

For property (i) of Definition 2, letn, m € Nand f € FVI;, (S). Then, forall x € S,

x/n

X X
((m)© o) = f (=) = <7> —mo () =momo N.

which shows the expected identity (nm) © f =n O (m © f).
For property (ii) of Definition 2,letn € Nand f, g € FVI",(S). Then, forall x € S,

o (f®N@ = (g (>)= sup min(fu).gw)

u,ves
utv==x

u' v
an min(7(5) (7))
u'v'es n n

u'+v'=x

sup min ((n ® ('), (n © ()
u'v'eS
u'+v'=x

(O fHemog) x),

which proves the equality n © (f ®g) =n O f) @ (n O g).
For property (iii) of Definition 2, letn, m € Nand f € F v’;, (S). Then, forallx € S,

1 1
(n+m) O fHx) = f (HLm) = min (f (; : n:’fm) f (Z : n"frxm))

= sp min(f(2).f()) = (@O H&MO ),

u,ves
ut+v=x

which shows the desired inequality (n +m) O f < (n O f) ® (m O f).
For property (iv) of Definition 2, letn € Nand f, g € FVI",(S) with f < g. Then,
forall x € §,

moHw=7,()<e(>)=monw,

which yields thatn © f <n © g.

The property (v), which is the equality 1 ® f = f, is obvious. The equality
n© xw = xw easily follows from the equivalence of the inclusions 7 € W and
x € W. Thus property (vi) of Definition 2 is also satisfied.

We now show that (F{",(S), <) is a complete partially ordered set. Let F := {f, |
y € I'} be a family of elements in F3;, (S) bounded from below by g € F(S). Define
f:8—10,1]by f :=inf,cr f),. We prove that f is also a member of F";,(S). By
the inequality g < f,, it follows that ¢ < f and hence p <supg < f.Letx,y € §
with x <y y, thatis, with y —x € W. Then, for all y € I" the W-nondecreasingness
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of f, gives f), (x) < f,(y). Taking the infimum with respect to y € I" side by side,
it follows that f(x) < f(y), which proves that f is also W-nondecreasing and hence
f € Fip(S). Clearly, f is the infimum of the family F and this shows that (F};, (), <)
is a complete partially ordered set.

We verify that the map @ defined by (9) is an injective cornet-preserving mapping
of (Pw (S), +, %, C) into (F‘}V(S), @, O, <).Clearly, if A € Pw(S), then @(a) = xa
is W-nondecreasing and sup @ (A) = sup x4 = 1, which shows that @ (A) € FVIV(S).
The injectivity of @ is obvious. To prove that @ preserves the addition, let A, B €
Pw (S). Then, for x € S, it is easy to see that

sup min (x4 (u), xp(v)) =1
u,ves
u+v=x

if and only if there existu € A, v € B such that x = u + v, thatis, if x € A+ B. This
proves that, for all x € §,

(xa ® xB) (x) = SUPS min (x4 (u), xp(v)) = xa4+B(x).
u,ve
u+v=x

As a consequence of this equality, it follows that @ (A + B) = ®(A) & @ (B).
Let A, B € Py (S) and n € N. It is clear that

n-alaeA}CnxA={n-a+wl|aecA weW} (11

In fact, this inclusion is an equality. To see this, let x € S be of the foormx =n-a+w
for some a € A and w € W. Then, by the divisibility of W, we have that w/n € W.
Thus, the W-invariance of A yields that ¢’ = a + (w/n) € A and hence x is of the
form n - a’ for some element a’ € A, which shows that it belongs to the left hand side
setin (11).

Using the equality (11), for x € S, we have

KnxA(X) = XA (%) =n0 xalx),

which proves the equality @ (n x A) =n © @(A).

If A, B € Pw(S) with A C B, then yx4(x) < xp(x) holds for all x € §, which
shows that @ (A) < @(B), that is, @ preserves the ordering as well.

To prove the last assertion of the proposition, assume that f € Fy (S) is ann-convex
element. Let xq, ..., x, € S. By the n-convexity of f, we have thatn - f <n Q® f,
that is, for all x € S,

sup min(f(ul),-..,f(un»=(fea~--eaf)(x)s(n@f)(x)zf(;—c).

ULy Un €S
uyt-tup=x
By taking x := x1 4 - -+ x,,, Wwith w1 := x1, ..., u, := x,, it follows that (10) holds.
The proof of the reversed implication is analogous. O
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3 Topological notions and boundedness in cornets

In a natural way, we can introduce the notions of nonnegative and Archimedean ele-
ments in a cornet with the following definition.

