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1. Introduction

Groundwater seepage related problems are of major 
practical interest for geotechnical and geo-environ-
mental engineering. Failure of earthen dams happens 
frequently due to water seepage fl ow through the po-
rous infi ll materials. Failure can take various forms 
such as internal erosion or piping, foundation defects 
and slope instability. Earthen dams may work fi ne for 
many years, but they require suitable design and main-
tenance. They fail quickly if they are exposed to an 
event able to make them collapse. Rapid drawdown is 
known to be a dangerous condition under which sta-
bility of the upstream face can be critical. Therefore, 
slope stability of embankment faces is to be ensured 
during all circumstances of dam’s existence. This kind 
of instability has been experienced in the past such as 
in the San Luis dam, California, following ordinary 
water withdrawal from the reservoir in September 
1981.

Groundwater seepage has been the subject of 
many studies.  Lemacha et al. [1] used the nonlinear 
Richards’s equation which deals with saturated–un-
saturated fl ows through porous media and solved the 

fl ow problem by means of a numerical iterative pro-
cedure based on the alternate directions implicit fi nite 
difference method. Botos [2] carried out a research 
to determine seepage characteristics for different ex-
ploitation strategies of water reservoirs. He has de-
picted, in view of that, the saturated area pattern when 
the maximum water level is maintained constant for a 
long period of time. Mao et al. [3] investigated the in-
verse modeling of fl ow through variably saturated me-
dia. They have given the necessary conditions for this 
problem to be well defi ned in terms of the existence of 
a unique solution in both homogeneous and heteroge-
neous porous media.

Andreaa [4] presented the seepage and stabili-
ty analysis performed in unsaturated regime through 
Maneciu dam in Romania. He considered seepage 
analysis for both steady state and transient state. He 
used water infi ltration as given by soil–water charac-
teristic curve of the van Genuchten model [5]. Pore wa-
ter pressure load, ground water level, path and quanti-
ty of fl ow were determined. Tan et al. [6] considered 
spatial variability of hydraulic parameters on the seep-
age fl ow analysis in earthen dams. The saturated–un-
saturated seepage fl ow was numerically calculated by 
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combining Monte-Carlo simulation with random fi eld 
theory. The authors concluded that neglecting spatial 
variability of hydraulic parameters leads to an overes-
timation of fl ow rate variation coeffi cient, which can 
yield then conservative design of these structures.

Wang et al. [7] presented a large scale experiment 
which was designed and conducted to identify pre-
monitory factors that may be used in failure predic-
tion for earthen dams. Surface deformation, dam seep-
age water turbidity and self-potential across the dam 
were selected as the target parameters. Athani et al. 
[8] presented a seepage and stability analysis using the 
fi nite element method. By using the parametric sensi-
tivity analysis, the seepage and stability studies have 
revealed how important it is to consider the coupled 
effects on the stability issue of earthen dam. They con-
cluded that the coupled analysis is a prerequisite for 
the design and performance evaluation of the earthen 
dam under all conditions of seepage and stability. The 
variation in friction angle was found to be important 
and affects largely the stability of the dam. However, 
coupling will not be considered in the present analysis 
in order to emphasize more straightforwardly the reli-
ability of the limit state associated to slope stability of 
embankment faces.

Slope failure may happen in earthen dam even if 
it is designed with high safety factor because geoma-
terials are mostly dominated by uncertainties [9]. To 
incorporate this effect of uncertainties that are inher-
ent to soil parameters in the problem of slope stabil-
ity, reliability analysis of soil slope failure is consid-
ered in this work. This probabilistic issue has received 
considerable attention in various fi elds of sciences 
over the past decades and many reliability methods 
have been proposed in literature [10]. These include 
fi rst-order reliability method (FORM), fi rst-order sec-
ond moment method (FOSM), second-order reliability 
method (SORM) and Monte Carlo simulation (MCS) 
[11]. Response Surface Methods (RSM) have also 
been used [12]. The RSM uses a computationally ef-
fi cient representation to approximate more effectively 
the original physical model. This enables reliability 
analysis to be carried out explicitly based on the per-
formance function corresponding to the RSM. Consid-
ering slope stability, many valuable works have been 
published in recent years, such as FOSM [13], MCS 
[14] and RSM [10], that were applied to assess relia-
bility of slope stability design.

