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Abstract

We consider integer-valued autoregressive models of order one contaminated with in-
novational outliers. Assuming that the time points of the outliers are known but their
sizes are unknown, we prove that Conditional Least Squares (CLS) estimators of the off-
spring and innovation means are strongly consistent. In contrast, CLS estimators of the
outliers’ sizes are not strongly consistent. We also prove that the joint CLS estimator of
the offspring and innovation means is asymptotically normal. Conditionally on the values
of the process at time points preceding the outliers’ occurrences, the joint CLS estimator

of the sizes of the outliers is asymptotically normal.
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1 Introduction

During the last decades there has been considerable interest in integer-valued time series models
and a sizeable volume of work is now available in specialized monographs. Among the most
successful integer-valued time series models proposed in the literature we only mention the
INteger-valued AutoRegressive model of order p (INAR(p)). This model was first introduced
by McKenzie [23] and Al-Osh and Alzaid [2] for the case p = 1. The INAR(1) and INAR(p)
models have been investigated by several authors, see, e.g., Silva and Oliveira [27], Ispany, Pap
and van Zuijlen [19], and Drost, van den Akker and Werker [14]. Extensions and generalizations
were proposed by Du and Li [13] and Latour [17]. Recently, the so called p-order Rounded
INteger-valued AutoRegressive (RINAR(p)) time series model was introduced and studied by
Kachour and Yao [21] and Kachour [20].

Moreover, topics of major current interest in time series modeling are to detect outliers in
sample data and to investigate the impact of outliers on the estimation of conventional ARIMA
models. Motivation comes from the need to assess for data quality and to the robustness of
subsequent statistical analysis in the presence of discordant observations. Fox [15] introduced
the notion of additive and innovational outliers and proposed the use of maximum likelihood
ratio test to detect them. Chang and Chen [10] extended Fox’s results to ARIMA models and
proposed a likelihood ratio test and an iterative procedure for detecting outliers and estimating
the model parameters. Some generalizations were obtained by Tsay [29] for the detection of
level shifts and temporary changes. Random level shifts were studied by Chen and Tiao [11].
Extensions of Tsay’s results can be found in Balke [3]. Abraham and Chuang [1] applied the
EM algorithm to the estimation of outliers. Other useful references for outlier detection and
estimation in time series models are Guttman and Tiao [16], Bustos and Yohai [9], McCulloch
and Tsay [22], Pena [24], Sdnchez and Pefia [26], Perron and Rodriguez [25] and Burridge and
Taylor [8].

We emphasize that all references given in the previous paragraph deal with the case of
continuous-valued processes. A related interesting problem, which has not yet been addressed,
is to investigate the impact of outliers on the parameter estimation for integer-valued autore-
gressive models. This paper aims at giving a contribution towards this direction. In particular,
we consider the problem of Conditional Least Squares (CLS) estimation of some parameters

of the INAR(1) model contaminated with innovational outliers, starting from a general initial



distribution (having finite second or third moments). We further assume that the time points
of the outliers are known, but their sizes are unknown. Under the assumption that the second
moment of the innovation distribution is finite, we prove that the CLS estimators for the means
of the offspring and innovation distributions are strongly consistent, but the CLS estimators
of the outliers’ sizes are not strongly consistent; nevertheless, they converge to a random limit
with probability 1. This random limit depends on the values of the process at the outliers’ time
points and also on the values at the preceding time points. Moreover, under the assumption
that the third moment of the innovation distribution is finite, we prove that the joint CLS
estimator of the means of the offspring and innovation distributions is asymptotically normal
with the same asymptotic variance as in the case when there are no outliers. Conditionally
on the values of the process at the time points preceding the outliers’ occurrences, the joint
CLS estimator of the sizes of the outliers is also asymptotically normal. The corresponding

asymptotic covariance matrix is also calculated.

The remainder of the paper is organized as follows. Section 2 provides a background de-
scription of basic theoretical results related to the asymptotic behavior of CLS estimators for
the INAR(1) model. In Section 3, the INAR(1) model contaminated with one or two innova-
tional outliers, is introduced. The cases of one outlier and two outliers are handled separately.
The proofs of our results are given only in case of one model (described in Subsection 3.3),
namely, with one outlier estimating the mean of the offspring and innovation distributions and
the outlier’s size, see Section 4. For completeness, we note that the omitted proofs are available

in our Arxiv preprint Barczy, Ispany, Pap, Scotto and Silva [4].

In a companion paper, we examine the INAR(1) model contaminated with additive outliers;

see Barczy et al. [4, 5].

2 The INAR(1) model

2.1 The model and some preliminaries

Let Z, and N denote the set of non-negative integers and positive integers, respectively.
Every random variable will be defined on a fixed probability space (£2,.4,P). One way to
obtain models for integer-valued data is replacing multiplication in the conventional ARMA

models in order to ensure the integer discreteness of the process and to adopt the terms of



self-decomposability for integer-valued time series.

2.1.1 Definition. Let (eg)reny be an independent and identically distributed (i.i.d.) sequence
of non-negative integer-valued random variables. An INAR(1) time series model is a stochastic
process (Xp)nez, satisfying the recursive equation

Xp—1

Xi = &jter k€N, (2.1.1)
j=1

where for all k € N, (&j)jen 1S a sequence of i.i.d. Bernoulli random variables with mean
a € [0,1] such that these sequences are mutually independent and independent of the sequence

(€0)een, and Xo is a non-negative integer-valued random variable independent of the sequences

(€kj)jen, k€N, and (g¢)een.

