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Abstract

The study of success runs in Bernoulli trials has attracted indubitable attention
of several researchers both for its inherent theoretical interest and intriguing ap-
plications in numerous scientific fields. In this PhD dissertation, we study 7T-
contaminated head runs for the cases T'= 1,2 in which we present direct probab-
listic calculations.

We focus on the limiting distributional problems of run related random vari-
ables. This include Compound Poisson distribution as the limiting distribution
of the number of the at most T-contaminated head run, exponential distribution
as the limiting distribution of the first hitting time of a specified length of T-
contaminated head run and accompanying distribution as asymptotic distribution
for the length of the longest T-contaminated head run.

This dissertation consists of four chapters; Introduction, Limit theorems of
T-contaminated runs of heads, Convergence rate for the longest T-contaminated
head runs and Limit theorems for runs containing two types of contamination
together with Summary and Appendix. It is based on three published papers with
the candidate as author.

In chapter 1, we present some basic definitions and notations useful in the
sequel. We introduce the theorems regarding the number, the waiting time of T-
contaminated head run together with theorem of the accompanying distribution of
the length of the longest T-contaminated head run. Simulation results are provided
to reinforce our theoretical findings.

In chapter 2, we find the asymptotic distribution for the first hitting time of the
T-contaminated run of heads having a specified length. Further to this, we concen-
trate on obtaining a limit theorem for the length of the longest T-contaminated
head run. We give a proof that the rate of convergence of our approximation
of the accompanying distribution for the length of the longest T-contaminated

head run performs exceedingly better than previous known results. We provide



accompanying simulation results for the same.

In chapter 3, we study sequences of trials having three outcomes labelled; suc-
cess, failure of type I and failure of type II. We obtain the limiting distribution
of the first hitting time and the accompanying distribution for the length of the
longest at most two-type contaminated run. Besides the mathematical proofs, we
provide simulation results supporting our theorems.

In chapter 4, we give a summary of chapters; 1, 2 and 3. Finally, we give
in the Appendix, the main lemma of Csaki et al. We rewrite the proof for the
non stationary case, finite form giving some additional explanation with a goal
of precisely fixing the conditions of the lemma. We correct the misprints and

omissions noted in the lemma which are important for our subsequent applications.



Preface

Limit theorems pertain to the limits of sequences of sums of random variables, Sn
when the number of summands approaches infinity, subject to specific probabilistic
assumptions. The purpose of these restrictions is to guarantee that the probabilis-
tic behavior of the summation, Sn, is not dominated by any individual element
of the stochastic process. It is worth to note the existence of several conditions
that guarantee the modest effect of each individual summand on the behavior of
Sn, leading to a wide range of limit theorems falling under the classification of
classical limit theorems.

In the field of probability, limit theorems encompass a fundamental and vast
research domain within probability theory. This area primarily focuses on the
emergence of asymptotic (limiting) laws that arise from the analysis of a long
series of observations on random events. As a result of this, and as early as the
20" century, certain researchers in the field have conceptualized the probability of
an event as the theoretical limit of the relative frequency of its occurrence in a long
sequence of independent random experiments. It is commonly assumed that the
random variables exhibit either independence or a degree of almost independence.

The limit theorems have been subject to rigorous proofs and advancements by
numerous esteemed probabilists over the course of several centuries. The proof of
the first limit theorem of probability theory, also known as the Law of Large Num-
bers, was provided by Bernoulli (1654-1705). The topic was then taken up by De
Moivre (1667-1754), who stated and proved the first central limit theorem, which
pertains to the convergence to a normal distribution, specifically for symmetric
Bernoulli trials. In (1812), Laplace expanded upon the work of De Moivre by pro-
viding foundational insights crucial in shaping the understanding of probability
and behaviour of sums of random variables paving the way for the formalization
of the two previously established limit theorems. Poisson in the (1830s) worked
on establishing the conditions under which the sample mean converges to the pop-
ulation mean and consequently weakened the conditions that underlie the law of
large numbers.

The next significant development occurred in the (1870s) with the establish-
ment of the Russian school of probability, spearheaded by Chebychev. Within
this school, Chebychev and his pupil Markov successfully proved the central limit
theorem through the utilization of the method of moments. Later on, Lyapunov
provided the proof of the aforementioned result using the method of characteristic
function, which is well recognized as a powerful analytical technique for estab-

lishing a multitude of other limit theorems. Kolmogorov not only enhanced the



contributions of his predecessors but also established the modern mathematical
foundations of probability theory in (1933).

Erd6s and Rényi (1970), in their classical paper, ’On the new law of large
numbers’ gave renewed scholarly interest in asymptotic estimation of the length of
the longest run. Their findings solidified the longtime existence of the study of the
length of the longest run and the first hitting time distributions in the mainstream
research on the nature of randomness. Exact distributional results, as well as the
weak and almost sure asymptotic behaviour have been characterised completely.

This doctoral dissertation is written as a monograph and is based on the fol-
lowing three papers published in peer reviewed journals:

Fazekas and Suja (2021), Limit theorems for T-contaminated runs of heads,
Annales Univ. Sci, vol. 52, (2021), pp.131-146.

Fazekas, Fazekas, and Suja (2024), Convergence rate for the longest T-contaminated
runs of heads, Statistics & Probability Letters, vol. 208, pp 110059, (2024).

Fazekas, Fazekas, and Suja (2023), Limit theorems for runs containing two

types of contaminations, arXiv preprint arXiv:2309.11602, (2023).



Notations and Symbols

Number of tails interrupting (contaminating) head run sequence.

The number of coin tossing or the length of the experiment.

Number of precisely T-contaminated head runs of length n.

Number of at most T-contaminated head runs of length n.

The first hitting time of the at most T-contaminated run of length n.
Length of the longest T-contaminated head run in a single experiment.
Represents the largest integer less than or equal to z.

Growth rate of a function, that is f(z)/g(x) remains bounded as x — 0.
Asymptotic equality, that is f(z)/g(z) — 1 as @ — oo.

Indicator function of a subset A assuming values 0 or 1.
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Introduction

Limit theorems form an evergreen field of probability theory. Its methods and
results continue to have huge fundamental impact on many fields, including statis-
tics, engineering, finance, and science. For general background on probability
theory and limit distributions see [Gut (2005), Shiryaev (2016), Ash and
Doléans-Dade (2000) and Petrov (1995)].

One of the most widely studied aspects of probability theory is the concept of
coin tossing experiments. While seemingly simple, coin tossing experiments have
brought some of the most profound discoveries in probability theory.

Considering a series of independent trials where each success outcome has a
probability p of occurrence, the total number of successes has the binomial(n, p)
probability distribution. This is a well known fundamental fact of probability
theory. As the number of trials increase while p remains fixed, the central limit
theorem always provides a good approximations to the binomial probabilities based
on the normal probability distribution. This approximation was first given by de
Moivre, but later refined and popularised by Laplace.

On the other hand, if p is allowed to decrease such that np tend to a positive
finite limit, then Poisson based approximation becomes the most suitable prob-
ability distribution for the binomial probabilities. This approximation remained
overshadowed by the normal approximation until its uniqueness and expansive do-
main of applications was popularised by researchers like Bortkiewicz. Since then,
broad applications and elementary proofs of convergence of binomial to Poisson
probabilities became a dominant course in probability theory. It has been con-
sidered in connection to; possibly dependent trials, trials with varying success
probabilities and even trials with more than two possible outcomes.

The study of runs, which is a sequence of consecutive events of similar type
preceded or succeeded by different types of events started towards the end of the
19t" century rather than in the days of Laplace when a lot of interest was in game

of chances. In particular, the study of success runs in Bernoulli trials has attracted



2 Introduction

unquestionable attention of several researchers both for its inherent theoretical in-
terest and its intriguing applications in numerous scientific fields (Psychology, Me-
teorology, Reliability engineering, Quality Control, DNA sequence matching etc.).
This has invoked several variations, extensions and generalizations of runs related
statistics. Some of the most commonly used in statistics and applied probability
in the sense of Bernoulli trials include among others; number of non-overlapping
consecutive k successes according to Feller(1968), number of success runs of size
exactly k according to Mood’s (1940), number of success runs of size greater or
equal to k and the length of the longest success run. Their waiting times have also
been considered consequently.

The problem of the length of the longest head run for n Bernoulli random
variables was first raised by T. Varga in his classroom experiment. He divided
the class into two groups; assigned one group a fair coin and the other told to
basically simulated the coin tossing experiment without using a coin. The fact
that the results from the two groups of students could easily be separated once
the experiment was over stimulated a lot of interest and provided illustrious topic
to bring out important techniques of probability theory. These included recursion
arguments involving combinatorics, asymptotic analysis and concepts of limiting
distributions. Theses approaches have been applied in determining the bounds,
exact and limiting lengths of longest runs.

The first consideration for the length of the longest run for the case of a fair coin
was given in the classical paper ’On the new law of large numbers’ by Erdds and
Rényi (1970) where an asymptotic estimation of the length of the longest run
was given. Numerous subsequent extensions of this result emerged in applications
to renewal and other stochastic processes.

Various related problems to the length of the longest run considered by other
researchers include; longest increasing run of independent uniformly distributed
random variables, longest repetitive patterns in random sequence and longest
matching sequences in two DNA strings. The length of the longest run belongs to
a class of non-convergent random variables with no limiting distribution.

The exact distributions of these runs statistics were traditionally studied using
combinatorial analysis. However, finding appropriate combinatorial identities in
order to derived the probability distribution proved difficult for the case of com-
plex runs and to date some exact distributions of many common statistics remain
unknown. Other approaches for determining exact probability distribution in-
volves generating function technique introduced by Feller (1968) using the theory
of recursion. For more on general note on the number of long run see [Fazekas
et al. (2010), Nguyen et al. (2016), ErdSs and Rényi (1970) and Muselli
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(2000a)].

However, for more complex runs their generating functions became too cum-
bersome to differentiate a large number of times. So other researchers explored
the method of Markov chain embedding technique to determine the underlying
distribution of runs statistics see [Novak (1989) and Samarova (1982)]. The
method can be applied to the case of both independent identically distributed ran-
dom variables as well as to Markov dependent multi-state trials regardless of the
specified counting procedure.

A natural and more intuitively appealing generalization of runs statistics do
emerge in situations where instead of considering specified sequence length strings
with all positions occupied by successes, some allowance is given for the appearance
of a small number of failures. Therefore, the focus shifts to consecutive trials which
contain a large proportion of successes. Such formations are widely referred to as
contaminated (interrupted) success runs which is the key object of our study.

In this dissertation, we focus on limiting distributional problems associated
with this specific type of runs, namely, contaminated runs of heads in a sequence
of coin tosses and to other sequences from experiments with more than two possible
(i.e. trinary) outcomes. More precisely, we investigate the limiting distribution
of the number of contaminated runs, limiting distribution of the first hitting time
of contaminated runs and accompanying distribution of the length of the longest
contaminated runs.

The rest of this dissertation is organized as follows. In Chapter 1, we define a
T-contaminated run of heads and study the limiting distributions of their numbers
together with the first hitting time and the asymptotic behaviour of the length of
the longest T-contaminated head run. Our emphasis will be devoted to approxima-
tion of the numbers of contaminated runs to both Poisson and compound Poisson
limit laws.

Chapter 2, we shall still deal with T-contaminated head run but emphasis now
shifts to the distribution of the length of the longest T-contaminated head run.
We shall investigate the rate of convergence to an accompanying distribution and
also obtain results for the first hitting time for the same.

In Chapter 3, we shall introduce a two type contaminated runs and study the
limiting distribution of the first hitting time and the accompanying distribution
of the length of the longest at most two type contaminated runs with trinary
outcomes. Our approach mirrors the one used in Chapter 2.

Finally, we shall give a summary of our most important results and thereafter,
provide a useful auxiliary materials collected in the appendix. This contains basi-

cally the main lemma of Csdki et al. (1987) where we precisely fix its conditions.



Chapter 1

Limit theorems of

T-contaminated run of heads

The aim of this chapter is to determine the limit distribution of the number of
T-contaminated run of heads, the limiting distribution of the first hitting time of
T-contaminated run of heads having a given length and finally the limiting law
of the length of the longest T-contaminated head run. For the case of indepen-
dent random variables, the number of precisely T-contaminated head runs has a
binomial distribution which can well be approximated by the Poisson law. This
attracted the attention of famous scientists who have worked on the problem of
evaluating the accuracy of Poisson approximation to the binomial distribution.
See Serfling (1978) for appropriate metrics for measuring the error bounds and
an overview of applications of Poisson approximations. For the case of dependent
random variables, the possible limiting distribution is Compound Poisson limit
laws. For more detailed information regarding these approximations, see [Novak
(2019), Peko6z (2006), Barbour and Chryssaphinou (2001), Barbour and
Mansson (2002), Chryssaphinou and Papastavridis (1988)].

Investigating various corresponding distributional limit theorems of the above
statistics requires different methods. The most useful tools employed by various
researchers involves recursion/ combinatorics, probability generating function and
Markov chain embedding techniques see [Kopocinski (2016), Muselli (2000b),
Novak (1992), Schilling (1990), Schilling (2012), Kardcsony and Libor
(2011)).

A simple rule of thumb can accurately predict the length () of the longest se-

quence of success if a situation can be modeled as a series of independent Bernoulli

4



Limit theorems of T-contaminated run of heads 5

trials. For infinite sequence of fair coin tosses, a simple theorem of Rényi says that

the length of the longest run in N tosses is about log N /log 2.

Erdds and Rényi (1970) gave an asymptotic estimation of the length of the
longest run and proved that for a fair coin and for an arbitrary 0 < C; < 1 <
Cy < oo with almost all w € 2, there exist a finite number Ng = Ny(w, Cy, Co)
such that;

[C1log N] < pu(N) < [Clog N]

if N > Ny. Here log denotes logarithm to base 2 and [.] is the integer part. u(N)
has a logarithmic growth C'log N as N — oco.

Later on, Erd8s and Révész (1975) improved on the above bounds by using
combinatoric approach. They provided surprisingly more precise results i.e. almost
sure results for the bounds. For p = 1/2 and € > 0, the Theorem states as follows;
Let € be any positive number. Then for almost all w € Q, there exists a finite
number Ny = Ny(w, €) such that;

Zn > [log N —logloglog N + logloge — 2 — ¢]

if N > Np.
Furthermore, for almost all w € €, there exists an infinite sequence N; = N;(w, ¢)

(i=1,2,---) of integers such that;
ZnN, < [log N; —logloglog N; +logloge — 1 +¢].

This was a generalization of the problem of the length of the longest head run
containing no tails at all. Moreover, they also found analogous results for the
upper and lower bounds for the longest run of heads containing at most 7" tails as
given below;

Let € be any positive number. Then for almost all w € €2, there exists a finite
number Ny = Ny(w, T, €) such that;

ZN(T) > [log N + Tloglog N — logloglog N — log T! + logloge — 2 — €]
it N > Np.
Furthermore, for almost all w € ), there exists an infinite sequence N; = N;(w, T, €)

of integers such that;

Zn,(T) < [log N; 4+ T'loglog N; — logloglog N; — logT! + logloge — 1 + ¢].



6 Limit theorems of T-contaminated run of heads

Since the predicted length of the longest run grows logarithmically, i.e. the
distribution tends to shift towards larger values at a rate logarithmically related to
N, it became reasonable to consider the approximate distribution of the prediction
error to provide the accompanying limiting distribution which is independent of
N.

Foldes (1979) provided an asymptotic estimation of the distribution of the

longest pure head run p(N) in the case of a fair coin.

P () - |25 | < k) = o (-2 00 o),

She also stated and proved the limit theorem for the longest head run u®(N)
containing at most T tails for the case of a fair coin.

27(k+17{10g N+Tloglog N})
P (1" (N) — [log N + T'loglog N] < k) = exp (— i >+0(1).

Guibas and Odlyzko (1980) using generating function methods provided
deep results on problems related to those of Erdés and Révész (1975). They
looked at the longest run of repetition of specified pattern. They computed the
expectation and variance of p(IN) of repetitions and made intriguing observation
that u(N) has no limiting distribution. Several results emanating from their find-
ings are generalized to the case of biased coin tossing and runs with at most
T-interruptions in Gordon et al. (1986).

In Gordon et al. (1986), a sequence of coin tossing is represented in terms
of independent geometric random variables and then analysed using inclusion-
exclusion counting methods. They proved using extreme value theorem that the
probabilistic behaviour of the length of the longest pure head run is closely ap-
proximated by the greatest integer function of the maximum of ng of independent
identically distributed exponential random variables. Theses results are extended
to the case of the longest head runs interrupted by 7" tails. They further evaluated
the mean lengths of this type of run together with the variance.

Deheuvels (1985) offered almost sure upper and lower bounds for the k"
longest head run for a biased coin. This was a generalization of Erdds and
Révész (1975) in the estimation for the length (V).

Tdri (2008) used the connection between the pure head runs and pure runs
to derive the so called almost sure limit theorem for the longest runs (see, for
example, in Schilling (1990) and Fazekas et al. (2010)).

The above fascinating findings motivated our research into this rich field of limit

theorems in probability theory. The main results of this chapter were proved by
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Foldes (1975) for the fair coins. Here we extend her results to the case of biased
coins and moreover present a more general result for the longest T-contaminated

head runs.

In the first part of this chapter, we formulate the requisite conditions from
which both Poisson and compound Poisson laws provide good approximations for
the limit laws of our random variables of interest. For more detailed insight into
this subject approach, see Sevast’yanov (1972). Consequently, we first prove
that the limit distribution of the number of precisely T-contaminated head run
converges to a Poisson distribution. To gain more insight into Poisson approxima-
tion, see (Arratia et al. (1990), Chryssaphinou and Papastavridis (1988)).

In the second part of this chapter, we prove in details that the limiting dis-
tribution of the number of at most T-contaminated run of heads converges to a
Compound Poisson distribution, see Barbour and Chryssaphinou (2001) for

related studies.

In the third part of this chapter, we prove in brief that the limiting distri-
bution of the first hitting time of a T-contaminated head run of a fixed length
in deed converges to an exponential distribution just like any other waiting time

distributions.

Finally, in the last part of the chapter, we derive the accompanying distribution
of the length of the longest T-contaminated run of heads as it lacks a limiting
distribution. For further insight, see (Kopocinski (2016), Muselli (1996) and
Binswanger and Embrechts (1994)). We shall also provide simulation results

to buttress our theoretical results.

1.1 Number of precisely T-contaminated run of
heads

We consider the classical coin tossing experiment. Let p € (0, 1) be the probability
of heads and ¢ = 1 — p the probability of tails. Here, p is fixed while we toss a
coin N times independently. We write 1 when the result is head and 0 when the
result is tail. Therefore we consider independent identically distributed random
variables X1, Xo,..., Xy with P(X; =1)=pand P(X; =0)=¢,i=1,2,...,N.
Let T > 0 be fixed integer.

Let §~ = fT(n,N ) denote the number of those precisely T-contaminated n -
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length runs of heads for which the previous element is a tail. More precisely let

1, if there are precisely T 0 values among
=1 (n) = Xiyoo o, Xign—1 and X;_; =0, (1.1)

0, otherwise.

