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Abstract

We consider infinite parametric families of high degree number fields composed of quadratic
fields with pure cubic, pure quartic, pure sextic fields and with the so called simplest cubic,
simplest quartic fields. We explicitly describe an integral basis of the composite fields. We
construct the index form, describe their factors and prove that the monogenity of the compos-
ite fields imply certain divisibility conditions on the parameters involved. These conditions
usually can not hold, which implies the non-monogenity of the fields.

The fields that we consider are higher degree number fields, of degrees 6 up to 12. The
non-monogenity of the number fields is stated very often as a consequence of the non-existence
of the solutions of the index form equation. Up to our knowlegde it is not at all feasible to
solve the index form equation in these high degree fields, especially not in a parametric form.

On the other hand our method implies directly the non-monogenity in almost all cases.
We obtain our results in a parametric form, characterizing these infinite parametric families
of composite fields.

1 Introduction

Monogenity of number fields and the existence of power integral bases of type {1,qa,...,a" '}
is a classical topic of algebraic number theory. The coefficients of the generators of power integral
bases are obtained as solutions of the corresponding index form equations cf. Section 2.
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There are algorithms for the resolution of index form equations in given specific low degree
number fields (for degrees 3 and 4 and some tedious methods for degrees 5 and 6) and in some
special type of higher degree number fields see [6].

We also succeeded to solve the index form equation in certain infinite parametric families of
number fields, using the solutions of a corresponding family of Thue equations or using congruence
considerations. Remark that very often we considered parametric families of number fields, whose
integral bases were not known in a parametric form. In those cases we considered the problem of
monogenity in the corresponding equation order.

We considered composites of number fields of coprime discriminants in [5] showing a suitable
factorization of the index form in this case. In [8], [7], [15] the authors considered composites of
equation orders of number fields and proved that under certain congruence conditions on the
defining polynomial these orders are not monogenic.

In some recent papers [9], [11] the authors developed a new and efficient technics to consider
monogenity in infinite parametric families of higher degree number fields. The most
important features of this method are that

—the integral bases are determined in a parametric form,
—the factors of the index form are explicitly calculated,
—some linear combinations of these factors are shown to have some non-trivial divisors.

In case a power integral basis (that is a solution of the index form equation) exists, these
imply some divisibility conditions on the parameters. These divisibility conditions are usually not
satisfied, whence the fields are not monogenic.

Note that our algorithm to determine an integral basis is based on standard methods cf.
[.Stewart and D.Tall [17], J.Cook [4]. We use this algorithm for parametric families of number
fields. The explicit calculation of the factors of the index form requires a very careful procedure
because of the high degree, the parameters and the large number of variables of the index form.

In our former results [9], [11] we used this method to pure fields (up to degree 8) and to
the family of simplest sextic number fields. Here we considerably extend our method and apply
to composits of number fields up to degree 12. Up to our knowlegde this is the first time that
monogenity of such high degree fields are completely characterized.

In the present paper we present an integral basis and obtain conditions on the mono-
genity in composites of

e quadratic fields and the simplest cubic fields (degree 6)
e quadratic fields and pure cubic fields (degree 6)

e quadratic fields and pure quartic fields (degree 8)

e quadratic fields and the simplest quartic fields (degree 8)
e the field Q(iv/3) and pure sextic fields (degree 12)

In each case we consider monogenity in the ring of integers of the composite field.



2 Power integral bases and monogenity of number fields

Here we shortly recall the concepts connected with monogenity of fields [6], what we shall use
throughout. Let a be a primitive integral element of the number field K (that is K = Q(«)) of
degree n with ring of integers Zy. The index of « is
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where Dy is the discriminant of K and o denote the conjugates of a.
If B={b =1,by,...,b,} is an integral basis of K, then the index form corresponding to
this integral basis is defined by
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(where bgi) denote the conjugates of b;). This is a homogeneous polynomial with integral coefficients
of degree n(n — 1)/2. For the integral element

[(Xa,..., X,) = (08 = )X + .+ (0 = 0 X, )

a=1x1+byxrs+ ...+ bz,

(with 1, ...,2, € Z) we have
Ia) = [I(zg,...,z,)]
independently of z;. The element o generates a power integral basis {1,q,...,a" '} if and
only if () =1 that is (xq,...,x,) € Z" ! is a solution of the index form equation
I(xg,...,7,) =%1 in (2y,...,1,) € Z" " (1)

In this case the ring of integers of K is a simple ring extension of Z, that is Zx = Z[a] and K is
called monogenic.

In our following statements and tables for brevity we do not display the discriminants of the
number fields involved but they can be easily calculated from the discriminants of the generating
elements and the structure of the integral basis.

3 Composites of
quadratic fields and the simplest cubic fields

Throughout this section we assume that
n,m are integers,n # 0,1, such that n,m?+3m + 9 are squarefree and coprime. (2)

In this section we consider the composite field K = Q(a, #), where
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a isarootof f(x)=a?—n,
B isaroot of g(x)=a*—ma®— (m+3)z—1.

The fields M = Q(p) are called simplest cubic fields, see [16].

Theorem 1. An integral basis of K is given by

, a+1 aB+ B af?+ 3
2 2 2

{1,ﬁ,ﬁ }, if n=1 (mod 4),

{1,ﬁ,ﬁ2,&,aﬁ,aﬁ2} , if n=2,3(mod 4).

Proof.
It is well known that an integral basis {1,w} and the discriminant Dy, of L = Q(«) are

w=(14++n)/2, Dp=n if n=1 (mod 4), (3)
w=+/n, D, =4n if n=2,3 (mod 4).

More over, if m? 4+ 3m + 9 is squarefree then an integral basis {1, d;,d2} and the discriminant Dy,
of M = Q(p) are
01 =B, 6 = %, Dy = (m* +3m + 9)°.

The discriminants Dy, Dy, are coprime, hence the composite field K = LM has integral basis
{1, 61,62, w, 1w, dow} with discriminant Dy = D3 - D3,
(Il

Theorem 2. If K is monogenic then
nl(m*+3m+9)+1 and (m*+3m+9)|n*+1, if n=1 (mod 4),

n|(m*+3m+9)+1 and (m?*+3m+9)|64n>+1, if n=23 (mod 4).

Throughout the paper the 4 signs in the divisibility relations mean that the condition must
hold either with + or with —.