2.1.1 Remark. The INAR(1) model in (2.1.1) can be written in another way using the bino-
mial thinning operator ao (due to Steutel and van Harn [28]) which we recall now. Let X
be a non-negative integer-valued random variable. Let (&;);eny be a sequence of i.i.d. Bernoulli
random variables with mean « € [0,1]. We assume that the sequence (§;);jen is independent

of X. The non-negative integer-valued random variable « o X is defined by

X

> &, if X >0,
aoX = 7=l

0, if X=0.

The sequence (&;),en is called a counting sequence. The model in (2.1.1) takes the form

Xy =ao Xy + e, k € N.

In the sequel we will assume that « € (0,1), EX? < co and that Ee? < oo, P(g; # 0) > 0.
In this case, it is well-known (e.g., Barczy et al. [4, Lemma 5.1]) that there exists a unique

stationary distribution of the INAR(1) model in (2.1.1) which will be denoted by X in the

2
£

sequel. Let us denote the mean and variance of ¢; by p. and o2, respectively. Clearly,

0 < pe < o0. It is also well-known that

EX =t (2.1.2)
11—«
_ 2 2
Ex? = Je ok e (2.1.3)

1—a*  (1-a)?



see, e.g., Barczy et al. [4, Appendix|. By ergodic theorems (see, e.g., Bhattacharya and Waymire
[7, Section II, Theorem 9.4 (d)] or Chung [12, Section 1.15, Theorem 2]), we get

P ( tim > Xy = E)?) =1, (2.1.4)
n—oo 1 k:l
1< ~
P(lim =) X7 = EXQ) =1, (2.1.5)
n—oo M, 1
1 & == - -
P(lim =) X, 1 X, =E(X(aoX +¢)) =aEX* + ,uEEX) =1, (2.1.6)
n—oo M,
k=1

where ¢ is a random variable independent of X with the same distribution as 1.

In the sequel, we denote by JF;¥ the o-algebra generated by the random variables

Xo, X1, ..., X

2.2 Estimation of the mean of the offspring distribution

First we concentrate on the CLS estimation of the parameter «. Clearly, for all k£ € N,

E(Xx | Fiy) = aXp_1 + pte, and thus

ST (X —EX | FD) =Y (X —aXp — )’ neN. (2.2.1)
k=1 k=1

For all n € N, a CLS estimator «,, for the parameter a € (0,1) can be obtained by minimizing
the sum of squares (2.2.1) with respect to « € R. One may check that asymptotically as

n — 0o, a unique CLS estimator «, exists with probability one and

MDY SI0 Uy DA
2 k1 Xk

holds asymptotically as n — oo with probability one. Hereafter by the expression ‘a property

(2.2.2)

holds asymptotically as n — oo with probability one’” we mean that there exists an event
B € A such that P(B) =1 and for all w € B there exists an n(w) € N such that the
property in question holds for all n > n(w). The reason why (2.2.2) holds only asymptotically
as n — oo with probability one and not for all n € N and w € Q is that for all
n € N, the probability that the denominator Y ;_, X2 ; equals zero is positive (provided
that P(Xo =0) > 0 and P(e; = 0) > 0), but P(limye y p_y X7, = 00) =1 (which
follows by (2.1.5)). Using the same arguments as in Hall and Heyde [18, Section 6.3], one can
easily check that «, is a strongly consistent estimator of o as n — oo for all a € (0,1).

Indeed, by (2.1.4)—(2.1.6), we get P (lim, . o, = ) = 1.

5



Furthermore, if EX3 < oo and Ee? < co, then using the same arguments as in Hall and

Heyde [18, Section 6.3], it follows easily that

V(@ — o) =5 N(0,62 )  as n— oo, (2.2.3)

»Ya,e

c e e
where —— denotes convergence in distribution and

s ofl— a)EX? + 02EX2

oL = — : (2.2.4)
@€ (EX2)2
with
~ Ee3 — 302(1 c) — 349 c 2 c c
EX3: € 05( +:u) /La—i_ % +30—5+QM ) %
1—a3 1 —a? 11—«

, (2.2.5)

pie(02 + ap.) 12
(1-a)(1—-0a?) (1—a)

+3

The proof of (2.2.5) can be found in the Appendix of our Arxiv preprint Barczy et al. [4].

We remark that one uses in fact Corollary 3.1 in Hall and Heyde [18] to derive (2.2.3). It
is important to point out that the moment conditions EX3 < oo and Ee? < oo are needed
to check the conditions of this corollary (the so called conditional Lindeberg condition and an

analogous condition on the conditional variance).

2.3 Estimation of the mean of the offspring and innovation distri-

butions

Now we consider the joint CLS estimation of « and pu.. For all n € N, a CLS estimator
(Qp, fle,n) for the parameter (o, pu.) € (0,1) x (0,00) can be obtained by minimizing the sum
of squares (2.2.1) with respect to (o, p.) € R?. One may prove that asymptotically as n — oo,
a unique CLS estimator (&, Ji.,,) exists with probability one and

~ N ZL X1 Xy — (ZZ:1 Xi-1) (EL Xk)
n - n n 2 )
n Zk:l XI?—1 - (Zk:1 Xi-1)

ﬁ _ (2221 Xl?—l) (Zzzl Xk) - (Zzzl kal) (ZZ:1 kale)
- n e X — (Ches Xk71>2 ’

hold asymptotically as n — oo with probability one, see, e.g., Hall and Heyde [18, formulae

(6.36) and (6.37)]. It is well-known that (@, fie,,) is a strongly consistent estimator of
(a,pe) as n— oo forall (o, i) € (0,1) x (0,00), see, e.g., Hall and Heyde [18, Section 6.3].



