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ABSTRACT
A generating function σ is defined for spherically symmetric systems. Compared to the density, the generating functional has two extra
variables and reduces to the density if these variables are equal to zero. It is proved that σ satisfies a differential equation that contains only
the derivatives of σ and the Kohn-Sham potential. A Schrödinger-like equation for the square root of σ is also derived. The effective potential
of this equation is the sum of the Kohn-Sham potential and a term that is expressed with an integral containing the derivatives of σ. The
noninteracting kinetic energy can be calculated in the knowledge of σ. The theory is valid in case of zero and nonzero temperatures as well.
For nonspherically symmetric systems, the muffin-tin approximation can be applied.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5100231

I. INTRODUCTION

Density functional theory (DFT) is one of the most benefi-
cial and effective methods for examining the electron structure. The
original Hohenberg-Kohn theory1 was extended to nonzero temper-
ature by Mermin.2 In principle, the Euler equation can be used to
obtain the density. But the kinetic energy functional is unknown.
Therefore, Kohn and Sham (KS)3 introduced a noninteracting sys-
tem in which the particles move independently in a common, local
potential field. This Kohn-Sham (KS) potential is defined by the con-
straint that the density of the noninteracting system is the same
as that of the true, interacting system. The kinetic energy can be
expressed with the one-particle orbitals and the variational principle
leads to the KS equations.

Nowadays, the great majority of DFT calculations are done by
solving the KS equations. For a system with many particles, there are
a lot of occupied KS orbitals. Therefore, it is reasonable to go back
to the original Euler equation and seek to find appropriate approxi-
mation for the kinetic energy functional. It is especially essential in
case of nonzero temperature because there are a huge number of
partially occupied KS orbitals even for a one-particle system. This
explains the increasing efforts done in the direction of an orbital-free
DFT.4–12

In this paper, a different approach is presented. Here, the need
for the kinetic energy functional is avoided. Instead, a generating
function σ is defined. It has two extra variables compared to the
density and it reduces to the density if these variables are equal to
zero. It is shown that σ satisfies a differential equation that con-
tains only the derivatives of σ and the KS potential. Moreover, a
Schrödinger-like equation for the square root of σ is also derived.
The effective potential of this equation is the sum of the Kohn-Sham
potential and a term that is expressed with an integral containing
the derivatives of σ. The present approach is an extension of the
author’s earlier method developed for zero temperature.13–15,17 Here,
the notation “generating function” is used instead of the “general-
ized density” of the previous work16 because it shows better that this
is an auxiliary quantity introduced in order to derive an orbital-free
approach. The generating function has physical meaning only if the
two extra variables are zero, and in that case it coincides with the
density.

The present theory is valid in case of zero and nonzero temper-
ature, as well. But it can be used for spherically symmetric systems.
For nonspherically symmetric systems, the muffin-tin approxima-
tion can be applied.

The paper is organized as follows: In Sec. II, the finite tem-
perature DFT is summarized. In Sec. III, a third-order differential
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equation for σ and a Schrödinger-like equation for the square root of
σ are derived. Section IV is devoted to discussion and an illustrative
example.

II. FINITE TEMPERATURE DFT
Summarize first the extension of DFT to nonzero temperature

(for details, see, e.g., Refs. 2, 3, 18, and 19). It is convenient to utilize
the grand canonical ensemble. The grand canonical potential is

Ωβ[v − µ] = min
n

{{Fβ[n] + ∫ n(r)(v(r) − µ)}, (1)

where

Fβ[n] = min
Γ̂→n

tr{Γ̂(T̂ + V̂ee +
1
β

ln Γ̂)}. (2)

T̂ and V̂ee stand for the kinetic energy and the electron-electron
energy operators, respectively. β is the inverse temperature. The
functional F is defined by constrained search: the minimum is over
all density matrices Γ̂ that yield the given density n. F is universal,
that is, it depends neither on the external potential v nor on the
chemical potential µ.

The density matrices Γ that yield n(r) are composed of states
with different numbers of particles from 1 to infinity. This means
that n(r) corresponds to a fractional average number of particles. We
can call it ’grand-canonical ensemble representable’ density.

We mention in passing that one can use the canonical ensem-
ble instead of the grand-canonical ensemble. Then, the number of
particles is fixed and instead of the grand potential, the free energy
is used. One can also define the functional Fβ[n] in the canonical
ensemble and then n(r) corresponds to the fixed number of parti-
cles. There is an inequality between the functionals in the different
ensembles.