Proof.
The conjugates of a and S are
-1

Oé(l) = \/ﬁv Oé(2) = _\/ﬁa /8(1) = 57 ﬁ(2) = m7 6(3) =

Set
LD = LD (X, .. Xg) = X1 + X009 + X369 + X0 + X506V 4+ X6y,
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fori=1,2;5=1,2,3. Let
F1 =

( ) ( )
( ) ( )
F2 — (L(l’l) o L(2,1)) (L(1,2) o L(2’2))
( ) ( )
( ) ( )

F3 — L(l 1) L(2,2) L(l 1) L(2 3) L(l,?) . L(Q 1)
L2 p23)) (13) _ (21 (L(1’3) iy ge; 2))
We find that
E(Xg,...,Xg;) = f;- Gi(XQ,...,XG) (z =1,2,3)
where

f1:m2+3m+9=\/|D12\4|a f2: \/ |D%|7 f3:1

and G; = Gi(Xa, ..., Xe) (i = 1,2,3) are primitive polynomials with integer coefficients. By
fifafs = VDl
the index form equation corresponding to the given integral basis of K is just
Gi(xa,...,xg) - Go(wa, ..., x¢) - G3(wa,...,76) = 1 in xo,..., x4 € Z.
If K admits a power integral basis, then there exist xs, ..., x¢ € Z satisfying this equation, that is
Gi(zg,...,m¢) =x1 (i=1,2,3),

or equivalently
E(SL’Q, ce ,.1’6) = :l:fl (Z = 1, 2, 3)

Direct calculation of the factors show that the polynomials Fy + F3 and FZ — Fj have integer
coefficients and

n‘Fl(Xg,...,XG)+F3(X2,...,X6) and (m2+3m+9)|F22(X2,,X6)—F3(X2,,X6)

This immediately gives
n|fi £ fz and (m? +3m + 9)|f2 £ fa.

in case of a solution, which implies the assertion of Theorem 2.
(Il

4 Composites of
quadratic and pure cubic fields

Throughout this section we assume that
n,m are integers n,m # 0,1,
n is squarefree, m is cubefree and ged(n,m) € {1,2,3}, (5)
m = uv® with squarefree, integers u,v, with (u,v) =1, and 2,3 Jv.

In this section we consider the composite field K = Q(a, ), where
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Theorem 3. According to the behaviour of m,n mod 36, an integral basis of K is given by the

following table.

o

B

is a root of f(x) = 2? —n,

is a root of g(z) = 2% —m.

n mod 36

m mod 36

integral basis

1,5,13,17,25,29

1,10,17,19,26,35

a+1 (a+1)B (a+1)(B2+uv?s +v?

) )

2 2 2
{1751/3 +uv?B+v

)

3v 2 2 6v
2,3,5,6,7,11,13,14, 82 a+1 (a+1)8 (a+1)82
1,5,13,17,25,29 15,21,22,23,25,29, LB
30,31,33,34
2 2 2 2 2 2
2,7,10,11,14,19.22, | | |- 0o {1,57W7a7a5,w}
23,26,31,34,35 6 3v 3u

2,7,10,11,14,19,22,
23,26,31,34,35

3,5,7,11,13,15,21,
23,25,29,31,33

2 2
{L@%maﬂ,%}

2,10,14,22,26,34

2,6,14,22,30,34

{L@ﬁa,aﬁ,aﬁ}
v

2v
B2 + wv?p + v? a(B? + uv?p + 4v?)
2,10,14,22,26,34 10,26 LB ———(——.a,ap,
b b b b b b 3U 6U
B (a+1)p?
7,11,19,23,31,35 2,6,14,22,30,34 {1: B, Pk al, T
B2 + uv?p + v2 (e + 1)(B2% + uv? B + 40?)
7,11,19,23,31,35 10,26 LB, s, af,
9 9 b b 9 b 3,U 6,U
1 g B2 Hw?Bro? (B —u) B +uv?ftu?)
3,6,15,30 1,17,19,35 .8, " Yo =, ”
ﬂQ a(ﬂ2+uv2ﬂ+v2)
3,6,15,30 5,7,11,13,23,25,29,31 {1,,3, PRk ap, I
B2 a3 }
LB, — 0B, ——
3,6,15,30 3,15,21,33 { B~ ol —




n mod 36 m mod 36 integral basis
L g BwBae? o bl (a4 3)(Bou) (ot 1)(E +u?pto?)
21,33 1,10,17,19,26,35 B, ™ T 5 , o
2,5,7,11,13,14, {1 8 B2 a+l (a+1)B (a+3)(8° +uw?B+v?) }
21,33 22,23,25,29,31,34 w2 2 6v
18 82 a+1l (a+1)8 (a+3)ﬁ2}
21,33 3,6,15,21,30,33 B Ty T ey
1.8 B2+vB+v? a(f+2) aff®+ 2076 + 6v?)
b b 7a7 b
6,30 10 " 3 ”
B2 a(B? + uv?B + 4v?)
6,30 2,14,22,34 1,5, oo ap, o
B a?
17 s T Oy [
6,30 6,30 { B il af 6
B2 + 2028 + v? a(B+1) a(B?+ 2026 + 4v?)
6,30 26 1,8, s ,
) 3v 3 6v
B2+ v2B+v2  a(B+2) a(B?+2028+6) + B2 + 4026 + 4v?
3,15 10 LB, yes ,
) 3v 3 6v
B2 a(ﬁz +uv25+4v2) + 332
3,15 2,14,22,34 {L B, et ap, 6o
B (o +3)p? }
17 y T s &y )
3,15 6,30 { B il ap 6o
{1 g B2 +o?  aB+]) (a+1)(p +2v2ﬁ+4v2)}
3,15 26 .8, ™ Yo =, o
Proof.

An integral basis {1,w} and discriminant D of L = Q(«) are given in (3). An integral basis
(1,41, 92) and discriminant Dy, of M = Q(f) are given (cf. [3], Theorem 6.4.13) by:

2
{1,5, 6—} , Dy = —27u*0? if u? # 0? (mod 9),
v

(6)

{1,57 v + uv?p + B2

" } , Dy = —=3u*? if u? =v? (mod 9).

Denote by Dg/r, and Dy the relative discriminants of K over L and M, respectively. We have
(cf. [14])
Dk = Npjo(Dk/1) - D}, Dg = Nuyo(Drymr) - D3,. (7)

We have ged(m,n) = 1,2,3. Denote by v,(k) the exponent of the prime p in an integer k. Set
up = u/ (2723 ny = n/(2v2M3%(M) The above discriminant relations imply

3nj(ugv)*| D .

On the other hand {1, 6y, d2,w, djw, daw} is a basis in K (not necessarily integral basis), whence
Dy divides the discriminant of this basis:

Dg|D3 D3,



Therefore Dy must be of the form +2"3*njugv*. Following the algorithm of [4] in order to obtain
an integral basis, we start with the initial basis {by,...,bs} = {1, 01,02, w, 61w, dow} and we test if
its discriminant can be reduced by a 2-factor or by a 3-factor by interchanging one of its elements
by a new element.