Moreover, if EX? < oo and Ee? < oo, by Hall and Heyde [18, formula (6.44)],

LN , Boc as n — 0o, (2.3.1)

where
71 7!
EX? EX EX? EX
Ba,z—: = _ Aas _
EX 1 EX 1
(2.3.2)
1 1 —EX 1 —EX
= o _ _ Aa,e _ . )
(Var X)? | _Ex EX2 _EX EX2
with
EX? EX? EX?2 EX
Ape i=a(l —a) N | o2 B y
EX? EX EX 1

and X denotes a random variable with the unique stationary distribution of the INAR(1)
model in (2.1.1).

3 The INAR(1) model with innovational outliers

3.1 The model and some preliminaries

For all k.0 € Z, let dpp:=0 if k#{ and Opy := 1.

We introduce, below, the INAR(1) model contaminated with innovational outliers.

3.1.1 Definition. Let (g¢)eeny be an i.i.d. sequence of non-negative integer-valued random
variables. A stochastic process (Yi)rez, 1is called an INAR(1) model with finitely many inno-

vational outliers if
Y1

V=) &j+m  keN,
j=1

where for all k € N, (& j)jen is a sequence of i.i.d. Bernoulli random variables with mean

a € (0,1) such that these sequences are mutually independent and independent of the sequence



(€0)een, and Yy is a non-negative integer-valued random variable independent of the sequences

(ék,j)jeNy keN, and (@)eeN; and

I
Nk = €k + Zék,sieia k€ Zy,

i=1
where I € N, s;,0;, € N, i =1,...,1 such that s; #s; if i #j, t,7=1,...,1. We

assume that EYF < oo and that Ee? < oo, P(e; #0) > 0.

In case of one (innovational) outlier a more suitable representation of (Yj)rez, is given in

the following proposition.

3.1.1 Proposition. Let (Yj)rez, be an INAR(1) model with one innovational outlier 6, := 6
at time point sy :=s. Then for all w e Q and k € Z,, Yi(w) = Xi(w) + Zr(w), where

(Xk)kez, s an INAR(1) process given by

KXk—1
Xk: = Z Sk,j + €, ke Na
j=1
with Xo =Yy, and
.
0 if k=0,1,...,s—1,
Zr =140 if k=s,

Xp_1+25— .
S G EsL

Furthermore, the processes X and Z are independent, and P(limg_ Zx = 0) = 1 and

L L
Zr —>0 as k— oo forall peN, where —> denotes convergence in L.

Proof. See Subsection 4.1. O

For our later purposes we need to calculate the first and second moments of Z.

3.1.2 Proposition. We have

EZ, 1, = 0", keZ,, (3.1.1)
EZ2 , = 0%a™ — 0aF(aF - 1), keZ,, (3.1.2)
E(Zsih1Zs1k) = aEZ2,, 1 = 001 — 0" (o' — 1), keN. (3.1.3)
Proof. See Subsection 4.1. O



In the sequel we denote by JFY the o-algebra generated by the random variables

Yo, Yy, ..., Y. For pairwise distinct positive integers sq,...,s; we use the notation
n
n
Z(Sl 77777 s1)
k=1 k=1
k#s1,...k#sr

3.2 One outlier case: estimation of the mean of the offspring distri-

bution and the outlier’s size

First we suppose that I = 1 and that the relevant time point s; := s is known. We concentrate
on the CLS estimation of the parameter («,6), where 6 := 6;. An easy calculation shows

that
E(Y}g | fgf_l) =aY, 1+ Enp=aYe 1+ p+ 5k7549, k € N.

Hence for all n > s,

n

S (V- B F)

k=1

(3.2.1)

n

= Z(S) (Yk —aY,_ — Ma)2 + (Y; —aYs 1 — pe — 9)2-
k=1

For all n > s, a CLS estimator (a&y,0,) for the parameter («,0) € (0,1) xN can be obtained
by minimizing the sum of squares (3.2.1) with respect to (a, ) € R?. Barczy et al. [4, Lemma
4.2.1] showed that asymptotically as n — oo, a unique CLS estimator (a, gn) exists with

probability one.

3.2.1 Theorem. The CLS estimator &, of « is strongly consistent for all (a,0) € (0,1)xN,
i.e., P(lim,_o a, =a)=1. The CLS estimator gn of 6 1is not strongly consistent for any

(a,0) € (0,1) x N, namely,

P(hm én:Ys—aYs,l—uE) =1, V(a6 €(0,1)xN,

Proof. The proof can be found in Barczy et al. [4, Theorem 4.2.1]. O

3.2.2 Theorem. Under the additional assumptions EY < oo and Ee? < oo, we have

V(@ — o) 5 N0, ol..) as m — oo,



with 0375 defined as in (2.2.4). Moreover, conditionally on the value Y;_q,
Vi (6, - Jim 5k) £, N, YZi03.) as m — 0o.
Proof. The proof can be found in Barczy et al. [4, Theorem 4.2.2]. O

3.3 One outlier case: estimation of the mean of the offspring and

innovation distributions and the outlier’s size

We suppose that I = 1 and that s; := s is known. We consider the CLS estimation of
(e, e, 0), where 6 :=6;. Forall n > s, a CLS estimator (an,ﬁg,n,én) for the parameter
(e, e, 0) € (0,1) x (0,00) x N can be obtained by minimizing the sum of squares (3.2.1) with
respect to (o, pe,0) € R3.  In Subsection 4.2 we prove that asymptotically as n — oo, a

unique CLS estimator (Q,, e n, @\n) exists with probability one.

