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In the ground state, the pair density n can be determined by solving a single auxiliary equation of
a two-particle problem. Electron-electron cusp condition and asymptotic behavior for the Pauli
potential of the effective potential of the two-particle equation are presented. © 2008 American

Institute of Physics. [DOI: 10.1063/1.2838201]

I. INTRODUCTION

In the density matrix functional theory,l_4 it was shown
that the ground-state problem of an arbitrary system can be
reduced to a two-particle problem, that is, only a single aux-
iliary equation of a two-particle system should be solved.
The effective potential of the two-particle equation contains
a term v, of completely kinetic origin. The exact form of this
Pauli potential is unknown. In this paper, the electron-
electron cusp condition and asymptotic behavior for the
Pauli potential are presented. The paper is organized as fol-
lows. In Sec. II, the asymptotic behavior for the Pauli poten-
tial is derived. Section III presents the electron-electron cusp
condition for the Pauli potential. The last section is devoted
to the discussion.

Il. ASYMPTOTIC BEHAVIOR OF THE PAULI
POTENTIAL OF THE PAIR FUNCTIONAL THEORY

First, the method of Levy et al’ is generalized to derive
the two-particle equation of the pair density functional
theory and give an expression for the Pauli potential. (The
derivation is essentially the same as the one given by
Furche.®) The Schrodinger equation of the N-electron
ground-state problem has the form

H(N)¥(N) = Ey¥(N), (1)

where M signifies the coordinates of electrons 1, ..., M. Tak-
ing the following partition of the Hamiltonian of the
N-electron system:

N-2
ﬁ(ﬁ):ﬁ(zv,zv-1)+ﬁ(ﬂ)+2<i+ ! ) (2)
j=t NN TiN-1

where

X 1 1
H(N,N=1)=—=V3——V3_ +v(ry) + v(ry) +
2 2 T'NN-1

3)

and
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N2 N2
HN-2)= 2, (- —v§+u(ri))+2 —. (4)
=1\ 2 i<j Tij
v(r) is the external potential and the notation
rij=ri— (5)
is applied. The pair density is defined as

N(N -

1 o
n(ry_;,ry) = 5 )f|W(N)|2d(N_2)dUN—1dUN- (6)

Now, we define a function ®(N) as

_ [N(N- 1))”2 W(N)
oW = ( 2 nllz(rN—l’rN) ' 7
From definitions (7) and (6), it follows that
f [DN)PdN-2)=1, 8)

for any ry_; and ry. Subtracting ER,_ZW‘I’(N) from both sides
of Eq. (1), multiplying by ®(N)*, and integrating over all the
coordinates of electrons 1,...,N-2 and spin coordinates of
electrons N—1, N,

(NN - B ([ (W) = @M N), ()
where EY_, v is the total energy of the (N-2)-electron sys-

tem (the one obtained after removing two electrons from the
N-electron system) and

pw=EN) - E} . (10)
After a simple manipulation, Egs. (7)—(10) lead to

[H(N,N = 1) + Gogr(ry_ 1, mp) In 2 (ry_ 1)
= un'?(ry_p.ry), (1)

where the effective potential is given by
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Ter(Tr-1sTy) = (PN HN = 2) = Ef s (| P(N)) = n™"2[Vyn U D(N) |V yD(N)) + V10" D(N) |V D(N))]

- S@EITEOE) - @AV )

6 M(rN_2TN_1»
+ (f A(ry_o, Ty rN)drN—2+f
NWN-1) N-2,N-1

A(ry_o,Ty_1,Ty)

drN—Z) > (12)
I'N-2,N

where 7i(ry_,,ry_;,Ty) is the density of ®(N) associated with electron N—1 at point ry_, and electron N at point ry. Adding

Eq. (12) to its complex conjugate, we obtain

1
2n1/2

Te(Ty1,T) = (P(N)H(N = 2) = E5_y 1| P(N)) -

[Van V(@) | (W) + V12V (D(N)|P(N))]

- LOWITION) - TR D)~ (BT @) - (T3 D)D)

6 n(ry_o,Tn_1>
+ (f A(ry o, Ty rN)dl'N—z"'f
NWN-1) N-2,N-1

From Eq. (8), it follows that the second term disappears and
the Laplacian terms can be expressed with the integral of the
gradient of ®(N), leading to the form

Deri(ry-1.1y) = (PNIHN = 2) = B}y \|ON)

1 _ _
+ 5(<|VN¢(N)|2> +(|[Vy 1 @N)?))