Here let X be defined as Xg = 0. Now we let

N—n+1

E= N = Y 3T (n). (12)

i=1

So §~ can be considered as the number of those precisely T-contaminated head
runs having length n for which the previous value is tail.
Our main condition is the following. Let p € (0,1) be fixed. Let T be a fixed

non-negative integer. If we let N — oo and n — oo so that

NqT+1pn—TnT
T

where A is fixed, then we remark that condition (1.3) implies that N/n — oo.

—A>0, (1.3)

Now we intend to show that the distribution of 5 converges to the A\ parameter

Poisson distribution.

Theorem 1.1.1. (Fazekas and Suja (2021)) Let T be fized. Let N — oo and
n — oo so that condition (1.3) is satisfied. Then
= e Mk

lim P(¢(n,N) =k) =

k=0,1,2,...
N—oo k7 T

The above theorem is proved in Féldes (1975) for the case of T-contaminated
head run where p =1/2 and T' > 0 ( see Theorem 3.1 ) and also proven in Foldes
(1979) for uncontaminated head run where p = 1/2 and T'= 0 ( see Theorem 1.A
).

To obtain the proof of our theorems, we need the following known result from

triangular arrays of random variables.

Proposition 1.1.1. (See Sevast’yanov (1972))
Let Yi(m), 1=1,2,....0lp,, m=1,2,..., be a triangular array of Bernoulli random
variables, i.e. the values oni(m) are 0 or 1. If for every m, Y; (™) are independent.
So let

Ly =Y1™ 1Y, 4oy, (Mo =12,

m
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be the row sums. Let

11,82,500050p

where (i1,1a,...,1,.) denotes anr dimensional vector such that integers iy, ia, ..., i,

are pairwise different with 1 < iy <l,, t=1,2,...,r, r=1,2,....

Assume that for eachr = 2,3,...,m =1,2,... there exists an exceptional set I.(m)
consisting of certain vectors a, = (i1,142,...,1,) such that the numbers i1,ia, ..., i,
are pairwise different with 1 < iy <l,,, t=1,2,... 7.

In addition, we assume the following that

lim max b =0, (1.4)

m—001<i<ly,

lm,
; (m) _
mlgnoo; b A >0, (1.5)
1=
nzlgnoo Z b§T7:)27"')i7‘ = 0’ (16)
ar€l,.(m)
; (m) (m) _
dim Y by =0, (1.7)
ar€l,.(m)

and uniformly for all o, ¢ I.(m)

(m)

. 01,02, 50r
mlgréo bl(;n) o bl(,:”) =1 (18)
Then
. e~ANF
mlg%cﬂ”(Zm:k) = X k=0,1,2,... (1.9)

Proof of Theorem 1.1.1. We apply Proposition 1.1.1 for I,, = N —n + 1 and
Yi(m) =1n;,1=1,2,...,0,. So we first check the fulfilment of the conditions of

Proposition 1.1.1.

Condition (1.4) is satisfied because

max b;= max P(;=1)
1<i<N—n+1 = 1<i<N-n+1

. (1.10)
=max{1, q} (T) dpT <enTp® -0



10 Number of precisely T- contaminated run of heads

as N,n — oo, because 0 < p < 1.
Condition (1.5) is satisfied because, by applying our main condition (1.3),

N—n+1 N—n+1
Y b= ), Plii=1
i=1 i=1 (1.11)
n nT
=(i+ (N —n)q) (T) ¢ p" T~ N ﬁqT“p”*T — A

as n, N = co. Here we applied that, by condition (1.3), n/N — 0.
To check condition (1.8),
we let o, = (41,12,...,1,) denote an r dimensional vector such that the numbers
i1,19,...,1, are pairwise different with 1 <i, < N —n+1,t=1,2,...,r.
We define the set I,.(n, N) of exceptional indices as the set of those indices a,. =
(41,12,...,1,) such that there are ¢,j € {1,2,...,r}, j # 1 with [i; — 4| <n+ 1.
The random vectors X;_q, X, ..., X;4pn—1 and X;_1,X;,..., X411 are in-
dependent if n < j — i. Therefore, 7;,,%i,,...,7, are independent if o, =
(41,92, ..,%r) & I;(n, N). So, condition (1.8) is satisfied.
Now we turn to condition (1.7). By the definition of I,.(n, N'), we should choose
r elements out of n so that there should be a pair among them with distance being

not greater than n. Therefore

Z bin"' abir: Z P(’F]h :1)P(ﬁl7:1)
ar€Il.(n,N) ar€l.(n,N)
<< N )(r —1)2n [(n)qu"_Ty < (NnTp")T -0
“\r—1 T - N
(1.12)

as n, N — 0o, because of our main condition (1.3).

We now consider condition (1.6).

For r = 1, conditions (1.6) and (1.7) are equivalent. For » > 2 and T = 0, we have

> b= Y, P, =10, =1)=0, (1.13)
ar€l.(n,N) ar€l.(n,N)
because in the definition of 7;, we claim that X; ; = 0.

We shall now prove condition (1.6) for T # 0.
For any a, = (i1,42,...,4,), the indices of X; variables involved belong to the

intervals

liv — 1,i 4+ n—1),[is — Lis+n—1],...,[ir — 1,ip +n— 1]. (1.14)



Number of precisely T- contaminated run of heads 11

If o € I.(n,N), then at least two of the above intervals have a common point.
So we can divide the family of intervals (1.14) into disjoint components so that in-
side each component, the intervals are connected. We emphasize that the random
variables having indices in disjoint components are independent.

Therefore, the term 3, <7 (, xyP(7i, = 1,...,7;, = 1) is a sum of the products of
terms corresponding to connected components. Now using this fact and equation
(1.11), we can see that it is enough to prove condition (1.6) for a connected set of
intervals (1.14).

So we let I = I(n, N) be the set of indices «, € I,.(n, N) with a connected fam-
ily (1.14) of intervals. We denote by s the overall length of these intervals. Then
n+r<s<rn+1.

We then divide I}* into two parts; . € I¥(1) = I*(1,n, N) if and only if s < 2n+1
while o, € I¥(2) = I}(2,n,N) if and only if s > 2n 4 1.

So in the case of I*(1), there is a common point of the intervals (1.14) but in the
case of I*(2), the first and the last intervals are disjoint.

In the case of I*(2), a roughly upper bound will do hence

rn+1 rT
> PG, =1, =D)<N Y Y @qu”’

ar€lr(2) s=2n+2 j=2T
<cNp*™ T (rn 4+ D) (rn 4+ 1) (rT) < eNp?'n" T+
:C(annT)(pnn(rfl)TJrl) =0

as n, N — 0o, because of our main condition (1.3).

Next, we consider the case of I}(1), that is when s < 2n + 1. Given that the
intersection of all the intervals in (1.14) is not empty. The case of r > T + 1 is
impossible as then, at least r — 1 tails (r — 1 > T') would be in the first interval.
So we let r < T + 1. Concerning the location of the intervals (1.14), we let
lj =441 —1,5=12,...,7r=1. If l1,...,l,_1 are fixed, then the locations of
r — 1 tails are given. So in the first interval, we choose the locations of T'— r + 1
tails. The starting point of the first interval can be chosen less than N different
ways. Moreover, the probability that at most T tails occur from [ tosses is not

greater than g} (T + 1)I7, where gy = max{q,p} < 1. Therefore
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Z P(ﬁ11:1a7ﬁlr:1)§

o €T7 (1)

<N > K —r+1) } T+ DT g T+ 1),

1<ly,..slr—1<n

<anT r+1qun T (Z quO> —1
<chn T 1— T 50

as N — oo, because r = 2,3, ....
In the above case, we applied that ;" (¢} < cfooo 2T g8 dx < co. So we obtained

> biisei, = Y, Pl =10 =1) =0 (1.15)

ar€l.(n,N) or€l(n,N)

as N — oco. Hence the proof. O

1.2 Number of at most T-contaminated runs of
heads

Now we define the number of at most T-contaminated runs of heads having length

n as follows. Let

1, if there are at most 7' 0 values among
ni =i (n) = X, Xigno1 (1.16)

0, otherwise

Now we let

N—n+1
§=&"n,N)="Y_ nl(n). (1.17)
=1

Therefore £ can be considered as the number of head runs being at most T-
contaminated and having length n.
Now we want to prove that the distribution of £ converges to a compound

Poisson distribution in the limit.
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Theorem 1.2.1. (Fazekas and Suja (2021)) Let T be fivred. We let N — o0
and n — oo so that condition (1.3) is satisfied. Then, for the generator functions

we have

' (N = = _
A}gnooE (Z ) <P {)\ <1 —pz 1)} '

The above theorem is proved in Féldes (1975) for the case of T-contaminated
head run where p = 1/2 and T > 0 ( see Theorem 3.2 ) and also proven in Féldes
(1979) for uncontaminated head run where p = 1/2 and T' = 0 ( see Theorem 2.A

).

Remark 1.2.1. First, we recall the notion of the compound Poisson distribution.
The compound Poisson distribution is a probability distribution that arises when
counting the number of occurrences of a rare event in a fixed time interval, where

the size of each occurrence is a random variable with a probability distribution.

More specifically, suppose we have a Poisson process with rate A\, which is
a stochastic process that models the occurrence of rare events over time. For
each occurrence, we assume that there is a random variable X; that represents
the size or magnitude of the event, and these random variables are assumed to
be independent and identically distributed (i.i.d.). Then, the compound Poisson
distribution is the distribution of the sum of these random variables over a fixed

time interval.

In our case we need its particular version, that is the so called geometric Pois-
son distribution.
Let v have Poisson distribution P(y = k) = Me k!, k = 0,1,2,.... Let
01, 02, - - ., be random variables independent of each other and of + having ¢ pa-
rameter geometric random distribution:
Plo;=1)=p'"1q,1=1,2,...,0€(0,1),p=1—q.
We let the distribution of ¢ to be the same as that of o1 + ...+ g when v = k.
(Here, an empty sum is defined as 0, i.e ¢ = 0 when v = 0). Then p has generator

function

E(2¢) = exp [)\ ( = 1)} for |zp| < 1.
1—pz

Proof of Theorem 1.2.1. It is easy to see that for any run of length n containing
at most T zeros, either there exist a preceding run of length n containing precisely

T zeros or all preceding runs contain less than T" zeros. To give a formal explanation
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of this fact, let

=T n Xz n—1, if 1>1
w= 1= Ty = {7 (o (118)
n; (n), if i=1.

Therefore, 7, = 1 either if ¢ = 1 and among the first n tosses, there are at most T’
tails or, ¢ > 1 and X;_; = 0, X;4,—1 = 1 and between these locations there are
precisely T' zeros. We see that in the second case, shifting to the left by 1 of the
interval 4,44+ 1,...,i+ n — 1, we obtain an interval containing T + 1 zeros.

Now, starting at an arbitrary interval ¢,% + 1,...,% + n — 1 containing at most
T tails, shift to the left of this interval step by step until there are more than T
tails in it. If k + 1 denotes the number of steps until that situation is reached,
then n';_, = 1. (Moreover, n/;_, = 1 means always the end of the above shifting
procedure). Therefore, we can find the longest sequence of overlapping intervals
of type 4,4+ 1,...,7 +n — 1 containing at most 7" tails. We shall refer to these
sequences of intervals as chains of intervals. So to count the number of head runs
being at most T-contaminated and having length n, we should find the number of
these chains of intervals and their length. To be more precise, we should consider

the following representation of,

£=¢"(n,N) = Nflﬂn) = Niﬂ : (1.19)
) 7 fY’Lv .
i=1 i=1

where
vi =l (n) =n/; [min {k > 0 : either 7,41, =0 or i+k+n—1> N} (1.20)

Let v = v7(n) denote the number of non-zero 7;’s (i.e. the number of non-zero 7;
elements). We know that € is the number of precisely T-contaminated head runs
of length n such that the preceding element is 0. So v # € only in the following

two cases. The first case is when 1y = 1 and 7; = 0. The second case is ; # 7;
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for some ¢ > 1. The probability of these events is not greater than
N—n+1
P(m =1, =0)+ Y P, #7) <
i=2
<P (at the beginning of the tosses, there is a run containing tails less than T)

+ NP (there are precisely T tails among n tosses, the last and the previous are tails) <
= /n n—1

< n—1i 1 N n—T T+1 <

;(i)p ¢ + q(T_1>p ¢ g <

S CTnTpn7T+1 4 CNanlp’nqu'ItFl BN O

as N,n — oo, because of condition (1.3).

Therefore, P(y = é) — 1if N,n — oo. So, by Slutsky’s lemma, the distribution

of v is also A parameter Poisson.

We shall show that

lim P(y; > kly; > 0) =p*, k=0,1,2,... (1.21)
N,n—o0
i.e. the (conditional) limiting distribution of ~; is the ¢ parameter geometric dis-
tribution. To this end, we shall use the following elementary fact;
When P(B,,C),) # 0, then if lim P(B,C,)/P(B,) =1 implies that
n—oo

lim P(A,|B,) = lim P(A,|B,C,) (1.22)
n—oo n—oo

in the sense that if one side of the above equation exists, then the other side also

exists and the two sides are equal. For any fixed i € {1,2,...} and kg > 1, let

An = {7 (n) > ko},

B, = {'YzT(n) >0}, Cp= {H;‘ilzo_l X; =1}

First let ¢ > 1. Then,

B, ={X;—1 =0,X;41n-1 = 1,and there are precisely T zeros among X;,...,X;1n_2}.

Then,
P(B,Cp)  qp("Th T g pr e Tp o
B, q(njjl)qun—l—Tp ’
So, by (1.22),
lim P(’}/i > kJ0|’yi > O) = lim P(An‘Bn) =
n—oo n—oo
= lim P(A4,|B,Cy) = lim P(Xi1p = = Xipniro1 = 1) = p*.

n—oo n—oo
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Now let ¢ = 1. Then,

B,, = {7v¥(n) > 0} = {there are at most T zeros among Xi,...,X,}.
Let

B/, = {there are precisely T zeros among Xq,...,X,}.

Then P(B),) = (;)qunfT, P(B,) = Zszo (?)qunfj' We see that B!, C B,,
P(B.B,) _ P(B)) ]
d P(B,) ~ P(Bn) —1lasn — oo.

So, using (1.22) with C,, = B, we see that 1i_>m P(A,|B,) = 1i_>m P(A,|B},). Then,
n e} n oo
with C,, = {T[}*, X; = 1}, we have

(B, Ca) _ P ("7 )g
P(B;,) (7)aTpm=T

— 1.

So, we can use (1.22) with B], instead of B,,. Then, we obtain

lim P(A,|B,) = lim P(A,|B,) = lim P(A,|B.C,) =
n—oo

n—00 n—00
=lim P(Xpq = = Xpyp, = 1) = p™.
n— oo
So we obtain (1.21).
Now let a. = (i1,...,i,) be a vector of indices with ij # 4 for i # j.

We introduce notation

Clag) ={y=mr, i =m, = =mn, =1}

The meaning of C(w,.) is that there are r above mentioned chains of intervals
starting at positions iy,4s,...,4.. Obviously C(«,)(C (&) = 0 for a, # &,
moreover {y =7} =J, C(a;). Therefore

P{y=r} = P(C(a)

Now let K = (k1,ko, ..., k), |K|=ki +ks+---+ k. and let

Ci(ap, K) = Clag) (Wvi > ke s > ko

The meaning of Cy(a,, K) is that the lengths of the above mentioned chains of
intervals are greater than ki, ..., k.. Using C1(a,, K), we can describe the asymp-
totic joint distribution of the positive v;’s.

To finish the proof, we have to prove the following;

Given that there are r positive 7; variables, then the asymptotic joint distribu-

tion of the positive 7; variables is equal to the joint distribution of r independent
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geometrically distributed random variables. That is, we have to prove

2o, P(C1(ar, K))
P(y =)

— pl&l (1.23)

Let k = 112.a<xlki and let the exceptional set I,.(n+ k&, N) be defined as in the proof

of theorem 1.1.1. That is o, € I.(n + k, N) if and only if there exists i;,% € a.
such that |i; — ;| <n+ k. Now we show that

> P(Clay) =0 (1.24)

ar€lr(n,N)

We have

P(Clar)) <P({nj, =mi, = -+ =m;, = 1}) <P{ili, =7y = -+ =15, = 1})

because of the inclusion relations among the above events. Now, using this relation

and the fact 7;,,7;,, -+ ,7;, are independent for o, ¢ I.(n, N), we obtain that

SSRGS S P =i == i = 1)+

ar€l,.(n+k,N) ar€l.(n,N)

sk o )d ]

During the proof of Theorem 1.1.1, remember we obtained that the limit of the
first term is 0 (see (1.15)). On the other hand, for the second term, by taking the

limits, we have
: N\ 7 n-T "
<
i [ 2 (n+ &, N [q(T>q P } <

< lim ¢ (( N1> (r— 1)2(n+k)> {an(T+1)p(n—T) " <
-

N—o00

. n T n1"
< Jim e [INnTp"] =0

by condition (1.3). So we obtain (1.24). Now we have

S P(Ci(an K) = > PCien,K)+ > P(Ci(on, K)).

ar€l.(n+k,N) ar&I.(n+k,N)
(1.25)

By (1.24), the first term in (1.25) converges to 0. Now we consider the second
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term. By the definition of C}(«,, K), we have

> P(Ci(ay, K)) =

ar¢Il.(n+k,N)

= > Pl >k, > kly=ron, =u, == =1)x
oI (N

xPly=r my =mj, ==, =1

By independence and (1.21),

Y PB(Ci(an,K)) ~

ar¢l.(n+k,N)

ap¢I,.(n+k,N) \t=1

=pF D P(Clan)) = DY PC(a)) | mp Py =1).

ar€l.(n+k,N)

In the last step, we applied (1.24). As the limit distribution of ~ is Poisson, that
is the limit of P(y = r) is non-zero, we obtain from (1.25), (1.24) and (1.26) that
condition (1.3) is satisfied.

So we obtained for relation (1.19) that is for £ = Zf\:lnﬂ ~;, the following facts;
the number ~ of the non-zero terms -; is asymptotically Poisson with parameter
A. Moreover, the positive ones out of the variables v;,, vi,, ... are asymptotically
geometric and they are asymptotically independent. Therefore £ is asymptotically

compound Poisson hence the proof. O
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1.3 First hitting time of T-contaminated runs of
heads

First hitting time 7 is the number of tosses needed in a coin tossing experiment
for a T-contaminated head run of length n to appear for the very first time i.e. its
the first observation time when the number of tails among the last n outcomes is

at most T

Let
T = TT(n) = min{N : §T(n, N) > 0}. (1.27)

If T = 0, 7 is the usual waiting time for a pure head run of length n. The
distribution of this random variable has been widely studied in the literature using
various techniques. For recurrence relation see Philippou and Makri (1985),
for non-recursive combinatorial expressions see Muselli (1996) while for Markov

chain approach see Koutras (1996).

We show that the appropriately normalized version of 7 has exponential limit-

ing distribution.

Theorem 1.3.1. (Fazekas and Suja (2021)) Let T be fixred. Then, for any
O0<z<oo

n—00 T!

T T
lim P (T(n)an+1p"T < x) =1—e"".

The above theorem is proved in Féldes (1975) for the case of T-contaminated
head run where p = 1/2 and T' > 0 ( see Theorem 3.3 ) and also proven in Foldes
(1979) for uncontaminated head run where p = 1/2 and T'= 0 ( see Theorem 3.A

).

Proof of Theorem 1.3.1.