Definition 6 In a cornet (X, +, *, <) an element x € X is said to be nonnegative if
0 < x holds. The element x is called Archimedean, denoted by O < x, if, forallu € X,
there exists ng € N such that 0 < u + n * x for all ng < n. The set of all nonnegative
and Archimedean elements in X will be denoted by X < and X <, respectively.

The properties of nonnegative and Archimedean elements are established in the
following assertion.

Proposition 6 Let (X, +, %, <) be a cornet. Then X is contained in X < and
X.+X<CX.. (12)

In addition, X < and X < are subcornets of (X, +, *, <).

Proof To show that X. C X<, let x € X<. Then, there exists np € N such that
0 < ng * x. Therefore, ng * 0 < ng * x, which implies that 0 < x, i.e., x € X<.

Letx € X< and y € X<. Then, for any u € X, there exists np € N such that
0 < u 4+ n * x for all ng < n. On the other hand, 0 = n *x 0 < n % y, therefore
0 < u + n* (x + y) holds for all ngp < n, which implies that x 4+ y is Archimedean
and proves the inclusion (12).

If x and y are nonnegative elements, then by the axioms of cornets, 0 < y =
0+ y < x + y, which shows that X < is closed under addition. Similarly, if x € X<
andm € N, then 0 = m 0 < m % x proving that X < is closed under x-multiplication
and hence (X<, +, *, <) is a subcornet of (X, 4, *, <).

By (12) we have that X« + X € X + X< € X, which shows that X _ is closed
under addition. To prove that X _ is also closed under x-multiplication, let x € X and
m € Nand let u € X be arbitrary. Then there exists ng € N such that 0 < u +n % x
for all n > nyg. In particular, we have that 0 < u + (km) * x = u + k * (m * x) for all
k> "'70, which shows that m * x is also Archimedean. Hence, (X <, +, *, <) is also a
subcornet of (X, +, *, <). 0O

In what follows, we introduce the notions of continuity of the addition, bounded-
ness and closedness with respect to a subsemigroup of Archimedean elements. For
comparison, we recall first the standard topological concepts for abelian groups.

Definition 7 If (G, +) is an abelian group and 7 is a Hausdorff topology on G, then
we say that (G, T, +) is a topological group if the (x, y) — x — y is a continuous
map of G x G into G. A subset U C G is said to be convex if, for all n € N,

fur+---+u, |ur,...,up€eUy={n-ulueU}.
We say that G is locally convex if every neighborhood of O contains a convex neighbor-

hood of 0. A subset H C G is said to be topologically bounded if, for all neighborhood
U of 0, there exists n € Nsuchthat H C {uy +---+u, | uy,...,u, € U}.
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Definition 8 Let (X, +, *, <) be a cornet and let A be a subsemigroup of X .. We
say that the addition is A-continuous if, for all a € A, there exists b € A such that
b+ b < a holds.

Lemma3 Ler (X, +, *, X) be a cornet, let A be a subsemigroup of X < and assume
that the addition is A-continuous. Then the --multiplication and the x-multiplication
are A-continuous, that is, for all a € A and n € N, there exists b € A such that
n-b=<aandnx*b < a, respectively.

Proof Leta € A. By the continuity of addition there exists a; € A suchthata; +a; <
a, or in other words 2 - a; < a. Applying the continuity of addition again for a; € A,
we get that there exists ay € A such that 2 - a» < ay, which implies that 4 - a; < a.
Continuing this process, we can construct a sequence a; € A such that 2% - a; < a
holds for all k € N. Now let n € N and choose ¥ € N so that n < 2K. Then
n-ap=n-ap+ Q2% —n)-0=<2%.a, <a.Thus,n-b < a holds with b := a;. The
inequality n « b < n - b implies that n % b < a is also valid. O

Definition 9 Let (X, +, *, <) be a cornet and let .4 be a subsemigroup of X . We say
that an element x € X is A-bounded if, for all a € A, there exists ng € N such that
x < nx*a forall n > nop.

Proposition 7 Let (X, +, *, <) be a cornet and let A be a subsemigroup of X - such
that the addition is A-continuous. Then the A-bounded elements form a subcornet of
(X, +, %, ).

Proof Let x, y be A-bounded elements of X and leta € A be arbitrary. Since X is A-
topological therefore there exists b € A suchthatb+b < a. Using the A-boundedness
property of x, y, there exist ko, mo € N such that

x <kxb ifk >k,

y=<mxb ifm > my.
Thus,

x<nx*xb ifn > max (ko, mo) ,

y=<nxb if n > max (ko, mg) .
Adding the above inequalities side by side, we get
x+y=<nxb+b)<nxa ifn > max (ko, mg),

which proves that the set of .A-bounded elements is closed under addition.