3.3.1 Theorem. The CLS estimator &, of « and ., of pe are strongly consistent for
all (o, pe,0) € (0,1) x (0,00) X N, d.e.,

P (lim &, = a) =1, V(apu,0) € (0,1) % (0,00) x N, (3.3.1)
P (hm flem = ME) =1, V(ap,0) € (0,1) % (0,00) x N. (3.3.2)

The CLS estimator 8, of 0 is not strongly consistent for any (v, ji.,6) € (0,1) x (0, 00) x N,

namely,
P <1im 0, =Y, —aY, , — us) =1, V(a . 0) € (0,1) % (0,00) x N. (3.3.3)
Proof. See Subsection 4.2. O

3.3.2 Theorem. Under the additional assumptions EY < oo and Ee3 < oo, we have

Vi@ - | . (o
— N , Boe as n — oo, (3.3.4)

\/ﬁ(ﬁs,n - ,ue) 0

with B, defined as in (2.3.2). Moreover, conditionally on the value Y_q,

N lim Oe) = N(0,[Yaiq 0]BaclYo1 0]T)  as n— oo. (3.3.5)
Proof. See Subsection 4.2. O
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3.4 Two outliers case: estimation of the mean of the offspring dis-

tribution and the outliers’ sizes

In this subsection we assume that I = 2 and that the relevant time points sy, so € N, s1 # s9,

are known. We concentrate on the CLS estimation of (a,6y,6,). We have
E<Yk ‘ flg/—l) = Oé}/kfl + :LLE + 5k,8191 + 6]{,5202, k G N

Hence for all n > max(sy, $2),

n n (s1,52)

S (V- EW | FL) = (Vi — aYiq — pc)’ (3.4.1)

k=1 k=

—

4 (Ye, — Va1 — e — 00) + (Yo, — aViey y — o — 05)°.

By minimizing the sum of squares (3.4.1) with respect to (a,6;,6;) € R3, a CLS estimator
(anﬁl,n,@n) for the parameter (o, 6;,605) € (0,1) x N> can be obtained for all n >
max(sy, o). Barczy et al. [4, Lemma 4.4.1] showed that asymptotically as n — oo, a unique

CLS estimator (a,, gl,n, ggn) exists with probability one.

3.4.1 Theorem. The CLS estimator «, of « is strongly consistent for all («,6,02) €
(0,1) x N*, d.e., P(lim, .oua, =0a)=1. For i=1,2, the CLS estimator é;n of 0; is

not strongly consistent for any («,61,05) € (0,1) x N2, namely,

p <lim O =Y, — Y, — ug> —1, V(6,0 ¢c0,1)x N2.

Proof. The proof can be found in Barczy et al. [4, Theorem 4.4.1]. O
3.4.2 Theorem. Under the additional assumptions EY7 < oo and Ee? < oo, we have

\/ﬁ(an—a)i>./\f(002) as n — oo,

' Yae

with 0(2175 defined as in (2.2.4). Moreover, conditionally on the values Ys,—1 and Ys,_1, as
n — oo,

V(61 — limy_oo 01 ) Y 0 I Y2, Yo 1Y

\/ﬁ(g2n — limg oo 52k) 0 Yo 1Y 1 Y2,
Proof. The proof can be found in Barczy et al. [4, Theorem 4.4.2]. O

11



3.5 Two outliers case: estimation of the mean of the offspring and

innovation distributions and the outliers’ sizes

In this subsection we assume that I = 2 and that the relevant time points sy, so € N, s1 # s9,
are known. We consider the CLS estimation of (a, puc, 61,65). For all n > max(si, ss), a CLS
estimator (&n,ﬁa,n,§17n,§2,n) for the parameter («, pe,01,62) € (0,1) x (0,00) x N* can be
obtained by minimizing the sum of squares (3.4.1) with respect to (o, pe, 61, 02) € R*. Barczy
et al. [4, Lemma 4.5.1] showed that asymptotically as n — oo, a unique CLS estimator

(Qlny Lz s él,n, é\gn) exists with probability one.

