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ISOMETRY GROUPS OF SIX-DIMENSIONAL FILIFORM NILMANIFOLDS

AGOTA FIGULA* AND SAMEER ANNON ABBAS

ABSTRACT. In this paper, we classify up to isometry the connected and simply connected Riemannian

nilmanifolds on six-dimensional filiform Lie groups and we compute the corresponding isometry groups.

1. Introduction

A connected Riemannian manifold M which admits a transitive nilpotent Lie group of isometries
is called a Riemannian nilmanifold. For every Riemannian nilmanifold M there exists a unique
nilpotent Lie subgroup N of the group Z(M) of isometries of M which acts simply transitively on
M (see [9]). Therefore the Riemannian nilmanifold M can be treated as the nilpotent Lie group R
equipped with a left invariant metric (., .)x. Furthermore, the full group Z(R) of isometries of (N, (., .)x)
is the semi-direct product ® x OA(n) of the group O.A(n) of automorphisms of the Lie algebra n of
N which preserves the inner product on n determined by the left-invariant metric (.,.)x and the
group N. Hence the classification of the connected and simply connected Riemannian nilmanifolds
up to isometry is equivalent to the determination of the classes of isometrically isomorphic metric
nilpotent Lie algebras, that is nilpotent Lie algebras endowed with an inner product. This means
the determination of the isometry equivalence classes of nilmanifolds can be successfully carried out
by working in their metric Lie algebras. Using this procedure the connected and simply connected
two-step Riemannian nilmanifolds of dimension at most 6 were intensively studied. Their isometry

equivalence classes and isometry groups are determined in [3], [6], [8]. It turns out, that this method is
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also fruitful to classify the at most 5-dimensional Riemannian nilmanifolds of higher nilpotency class
and to determine their isometry groups ([4], [8]). Among nilpotent Lie groups with higher nilpotency
class the filiform Lie groups play an essential role. An n-dimensional filiform Lie algebra has the
maximal possible nilpotency class n — 1. The geometry of filiform metric Lie algebras are described in
[1], [2], [7]- In [4] the isometry equivalence classes and the isometry groups of Riemannian nilmanifolds
corresponding to filiform metric Lie algebras of arbitrary dimension were thoroughly investigated. It
is proved there that every filiform metric Lie algebra (n,(.,.)) has a decomposition into orthogonal
direct sum of 1-dimensional subspaces such that any orthogonal automorphism of (n, (.,.)) preserves
this decomposition. Hence the isometry groups of the filiform nilmanifolds have the same dimension
as the nilmanifolds. In particular the classification of standard filiform metric Lie algebras and that
of the isometry groups of the corresponding nilmanifolds are given in [4]. In this paper we follow
the approach of [4] and deal with 6-dimensional filiform metric Lie algebras. Our aim is to classify
the isometry equivalence classes of nilmanifolds on 6-dimensional filiform Lie groups and to determine

their full isometry groups.

2. Preliminaries

The lower central series of a Lie algebra £ is C°4 D CY > --- > CI¢ > CIt¥ > ... such that CO¢ =/
and G710 = [¢,C7/],7 € N. A Lie algebra ¢ is called k-step nilpotent if Ck¢ = {0}, but C*~¢ # {0}
for some k € N. If an n-dimensional Lie algebra ¢ is (n — 1)-step nilpotent then it is called filiform. A
filiform Lie algebra ¢ is standard filiform, if it contains a basis {G1,...,G,} such that the nontrivial
Lie bracket relations are given by [G1,G;] = Gj41,7 =2,...,n— 1.

In this paper we investigate 6-dimensional filiform Lie algebras. They are defined by the following

non-vanishing commutators (see [5, pp. 646-647]),

lo 14 : [G1,Go] = G3, G1,G4] = G5, [Go,G3]
le,15 : [G1,Go) = G, G1,G4] = G5, [G2,G3

[ [ Gs, [G2,G5] = Gs, [G4,Gs] = G,
[ [ Gi]
ls 16 : [G1,G2) = G, [G1,G3] = G4, [G1,G4] = G5, [G2,G5)
[ [ Gs]
[ [ ]

5, [G1,Gs] = Gg, [G2,G4] = G,
G, [Ga,G3] = Gé,

6, [Ga, Gs] = Gé,

Ge,

I
Q

I
D

U 17 : [G1,Go) = G, G1,G4] = G5, [Gh,
le,18 1 [G1,Go] = G, G1,G4] = G5, [G1,G5

5

with respect to a distinguished basis {Gi}?zl which is called the canonical basis of the corresponding
Lie algebra. In this list of Lie algebras, £ 14, £6,15, £6,16 and £ 17 are non-standard filiform Lie algebras,
lg,18 is standard filiform. The metric Lie algebra is a Lie algebra equipped with an inner product, the
automorphisms preserving the inner product are called orthogonal automorphisms.