For p =2 and p = 3 we perform the following procedure separately. Let

Abr + . 4 Aebg
W= .

p (8)

We let \; (i =1,...,6) run through {0,1,...,p — 1} and calculate the defining polynomial of p:

YT QNI WAC)

1=1

Here bg-i) denote the conjugates of b;. For each \; (i =1,...,6) this polynomial can be written as

F(a:'):xﬁ—l—ﬁxs’—i-...—l—e—;x—l—e—g
p p p
with integers es ..., e1, eg depending on m and n. We calculated for which values m(modp®) and
n(modp®) does this polynomial have integer coefficients, that is for which values m(modp®) and
n(modp®) we have

es = 0 (modp),
er = 0 (modp®),
eo = 0 (modp®).

For the selected pairs m(mod p°) and n(mod p°) the basis element having coefficient A; = 1 can be
replaced by the above element y to diminish the discriminant by a p? factor. (Any non-zero ); can
be transformed into \; = 1 by multiplying (8) by the inverse of \; modulo p and by subtracting a
suitable integer element.)

This procedure is continued with p until no reduction of the discriminant of the basis is possible.
Then the same procedure is performed for the other value of p, as well.

Finally we combine the basis {b1,...,bs} of the 2-maximal order and the basis {fi,..., fs} of
the 3-maximal order of K into a basis of the maximal order of K.

First we remark that we choose the basis elements b; and f; so that in the numerator of b;
and f; the coefficient of 27! is equal to 1 and the coefficients of z?, 2'™!, ... are equal to 0. We
construct the integral basis h;y = 1,hs,...,h, of K with the same property. Assume that b;
has denominator 2¥2 and f; has denominator 3. Calculate yo and y3 with 2%y, = 1(mod 3*2)
and 3%y; = 1(mod 2*2). Then x = 22y, + 3%y; is a solution of the system x = 1(mod 2*2),
x = 1(mod 3*3). We also have z = 1(mod 2*23%3). We set

y33F3 (272;) + Y2272 (3% f;)
oRa3hs

h; = ysb; + yafi =



which is an algebraic integer. The coefficient of ="' in A/ is

- Y33k 4 yo2k2
Gl = T okgks

The numerator can be written as 1 + £ - 2¥23% (with an integer £), hence

1

Ci_1:21€2—3k’3+£

We set h; = h; — (z*~! which is also an algebraic integer. In the numerator of h; the coefficient of

2'~! is equal to 1 and the coefficients of 2*, z**!, ... are equal to 0.
We show that b; can be expressed as a linear combination of (1,z, ..., 272 h;) (the same holds
for f;) which proves that {h; = 1, hs, ..., h,} is indeed an integral basis, being a 2-maximal order

and a 3-maximal order of K.
We make use of 3*y; = 1(mod 2*2) here, which implies 3*y3 = 1+ ¢2* with an integer ¢. We
have
3 h; = y33"b + 13" fi = (14 q2')bi + 923" fy = by + ¢2"20; + 23" fi.

Observe that 2¥2b; and 3 f; is a linear combination of (1,z, ..., 2" 1) with integer coefficients. We

have . .
bi € L(1,z,..., 0" R C L(1,z,..., 2% hy)

since the coefficient of z~! in the numerator of h; is equal to 1. (£ denotes the set of the linear

combinations with integer coefficients of the elements involved.) This implies our assertion.
Finally we collect those pairs m,n for which we obtained the same type of integral basis.

O

Remark. The above method obviously works for any distinct primes, as well.

Theorem 4. If K admits a power integral basis, then the following divisibility conditions must
hold:



Proof.
Let

with € = exp(27i/3). Assume that {b; = 1,bo,.
of the integral basis are composed of a and [ hence it is unique to denote the conjugate of by

n mod 36 m mod 36 1 2
1,5,13,17,25,29 1,10,17,19,26,35 | n|3m>£1 | m | £1
2.3.5.6,7,11,13, 14,
1,5,13,17,25, 29 15,21,22,23,25,29, | n|2tm2+1 | 9m|n®+1
30, 31, 33, 34
3’37’2(13051514%9’ 22, 1,17,19,35 dn|3m?+£1 | m|64n® £1
9.7.10,11,14.19,22, | 3.5,7.11,13,15, 21, , ;
93,26, 31, 34,35 93,25, 29, 31,33 4n | 27Tm® £ 1| 9m | 64n° £ 1
2.7.10,11, 14,19, 27> .
2593 96,51, 3135 2,6,14,22,30,34 | 4n| == 2| 9m | 16n° &2
2.7.10,11,14, 19, 32 .
25 93,96, 31, 54. 35 10,26 dn| - £2 | m|160° £2
1 64n®
3,6,15,30 1,17,19,35 ?n|m2i3 3m | ——— £ 3
3,5,7,11,13, 15, ) 64n3
3.6,15, 30 ) b3 0590 31 93 | An|9m®E3 | om| T x5
n 2 n3
21,33 1,10,19 Slmies | 83m| 3
2.3.5,6.7,11,13, s
21,33 14,15,21,22,23,25, | n|9m?=3 | Om | +3
29. 30,31, 33, 34
n., o n?
21,33 17,26, 35 Slmies | om|o+3
1 2 1613
3.6,15, 30 10,26 g\%iﬁ 3m | —L 46
92 1613
3,6,15, 30 2,6,14,22,30,34 | 4n | % 6 |9m | 9” +6

Oé(l) = \/ﬁu 04(2) = _\/E 5(1) = %7 /8(2) = 8%7 B(?)) = 82%

corresponding to a? and Y by bS’j) (i=1,27=1,2,3). Set

Using the L) we construct the same polynomials Fy, Fy, Fj like in (4). We write these polynomials

I, (9)

in the form

Fi(Xa,...

= LO(X), Xy, ...

7X6) = fZ GZ(X27

10

, X6) (1=1,2,3)

..,bg} is an integral basis of K. The elements

Xe) = X1 4+ 057X, + .+ 0 X




where f; are integers or square roots of integers with (f; f2f3)? = |Dx| depending on the parameters
only and G; are primitive polynomials with integer coefficients. Then the index form equation
corresponding to the basis {b; = 1,bs,...,bg} can be written as

Gl(ﬂlg,...,ﬂ?@)'GQ(IQ,...,SL’@‘)'G3(I‘2,...,$6) ::l:l, in To,...,Tg EZ,

that is
Gi(x27 cee ,(L’G) =41 (Z = 1,273),

or equivalently
F‘Z’(ZEQ, ce ,[L’G) = :I:fZ (Z = 1, 2, 3)

If a power integral basis in K exists then there exist xs, ..., x5 € Z satisfying the above equations.
Calculating the explicit form of the F; in each case of the integral basis we always have

n|F1<X27 SR JXG) + F3<X27 s 7X6) and m‘F22<X27 s 7X6> - F3(X27 B 7X6>7

where again the polynomials I + F3 and F? — Fy have integer coefficients. These imply the
divisibility conditions of the Theorem.
O

5 Composites of
quadratic and pure quartic fields

Throughout this section we assume that

n,m are squarefree integers,n,m # 0,1,
ged(n, m) € {1,2}, (9)
if m=n, thenm =n ¢ {-2,—1,2}.