In this work, slope stability of upstream face of 
earthen dam following rapid drawdown of the reser-
voir is assessed through reliability analysis approach. 
The purpose is to analyze the saturated–unsaturated 
seepage fl ow taking place inside the dam infi ll ma-
terials and to characterize stability as predisposed 
by inherent uncertainties. Effi cient system reliability 
analysis approach based on MCS and RSM methods 

is used to evaluate the probability of slope failure. 
Probabilistic modeling of the intrinsic variability of 
soil properties in terms of soil resistance parameters is 
made by lognormal distributions. These uncertainties 
are propagated then by seepage fl ow conditions and 
shear resistance in the infi ll materials of earthen dam 
to the actual factor of safety. The physical modeling 
employs the Richards equation that governs seepage 
in saturated and unsaturated porous media. The neg-
ative pore water pressure and hydraulic conductivity 
relationship as well as the negative pore water pressure 
and volumetric water content are considered through 
the van Genuchten model. For slope stability, the Bish-
op’s simplifi ed method is used. This method assumes 
horizontal interslice forces and satisfi es vertical force 
equilibrium for each slice and moment equilibrium for 
the entire mass. Both steady state and transient state 
are simulated by using software packages GeoStu-
dio SEEP/W and SLOPE/W [15]. A typical homoge-
neous earth dam is studied and reliability analysis is 
performed in view of uncertainties that may affect key 
parameters intervening in the slope stability problem.

 2. Materials and methods

2.1. Governing equations

In the following, groundwater seepage is assumed 
to take place in a homogeneous and isotropic earth-
en dam. Water fl ows through the porous media fi ll-
ing the dam and the seepage pattern depends on soil 
composition, fl ow type, liquid properties and hydrau-
lic gradient. Seepage is governed by Darcy equation in 
both saturated and unsaturated conditions. This equa-
tion expresses the fact that the  volume rate of water 
fl ow per unit area is directly proportional to the rate of 
change of hydraulic head. Transient water fl ow taking 
place in soil under constant temperature can be mod-
eled by applying mass conservation. The principle of 
mass conservation states that for a given control vol-
ume of soil, the rate of water exchange is conserva-
tive. Then, the net fl ux of infl ow and outfl ow vanishes. 
Conservation of water mass in saturated–unsaturated 
porous media yields the so-called Richards equation 
[15], which writes under the following form
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where x is the horizontal coordinate, y the ascend-
ing vertical coordinate, t time, kx and ky are the coeffi -
cients of permeability of the soil in the x, y direction, 
respectively, Q a source term, ρw mass per unit volume 
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of water, mw the slope of the soil-water characteristic 
curve called also water storage, uw the pore water pres-
sure and H the total head.

The pore water pressure is related to the total 
head by

 H = h + y , (2)

where h is the pressure head defi ned as

 h = uw  /( ρw g) , (3)

where g is the gravity acceleration.
Considering the usual case where the term source 

is absent, to solve transient seepage associated with 
saturated–unsaturated soil, Eq. (1) requires soil prop-
erties in terms of coeffi cients of permeability and wa-
ter storage. The hydraulic conductivity of the soil, as 
well as water storage, are functions of the negative 
pore water pressure uw in the unsaturated regions. This 
makes the Richards equation highly nonlinear and its 
numerical solution needs an appropriate iterative pro-
cedure. The relationships for negative pore water pres-
sure (matric suction) – volumetric water content and 
negative pore water pressure – hydraulic conductiv-
ity are obtained experimentally for a given soil. The 
curve of negative pore water pressure – volumetric 
water content is known as the soil water characteris-
tic curve. Generally, a decrease in volumetric water 
content leads to an increase in matric suction and a 
decrease in hydraulic conductivity. Conversely, an in-
crease in volumetric water content leads to a decrease 
in matric suction and an increase in hydraulic conduc-
tivity. Note that for steady state seepage, only the coef-
fi cients of permeability are required because the time 
dependent term in Eq. (1) vanishes.

The soil volumetric water content θ is function of 
the pressure head h. It can be estimated as [16]
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where θs is the saturated water content, θr the residual 
water content, α and n > 1 are soil parameters.

The soil hydraulic conductivity along the x or y  
axis can be estimated by means of the van Genuchten 
model as [5]
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, (5)

where ks is the saturated hydraulic conductivity.

To perform stability analysis of saturated–unsatu-
rated soil, Fredlund et al. [17] formulated an extend-
ed Mohr-Coulomb criterion that describes the shear 
strength behavior as affected by matric suction. The 
failure envelope is a planar surface in the space of the 
stress state variables σ – ua and ua – uw , where σ is 
the total stress and ua the pore air pressure which can 
be assumed to be equal to the atmospheric pressure. 
Shear stress at failure is given by

 τf  = c + (σ – ua )f tan φ + (ua – uw )f  tan φb , (6)

where τf is the shear stress at failure, c is the cohe-
sion at zero matric suction and zero net normal stress, 
(σ – ua )f is the net normal stress on the failure plane at 
failure, φ is the internal friction angle related to the net 
normal stress variable, (ua – uw )f  is the matric suction 
at failure, and φb is an internal friction angle associat-
ed with matric suction and which describes the rate of 
increase in shear strength due to the action of matric 
suction. In general, φb < φ is verifi ed.