In the following E® denotes a 6-dimensional Euclidean vector space with a distinguished orthonormal
basis & = {E1, Es, E3, Ey, E5, Eg}. Taking into account the procedure given by [4, pp. 371-372], for
the classification of metric Lie algebras up to isometric isomorphisms, first we use the Gram-Schmidt
process to the ordered basis {Gg, G5, G4, G3, G2, G1} in the metric Lie algebra (¢, (.,.)) to obtain an
orthonormal basis {F1, F», F3, Fy, F, Fg} expressed by F; = Y 1, aixGy, a;, € R, such that a; > 0.
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After this, we define a Lie bracket on ES with the same structure coefficients with respect to its
distinguished basis £ as the metric Lie algebra (4, (.,.)) has with respect to its basis F'. The obtained
metric Lie algebra on E° is isometrically isomorphic to (¢, {.,.)). Finally, we have to find conditions
on the real parameters of metric Lie algebras on E® to get a one-to-one correspondence between the
equivalence classes of isometrically isomorphic metric Lie algebras and a family of metric Lie algebras
on [ES.

An orthogonal direct sum decomposition n = Vi &- - -@&V,, on one-dimensional subspaces V1,. ..,V of
a metric Lie algebra (n, (.,.)) is called a framing, if any orthogonal automorphism of (n, (.,.)) preserves
this decomposition. An orthonormal basis {G1,Ga,...,Gp} of (n,(.,.)) is adapted to the framing
n=Vi®---aV,if V; =RG, for i =1,...,n. The metric Lie algebra (n,(.,.)) is called framed, if it
has a framing.

We often use the following (see [4, Lemma 1]).

Lemma 2.1. Let (n,(.,.)) and (n*,(.,.)*) be isometrically isomorphic framed metric Lie algebras of
dimension n with framingsn =RG1 & --- ®@RG,, and w* =RG| @& --- & RG}, where (Gy,...,Gy),
respectively (G5, ...,Gr) are orthonormal bases. If the commutators |.,.] of n and [.,.]* of n* are of
the form

Gy, Gy Za”c;k and |G}, GI]* = Za Yo jk=1,...n,

a*f . >0 then af, = a*F

then a = :l:a*k foralli,j k=1,...,n. Particularly, if a”, i = i ije

3. Filiform metric Lie algebras of dimension 6

We consider the 6-dimensional standard filiform Lie algebra £ 13-
According [4, Theorem 7] let ng 18(a, b, c,d,e;),j = 1,...,6 be a filiform Lie algebra defined by the
following non-vanishing commutators with respect to the distinguished orthonormal basis {F1, ..., Fg}

of the Euclidean vector space ES,

[E1, Byl = aFE3+e1 By + eaEs + e3Es, [E1, B3] = bEy + e Es + e5 g,
[E1, E4] = cEs + e Eg, [E1, E5] = dFEg,

where a,b,c,d,e; € R, a,b,¢c,d # 0. The metric Lie algebra (4613, (.,.)) is isometrically isomorphic to
a unique metric Lie algebra ng 15(a, b, ¢, d, e;) such that a, b, c,d > 0 and if the set J = {j € {1,3,4,6} :
ej # 0} # 0, then ej, > 0 for the minimal element j, € J. The group O.A(ug15(a,b,c,d,e;)) of
orthogonal automorphisms of 1 18(a, b, ¢, d, e;) with respect to the basis {1, Ea, E3, E4, E, Eg} is the
group

(1) if J = @, then O.A(Hﬁ@g(d, b, c, d, ej)) = {TEl = €1E1,TEZ‘ = €2Ei,i = 2,4, 6, TEj =

c162F;,j = 3,5, €1,60 = £1} >~ Zy X Zs.
(2) if J 75 @, then O.A(H(;,lg(a, b, C, d, 6]')) == {TEl = El, TEZ == €Ei,i = 27 NN ,6,5 = :|:1} ~ ZQ.
Now we consider the Lie algebra fg 14.
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Definition 3.1. Let ns14(, 5;) be a metric Lie algebra defined on ES by the non-vanishing commu-

tators:

« +
[Eq, Eq] = ay Es + p1Eq + B2E5 + B3Es, [E1, E3] = an By — (5&%267) Es + BaEs,
a1
[E1, B4 = ;45]55 + 5 Es, [Ea, B3] = azEs + B Es,
[Eo, E4) = BrEs, (B2, E5] = a4,
[E4, E3] = a5 Es,

where o; #0,i=1,...,5 and B; e R,j =1,...,7.

Theorem 3.2. Let (.,.) be an inner product on the 6-dimensional filiform Lie algebra g 14.

(1) There is a unique metric Lie algebra (ws14(c, Bj), (.,.)) with o;, B; € R such that a; > 0
satisfying
(a) (n614(0vs, By),(.,.)) is isometrically isomorphic to the metric Lie algebra (g 14,(.,-)),
(b) if the set J ={j € {1,4,7} : B # 0} # 0, then B;, > 0 for the minimal element jo € J.
(2) The group of orthogonal automorphisms of ne 14(cy, B;) with the respect to {En, ..., Eg} is the
group:
(a) if the set J = 0, then one has OA(ng 14(cv, B;)) = {TE; = ¢E;,i = 1,3,5,6,TEy =
Eo, TEy = Ey, ¢ = +1} ~ Zs.
(b) if the set J # 0, then OA(ng14(vs, B5)) is trivial.