The noninteracting system can also be constructed. The Kohn-
Sham functional Fs,β is defined as

Fs,β[n] = min
Γ̂→n

tr{Γ̂(T̂ +
1
β

ln Γ̂)}. (3)

The Kohn-Sham equations at nonzero temperature take the form

[−1
2
∇2 + vKS(r)]�j(r) = εj�j(r), (4)

where
n(r) = ∑

j
fj∣�j(r)∣

2 (5)

and

fj = (1 + eβ(εj−µ))
−1

. (6)

�j and εj are the orbitals and the orbital energies, respectively. The
Kohn-Sham potential vKS can be written as the sum of the external,
the classical Coulomb, and the exchange-correlation terms:

vKS(r) = v(r) + vJ(r) + vxc(r). (7)

One can introduce the Weizsäcker kinetic energy

Tw =
1
8 ∫

∣∇n∣2
n

dr (8)

and define a quantity

Tθ = Ts − Tw (9)

and its functional derivative

vθ =
δTθ
δn

. (10)

Then, the Euler equation11

δTs

δn
− 1
β
δSs

δn
+ vKS = µ (11)

takes the form

[−1
2
∇2 + vθ −

1
β
δSs

δn
+ vKS]n1/2 = µn1/2. (12)

In contrast, at zero temperature, the Euler equation can be rewritten
as

[−1
2
∇2 + vP + vKS]n1/2 = µn1/2, (13)

where vP is called the Pauli potential.20–24 Comparing Eqs. (12) and
(13), we see that at finite temperature, the term vθ corresponds to
the Pauli potential vP of zero temperature. Equation (12) has an
extra term containing the functional derivative of the noninteract-
ing entropy Ss that disappears at zero temperature and cannot be
found in Eq. (13).

III. GENERATING FUNCTION FOR SPHERICALLY
SYMMETRIC SYSTEMS

Consider a spherically symmetric system and write the Kohn–
Sham equations as

− 1
2

d2Pi(r)
dr2 +

li(li + 1)
2r2 Pi(r) + vKS(r)Pi(r) = εiPi(r), (14)

where Pi(r) is the radial part of the KS orbital �j(r) in Eq. (4) and
li are the azimuthal quantum numbers. Note that more than one
spherical harmonics can be combined with the same radial function
Pi(r) to obtain the given orbital �j(r) except the case li = 0. That is
why the different subscripts i and j are used in P and �.

The radial density takes the form

%(r) = ∑
i

fiλi%i(r), (15)

where %i(r) = P2
i (r) and λi are the radial occupation numbers.

According to the Unsöld theorem, the density is strictly spherically
symmetric for closed shells, that is, λi = 2li + 1 [or having both spin
up and down electrons λi = 2(2li + 1)]. Otherwise, the density is only
approximately spherically symmetric.

Definition. Define now a generating function

σ(r) = ∑
i

ai%i(r), (16)

where
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ai = wifiλi. (17)

The factors wi are selected as

wi = e−αεi−γli(li+1) (18)

with any real values α and γ.

Theorem 1. The generating function gives the density if
α = γ = 0.

Proof. Substituting α = γ = 0 in Eq. (18), all wi = 1 and Eq. (16)
is the same as Eq. (15).

We can see that the generating function is an extension of the
density. While the density depends on the radial distance r and
the inverse temperature β, the generating function has two other
variables: α and γ.

Theorem 2. The generating function satisfies the equation

σ′′′(r) = 8vKS(r)σ′(r) + 4v′KS(r)σ(r) + 8
∂σ′(r)
∂α

− 4
r2

∂σ′(r)
∂γ

+
4
r3

∂σ(r)
∂γ

, (19)

where ′ stands for the derivation with respect to the radial
coordinate r.