To prove that the set of .A-bounded elements is closed under the s-multiplication,
let x € X be A-bounded, m € N and a € A. Then, there exist b € A such that
m % b < a. Then there exists ng € N such that x < n % b holds for all n > ny.
Using the monotonicity property of *-multiplication, for all n > no, it follows that
mxx <m* (nxb) = (mn)*n =n*(mx*b) < n*a. This shows that the set of
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A-bounded elements is closed under the x-multiplication and proves that .A-bounded
elements form a subcornet of (X, +, %, <). O

Definition 10 Let (X, +, *, <) be a cornet and let A be a subsemigroup of X -. Given
an element x € X, we say that y € X is the A-closure of x if y < x + a holds for all
a € A and, y is the largest element of X with is property, i.e., if z < x + a holds for
alla € A, then z < y. It is clear that the 4-closure of an element, if exists, is unique
and is denoted by cl 4(x). An element x is called A-closed if x = cl 4(x). The set of
all elements of X which possess an .A-closure will be denoted by Cl 4.

Proposition 8 Let (X, +, *, <) be a cornet and let A be a subsemigroup of X < such
that X is A-topological. Then we have the following assertions.

(i) If x € Cly, then x < cl 4(x).
(ii) If x,y € Cl g and x <Xy, then cl 4(x) < cl4(y).
(iii) If x € Cly, thencl 4(x) € Cl4 and cl 4(x) = cl g4(cl4(x)).
(iv) If x e Clgand x <y <clyg(x), theny € Cl 4 and cl 4(y) = cl 4(x).
(v) Ifx,y € Clgwithx+y € Cl 4, thencl g4(x)+cl4(y) € Clgandcl g(cl 4(x)+
cla(y)) = clalx +y).
(vi) Ifx € Cl4q,n € Nandn-x € Cl 4, thenn-cl 4(x) € Clgandcl g(n-cl4(x)) =
clq( - x).
(vii) If x € Cly, n € Nand n xx € Cly, then n xclyg(x) € Cly and clg(n *
cl4(x)) =clg(n *x).
(viii) If x € Cl 4 is A-bounded, then cl 4(x) is also A-bounded.
(ix) Ifn € N, x € Cl 4 is n-convex, n x x € Cl 4 and n * cl 4(x) is A-closed, then
cl 4 (x) is also n-convex.

Proof (i)Letx € Cl4.Clearlyx < x+aholdsforalla € A. Thisimplies x < cl 4(x).
(ii) Let x, y € Cl 4 such that x < y. By using the definition of A-closure, for all
a € A, we have that

clgyx) xx+a=<xy+a,

which implies that cl 4(x) < cl 4(y).

(iii) Let x € Cl 4. We need to show that y = cl 4(x) is A-closed. The inequality
y < y + a is trivial for all a € A. Assume that z < y + a holds for all a € A. Let
b € Abe arbitrary. By the .4-continuity of the addition, there exist a, ¢ € A such that
a + ¢ < b. We have that y < x + ¢, hence,

zxy+a=<(x+c)+a=<x+>b.
Since b was arbitrary, this implies that z < cl 4(x) = y, which shows that y is the
A-closure of itself.
(iv) Let x € Clg and x < y < clg(x). We need to show that cl 4(x) is the A-

closure of y.

On one hand, for all a € A, we have cl 4(x) < x +a < y + a. On the other hand,
assume that z € X satisfies z < y 4+ a for all a € A. Then z < cl4(x) + a for all
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a € A, which, by property (iii) implies that z < cl 4(x). This shows that cl 4(x) is the
A-closure of y.

(v) Let x, y € X be arbitrary. First we show that cl 4(x) +clq(y) <x+y+a
holds for all a € A. Indeed, if a € A, then there exist b,c € Asuchthatb +c¢ < a
and we get

cla@)+cla) = (x+b)+ @ +c)<x+y+a.

This inequality and property (i) imply that x + y < cl4(x) + cla(y) =< cla(x +
v). Applying properties (iii) and (iv), it follows that cl 4(x) + cl4(y) € Cl4 and
clg(cl 4(x) + cl4(y)) = clg4(x + y), which was to be proved.