7T (n)nT e T
P <T' qT+1p T > ZE) =P (TT(n) > anT-i-lpn—T) =P (§T(n,N(o:)) _ 0) ’
where N(z) = [anTﬁ%}. By Theorem 1.2.1, the asymptotic distribution of £

is compound Poisson. It is obtained from a A parameter Poisson and ¢ parameter

geometric distributions. Therefore, (using notation from the beginning of the proof
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of Theorem 1.2.1) the limiting distribution is

P(o=0)=Y Plo=0y=kP(y=k) =
k=0

:]P’(O:O)]P’('yzo)—kip(gl+-~~+Qk=O)]P’(7:k):le*’\+0.
k=0

Upon checking whether condition (1.3) is satisfied, we find the value of A.

N(x)anTJrlpnfT I’T' anT+1pn7T
T! - [anT'Hp"—T} T! T
as n — 0o. Therefore, the A parameter is equal to . Hence the proof. O

1.4 Length of the longest T-contaminated runs of
heads

Various approaches have been used in determining the length and distribution of
the longest head runs. For the case of a fair coin and using asymptotic estimation
see (Erdds and Rényi (1970), Erdés and Révész (1975), Foldes (1979)).
Let

p=pl (N)=max{n: ' (n,N) > 0}. (1.28)

Considering the result of tossing a coin N times, p is the length of the longest run
of heads containing at most T tails. The following theorem describes the accom-
panying distribution of u” (). We offer a two parameter family of distributions
to approximate the distribution of p. We shall use the following notation. Let B

be a fixed positive number, then for any positive x, we have that
r=kB+r,

where k is integer and r is the residual for which 0 < r < B. Here k and r are

uniquely determined. We define [z]p and {z}p as [x]p = kB and {z}5 = 7.

Theorem 1.4.1. (Fazekas and Suja (2021)) Let T be fized. Let B be a fized

positive number and let S be a fized number. Then, for any integer k we have

P(u”(N) — [logN + Tlog(logN + SloglogN)|s < k) =
(1.29)

=exp (_qT+1p(k—T—{logN+T10g(10gN+Slog logN)}B)/T!) + 0(1)
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Here log denotes logarithm to base 1/p.

For B =5 =1 and p = 1/2, the above theorem is proved in Foldes (1975) for
the case of T-contaminated head run where p =1/2 and T' > 0 ( see Theorem 3.4
) and also proven in Foldes (1979) for uncontaminated head run where p = 1/2
and T = 0 ( see Theorem 4.A ). For arbitrary p with B = S = 1, Méri (1993)

presented the above results without proof.

Proof of Theorem 1.4.1. For any integer k, let
f(N) =P(u"(N) — [log N + T'log(log N + Sloglog N)|5 < k).

Then
F(N) =P(u" (N) < n(k)) =P(E" (n(k), N) = 0),

where n(k) = k + [logN + Tlog(log N + Sloglog N)|g. For any fixed k, the
sequence n(k) converges to infinity as N — oo. Now let Ay € [0, B] be fixed and

choose a sub-sequence
N; T oo such that {logN; 4+ T'log(log N; + Sloglog N;)} g — Xo.  (1.30)
For this subsequence N; and for
nj(k) = k + [log N; + T'log(log N; + Sloglog N;)] g,
condition (1.3) is satisfied in the following form;

A T+1,n;(k)=T (,, . T TH+1, k=T, —\
Niq"'p (nj(k))” @ "p" (1.31)
T! T!

Therefore, by Theorem 1.2.1 and using the argument of the proof of Theorem
1.3.1, we obtain
lim f(N;) = lim P(u” (N;) — [log N; 4 T'log(log N; + Sloglog N;)|5 < k)
j—o0o j—o0

i €T, 0, %) =0

—exp (_qT+1pk—Tp—)\g/T!) _
(1.32)
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If (1.30) is satisfied, then for

g(N) =exp (_qT-i-lp(lc—T—{log N+T log(log N+5 log log N)}B)/T!)

(1.33)
= lim f(N;) = exp (—¢"'p*Tp~r0 /1)

j—o00

is true. To obtain (1.29), we have to show that f(N) — g(IN) — 0. Suppose that

it is not satisfied, i.e. there exist ¢ > 0 such that for certain subsequence N ]’ we

have |f(N}) — g(N})| > € for any j.

As the sequence {log N] + T'log(log N; + Sloglog N})} 5 has accumulation point

Ao € [0, BJ, so there exists a further subsequence N; of N} so that

{log N; + T'log(log N; + Sloglog N;)} B — Ao.

Now, by (1.32) and (1.33), f(N;) — g(N;) — 0. It is a contradiction, so (1.29) is
satisfied. O

Now we give a new proof for Theorem 1 of Gordon et al. (1986) in which
the longest head run containing (precisely) T tails was studied. However, we have

the following to make;

Remark 1.4.1. The limiting distribution of the length of the longest head run
containing 7 tails is the same as the limiting distribution of the length of the
longest head run containing at most T tails. To prove it, let A be the event that
the length of the longest head run containing at most T tails is greater than n.
Then, A = B U C where B is the event that the length of the longest head run
containing precisely 7' tails is greater than n and C is the event that the length of
a head run containing less than 7T tails is greater than n and it is not possible to

add some tails to it. But

as N — oo.

In Gordon et al. (1986), the original proof was based on extreme value
theory, but here we give a new proof using the method of our Theorem 1.4.1. Let

[x] denote the usual integer part of x and {x} is the fractional part.

Proposition 1.4.1. (Theorem 1 of Gordon et al. (1986) together with Theo-
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rems 3.2 and 8.3 in Binswanger and Embrechts (1994).)

P(u"(N) — pr(gN) <t) =P an(wl) + {uT(qN)}] —{pr(@N)} < t) +o(1)

for all t, where
pr(gN) =log(gN) + T loglog(¢N) + Tlog(q/p) — log(T") (1.34)

and W has an extreme value distribution P(W < t) = exp(—e™").

Remark 1.4.2. We emphasize that the above proposition does not offer a limiting
law for u?'(N) — ur(gN) but it gives a sequence of accompanying laws. The

distances of the laws between the two sequences converge to 0 (as n — 00).

Proof of Proposition. Some algebraic calculation shows, that we have to prove
that

P(uT(N) - pir(gN) < k) = P ([MW) + {quv)}] < k) +o(1)

for all integers k. Using the definition of the distribution of W, this relation is
equivalent to

P(u"(N) = i (gN) < k) = exp (—p*~1er @M} 4 o(1),

The remaining part of the proof is the same as that of Theorem 1.4.1. O
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1.5 Simulation Results

We chose sufficiently large lengths of the sequence N after which contaminated
head runs of specified lengths n are investigated under varying probability values.
We evaluate the contaminated runs for the case of T =1 and T' = 2. We performed

our simulations in R package.

Example 1.5.1 (Number of at most T-contaminated runs of heads.). The figures
below show the empirical distribution of the number of at most T-contaminated
head run and its approximation suggested by theorem 1.2.1 and denoted by the red
dots.

For 2000 simulations, N = 1.5 x 105, p = {0.5,0.55} and T = 1 we try out

different run lengths n to generate our results.

Mumber of at most t=1 contaminated head run of length 20 Number of at most t=1 contaminated head run of length 24

o

o

0.04

Density
Density

002 0.03
002 003 004 005

001

0.00
000 0.01

r T T 1
20 40 60 80 0 10 20 30 40 50

N=1500000and p=0.5 N =1500000 and p=0.55

(a) (b)

Figure 1.1: Distribution of the length of at most T' = 1 contaminated head run

Analysis of the above figures reveal a reasonable fit indicating convergence to

the suggested compound Poisson distribution.
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Similarly, for 2000 simulations, N = 1.5 x 10°, p = {0.5,0.6} and T = 2 we

try out different run lengths n to generate our results.

Number of at most t=2 contaminated head run of length 23 Number of at most t=2 contaminated head run of length 32

0.030
003

0.020

Density
Density
002

0.010
001

0.000
0.00

N=1500000andp=05 N=1500000 andp =06

(a) (b)

Figure 1.2: Distribution of the length of at most T' = 2 contaminated head run

It is noted that for higher values of p, the empirical and theoretical fit is not so

nice as skewness is observed.

Example 1.5.2 (First hitting time for at most T-contaminated head runs of
any specified length). The figures below show the empirical distribution of the
first hitting time of the at most T-contaminated head run and its approximation
suggested by theorem 1.53.1 and denoted by the red doted line.

For 2000 simulations, N = 1.5 x 105, p = {0.5,0.55,0.6} and T = 1 with

various run lengths n, we obtain the results.

Firstnittng time for t -1 contaminated head runs offength 20 First hiting tme for t-1 contaminated head runs of fengtn 23 Firstnitting tme for t- 1 contaminated head runs of length 27

0
10
0

00 02 04 06 08
00 02 04 06 08 1

00 02 04 06 08 1
L L L L L

N=1500000andp=0.5 N =1500000 and p=0.55 N=1500000 and p =06

(a) (b) ()

Figure 1.3: Distribution of first hitting times for T'= 1 contaminated head runs

The figures reveal near perfect fit between the empirical and theoretical distri-

butions for T =1 even with higher values of p.
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Simalarly, for 2000 simulations, N = 1.5 x 109,

with various run lengths n, we obtain our results.

Firstnittng time for 1 -2 contaminated head runs offength 24

First hiting tme for -2 contaminated head runs of length 30

p=1{0.5,0.6,0.7} and T =2

FirstNitng tme for -2 contaminated head runs of length 40
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Figure 1.4: Distribution of first hitting times for T'= 2 contaminated head runs

The figures reveal nice fit between the empirical and theoretical distributions for
T = 2 even with higher values of p. However, some slight left skewness is observed

which generally tend to diminish as p increases.

Example 1.5.3 (Length of longest at most T-contaminated head runs). The
figures below show the empirical distribution of the length of the longest at most
T-contaminated head run and its approximation suggested by theorem 1.4.1 and
denoted by the red doted line.

This variable is independent of the length n and to
p={0.5,0.55,0.6} and T = 1.

we

Longestt-1 contaminated head run dstrbution

consider N = 1.5 x 106,

Longest -1 contaminated head run distribution

tvestigate its properties,

Longestt-1 contaminated head run distribution
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Figure 1.5: Distribution of the length of longest 7' = 1 contaminated head run

The figures reveal perfect fit between the empirical and theoretical distributions
for T =1 even with higher values of p. However, some slight left skewness is
observed which generally tend to diminish as p increases.

For the case of p = {0.5,0.6,0.7} and T = 2 contaminated head runs we com-
pared their distributions and the following figure graphically captures the fit.
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Longest 2 contaminated head run disrbution Longest -2 contaminated head run distrbution Longest -2 contaminated head run disrbution
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Figure 1.6: Distribution of the length of longest T' = 2 contaminated head run

The figures reveal skewness in the fit for lower values of p between the empirical
and theoretical distributions. However, the skewness generally tend to diminish as

p increases giving a perfect fit.
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Chapter 2

Convergence rate for the
longest T-contaminated head

rumns

The term ”convergence rate” pertains to the speed at which a stochastic process
approaches its theoretical or limiting behavior as the number of trials or sequence
length grows. The metric offers a numerical assessment of the speed at which
the sequence attains a stable pattern, which is a crucial procedure for generating
well-informed decisions and forecasts. The application of this technique extends
to the prediction of certain patterns or events in diverse domains, encompassing
financial markets, natural phenomena, and sports statistics.

In this chapter, we will examine the length of consecutive occurrences of heads
that are interrupted by a few instances of tails in the standard coin flipping ex-
periment. We shall refer to this subsequence as a T-contaminated run of heads if
it contains T tails and all other values are heads.

The most renowned results pertain to the length of pure head runs. The
investigation of the fair coin scenario was conducted in the seminal study authored
by Erdés and Rényi (1970).

Subsequently, a number of scholarly articles were published addressing this
subject. One notable study conducted by Novak (1991) examined the precision
of the approximation to the distribution of the length of the longest head run in
a Markov chain. (For further information, please refer to Novak’s works Novak
(1991), Novak (2017), as well as the additional references provided.) In addi-
tion to the review study authored by Binswanger and Embrechts (1994), the

29
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aforementioned source is included.

In their publication, Gordon et al. (1986), utilized extreme value theory to
derive the asymptotic properties of the expected value and variance of the length of
the longest T-contaminated head run. Fazekas and Suja (2021) demonstrated
that the associated distributions of Gordon et al. (1986) may be derived using
the approach proposed by Foldes (1979).

So after performing some algebraic manipulations on Theorem 1 in the work
of Gordon et al. (1986) (also referred to as Proposition 1.4.1 in the study
conducted by Fazekas and Suja (2021)), we present the following statement;

Proposition 2.0.1. Let up(N) denote the length of the longest T-contaminated
run of heads during the coin tossing experiment of length N. Let its approximation
be

mo(N) = log(qN) + Tlog(log(gN)) + Tlog(q/p) — log(1"), (21)

where log denotes the logarithm to base 1/p. Let [mo(N)] denote the integer part of
mo(N) and {mo(N)} denote the fractional part of mo(N). Then for any positive

integer k,
P(ur(N) = [mo(V)] < k) = exp(—p" =1 ™1) 4 o(1).

Nevertheless, empirical investigations demonstrate that the approximation pre-
sented in Proposition 2.0.1 is quite weak. Hence, the objective of this chapter is
to enhance the aforementioned outcome for the significant scenarios of T'= 1 and
T=2.

The primary outcome of our study is Theorem 2.1.2. Similar to Proposition
2.0.1, our theorem also provides an accompanying distribution sequence for the
distribution of the centralized version of pp (V).

In our new theorem, we demonstrate that the rate of approximation is bounded
by O (1/(log(N))?). It will be demonstrated that for T = 1 and T = 2, the rate of
approximation in Proposition 2.0.1 can be expressed as O (log(log(N))/log(N)).

Additionally, we have derived a solution for the initial occurrence of the T-
contaminated sequence of heads with a length of m, as stated in Theorem 2.1.1.
In Section 2.3, we provide simulation data that reaffirms the claim that our new
approximation outperforms previous ones.

We emphasize, that during the proofs we use only elementary methods of prob-
ability theory. In essence, we apply a powerful lemma of Csdki et al. (1987),
but the proof of that lemma is also a clever use of elementary mathematics. The

lemma is referred to as Lemma A.0.2 in our citation.
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To properly apply this lemma, it is necessary to perform a series of elementary
calculations that are both extensive and time-consuming. These calculations may

be found in Lemma 2.2.2 and Lemma 2.2.3.

2.1 The first hitting time and the longest run

In the subsequent chapter, the aforementioned concepts and notational conventions
will be adopted without being restated again.

Let us consider the well known coin tossing experiment. Let p denote the
probability of obtaining heads, and let ¢ = 1 — p represent the probability of
obtaining tails. Let p be a fixed value such that 0 < p < 1.

We perform N independent coin tosses. In this context, we shall write 1 when
the result is head and 0 when the result is tail. Let us consider a set of independent
and identically distributed random variables, denoted as X, Xo,---, Xy with
PX;=1)=pand P(X; =0)=¢q,i=1,2,...,N.

Let T > 0 be a fixed non - negative integer. We shall study the T-interrupted
runs of heads. It means that there are T' zeros in an m length sequence of ones and
zeros. So let m be a positive integer then, A,, = A,, ,,, denotes the occurrence of the
event at the n'” step, that is, there are precisely T" zeros in the block of sequence
X, Xn41,-- -y Xntm—1. Here, we clarify that the condition X,_; = 0 is not
assumed. Therefore, P(A; Ay -+ Ay) is the probability that no event A; = Ay,
occurred in any of the first IV blocks of length m i.e. the waiting time for the
T-contaminated run of heads of length m described by A; is longer than N.

We say that the positive integer valued random variable 7, is the first hit-
ting time of the T-contaminated run of heads having length m if 7,,, = N, then
X1, -+, Xn—1 does not contain a T-contaminated run of heads of length m, but
Xi,---, XN contains it.

We shall find the asymptotic distribution of 7,, as m — oo for T =1 and for
T = 2. For further development in this direction of investigation, (see Theorem 2
and its applications in Solov’ev (1966), Komlés and Tusnady (1975)).

Theorem 2.1.1. (Fazekas, Fazekas, and Suja (2024)) Let T =1 or T = 2,
0 <p< 1. Let 1, be the first hitting time for the T-contaminated run of heads
having length m. Then, for x > 0,

P(TmaP(A1) > x) ~e™®

as m — 00.
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Here if T =1, then a = g+ 2”7";_1 and P(Ay) = mp™~1tq. While if T =2, then
a=q—2 and P(4) = (3)p™2¢*.

Remark 2.1.1. One can show that Theorem 2.1 is valid for T' = 2 with o =
g— 2+ 2m=2ym-2_ 2m=4) ;m=1 456 (sec Remark 2.2.2).

m m p m

Now, we turn to the length of the longest contaminated run of heads.

Theorem 2.1.2. (Fazekas, Fazekas, and Suja (2024)) Let T =1 or T =2,
and let 0 < p < 1 be fized. Let u(N) be the length of the longest T-contaminated

run of heads during N times of coin tossing. Let

m(N) =log(¢gN) + Tlog(log(¢N))+

re2log(log(¢N)) T A <log(10g(qN )))2
clog(gN)  cqolog(gN) 2¢ \ log(gN)
» log(log(gN)) 31log(log(gN)) (2.1)
cqo(log(gN))? (clog(gN))?

‘ T » log(log(qV))
i (Tlog(p) - log(TD) (1 t log(aN) T c(log(gN))? ) ’

where log denotes the logarithm to base 1/p and ¢ = In(1/p), where In denotes
the natural logarithm to base e and qy = 24-%7(51—:1'
Let [m(N)] denotes the integer part of m(N) while {m(N)} denotes the fractional

part of m(N), i.e. {m(N)} =m(N)—[m(N)]. Then for any integer k,

(ki{m<N)})(liclogq(ﬂqN)+T21:(gl£1;(i(1t\1f])v))2)) 1
P(u(N)—|m(N =e P 1 —_—
(u(N)~lm(N)] < K) = ¢ (1+0(Gwr))
(2.2)
where f(N) = O(h(N)) means that f(N)/h(N) is bounded as N — oo.

Remark 2.1.2. (Fazekas, Fazekas, and Suja (2024)) Using our method for
T =1and T = 2 and for mo(N) from (2.1), we obtain that the rate of convergence
in Proposition 2.0.1 is O(log(log(N))/log(NN)), that is

P(u(N) = [mo(N)] < k) = exp (=p*~ ("0} (1.+ O(log(log(N) / 1og(N))) .

To obtain this, we apply the proof of Theorem 2.1.2 for the approximation mg(N)
instead of m(N).

So our method gives better convergence rate in our Theorem 2.1.2 than for
Theorem 1 of Gordon et al. (1986) in the cases of T'=1 and T = 2.
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2.2 Preliminary Lemmas

First we present some preliminary proofs to some Lemma in Cséki et al. (1987)
which will play a fundamental role in the proofs of our theorems.

For purposes of clarity and understanding, we present this lemma.

Lemma 2.2.1. (main lemma, stationary case, finite form of Csdki et al. (1987).)
Let m be fized. Assume that A, is stationary. Assume that there is a fized number
p, 0 < p < 1, such that the following three conditions hold for some fired k with
2 <k <m, and fized ¢ with 0 < ¢ < min{p/10,1/42}

(SI)
P(Az--- Ag|A1) — pl <,

(SII)
> Pl <
k+1<i<2m
(SII)
P(A;) <e/m.