3.5.1 Theorem. The CLS estimator &, of a and ., of pe are strongly consistent for
all (a, pie,01,09) € (0,1) x (0,00) x N?, i.e., P(limy, ooy =) =1 and P(lim, .o fey =
pe) = 1. For i = 1,2, the CLS estimator @n of 0; 1is not strongly consistent for any
(v, pie, 01,02) € (0,1) x (0,00) x N?, namely,

p ( lim 0, = Y, — aYs_; — ua) =1, V(a,pu.,01,60:) € (0,1) x (0,00) x N2

Proof. The proof can be found in Barczy et al. [4, Theorem 4.5.1]. O

3.5.2 Theorem. Under the additional assumptions EY < oo and Ee? < oo, we have

Vn(a, — a) 0
LN , Boe as m — 00,

\/ﬁ(ﬁe,n - ,ue) 0

with Ba. defined as in (2.3.2). Moreover, conditionally on the values Yy, —1 and Yy, 1,

\/ﬁ(é\l,n - hmk—>oo é\l,k)

LN , C’Q,QEBOHEC;E as mn — 00,
V(0 — limg_o 0o k) 0
where
YSl—l 1
Coe =
Yipy 1
Proof. The proof can be found in Barczy et al. [4, Theorem 4.5.2]. O

12



4 Proofs

4.1 Proofs for Subsection 3.1

In proving Proposition 3.1.1, we need the following result.

4.1.1 Lemma. Let (X,)nez, and (Zp)nez, be two (not necessarily homogeneous) Markov
chains with state space Z.. Let us suppose that (X,,Zy)nez, is a Markov chain, X, and
Zy are independent, and that for all n € N and i,5,k, 0 € Z, such that P(X,_1 =k, Z,_1 =
() >0,

P(X,=6,Z,=j|Xn1=k Zy1=1)
=P(X,=1i|Xn1=k)P(Z,=7|Z,-1=10).
Then (Xy)nez, and (Zp)nez, are independent.

Proof. For all n € N and ig,41,...,%,J0,J1,---Jn € Zi, We get
P(Xy =tn,. ., Xo=10,Zn = Jn,---, %0 = Jo)
=P(Xo = in, Zn = Ju | X1 = tn1,Zpn-1 = Jn-1) "~
x P(Xy =iy, Z1 = ji | Xo = i0, Zo = jo)P(Xo = i0, Zo = Jo)
=P(X, =in| Xn1 =in1) - P(Xy =11 | Xo = ig)P(Xo = ip)
X P(Zn = jn| Zn-1 = jn-1) -+ P(Z1 = j1| Zo = Jo)P(Zo = Jo)
=P(X,=1tn,....Xo=10)P(Zn = Jn,- -, Z0o = Jo),

which yields that X,,..., Xy and Z,,...,Zy are independent. One can think it over that
this implies the statement. O
Proof of Proposition 3.1.1. Clearly, Y; = X; +7; = X; for j=0,1,...,5s—1, and by
induction, one can easily check that Y, = X, + Z, for all k£ > s.

In proving the independence of the processes X and Z, it is enough to check that the

conditions of Lemma 4.1.1 are satisfied. For all n > s, 4,_1,%,,Jn-1,Jn € Z+ and for all

Beo(; :i=1,....,n—2, j € N) with the property that the event A := {X,,; =

13



in-1,Zn—1 = jn—1} N B has positive probability, we get

in—1 in—1+Jn—1
P(Xn:in;Zn:jn|A):P Zgn,j‘i‘gn:im Z gn,j:jn A
j:1 j:infl‘i'l
in—1 7;'n—l'i‘j'n—l
=P Y Gt =tn Y. &= (4.1.1)
Jj=1 J=in-1+1

In—1 in—1+Jn—1
—P<an,j+5n_in> P Z fnvj:jn )
j=1

J=tn—1+1

where we used the measurability of (X,_1,Z,-1) with respect to the o-algebra o(&;; :
i =1,...,n—1, j € N) and that the random variables ¢,, ($.1,...,&ni, ) and
(Ensin 141 - -+ »&nin_144,_1) are independent of this o-algebra and also from each other. Hence,

for all n > s,
P(Xn = ina Zn = jn ’ A) = P<Xn = in7 Zn = ]n | anl = in*h anl = jnfl)' (412>

Since Zy=21=--=Zs1=0, Zs=0, and (X,)nez, is a Markov chain, we have (4.1.2)
is satisfied also for n =1,2,...,s, which yields that (X, Z,)necz, is a Markov chain. Since
Zy =0, Xy and Z, are independent. Similar arguments along with the result in (4.1.1), with
the special choice B := () lead to

P(Xn = inv Zn = jn | Xn—l - in—la Zn—l - jn—l)

in—1 Jn—1
= P (Z é—nvj + En = Zn anl = Zn1> P (Z €n7j+in71 = .]TL
j=1 j=1

= P(Xn = Zn ’ anl = anl)P(Zn = ]n | anl = jnfl)a

anl - jnl)

which yields that the conditions of Lemma 4.1.1 are satisfied.

Since
Xi+2Zy, Xk+2Zk
L1 = E §et1,j < E 1 =2, k> s,
J=Xp+1 J=Xp+1

the nonnegative sequence (Zg(w))k>s+1 1Is monotone decreasing for all w € Q, thus
(Zk(w))kez, converges for all w € €. Hence, if we check that Z, converges in proba-
bility to 0 as k — oo, then, by Riesz’s theorem, we get P(limy_o, Z =0) = 1. Let ]—',f’z
be the o—algebra generated by the random variables Zy, Z1,..., 7, and Xy, Xi,..., X Us-
ing that E(Zy|Fo?) = aZ_y, k>s+1, weget EZ, = aEZ_y, k> s+ 1, and hence
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EZ, = a*EZ; = 0a* k>0. Forall € >0, by Markov’s inequality,

EZ, 2%
+k:&—>0 as k — oo,

P(Zerk 2 5) g
3 3

as desired.