Proof. According to the proof of [4, Theorem 4], the subspaces span (G;,...,Gg),i =1,...,6 of {14
form a descending series of ideals which are invariant under all automorphisms of ¢ 14. The Gram-
Schmidt process applied to the ordered basis {Gg, G5, G4, G3,Ga,G1} yields an orthonormal basis
{F1, Fy, F3, Fy, F5, Fg} of {14 such that the vector Fj is a positive multiple of G; modulo the subspace
span (Gj;j > i) and orthogonal to span (Gj;j > ). The orthogonal direct sum RF; @ --- ® R Fy
is a framing of (614, (.,.)). Hence one has F; = Zg:i a;;,Gr,a; > 0 and the commutators can be

expressed as

« “+ «
(3.1) [F1, F5] = a1 Fs + B1Fy + o F5 + B3 Fs, [F1, F3] = aoFy — <5ﬂ1a4257> F5 + BaFs,
a1
[Fy, Fy| = ;45F5 + B5F%, [Fa, F3] = a3Fs + (e Fg,
[F27F4]:B7F67 [F27F5]:a4F6>
[Fy, F3] = a5 Fg,
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with oy > 0,4 =1,...,5 and {a, §;} € R. Changing the orthonormal basis: Fl=—F,F=F, F;=
—F37F4 = F4,F5 = —F5,F6 = —F6 yields

s = = ~ ~ S ~ o} + «

[F1, F5] = a1 F3 — B1Fy + PoFs + (3 F5, [F1, B3] = agFy + (W) F5 — B4Fg,
~ ~ a a ~ ~ ~ ~ ~ ~

[F1, Fy) = 145F5+55F67 [Fa, F3| = asFs + feFg,

[Fy, Fy] = —BrF, [Fy, F5] = auFg,

[Fy, F3]) = asFs.

Hence there is an orthonormal basis satisfying (3.1) such that if the set J = {j € {1,4,7},5; #
0} # 0, then we may assume that §8;, > 0 for the minimal element j, € J. Hence the existence of
metric Lie algebra ng 14(cv;, B;) satisfying Theorem 3.2 (1) is proved.

Let the linear map 7' : g 14(cv;, ;) — 1 14(c}, ﬂ;) be an isometric isomorphism. The decomposition
RE; @ RE;$RE; & RE;®RE; @R Ejg is a framing of both Lie algebras, where a;, o > 0. Hence
by Lemma 2.1 we have a; = aj, moreover |3} = ; forall j =1,...,7. Let be T'(E;) = &; F;, &; = %1,
i =1,...,6. Then we obtain from [TE;, TE;]' = T[E;,E;], i,j = 1,...,6, using the commutation

relations (3.1), the equations

1€z (a1 B3 + B1Ey + ByE5 + B5Es) = anesEs + BresEy + Poes Es + PB3e6 Fe,

€1€3 <a2E4 - (OM) Es + 8,Es asf1 + asfr

aoeg By —
(671 (07}

)-
> ajos

> es s + Bace Es,

a
€1€4 < 14 °Es + BsEs 55E5 + Bse6 6,

e2e3 (a3Bs + B5Es) = asesBs 4 Pees B,

) =
e9e4 (B7Es) = BrecEe,
£2e5 () =

)

eae3 (a5 B6) = aseq E.

It follows 169 = €3, €163 = €4, €164 = €5 = €9¢€3, and €965 = g = £4¢3. Then one has e = ¢4 = 1,
€1 = €3 = €5 = €¢. Using these relations we have €160 = €1 = €5, €162 = €1 = €g, €164 = €1 = &g,
g9e3 = €3 = €¢. Therefore one has 8y = fa, 85 = B3, Bt = B, B = Be. Assume that J # 0. If
f1 = 1 > 0, then one has the additional condition €169 = g4. If 84 = ) > 0, then we get €163 = €.
If 7 = B, > 0, then we have e2e4 = €6. In all these cases we obtain ¢; = 1,7 = 1,...,6. This proves

that Lie algebra ng 14(cv;, 3;) is uniquely determined.
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If the map E; — €;E; is an orthogonal automorphism of 1g 14(c, 5;), then

e162 (1 B3 + P1Ey + BoEs + B3Es) = aresbs + BieaEy + Paes Es + Paee K,

o + « o + «
€1€3 <042E4 - <M> Es + 54E6> = aeg )y — <M> es s + Baee Ee,

QY Qg

o105 Q105
€1€4 ( Es + 55E6> = esEs 4 Bsee e,
[e7) Qg

e9e3 (a3 Es + BeEs) = ases Es + Beee L,
€2¢4 (B7E6) = Brec B,
e265 (a4 Fg) = auee B,
eqe3 (a5 Eg) = aseeFg.
If J =0, then one has o = 4 = 1, £1 = €3 = €5 = g4. Hence the group of orthogonal automorphisms
of 1 14(cv;, ;) is isomorphic to the group given by (2a) of Theorem 3.2.
If J # 0, then we get &, = 1,7 =1,...,6, i.e. the group of orthogonal automorphisms of g 14(c;, ;)

is trivial. This yields the second assertion. g

Corollary 3.3. Let (g 14(0v, 55), (., .)) be the connected and simply connected Riemannian nilmanifold
corresponding to the metric Lie algebra (ns 14(cv, B;), (.,.)). The isometry group of (Re 14(c, 55), (., .))
18

Zo % Ve 14(cv, B) ifJ =0,

Z((N14(es, Bj)) = .
Ng 14(, B;) if J # 0.