Then, for all N > 1, B _

P(Ay--- Ay|A7)

— = T _pl<Te

IP’(A2~-~AN) p

and

o~ (P+106)NP(A1)—2mP(A1) p([ll . AN) < ¢~ (P=10)NP(A1)+2mP (A1)

We check the fulfilment of conditions (SI) - (SIII) for kK = m. By verifying
these conditions and with appropriate choices of €, we can be able to determine
the limiting distribution of the waiting time 7,,, = {first n; such that A,, occurs}.
Next, we remark that conditions (SIT) and (SIII) of the lemma are easily verified
and happens to be true for any T if m is large enough. However, some detailed

combinatorics and algebraic manipulations will be required to prove condition ST.

Remark 2.2.1. (Fazekas, Fazekas, and Suja (2024)) Consider condition (SIII).
We show that (SIII) is true for any T if m is large enough. We have

m B mT €
P(Ay) = <T>pm Tgh < —pmTq" < —,
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if
T
mTHp™ < e (p) T, (2.1)
q
and the last inequality is satisfied for any positive € if m is large enough. So we

always can assume (SIII) of Lemma A.0.2 is true for any 7.

Remark 2.2.2. (Fazekas, Fazekas, and Suja (2024)) Consider condition (SII).

T
m\ ., _ mt
P(A;|Ar) = P(4;) = <T>pm Ta < e

if ¢ > m because of independence. So

2m m mT
Z P(A;|A1) = mP(A;) = m(T)pm—TqT < mﬁpm—TqT <e,

1=m-+1

therefore we obtain again condition (2.1). So condition (SII) is also true if m is

large enough.

To check condition (SI), we shall separately evaluate the joint probabilities
P(A1Ay -+ A,,) taking into account different values of T'. First, lets fix T = 1.

Lemma 2.2.2. (Fazekas, Fazekas, and Suja (2024)) Condition (SI) of Lemma
A.0.2 is satisfied for T =1 and k = m in the following form

IP(Ay -+ Ap|Ar) — af < e, (2.2)

with o = q + %_171.
Proof of Lemma 2.2.2. Fix T'=1 and k = m. To calculate the probability of
the event A1 As - -- A,,, we divide it into parts.
Consider those 0—1 sequences X1, Xo, ..., Xom—1 which belong to A; Ay - - - A,,.
If the first member of the sequence is 0, then the members on the places m +
1,...,2m—1 should be ones. So this part of A; A, - -- Ay has probability ¢gp™~1p™ L.
If the first member is 1, then X,,,+1 should be zero. If we fix that the only zero
in X1, Xo,...,X,, is at the I*" place with 2 < I < m — 1, then besides X,, ;1 =
0 there should be at least one zero among X,,i2,...,X,;,4+;. Its probability is
qp™1q(1 — p!~1). Finally, if the only zero in X1, Xo,..., X,, is at the m*" place,
then we need only X,,.1 = 0. Its probability is gp"™'q. Therefore

m—2
P(A1 Ay - Ay) = qp™ ! (pm‘l +qy (1-p)+ q)

i=1
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and
2pm 1t —1

]P)(A2...Am|Al):q+
m

Hence the proof O

Lemma 2.2.3. (Fazekas, Fazekas, and Suja (2024)) Condition (SI) of Lemma
A.0.2 is satisfied for T = 2 and k = m in the following form

|P(A2A3Am‘z41) —a\ <eg, (23)
with o = q— 2 + O(p™) as as m — oc.

Remark 2.2.3. (Fazekas, Fazekas, and Suja (2024)) For the case T' = 2, we

shall use the following two known formulae in simplifying our expressions;

iixi_l bttt — (b+ )2’ — (a — 1)a® + az®?
— B (x —1)2

and

b b _ a—1 _ b—1 _ a—2
Z i(i— )22 :b(b + 1z’ —ala— 1)z b(b+1)a*"* +ala—1)x

= (z—1)?
2 [ba?t! — (a — 1)z — (b+ 1)z + az®~!]
- 1P '

Proof of Lemma 2.2.3. Fix T'=2 and let ¢ =1 — p. We write 1 for heads and
0 for tails P(A, A i)
P(AyAs--- A,,|A _ S\ Am)
(A243 |A1) PlA)
Here P(A;) = (g)pm_2q2.
To calculate P(A; Ay - -+ A,,), we divide the event A; A, --- A, into parts.

L. If the first element is 0, then the (m + 1) should be 1.

(k)
0,1,---,1,0,1,---1,1,---,1,---
——

m k-1
So the probability of this part is

m—1
P(Ao) — q2pm—2 (pm—l +p7rL—2q(m _ k)) + q2pm—2.p7n—1
k=2
2 om-3 , (M—1)(M—=2) 35, 4

=(m —1)¢°p +fqp
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This term is ’small’; i.e. it is of order O(p™).P(A;).

II. Now let us turn to the case when the first element is 1. Then the (m + 1)
element should be 0. Let the k** and the I*" elements be zeros, 1 <k <l<m

(k) O]
T,ooo 1, 0,1, ,1,0, 0,0, e, 0, cenyennyen-

m k

—_——

1

m-1
Then on places m+2,--- ,m+k, there should be at least one 0 and on places
m—+2,--- ,m+ 1, there should be at least two zeros.

11/1. If k = 2, then on the places m + 1, m + 2 should stay zeros. However, when
k # m, there should be at least one 0 at places m + 3,--- ,m +[.

(2) )
17 0517"' ,1,0,~--0’0, ......

m 1

I1/2. Now, let us consider the case k > 2. We shall study separately the case
I < m and the case of [ = m. The first case is divided into two parts;
Say B and C.

11/211. Let k > 2, I < m and on the places m + 2,--- ,m + k, there are at least

(k) @
two 0’s. 1,---1, 0+, 0,-++,10,+,0,,0, - .

m k

The probability of this part is:

m—2
P(B) = pm_2q2(m —k—-1).q(1 —phl = (k — 1).pk_2q).
k=3

11/212. Let k& > 2, I < m and on the places m + 2,--- ,m + k, there is precisely
one 0. Moreover, on the places m + k + 1,--- ,m + [ there is at least one
0.
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(k) )
PRI DU | I | S ) RPN | AP | NP

3
[\
3
L

k=3 l=k+1

I1/22. Let k > 2 and [ = m. Then on the places m + 2,--- ,;m + k, there

should be at least 0118)0.
0

The probability of this part is:

Zqz m=2 7pk:71)'

Now, we reshape the above expression of P(C).

m—2 m—1
P (m =k = ) (k- 1)pF = (k1) > 77
k=3 l=k+1
—_——
pkflfpm72
m—2 m—2
=p" 2t | Y (m = 3)(k - —p Y (k pr?
k=3 k=3
_ -2

Qm P2
25 -t S

:p 4[C1+C2+C3—C4].

q

Here

m—3
Cr=(m=-3)) ip!
=2

:(m _ 3) (m — 3)pm—2 B (m B 2)pm—3 - p2 + 2p
q b
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q
o m=3)p" 2 —p? — (m = 2)p" P+ 2p
71]3 )
D m—3
Cg = — = kpk_l
q k=2
o p(m=3)p" = (m—=2)p™ % —p* +2p
g ¢

and

From these and omitting the ’small’ terms (i.e. O(p™)) , we obtain

P(C) _ p=2gt (C1+Cy+ C3+ Cy) N L o 3) Pra o
P(Ay) (T)p—2¢? B I+qm-3)-=B-q)
Then;

P(A) = (m —2)p" *¢* —p™¢" (p+p° + - +p"7?)

m—3 _ 1
— ) m—2 4 m—24p7
(m—=2)p™ ¢" —p" “q"p -1
Therefore;
P(A)  (m—2)¢* —pg
P(4y) (3)
and

P(D) (m—3)g— p2.

Now we turn to B.
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m—2
pm—2q3m [1 _ pk‘—l _ (k _ 1>pk—2q]
k=3

-2
—p" 2 (k+ 1) [1-pF T = (k= 1)pF %]
Vi + Vot Va4 Vi + Vs + Ve

Where
Vi= mpm_gq?’(m —4),

. P pm74 1
Vo=—mp™ 2@ (PP +p* + - +p" %) = mp™ 2q‘3p2< ,

o — m—3)pm % — (m—2)p" 3 —p*+2p
Vi— — 24kak1 —mp 2q4{( ) (q2)
m—2
Viz= —p™ 23S (k+1)= —p™ 2q3w
k=3 2
m—1 .
51 ) — Dp™ — mp™1 — 3pt + 493
Ve = pn 2t L ST gt = s (m—1)p mp” Ay
k=4 q
m—2 m—
m72q4 k k— 1)pk:72 +pm72q4 Z kpk71
k=3 -
mo2 4| (m—2)(m—1)p" 2 —32p*— (m—2)(m—1)p™ 3 +3.2p
=p q e +
2(m —2)p™ 1 — 2p° — (m — 1)p™ 2 + 3p?]
_ _ I
q
(m —3)p™ ™% — (m —2)p™ % — p* + 2p
+ " .
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From here
P(B) 1 (m +3)(m —4)
RG] [m(m—ﬁl)q—mp2 —m(=p? +2p) — g5+

1 4 3 2
+ o (4p® — 3p*) —3.2.p° +3.2.p — % n 6% - 2p:|

1 [q<m—4><m—s>

(5)

73 2
—2mp+8p—7p2—p+10p}.
2 q q

Therefore

P(A) + P(B) + P(C) + P(D)
P(A)

= éb) [((m—2)¢" — pq) +

(st

—2mp + 8p — Tp*—

2
7 3 2
-2y 10p> + ((m —3)p(1+q) - 23— q2)> +
q q q
+ ((m—=3)qg —p°)]
-
= —
Hence the proof O

Remark 2.2.4. (Fazekas, Fazekas, and Suja (2024)) A more careful calcula-
tion shows that Lemma 2.2.3 is valid for T = 2 with o = ¢ — 2 + Mpm*2 —

2(m—4) " "

-1
—p" ", too.

Proof of Theorem 2.1.1. We can now apply Lemma A.0.2 because its condi-
tions are satisfied due to Remark 2.2.1, Remark 2.2.2, and Lemma 2.2.2, Lemma
2.2.3.

P(r,aP(A;1) > z) = P(1,, > N),

where N is the integer part of ﬁ. In Lemma A.0.2, we can choose ¢ such

that, 10e = go/m, where £¢ is a fixed positive number. Let Ny = N —m + 1. So,
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by (A.17),
P(ry > N) =P(A; - - Ay, ) ~ ¢~ (@F109N1 P(AD)E2mP (A1)
o o (@5 (Gt —m 1) P(A1) t2mP(4y) o)
o e (@ED)E —(akZ)(—m+1)P(A1) £2mP(A1) '
~e T
as m — oo. Hence the proof O

Proof of Theorem 2.1.2. We shall give the proof for more general setting as-
suming that Lemma 2.2.2 and Lemma 2.2.3 are true for any 7. More precisely, we
assume that condition (SI) of Lemma A.0.2 is also satisfied for any positive integer

T and for kK = m in the following form
|P(A2A3Am‘A1) —a\ <eg, (25)

with a = ¢ — %, where e = O(p™) as m — 0.
The above assumption will imply that Theorem 2.1.2 is true for any positive integer
T. Now, assumption (2.5) and Remarks 2.2.1 and 2.2.2 imply that Lemma A.0.2

is satisfied with @ = q — % and

e=CmIHpm.

So we shall apply equation (A.17) of Lemma A.0.2, i.e

ef(aJrlOE)NP(Al)meP(Al) < ]P;(Al . AN) < ef(ozfIOS)NP(Al)JerP(Al)7 (26)

with the values of P(A41) = (7)p™ T¢", a =q— L and e = Cm™+'p™. We shall
apply the above inequality for m = [m(N)]+k where m(N) is from equation (2.1).

For this, direct calculations show that
0< K <NmTp™ < K, < . (2.7)
By inequality (2.6) and using Ny = N — m + 1 instead of N, we have

]P([L(N) < m) :P(/L . ANl) ~ ef(a:tloa)NlP(Al):I:ZmP(Al) _
— o (@=T/m)N1P(A1) ,—(£10e) N1 P(A1) p£2mP (A1) (2.8)
We shall show that the second and third exponent terms in (2.8) converges to 0,

so the signs & will not affect the result.
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As P(4,) = (er)pm_TqT7 and the magnitude of m is logN, and therefore the

magnitude of the exponent of the third term in (2.8) is
(logN) "+ 1p" = (logN) "1/,

which converges to 0 as N — co. So we can use the approximation e* < 1+ Cx

for small values of |z|, therefore we obtain
eT2mP(A) — 14 0 ((logN)T'H/N) . (2.9)

Similarly, for the second term in (2.8), we have

67(:&105)N1P(A1) ~ e:tCmT+1p7nN1mTpm
T
~ ECUogN)*IT /N (2.10)

=140 ((logN)*"*!/N).

So, from formulae (2.8) - (2.10), we obtain that
P(u(N) < m) = e~ (4= m)MPA) (140 (1/(10gN)?)) . (2.11)

As
P(u(N) — [m(N)] < k) = P(u(N) <m)

with m = [m(N)] + k =m(N) + k — {m(N)}, so we apply (2.11) for this form of

m.
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Now, the logarithm of the exponent in (2.11) is

p=tog (o 1) Mptay)) =

:log(q—zr;)—i—logN—Hog( (m—1)---(m—=T+1)) +1log(p™)+

+1log ((¢/p)") —log(T!) + O (IO§N>
10g<qz; JrlOg]\erlog( (T2 ) T1+O( T2)>m+
+1log ((¢/p)") = log(Th) + O (lo]ng> _

T(r-1) 7T-1
T m 1
=10g< +10gN+log(mT)—2T+O<) —m+
m

logN > B

+ log ((q/p)T) —log(Th) + O ( N
T(T—1)

T
=logqg— —— +log N +Tlogm — —2— —m+
cqgm cm

+ log ((q/p)T) —log(Th) + O ((loglN)Q) =

Tm +T'log m —m+log ((¢/p)") — log(T") + O (

o

= log(¢N) —

1
(logN )2> ’
where we applied Taylor’s expansion of the log function up to the first order and

used notation gg = to make simplification easier.

2+Tq q
Now, using the notations

p--L (bg(log(qm)) 72 osos(aN)) s log(log(aV))
20\ log(gN) cgo(log(gN))? (clog(gN))? (2.12)
q T log(log(qN))
+ (T log (p) - log(T!)> <clog(qN) -7 c(log(gN))2 ) )
_ o log(log(gN)) T

B=T clog(gN) cqo log(gNN) P (219)

and
A =T log(log(qN)) + B,

We have

m =T log (Z) —log(T") 4+ log(¢N) + A+ k — {m(N)}.
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So we obtain that the logarithm of the exponent in (2.11) is

L=-

+Tlogm—A—k+{m(N)}+O<1> _

(log N)?
T, log(log(eN)
cqo log(gN) cqo(log(qIV))?
+ T log (log(qN) + T log(log(gN)) + B + log ((q/p)T) —log(T!) + k — {m(N)}) —

Ak+hﬂNﬂ+O(&;NP>

Here again, we applied the Taylor’s expansion but this time for the function 1/x.

cqom

In furthering the application of Taylor’s expansion for the log(z) function, we

obtain

_ T 2 log(log(eN))
cqo log(qN) Cqo (log(gN))?
. I(Tlog(log(qN)) + B +log((¢/p)") — log(Th) + k — {m(N)}) _

+ T log(log(qgN))+

c log(gNV)
1T (Tlog(log(¢N)) + B +1log((g/p)") = log(T") + k — {m(N)})*
2 c(log(gNN))?
Ak+MﬂNﬂ+O(&;NP>

From here, B can easily be omitted from the quadratic term and so we can apply
that A = T log(log(¢N)) + B, in order to obtain

T T*log(log(¢N)) | T*log(log(qN))
cqo log(gN) — cqo(log(gNV))? clog(gV)
T (log((g/p)") —log(T")) | T?log(log(¢N)) T L_TD
clog(gNN) (clog(gN))*  qo (clog(gN))? = clog(gN)
T(k—{m(N)}) 1T°(log(log(¢N)))*
clog(gN) 2 c(log(gN))?
1T (log((g/p)") —log(T") + k — {m(N)})?
2 c(log(gN))?
1T log(log(¢N))(log((g/p)") —log(T") + k — {m(N)})
2 c(log(gN))?
—B—k+hﬂNﬂ+O<&£NP)=
T 3 T?log(log(qN)) B 1) L0 < 1 ) '

clog(gV) c(log(gN))? (log V)2

= (k= ()
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So in conclusion, we have by Taylor’s expansion

e—(a—T)NP(A1) _ ,—p "

exXp | —p

—((m _ __ 1 T2 log(log(qN))
(_p <({ (N)} k‘)(l clogN+ c(log(qN))2 ))) (1+O(1/(10gN)2))

(2.14)

- (({m(N)}*k) (17 oy + oealos@i) 1.0(1/(log N)2)>) )

ex

io)
S

2 og(loglg
*(({m(N)}*k) (1* < JgNJrTcilog(»in())g)))) (1 +0 (1/(10g N)2))>

exp

So, from equations (2.11) and (2.14), we obtain the desired result. Hence the
proof O
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2.3 Simulation Results

In this section, we begin by presenting simulation results that demonstrate the
numerical behaviour of the first hitting time 7, for a T-contaminated head run.

The obtained findings provide empirical evidence in favor of Theorem 2.1.1.

Example 2.3.1. In this example, the value of p = 0.5. The length of the coin
tossing experiment is is denoted as N = 10°, while the number of the repetitions

of the experiment is s = 2000.

n=13 n=27

=
theor
09 ———sim 09 sim
/ —— —-theor

(a)First hitting time, T'=1 (b) First hitting time, T = 2

Figure 2.1: Comparison of empirical and asymptotic distribution: 7" = 1 and
T=2,p=0.5 N=10° s=2000

Figure2.1 shows the first hitting time of the T-contaminated run with lengths
of n =13 and 27, corresponding to T values of 1 and 2, respectively. The empiri-
cal distribution, represented by the solid line in the simulation, is contrasted with
the asymptotic theoretical distribution, depicted by the dashed line as described in
Theorem 2.1.1. The fit of the item is satisfactory.

Example 2.3.2. In this ezample p = 0.6 and 0.4, T = 2. The length of the coin
tossing experiment is N = 106, the number of the repetitions of the experiment is
s = 2000 and 500.

Figure 2.2 shows the first hitting time of the T-contaminated run having length
n = 27 and 17. The solid line is the empirical distribution given by the simulation,
the dashed line is the asymptotic theoretical distribution presented in Theorem
2.1.1. The fit is good.
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m=27 n=17
1 ! 1

P sim o sim
09 P ~ — — theor 09 e — — — theor

08 08
07 07
0.6 0.6
ost 05
[ 0.4
0.3 03
02 02

0.1 0.1

0 0
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7

(a)First hitting time, s = 2000 (b) First hitting time, s = 500

Figure 2.2: Comparison of empirical and asymptotic distribution: T'= 2, p = 0.6
and 0.4, N = 10%, s = 2000 and 500

We now present simulation results for p(NV), i.e. for the length of the longest
T contaminated run. They show that our new approximation in Theorem 2.1.2
is better than the former one quoted in Proposition 2.0.1. We implemented the

simulation in Matlab.