Proof. Dividing Eq. (14) by Pi(r), differentiating, and then
multiplying by P2

i (r), we are led to

− 1
2

Pi(r)Pi(r)′′′ +
1
2

P′i(r)P′′i (r) − li(li + 1)
r3 P2

i (r)

+ v′KS(r)P2
i (r) = 0. (20)

Multiplying Eq. (14) by P′i(r) and combining it with Eq. (20), we
obtain

Pi(r)P′′′i (r) + 3P′i(r)P′′i (r) = 2
li(li + 1)

r2 %′i(r) + 4vKS(r)%′i(r)

− 4�i%′i(r) − 2
li(li + 1)

r3 %i(r)

+ 2v′KS(r)%i(r). (21)

Calculate now the derivatives of the generating function,

σ′(r) = ∑
i

ai%′i(r), (22)

∂σ′(r)
∂α

= −∑
i

ai�i%′i(r), (23)

∂σ(r)
∂γ

= −∑
i

aili(li + 1)%i(r), (24)

and
σ′′′(r) = 2∑

i
ai[Pi(r)P′′′i (r) + 3P′i(r)P′′i (r)]. (25)

Combining Eqs. (20)–(25), we arrive at Eq. (19).

Theorem 3. The square root of σ(r) satisfies the Schrödinger-
like equation

− 1
2
(σ1/2(r))′′ + (vKS(r) + u(r))σ1/2(r) = 0, (26)

where u(r) satisfies the equation

1
2
σ(r)u′(r) + σ′(r)u(r) = g(r) (27)

and

g(r) = ∂σ′(r)
∂α

− 1
2r2

∂σ′(r)
∂γ

+
1

2r3
∂σ(r)
∂γ

. (28)

u(r) can be expressed from Eq. (27) as

u(r) = 2
σ2(r) ∫

r

0
σ(r1)g(r1)dr1. (29)

Proof. Using the definition of σ(r) [Eq. (16)], one can immedi-
ately calculate that

− 1
2
(σ1/2)′′(r)
σ1/2(r) = 1

8
(σ

′(r)
σ(r) )

2

− 1
4
σ′′(r)
σ(r) . (30)

Defining u(r) as

u(r) = 1
2
(σ1/2)′′(r)
σ1/2(r) − vKS(r), (31)

substituting it into Eq. (27) and taking into account Eq. (19), we
find that u(r) satisfies Eq. (27). Equation (29) shows how u(r) can be
expressed with σ(r). One can easily verify it by substituting Eq. (29)
into Eq. (27).

Theorem 4. The noninteracting kinetic energy can be
expressed as

Ts,β = [−∫
∞

0

∂σ(r)
∂α

dr − ∫
∞

0
σ(r)vKS(r)dr]∣

α=γ=0
. (32)

Proof. The noninteracting kinetic energy can be written as

Ts,β = −
1
2∑i

fiλi ∫ �∗i (r)∇
2�i(r)dr. (33)

It can be formulated with the radial wave functions Pi(r)

Ts,β = −
1
2∑i

fiλi ∫
∞

0
[Pi(r)P′′i (r) − li(li + 1)

r2 P2
i (r)]

= ∑
i

fiλiεi ∫
∞

0
P2

i (r)dr − ∫
∞

0
%(r)vKS(r)dr. (34)

The Kohn–Sham equations (14) and the form of the radial density
(15) are utilized. Taking advantage of Theorem 1 and Eq. (23), we
arrive at Eq. (32).
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IV. DISCUSSION
The generating function can be considered as a generalization

of the density. σ depends not only on the variables r and β but also
on two extra parameters α and γ. This generalization makes it pos-
sible to derive a single differential equation for σ. That is, we do
not have to solve the Kohn-Sham equations. Note that at nonzero
temperature, the number of partially occupied orbitals is infinite in
principle. It is enough to solve Eq. (19) or the Schrödinger-like equa-
tion (26) with Eq. (29). It is an advantage of the present method
over Kohn-Sham calculations. The appearance of the two extra vari-
ables is, of course, unfavorable computationally. However, as our
aim is to determine the density, we only need σ and its derivatives at
α = γ = 0. Therefore, it is enough to calculate σ in the neighborhood
of α = γ = 0.

The present approach is valid both for zero and nonzero tem-
perature. It is expected to be more beneficial in the case of elevated
temperature because of the huge number of Kohn-Sham orbitals.

Equation (26) is a Schrödinger-like equation for the square root
of σ. It can be compared with the Euler equation (12) that can be
written in spherically symmetric case as

− 1
2
(%1/2)′′(r) + (vθ(r) − 1

β
δSs

δn(r) + vKS(r) − µ)%1/2(r) = 0. (35)

Equation (26) at α = γ = 0 has the form

− 1
2
(%1/2)′′(r) + (vKS(r) + u(r,α = γ = 0))%1/2(r) = 0, (36)

that is,

u(r,α = γ = 0) = vθ(r) − µ − 1
β

δSs

δn(r) . (37)

At zero temperature, Eq. (37) reduces to u(r, α = γ = 0) = vθ(r) − µ.
Observe that Eq. (26) does not explicitly depend on µ. It is in accord
with the fact that the grand canonical potential is a function of
the difference v − µ. u comprises all terms except vKS, we do not
have to be concerned about µ or the term containing the functional
derivative of the noninteracting entropy.