In this section we consider the composite field K = Q(«, ), where

a isaroot of f(x)=2a?—n,

is a root of x)=z*—m.
g

Theorem 5. According to the behaviour of m,n mod 8, an integral basis of K is given by the
following table:
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n mod 8 m mod 8 integral basis
1,5 2,3,6,7 1,p,82 g% 0T Bath Bra+ 8% Ba+p?
, B85 BN PR 2
1,5 1 15 B2+ BB+ +1 atl path pPatpitatl ot fitplatpiBatBrat]
’ e 4 T o 4 ’ 8
s 5 18 B24+1 B2+ a+l Ba+pB Bla+pZ+a+1 BPa+ B2+ Ba+ B
) s Py B 2 ) 5 B 2 3 1 ) 1
26 N g B2t B 641 pata flata flatpletpata
’ v M 2 ’ 4 ) Oy 2 ) 2 ) 4
26 5 g B2+1 PP+8  pata flata platplatpata
) EN=) By 3 By y Oy By 5 2 5 1
3,7 2,6 1,8, 82 Bsaﬁ3+ﬁa+ﬁ B2a+ 82 B3a+ B3
? ’ £ £l £ £ E) 2 E) 2 ) 2
3,7 3.7 1,8,8% 8% B2 +a B34+ Ba BZa+1 B3a+p
’ ’ £ E) £ £ 2 k) 2 E) 2 ) 2
a7 L v B2+1 B2+ B2 +B+1 L BatBtatt B2a+ B2 +28+3a+1 B3a+tp2a+tBata
, B " o, 5 , . , .
3,7 5 1, B2 BPHB  patpratl Blata BlatpitplatpiiBatBrot]
) s Py 2 5 2 5 Oy 2 5 3 s 1
3 B2+a B3+Ba B2a+2 B3a+28
2 2 1,8, 8%, 8%, , , ,
{,[w L . " -
2 3 1g, g2 g5 Flata B2+Batl B2+ p% 48 Blat26°+platfatat?
BB B ——, 5 , 5 , ;
2 6 1,5, 82, 6° B%+a B3+ Ba ﬂ B3a + 283 + 28
BBS B o .
2 7 1 g g2 gs PPet2B e B4 Batl pT4ptath fPat26% 4o
.B,8°,8%, 2 ) 3 ) 5 , .
6 2 1.8,6% 8° B> +a B°+Ba apf® Bla+28% 428
B8R B e .
6 3 1p g2 g8 Blata B24Batl B2+ p% 4B Blatplat2p’tpatpta
BB BN ———, 5 , 5 , T
2 3 2 3
2 3 BPH+a B+ Ba BPa+2 Ba+28
6 6 1,8, s 5 5 s 3
{ pemp 2 2 4 4
6 7 1,8,82,8° 283 + B2a+a BZ+Ba+1 B2 +B%a+8 B3+ Ba+2
T 4 ’ 2 ’ 2 ’ 4
Proof.

An integral basis {1,w} and discriminant Dy of L = Q(«) are given in (3). An integral basis
{1, 09, 03,04} and discriminant Dj; of M = Q(f) are given by (cf. [9]):

{1,8,8%, 8%}, Dy = —256m3, if m=2,3 (mod 4),

14+6% 1+ 646+

5 1 , Dy = —4m?, if m =1 (mod 8),

175’

1+5 p+5°

1
7/87 2 Y 2 Y

Dy = —16m3, if m =5 (mod 8).

Starting from the initial basis {1, ds, 03, 04, w, daw, 03w, dsw} we obtain an integral basis of K using
the same procedure like in the proof of Theorem 3.

Theorem 6. If K admits a power integral basis, then the following divisibility conditions must
hold:
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n mod 8 | m mod 8 1 2 3 4 5 6
1,5 2,3,6,7 n|16m2+1 | n|l6m=*1 8m | nt£1 8m|n?+1 8m|1+1 1024m3 | m?2(256 % 256)
1,5 1 n|m?+1 nldm+1 m|nt+1 m|n?+1 m|1+1 16m3 | m2(16 + 16)
1,5 5 n|m?+1 n|16m+1 m|n*t+1 4m | n?®+1 m|1+1 16m3 | m2(16 + 256)
2,6 1 dn|m24+1 | 2n|2m+2 | m|64n*+1 | 2m |82 £2 m|1+4 4m3 | m2(16 £ 4)
2,6 5 dn|m2+1 | 4n|4m+4 | m|16n*£1 | 4m|4n?+£4 | m|1£16 16m3 | m2(16 & 16)
3,7 2,6 dn |4m? £4 | 2n|8m+2 | 16m |4nt+4 | 8m|2n2+2 | 16m |4+4 256m3 | m2(64 + 64)
3,7 3,7 n|m?2+16 | n|lé6m=+1 m | n*+16 8m | n?+1 m|16+1 16m3 | m2(16 + 256)
3,7 1 dn |m? +1 n|m+4 m|16n*£1 | 4m|4n2+4 | m|1£16 m3 | m2(16 £ 1)
3,7 5 dn|m?2+1 | 8n|d4m+4 | m|16n*£1 | 8m|4n?+4 | m|1+£16 16m3 | m2(16 & 16)
n m2 n m TL4 n2 m 3 2
2 2 — | —+64 | —|16m*+1 | —|-—+64 | 8m|—x1 | —|64£1 2m3 | m2(4 % 256)
2 4 2 2 16 4 2
n4 n2 -
2 3 8n|4m?2+4 | n|2m=*8 8m|Zi4 2m\?i8 4m |4+ 64 4m3 | m2(64 £ 4)
n4 n2
2 6 2n|m?24+16 | n|8m+2 2m|z:|:16 8m\7:t2 2m | 16 £ 4 8m3 | m2(16 4 64)
2 n nt n’ 30,2
2 7 8n | 4m? £ 4 5|m:ﬁ:16 m|T6i4 m|I:|:16 4m | 4 £ 256 m? | m?(64£1)
4 n2
6 2 2n|m?2+16 | n|8m+2 | 2m|— £16 Sm\?ﬂ:Q 2m | 16 + 4 8m3 | m?(16 + 64)
n4 n2
6 3 8n|4m?2+4 | n|2m=*8 8m|Zi4 2m\?i8 4m |4+ 64 4m3 | m2(64 £ 4)
n m2 n m TL4 n2 m 3 2
6 6 —|—£64 | = |16m*1l | —|-—464 | 8m|—+1 | — |64%1 2m3 | m?(4 + 256)
2 4 2 2 1 4 2
2 n nt n’ 30,2
6 7 8n | 4m? £4 5|mj:16 m|1—6:|:4 m|I:|:16 4m | 4 £ 256 m3 | m2(64 £ 1)

Note that the formulas like m|0 do not yield any restriction for m, but in all other situations
columns 5 and 6 yield only a few possible values for m, and also for n by columns 1 and 2.