Now we consider the Lie algebra (¢ 15.

Definition 3.4. Let {E1, Es, Es, Ey, E5, Eg} be an orthonormal basis in the Euclidean vector space
ES. Denote by ng15(cvi, B4), i, 3j € Ryi = 1,...,5,5 = 1,...,7 with a; # 0 the metric Lie algebra

defined on E® given by the non-vanishing commautators

[Eh, Es] = a1 B3 + p1Es + B2E5s + B3Es, [Eh, B3] = asEy + B4Es + (5 Eg,
(650

[E1, E4) = asEs + B6Es, [Eo, B3] = i45E5 + B7Es,

[E1, E5) = auFs, [Eo, Ey] = asE.

Theorem 3.5. Let (.,.) be an inner product on the 6-dimensional filiform Lie algebra g 15.

(1) There is a unique metric Lie algebra (ns15(0u, 55),(.,.)) with oy, f; € R such that o; > 0
satisfying
(a) (n615(, By),(.,.)) is isometrically isomorphic to the metric Lie algebra ({g15,(.,-)),
(b) if the set J = {j € {1,3,4,6,7} : B; # 0} # 0, then B;, > 0 for the minimal element

Jo € J.

(2) The group of orthogonal automorphisms of g 15(cy, Bj) with the respect to {En, ..., Eg} is the

group:
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(a) if the set J = 0, then one has OA(ng15(c, 55)) = {TE; = e¢E;,i = 1,3,5,TE; =
EQ,TE4 = E4,TE6 == EG,E == :|:1} ~ ZQ.
(b) if the set J # 0, then OA(ng 15, 55)) is trivial.

Proof. According to the proof of [4, Theorem 4], the subspaces span(Gy,...,Gg),i = 1,...,6 of

lg,15 form a descending series of ideals which are invariant under all automorphisms of /g 15. Using

Gram-Schmidt process to the ordered basis {G¢, G5, G4, G3, G2, G1} we obtain the orthonormal basis

{Fs, F5, Fy, F3, Fy, F1 } where the vector Fj is a positive multiple of G; modulo span(G;j > i) and or-

thogonal to span (Gj; j > i). Expressing the vectors of the new basis in the form F; = 22:1 a;,Gr, 1 =
., 6 of lg 15 with a; > 0 we get

(3.2)

[F1, Ib] = a1 Fy + B1Fy + PoFs + B3Fs, [F1, F3] = anFy + BuFs + B5Fs, [F1, Fy] = azF5 + BeFs,
Q205

[Fo, F3] = F5 + (7 Fg, [F1, F5] = auFg, [Fy, Fy] = asFg,

where o; > 0 and {oy, 5;} € R. Changing the orthonormal basis, Fy — —Fi, Fy — Fy, F3 — —F3,
Fy— Fy, F5 — —F5, Fy — Fg, we obtain

[F1, Fo) = an I3 — B1Fy + Poks — B3Fs, [F1, F3] = asFy — BaF5 + B5Fs, [F1, Fy] = azF5 — BeFs,

[Fa, F3] = 2295

F5 — B7Fs, [F1, F5] = asFg, [Fa, Fy] = asFg.

There is an orthonormal basis satisfying (3.2) such that if the set J = {j € {1,3,4,6,7},5; # 0} # 0,
then we may assume that 3;, > 0 for the minimal element j, € J. Hence the existence of metric Lie
algebra ng 15(0y, ;) satisfying Theorem 3.5 (1) is proved.

Let the linear map 7' : g 15(c;, ;) — 1 15(c, ﬂ;) be an isometric isomorphism. The decomposition
RE &@RE,®RE3®RE; &R E; &R Ep is a framing of both Lie algebras, where a4, o > 0. Hence by
Lemma 2.1 we have o; = o}, moreover |3} = B; for j = 2,5. Let T'(E;) = ¢;E;, e; = £1,i=1,...,6,
then we obtain from [T'E;, TE;|' = T[E;, E;], i,j = 1,...,6, using the commutation relations (3.2) the
equations

162 (1 E3 + B1Es + ByEs + B3E) = are3E3 + freaEy + Paes Es + P36 Es,
e1e3 (an By + B4 Es + (5 E)

164 (asEs + B5Es)

E9E3 <

aoeg By + Baes Es 4 BsegBe,

azes EBs + Bece L,

€5E5 + Brec Es,

It follows e169 = €3, €163 = €4, €164 = €5 = €9e3 and €165 = €¢ = €964 hence g9 = g4 = ¢ = 1,
£1 = £3 = 5. Using these relations we have €169 = €1 = €5, €163 = €6 = 1. Therefore one has 35 = (2,
Bt = Bs. Assume that J # (. If ; = B > 0, then one has the addition condition e1e9 = 4. If
B3 = 35 > 0, then we obtain e1e9 = 6. If 4 = ) > 0, then we get e1e3 = 5. If 5 = 5 > 0, then one
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has e1e4 = g¢. If f7 = B, > 0, then we have e2e3 = 6. In all these cases we obtain ¢; = 1,i=1,...,6.
Hence we obtain that the metric Lie algebra g 15(cv, §;) is uniquely determined.