6 ( f A(ry_p,Ty-1,Ty)
dry_,

+
N(N-1) TN_2,N-1
(ry_»Ty_q1,I
+f (LR N>drN_2>_ (14)
I'N-2.N

Inverting Eq. (11), 0,4 can be written as

lVIZ\,_ln”2 lVIZ\,nl/2
- w12 _U(rN—l)_v(rN)_

Veff = 7 +
€ 2 I’ll/2 2

TNN-1
+u. (15)
No term on the right hand side of Eq. (14) can ever be
negative; consequently,
Uesr = 0. (16)

Let us now turn to the asymptotic behavior of the pair
density and the effective potential U,¢. From Eq. (11), it fol-
lows that

n(l’N_],I'N) — e_zarN_le_zarN, (17)
where
a=[—ﬂ+5eff(°°7°°)]1/2~ (18)

From the inequality [Eq. (16)], we obtain

a= y/—_,u,. (19)

A(ry_o,Ty_;,Ty) dl‘N_z) . (13)

I'N-2,N

Multiplying Eq. (1) by an eigenstate \I’;k(N —2) of the
(N-2)-electron system, integrating over the coordinates of
N-2 electrons, and employing Egs. (2)—(7), we obtain

1 1
[— Eszv_l - 5V12v+ v(ry_) +o(ry)

1
+ - g/ |g/(ry_1.ry)
IN-1.N
== (N=2)n"(ry_;,ry)
_ 1 1 _
X<‘P,(N—2)( +—)<I>(N)>, (20)
-1 TN
where
g,=Ey—E\,, (21)

E5V_2 is the eigenvalue corresponding to the eigenfunction
V¥, (N-2), and

gty ry) = n' ey ry) f V(N =-2)D(N)d(N -2).
(22)

Considering now the case /=0,

go(ry_pry) =n'(ry_p,ry) f Wi (N=-2)D(N)d(N -2).
(23)
Equation ~ (20)  asymptotically  gives  go(ry_;,ry)

— eV THIN-1e7VTHIN a5 gy = . Using the asymptotic form [Eq.
(17)] of the pair density and the Schwartz inequality,

<1, (24)

’ f V(N -2)D(N)d(N -2)

Eq. (23) leads to
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—_—

a<\-pu. (25)
From inequalities (19) and (25), it follows the equality

a= \e"ﬁ. (26)
Then, Eq. (18) gives

Deg(0,0) = 0. (27)

It has the consequence that ®(N) asymptotically collapses to
the eigenfunction Wy(N—2). It can be seen from Eqgs. (7) and

(14) that ®(N) asymptotically cannot depend on the coordi-

nates ry_; and ry. The last term on the right hand side of Eq.

(14) gives the asymptotic form of the effective potential,
N-2 N-=-2

Uep— — + . (28)
'N-1 I'n

In earlier papers, the two-particle equation [Eq. (9)] was
written as

-1

1 1 N
- V2 - =V +u(ry) + +
[ 2 YN-1T 5 VN U(rN 1) U(rN) Fyon

+ vp(l'N_l,I‘N):|n”z(rN_l,I‘N) = ,LLn”z(l'N_l,l'N), (29)

where vp is the Pauli potential. Comparing Egs. (3), (11),
and (29), we are led to the relation
_ N-2
Up=Ueff— — - (30)
'n-1,§
Equations (28) and (30) lead to the asymptotic form of the
Pauli potential,

UPH(N-z)(LJri- ! ) (31)

'n-1 N TN-IN

lll. ELECTRON-ELECTRON CUSP CONDITION FOR
THE PAULI POTENTIAL

To derive the electron-electron cusp condition for the
Pauli potential, first, the two-particle equation [Eq. (29)] is
written as