Since the sequence (Zi(w))r>s+1 is monotone decreasing for all w € Q, we get for all p € N
and for any constant M > 0, the sequence (|Zk|p]l{| Zk|>M})k>s ., 1s monotone decreasing.

Hence

s E(1ZelLyzzmn) = E (12l Lizinzm) =0 as M — oo,
>s+1

which yields the uniformly integrability of (Z})ren. By Theorem 3.6 in Bhattacharya and
Waymire [7, Chapter 0], we conclude that Zj L0 as k— 00, i.e., limy_o EZ} =0. This

completes the proof. O

Proof of Proposition 3.1.2. In the proof of Proposition 3.1.1 we have already checked (3.1.1).

Using that for all k> s+ 1,

2
Xp—1+Zk-1

E((Zk —aZ )| f,ﬁif) =E > (G- ) ‘ FEt | = ol = a)Zp,

J=Xp—1+1

we get for all k> s+ 1,

E(2 175 = E((Z - aZe +azk-1>2|f,5if) — a1~ a)Zis + 0?2,

and hence EZ? = o?EZ? |+ a(l —a)EZy_y, k> s+ 1. Then
EZk EZk 1
= > s+1,
EZ? a(l —a) EZ? |

and hence, by an easy calculation, we have (3.1.2). Finally, for all k£ € N,
E(ZorkrZoik) = B(E(ZornrZora | F300)) = E(ZosnaB(Zosk | F000))
= E(Zs+k—1aZs+k—1) = O‘EZs?Jrkflv

which yields (3.1.3). This completes the proof. O

4.2 Proofs for Subsection 3.3

We retain the notations introduced in Subsection 3.3 and for all n € N, y,...,y, € R and

w €, let us put

Y, (w) = (Yo(w),Yi(w),....Ya(w)), Y= (Y0,Y1,...,Ya), Yo = (Y0, Y1, ¥Yn)

15



First we give a proof that asymptotically as n — oo, a unique CLS estimator (@, ficn, §n)
exists with probability one. Motivated by (3.2.1), for all n > s, n € N, we define the function
Q,: R xR3> - R by

n

(s)
Qu(yn; ', pl, 0') == (yr — 'ye—1 — pil)
k=1

S (g — o yes — il — 0)

for all y, € R"™ o/ ul,0/ € R. By definition, for all n > s, a CLS estimator for the

parameter (o, pe,0) € (0,1) x (0,00) X N is a measurable function (@, ficn,0,) : R" — R?

such that

Qn(ym an(Yﬂ)a ﬁs,n(yn)a é\n(}%)) = inf Qn(ym O/a ,ufy ‘9/)7 vV yn € R™

(o il 0" ) ER3
The next lemma is about the unique existence of the CLS estimator of (a, pe, ).

4.2.1 Lemma. There exists an event A € A such that P(A) =1 and for all w e A there

exists an n(w) € N with the property that the function
R* > (o, ul, 0') = Qu(Ya(w); o, i, )

is strictly convex for all n > n(w), and

0Qn
oo’

0Qn
A

(Yo(w);a!,pul,0") =0,

(Yo(w);a/,pul,0) =0,

(4.2.1)
IQn
o’

(Yo (w); o, ul,0") =0,

has a unique solution with respect to (a/,p.,0") € R® for all n > n(w). Consequently, for
all we A and n = n(w), the function R* > (o/, 1L, 0) — Qun(Yn(w); o/, ul,0") attains its

mintmum at this unique solution.

Lemma 4.2.1 states that asymptotically as n — oo, the system of equations (4.2.1)
has a unique solution with respect to (a/,u.,0) € R® with probability one, which is
nothing else but (&n(Yn(w)),ﬁa,n(Yn(w)),é\n(Yn(w))). In the sequel we simply denote
(@ (Yo (@), Blen (Y (@), (Yo (@)) by (@n(w), Fien(w), O ().

Proof of Lemma 4.2.1. In proving the strict convexity of the function in question, it is

enough to check that there exists an event A € A such that P(A) =1 and forall we A
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there exists an n(w) € N with the property that (3 x 3) Hessian matrix

9%Qn 9%Qn 9%Qn
(/)2 Ouloa’  96'da’

Tl 0 = | 92Qn 92Qn 9°Qn ol oyl o
Hy(w,ol pl0) i= | 28s 29 2Gu | (Y, (w)ia, i, 0)

22Qn, 9%Qn 92Qn
8’90’ Ouloe’  9(6)2

is (strictly) positive definite for all n > n(w) and (o/,p.,0) € R3, see, e.g., Berkovitz [6,

Theorem 3.3, Chapter III]. We get for all (y,;a/, uL, ') € R" x R3,

n

0Qn

oo/ (Yna o ,uave/ - _22 Yp — & yk 1= Ma)yk 1_2<ys - a/ys—l - :u/e - el)ys—b
k=1

OQn

8 ! (y”’ o Ms? 0/ =—2 Z Yk — O/yk—l - ,u;) - 2(ys - O/ys—l - Mlg - 8/)7

0Qn

80, (yna Ct ,um 01) (ys - a/ysfl - ,UIE - 91)