If the map E; — ¢;F; is an orthogonal automorphism of ng 15(a, 5;), then
e162 (a1 B3 + B1Ey + BoEs + B3Es) = anesBs + BreaFy + Baes Es + BseaF,
163 (ol + BuEs + P5Eg) = azea By + BaesEs + Pse6 B,
e1€4 (a3 E5 + B Es) = ases Bs + Boes e,

e Yo% Q205
€2€3 < Es + 57E6> = es s + Bree B,
(a7} Qa4

e1€5 (a4 Eg) = ayeeEg,
E92€4 (045Eﬁ) = a556E6.
If J = (), then we obtain g9 = g4 = g6 = 1, 1 = €3 = e5. It follows that the group of orthogonal
automorphisms of 1 15(cv;, B;) is isomorphic to the group given by (2a) of Theorem 3.5.
If J#0, thene; =1,i=1,...,6. The group of orthogonal automorphisms of 1t 15(c;, 3;) is trivial.

Hence assertion (2) is proved. O

Corollary 3.6. Let (Ng 15(v, 35), (., .)) be the connected and simply connected Riemannian nilmanifold
corresponding to the metric Lie algebra (ng 15(c, B5), (.,.)). The isometry group of (Ne15(cu, 55), (.,-))
18

Zo % g 15(0v, B5)  ifJ =10,

Ng,15(ci, B) ifJ #0.

Now we consider the Lie algebra (¢ 16.

Z((Ne,15(cxi, By)) =

Definition 3.7. Let {E1, Eo, E3, Ey, E5, Eg} be an orthonormal basis in the Euclidean vector space
ES. Denote by 16 16(a,b,c,d, B;), a,b,c,d,B; € R,j =1,...,8 with a,b,c,d # 0 the metric Lie algebra

defined on E® by the non-vanishing commutators

c b
[Er, B3] = aE3 + 1By + B2 Es + B3 s, [E1, E3] = bEy — (a + §8> Es5 + B4 Es,
[E1, Es] = cEs5 + (5, [E1, Es] = Be s,
(B2, B3] = B7Es, (B2, E4] = Bs L,
cd
[E27 E5] = dE67 [E47 E3] = ZEG

Theorem 3.8. Let (.,.) be an inner product on the 6-dimensional filiform Lie algebra lg 16.
(1) There is a unique metric Lie algebra g 16(a, b, c,d, B;) which is isometrically isomorphic to the
metric Lie algebra (g 16, (.,.)) with the properties that a,b,c,d > 0 and one of the following
cases is satisfied 1. 1 > 0,83 >0, 2. 1 =0, 3 >0, B4 >0,3. 835 =0, B1 >0, By > 0,
4. p1=03=0,04>0,0,>0,5 p1=03=05,=0,08 >0,83>0,6. 51 =3 =05 =0,
Ba>0,83>0,7. 01 =P03=P1=05=0, s >0, B > 0.
(2) The group of orthogonal automorphisms of n 16(a,b,c,d, B;) is the group:
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(a) for 1 = 3 = s = B5 = Bs = Bz = 0 : OA(ng16(a,b,c,d,B5)) = {TE; = e1Ey,i =
1,6, TE; = eoE;,i = 2,4, TE; = e169F;,i = 3,5, 1,69 = 1} =~ Zy X Zs.
(b) for p1 =03 =Ps=035=Ps=0,8>0:
OAvs16(a,b, ¢, d, ;) = {TEs = B3, TEs = E5, TE; = cF;,i = 1,2,4,6, e = +1} ~ Z,.
(c) for pr=P3=Ps=P5=pPs=0,8>0:
OAts.16(a,b, ¢, d, ;) = {TE, = By, TEg = Fg, TE; = cF;,i = 2,3,4,5, e = +1} ~ 7.
(d) if one of the following cases holds 1. 1 > 0,83 >0, 2. f1 =0, B3>0, B4 >0, 3. B3 =0,
1 >0, 4>0,4 81 =p3=0,8>0,05>0,5 p1=p0=p=0, 5 >0,0s >0, 6.
Br=P3=Ps=0,04>0,08>0,7. 51 =p03=01=05=0, Bs >0, B >0, then one
has OA(vg,16(a, b, c,d, B;)) is trivial.