The global safety factor is calculated as the ra-
tio of resisting forces to driving forces according to 
the Bishop method [18]. This procedure is based on 
the assumption that the interslice forces are horizon-
tal [19]. A circular slip surface is also adopted in the 
simplifi ed Bishop method. It has been found that the 
Bishop method yields factors of safety which are high-
er than those obtained by using the ordinary method 
of slices. Analyses that were performed by means of 
more refi ned methods which involve the forces acting 
on the sides of slices have shown that the factors of 
safety obtained by the simplifi ed Bishop method are 
very close to the exact ones.

In the simplifi ed Bishop method, the forces acting 
in the vertical direction of a slice are integrated. The 
resulting vertical forces are considered along with the 
Mohr–Coulomb criterion to determine the shear forc-
es acting on the base of slices. Then, moments about 
the center of the circular slip surface are summed. The 
factor of safety is fi nally obtained as:
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where j is the slice index, Rj the moment arm, lj the 
length of the slice bottom and Tj the actual shear force 
acting on the circular slip surface.

The number of slices should be determined in or-
der to get the least factor of safety. Using 30 slices 
may be found to be enough in certain cases. But, more 
slices can be considered in order to obtain a more re-
fi ned evaluation of the factor of safety. Various circu-
lar slip surfaces should be considered in order to fi nd 
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the lowest value associated to the critical slip surface 
among all the possible failure surfaces.

The factor of safety should be assessed in terms of 
probabilities. Current codes [20] specify that the safe-
ty factor of slope stability against sliding for earth-fi ll 
dams should exceed 1.5 for heights below 200 m. The 
corresponding target failure probability is then less-
er than 1.33×10–5. This safety factor is increased for 
earth-fi ll dams above 200 m. It is suggested that target 
failure reliability should not exceed 5×10–6 for heights 
up to 250 m and limited to 10–6 for dams heights above 
250 m.

2.2. Numerical simulation

Different methods have been developed to solve seep-
age and stability problems as described by the non-
linear Eqs (1) to (7). These methods can be classi-
fi ed as analytical, experimental or numerical. In this 
work, use is made of the fi nite element software Geo-
Studio through its modules SEEP/W and SLOPE/W. 
Geo Studio is a package of software modules that can 
be used to evaluate the performance of dams and lev-
ees with increasing levels of complexity. These ena-
ble analysis of seepage, settlement, fi lling/draining, 
and stability performance. Simulation can be relat-
ed to various scenarios taken during the entire con-
struction sequence or during the exploitation period of 
the structure. Both long-term steady state and detailed 
transient analyses can be performed. Pore water pres-
sures and stresses can be considered in slope stabili-
ty analysis. The effects of earthquake loading, ground 
freezing/thawing or other land–climate interactions on 
the response of the structure can also be investigated.

In SEEP/W, the governing equations along with 
initial and boundary conditions are solved by using the 
fi nite element method through the Galerkin-weighed 
residual formulation [21]. SEEP/W allows consid-
ering various types of analyses ranging from simple 
saturated steady-state problems to sophisticated satu-
rated/unsaturated time-dependent problems. The fi nite 
element solution for a transient analysi s depends on 
time as indicated by Eq. (1). SEEP/W uses the back-
ward difference method for time integration and uses 
Gaussian numerical integration to evaluate the ele-
ment integrals. When the mass matrix is evaluated, 
a lumped formulation is used in SEEP/W to concen-
trate the off-diagonal coeffi cients of the mass matrix 
into the diagonal terms. The lumped formulation, with 
eventually diagonal scaling, is recognized to enhance 
numerical stability in transient analysis. For each in-
tegration point, SEEP/W evaluates the parameter mw 
from the volumetric water content function. In most 
cases mw is computed from the slope of a straight line 
between the old and new pore water pressures at the 
considered Gauss point.

The essential information required for seepage 
simulation under SEEP/W includes the description of 
the fl ow regime, the defi nition of spatial dimensions of 
the considered soil domain and the setting of the exter-
nal boundary conditions. Material parameters in terms 
of the negative pore water pressure–volumetric wa-
ter content and negative pore water pressure–hydrau-
lic conductivity have to be supplied as data entries. 
Laboratory or in-situ permeability tests can be used to 
obtain them directly. However, if the infi ll soil types 
are known, typical moisture retention curves and per-
meability functions can be used for estimating these 
materials parameters.