In the sequel we simply write H,(o/, u.,0") instead of H,(w, ', u.,0"). One can easily obtain

that the matrix H, (o, uL,0") has the following leading principal minors

n n n 2
Al,n(a/7”/579/) = 2ZYk2—17 AQ,n(a/muleael) =4 nZYk2—1 - (Z Yk—l) ’
k=1

k=1 k=1

2
Ag (o pl,0') = (n—1 ZYk L+ 2Y, ZY’“ 1 —n(Ys 1) (ZYk 1)

We show that for all (o, p,0") € R3,

A n / / 9/ ~
p (lim 1n(, 12, 0') :2EX2) —1,

n

/ / /
p <lim Bonld, pie,0) _ 4VarX) —1,

n— o0 n2

/ ! / ~
P <1im Ban(a, pie, V') —8VarX) —1

n— oo TL2

where X denotes a random variable with the unique stationary distribution of the INAR(1)
model in (2.1.1). By (2.1.4), (2.1.5) and Proposition 3.1.1, it is enough to check that

(T}LI&HZZkl—O>—1 (Ji%nzzkl—o) 1, (4.2.2)
<hm Zxk 1 Zpy _o> 1. (4.2.3)

n—oo M

17



By Proposition 3.1.1, P(lim, . Z, = 0) = 1, which readily follows (4.2.2). Using Cauchy-

Schwartz’s inequality, we get

1
n n—oo 1

> Xi1Zi
k=1

1 < 1 = 1

< =D XE=> Z2 - VEX? [ lim — Y 72 =0
"= "= k=1

almost surely as n — oo, which implies (4.2.3). Hence

p (hm Ain(cd, i, 0) = oo) =1, VY (d,),0)eR®, =123

n—oo

which yields that H, (o, uL,0") has positive leading principal minors asymptotically as n — oo
with probability one. Then H,(o/,puL,0") is (strictly) positive definite asymptotically as
n — oo with probability one. Hence, using also that for all n € N and y, € R*"! the
function R?® 3 (o/, ul,0") — Q,(yn;/, puL,8') is continuous and
PG e DI o e ) = oo,

we get the (random) function R? 3 (o/,pul,0") — Q,(Y,;/,ul,0) attains its minimum
asymptotically as n — oo with probability one. Using the strict convexity of the function in
question, we get (4.2.1) has a unique solution with respect to (o/, u’,60) € R? for all n > n(w),
see, e.g., Berkovitz [6, Theorem 3.1 and Corollary 1, Chapter IV]. This completes the proof. O

Proof of Theorem 3.3.1. Let us introduce the notation

2

) )
Dy=(m-1)> Y2, - (Z Y“) ,  mneN.
k=1 k=1
By (2.1.4), (2.1.5), (4.2.2), (4.2.3) and Proposition 3.1.1, we get

D -
P (lim — = VarX) =1, (4.2.4)

n—oo M

where X denotes a random variable with the unique stationary distribution of the INAR(1)

model in (2.1.1).

Solving the system of equations (4.2.1) and applying Proposition 3.1.1, the following equal-

ities hold asymptotically as n — oo with probability one,

, O =Yy — GnYao1 — fle, (4.2.5)

O, 1 | Kx
D, L
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)
K, :=(n-1) (Xg—1 + Zi—1)(Xi + Zi) — (Xk + Zk) (Xg—1 + Z—1),

3

n

() (s)
Loi= ) (Xe +Ze0)? Y (Xi+ Z1)

k=1 k=1

3

(5) ()
- (Xim1 + Zk-1) Y (Xir + Zim1) (X + Z1).

=1 k=1

ol

Using (2.1.4), (2.1.5), (2.1.6), (4.2.2), (4.2.3) and that

(JEEWZZ,{ 1Z,g_o> 1,

we obtain

K -
P <hm —— aEX? 4 pEX — (EX)2> =1,

n—oo n2
. Ly V2E Y v v 2 e
P( lim — =EX°EX — EX(aEX" + p.EX) | = 1.
n—oo N

By (2.1.2), (2.1.3) and (4.2.4), we get

~ B =\ ~
p( tim 6, = fim Bn o @V Xt (@ - DEXT+uEX )
n—co ' n—oo D, Var X
and
L, (1-a)EXEX?— . (EX)?
P llmuen—llm—n:( @) N'u( ):,uE =1
n—00 n—oo D Var X
Finally, using (4.2.5), (3.3.1) and (3.3.2) we have (3.3.3). This completes the proof. O

Proof of Theorem 3.3.2. By (4.2.5) and Proposition 3.1.1, asymptotically as n — oo with

probability one @, —a and i, — p. take the forms

1 ) () ()
D_n ((n — 1) Z (Xk — OéXk_l)Xk_l — Z (Xk — OéXk_l) ; Xk—l + Rn>

k=1 k=1

and

k=1 k=1 k=1 k=1

DL (Z(S) Xlg—l Z(S) (Xk - PJ&) - Z(S) Xk:—l Z(S) (Xk: - ,ua)Xk_l + Sn> ,
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respectively, where

") ")
Rn ::(n — 1) (Zk - aZk—l)(Xk—l -+ Zk—l) + (TL - 1) (Xk - an—l)Zk—l
k=1 k=1
") ") ") ")
> (G- aZi)Dd ) (Xt L) = Y (X —aXem)Y | Zien
k=1 k=1 k=1 k=1
and
"(s) () ")y )
S, = (2Xy_1Zr1 + Z2) X+ Zk—p)+ > Xiy > Zn
k=1 k=1 k=1 k=1