Proof. The subspaces span(Gj,...,Gg),i =1,...,6 of {g 16 form a descending series of ideals which are
invariant under all automorphisms of g 16 (see [4, the proof of Theorem 4]). The Gram-Schmidt process
applied to the ordered basis {Gg, G5, G4, G3, G2, G1} yields an orthonormal basis { F1, F, F3, Fy, F5, Fs}
of 6 16 such that the vector Fj is a positive multiple of G; modulo the subspace span (G;;j > i) and
orthogonal to span (Gj;j > ¢). The orthogonal direct sum RFy @ - - - @ RFp is a framing of (4 16, (., -))-
Expressing the vectors of the new basis in the form F; = ZZ:Z‘ a;: G with a;; > 0 we get

c b
(3.3) [F1, F3] = aF3 + 1 Fy + B2 Fs + (B3 Fs, [F1, F3) = bF) — ( +68> F5 + BaFs,
[F1, Fy] = cF5 + B5 Fs, [F1, F5] = BeFs,
[Fy, F3] = BrFg, [Fy, Fy] = BsFs,
cd
{F27F5]:dF67 [F47F3] 7F6;

with a,b,¢,d > 0 and {a,b,c,d, 3;} € R. Changing the orthonormal basis: Fl = —F,F = F, Fy =
—F37F4 = F4,ﬁ5 = —F5,ﬁ6 = —Fy we obtain

o ) ) ) o p_ppe (€40
[F1, F5] = aF5 — p1Fy + BoFs + B3F, [F1, F3] = bFy + < Bg) Fy — B4 F,
[y, Fy) = cFs + Bs Fg, [Fy, F5] = —Bs Fe,
[y, F3] = BrFg, [Fy, Fy] = —BsFe,
- - - .- cd ~
[F27F5]:dF67 [F47F3]:EF6-

Similarly, the change of the basis: }7’1 = Fl,ﬁg = —Fg,ﬁg = —Fg,F’4 = —F4,F’5 = —F5,F’6 = Fg yields

SR = ~ ~ ~ SR = c bﬂs
[F1, F5] = aF5 + p1Fy + BoFs — BaF6, [F1, F3] = bFy — < > F5 — B4Fg,
[y, Fy) = cF5 — B5Fg, [Fy, F5] = —Bs Fe,
[Fy, F3] = BrEs, [Fy, Fy] = BsF,
. 5 . cd ~
[Fy, F5] = dFg, [Fyu, F3] = ;Fa-
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Hence there is an orthonormal basis such that in commutators (3.3) for the coefficients one of the
following cases holds: 1. 81 > 0,83 > 0, 2. 8y =0, 3 >0, 84 > 0,3. B3 =0, 81 >0, B4 > 0, 4.
P1=pB3=0,84>0,05>0,5 p1=p03=02=0,8>0,83>0,6. 51 =03=0;=0, p4>0,83 >0,
7. 01 = B3 = B4 =065 =0, Bg >0, Bg > 0. This proves the existence of a metric Lie algebra
16,16(a, b, ¢, d, B;) satisfying Theorem 3.8 (1).

Let the linear map T : ng 16(a, b, ¢, d, 5;) — ng,16(a’, ¥V, ¢, d’,ﬁ;) be an isometric isomorphism. The
decomposition RE; PR E; PRE; @ RE; & RE5 ® R Eg is a framing of both Lie algebras, where
a,a’,b,b',c,c,d,d > 0. Hence by Lemma 2.1 we have a = a’, b =V, c = ¢, d = d’ and [8]| = 3; for all
j=1,...,8. Let be T(E;) = ¢;E;, s = £1, i =1,...,6, then we obtain from [TE;, TE;) = TE;, Ej],

i,7=1,...,6, using the commutation relations (3.3) the equations

1€ (aBs + B1Ey + ByEs + B3Es) = ac3Es + B1e4Ey + Boes Es + Pseq Es,

e1e3 (bE4 = (2 + b?) Bs+ B4E6> = bey By — (d §8> e5E5 + Baco B,
e1e4 (cEs 4 B5Es) = cesEs + Bse6 Es,
e1e5 (B5E6) = Boes L,
eae3 (B7Es) = BreeEs,
e2eq (B3 Es) = BsecEs,
e9e5 (dFg) = degFg,

It follows e1e69 = €3, €163 = €4, €164 = €5, €463 = €¢ = €95, then one has ¢4 = €9,6169 = €3 = €5,
g6 = €1. Using these relations we have e1e9 = €5, €263 = €1 = g¢. Therefore one has ) = 52, 85 = 7.
If By =B >0, B3 =5 >0, we get additionally e1e9 = 4 and €169 = €6, hence ¢; =1,i = 1,...,6.

If 1 =B =0, B3 =5 >0, By = B} > 0, then we obtain in addition 169 = €6 = €1€3, hence
ci=1,i=1,...,6.

If B3 =4 =0, 81 = B] >0, B4 = B >0, then we have in addition 162 = g4 and €163 = £¢, hence
gg=1,1=1,...,6.

If g1 =01 =B3=p05=0, s =0} >0,8 = B >0, then one has in addition e;e3 = ¢ = €1¢4,
hence ¢; =1,i=1,...,6.

Ip =8 =0s=p0=01=0,=0,05 =L > 0,85 = 5, >0, we get additionally 164 = e = €264,
henceg; =1,i=1,...,6.

It =8, =03=05=0=p=0,0,=p5, >0,85 =, >0, then we obtain in addition
€163 = €¢ = €964, hence g; = 1,1 =1,...,6.