In most of the cases column 5 implies that there are only a few possible values of m and n if
K is monogenic.

Corollary 7. If K is monogenic and (n (mod 8),m (mod 8)) is contained in one of the sets
(1,5} x {5}, {2,6} x {1,2,3,5,6,7}, {3.7} x {1,3,5,7},
then
Im| <130 and |n| < 32|m|+ 32.

This yields that the statement is valid in all cases of the above table up to lines 1, 2 and 6.
Note that our Corollary above uses only columns 2,5,6 of the above table.
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In a recent paper [10] the authors considered monogenity of fields of type Q(i, v/m) for square-
free integers m = 2,3 (mod 4). Our theorem allows us to extend this result to the case m =
1 (mod 4), since in these cases m|l + 16 must be satisfied:

Corollary 8. If m is squarefree integer, |m| # 1,3,5,15,17 then Q(i, \/m) not monogenic.

We conjecture that the octic fields Q(i, v/m) with m = 43, £5, +15, £17 are not monogenic,
either. (The fields with m = %1 are not octic fields.)

Proof of Theorem 6.

Let
Q(l) = \/57 06(2) = _\/57 /8(1) = %7 6(2) = Z%a 6(3) = _%7 6(4) = _Z%

Assume that {b; = 1,bs,...,bg} is an integral basis of K. The elements of an integral basis are
composed of a and 3 hence it is unique to denote the conjugate of by corresponding to a® and
B by b (i =1,2;5 =1,2,3). Set

L) = LOD(X1, Xo, ..., Xe) = Xi + 057 Xo + ..+ 0§ X,

Using the L) we construct the polynomials Fy, F», Fy, Fy, F5 in the following way:

o= (LOY - L(m)) (L2 — 09 ( L(m) LAY (L0 [a)

( @D _ ) (L(zz 23)) ( iy ge 4)) (L(2,4) _ L(2,1)) ’
Fy = (L(l 1) 13)) (L _ 14 ) (L(2 1) ) (L(2,2) _ L(2,4)> ’
Fy = (L(l D _ (2 1)) (L _ 122 ) (L (1,3) ) (L(1,4) _ L(2,4)> ’
F, = (L 1,1) _ ) (L(ll 24)) (L _ @D ) (L(I,Q) _ L(2,3))
(L 13) _ ) (L(l 3) 24)) (L _ @2 ) (L(1,4) _ L(z,s)) ,

Fy = (L(Ll) _ L(2’3)) (L(1’2) _ L(2’4)) (L(1’3) _ L(Q’l)) (L(1’4) _ L(2’2)) )

We find that
Fi(Xa,...,Xs) = fi - Gi(Xo,..., Xg) (1=1,...,5),

where f; are integers or square roots of integers with (f ... f5)? = |Dg| depending on the param-
eters only and G;(Xs,...,Xg) (i = 1,...,5) are primitive polynomials with integer coefficients.
Then the index form equation corresponding to the basis {1,b,...,bs} as given in Theorem 5 is
equivalent to

Gi(zg,...,x8)...Gs(xg,...,28) = £1, in x9,...,28 € Z,

that is
Gi(l’g,...,fﬁg) =41 (Z: 1,.‘.,5),

or equivalently
E(ﬂ?g,...,l’g) ::i:fl (Z: 1,,5)

14



If a power integral basis in K exists then there exist xo, ..., xg3 € Z satisfying the above equations.
Calculating the explicit form of the F; in each case of the integral basis we always have

nypl_F47 n’F2_F57 m‘Fg_F% m‘F?)_FE)? m’F4_F527 m3’16F1_F227

where the polynomials involved have integer coefficients. These imply the divisibility conditions
of the Theorem.
([

6 Composites of
quadratic fields and the simplest quartic fields

Throughout this section we assume that

n,m are integers,n # 0,1, m # 0,£3 such that n is squarefree,
mo = m? + 16 is not divisible by an odd square, ged(n,mg) € {1,2}. (10)

In this section we consider the composite field K = Q(«, ), where

a isaroot of f(z)=a?—n,
B is aroot of g(x)=a* —ma® — 622+ mx + 1.

The fields M = Q(p) are called simplest quartic fields, see [12].

Theorem 9. According to the behaviour of n mod 8, and m mod 16 an integral basis of K is given
by the following table:
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n mod 8 m mod 16 integral basis
2 2 3 3
15| 1,3,5,7,9,11,13,15 {1552 B+l a+l fatp pPatf’ FPa+tp +a+1}
2 2 2 2 4
2 3 2 2 3 3
15 2,6,10,14 {1 5 B +1,5 +8 atl fatp fPatPratl FatB +Ba+l3}
2 2 2 4 4
w b {15 P21 f+p+p+l atl fatf fatfitatl 53a+ﬁ3+ﬁ2a+ﬁ2+ﬂa+6+a+1}
b b b b 4 b 2 b 2 b 4 9 8
15 0.8 1552+26+3 B34+368+2 a+1 Ba+pB B2a+pB2+2Ba+28+3a+3 B3a+B3+3B8a+36+2a+2
) ) ) 4 ) 4 ) 2 ) 2 ) ] s 3
3 1 3
2,6 1,3,5,7,9,11,13,15 {1’5,5276 + ,a,aﬁ,aﬁQ,B a2+a}
2 3 2 3 2
2,6 2,6,10,14 {1 B,B +1,ﬂ +B7 ’5C¥+a7ﬂa+a7,8a+ﬁa+ﬁa+a}
2 2 2 4
? ! {15 Pl P+l 42842048 4P 42atArdats frPat B 58 4ats 53a+52a+252+ﬂa+a+2}
' 4 ’ 4 ’ 3 ) S
2 12 {1ﬁ’82+1 B2+p82+8+1 B24+28+2a+3 ,33+,32+2ﬂ0¢+5ﬁ+2a+1 53+,32Oé+3,32+5ﬂ+o¢+7 Ba+ f2a+ 28 + Batat2
7 ’ 4 ’ 4 ’ 8 8 8
2 0 1ﬂ62+2[3+3 B 1384+2 148+a B3+B82+28a+58+2a+5 B3+ B82a+82+28a+98+3a+5 Ba+28+ B2a+98a+ 148 +5a + 4
R S R T 8 ’ 8 ’ 16
2 8 1 B3 43842 14 Bra fata f14FPatf? 200 +98+3a+5 FatfPat9ata
) 4 ) 4 ) 2 5 2 B A R 5
6 4 1.8 ﬂ2+1 Frp2+ptl f2+28+2a+3 fata f5+p%a+38+56+atT flatflat2ptphatadt?
I K 4 I 4 b 2 ) 8 8
6 12 {1552-{-1 53+ﬁ2+ﬁ+1 52-‘1-25-‘(‘20[-’-3 50&+(X B3+52a+52+56+0¢+5 5304+,32a+2ﬂ2+5o¢+o¢+2}
: ’ 4 ’ 4 Ty 8 8
6 0 1,5 B2 +28+3 B2+36+2 1+48+a fata B+p%a+p2+28a+98+3a+5 flatpPa+t9fadSa
o 4 ’ 4 T T 8 ’ 8
6 8 1 2643 B304 14B+a B 4B +20a+58+20+5 F5+ FPatf’+260+95+3a+5 Fa+t et 26 +136a+45+9a+ 14
b k) 4 K 4 b} 2 9 8 5 8 s 16
1 3
3,7 1,3,5,7,9,11,13,15 {1 552, B? + aapop?, P a2+a}
3,7 2,6,10,14 1,8 52+1 B +8 53+/32+36+2a+1 ﬁ3+62+25a+5+3 62a+/32+26+a+3 Bla+ B + Bor+ 38 +2
7 B ’ 2 4 4 4 4
3,7 4,12 {15/32“ Birp2p+l  patBrotl fPatpiratl PatfPrplat3s?yfatftats
) ) ) ) 4 , Oy 2 s 1 s S
37 08 {1Bﬁ2+26+3 B2+38+2 Ba+B+at+l pa+2B8a+3a 53a+53+52a+ﬁ2+5ﬁa+55+9a+9}