(vi)Letx € Cly,n € Nwithn-x € Cl 4. First we show thatn -cl 4(x) <n-x+a
holds for all a € A. Indeed, if a € A, then there exist b € A such thatn - b < a.
Therefore, the inequality cl 4(x) < x + b implies that

n-clgx) =n-x+b)y=n-x+n-b<n-x+a.

In view of property (i) and this inequality, we getn - x < n-clyg(x) < clgq(n - x).
Applying properties (iii) and (iv), it follows thatn-cl 4(x) € Cl g andcl g(n-cl 4(x)) =
cl4(n - x), which yields the statement.

(vii) Letx € Cl4,n € Nwithnxx € Cl 4. First we show that nxcl 4(x) < nxx+a
holds for all a € A. Indeed, if a € A, then there exist b € A suchthatn *b < a.
Therefore, the inequality cl 4(x) < x + b implies that

nxclgx) <nx(x+b)=n*xx+nxb<nxx+a.

In view of property (i) and this inequality, we get n x x < n xcl4(x) < cl4q(n * x).
Applying properties (iii) and (iv), it follows that n x cl 4(x) € Cl4 and clg(n *
clq(x)) = cl4(n * x), which yields the statement.

(viii) Let x € X be an A-bounded element and let a € A be arbitrary. Then, for
some b, ¢ € A, we have that b + ¢ < a. By the A-boundedness of x, there exists
no € N such that x < n % b holds for all n > ng. On the other hand, ¢ € X, hence
nxc € X< for all n € N. Consequently, for all n > ng, we have that

clgyx) xx+nxc=<nxb+nxc=nxb+c)<nxa,
which shows that cl 4 (x) is also an .A-bounded element of X.

(ix) Let x € X be n-convex such that n x x € Cly and n * cl 4(x) is A-closed.
Then, the equality n - x = n *x x yields that n - x € Cl 4 and properties (i), (ii), (v) and
(vi), (vii) imply that

n-cly(x) <clyg(m-clgx)) =clg(mn-x) =clgmxx) =clgmxclgx)).
Using that n * cl 4(x) is A-closed, this inequality implies n - cl 4(x) < n * cl 4(x).

The reversed inequality holds automatically, hence n - cl 4(x) = n * cl 4(x), which
proves the n-convexity of cl 4(x). O
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In what follows, we investigate the connection among the notions of boundedness,
closedness and convexity.

In the subsequent propositions, we consider the cornets that were introduced in
Propositions 3, 4, 5 and we determine the Archimedean, the bounded and closed
elements in these structures.

Proposition9 Let (G, +) be a topological abelian group such that there is no proper
open subgroup of G. Let W C G be awedge with W° # ( and let S be a subsemigroup
of G containing W. Then we have the following claims:

(i) In the cornet (S, +, -, Xw) the set of nonnegative elements equals W.
(ii) The set W° is a subsemigroup of the Archimedean elements.
(iii) Every element of S is W°-bounded.
(iv) If, in addition, G is locally convex and W is topologically closed and W° =
W© + W°, then every element of S is also W°-closed.

Proof (i) The nonnegativity of an element x € S with respect to the ordering <y, by
definition, means thatx = x—0 € W. This proves that W equals the set of nonnegative
elements.

(i1) We have that W° + W° C W+ W C W and W° + W° is also open, therefore,
We + W° C W° showing that W° is a subsemigroup of G.

To show that every element of W° is Archimedean, let x € W° be arbitrary and
define

Tx:=U(W°—n-x)ﬂ(n-x—W°). (13)
neN

We show that T is an open subgroup of G. The opennes of T is obvious. Lety, z € T.
Then there exist n, m € N and vy, vy, wi, wa € W° such that

y=v—n-Xx=n-x—uy, Z=w]—m-X=m-x — w;.
Therefore,
y—z=@Wi+tw)—n+m)-x=m+m) x—(v2+w),
and hence
y—2z€ (W°—(n+m)-x)ﬂ((n+m)-x—W°) C Ty,

which proves that T, is an open subgroup of G. Thus, T, cannot be proper, in other
words, T, = G.