One of the most important advantages of the 
developed saturated–unsaturated model is that the 
phreatic surface appears to be a particular isobar in 
the pressure head fi eld with its value equal to the at-
mospheric pressure, [22]. It is then just a component 
of the whole hydraulic head fi eld that controls more 
generally seepage of water in both the saturated and 
unsaturated zones. This is very important from a nu-
merical point of view as, when solving seepage prob-
lems using the saturated–unsaturated formulation, no 
assumption is required regarding the phreatic surface 
and obvious external soil boundaries are enough for 
the analysis.

In the following, to analyze the upstream slope 
during drawdown of earthen dam, simulation is per-
formed by means of GeoStudio SLOPE/W. This tool 
which is integrated into GeoStudio suite software en-
ables to compute the safety factor of earth and rock 
slopes. SLOPE/W can effectively analyze complex 
problems for a variety of slip surface shapes, pore 
water pressure conditions, soil properties, analysis 
methods and loading conditions. Here SLOPE/W is 
used to analyse slope stability according to the gen-
eralized Mohr-Coulomb criterion as given in Eq. (6). 
Use is made of the simplifi ed Bishop method given 
in Eq. (7).

2.3. Reliability analysis

Probabilistic analysis is performed with respect to a 
given limit state. In the actual work, the limit state is 
associated to the point where the safety factor is equal 
to a critical value indicating that the slope is just about 
to fail.

According to Eq. (7), failure occurs when

 g(X) = SF(X) – SFc ≤ 0 , (8)

where SF is the safety factor as defi ned in Eq. (7), SFc  
the critical safety factor fi xed in design, X is a vec-
tor containing all the variables that are considered in 
the reliability analysis and g is the limit state function, 
called also the performance function. This defi nes a 
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surface in the space of design variables which sepa-
rates the acceptable region from that corresponding to 
failure.

Even if the infi ll soil is assumed to be homog-
enous and isotropic, the list of variables that are ex-
pected to have some infl uence on the factor of safety 
is too large. It includes the geometrical dimensions 
of the dam, the height of reservoir, the level of res-
ervoir bottom and the saturated–unsaturated soil 
 parameters: c, φ, φb , θs , θr , α, n, ks , γd, Gs, γw, where 
γd is the soil dry unit weight, Gs the soil specifi c 
gravity and γw = ρwg  the weight per unit volume of 
water.

The performance function g(X) is not given ex-
plicitly. Coupling fi nite element software with a reli-
ability code is a method that can be used to perform 
reliability analysis. However, this process is costly 
because frequent calls to the fi nite element code are 
needed in order to evaluate the actual performance 
function and its gradients. Furthermore, this approach 
may fail to converge due to lack of robustness. To 
overcome these diffi culties, there exist various meth-
ods enabling to approximate the performance func-
tion when it is implicit. These yield simplifi ed explicit 
mathematical representations of the exact limit state as 
their evaluation in terms of the basic random variables 
of the process become straightforward. The analytical 
model giving explicit representation of the limit state 
is constructed by performing pertinent trial of points 
over the explored domain of the basic design varia-
bles. This is generally performed according to a design 
of experiment table.

The most common approach to select a fi nite 
number of trial points uses a full factorial table that 
is generated by fi xing three levels for each of the cho-
sen factors. Using the obtained results from simula-
tions performed for all of these particular points, a 
metamodel can be readily derived. It represents then 
an approximation of the state function over the entire 
domain used for this regression. RSM is a common 
method that can be used to derive an approximate 
model of the system [23]. The RSM is considered usu-
ally under the form of a polynomial function. Once 
this is achieved, defi ning the densities of probabilities 
that describe the intervening random variables permits 
to use the MCS reliability analysis to calculate the 
probability of failure associated to a design against the 
considered limit state.