Example 2.3.3. In this example p = 0.5, T = 1. The length of the coin tossing
experiment is N = 10°, the number of the repetitions of the experiment is s =
2000. On parts (a) and (b) of Figure 2.3 sign o shows the theoretical asymptotic
probability and * shows the relative frequency of those experiments when u(N), that
is the longest T-contaminated run is shorter than the given value on the horizontal

axis.

New theorem

Old theorem
[

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

-20 -10 0 10 20

(a) Longest run (new)

30

*® *  sim o*
* O theor 0.9 -

*

*

* sim
O theor

(b) Longest run (old)

Figure 2.3: Comparison of empirical and asymptotic distribution:7 = 1, p = 0.5,
N =10%, s = 2000

Part (a) of Figure 2.3 shows the fit of the empirical distribution of u(N) to the

asymptotic distribution given by our Theorem 2.1.2. This shows a nice fit.
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Part (b) of Figure 2.3 shows the fit of the empirical distribution of u(N) to the
asymptotic distribution given by the old result quoted in Proposition 2.0.1. The

distribution does not fit nicely.

Example 2.3.4. In this example p = 0.5, T = 2. The length of the coin tossing
experiment is N = 10%, the number of the repetitions of the experiment is s =
2000. On parts (a) and (b) of Figure 2.4 sign o shows the theoretical asymptotic
probability and x shows the relative frequency of those experiments when p(N), that
is the longest T-contaminated run is shorter than the given value on the horizontal

aris.

New theorem 0ld theorem

. si
0.9 * O theor 0.9 * O theor

0.8 0.8
0.6 0.6

0.4 0.4
0.3 ® 0.3
0.2 0.2

0.1 & 0.1

(a) Longest run (new) (b) Longest run (old)

Figure 2.4: Comparison of empirical and asymptotic distribution: "= 2, p = 0.5,
N =10, s = 2000

Part (a) of Figure 2./ shows the fit of the empirical distribution of u(N) to the
asymptotic distribution given by our Theorem 2.1.2. This shows a nice fit.
Part (b) of Figure 2.4 shows the fit of the empirical distribution of u(N) to the
asymptotic distribution given by the old result quoted in Proposition 2.0.1. The
distribution fits poorly.
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Example 2.3.5. In this example p = 0.6, T = 2. The length of the coin tossing

experiment is N = 108, the number of the repetitions of the experiment is s = 2000.

| New theorem . 4 Old theorem
e
oK *  sim
0.9 0.9 * L theor
2
0.8 - 0.8
8 v
0.7 0.7
® *
0.6 06
05 s 05
0.4 0.4
s v
0.3 03
02 * 02 o
0.1 . 0.1 .
0 5 0 #
-40 -30 -20 -10 0 10 20 30 -40 -30 -20 -10 0 10 20 30
(a) Longest run (new) (b) Longest run (old)

Figure 2.5: Comparison of empirical and asymptotic distribution: T'= 2, p = 0.6,
N =10°%, s = 2000

Part (a) of Figure 2.5 shows the fit of the empirical distribution of u(N) to the
asymptotic distribution given by our Theorem 2.1.2. This shows a mice fit for the
distribution. Part (b) of Figure 2.5 shows the fit of the empirical distribution of
w(N) to the asymptotic distribution given by the old result quoted in Proposition
2.0.1. The distribution fits poorly.

Example 2.3.6. In this example p = 0.4, T = 2. The length of the coin tossing

experiment is N = 10%, the number of the repetitions of the experiment is s = 500.

New theorem 0ld theorem
e R

* % sim * * sim
09 * O theor 0.9 ok O theor

0.8 ® 0.8 o

07 07
*

06 06

05 05

0.4 0.4

03 03

02 02

0.1 ® 0.1

(a) Longest run (new) (b) Longest run (old)
Figure 2.6: Comparison of empirical and asymptotic distribution: T'=2, p = 0.4,

N =10%, s = 500

Part (a) of Figure 2.6 shows the fit of the empirical distribution of u(N) to
the asymptotic distribution given by our Theorem 2.1.2. The fit is good. Part (b)
of Figure 2.6 shows the fit of the empirical distribution of u(N) to the asymptotic
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distribution given by the old result quoted in Proposition 2.0.1. The distribution
fits poorly.

In order to assess the numerical accuracy of the approximation to the limit
distribution, the uniform distance measure, also known as Kolmogorov’s distance

measure, is employed. This measure is defined as
de(X,Y) = di(Fx; Fy) = sup|Fx (z) — Fy (2)],

where X and Y represent random variables with distribution functions F'x and Fy,
respectively. The determination of the rate of convergence will be deduced through

the utilization of Kolmogorov’s distance measures.

Example 2.3.7 (Convergence rate). We performed the coin tossing experiment
of length N = 108, with 2000 repetitions and calculated the Kolmogorov’s distance.
In the table below, T is the number of contaminations, p is the probability of heads.
K14 is the Kolmogorov’s distance between the empirical distribution of u(N) and
the asymptotic distribution given by the old result quoted in Proposition 2.0.1.
The values are high hence indicating a poor fit. K e, is the Kolmogorov’s distance
between the empirical distribution of w(N) and the asymptotic distribution given

by our Theorem 2.1.2. The values are low hence indicating a relatively good fit.

T p Koa Knew

1 0.5 0.0778 0.0264
2 0.4 0.1948 0.0172
2 0.5 0.2129 0.0148
2 0.6 0.1953 0.0250

Table 2.1: Kolmogorov’s distance measure






Chapter 3

Limit theorems for runs
containing two types of

contaminations

The main goal of this chapter is to extend the approach used in studying limit
distribution of the first hitting time and the accompanying distribution of the
length of the longest T-contaminated head runs for binary sequences as discussed
in Chapter 2 to sequences of trinary state trials. It might seem that the extension
should be somewhat straight forward with just minor modifications, but this is

not the case owing to the different kinds of contaminations involved.

Various authors have given in depth considerations to experiments involving
sequences of runs emerging from trinary trials where Markov chain approach is used
in their analysis. Such sequences includes system applications where components
might exist in the following states; ” perfect functioning”, ” partial functioning” and
”complete failure”. Also its worth considering a statistical process control, where
a control chart with two control limits (say lower and upper control limits) can
also be analyzed by assigning three different states for the values of the statistics
computed from sub-samples. (See Eryilmaz et al. (2016) and Koutras and

Alexandrou (1997).
In this chapter, we define and study the limiting distribution of the first hitting

time and the accompanying distribution for the length of the longest at most two
type contaminated sequence of runs with trinary trials. As in Chapter 2 our proofs

will mainly rely on the main Lemma of Cséki et al. (1987).

92
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3.1 First hitting time for at most two-type con-

taminated run

Let X1, Xo,..., XN be a sequence of independent random variables with three
possible outcomes; 0, +1 and -1 labeled as success, failure of type I and failure of
type 11, respectively with the distribution

P(X;=0)=p, P(X; =+1) =q and P(X; = —1) = g2 where p+q1 + g2 =1
and p>0, ¢ >0, ¢ >0.

An m length sequence is called a pure run if it contains only 0 values. It is
called a one-type contaminated run if it contains precisely one non-zero element
either a +1 or a -1. On the other hand, it is called a two-type contaminated run
if it contains precisely one +1, and one -1 while the rest of the elements are 0’s.

A run is called at most two-type contaminated if it is either pure, or one-type
contaminated, or two-type contaminated.

So for an arbitrary fixed m, let A,, = A, ,,, denote the occurrence of the event
at the n'™ step ,that is, there are is at most a two-type contaminated run in the
sequence X,, X,41, ... Xpnym—1 while 4,, denotes its non-occurrence.

We see that
PA) =p™ +m(1 —p)p™  +m(m — )p™ 2q1¢0
In what follows, we shall use the notation

Co+ =1+ 7 C2

m m(m—1)

a =
p(1—p) p2 )
L G e T mo-Dae
where;
— _ plai+43) _ (ai+a3)p” 2(2p+1)
Co = ar+aa), Cr = UG — 1, G = G + 587 + Gt

Let 7,,, be the first hitting time of the at most two-type contaminated run of
heads having length m. We shall be interested in finding the limiting distribution
of 7, as m — oo for the case of a sequence containing at most two types of

contamination but no two of the same type.

Theorem 3.1.1. (Fazekas, Fazekas, and Suja (2023)) Let P(X; = 0) = p,
P(X; = +1) = ¢1 and P(X; = —1) = g2 be probabilities of success, failure of type
I and failure of type II, respectively where p+q1 +qa =1 andp > 0, ¢q1 > 0,
g2 > 0. Let 1, be the first hitting time of the at most two-type contaminated Tun
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of heads having length m. Then, for x > 0,
P(TmaP(A1) > x) ~e™® (3.1)

as m — Q.

Before proceeding with the proof, we shall consider fulfilment of some condi-
tions of the main Lemma A.0.2 given in Csaki et al. (1987) for the case of k = m
(for fixed m) and 0 < p < 1, such that for £ > 0:

Remark 3.1.1. (Fazekas, Fazekas, and Suja (2023)) First, we shall consider

condition (SIIT) and show that it is true for any large enough m.

P(Ay) =p™ +m(1 - p)p"“1 +m(m — 1)pm’2q1q2
1— 2
p(1 —p) n p }

(m—=1qq  mim—1)qq

(3.2)

IN

_ £
JMmlwQO@{1+ —

This inequality is true for any positive ¢ if m is large enough.

LogN _ 1 (LOQN)3
N N

If m =~ LogN, then p™ =~ p and then, € ~ . (Here, Log denotes

logarithm to base %)

Remark 3.1.2. (Fazekas, Fazekas, and Suja (2023)) Now, considering con-
dition (SII), if ¢ > m, then A; and A; are independent, therefore

- ]ID(A1|A1) = mP(Al) <eg, (33)
>

i=m-+1
which gives precisely the previous assumption, remark 3.1.1.
Lemma 3.1.1. (Fazekas, Fazekas, and Suja (2023)) Condition (SI) is sat-
isfied for k = m in the following form
‘P(AQ,A:;,"- 7Am|A1) —a| <eg, (34)
with
Co + %Cl + mc&

= p(1—p) p?
I e has T memeDas

(07

Proof of Lemma. To begin, we shall be required to divide the event A into the

following pairwise disjoint parts;

A =40 ([] Agﬂ(i)) U (U A5><z'>> Ul U a2,

i=1 i j=1i#]
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where A(lo) is the event that X, Xs,...,X,, is a pure run,

A(Jr (7) denotes that the term X; = +1 while the rest are zeros,

A( )( ) denotes that the term X; = —1 while the rest are zeros,

Finally, Ag (1,7) denotes that the terms X; = +1, X; = —1, while the rest are
zeros. We shall denote X; = +1 by @ while X j=—1by @ for ease of visualization.
Then, the probability of the joint event is partitioned as

m

P(A1 Ay - Ap) =P(AV Ay - A) + Y PATY (1) Az - Apy)+
i=1

+ Y PAT () A A) + S P(AY (6, 9) Az - Ayt
= i<j

+ 3 PAP (i, 5) Az - A)
i>7

:Y(O)+ZY%(+)+2Y2' Zyz) ZY(Q'
=1 =1 i<J >3

Here, we can obtain the formula for 7" | Y(_) by interchanging the role of ¢; and

g2 in the corresponding formula Y_" Y(+)

Y(2 by interchanging the role of ¢; and g2 in the
(2)

Similarly, we can obtain ;" . ;

corresponding formula Y7 .V,

Therefore, we consider the probabilities of each component;

I. Y(© =0 because the event is impossible.

I v\ =pA ()4, A,,).
We want to evaluate probabilities corresponding to different values of i as

follows;

(a). If ¢ = 1, then the event is impossible. So Yl(ﬂ =0.
i m +1
(b). Let 1<i<m,ie O, - OO
then, the m + 1 position should be +1. Furthermore, on the positions
m+2,...,m+ i, it is not possible that all elements are zeros and also
not possible that there is a -1 and the rest of the elements are zeros. So

for this case,

Y\ = qpm q(L=p" ' = (i—1)gp™?), if i<m. (3.5)
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m—+1

(C)' If?’:m7le O7"'707.a"'7.7
then m + 1 element should be 4+1 and other remaining elements to be

arbitrary. So this part has
Yi(+) =qp™ tagr. (3.6)

III. Now , lets turn to Y; ;, first we consider the case when 7 < j.
1 m a1
(a). Wheni=1and j=m, ie @0, --,0,® O.
Then, X,,4+1 should be -1 and the remaining elements to be arbitrary.
So this part has
Yim = q1q2p™ 2 qo. (3.7)
L J m m+l
(b). Now,leti=1land j<m ie @0, --.@,---O, O.
Then, X,,+1 should be -1. Moreover, on positions m +2,...,m + 7, all
elements being zeros is not possible, neither is a one +1 and the rest

being zeros possible. So

YVij=qep" 2@ (l-p ' =p G- 1)q), if j<m. (3.8)

m m+1

(c). Now,leti>1land j=m ie O, ,‘,O,--- @ 0.
Then, X,,+1 can either be a +1 or a -1.
When X, 41 is -1, then the remaining elements are arbitrary. However,
if X,n41 is +1, then on positions m + 2,...,m + i, there should be at

least one non- zero element. So

YVim=q@p™ 2 (@ (L—p"") +g), if i>1, j=m.(3.9)

i i m
(d). Consider now thecasei >landj<m ie O, -, @,0,--,0,® 0.

We divide this event into two parts.

7 J m m+l
First, let X1 =41, O, . @,---,0,0.0, @ .
Then, it is not possible that the elements in positions m+2, ..., m-+1 are
all zeros. It also impossible that there is one -1 among m +2,...,m+1¢

while all m +4+1,...,m + j are zeros. So this part of Y ; is;

Y = Ggep™ 2.q (1 —pt— (i - 1)pi_2q2.pj_1) , i i>1, j<m.
(3.10)
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i m 7n+1
Finally, now let X,,,+1 = —1. O, ,@,... ,Q,. O, @
Then it is not possible that all elements in m + 2,...,m + j are zeros
and also, it’s impossible that among m + 2,...,m + j there is one +1

and the rest are zeros. So this second part of Y; ; is;

Vij=qer" (- =G -Dap?), if i>1, j<m.
(3.11)

Summing equations (3.5) and (3.6), we get Yi(+) and consequently by inter-

changing the roles of ¢; and ¢, we obtain Yj(7) as follows

ZY(+)+ZY( = Zq2 =T = (= Dgep'?) + g™
+Zq2 AP = (= Dap ) + ™!

m—1
= (m—Dp" (F @) — (¢ +ad)pm Y P
1=2

m—1

" (e + ) Y (i —1p
1=2
_ P -
=(m-1p" (¢ +6) - (F+6)p" 1ﬁ
m-1 (m—2)p™2-1 p— pm‘Q)
=" g (1 + ¢ (
( ) p—1 (p—1)°
m—1
=pm! {(qfﬂé) [(m— 1) - pil +pJ
m—2
+Q1Q2[(m—2)p 1+1_p1]}
= @) [0+ 2]t
—1 m—2
2 2, P m—2 P
- —2 - .
(Q1+Q2)p1+Q1Q2[(m )p pl}}
(3.12)
Here above, we applied
b ) bpb _ apafl pa _pb
> it = + 5
; p—1 (p—1)

which can be obtained by differentiating the known formula for the sum of a
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geometric sequence.

Similarly, summing equations (3.7), (3.8), (3.9), (3.10) and (3.11) together with
finding their corresponding changed versions got by interchanging roles of ¢; and
q2, we obtain

ZYi,j + ZYi,j = q@p™ a + @)+

i<j i>7

[ay

m—

+01p™ 2y (@ (L—p ™ —p"2(G — Dan)
2

o
+q (1= =P 2 — Da2))
m—1

m—1

+ qigep™ 2 (1= 4@+ > (0-p""+a)
=2 1=2
m—2 m—1

30> mep™ Pa (1—p = = (i = 1)p" Pgp’ )

i=2 j=it+1

+q1g2p™ P (1=p' 7' = ( — Dnp’?)
+q1g0p™ g (1= p' ™" = (i = Dp"qup’ ™)
+q1g2p™ P (L= p' 7 = (j — D)gop’ ?)]

m—1 m—1
m— p —Pp . s
=qgp™ ? (1 + @) (m -1- ) —2q1q2 Y (j—1)p'

p—1 o
pm_1 —p m—2 m—1
+2(q +q2)(m —2) — (¢ + QZ)pT + Z (g1 +a2)(1=p" 1)
=2 j=i+1

—2q1¢2(i — 1)p? 2+ (1 + @2) (L — P77 ) — 2q1go(j — 1)p? 2]}
m—1

m— p —p
= q1q2p™ 2 {(fh +q2)(3m —5) — 2(q1 + %)T

m — 2 m—2_1 _ am—2
_quqQ(( )p LPop )

p—1 (p—1)°
m—2 - pm—2 _ pi—l
1—pYm—i-1)—2qg@i-1)2—"F
+;{(q1+qz)( P (m—i—1) = 2q1g2(i — 1) =
m—1 _ i
+(Q1+Q2)(m—i—1)—(6h+q2)pp_lp

(m _ 2)pm72 _ Z'pifl pi _ pm72
—2q192 ( + :
p—1 (p—1)2
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D Vi) Yis =

i<j i>7

=qap" ? {(q1 + q2)(3m — 5) +2(p™ ' — p)

(m— 2)pm_2 -1 p—pm2 m— 2
-2 -3 —=
e (=2 ) @ w9
m—2 m—2
—(q1 + g2)m sz "ata) ) i+ )
1=2
pm2 m—-2  _qg
- 142 . i—1
—2 N 1
Q1Q2p_1(m 3=+ b1 ;(Z )p
m—2
m—2 pmt a1+ g :
B N —3 i
+(q1 + g2)(m — 3) 5 ((11+QZ)p_1(m )+ b1 ;P
2414 29102 " 2q @ =
192 — 192 e 1492
—o e m = 2" (m = 3) + S Y ip -1 QZP
p p i=2
2q192 m—2 }
+——p m—3
(p—1)2 ( )
= qp™ {1+ @)(3m —5) + (m—3)(m —2) + 2 (p™ ' —p)
(m —2)p™—*2 2¢1¢2p  2q1qep™ 2
—2q1qp——F7F7

+ 2q192 - +
-1 p—1 (p—-12 (p—1)?

m—2 __ 1 (m—1 m—1_32 1 3 m—1
P gy g (L L
P— P p—1

1 p (p—1)?
_2q . pm—Q (m _ 3)(m _ 2) N 2q1q2 (m _ 3)p7n—3 -1 p— p7rL—3 )
1 2 p—1 p—1 (p—1)2
—1 2 m—2
m—1 p" T —p° 2q1qep
~3) - - —2)(m—3
47 = 3) = P S (g~ 2 — 3)
L 200 ((m — 29" -2 P —p’”‘2> C 2qq pmT —p?
p—1 p—1 (p—1)2 (p—1)?* p-1
2q192 _9 }
+——=p" (m—3
(p—1)2 ( )
=™ {(g + @)(3m —5—m* —5m+6) +2p" " —2p
(’I’)’L _ 2)pm—2 1 P pm—2
—2qugp—— 42 — 21— + 2q1 o ————
7142 ) + N2 ~ 20142 p—1)72 +2q192 1)
+mp7rL—2 —pm — (m _ 1)p’rn—2
2 m—2 m—2 m—2
p p p 2q1g2(m — 3)p
3p— - —2)(m—3
+p p_1+p_1 Q1q2p_1(m )(m )+ (p_l)g
2 2 2 2 m—2 m—1 2
_ Q1QQP2 (J1Q2p3 _ 2q192p . +pm Y m—3) — p p
(p—12% (p-1) (p—1) p—1 p-1
2 m—2 2 m—2 4
DeP" T om - 3) + q1g2(m —2)p™ = 142D
-1 (p—1)2 (p—1)