Let u € S be arbitrary. Then S C T, implies that there exists np € N such that
ue W°—ngy-x.Ifn > ng, then (n — ng) - x € (n — ng) - W° € W°. Therefore,
u+n-x=u+no-x+n—ng)-x € (W°—n0~x)+no-x+W° CWwWeCw,

i.e.,, 0 <w u + n - x, which proves that any element of W° is Archimedean.
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(iii) Now we are going to show that every element of S is W°-bounded. Letu € S
be fixed and x € W° be arbitrary. As we have seen above, the set T, defined by (13),
covers S, therefore, there exists ng € N such that u € ng - x — W°. If n > ng, then
(n—ng) -x € (n—ng) - W° € W°. Thus,

n-x—u=m—-ng)-x+ny-x—uecwWe +wW°eCWwW°CW,

which shows that u <y n - x holds for all n > ng. This proves that u is W°-bounded.
(iv) Finally, assume that W is topologically closed. We are going to verify that
every element u of S is W°-closed, that is, u is the greatest lower bound of the set
{u+x | x € We}. Itis clear that u is a lower bound. Assume that v € § is a lower
bound for {u +x | x € W°}, thatis,u —v+x € W holds forall x € W°. Letx € W°
be fixed and n € N.
Assume that W° = W° 4+ W°. Then

We={x;i4+-+x,|x1,...,x, € WL
Therefore, there exist x1, ..., x, € W°suchthatx = x1 +- - -+ x,. This implies that
n-w—v)+x=w—-v+x)+---+wU—-v+x,) W

Ifu—v ¢ W,thenu—v € G\ W. Then there exists an open convex and symmetric
neighborhood of O such thatu — v + U € G \ W. Consider the set S defined by

o0
§i= U{y1+"'+Yn|y1,...,yneU}.
n=1

Then S is an open subgroup of G, hence S = G, which yields that x € S. This implies
that, for some n € Nand yj, ..., y, € U the equality x = y; + --- + y, holds. By
the convexity of U, it follows that there exists y € U, such that x = n - y. Thus

n-wu—v+y)=n-u—v)+xew,

which yields that u — v+ y € W contradictingu —v+yeu—v+U C G\ W.
This contradiction shows that © — v € W must be valid, i.e., v <w u holds. O

Proposition 10 Let (G, +) be a topological abelian group such that there is no proper
open subgroup of G. Let W be a wedge and let S be a subsemigroup of G containing
W. Let Py (S) denote the collection of all nonempty W -invariant subsets of S. Define
the operations + and * by (4). Then the following statements hold:

(i) The set of nonnegative elements of the cornet (Py (S), 4, *, C) consists of those
W -invariant subsets of S that contain the neutral element 0 of G.

(ii) The collection A of those W-invariant subsets which contain an open convex
neighborhood C € Py (S) of 0 is a subsemigroup of the Archimedean elements.
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(iii) An element of Py (S) is A-bounded if it is the sum of a topologically bounded
subset of S and W.

(iv) If, in addition, G is locally convex, then any topologically closed element of
Pw (S) is also A-closed and the addition is A-continuous.

Proof (i) The unit element of (Pw (S), +, %, C) is the set W. Now, an element A €
Pw (S) is nonnegative if W C A. This inclusion is equivalent to the condition 0 € A
because A is W-invariant.

(ii) Let A, B € A. Then there exist open convex sets C, D € Py (S) such that
0e C < Aand 0 € D € B, Then, by Lemma 2, the set C + D is convex and also
open, furthermore 0 € C + D € A + B. Therefore, A + B € A, which proves that
(A, +) is a semigroup.

To prove that the elements of A4 are Archimedean, let A € A. Then there exists an
open and convex C € Py (S) such that 0 € C € A. Define

Te == Jm*C)n(-nx0). (14)
neN

We prove that T¢ is a subgroup of G. Let x, y € T¢. Then there there exist n, m € N
suchthatx € (n«C)N(—n*C)andy € (m*C)N(—m=*C). Using the definition of the
* multiplication, it follows that there exist ai, az, b1, b € C and vy, vp, wy, wp € W
such that

XxX=n-ay+vy=-n-ay— vy, y=m-by +w; =—m-by — ws.

By the (n + m)-convexity of C, it follows that here exist ¢, ¢ € C and uy,up € W
such that

n-ay+m-by=m-+m)-cy+uy, n-a+m-by=m+m)-cr+ u.
Then

x—y=Wm-ag+m-by)+ Wi +wx) Sm+m)-cir+u +Wc< ®n+m)xC,
y=x=m-a+m-b)+W+w)Sn+m)-c2+uy+W<m+m)x*C.

Therefore, x — y € T¢, which proves that T¢ is a subgroup of G. The openness of C
implies that n - C is open for every n € N. Thus, by the convexity of C, we have that
n*C is open for every n € N. Consequently, T¢ is open and hence, by our assumption,
Tc isequal to G.