’ 7a’ I’ k)
4 4 2 4 8




Proof.

An integral basis {1,w} and discriminant Dy, of L = Q(«) are given in (3). According to [13],
under the conditions of our theorem an integral basis {1,ds, 03,04} of the simplest quartic fields
are given by

{1)/87/82) ! _;63 s if V2<m> = 07
s B2 T it ) -1,
{17/871_;6271+B+452+53 s if V2<m):27

2 2 3
{1,@, 14265 ,1+ﬁ+5 5 } if vy(m) > 2.

4 4
The discriminant of g(z) is 4m3. The conditions on n and mg imply that the discriminant of K
is divisible by nim? where m; = mg/2"2(m0) n; = n/2*2(") (similarly as in (7)). Starting from the
initial basis {1, d3, 93, 04, W, dow, d3w, d4w} we obtain an integral basis of K using the same procedure
like in the proof of Theorem 3. Reducing the discriminant of the above initial basis we only have
to deal with 2-factors.
O

Theorem 10. If K admits a power integral basis, then the following divisibility conditions must
hold:
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n mod 8 m mod 16 1 2 3 4 5 6
1,5 1,3,5,7,11,13,15 n|m3+1 n|mo+1 mo | nt£1 mo | n? £1 mo |1+1 m3 | m3(16 + 1)
2 3
1,5 2,6,10,14 n\%:l:l n|dmo +1 %\n“il mo | n? 1 %\111 %\mg(lilﬁ)
2 3
15 4,12 n\%il n|mo+1 %\n‘lil mo | n? 1 %\111 %\m%(lil)
2 3 1
1,5 08 n|%:ﬁ:1 n | dmo £ 1 %\n4i1 mo |n? £1 ";—6()\111 %mg(ﬁim)
2,6,3,7 | 1,3,5,7,9,11,13,15 dn |mZ+1 n|mo=x1 mo | 256n* +£1 | mo | 16n2 £1 mo | 11 m3 | m3(16 + 1)
2 3
2,6 2,6,10,14 4n|%?i1 n|mo+4 %|16n4:|:1 mo | 4n2 + 4 %H:I:lﬁ %\mg(lil)
2 4 2 3 1
2 4,12 P peg | P ime+1 | PO 64 | omo| 1 | D0 y6a+1 Mo mg(,—il
2 ' 1024 2 32 ' 16 4 32 2048 6
2 4 2 3 1 1
2 0 dn | 20 L | DO gy | MO Ly | O gy | M0y 44006 | 20 (2 (£
256 2 16 16 ' 16 16 4 16 4096 16— 256
2 3 1 1
2 8 an |20 41 | 20116 | O ntt1 | mo|n2£16 | T2 |1+256 | —2 |m3<—i—>
256 4 16 16 4096 16~ 16
2 4 2 3 1 1
6 4,12 M| 20 116 | n| 2040 | MO 496 | e X k2 | 0 16+4 m|m3<—:ﬁ:7>
256 2 8 ' 14 2 8 512 16 4
2 3 1,1
6 0 an | 20 11 | ™0 106 | MO ptx1 | mo|n2+16 | 014256 | 0 | mE( -+ —
256 4 16 16 14096 16~ 16
2 4 2 3 1 1
6 8 dn | 20 4 | DO gy | O Ly | O gy | Ty 44006 | 20 (2 (£
0 N
256 2 16 16 ' 16 16 ' 4 16 4096 16— 256
2 3 1
3,7 2,6,10,14 an |20 p1 | ™01 | Oypter | O yp2116 | DO 1+256 ﬂ\m%(li—)
16 4 4 4 4 64 16
2 3 1 1
3,7 4,12 4n|%:|:4 n\%:ﬁ:Q mo | 4nt£4 | mo|2n2£2 mo | 4+4 %\m%(zii>
2 3 1
3,7 08 8|20 11 | nimoxd | O 16nt+1 | moldn2+4 | Z%|1+16 ﬂ|m%(—:ﬁ:1>
256 16 16 256 16

If the right hand term in the divisibility conditions of columns 5 and 6 does not reduce to 0,
there remain only a few possible values for my.

Corollary 11. If (n mod 8, m mod 16) & {1,3,5,7} x {4,12} and K is monogenic, then

Im| < 64 and |n| < 4m? + 192.

Note that our Corollary uses only columns 2,5,6 of the above table.

Proof of Theorem 10.
et 51 1 51
1 — 2 — _ 1) — (2) = 2 B - _ 4 2
o' =4/n, o' = n, = £, =" = —, - -
Vi N R R o A
Assume that {b; = 1,by,...,bs} is the integral basis of K as given in Theorem 9. The elements
of the integral basis are composed of a and 8 hence it is unique to denote the conjugate of by
corresponding to a? and 5 by b,(;’J) (i=1,2;7 =1,2,3,4). We construct the same L(®7) and use
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the analogous factorization of the index form into polynomials F, Fy, F5, Fy, F5 like in the proof
of Theorem 6. Similarly, the properties

n’Fl—F4, n’F2—F5> m0|F32—F4, m0|F3—F5, mo‘FAx—FsQa m3\16F1—F22

(where the polynomials involved have integer coefficients) imply the assertions of our Theorem.
O

7 The composite fields Q(iv/3, {/m)

M.-L. Chang [1] considered the normal closure of pure cubic fields, the number fields Q(w, /m),
where w = €*™/3 and m is not a complete cube. He showed that these fields are not monogenic,
except for m = 2.