If B = B, = fs = B = fu = By = Bs = B = 0, fs > 0, i > 0, then one has B4 > 0, B > 0 and
the uniqueness of the Lie algebra g 16(a, b, ¢, d, 3;) follows from Lemma 2.1.
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If the map F; — €;F; is an orthogonal automorphism of ng 16(a, b, ¢, d, 3;), then

162 (b3 + B1Es + PoEs + B3Eg) = ac3Fs + Prea by + Pacs Es + Bace B,

b b
€1€3 (bE4 - (C + ﬁs) Es + B4E6> = bey By — (E + 58)55E5 + Bace s,

d d d d
€164 (cE5 + Bs5Eg) = cesE5 + B5¢6 Es,
e1€5 (BeBs) = Boco Ee,
e2e3 (BrEs) = Brec e,
264 (BsEs) = BseaFs,
e9e5 (dEg) = degF,

d d
E4E€3 (C EG) = %56E6-

If 81 = B3 = B4 = PB5 = B = Bs = 0, then one has €4 = €9, €169 = €3 = €5 and € = €1. It follows
that the group of orthogonal automorphisms of g 16(a, b, ¢, d, 5;) with f1 = 3 = 04 = 5 = 6 = s =
0 is isomorphic to the group given by (2a) of Theorem 3.8.

If 8y =03=064=05=0, Bg =0,8s > 0, then one has in addition €165 = 4. Hence e5 = 1 = €3,
€1 = €2 = €4 = €¢. The group of orthogonal automorphisms of 1 16(a, b, ¢, d, 5;) with 81 = B3 = B4 =
Bs =0, Bs = 0,8 > 0 is isomorphic to the group given by (2b) of Theorem 3.8.

If 1 = B3 =064 =05 =0, Bg = 0,88 > 0, then one has in addition ese4 = €. Hence e = 1 =
€1, €2 = €3 = g4 = 5. It follows that the group of orthogonal automorphisms of 15 16(a, b, ¢, d, 3;) with
B1 =3 = P14 =5 =P =0,08s > 0 is isomorphic to the group given by (2c¢) of Theorem 3.8.

Finally, assume that one of the following cases is satisfied: 1. 81 > 0,83 > 0, 2. 1 = 0, 83 > 0,
Bs>0,3.83=0,8>0,8,>0,4. 1 =p03=0,84>0,05>0,5. p1=03=04=0, B35 >0,88 >0,
6. 00 =03=05=0,04>0,088>0,7. 01 =p03=04=0;=0, Bg >0, Bg > 0. In all these cases
we have ¢; = 1,7 = 1,...,6. Hence the group of orthogonal automorphisms is trivial. This proves

assertions (2). O

Corollary 3.9. Let (Ng16(a,b,c,d, 5j),(.,.)) be the connected and simply connected Riemannian nil-
manifold corresponding to the metric Lie algebra (ng16(a,b,c,d, Bj),(.,.)). The isometry group of
(Nﬁ,lﬁ(aa b7 c, da B])a <'7 >) 18
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ZQ X Z2 X NG,IG(aa b7 C, da B]) Zf BJ = 07.7 = 1>374757618a

Z? X N6,14(a7b7 c, d7 5]) 7’f /86 > Oa/B] = 07] = 173747578a
or s >0,8;=0,j=1,3,4,5,6,
Nﬁ,lﬁ(a) b7 C, d7 /Bj) lf ﬂl > Oaﬂ?) > 07

or 1 =0,03 > 0,84 >0,

or B3=0,61 >0,84 >0,

or f1=pP3=0,84>0,85 >0,

or f1=P3=04=0,85>0,8 >0,
or 1 =P3=P05=0,8>0,83 >0,
or B;=0,j=1,3,4,5,8 > 0, 3 > 0.

Z((Ne16(a, b, c,d, Bj)) =

\

Now consider the Lie algebra g 17 with its canonical basis {G1, G2, G3, G4, G5, Gs}.

Definition 3.10. Let {E1, Eq, E3, E4, E5, Eg} be an orthonormal basis in the Euclidean vector space
ES. Denote by ng17(cvi, Bj), i, 3j € Ryi = 1,...,5,5 = 1,...,6 with a; # 0 the metric Lie algebra

defined on E® by the non-vanishing commutators

[Eq, Eq] = a1 B3 + p1Eq + B2 Es + B3Es, [Eh, B3] = asEy + B4Es + (5 Es,
[E1, Ey) = asEs + B Es, [E1, Es] = asEs,
[Ea, B3] = asEs.

Theorem 3.11. Let (.,.) be an inner product on the 6-dimensional filiform Lie algebra g 17.

(1) There is a unique metric Lie algebra (ns17(cu, 55),(.,.)) with oy, f; € R such that o; > 0
satisfying
(a) (n617(cs, By), (.,.)) is isometrically isomorphic to the metric Lie algebra ((g17,(.,.)),
(b) if the set J ={j € {1,3,4,6} : B; # 0} # 0, then 5;, > 0 for the minimal element j, € J.
(2) The group of orthogonal automorphisms of g 17(cy, Bj) with the respect to {En, ..., Eg} is the
group:
(a) if the set J = 0, then one has OA(ug17(c, B;)) = {TE; = eE;,i = 1,2,4,6,TE3 =
B3, TEs = Es,c = +1} ~ Zy.
(b) if the set J # 0, then OA(ns17(cv;, 55)) is trivial.