Before proving the further assertions, we show that n « C € m * C if n < m.
Indeed, let u € n % C. Then, for some ¢ € C and w € W, wehaveu =n -c + w. If
n < m, then, the m-convexity of C and O € C yield that there existd € C andv € W
suchthatn -c+ (m —n)-0=n-d + v. Thus

u=n-c+m-n)-0+w=m-d+v+w=mxC,
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which verifiesn * C Cm x C.

Let U € Pw(S) be arbitrary and choose a fixed element u € U. The inclusion
u € T¢ yields, for some ng € N, that —u € ng * C. For n > ng, this implies that
—uenxC CnxA.Hence 0 € U + n x A holds for all n > ng which, according to
the the first assertion, means that U + n * A is nonnegative for all n > ng. This proves
that A is Archimedean.

(iii) Let B € Pw(S) be the sum of a topologically bounded set D C S and W.
Let A € A be fixed. Then there exists an open convex set C € Py (S) such that
0eCCA.

By the topological boundedness of D, we can find a number g such that D € ng-C.
Since 0 € C, this implies that D € n - C for all n > ng. By the convexity of C, this
yields that D € n * C. Consequently

B=D+WCnxC+W=nxCCnxA,

which proves that B is .A-bounded.

(iv) In this part of the proof, we assume that G is a locally convex topological
group. Let D € Py (S) be a topologically closed set. We need to show that D is the
A-closure of itself. The inclusion D € D + A trivially holds for all A € A because
0 € A. Assume now that, for some E € Py (S), the inclusion E C D + A holds for
all A € A. We need to show that E C D.

Let e € E be arbitray and assume that e ¢ D, i.e., 0 ¢ e — D. Using that D is
topologically closed, we have that ¢ — D is closed. Hence 0 is an interior point of
its complement. Thus there exists an open convex neighborhood Cy of zero such that
Co N (e — D) = . We show that then (Co + W) N (e — D) = @. Indeed, if this
not true, then there exist c € Co,w € Wandd € D suchthatc + w = ¢ — d.
Then, by the W-invariance of D, we get c = ¢ — (d + w) € e — D which contradicts
CoN(e— D) =(@.Then A := Co+ W is an open convex W-invariant neighborhood
of zero which is disjoint from e — D. This implies that e ¢ A + D which contradicts
that EC D+ Aholdsforall A € A

Finally, we prove that the addition is .A-continuous. Let A € .A. We need to show
that there exists B € A such that B+ B C A.

By A € A, there exists a convex neighborhood C € Py (S) of 0 such that C C A.
By the continuity of the addition in G, there exists a neighborhood D of 0 such that
D + D C C. Using the local convexity of the topology of G, we may assume that
D convex. Define B as D + W. Then B is a W-invariant convex neighborhood of 0,
hence Be A,andB+B=(D+ W)+ (D+W)CC+WCCCA. O

Proposition 11 Let (G, +) be a topological abelian group that has no proper open
subgroups. Let W be a wedge and let S be a uniquely divisible of G containing W.
Let, for p €10, 1], the set F{;,(S) be defined by (7) and define the operations @ and
© by (8). Then, the following statements hold.

(i) The set of nonnegative elements of the cornets (FV’f,(S), ®D, ©, <) consists of
W -invariant functions f with f(0) = 1 (here 0 denotes the neutral element of
G).
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(ii) The cornet (F";, (S), B, ©, <) has no Archimedean elements for p €10, 1[. On
the other hand, the collection A of those a € F, vlv(S) for which there exists an
open convex neighborhood C of 0 such that a|c = 1 is a subsemigroup of the
Archimedean elements of(F‘}V S, &, 6, ).

(iii) An element f of FVIV (S) is A-bounded if supp(f) := {u € S | f(u) > 0} is
covered by the sum of a topologically bounded subset of S and W.

(iv) If, in addition, G is locally convex, then any upper semicontinuous element of
FVIV(S) is also A-closed and the addition @ is A-continuous.

Proof (i) Let p €10, 1]. The unit element of (F. {:, (S), ®, ®, <) is the characteristic
function of W. Therefore, by definition, an element f € Flf,(S) is nonnegative if
xw < f which implies that 1 = xw(0) < f(0), whence f(0) = 1 follows. On
the other hand, if f(0) = 1, then W-nondecreasingness implies of f implies that
1= f(0) < f(w). Thus xw < f holds.

(i) Let p €10, 1[. Assume that g € Fy, () is an Archimedean element of F}y, (S).
Let f : S — [0, 1] be a constant function with a value p < f(0) < 1. Then
fe F{:,(S), on the other hand, for alln € N,

(f@m0g)O0) = sup min(f(u),nOgW) = fO0) <1

u,ves
u+v=0

According to the first assertion of this theorem, f @ (n © g) is not nonnegative for all
n € N, which shows that g cannot be Archimedean.