+

2qlqu2 2q1@p™ 7 2q1ep™ | 201207 | 2qugep™ P (m — 3)}
=17  (p-1)° =17 " (p-1)° (p— 1)
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ZYi,jﬁ-ZYm‘ =

i<j i>j

1 P
m—2 2
= q1q2p g1+ q2)(m—1)" —mp+p+ 2q1q2 —2q1q2
{( ) ) p—1 (p—1)2

C20@p | 20gep” | PP Aqgep | 2qi@p® PP
(p—1)2+(p—1)3+p—1 (p—1)2+(p—1)3 p—1
m—2 pm72 . . pm72
*%f]z% +mp™ % — (m —1)p 2*qlqu_1(m*3)(m*2)
2¢1g2(m — 3)p™ 2 1 2¢1gap™ 2
m —g) = ZBE (9 (m—3
+ TERE +p™ " (m = 3) b1 (m —2)(m — 3)
2q1q2(m — 2)p™ ™2 2q1q2p™ 2 (m — 3) Lopml 2q1qap™ 2 N pm2
(p—1)2 (p—1)2 (p—12 p-1
2qigep™ 7 PN 2qugep™ QQ1612Pm_1}
p—13 p-1 (p—1)3 (p—1)3
e 2q1q
= q1qap™ > {(ql +q2)(m — 1) —p(m — 1) + ﬁ (P —2p+1)

m—2

-1

—4(p* — p) +3p?] — sqlqzz (m —3)(m —2) +p"™(m — 3)

quqipm 3(—plp—1)(m —2) + p(m — 3) + (m — 2)p + p(m — 3))

m—2 m—1
m—2 m—1 p p m—2 2
2 £ -1
AT T = T faap {(q1 + q2)(m — 1)
24142 pm? 1
—p(m —1 2+ 1) — —2)(m — m -
p(m )+(p_1)3(p+ ) 3qlq2p_1(m J(m —=3)+p™ " (m —3)
2q1G2 _3 m=2
m 4— 2p — 10 2(p—1
+(p_1)2p pl(4=p)m+2p 10+ ——(2p(p — 1))
2
e qm " 3(— 3p)}
2 q1492
= q1g2p™ { ¢1+¢q2)(m —1) —;D(M—1)+2(2p+1)7(p_1)3
30 (m - 2)(m )
p—1
_ 24142 _
m—1 m—3
- 4— 2 —1
+p™(m 3)+(p_1)2 p[(4 —p)m + 2p — 10]
_ 6Q1Q2pm_2}
(p—1)?

22+ Daige
(p—1)°

=qgp" 2 {m(m—1)(q +q2) — (m—1) +

m2(q1+q2)—m(q1+g2+1)+1

m—2
B2 (a1 (139 7)

+(—14p®> +12p — 4)) + p™ (m —1)}.

+

(3.13)
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Therefore, combining (3.12) and (3.13) and by some simplification, we obtain

A A 1
m— 22p+1
g™ {mtn = V(0 + 42— o — ) + 22D
+O(m2pm)}
- Pt a) (4t + a3)p”
=m(m — 1)p™m 2 p(gi 2 1 3
( )p q1492 { mqiq2 m(m — 1)q1q2(p _ 1)

mm i to ()t

2(2p+1)q1q2
m(m—1)(p—1

1 1
=m(m — 1)p™ 2qqo {Co + Ecl + mc2 + O(pm)} )

E +O(pm)}

) _ _ plai+a3) (a1 +a3)p> 2(2p+1)q1q2
Wherea CO - (QI + q2)’ Cl - q11q22 -1 ) 02 q11q2(p2 1) + pl + (1’;)71)%(1

So,
m(m 1)

Co+%01+ Cy 4+ O(p™)

p(p—1) P
I+ (m—1)q1q2 + m(m—1)qiqz

]P’(/Tgmflm|A1):

2

We therefore satisfy Lemma 3.1.1.

UP(AQ o 'Am|A1) - O“ <g,

where )
. CO + Cl + WCQ
(m*1)¢11Q2 m(m—1)q1qz
and € = O(p™). O

Since all the three conditions have been fulfilled, we now embark on the proofs

of our theorems.

3.2 Proof of First hitting time

Proof of Theorem 3.1.1. We shall apply the Main Lemma (stationary case,
finite form) in Csaki et al. (1987) since its conditions in remarks 3.1.1, 3.1.2 and
Lemma 3.1.1 are satisfied. So approximation of the probabilities P (.~ 4;) =

(A1A2 . ~-flm) is possible i.e we can find the limiting distribution of the

random variable 7,,, = first observation of the event A,, ,,.
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Let 7,,, be the first hitting time of the at most two-type contaminated run of length

m. Then,

P(rnaP(A;) > x) =P <7’m > od'%xAl)> = P(r,, > N),

where N is the integer part of ﬁ.

By Csdki et al. (1987) main lemma,

e—(oc—i—lOe)NlP(Al)—QmP(Al) < ]P)(/Il . ANl) < e—(a—lOe)NlP(Al)—i-QmP(Al)

Where in this case, Ny = N —m + 1.
Let €9 > 0 be fixed and choose ¢ so that 10e = 2. We can do this because
e=0(").

Now

P(7,, > N) =P(A;--- An,)

o o~ (@ Q) NI P(A1)£2mP(Ar) f(ai%)(ﬁmme)P(Aneisz(Al)

m ~ €

_ ef(ai%o)<2i((ﬁ3)'6—(ai%)(—m+l)P(A1)'6:|:2mP(A1)

~ ei‘T

because as m — o0, a &~ Cy, where Cy = (q1 + ¢2) and therefore mP(A;) — 0
as m — oo. Consequently both the 3¢ and 2" exponents tend to 1 and upon

simplifying the first exponent, we obtained the following theorem 3.1.1
P(rpaP(A1) > x) ~e™® as m — oo.

Hence the proof. O

3.3 Length of the longest at most two-type con-

taminated run

Let u(N) be the length of the longest at most two-type contaminated run in
Xl, XQ, . 7XN~ Then,
{p(N) < m} is possible if and only if any m length run in X1, Xo,..., Xy is nei-

ther two-type contaminated nor one-type contaminated nor pure.
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We need some notation so let

5 = 2CoCs — CE—C3
B 2002 ’

where C' = 1n% and In is the logarithm to base e. Let

4 10g log N C1 — Co 1

m(N) =log N + 2loglog N +

Clog N CCy logN_
4 (loglog N)? 8  2(Cy—Cp)\ loglog N
~C (logN)? (Cz - CGy ) (log N)2
N (2(01 — (o) ) 1 16 (loglog N')?
C2Cy (logN)2 ~ 3C (log N)3
16 4(C1 — Cp)\ (loglog N)? 8(C1 — Cp)\ loglog N
* (_C’2+ : CCy )> : (logN)3) a (4K+ (C2C’0 )) (log N)3
16 loglog N 8 (loglog N)?  4(Cy — Cp) loglog N
C3 (logN)? €2 (logN)3  C2Cy (logN)3’

where log denotes the logarithm to base 1/p. Let [m(M)] denote the integer part
of m(N) and let {m(N)} = m(N) — [m(M)] denote its fractional part. We also

introduce the function

2 4 loglog N C1—Cy 1

Tt ClogNT T ClogN2"~ CC, (ogN2”
(4(C1 —-Cy) 8 > loglog N 8 (loglog N)?

H(z)= —
- | =t =
CCy C?) (logN)3 C (logN)?
1 1 9 éloglogN 9

ClogN)Z" " CllogN)3 "~

Theorem 3.3.1. (Fazekas, Fazekas, and Suja (2023)) Let0 <p <1, ¢1 > 0,
g2 > 0 be fized with p+ q1 + g2 = 1. Let p(N) be the length of the longest at most
two-type contaminated run in X1, Xo, ..., Xn. Then for k >0,

P(u(N) — [m(N)] < k) =exp (_p—(10g(Cop72q1Q2)+H(k—{m(N)}))) (1 +0 ((1()g1]\[)3)> )

(3.14)

Proof of Theorem 3.3.1. Let N; = N —m+1 where m will be specified so that
m ~ log N. Then,

P(,u(N) < m) :P(Al . 'ANl) ~ ef(oc:I:IOE)NlP(Al):I:2mP(A1)
— eiaNIP(Al)e:thENlP(Al)eisz(Al) .
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As mP(A;) ~ m3p™ = 7(1°gNN )3, so beginning with the last part of the exponent
+2mP(A;) _ (log N)®

we see that e*2mP(41) =140 (T)

Similarly, as ¢ = O (p™) , m &~ log N and now considering the second part of the

exponent, we see that

2
GEI0P(A) | (#10P(A) | o (og N)*/N _ 1 4 <(10gNN) ) .
Therefore, we can calculate the first part of the exponent
e—aNlP(Al) — e—aNP(Al).e+a(m—1)P(A1) )

~———
140 (Lg%

So we have to calculate: e~ @NP(41) — =L

where
l=aNP(A)
Co + %Cl + ﬁc& -
T4 20p) e Nom(m = D" (142 (1 + (mp(—l)s)q
+ (m—1)q1q2 + m(m—1)q1 ¢z 102

2
+P>
m(m —1)q1ge
= Np™ 2q1q2 (m(m — 1)Co + (m — 1)Cy + Cs)
= Np™?q1g2 (m*Co + m(Cy — Cp) + C2 — C4) .

Our aim is to find approximate value of m(N) so that the asymptotic behaviour of
P(u(N) — [m(N)] < k) can be obtained. Here [m(NV)] is the integer part of m(N)
and {m(N)} will denotes its fractional part. Then

P(u(N) = [m(N)] < k) = P(u(N) < m(N) +k —{m(N)}).

Let us define m = m(N) + k — {m(N)}. So

P(N) = (V)] < ) = B(u) <) =~ (140 (“%j“)) |
where log is the logarithm to base 1/p. We want to find m(N) so that the remainder
term in the exponent [ be small. We shall do it step by step using several Taylor’s
expansions. We try to find m(N) as log N + A where A is to be specified later .
So

m=1logN+A+k—{m(N)}.
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Then using Taylor expansion of

Y 1Ly 1y
1 :1 —
0g(z0 +y) = logzo + Cro 2C a3 * 3C 33’

where T is between zy and xg +y and x¢g > 0, g +y > 0 and where C' = ln% and

In is the logarithm to base e, so we obtain

L = logl =log (p*2q1q2) —m+log N + 1og(m200) + m(C = Co) + (€ = C1) —

C’m200
1 (m(C’1 *Co) -+ (CQ *Cl))2 +O( 1 >

20 (Cm2Cy)2 m3
C1 —C 1 1
= log (p_2q1q2) —m+log N + 2logm + log Cy + Cl’C mo + WK+ 0] (m3>
0
Co—C;  (Chy—Cp)? 20,0y —CE—C3
here K = - =
where CCy 20C2 20C2
Now let

m=1logN+A+k—{m(N)}. Then

)

L = log (Cop~*q1q2) —log N — A — (k — {m(N)}) + 2log (log N + A+ k — {m(N)}) +

Cl—C() 1 1
+ Gom +m2K+O<m3)'

where again, applying the Taylor expansion of log(Xo +y) = log Xo + &% —

%)?/T; + %)?7:3’ we have
) A+Ek—{m(N)}
L1 20102) — A — (k — {m(N)}) + 2 (loglog N -
0g(Cop™“q1q2) (k= {m(N)}) + <og 0g IV + Clog N

20 (log N)2 T30 (log N)3
1 Ci—Cy K 1
+O<(10gN)3>+ CCym +m2+0<m3>

= log(Cop_quqg) —A—(k—{m(N)})+2loglog N +

1 (A+k—{m(N)})? 1 (A+k{m(N)})3>

204+ k—{m(N)})
Clog N
_ LAk {m)}? 2 (Atk-{m(N)})® Ci-Co K (

c (log N )2 T30 (log N)3 T ceem w2

1

(log N)?

).
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Now, we let A = 2loglog N + B, then,

L = log(Cop2q1q2) — 2loglog N — B — (k — {m(N)}) + 2loglog N

loglog N + 2B +2(k — {m(N)}) 1 A%+ 2A(k — {m(N)}) + (k — {m(N)})?
+ Clog N - C (log N)2

2 [ A 3Ak—{m(N)}) _ 3A(k—{m(N)})®  (k—{m(N)})?
*:sc(aogfvw+ logN)® | (ogNP ' (logN)? )

JOa -G Koo L
CCom — m? (log N)3

= log(Cop~*q1q2) — B — (k — {m(N)}) +

4loglog N 2B N 2(k — {m(N)})
Clog N Clog N Clog N

1 A2 2 A(k—{m(N)}) 1 (k—{m(N)})? 2 A3
C(logN)2 C  (logN)? ~C (logN)? 3C (log N)3

2A2(k — {m(N)}) 24k —-{m(N)})? C1—-Cy K 1
+ C(log N)3 + C(log N)3 + Cl'C’omO + m? + ((log N)3) '

Letting B = 4100%01;%\71\7 + D, then

8loglog N 2D 2(k — {m(N)})

L = 1og(Cop~*q1q2) — D — (k — {m(N)}) +

C?(logN)2 = ClogN Clog N
1 (2loglog N + B)*> 2 (2loglog N + B)(k — {m(N)}) 1 (k—{m(N)})?
C (log N)? C (log N)? C  (logN)?
2 (2loglog N + B)3  2(2loglog N + B)?(k — {m(N)})
3C (log N)3 C(log N)3
2(2loglog N + B)(k — {m(N)})? C1 - C K 1
C(log N)3 + CComO +mQ+O<(logN)3>'

We shall now use the Taylor expansion of the function % as

1 1 x z? 28
-+ -
Ty  To

To+T o 74’

where Z is between zp and zg + x. Since m =log N + A+ k — {m(N)}, so

1 1 A+k—{m(N)} (A+k;—{m(N)})2+O< 1 )
( .

m  logN (log N)? (log N)3 log N)3

and

1 1

m?2  (logN)2+2logN(A+k—{m(N)}) + (A+k—{m(N)})2

1 2log N(A+k—{m(N)}) 1
(log N)2 (log N o ((log N)?’) '
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Now let o 1
1—Co
D="66, gyt
Then,
I = 1oB(Cop~12) = T s = B = (k= {m(N)}) + e
2(C1—Cy) 1 2F 2(k — {m(N)} 4 (loglog N)?
T 20, (ogN)E ' ClogN T ClogN  C (logN)?
4BloglogN 4 (loglog N)(k — {m(N)}) 2B (k — {m(N)})
C (logN)?2 C (log N)? C  (logN)?
1 (k—{m(N)})? 16 (loglog N)®> 8B (loglog N)?
~C  (logN)? 3C (logN)3 C (logN)3
8 (loglog N)*(k — {m(N)}) | 4 (loglog N)(k — {m(N)})"
C (log N)3 C (log N)3
+Cl—Co ( I A+k—{m{)} (210g10gN+k—{m(N)})2)
CCy log N (log N)? (log N)3
L 2A+k—{mN)}) 1
(e ) O ()

So we obtain that

810g10gN 2(01 — Co) 1

L = 10g(Cop2q1q2) — E — (k — {m(N)}) + C2(log )2 C3C,  (ogN)?
2FE 2(k — {m(N)}) 4 (loglogN)? 1 (4loglogN)?

T ClgN T ClogN C (logN)?  C? (logN)?

O —CpdloglogN 4 (loglog N)(k — {m(N)})
C2Cy (logN)3 C (log N)?

8 (oglogN)(k— {m(N)}) _ 1 (k—{m(N)})?® _ 16 (loglog N)?

o (log N)3 C  (logN)? 3C (logN)3

8 (loglog N )2(k — {m(N)}) 4 loglog N(k — {m(N)})?

C (log N)3 C (log N)3

C1—Co [ 2loglogN 4loglogN k—{m(N)} 4(loglog N)?
LeTeN (_ logN)2 ~ ClogN)?  (log N)? (log N)?

4loglogN(k—{m(N)})> K 4KloglogN ( 1 )

(log NV)? logN)?  (logN)? (log NV)?
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Now if we let

8 loglogN 4 (loglogN)*  2(Cy — Cp) loglogN = 2(Cy — Cp) 1
T C?2 (logN)2 C (logN)2  CCy (logN)? C2Cy  (log N)2

16 (loglog N)?  4(Cy — Cp) loglog N 16 (loglog N)3
0?2 (logN)®  C2Cy (logN)® ' 3C (logN)3

4(Cy — Cp) loglog N K 4loglog N 4(Cy — Cp) (loglog N)?
~C2C, (logN)? ' (logN)2  (logN)3 CCy (log N)3
_ 4 (loglog N)? N ( 8 2(¢ —Co)> loglog N

C (logN)? (log N)?

+ F

C? CCy
2(01 — Co) K 1 E(loglogN)?’
C2Cy (log N)?2 ~ 3C (logN)3
16 4(01 — CO) (10g log N)2 8(01 — Co) log 10gN
2 (4K
* ( T g ) (log N)? T,

F.
(log N)®

and to collect those terms which contain k — {m(N)}, we introduce the function

n 2z 4 loglog N 2 4loglog N 1 1
* Clog N C(logN)Qx CC(logN)?’x C(logN)zx
8(loglog N)? 4(loglog N) , C1—Cy 1

x x© — x

C(log N)3 C(log N)3 CCy (logN)?
4(C7 — Cy) loglog N
CCy  (logN)3

2 4 loglogN C1 —Cy 1

Tt Gl N T C g N2 T TCC, (g N2
(4(6’1 —-Cy) 8 ) loglog N §(loglogN)2

2

H(z)= —

CCy %) (ogNPE" " C (logN)?
1 1 o, 4loglogN ,

ClogN)Z" " CllogN)3 "~

Inserting these expressions, we obtain

L = log(Cop~quq2) + H(k — {m(N)}) — F + % +0 <(10§,“1N)3>

_ 16 loglog N 8 (loglog N)?
_ 2 o o o

= log(Cop"qig2) + H{k = im(N)}) = F + 3 (logN)3  C2 (logN)?
_4(01 - Co) log logN O < 1 )

C?2Cy  (logN)3 (log N)3

Now, choosing

_ 161loglog N 8 (loglog N)? ~ 4(C1 = Cp) loglog N

T 03 (logN)?  C? (logN)? C2Cy, (logN)?’
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We have

L =10g(Cop~*q1q2) + H(k — {m(N)}) + O <(10g1N)3> '

So we obtain that for

P(u(N) — [m(N)] < k) =e™ <1 +0 ((logj\i\fﬁ))

—e—(/m* (1 +0 ((l()gj\?[)?)))