In a recent paper [10] the authors studied the analogous problem in the fields Q(4, v/m) and
proved that if m is a square-free integer, m = 2,3 (mod 4), then the field Q(i, v/m) is not mono-
genic. This assertion was extended in Corollary 8 of the present paper.

Using the technics developed in our paper we shall now continue the series of the above men-
tioned results and consider the fields K = Q(w, ¢/m) where w = /3,
Throughout this section we assume that

m is a square free integer,m # 0,+1,—3. (11)

Theorem 12. According to the behaviour of m mod 36 an integral basis of K is given by the
following table
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m mod 36 integral basis
L 15, g B3+1 B +ap2+38+4 %+ 6% +362+48+3 s Brw+ B2 +2w+2 B3w+ B3 +26w+28+3w+3 Blo+46%w + 36w +4w BOw + B3w + 38%w + 4fw + 3w
TR 5 , 5 L wpB, 3 , S , 5 , S
4 4 2 2 5 5 3 3
) {1’5762’BS,B{B;WYW@MBQMBS,ﬁw+ﬁ +2B:J+2B twtl BPw + B +2Bu;+2ﬁ +ﬁw+ﬁ}
3 3 4 4 5 5
3 {15{35ﬁﬂwwﬂw52,5“+ﬁ,’8“+6,ﬁ“+5}
3 3 3
5 18, 82 B3+1 pr+8 B°+p82 . B w8 B3w + w B4w+64+262w+2B2+3Bw+36+4w+4 Bow + 8% +28%w +28% +28%w + 28°% + B2w + B2 + 48w + 48 + 2w + 2
Rt swp® S 5
3 3 4 4 5 5
6 {1Bﬁ,6Bﬂwwﬁwﬂz7ﬁw+ﬁ,ﬂw+ﬂ,ﬁw+ﬁ}
3 3 3
4 4 2 2 5 5 3 3
. {1ﬁﬁ BB B w0, B wB? i, Brw + 8 +/J‘3w+@ +w+1 BPw + B +6c;+ﬂ +Bw+6}
10 15,52, 5 Br+p%2+1 pP+p3+p 5 Brw+p%+20+2 Biw+ B +28w+28 BlutBiutw B+ AW+ Bw
, 3 , 3 ,w, wh, 3 , 3 , 3 , 3
4 4 2 2 5 5 3 3
s Blu+ Bt +28% 4262 fwh1 fowt 7 +26%w +26% + Bu+ 8
11 {ﬂﬂﬂﬁﬂwwﬂ,wﬂ s wp?, 3 3 }
) 2 B34+1 B4 85457 2 Blw+tw Blu+ Bt +48%w+48% +3Bw+3B8+dw+4 BPw+ 85 + 8%+ B + 85w+ B + B+ BT+ Bw Bt w
13 1,8,8 w,wfB,wpl
T T JwB? 5 , p
4 4 2 2 5 5 3 3
14 1,8, QY 3, 47 51 i i 2, 3’B‘U+ﬁ +2B%w + 28 +W+1’B‘U+ﬁ + 28w +28° + Bw + B
{BBBBwaBwaB 3 3
3 3 4 4 5 5
15 {1613 8,4, 8 wwﬁ,wﬁz,ﬁ“’:ﬁ ,ﬁw;ﬁ ,ﬁ“3+5}
17 g g2 Bl A28 438 428 4387448 BPut Bt ] w84 dBw 4B 8w+ 3 Blw 4 20% 4 36w+ 4w BPw + 26% 1 36w + 4P
g 5 , 5 s w, wh, 3 ) S , 5 , 5
1o 15 5%, 0 B+ B2 +1 ﬁ5+63+/3 o wp BPw+ B2 +2w+2 Biw+ B +28w+28 Blutpiutw B+ Bw+ Bw
o1 e B34+1 g4 p°+ 82 . B, B 2w+ 8% + 3w + 3 ﬁ4w+ﬁ4+5ﬁw+3ﬁ Bow + 85 + 382w + 352
2 7 2 7 2 ’ 6 ’ 6 6
4 4 2 2 5 3 3
99 {15[3 5580 5w, i wﬁdyﬁerB +B:+B +w+1 Bow+ B° +5a;+/3 +Bw+ﬁ}
4 4 2 2 5 5 3 3
93 {156 55, 50, 5 . whwp?, wp®, Bt P +26:+2B totl Butp +26c:+2ﬁ +ﬁw+ﬂ}
25 g2, AL BB BOAB o g2 Blute Blut Bl 4B% 487 + 38w +3f tdw 4 Bwt B+ Flut B4 P + B+ FPw B2 FBwt ftw ]
T T , PR 5 , 5
26 1,8, 82 Baﬁ +26% +1 g%+ 253+5wwﬁ Bwt B twtl Bwt B+ But B Brut282wtw Bow+ 28%0 + Bw
, 3 , 3 ,w, wh, 3 , 3 , 3 , 3
29 1,8, 82 B3+1 pt+p8 p°+8° . w8 Brw+ B 4+ 282w+ 282 + 38w +38+4w+4 Bow+B%+28%w 428 +283w +28° + B2w + B2 +4Bw+ 4B+ 2w+ 2 Brw+ Bw Bw+ BZw
Ty Ty e whs 5 , S , S 5
3 3 4 4 5w 5
30 {lﬁﬁﬁﬁﬁwwﬁwﬁ275w+ﬁ,ﬁw+6,ﬁ +B}
3 3 3
4 2 2 5 3 3
2 {166 BB 850w wB? . wh, Blw+ B +53w+13 twtl 85w + B +zau;+/3 +6w+6}
43 15, g2+1 prt+p po+p? B wp? 53w+/33+3w+3 54w+64+3[3w+3/3 B5w + B5 + 38%w + 342
o2 7 2 2 ’ ’ 6 6 6
4 4 2 2 5 5 3 3
24 {lﬁﬁ 5 55w wpwp?, wp, e B +B:+5 twtl fwip +6c;+B +6w+6}
a5 {156 g8 Br+2p2+1 B°+28% +p o8 Brw+ B2 +w+1 BPw+ P+ Buw+p Blo+28%w+tw 65w+253w+6w}
, 3 , 3 ,w, wh, 3 , 3 , 3 , 3




IA)floi?lft‘.egral basis of L = Q(w) is {l,w} and D, = —3. Set f§ = ¥m. An integral basis of
M = Q(¥/m) is given in [9]:
{1,8,8%,8%, %, 8°}, if m=2,3,6711,14,15,22,23,30,31,34 (mod 36),
1,8,2 100 0400 5t L g = 513,21, 25,29, 33 (mod 36),

{1,5,52,53, LSt B L i = 10,19 (mod 36),

1,8, 32, 3, 288t 5e28%% L i = 96,35 (mod 36),
, if m =17 (mod 36),
, if m =1 (mod 36).