Taking the set of 11 parameters that intervene in 
the present analysis to be random variables is not con-
venient as reliability analysis will be a cumbersome 
task; because the required number of datasets to de-
rive approximate representation of the limit state will 
be unaffordable. So, an alternative strategy is imple-
mented here in order to simplify the analysis by tak-
ing into account only the parameters that are expected 

to have signifi cant infl uence on the factor of safety. 
The uncertainty affecting hydraulic conductivity is 
characterized by the uncertainty of the three param-
eters α, n and ks ; as θs and θr are easy to obtain and 
are then assumed to be not subjected to considerable 
uncertainties [24]. Furthermore, for clay or silty-clay 
infi ll parameter n has very low standard deviation in 
comparison with that of α [25], so parameter n will be 
supposed to be deterministic. The soil densities are 
also assumed to be less affected by material uncer-
tainties and γd , Gs, γw are taken to be deterministic. 
So, by discarding the variability of the above men-
tioned parameters, assumed to be deterministic, from 
the actual reliability analysis, the vector of basic var-
iables is given by

 X = [ks  α  c  φ  φb]T . (9)

Taking three levels for each factor a full fac-
torial design of experiment table that includes a to-
tal number of combinations which is equal to 35 = 
243 can be constructed. Variations of these factors 
are fi xed here for the particular case of silty-clay in-
fi ll by taking medium values and lower and upper 
thresholds which are defi ned as the limits of rang-
ers of parameters according to Table 2. When all the 
combinations are simulated by using SEEP/W and 
SLOPE/W modules, the system response, which is 
here the factor of safety, can be evaluated. Poly-
nomial regression can next be performed by using 
the Matlab command regstats and a RSM model is 
derived. The coeffi cient of determination R2 should 
then be controlled.

At the fi nal step of reliability analysis the MCS 
method is used. The principle of this method relies on 
a statistical simulation of the modelled system behav-
ior. A suffi ciently large set of random numbers is need-
ed for that and it is required a suitable random number 
generator. Wang et al. [24] reported that the hydraulic 
parameters α and ks were lognormally distributed. In 
this work, the Matlab command lognrnd is used. This 
command relies on the Matlab random number gener-
ator rand which is based on the Marsaglia’s random 
number generator algorithm [26]. After performing 
analysis of variance of the simulation results, the most 
signifi cant intervening random variables are assumed 
to be independent and to be lognormally distributed. 
Each random variable is then defi ned by its mean and 
standard deviation. In practice, these distributions of 
probabilities are identifi ed from experimental testing 
by performing standard statistics on the results ob-
tained from a large number of samples. Fixing these 
densities of probabilities functions and the size of 
Monte Carlo population which is here 2×105, the prob-
ability of slope failure can be calculated for a given 
design target of safety factor.
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3. Results and discussions

In the following, steady state and transient seep-
age through an earthen dam which is supposed to be 
founded on an impervious ground soil are numerical-
ly analyzed by using SEEP/W. Seepage taking place 
in the dam infi ll according to Eq. (1) is assumed to be 
isotropic with ky = kx and soil may be saturated or un-
saturated.

3.1. Geometric and material properties

Let us consider the homogeneous earthen dam repre-
sented in Fig. 1. The width of the base is 50 m, the 
crest height is 16 m and the width of the crest is 15 m, 
the initial reservoir height is Hi = 11 m.

The dam is made from infi ll material which is as-
sumed to be silty-clay. Initial volumetric water con-
tent is fi xed at θs = 0.35, residual water content is set 
at θr = 0.05, soil parameter n = 1.123, while param-
eter α is variable. Figure 2 gives the curve for nega-
tive pore  water pressure–volumetric water content for 
α = 0.471 m–1 in the particular case of silty-clay soil. 
Figure 3 gives the van Genuchten curve for negative 
pore water pressure–hydraulic conductivity when α = 
0.471 m–1 for the considered silty-clay soil.

One can notice that the volumetric water content 
and hydraulic conductivity undergo huge variations 
over the suction range 0–1000 kPa on a logarithmic 
scale. The curve of silty-clay soil falls earlier than clay 
soil; this is due to the fact that this material has larger 
and uniform pore spaces, so the soil can begin drain-
ing freely at a low pressure.

For seepage analysis, the fi xed material charac-
teristics used in simulations are given in Table 1, while  
α is variable according to Table 2.

For slope stability and analysis of variance, the 
considered levels of the intervening key factors are 
given in Table 2.

Table 1. Mechanical and hydraulic characteristics of silty-clay

Parameter Value

Water unit weight γw (kN/m3)  9.81

Dry unit weight γd (kN/m3) 16.00

Specifi c gravity Gs  2.65

Saturated volumetric content θs  0.35

Residual volumetric content θr  0.05
Parameter n  1.123
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Fig. 1. Geometry of the considered earth dam
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Fig. 2. Relationship for negative pore water pressure–volumetric water content α = 0.471 m–1
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As only cohesion and internal friction coeffi cient 
will be found to be the only effective parameters ex-
plaining variability of safety factor against slope slip, 
the densities of probabilities functions of cohesion 
and internal friction angle that are used in reliability 
analysis are given in Table 3. They are lognormally 
distributed and are given along with their means and 
standard deviations.