(l/p)log(Cop72Q1QQ)+H(k—{m(N)})+O(m) (1 +0 ((IC)g]V)B)>
N

_ - —(log(Cop72(11(I2)+H(k—{m(N)})) 1 ;
eXp( P ) +0 (log N)3

O

—e

Hence the proof.
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3.4 Simulation results

Analysing the beginning of the proof of Theorem 3.3.1, we can see that the lemma
A.0.2 of Cséki et al. (1987) offers good approximation if p is small, but it does
not offer good approximation if p is close to 1. However, our simulation study
shows that the approximation for the longest run is very good for small values of
p, but it is still appropriate if p is close to 1.

We performed several computer simulations for certain fixed values of p, ¢; and
q2. Below, N denotes the length of the sequence generated by us and s denotes

the number of repetitions on the N-length sequences.

Figures 3.1 - 3.8 present the results of the simulations. The left hand side part
of each figure shows the empirical distribution of the longest at most two-type
contaminated run and its approximation suggested by Theorem 3.3.1. Asterisk
(i.e. *) denotes the result of the simulation, i.e. the empirical distribution of the
longest at most two-type contaminated run and circle (o) denotes approximation
offered by Theorem 3.3.1.

The right hand side of each figure shows the first hitting time of the m-length at
most two-type contaminated run. Solid line shows the result of the simulation for
the distribution function and dashed line shows the distribution function 1 —e™*

suggested by our Theorem 3.1.1.

(a) Longest run (b) First hitting time, m = 16

Figure 3.1: Longest at most two-type contaminated run and the first hitting time
when p=1/3, q1 =1/3, g2 = 1/3, N = 3 x 10%, s = 3000
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(a) Longest run (b) First hitting time, m = 19

Figure 3.2: Longest at most two-type contaminated run and the first hitting time
when p =04, ¢ = 0.3, g2 = 0.3, N = 3 x 10%, s = 3000
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(a) Longest run (b) First hitting time, m = 25

Figure 3.3: Longest at most two-type contaminated run and the first hitting time
when p = 0.5, g1 = 0.4, ¢ = 0.1, N = 4 x 105, s = 3000
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Figure 3.4: Longest at most two-type contaminated run and the first hitting time
when p = 0.5, ¢; = 0.3, ¢ = 0.2, N = 3 x 105, s = 3000
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Figure 3.5: Longest at most two-type contaminated run and the first hitting time
when p = 0.5, ¢ = 0.25, g2 = 0.25, N = 2 x 105, s = 2000
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Figure 3.6: Longest at most two-type contaminated run and the first hitting time
when p = 0.6, g1 = 0.2, ¢ = 0.2, N = 4 x 105, s = 3000
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Figure 3.7: Longest at most two-type contaminated run and the first hitting time
when p = 0.7, g1 = 0.2, ¢ = 0.1, N = 4 x 105, s = 3000
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Figure 3.8: Longest at most two-type contaminated run and the first hitting time
when p = 0.8, ¢ = 0.1, g2 = 0.1, N = 3 x 10%, s = 3000






Chapter 4

Summary

In this section, we summarize the most important results of this dissertation. We
mention some of the most fascinating lemmas, propositions and theorems based on
our research which consist of three published papers [Fazekas and Suja (2021),
Fazekas, Fazekas, and Suja (2024) and Fazekas, Fazekas, and Suja (2023)]

The introduction contain several historical facts on the limit theorem in proba-
bility theory and its application to the case of coin tossing. In particular, the study
of success runs in Bernoulli trials has received indubitable attention of several re-
searchers due to its inherent theoretical interest and intriguing applications. The
problem of the length of the longest pure head run for n Bernoulli random variables
was first raised by T. Varga in his classroom experiment and the findings herald
overwhelming research interest, variations and extensions to other situations.

The results of Erdds and Rényi (1970) and Foéldes (1979) had immense
influence on the trajectory of our study. A lot of insights were drawn from the
main Lemma . Cséki et al. (1987) which provided a good approximation to the
probabilities which offered limiting distribution of the random variable 7,, which
is the first occurrence time of the event of interest.

In Chapter 1, we defined a T-contaminated run of heads and study the lim-
iting distributions of their numbers together with the first hitting time and the
asymptotic behaviour of the length of the longest T-contaminated head runs. More
emphasis was devoted to approximation of the numbers of contaminated runs to
both Poisson and compound Poisson limit laws.

In Chapter 2, we also dealt with T-contaminated head runs but more empha-
sis was now shifted to the asymptotic distribution of the length of the longest

T-contaminated head runs. We investigated the rate of convergence to an accom-

(6]
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panying distribution and also obtained results for the first hitting time for the
same.

In Chapter 3, we defined a two type contaminated run and studied the limiting
distribution of the first hitting time and the accompanying distribution of the
longest at most two type contaminated runs with trinary outcomes. Our approach
mirrored the one used in Chapter 2.

At the end of the dissertation, possible further research based on the results
obtained is given a long with the appendix which contains the main Lemma, non-
stationary finite form of Csaki et al. (1987) where other than providing the

elegant proof, we precisely fixed the condition of the lemma.

Limit theorems of T-contaminated run of heads

Now we begin with the problem setting for our research. Consider the classical
coin tossing experiment. Let p € (0, 1) be the probability of heads and ¢ = 1—p the
probability of tails. Here, p is fixed while we toss a coin IV times independently.
We write 1 when the result is head and 0 when the result is tail. Therefore
we consider independent identically distributed random variables X1, Xo,..., XN
with P(X; = 1) =pand P(X; =0) =¢q,¢ =1,2,...,N. Let T > 0 be fixed

integer.

4.0.1 Number of precisely T-contaminated run of heads

Let £ = ET(n7 N) denote the number of those precisely T-contaminated n-length

runs of heads for which the proceeding element is a tail. More precisely let

1, if there are precisely T' 0 values among
=" (n) = Xiyoo oy Xign—1 and X;_1 =0, (4.1)
0, otherwise.

Here we let X be defined as Xy = 0 and let

N—n+1

£="n,N)= > 5" (n). (4.2)

i=1

Our main condition in the first chapter is the following. If we let p € (0,1) be
fixed and T be a fixed non-negative integer. Now if N — oo and n — oo so that

NqT+1pn7TnT

i - A>0, (4.3)
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where if A is fixed, then we remark that above condition implies that N/n — co.
Now we intend to show that the distribution of 5 converges to the A parameter

Poisson distribution.

Theorem. Let T be fized. Let N — oo and n — oo so that condition (1.3) is
satisfied. Then

lim B(ET (n, N) = k) = SN

k=0,1,2,...
N—oo k7 B

Welet l,, =N—-n+1land Y, =17 i=1,2,...,l, and checked fulfilment of

the conditions of Proposition below .

Proposition. (See Sevast’yanov (1972).)
Let Yi(m), 1=12,....,Ln, m=1,2,..., be a triangular array of Bernoulli random

variables, i.e. the values of Y;(™) are 0 or 1. Let
T =1 4V, 4 4y, ™ =12, (4.4)
be the row sums. Let

B = P =V, = =y, ) = 1), (4.5)

11,8250, 0p

Where (i1,12, ... ,i,) denotes anr dimensional vector such that integers iy, ia, ..., i,

are pairwise different with 1 < iy <l,,, t=1,2,...,r,r=1,2,....

Assume that for eachr = 2,3,...,m =1,2,... there exists an exceptional set I.(m)
consisting of certain vectors a, = (41,12, ...,1,) such that the numbers iy, ia, ..., i,
are pairwise different with 1 < iy < l,, t=1,2,...,r.

In addition, we assume the following that

lim max b;™ =0, (4.6)

mMm—001<i<lpy,

lm
i (m) _
mlinooZ; bi™ = A>0, (4.7)
i (m) _
’mlgnoo Z bi17i27---;ir - 0’ (48)
ap€l.(m)
i (m) | pm)
TY%EHOO Z bil bir =0, (4.9)
ar€l.(m)

and uniformly for all o, ¢ I.(m)
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pim)
: 11,2255 —
Ty (4.10)
11 Ty
Then
. e~k

4.0.2 Number of at most T-contaminated runs of heads

Now we turn to the problem of the number of at most T-contaminated runs of
heads and let

1, if there are at most T 0 values among
mi=mn; (n) = X, Xieno1 (4.12)
0, otherwise

Now we let
N—n+1

E="n,N)y="Y_ nl(n). (4.13)

i=1
Therefore £ was considered as the number of head runs being at most 7-contaminated
and having length n.
Now we want to prove that the distribution of £ converges to a compound

Poisson distribution in the limit.

Theorem. Let T be fized. We let N — oo and n — 0o so that condition (1.3) is

satisfied. Then, for the generator functions we have

- (N = = _
ngl’looE (Z ) P {)\<1—pz 1>}

Remark. First, we recall the notion of the compound Poisson distribution. The

compound Poisson distribution is a probability distribution that arises when count-
ing the number of occurrences of a rare event in a fixed time interval, where the
size of each occurrence is a random variable with a probability distribution.
More specifically, suppose we have a Poisson process with rate A, which is
a stochastic process that models the occurrence of rare events over time. For
each occurrence, we assume that there is a random variable X; that represents
the size or magnitude of the event, and these random variables are assumed to
be independent and identically distributed (i.i.d.). Then, the compound Poisson
distribution is the distribution of the sum of these random variables over a fixed

time interval.
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In our case we need its particular version, that is the so called geometric Pois-
son distribution.
Let v have Poisson distribution P(y = k) = Me k!, & = 0,1,2,.... Let
01, 02, - - -, be random variables independent of each other and of + having ¢ pa-
rameter geometric random distribution:
Plo;=1)=p""1q,1=1,2,...,¢€(0,1),p=1—q.
We let the distribution of ¢ to be the same as that of o1 + ... + g when v = k.
(Here, an empty sum is defined as 0, i.e ¢ = 0 when v = 0). Then p has generator

function

E(2?) = exp {/\ <1 = 1>} for |zp| < 1.
z

To give a formal explanation of this fact, let

~ T . .

i (N Xz n—1, if +>1
7, =1=nT(n)= ”T( )i o (4.14)
n; (n), it i=1.

And to be more precise, we considered the following representation of ¢ = ¢7'(n, N),

N—n+1 N—n+1

E=¢" N = Y ATm= 3 (4.15)

i=1

where

v =l (n) =n'; [min {k > 0 : either 7,41, =0 or i+k+n—1>N}.

4.0.3 First hitting time of T-contaminated runs of heads

Now, we are going to briefly consider the first hitting time of T-contaminated runs
of heads. This is 7, the number of tosses needed in a coin tossing experiment for
a T contaminated head run of length n to appear for the very first time i.e its the
first observation time when the number of tails among the last n outcomes is at

most T'.
Let
7=7"(n) = min{N : 7 (n, N) > 0}. (4.16)

If T'= 0, 7 is the usual waiting time for a pure head run of length n. We show

that the appropriate normalized version of 7 has exponential limiting distribution.
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Theorem. Let T be fixred. Then, for any 0 < x < oo

n—oo T!

T T
lim P (T(n)anﬂpn_T < x) =1—-e" (4.17)

4.0.4 Length of the longest T-contaminated runs of heads

Next, we now consider the Length of the longest T-contaminated runs of heads.

We describes the accompanying distribution of u? (N). Let
p=p"(N)=max{n: ' (n, N) > 0}. (4.18)

Considering the result of tossing a coin N times, u is the length of the longest run of
heads containing at most T tails. We offer a two parameter family of distributions
to approximate the distribution of u. By letting B be a fixed positive number,

then for any positive x, we have that
r=kB+r,

where k is integer and r is the residual for which 0 < r» < B. Here k and r are

uniquely determined. We define [z]p and {z}p as [z]p = kB and {z}p = r.

Theorem. Let T be fized. Let B be a fized positive number and let S be a fixed

number. Then, for any integer k we have

P(uT(N) — [log N 4+ T'log(log N + Sloglog N)|p < k) =

(4.19)
= exp (_qT+1p(k7Tf{log N+T log(log N+S log log N)}B)/Tl) + 0(1)

Here log denotes logarithm to base 1/p.

We also give a new proof based on the above theorem contrary to the extreme
value theory approach where [z] denote the usual integer part of « and {x} is the

fractional part.

Remark. The limiting distribution of the length of the longest head run containing
T tails is the same as the limiting distribution of the length of the longest head run
containing at most 7" tails. To prove it, let A be the event that the length of the
longest head run containing at most 7' tails is greater than n. Then, A = BUC
where B is the event that the length of the longest head run containing precisely T’
tails is greater than n and C' is the event that the length of a head run containing

less than T tails is greater than n and it is not possible to add some tails to it.
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But

as N — oo.

In Gordon et al. (1986), the original proof was based on extreme value
theory, but here we give a new proof using the method of our Theorem 1.4.1. Let

[x] denote the usual integer part of z and {x} is the fractional part.

Proposition. Let p(N) denote the length of the longest T-contaminated run of

heads during the coin tossing experiment of length N, then

P(u"(N) = pr(gN) <t) =P ([ln(l)

+ {uT(qN)}] —{pr(gN)} < t) +o(1)
for all t, where

pr(gN) = log(¢N) + T'loglog(q V) + T'log(q/p) — log(T") (4.20)
and W has an extreme value distribution P(W < t) = exp(—e™").

Remark. We emphasize that the above proposition does not offer a limiting law
for uT'(N) — pr(gN) but it gives a sequence of accompanying laws. The distances

of the laws between the two sequences converge to 0 (as n — 00).

Convergence rate for the longest T-contaminated

head run

In this chapter, we describe the background of our problem, rate of convergence for
the longest T-contaminated head runs. We consider the previous approximation
provided by Theorem 1 of Gordon et al. (1986) and after some manipulations

we state the following.

Proposition. Let u7(N) denote the length of the longest T-contaminated run of

heads during the coin tossing experiment of length N. Let
mo(N) =log(qN) + T'log(log(¢IN)) + T'log(q/p) — log(1"), (4.21)

where log denotes the logarithm to base 1/p. Let [mo(N)] denote the integer part
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of mo(N) and {mo(N)} denote the fractional part of m(N). Then
P(u" (N) = [mo(V)] < k) = exp(—p" 1)) 4 o(1). (4.22)

where o(1) denotes a quantity converging to 0 as N — oo.

However, numerical experiments show that the above offered approximation is
quite weak and we therefore aim at improving the result for the quite simple but
most important cases of T'=1 and T = 2.

Let us consider a set of independent and identically distributed random vari-
ables, denoted as X7, Xs,---, Xy with P(X; = 1) = p and P(X; = 0) = g,
1=1,2,...,N. Let T > 0 be a fixed non - negative integer.

We study the T-interrupted runs of heads which means that there are T zeros
in an m length sequence of ones and zeros. So if we let m be a positive integer

An = Ay m to denote the occurrence of the event at the nth

step, that is, there
are precisely T zeros in the block of sequence X, X, 41,..., Xpntm—1. Here, we
clarify that the condition X,,_1; = 0 is not assumed. Therefore, P(Alf_lg . f_lN) is
the probability that no event A; = A; ,,, occurred in any of the first N blocks of
length m i.e. the waiting time for the T-contaminated run of heads of length m

described by A; is longer than V.

4.0.5 First hitting time of T-contaminated runs of heads

We let 7, be the first hitting time of the T-contaminated run of heads having

length m and we find the asymptotic distribution of 7,,, as m — oc.

Theorem. LetT =1 o0rT =2,0<p< 1. Let T, be the first hitting time for the

T-contaminated run of heads having length m. Then, for x > 0,
P(tpaP(Ay) > x) ~e™ ™ (4.23)

as m — 0o.
Here if T =1, then a = q + % and P(Ay) = mp™~tq. When T = 2, then
a=q-%, P(A) = (3)p" ¢

4.0.6 Length of the longest T-contaminated runs of heads

Now, we turn to the case of the length of the longest T-contaminated run of heads,
provide the approximation of its length and the accompanying distribution from

which the rate of convergence is evaluated
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Theorem. Let T =1 or T =2, and let 0 < p < 1 be fized. Let u*(N) be the
length of the longest T-contaminated run of heads during N times of coin tossing.
Let

m(N) =log(¢N) + T log(log(¢N))+

»log(log(gN)) T B 23 (log(log(qN))>2
clog(¢N) cqolog(gN)  2c log(gN)
2 log(log(¢N)) 5l0s(log(aN)) (4.24)
cqo(log(gN))? (clog(gN))2

q T »log(log(gNV))
+ (Tlog(p) - IOg(T')> (1 + Clog(qN) -7 C(log(qN))2 ) ’

where log denotes the logarithm to base 1/p and ¢ = In(1/p), where In denotes
the natural logarithm to base e. Let [m(N)] denotes the integer part of m(N) while
{m(N)} denotes the fractional part of m(N), i.e. {m(N)} = m(N) — [m(N)].
Then,

(=m0 (1 oy +72 Blostamy) ) 1
P(uT (N)—[m(N k)y=eP ctostd 1+0 | ———
(4" ()~ [m(V)] < F) = e (1+0 (Gmr) )

(4.25)
for any integer k, where f(N) = O(h(N)) means that f(N)/h(N) is bounded as
N — oo.

Remark. Using our method for T'= 1 and T' = 2 and with m (V) from the above
proposition, we obtain that the rate of convergence to be O(log(log(N))/log(N)),
that is

B(" (N) ~ [mo(N)] < k) = exp (=517 (1 + O(log(log(N)/ og(N))))
(4.26)
By doing a comparison of the two rates, it can be seen that our Theorem 4.0.6
considerably improves Theorem 1 of Gordon et al. (1986) in the cases of T' =1
and T = 2.

We now present preliminary proofs to some Lemmas in Cséki et al. (1987),
Lemma A.0.2 which plays a fundamental role in the proofs of our theorems. We
check conditions (SI) - (SIII) of the Lemma, stationary case finite form if kK = m
and try verifying them with appropriate choices of . This made it possible to
determine the limiting distribution of the waiting time 7,, = {first n; such that

A, occurs}.

Remark. We first considered condition (SIII) and show that it is true for any T'
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if m is large enough. We have

m\ . m? €
P(A;) = ( )p Tq" < TP " < — (4.27)

if
T
mITlp™ < ¢ (p> T,
q

and the last inequality is satisfied for any positive ¢ if m is large enough.

Remark. Consider condition (SII).

T
m _ mT
P(A;|A1) = P(A;) = <T>pm TqT < ?p TqT, (4.28)
if i > m because of independence. So
2m m mT
Z P(A;[Ar) =mP(Ay) = m<T)pMTqT < mﬁpmeqT <e,

1=m-+1

therefore we obtain again condition (SIII) hence condition (SII) is true if m is large

enough.

To check condition (SI) of the Lemma A.0.2 , we separately evaluated the joint
probabilities P(A; A, - -+ Ay) taking into account different values of T'. First, we
fixed T'= 1.

Lemma. Condition (SI) of the Lemma A.0.2, stationary case finite form is sat-
isfied for T =1 and k = m in the following form
‘P<A2Ak|A1) —Oé| <eg, (429)

. _ 2pm—1_1
with a = q + “F——.

Lemma. Condition (SI) of the Lemma A.0.2, stationary case finite form is sat-
isfied for T = 2 and k = m in the following form

|]P(A2A3Am‘141) —Oé‘ <eg, (430)

with a = q— 2 + O(p™) as as m — 0o
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Limit theorems for runs containing two types of

contaminations

In this chapter, we defined and investigated the at most two-type contaminated
sequence of runs with trinary trials. Let X, Xo,..., Xy be a sequence of inde-
pendent random variables with three possible outcomes; 0, +1 and -1 labeled as
success, failure of type I and failure of type II.