Let f, g € A. Then there exist open convex neighborhoods C, D of 0 such that
flc = 1and g|p = 1. Then, for x € C + D, we get

(f®g)(x) = sup min(f(u),g(v)) = sup min(f(u),g)=1L.
ot s

On the other hand, C + D is an open convex neighborhood of O on which f @ g = 1.
Therefore, f & g € A.

Now we show that the elements of A are Archimedean in (F vlv (5),®, ©, ). Let
feAand g € FVIV(S) be arbitrary. We need to show that there exists ngp € N such
that (g ® (n © f))(0) = 1 holds foralln € N. Let 0 < n < 1 be arbitrary and choose
ug € S such that g(ug) > n. Then

(g® (O )0 = sup min(g), (nO f)())

u,ves
u+v=0

> min (g(uo), (1 © f)(—up)) = min (n, f(~12)). (15)

There exists an open convex neighborhood C of 0 such that f|c = 1. Define the set
Tc by (14), where the operation * is given by (4). Then, as we have seen it in the proof
of Proposition 10, Tc = G and n %« C € m % C holds for n < m. Therefore, there
exists no € N such that —ug € ng * C C n % C for all n > ng. This means that for all
n > ng there exists ¢ € C and w € W such that —ug = n - ¢+ w. Thus —"n—o =c+ %,
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which implies that f(—%2) = f(c + %) > f(c) = 1. Therefore, f(—52) = 1 for

n
n > no. Combining this with the inequality (15), we obtain

(g® (O MO =min(n, f(=5))=n  (n=ng).

Since n was arbitrary, this inequality implies that (g & (n © f))(0) = 1, for all
n > ng. According to the first assertion of this theorem, this yields that g & (n ©
f) is a nonnegative element of the cornet (F‘}V(S), ®, O, <). This proves that f is
Archimedean in (Fvlv(S), P, O, <).

(iii) Let f be in F‘%,(S) such that the support of f is covered by the sum of a
topologically bounded subset D € S and W. Let a € A be fixed. We need to show
that there exists ng € N such that f <n ©aifn > ng.

By a € A, there exists an open convex neighborhood C of 0 such that a|c = 1.
In view of the topological boundedness of D, we can find a number n( such that
D C ng-C.Bytheconvexity of C and0 € C,thisimpliesthat D C n-C. Consequently,

supp(f) CD+W Cn-C+W.

Therefore, if u € supp(f), then i—i € C + W for all n > ng. The W-nondecreasingness
of a and a|c = 1 now yield that a(“) = 1 for all n > ng. This implies that f(u) <
a(%) = (n © a)(u) holds for all u € supp(f) and n > ng. This inequality is obvious
foru € S\ supp(f), i.e., if f(u) = 0. Thus, we have proved that f < n © a holds for
all n > ng, which shows that f is A-bounded.

(iv) In this part of the proof, we assume that G is a locally convex topological group.
Let f € F, x}v (S) be an upper semicontinuous element. To prove that f is A-closed, we
need to show thatif g € F&,(S) satisfies g < f @aforalla € A, theng < f.

Let x € S be fixed and ¢ > 0 be arbitrary. Then, by the upper semicontinuity of f
at x, there exists a neighborhood U of x such that f(u) < f(x)+eforallu e SNU.
Observing that x — U is a neighborhood of 0, the local convexity of G implies that
there exists a convex neighborhood C of 0 such that C € x — U,i.e.,x —C C U. Let
a := xc+w- Then a is W-nondecreasing and a|c = 1, hence a € A. Therefore, we
have g < f & a, which implies

g) = (f@®a)(x) = sup min(f(),a(w))= sup  f(u)

u,ves ueS, veC+WwW
u+v=x u+v=x

= sup fw =< sup  f(u) < sup f(u) < f(x)+e.
ueSN(x—C—-Ww) ueSN(U—-W) ueSNU

Upon taking the limit ¢ — 0, the above inequality yields f(x) < g(x), which was to
be proved.

Finally, we prove the .A-continuity of the operation @. Leta € A. Then there exists
a W-invariant convex neighborhood C of 0 such that a|c = 1. Therefore, x¢ < a.
As we have seen it in the proof of Proposition 10, there exists a W-invariant convex

@ Springer



788 G. M. Molnar, Z. Pales

neighborhood B of 0 such that B + B € C. Then
XB D xp=PB)DPB)=P(B+B)=xp+B < xc < a.