3.2. Initial and boundary conditions

Steady state analysis does not require initial condi-
tions. The set of boundary conditions applied to the 
domain under analysis: pore water pressure and ve-
locity distributions are in this case not time depen-
dent. However, for transient analysis the initial con-
ditions are required. As before considering transient 
state analysis, a steady state has previously been 
reached, initial conditions can be fi xed by a steady 
state calculation performed prior to the transient anal-

Table 3. Density of probabilities functions of the basic random 
variables for silty-clay

Random 
variable

Density of probabilities 
function

Mean Standard 
deviation

c Lognormal 35 kPa 7 kPa
φ Lognormal 25° 5°

ysis. This step is considered in SEEP/W as the par-
ent problem.

In the following, the dam is assumed to have 
reached steady state conditions with the reservoir wa-
ter level fi xed at Hi = 11 m. During the transient pro-
cess, the water level is assumed to decrease rapidly as 
function of time from this level to the reference val-
ue Hf = 0, which corresponds to an unfi lled reservoir. 
Time evolution of reservoir level is assumed to occur 
linearly during a given interval of time which is fi xed 
by the drawdown procedure. This duration plays a ma-
jor role in slope stability analysis as instantaneous or 
rapid drawdown may impact largely the stability of the 
dam upstream face. This is caused by the presence of a 
phreatic surface in the body of the embankment dam. 
When no water table is present in the reservoir, the 
direction of fl ow is reversed and the stabilizing effect 
due to high reservoir water level may be lost.

The boundary conditions correspond in the actual 
analysis to constant total head applied on the upstream 
face AB with point B variable in the case of tran-
sient analysis during drawdown. The default option 
of boundary conditions associated to vanishing fl ow 
holds for the other faces BCDE and also for the im-
pervious lower boundary of the dam EA (see Fig. 1). 
For the steady state analysis or transient, the boundary 
conditions are given by

( ) or ( ) ( ) on         
,

( ) ( ) 0 on

i i

x w x y w y

H x, y H H x, y,t H t AB
H Hk u n k u n BCDEA
x x

= =⎧
⎪

∂ ∂⎨
+ =⎪ ∂ ∂⎩

 (10)

where nx and ny are the components of the external 
normal to the dam domain.

The second equation in system of Eqs (10), which 
corresponds to a vanishing fl ux at the associated face, 
is a natural boundary condition. It is taken into account 
automatically in SEEP/W through the fi nite element 
formulation. In SEEP/W, one has to declare also the 
downstream face in order to locate the part of that face 
which coincides with the atmospheric pressure isobar. 

Table 2. Levels of the key factors considered in the analysis of 
variance for silty-clay

Random 
variable

Lower 
threshold

Medium Higher 
threshold

ks (m/s) 5×10–9 10–8 5×10–8

α (m–1) 0.319 0.471 0.641
c (kPa) 30 35 40
φ (°) 18 25 32
φb (°) 14 16 18
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Fig. 3. Relationship for negative pore water pressure–hydraulic conductivity α = 0.471 m–1
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This enables to assess more precisely the saturated 
part of that boundary as search for potential seepage 
face is turned on and an iterative method is activated.

3.3. Finite element mesh

The fi nite element mesh of the dam domain is consid-
ered here to be formed by triangular and quadratic el-
ements. In simulations, mesh convergence was found 
to be reached for both steady state and transient state 
with the mesh size of 1 m. Figure 4 gives the mesh 
used in simulations.

3.4. Steady state analysis results

Seepage problem as described by Eq. (1) and the data 
given above was simulated by means of SEEP/W. The 
boundary conditions are those given in Eq. (10).

Figure 5 gives the obtained fl ow path for silty-
clay infi ll with ks = 10–8 m/s and α = 0.471 m–1.

Figure 6 gives the obtained fl ow velocity fi eld for 
silty-clay infi ll with ks = 10–8 m/s and α = 0.471 m–1 .