P(X;=0)=p, P(X; =+1) =q and P(X; = —1) = g2 where p+q1 + ¢ = 1
andp>0, ¢ >0, g >0.

An m length sequence is called a pure run if it contains only 0 values. It is
called a one-type contaminated run if it contains precisely one non-zero element
either a +1 or a -1. On the other hand, it is called a two-type contaminated run
if contains precisely one +1, and one -1 while the rest of the elements are 0’s.

A run is called at most two-type contaminated if it is either pure, or one-
type contaminated, or two-type contaminated. So for an arbitrary fixed m, let
A, = A, denote the occurrence of the event at the n'" step ,that is, there are is
at most a two-type contaminated run in the sequence X, , X;,41,... Xp4m—1 and
A, be its non-occurrence.

We see that
P(Ay) =p™ +m(1—p)p™ ' +m(m —1)p" *q1q2 (4.31)

In what follows, we shall use the notation

Co + %Cl + 7m(n1l_1) Cy

o= (4.32)
p(1—p) p2 )
1+ (m—=1)q1q2 + m(m—1)q1qz
where;
= _ plai+a3) _ (ai+d3)p® 2(2p+1)
Co = (@1 +¢e), Cr = BO =1, G = (i + 5By + =5

4.0.7 First hitting time of the at most two-type contami-

nated run

Let 7, be the first hitting time of the at most two-type contaminated run having
length m. We shall be interested in finding the limiting distribution of 7, as
m — oo for the case of a sequence containing at most two types of contamination

but no two of the same type.
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Theorem. Let P(X; = 0) = p, P(X; = 4+1) = ¢1 and P(X; = —1) = ¢ be
probabilities of success, failure of type I and failure of type II, respectively where
p+qg+qg=1andp>0, g1 >0, go2>0. Let T, be the first hitting time of the

at most two-type contaminated run of heads having length m. Then, for x > 0,
P(rpaP(A1) > x) ~e™ ™ (4.33)

as m — 00.

We again check the fulfilment of the conditions given in main Lemma A.0.2 of
Cséki et al. (1987) for the case of k = m (for fixed m) and 0 < p < 1, such that
for e > 0:

Remark. First, we shall consider condition (SIII) and show that it is true for any
large enough m.
P(Ay) =p™ +m(1 —p)p™ t +m(m — D)p" q1q2

. p(l —p) v
=m(m — 1)p™ 2 1
m(m ) 192 { + (m — 1)q1q2 + m(m —1)q1q2

(4.34)

IN

€
-
This inequality is true for any positive ¢ if m is large enough.

logN _ 1 (log N)*
- N N

If m ~ log N, then p™ =~ p and then, € ~ . (Here, log denotes

logarithm to base 11;)

Remark. Now, considering condition (SII), if i > m, then A; and A; are inde-

pendent, therefore
2m

> P(Ai]A) = mP(4) <e, (4.35)

i=m+1
which gives precisely the previous assumption on satisfaction of condition (SIII).
Lemma. Condition (SI)is satisfied for k = m in the following form
|P(A2A3Am‘141) —CY‘ <eg, (436)

with
Co+ %Cl + 7m(n1l_1) Cy

(07

- p(1—p) p?
1+ (m—1)q1q2 + m(m—1)q1q2
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4.0.8 Length of the longest at most two-type contaminated

rumn

Let u(N) be the length of the longest at most two-type contaminated run in
X1,Xo,...,XN. Then,

{u(N) < m} is possible if and only if any m length run in X7, Xs,..., Xy is nei-
ther two-type contaminated nor one-type contaminated nor pure.

We need some notation so let

K _ 200G = CF — G
N 20C? ’

where C' = ln% and In is the logarithm to base e. Let

4 10g log N Cl — Co 1

m(N) =log N + 2loglog N +

Clog N CCy logN
4 (loglog N)? 8  2(Ci—Cp)) loglog N
- C (logN)? (02 - CC ) (log N)?
2(Cy — Cy) 1 16 (loglog N)?
i ( 70y ) (logN)? " 3C (logN)?
N (_16 4(Cy — Co)> (loglog N)* (4[(—1— 8(Cy — C’o)) log log N
C? CCy (log N)3 C2Cy (log N)3
16 loglog N 8 (loglog N)?2  4(Cy — Cp) loglog N
C3 (logN)3  C? (logN)?  C2Cy, (logN)3’

(4.37)

where log denotes the logarithm to base 1/p. Let [m(M)] denote the integer part of
m(N) and let {m(N)} = m(N) — [m(M)] denote its fractional part. We introduce

the function

2 4 loglog N C1—Cy 1
x+Clong_5(logN)2x_ CCy (1ogN)2x
4(Chy —Co) 8\ loglog N 8 (loglog N)?

* ( cc, C’Q) (log N)3 e (log N)3
1 1 9 4loglogN

ClogN)2" T CllogN)3 "~

H(z) = —

(4.38)

Theorem. Let 0 <p <1, q1 >0, g2 > 0 be fized with p+ q1 + g2 = 1. Let u(N)
be the length of the longest at most two-type contaminated run in X1, Xo,..., XnN.
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Then for k > 0,

P(U(IV) — [m(N)] < k) —exp (—p~ (os(Cor™ man 0= Cn01)) (1 Lo ((loglN)3)> .

(4.39)






Future Research

First hitting time, 77 (m) and length of the longest contaminated runs, u” (N) are
two strongly related random variables that have been in the mainstream of research
on nature of randomness for quite sometime. It is established and confirmed
through our research that 77 (m) has an exponential limit distribution as m — oo
just like any other first visit type stopping times of Markov processes.

However, uT' (N) does not have a limit distribution. The predicted length of the
longest p?(N) grows logarithmically i.e. the distribution tends to shift towards
larger values at a rate logarithmically related to N.

Though {u”(N)—m(N), N > 1} is stochastically bounded, it does not have
a limit distribution irrespective of whatever additive normalization is applied in
place of m(N). Where m(N) is any arbitrary centralizing sequence tending to
infinity. So the approximate distribution of the prediction error has always been
used to provide the accompanying limiting distribution independent of N.

With the approximations of m(N) having been obtained in the course of our
research, we can apply our results to determine almost sure (a.s) extensions of clas-
sical weak limit theorems. Mdri (1993) investigated this class of non-convergent
random variables with a. s. logarithmic limits. For clarity on possible application

of his work, we state the following theorem;

Theorem 4.0.1 ( Méri (1993) Theorem 3.1). Suppose f is a positive, increasing,
differentiable function such that E(t(m)) ~ f(7(m)) and the limit

c:tlirgo(logf(t)) 0<c<

exists. Denote g = f1,

Case (i) ¢=0. Then for everyt € R

1
lim
n—oo logn

1 1
Z EH{Zi —g(i) <t} = S as
i=1

90
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Case (ii) , 0 < c < oco. Then for everyt € R

n

lim ! Z %]I{ZZ- —g(i) <t}= /0 F(c(t+2))dz a.s

n—00 logn —
i=

where F(Z) = exp(— exp(—2)).
Case (iii) , ¢ = 0. Suppose in addition, that
(loglog f(£))" < A(1)-

where B is a positive non increasing function, fooo B%(t)dt < co. Then,

. 0 if t<-—1
1 .
Y HZi—gl)<th=q1+t if —1<t<oo
=1
1 i o<t

. 1
lim
n—oo logn

We can consider case (ii) and case (iii) to determine the a.s limit distributions
of the first hitting time and the longest T-contaminated head runs where 7' =1 or
2. We already have the approximate values of m(N) given in chapter 1 theorem
1.4.1 equation 1.29 and also value of pur(gN) in proposition 1.4.1 equation 1.34.

In chapter 2, we have values of m(N) in equations 2.1 and 2.1.2.






Appendix A

The main lemma of Csaki,

Foldes and Komlos

In this section we shall use the same notation as in the paper of Csaki et al.
(1987), so the role of p is not the same as in the previous sections.

Here we shall quote the main lemma of Csdki et al. (1987) called 'main
lemma, non-stationary case, finite form’. We shall write the complete proof of it
which is the original proof with some additional explanation. Our goal is to fix
precisely the conditions of the lemma. In the lemma in the original publication
condition (NII) contains a misprint. Moreover, we want to understand the role of .
From the original proof one can find that 0 < & < &g, where g = min{p/10,1/42}.
We will highlight the step in the proof where this condition is needed. After fixing
the condition 0 < ¢ < min{p/10,1/42}, we can freely manipulate with & during
applications of the lemma. So € can be a constant, but it can depend on m, say.

We also fix the other forms of the above mentioned lemma. In Csdki et al.
(1987) the 'main lemma, stationary case, finite form’ there is again an unpleasant
misprint, that is the condition 2 < k& < m is not properly written. The case of
k = m is excluded in the original paper. However, the lemma is true for k = m
and it is the most important case for our applications.

Let X1, Xs,... be a sequence of independent random variables, and let F, ,,
be the o-algebra generated by the random variables X,,, X,,41,..., Xn+m—1. We
shall study the sequence A, ,, of events determined by the above block, where
Anm € Fnom. We will often write A,, instead of A, p,.

We can see that the events A,, and A,, are independent if |ny — na| > m.

So we can say that the sequence A,, is m — 1 dependent. The dependence of the

93



94 The Main Lemma

neighbouring events is given by the constant p in the main lemma. P(A; --- A,,)
is the probability that no event A, of length m has occurred during the first n
trials. That is, the waiting time for the occurrence of the event A; is longer than
n. By verifying the conditions of this lemma, and with an appropriate choice of
k,(k = m) and € as mentioned above, we can get the limit distribution of the
waiting time.

The aim of the main lemma is to find a good approximation to the probabilities
P(U/, A;) = 1—-P(4; --- A,). It will offer the limiting distribution of the random
variable 7,,, which is the first occurrence time of the event A,,.

In Cséki et al. (1987) it is mentioned that their main lemma is implicitly
contained in Komlés and Tusnady (1975). In Csdki et al. (1987) three
versions are given, finite non-stationary, finite stationary and limiting stationary
cases.

For any fixed m, the sequence of events A,, = A,, ,,, is called stationary,
if P(Aj +aAiytd- - Aip+d), is independent of d.

We adopt the convention that P(A;4,11---A4;) =1, if j <.

Lemma A.0.1. (main lemma, non-stationary case, finite form of Csdki et al.
(1987).) Let m and N be fized. Assume that there is a number p, 0 < p < 1,
such that the following conditions (NI) — (NII) — (NIII) hold. For some fized
1 <k <m and some fized 0 < ¢ < min{p/10,1/42} and for all n, with m < n <
N.

(NI)
IP(Ap—1An_s-Ay_i|A,) —p| <e,
(NII)
Z P(AZ|An) <eg,
n—2m<i<n—k
(NIII)

max P(A;) < g/m.

Then, form <n < N,

P(A; - Ay 1|Ay)
P(Ay -+ Ap-1)

—p| < Te,

and
67(p+10€)>‘72 S P(As) < P(Al . AfN) < ef(pfloe))\,
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where
N
A= > P(4).
1=m-+1
Remark A.0.1. Usually, conditions (NIT) and (NIIT) are more or less easy to
prove in applications, but to obtain (NT) can be a hard task.

Proof of Lemma A.0.1. In Cséki et al. (1987) it is mentioned that some part
of the proof is quoted from Komlés and Tusnddy (1975) and can be considered
as an earlier version of the combinatorial Lemma of Erdds and Lovasz (1975).

We divide the interval [1,n] into parts of length m. So let n = Im + r, where

0 < r < m. Introduce notation
Ei:A1A2"'Anfmi (ZZO,].,,Z)

First we deal with the case [ > 3. In the following formulae first we omit
some events A; from the intersection of events, then we apply independence of
Ay A, o, and [ln,k/_ln,kﬂ - A,_14A,, because m + 1 > k, so we have

]P)(Al e An—1|An) IP>(14_1 e An—QmAn—kAn—k-l-l e An—1|An)

A S By A ) = B
P(Ay - Ap o) - ] P(E)
TR Ay T Anealdn) < 0+

where in the last step we applied condition (NT).
Now we want to obtain the opposite inequality. First we use similar consider-
ations as in the proof of P(BC) > 1 — [P(B) + P(C)], then apply independence as

m + 1 > k, then simply omit some events from the intersection of events, so we

get
IP>(1éil e An—1|An) Z ]P)(Al e An—ZmAn—ky An—k-{-l e An—1|An)_ (AQ)
- Z IP)(14_1 T An72mAn7kAn7k+l T An71|An> >
n—2m<j<n—~k
Z ]P)(Al T An—Qm)P(An—k e An—l‘An) - Z ]P)(Al e An—SmAj|An)~

n—2m<j<n—k

(A.3)
Concerning the last term we use independence and (NII) to get

P(/L o Ap—amAjAr) P(A; - An_smA;jAL) /P(Ar)
D oy DY BE)

n—2m<j<n—k n—2m<j<n—k
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> mpmjmn)gigz;g. (A.4)

n—2m<j<n—~k

Now, using (A.3), (A.4) and (NI), we obtain

P4 Aui|A) BB P(Ey) P(£)
P A P A,y P9 P(Ez) © 2= P(Ez) (©)-
(A.5)
The next step is to show that P(Es)/P(Ey) and P(E3)/P(Ey) are close to 1.

Using some elementary consideration, then F;;1 C E;io, independence and

(NIII), we have the inequality

PE)=B(Ew) B | Figdy)> (A.6)
n—m(i+1)<j<n—mi

2 P(Eit1) — P(Eiy2) > P(4;) 2 P(Eiy1) — eP(Eiy2).

n—m(i+1)<j<n—mi
From (A.6) and using E; C E;11 C E;12 we get

3

P(E;|E; >l - —
(Er|Birr) P(Eit1|Eiy2)

(A7)

Now we consider the last term of the sequence FE;, that is E;. As B, =

Ay -+ Ay, and using (NIII), we obtain

2m
P(E_1|E)) = P];;Eél)“ >P(Eio) >1—Y P(4;)>1-2e> % (A.8)
j=1

for ¢ < i. Now, using (A.8) and (A.7), we can apply induction on i. As e < i,

first we obtain the inequality

P(E;|Eiv1) >

N

for all . From here and again using induction, we get
P(E”Ei_;'_l) > 1—2¢ (Ag)

for all 1.

In the following inequalities & should be small enough, i.e. € < g9 = 4—12. Using
(A.9)
P(E>) 1 1 1

B(By)  P(E1|Bs) P(BolBy) = (1—22 ~ - 5= (A.10)
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Here the last inequality is true because (1 + 5z)(1 —2x)? > 1if 0 < = < 1/30.

The next step requires condition € < gy with ¢g = 1/42. Using (A.9) and that
(1+72)(1 —22)% > 1if 0 < x < 1/42, we obtain

P(E3)/P(E,) < S <ptTe (A.11)

o
(1—2¢)
if ¢ < 9. Now from (A.1) and (A.10) we obtain

P(A;--- A 1|An)  P(E)
P A, BB Pt <(Fs)re)<prTe (A12)

if e < gg. From (A.5) and (A.11) we have

P(A; - Ay 1|An) P(Es)

= >p—€—
P(A A, 1) F P(Eo)

e>p—e—(1+Te)e>p—3e (A.13)
if € < g9. The last two inequalities prove the first statement of the lemma for

>3

Now, turn to the case I < 3. We obtain from (NI) and (NIII) that

P(A1 Ay A_i|Ag) < P(A1 Ay Ap_q|Ay) < p+e
]P)(Al"'An_l) - 1*P(A1UUATL_1) 1-—3¢

<p+T7¢ (A.l4)

if e < g9. The last inequality is true because p+z < (1—3z)(p+7x) if 0 < x < 1/7.

Now we find the lower bound. We shall use the convention that A; = @ for
j < 0. Like in inequality (A.2),

P(141142 et An—1|An) Z ]P)(Al Tt An—QmAn—k Tt An—1|An)_

- Z IP)(14_1 "'An—QmAjAn—k:' An—l|An) > HJ)(A_l "'An:2m)(p_€)_5-

n—2m<j<n—~k
In the last step we applied (NI) and (NII). From here, using (NIII), we obtain

]P’(AlAQAn_ﬂAn) 3

2 Spoe——©  sp -
P(A, A, 1) =P P(A1-~-An71)_p

- Al
T3P 3e (A.15)

if € < g9. So we obtained the first statement when [ < 3.
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To obtain the second statement of the lemma, consider the identity

N
P(Ay - Ay) =P(A; - Ay) [ PARIAL - Apy)

n—m-+1
N
=P(Ay-An) [ 1 —-P(An]A;--- A, q)).
n—m-+1
So we have
L P(A; - Ap_1Ay)
P“h'“AN)‘P““'”A“)WLLJ(I‘ b ) o
_ N P(A, - A, 1|A,)P(A, '
=P(A Ay ] (1— ( AT 1lln_)1)( ))
n—m-+1

x

Therefore, using (A.13), (A.15) and in the last step applying inequality 1—x < e™%,

we get

N
P(A; - Ay) < H (1—(p—3e)P(A4,)) < e~ Zo=m+1 (P=3)B(An)
n—m-+1

To obtain the lower bound, we shall apply inequality

1—3026_””_”52 0<z<-.

)

Wl =

Using (A.16), (A.12), (A.14) and (NIII), we get for € < g¢ that

m N
P(A - An) 2(1-P((J 4)) [I Q- @+70)PA)
j=1 n=m-+1

> (1-P( 6 Aj))exp {— D (p+T)P(An) + (p+ Te)* P (Ay)

n=m-+1

m N
>(1- ZP(Aj)) exp {— D (p+T7e)P(Ay) + (p+ Te)’cP(A,)

n=m-+1
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O

Lemma A.0.2. (main lemma, stationary case, finite form of Csdki et al. (1987).)
Let m be fized. Assume that A,, is stationary. Assume that there is a fized number
p, 0 < p <1, such that the following three conditions hold for some fized k with
2 <k <m, and fized ¢ with 0 < ¢ < min{p/10,1/42}

(SI)
P(Az--- Ag|A1) —pl <,

(SII)
Z ]P(AZ‘Al) <eg,
k+1<i<2m
(SIII)
P(A;) < e/m.
Then, for all N > 1, -
P(A;--- An|A)
_ < Te
P(Ay---Ay) T
and
ef(p+105)NlP’(A1)f2m]P’(A1) < ]P’(Al . AN) < ef(pflos)NP(A1)+2m]P’(A1). (A].?)

Proof of Lemma A.0.2. We can obtain the proof from Lemma A.0.1. First we
reverse the ’time’ n in Lemma A.0.1. Then we apply some shift of the time to
obtain the result of Lemma A.0.2. O

Now, we turn to the limit form of the lemma.

Lemma A.0.3. (main lemma, stationary case, limit form of Csdki et al. (1987).)
If, for any fized m, A, is stationary, and

(i)
p= lim lim P(Ay---Ax|A;) >0
k—o00 m—o0
(iz)
lim sup Z P(A4;]Aq)

k—o0
M g<i<2m

(iii)
lim (mP(A;)) =

m—r o0
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then _ _
lim P(Ay--- A,|Ar) _
m—o0 ]P’(/_l2 ce /_1”)

uniformly in n. Consequently, if n(m) satisfies lim,, o, n(m)P(A1) = A, then (i),
(i), (i) imply

lim P(A;Ay--- A, (m)) = e PN

m—r oo
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