On the other hand xp € A. This completes the proof of the A-continuity of &®. O

4 Main results

The following result is the extension of the Radstrom Cancellation Theorem to the
setting of cornets.

Theorem 1 Let (X, +, *, <) be a cornet and let A be a subsemigroup of X < such
that the addition is A-continuous. Let x,y, z € X such that z is A-bounded and y is
A-closed and m-convex for some m > 2. If

X+z=xy+z (16)

holds, then we have x < y.

Proof Let x, y, z € X such that (16) holds. First, for all n € N, we show that
n-x+z=x<n-y+z. (17)

For n = 1, the inequality is equivalent to (16). Assume that (17) holds forn = k € N.
Then

k+D-x+z=k-x+x+z=k-y+x+z=zk-y+y+tz=k+D- -y+z,

which proves that the inequality (17) holds for n = k + 1. This, by the principle of
mathematical induction, completes the proof (17) for all n € N.

The m-convexity of the element y implies that m € C,, which is closed under
multiplication by Lemma 2. Thus, forallk € N, m* C,. Using this and the inequality
(2), we obtain that

mFs«x <m*-x and mk~y=mk*y. (18)

Combining inequalities (17) and (18), it follows that for all k € N,

mFsxx+z<mhxy+z (19)

In the final step, assuming the .A-boundedness of z, we show that (19) implies x < y+a
foralla € A.

Let a € A. Then, using that the addition is .A-continuous, we can find b,c € A
such that b + ¢ < a. Then there exists n; € N such that 0 < z + n % b holds for all
n; < n. The element z is .A-bounded, thus we can find np € N such that z < n % ¢
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k

holds for all n, < n. By choosing k so that max(n1, ny) < m" is satisfied, it follows

that

O§Z+mk*b and zjmk*c.

then we have

k

m *xjmk

*x+z+mk*b§mk*y+z+mk*b
5mk*y+mk>x<c+mk*b=mk>x<(y+c+b)jmk*(y+a).

This inequality implies that
x<Xy+a

for all a € A. Now, using that y is A-closed, we can conclude that x < y, which is
what we wanted to prove. O

In what follows, we present several applications of the above theorem in the par-
ticular cornets described in Propositions 3, 4, and 5.

Corollary 1 Let (G, +) be a locally convex topological abelian group that has no
proper open subgroups. Let W be a wedge and let S be a subsemigroup of G contain-
ing W. Let Py (S) denote the collection of W-invariant subsets of S and define the
operations + and x by (4). Let A, B, C € Pw (S) such that B is covered by the sum of
a topologically bounded subset of S and W and C is a topologically closed m-convex
subset of S for some m > 2. Assume that

A+BCC+B (20)

holds. Then A C C.

Proof In view of Proposition 5, (P (S), +, *, C) is a cornet and the m-convexity of
C implies that C is an m-convex element of this cornet.

Let A denote the collection of those W-invariant subsets which contain an open
convex neighborhood of 0. Then, by assertion (ii) of Proposition 10, A is a subsemi-
group of the Archimedean elements of (Pw (S), +, %, ). By assertion (iii) of this
proposition, we have that B is .A-bounded and by the assertion (iv), we obtain that the
element C is A-closed and the addition is .A-continuous.

Therefore, we can apply Theorem 1, which shows that the inclusion (20) implies
ACC. O

Corollary 2 Let (G, +) be a locally convex topological abelian group that has no
proper open subgroups. Let W be a wedge and let S be a uniquely divisible sub-
semigroup of G containing W. Let the set F‘}V (S) be defined by (7) and define the
operations @& and © by (8). Let f,g,h € F‘}V(S) such that supp(h) is covered by the
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sum of a topologically bounded subset of S and W and g is upper semicontinuous and
m-quasiconcave for some m > 2. Assume that

f@h<g®h 21

holds. Then f < g.

Proof In view of Proposition 5, (F vlv (S), &, ©, <)isacornet and the m-quasiconcavity
of g implies that g is an m-convex element of this cornet.

Let A denote the collection of those a € F‘}V(S) for which there exists an open
convex neighborhood C of 0 such that a|¢c = 1. Then, by assertion (ii) of Proposi-
tion 11, A is a subsemigroup of the Archimedean elements of (FJV(S), @, O, <).By
assertion (iii) of this proposition, we have that 4 is .A-bounded and by the assertion
(iv), we obtain that the element g is A-closed and the addition & is .A-continuous.

Therefore, we can apply Theorem 1, which shows that the inequality (21) implies

f=<sg a
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