Figure 7 gives the obtained pore water pressure 
uw contours and values for silty-clay infi ll with ks = 
10–8 m/s and α = 0.471 m–1.
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Fig. 4. Finite element mesh of the earth dam

A

B

C D

E

Water surface

Distance
0 5 10 15 20 25 30 35 40 45 50 55

El
ev

at
io

n

0

2

4

6

8

10

12

14

16

Fig. 5. Flow path in steady state; ks = 10–8 m/s and α = 0.471 m–1
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Fig. 6. Velocity vectors in steady state; ks = 10–8 m/s and α = 0.471 m–1
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Figure 5 shows that fl ow paths are starting from 
the reservoir and ending at the downstream face with 
higher density. Figure 6 shows that water velocity 
reaches its highest values at the bottom zone of the 
downstream face. This zone is critical for internal ero-
sion and this is why a core is usually installed in earth-
en dams or at least a drainage zone preventing the fl ow 
paths from interesting the downstream face. Figure 7 
shows that pore water pressure contours values exhibit 
the negative pore water pressure. This happens in the 
zone above the phreatic surface uw = 0 contour line. 
Figure 6 shows the existence of fl ow in this unsatu-
rated zone.

3.5. Transient analysis results

One of the most important issues in dams servicing 
is to operate drawdown of the dam reservoir. If the 
reservoir is maintained at a high level during a long 
period of time, the fi ll material of the dam will then 
be fully saturated under the atmospheric pressure iso-

bar and steady seepage will be well established. As the 
reservoir level draws down, pore water pressures in 
the dam body are reduced. This happens because there 
is a slower dissipation of pore pressure due to drain-
age occurring at the upstream face and because of the 
immediate elastic effect resulting from the removal of 
the total or partial water load. If the reservoir is drawn 
down rapidly, the direction of fl ow may be reversed 
and the stabilizing effect of high reservoir water level 
may be lost. This situation refl ects a lower safety fac-
tor of the earth dam and may cause sliding of the up-
stream slope to occur.

To simulate drawdown process, the water level is 
assumed in the following to be drawn down rapidly 
from the initial reservoir level H = 16 m to the foun-
dation level Hf = 0 on the upstream side in 5 days. 
In addition to the boundary conditions given above in 
Eq. (10), one has to add the condition of downstream 
face on the actually upstream face AB as potential 
seepage may occur there.

Pore water pressure
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–60 – –40 kPa
–40 – –20 kPa
–20 – 0 kPa
    0 – 20 kPa
  20 – 40 kPa
  40 – 60 kPa
  60 – 80 kPa
  80 – 100 kPa
100 – 120 kPa

Fig. 7. Pore water pressure in steady state; ks = 10–8 m/s and α = 0.471 m–1
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Fig. 8. Variation of the phreatic line for different times after rapid drawdown ks = 10–8 m/s and α = 0.471 m–1
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Figure 8 shows the variation of the phreatic 
lines at 0 until 5 days after rapid drawdown. The wa-
ter starts to discharge from the upstream slope after 
drawdown.

3.6. Earth dam’s stability results

Using SLOPE/W, slope stability analysis following 
rapid drawdown as simulated in the previous section 
is performed here. This is considered through the con-
cept of reliability analysis where RSM and MCS are 
used. To derive a RSM for the slope stability limit 
state, each combination of the basic design variables  
ks, α, c, φ, φb , is simulated by fi rst running SEEP/W 
to get the pore pressure results and then SLOPE/W to 
obtain the factor of safety FS for this combination as 
function of time. Next, the minimum of this curve is 
determined.

Considering the combination of infi ll material 
properties defi ned by ks = 10–8 m/s, α = 0.471 m–1, 
c = 35 kPa, φ = 25° and φb = 16°, Fig. 9 gives the 
sliding surface. The failure surface was divided into 
30 slices as this was found to give asymptotic conver-

gence in terms of safety factor. Figure 9 shows that the 
critical failure circle crosses the shear band.

Figure 10 gives the safety factor as function of 
the considered combination. Combinations are defi ned 
according to a full factorial design of experiment table 
with the increasing order of variations stated by the 
following sequence: ks, α, c, φ, φb .

The obtained maximum safety coeffi cient is 
1.958, while the minimum safety coeffi cient is 1.294.

Analysis of variance was performed on the ob-
tained data in terms of the safety factor. The obtained 
results have shown that not all the parameters have the 
same infl uence on the safety factor. It was found that 
variability of results is due mainly to the coeffi cient of 
friction (60%) and the cohesion (40%). All the other 
factors and interactions represent only 0.08% which 
is quite marginal. This means that the factor of safety 
is only sensitive to variations of c and φ in the consid-
ered ranges of parameters as fi xed in Table 2. This is 
in accord with the results obtained by Athani et al. [8], 
where they have stated that the variation in friction an-
gle plays a vital role in the fulfi llment of the stability 
criteria.