-1

1 1 N
- V2 - =V +u(ry) + +
[ 2 YN-1T 5 VN U(rN 1) U(rN) Fyon

+ UP(rN—l’rN):|)?O(rN—ler) = uXo(ry_1,Ty), (32)
where the two-particle function Y is related to the pair den-
sity n as

N-1,_

=N——%l*- (33)
2
Now, we introduce relative and center of mass coordinates as
r=ry—ry_ (34)
and
R.= %(1‘1\/4‘ Ty_1). (35)

The wave function ), can be written as

J. Chem. Phys. 128, 114115 (2008)

XO(r’Qch) = 2 le(rch)Ylm(Q)s (36)
Im

where Y, are the spherical harmonics. The expansion of the
Pauli potential vp around r=0 leads to

-1
vp (R,
vp(r,QLR,) = v R, > v (R R)Y,,(Q), (37)
Im
where
Oi(r.R) = A (R + By, (R)r+ Cpp(R)F + -+ . (38)
For the Coulomb external potential, the expansions
1 1
-Z—=-Zi——
Iy IR, +r1/2]|
a7 (r12) . —
=—-Z2, Y, (R)Y), (=12 39
- 2 +1 Ri_” lm( c) lm( ) ( )
and
1 1
-Z

i A—
ry IR, —1/2]

4w (r2)!
Z
sz 20+ Rl+1

YR DY (K12) (40)

can be applied for small r. Substituting the radial functions
R,,(r,R,) = cggf(RC)rl + c},ln)(RC)rlJ'1 + sz)(R )2+

(41)

and expressions (36)—(41) into the two-particle equation [Eq.

(32)] and equating the coefficients of r~! to zero, we arrive at
the equation

2c8) = (Wi + N-1)clY) = 0. (42)

Now, the expansion [Eq. (36)] for the wave function Y, is
substituted into the pair density [Eq. (33)] and the spherical
average of the pair density is taken around r=0,

N(N 1)1
7] =0 = | ol (43)
The derivative of the spherical average of n is
an NN-1) 1
- =— 7 " 9 (0) (1) 44
ar | - 2 g 00 (44)

Equations (43), (44), and (42) lead to the electron-electron
cusp condition for the pair density,

on
ar

=+ N- L (45)

n|r—0
On the other hand, it is well known that the electron-electron
cusp condition for the pair density has the form’

on

ar

—=0, (46)
n|r=0

Equations (45) and (46) result to
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v =2-N. (47)
Consequently, for small r, the Pauli potential should behave
as
2-N

r

Up= (48)

IV. DISCUSSION

The Pauli energy of the pair density functional theory
was introduced by a density functional analogy: the differ-
ence of the kinetic energy and a Weizsicker-type expression9
(constructed from the pair density instead of the density).1
The Pauli potential is the functional derivative of the Pauli
energy with respect to the pair density. For a two-electron
system, the Pauli potential disappears. Both the asymptotic
form [Eq. (31)] and electron-electron cusp condition [Eq.
(48)] give this property correctly. It might be useful to write
the asymptotic form [Eq. (31)] with relative and center of
mass coordinates. Expanding the terms 1/ry_; and 1/ry, we
obtain the following forms:

2 1
UP—>(N—2)(———), (49)
R. r
if R.>r/2, and
_ 3
Up— (N=-2)—, (50)
r
if R.<r/2.

As the exact form of the Pauli potential is not known, we
have to find approximate expressions for numerical calcula-
tions. Exact relations that the Pauli potential should satisfy
could be very useful in constructing approximate formulas.
Earlier, we derived virial theorem and hierarchy of equa-
tions. These relations together with the presently derived
asymptotic form [Eq. (31)] and electron-electron cusp condi-
tion [Eq. (48)] give possibility to obtain appropriate expres-
sion for the Pauli potential. This will be the subject of further
future research. A fundamental problem in the density matrix

J. Chem. Phys. 128, 114115 (2008)

theory is the N-representability problem.7’8’w22 An approxi-

mate functional does not generally satisfy N-representability.
It is supposed that the fulfillment of the above mentioned
exact relations is important from the point of view of
N-representability, too.
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