It should be emphasized that one needs the Kohn-Sham poten-
tial to obtain the solution. The Kohn-Sham potential depends on the
inverse temperature, but does not depend on α and γ. The Kohn-
Sham potential is needed to calculate σ. In the knowledge of σ, one
can immediately obtain the density. From the density, one can com-
pute the Kohn-Sham potential. With this new Kohn-Sham poten-
tial, one can calculate again σ. This procedure should be followed
until self-consistency. Observe that the accuracy of the results will
depend on the approximate exchange-correlation functional used to
compute the Kohn-Sham potential.

We note that the results presented in this article might be use-
ful not only in spherically symmetric systems. For example, it can be
generalized for muffin-tin orbitals of solid-state calculations.25 In the
muffin-tin approximation, the nuclei are surrounded by spheres in
which the KS potential is taken to be spherically symmetric. There-
fore, it is likely that the present approach can be applied in the
muffin-tin method. However, this is a subtle problem that should
be the subject of further research.

Finally, a simple example is presented for illustration. Consider
a linear harmonic oscillator with unit mass and frequency ω. The
potential is v(x) = ω2x2/2. The generating function σ is defined as

σ(x) = ∑
i

fie−αεiψ2
i (x), (38)

where εi and ψi(x) are the eigenvalues and eigenfunctions of the har-
monic oscillator. Note that there is no γ here. For a one-dimensional
system, Eq. (19) takes the form

σ′′′(x) = 8vσ′(x) + 4v′(x)σ(x) + 8
∂σ′(x)
∂α

, (39)

where ′ stands for the derivation with respect to x. For the special
case of high temperature, i.e., fi ≈ e−β(εi−µ),

σ(x) = eβµ∑
i

e−(β+α)εiψ2
i (x) (40)

has an analytical form26

σ(x) = eβµ( ω
2π sinh [(α + β)ω)])

1/2

× exp [−ωx2(tanh [(α + β)ω
2

])]. (41)

Substitution of Eq. (41) into Eq. (39) shows that the generating
function satisfies Eq. (39) (it corresponds to Theorem 2 in one
dimension). The density can be easily obtained from Eq. (41) with
α = 0,

%(x) = eβµ( ω
2π sinh (βω)))

1/2

exp [−ωx2(tanh [βω
2

])]. (42)

In the knowledge of σ(x), we can calculate the potential u(x) from
Eq. (31),

u(x) = 1
2
(σ1/2)′′(x)
σ1/2(x) − v(x)

= − ω2x2

2(cosh [ (α+β)ω
2 ])

2 −
ω
2

tanh [(α + β)ω
2

]. (43)

Selecting α = 0, we arrive at

u(x) = − ω2x2

2[cosh ( βω2 )]
2 −

ω
2

tanh [βω
2

]. (44)

The noninteracting kinetic energy can be gained from Eq. (32),

Ts,β = eβµ
ω
8

cosh ( βω2 )

[sinh( βω2 )]
2 . (45)

Figure 1 presents the potential u(x) for ω = 1(hartree/h̵) and
some values of βω (βω = 2, 3, and 4). Figure 1 shows the potential
v(x), too. While v(x) is positive, u(x) is negative for all values of x in
accord with Eq. (44).
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FIG. 1. Potential v(x) (black solid line) and u(x) as a function of x for βω = 2 (red
long dashed line), βω = 3 (blue short dashed line), and βω = 4 (green dotted line).

In summary, an alternative orbital-free DFT approach is pre-
sented. The method does not need the kinetic energy functional.
Instead, a generating function σ is defined for spherically symmetric
systems. Compared to the density, it has two extra variables and it
reduces to the density if these variables are equal to zero. A third-
order differential equation for σ and a Schrödinger-like equation for
the square root of σ are derived. The theory is valid for spherically
symmetric systems in case of zero or elevated temperature. For non-
spherically symmetric systems, the method can be applied within the
muffin-tin approximation.
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