Critical slip surface

A

B

C D

E

Water surface

Distance
0 5 10 15 20 25 30 35 40 45 50 55

El
ev

at
io

n

0

2

4

6

8

10

12

14

16

Fig. 9. Sliding surface passing through  the shear band for silty-clay material properties: ks = 10–8 m/s, α = 0.471 m–1,
c = 35 kPa, φ = 25° and φb = 16°
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Fig. 10. Safety coeffi cient as function of the combination 
number of parameters: ks, α, c, φ, φb
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Considering all the combinations of the basic de-
sign factors and the obtained results in terms of the 
most severe factor of safety, quadratic and linear pol-
ynomial regression in terms of these design variables 
were performed by using the Matlab command reg-
stats. A high coeffi cient of determination R2 > 0.9999 
was obtained in both cases. This means that the RSM 
metamodel of the safety factor can be approximated by 
just a linear polynomial: FS(ks, α, c, φ, φb) = FS(c, φ). 
Furthermore as only c, φ are important, the obtained 
RSM took the pertinent form

FS(c, φ) = –0.0845856 + 0.0293259c + 0.0257046φ, (11)

where c is expressed in kPa and belongs to the inter-
val [30÷40] kPa, while φ is expressed in degrees and 
belongs to the interval [18÷32]°. For this correlation 
to be valid, the other parameters should remain in the 
corresponding intervals defi ned in Table 2.

Now, reliability analysis can be performed by us-
ing the limit state function defi ned by Eqs (8) and (11) 
and the random variables characteristics according to 
Table 3. Figure 11 gives the probability of failure as 
function of the value of safety factor targeted in de-
sign.

In Fig. 11, the blue circle is associated to a prob-
ability of failure which is equal to 1.33×10–5. The as-
sociated factor of safety is equal to 1.823. Note that 
the design with the medium values of Table 2 yielded 
a factor of safety which is equal to 1.616. This means 
that in terms of probability of failure this design is 
not safe enough. To obtain a design with the required 
probability of failure that remains less than 1.33×10–5  
one has to increase further performance of the material 
properties c, φ. This can be done by using the follow-
ing correlation which guarantees always FS ≥ 1.823  
with a failure probability not exceeding 1.33×10–5:

 c ≥ 65.05 – 0.8765 φ. (12)

This means in practice that energy of compaction 
should be adapted to reach the desired reliably value 
of c when φ is specifi ed by a given infi ll material for-
mulation.

4. Conclusions

This work focused on slope stability analysis of earth-
en  dam following rapid drawdown. Use was made of 
seepage fl ow in saturated–unsaturated soils mode-
ling by means of two-dimensional approximation of 
 Richards’s equation. Slope stability was investigated 
according to the generalized Mohr–Coulomb criterion 
that takes into account the effect of negative pore wa-
ter pressure. These two steps were performed by us-
ing the modules SEEP/W and SLOPE/W of the fi nite 

element based software GeoStudio. Slope stability of 
silty-clay infi ll material was studied in terms of key 
factors including soil cohesion, internal friction coef-
fi cient, internal friction angle associated with negative 
pressure, hydraulic conductivity at saturation and the 
entering air parameter appearing in the van Genuch-
ten equation describing saturated–unsaturated hydrau-
lic conductivity. Considering the transient state asso-
ciated to rapid drawdown of dam’s reservoir, paramet-
ric results in terms of safety factor as estimated by the 
simplifi ed Bishop approach were collected. This was 
performed according to a full factorial design of ex-
periment table which was constructed on the basic de-
sign variables related to common silty-clay materi-
al properties by fi xing three levels for each variable. 
Analysis of variance was performed after that on the 
obtained results. It was found that, in the investigated 
ranges of parameters, only the two factors: soil cohe-
sion and internal friction coeffi cient explain variability 
of the safety factor. A linear regression model in terms 
of these two factors was shown to be highly accu-
rate with the coeffi cient of determination greater than 
0.9999. Using this response surface model representa-
tion of the safety factor, reliability analysis was con-
ducted by means of Monte Carlo simulation where co-
hesion and internal friction coeffi cient were assumed 
to be lognormally distributed random variables. A de-
sign formula was then proposed in order to achieve 
probability of failure not exceeding 1.33×10–5, which 
is retained in some codes like the Chinese for dams of 
height less than 200 m. This formula can be further 
used to determine compaction needed to achieve the 
required level of cohesion when soil internal friction 
coeffi cient is estimated.

Seepage modeling used in this study has not con-
sidered porous-elastic coupling. It would be interest-
ing to investigate the effect of this type of interaction 
on the dam stability. This can be achieved for instance 
by coupling the module SEEP/W with the module 
SIGMA/W of GeoStudio software. According to liter-
ature, coupling is expected to play a signifi cant role in 
dam slope stability problem.
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