Proof. From the proof of [4, Theorem 4] the subspaces span(Gj,...,Gg),i = 1,...,6 of £517 form
a descending series of ideals which are invariant under all automorphisms of /6 17. Using Gram-
Schmidt process applied to the ordered basis {Gg, G5, G4, G3,G2,G1} yields an orthonormal basis
{F1, Fs, F3, Fy, F5, Fg} of {17 such that the vector Fj is a positive multiple of G; modulo the subspace
span (Gj;j > i) and orthogonal to span (Gj;j > i). The orthogonal direct sum RFy & --- & RFp is
a framing of ({617, (.,.)). Expressing the vectors of the new basis in the form F; = ZZ:i a;x G, with
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a;; > 0 we get

(3.4) [F1, F5] = a1 3 + B1Fy + BoFs + B3 F, [F1, F53] = aaFy + B4 F5 + B5Fe,
[F1, Fy] = asFs + PB6Fs, [F1, F5] = asF,
[Fy, F3] = a5 Fg,

where a; > 0i=1,...,5, and {oy, B;} € R. Changing the orthonormal basis, ' — —Fy, Fy — —F3,
F3 — Fg, Fy— —F4, F5 — F5, F6 — —FG, yields

[F1, F3] = ay Fy — B1Fy + BoF5 — B3Fs, [F1, F5] = aaFy — B4 F5 + BsFe,
[F1, Fy| = azFs — (e Fg, [F1, F5] = ayFg,
[Fo, F3] = a5 Fg,

Hence there is an orthonormal basis satisfying (3.4) such that if the set J = {j € {1,3,4,6},8; #
0} # 0, then we may assume that ($;, > 0 for the minimal element j, € J. Hence the existence of
metric Lie algebra ng 17(c, 3;) satisfying Theorem 3.11 (1) is proved.

Let the linear map T : 1 17(cv;, 8;) — tg,17(c, ﬁ;) be an isometric isomorphism. The decomposition
RE;@RE; @ RE3; & RE;s®REs @R Ejg is a framing of both Lie algebras, where a;, o > 0. Hence
by Lemma 2.1 we have a; = o, moreover |ﬁ§\ =g forall j =1,...,6. Let be T(E;) = ;E;, €; = £1,
i =1,...,6, then we obtain from [TE;,TE;| = T[E;,Ej], i,j = 1,...,6, using the commutation
relations (3.4) the equations

e162(o1 B3 + 81 Ey + By s + B3 Eg
e1e3(ag By + By E5 + B3 Eg

e1e4(asFs + BgEes

= a1e3E3 + BreaEy + Paes Es + PaceEs,

aoeg By + Baes Es + BseeBe,

)
)
) = ases Es + Boce s,
e165(asFg) = auea B,
e9e3(asEg) = aseeEg.

It follows €169 = €3, €163 = €4, €164 = €5, and €165 = €6 = €2€3 hence e3 = e5 =1 €1 = €9 = €4 = €.
Using these relations we have e169 = €5 = 1, €163 = €1 = 4. Therefore one has ) = fa, 85 = fs.
Assume that J # (0. If 81 = 8] > 0, then one has the additional condition e1e9 = 4. If B3 = 8 > 0,
then we obtain €169 = g6. If S5 = B} > 0, then we get e1e3 = e5. If B = 5 > 0, then 164 = €6. In
all these cases we obtain ¢; = 1,7 =1,...,6. This proves that the Lie algebra ng 17(c;, 5;) is uniquely
determined.

The map E; — €;F; is an orthogonal automorphism of g 17(cv, 5;). Hence one has
e162(a1 B3 + P1Ey + BoEs + B3Es) = aiesEs + PreaFy + Bacs Bs + Biee B,
e1e3(qeby + BaEs + Bs Eg) = anea By + Pacs Es + Bseo s,
e1e4(as3Es + BeEs) = ases Es + Beee s,
e165(asFg) = auea B,
e9es(asEg) = asesEg.
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If J = 0, then we obtain €3 = e5 = 1, 1 = €9 = €4 = €¢. It follows that the group of orthogonal
automorphisms of 1 17(cv, §;) is isomorphic to the group given by (2a) of Theorem 3.11.
If J # 0, then ¢; = 1,4 = 1,...,6, i.e. the group of orthogonal automorphisms of ng 17(cv;, 5;) is

trivial. Hence assertion (2) is proved. 0

Corollary 3.12. Let (Ng,17(cv, B), (.,-)) be the connected and simply connected Riemannian nilmani-
fold belonging to the metric Lie algebra (ns17(cv, 55),(.,.)). The isometry group of (Ne17(cv, 55), (.,-))
18

Zo X N LB ifT =0,
T((Re17(cs, B5)) = o X N 17(, Bj) if

Ne,17(cv, B) ifJ # 0.
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