") ")
— Z Ly Z (X + Zi — pe)(Xpm1 + Zi—1)
k=1

k=1
") ) ") (s
- Z Xk-1 Z I (X1 + Zi1) — Z Xk—1 Z (Xk — pe) Zg-1-
k=1 k=1 k=1 k=1
By (2.3.1), (4.2.4) and Slutsky’s lemma (see, e.g., Lemma 2.8 in van der Vaart [30]), to prove
(3.3.4) it is enough to check that

R,
_n3/2 —>P 0 as n — oo, (4.2.6)
S
ey 2.0 as n — 0o, (4.2.7)

where —— denotes convergence in probability. In order to prove (4.2.6) it is enough to check

that
R— Lo
— (Zk — aZik—1) X1 — 0 as n — oo, (4.2.8)
Vi
R— Ly
—_ (Zk — aZx_1)Zk—1 — 0 as n — 00, (4.2.9)
Vi
1 Lo
— (Xk — Oékal)Zkfl —0 as n — 00, (4210)
"=
1 n . 1 n .
— S % -aze ) - X4 Ze) B0 as o, (4.2.11)
C— Cy—
1 n . 1 n )
Sy )<Xk —aXy ) —= Z( )Zk_l 50 as n— o (4.2.12)
n n
k=1 k=1
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To prove (4.2.8), it is enough to check that
lim 1 i(S) E[(Zk — Osz—1)Xk—1] =0, (4.2.13)
n—o0 \/ﬁ P

2

1 . s
lim —E (Z( )(Zk - aZkl)Xk1> =0. (4.2.14)

n—oo M,
k=1

Indeed, if (7,)nen is a sequence of square integrable random variables such that lim,, . En, =
0 and lim, .. En?> =0, then 7, convergesin L, to 0 as n — oco. Since EZ, = aEZ; 4,
k > s+ 1, and the processes X and Z are independent, we have (4.2.13). Using that

Zo=---=/ls 1 =0, we also get

2

) "
E <Z (Z), — aZk_l)Xk_1> = Y E(Zk—aZia)’EX},,  n=s+ L

k=1 k=s+1
Since limy ., EX? = EX2 (sce, e.g., Ispany, Pap and van Zuijlen [19, page 751]), there exists
some L > 0 such that EX? < L for all k € N. By Proposition 3.1.1, limy_ .. E(Z; —

aZy1)? < limy_oo 2E(Z2 + @*Z%_|) =0, and hence

RS
Jim S TE(Z -~z =0
k=1
This yields that
1 i E(Z, — aZp1)’EX}; | < L i E(Z,—aZp 1) —0  as n— oo,
n k=s+1 n k=s+1

which completes the proof of (4.2.14).

In a similar way one can prove (4.2.9) and (4.2.10). For a detailed proof, see Theorem 4.2.2

in Barczy et al. [4]. For (4.2.9), we only note that for all n > s+ 1,

n 2
1 (s) all —a) <&
EE (Z (Z) — aZkl)Zk1> - Z EZ. .,

k=1 k=s+1

which tends to 0 as n — oo, by Proposition 3.1.1.

To prove (4.2.11), using that

R -
P <nh~>I£loE Z (Xp—1 + Zi—1) = EX) =1,

k=1

it is enough to check that
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which can be verified as earlier. Equality in (4.2.12) can be handled in the same way.
Now we turn to prove (4.2.7). Using (2.1.5) and that

1 s -

P(hm— E ()(Xk—i-Zk—,us):EX—/LE):l,

n—oo N,
k=1

1 _
" (Jl—{& n > (Xi+ Z— pe) (X1 + Za) = O‘EXQ) =1

k=1

it is enough to verify that

1 s
R Zo 250 as m — 0o, (4.2.15)
=
jR— Ly
— Xp 171 — 0 as n — 00, (4.2.16)
L
R— L
— 7 =50 as n— oo, (4.2.17)
Vi
R I
— Zy1Zk — 0 as n — 00. (4.2.18)
Vi

To check (4.2.15), using that Zy > 0, k € N, by Markov’s inequality, it is enough to show
that

1 n
lim —— Z EZ, , = 0.
oo /n e

Since, by (3.1.1), EZ,;x = 0a*, k>0, we have
- I 6 "t —1
— Y EZ < =) adf=——— 50 as n— oo (4.2.19)
vn vn — vn o oa-—1

k=s+1

This completes the proof of (4.2.15).

To prove (4.2.16), using that the processes X and Z are non-negative, by Markov’s

inequality, it is enough to show that

n—oo

1 e(s)
lim —— E(X, 170 y) = 0.
1m\/ﬁ; (Xp—1Zp—1) =0

Using that the processes X and Z are independent and limy . EXyp 1 = EX (see, e.g.,
Ispany, Pap and van Zuijlen [19, page 751]), as in the proof of (4.2.8), it is enough to check
(4.2.19), which was already done.
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Using Proposition 3.1.2; by similar arguments as earlier, one can check (4.2.17) and (4.2.18).

Finally, using (4.2.5) and (3.3.3), we get

-~

V(0 — 1im 0,) = —v/n(@n — @)Yao1 = Vilfiep — pc)

k—o0
\/ﬁ(an - O‘)
o [
ﬁ(ﬁs,n — He)
and hence, by (3.3.4), we have (3.3.5). This completes the proof. O
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