1+83  443B8+2B8%4+8* 48+3B%+283+35
{1757/32, 5 44342074 A5430%425% 4+

1+83  4+3B8+48%+8* 3+48+38%+83+8°
{1,5,52, 50 AROPHATIAG AP BS54

The discriminant of g(z) = 2% — m is 263%m°. Let m; = m/(22(™"3%(™)  Similarly as in the
previous proofs m}® divides Dy If {1,8s,...,d¢} is an integral basis of M, then we start from the
initial basis {1, d, ..., 0, w, daw, . . ., dgw} of K and consider possible reductions of the discriminant

of this basis by 2-factors and 3-factors.

O

Theorem 13. If K admits a power integral basis, then the following divisibility conditions must

hold:
m mod 36 1 2 3 4 5
6 7
1,17 m|6561+1 | m|6561+9 | m|81+1 m|9+1 m3 | m2(729 £ 1)
m3 | m2(4096 & 1) m? | m2(4096 & 729)
2,7,11,14,22,2331,34 | m |6561+£1 | m | 656149 | m|81%1 m|9+1 m3 | m2(729 + 81)
m3 | m2(4096 + 4096) m3 | m2(331776 + 2985984)
3
3,6,15,30 D720+9 | Zy720+1 | Zor+s T+ T | m2(81 + 729)
3 3 3 3 27
3 /4096m?2 = 4096m? 3
LA mn m ™ | m? (2085984 + 331776)
27 9 9 27
5,13,25,29 m|6561+1 | m|6561+9 | m|81+1 m|9+1 m3 | m2(729 & 81)
m3 | m2(4096 & 1) m?3 | m2(331776 + 729)
10,19,26,35 m|6561+1 | m|65614+9 | m|81+1 m|9+1 m3 | m2(729 4+ 1)
m?3 | m2(4096 4 4096) m3 | m2(4096 4 2985984)
3
21,33 oir9+9 | D91 | Dyor+3 Mig+1 ™| m2(81 + 729)
3 3 3 3 27
3 /4096m2 | 4096m? 3
Sy m m | m? (2085984 + 81)
27 9 9 27
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Obviously the conditions can only be satisfied by a few values of m, cf. eg. column 4 of the
table. Testing the possible values we find:

Corollary 14. If |m| # 2,3,5,6,10,15,30 then K is not monogenic.

We conjecture that the field K is not monogenic for the above values of m, either. Note that
our Corollary uses only column 4 of the above table.

Proof of Theorem 13.
Let ) .
w(l) _ 1 + Z\/§ . (2) o 1 — Z\/§’

7 YT

Y = Ym-wt j=1,...,6.

Assume that {by = 1,b,...,b12} is the integral basis of K as given in Theorem 12. The elements
of the integral basis are composed of w and § hence it is unique to denote the conjugate of by
corresponding to w® and Y by bg’]) (i=1,2,7=1,...,6). Set

and

L(i’j) = L(i’j)(Xl,...,Xlg) :Xl —Fbgl’])Xg‘F —|'b X12

Using the L) we construct the polynomials F, ..., Fy in the following way:

o= (L0209 (10— 100) (109 E00) (100 - 109) (109 00 (109 - 100
% (L(2 D _ 2 2)) (L(Q 2) _ L(2,3)) (L L(? 4)) (L (24) _ ) (L(25 L(2 6)) (L 2,6) _ (21)
£ = (L(l 1) _ L(1,3)) (L(l,z) L(1,4)) (L ) (L 14) _ ) (L(l 5) ) (L(1,6) 7,12
% (L(Q D _ 2 3)) (L(2,2) _ L(2,4)) (L Jie 5)) (L (24) _ ) (L(25 2 1)) (L(z,(s) 7,22
£ = (L(l ) _ 4)) (L(1,2) L(1,5)) (L ) (L (21) _ ) (L(22 ) (L 2,3) _ 1(26)
£ (L(l 1) L(2,1)) (L(1,2) _ L(z,g)) (L L(? 3)) (L (14) _ ) (L(l 5) L(2 5)) (L 16) _ (26)
o= (L(l 1) L(2,2)) (L(1,2) _ L(2,3)) (L ) (L 14) _ ) (L(15 ) (L 16) _ f(2.1)
% (L(l 1) _ L(Q,G)) (L(1,2) _ L(2,1)) (L L(22 ) (L (14) _ ) (L(l 5) 24)) (L 16) _ 1(25)
Fy, = (L(l 1) _ L(2,3)) (L(l,z) _ L(2,4)) (L ) (L 14) _ ) (L(15 ) (L 16) _ 7/(22)
% (L(l 1) _ L(2,5)) (L(1,2) _ L(Z,G)) (L L(z 1) ) (L (14) _ ) (L(l 5) 23)) (L 16) _ 1(24)
o= (L(1,1) _ L(2,4)) (L(l,z) L(2,5)) (L ) (L 14) _ ) (L(15 ) (L 16) _ 7/(23)

We find that
E(X27---;X12) :fi'Gi(X27---7X12)7 (’L: 1,...,7),

where f; are integers or square roots of integers depending on m with (f; ... f7)? = |Dk| and G;
are primitive polynomials with integer coefficients. Then the index form equation corresponding
to the basis {1,bs,...,b12} is equivalent to

G1<J]2,...7$12)...G7(ZL’2,...,ZE12> =41 in To,y...,T12 EZ,
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that is
Gi(xz,...,.f[}lg) ==+1 (Z = 1,...,7),

or equivalently
E(.’ljg,...,.’lflg) == :i:fl (’L == 1,77)

If a power integral basis in K exists then there exist xs, ..., x5 € Z satisfying the above equations.
Direct calculation shows that

m|F; —Fs, m|F} —Fs, m|Fy—F, m|F5— F,

m? | T29F, — Fy, m® | 4096F, — FZ, m® | 4096F, — 729F},

(where the polynomials involved have integer coefficients) which imply the assertion of our Theorem
13.
O

8 Computational remarks

Calculating an integral basis by performing the reduction by 2-factors and 3-factors gave a huge
number of possible cases and types of the integral basis which are shown in our tables.

We had to calculate the factors of the index form in all cases of the integral basis explicitly. In a
number field of degree n the index form has n — 1 variables and degree n(n —1)/2. For n = 6,8, 12
this degree is 15,28, 66, respectively. Therefore it was impossible to calculate the complete index
form and then to factorize it. We had to combine suitable linear factors such that their product
is invariant under some subgroup of the Galois group of K/Q. Then we explicitely calculated the
products of these linear factors. These products having integer coefficients are the factors of the
index form. Finally we had to find explicitely the divisors of these factors.

This procedure was supported by our experience but it was still a huge computation, in a large
number of cases. The calculation in one case of the integral basis took only some seconds except
in the last section with fields of degree 12 when it took about 60 minutes per case.

All calculations were performed in Maple [2]. A very careful and efficient handling of the
formulas was absolutely necessary to manage the calculations.
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